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Abstract

The Brenier optimal map and Knothe-Rosenblatt rearrangement are
two instances of a transport map, that is to say a map sending one mea-
sure onto another. The main interest of the former is that it solves the
Monge-Kantorovich optimal transport problem, while the latter is very
easy to compute, being given by an explicit formula.

A few years ago, Carlier, Galichon, and Santambrogio showed that the
Knothe rearrangement could be seen as the limit of the Brenier map when
the quadratic cost degenerates. In this paper, we prove that on the torus
(to avoid boundary issues), when all the data are smooth, the evolution
is also smooth, and is entirely determined by a pDE for the Kantorovich
potential (which determines the map), with a subtle initial condition. The
proof requires the use of the Nash—-Moser inverse function theorem.

This result generalizes the opE discovered by Carlier, Galichon, and
Santambrogio when one measure is uniform and the other is discrete, and
could pave to way to new numerical methods for optimal transportation.
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1 Introduction

Although optimal transport theory has far-reaching applications, in fields as di-
verse as continuum mechanics, statistics or image processing, its underlying
problem is quite simple: how to send one probability measure onto another, while
minimizing some cost of transportation? Let us denote by 1 and v those two mea-
sures, defined respectively on X and Y. They could for instance represent the
respective distributions of the production of some goods, and the needs for them,
and the problem would then be to determine how to organize the supply so that
the total cost of transportation is as small as possible.

What we are looking for is a map 7' : X — Y telling us where to send what
is in x; but 7" will be suitable only if, for any measurable set A C Y, the goods
sent by 7" in A match the needs of the same region, that is to say if (7~ (A4)) =
v(A). If this condition is satisfied, v is said to be the push-forward of 1 by T', and
we write v = T#p. Let us denote by ¢(z, y) the cost for going from x to y, then
the total cost of transportation we want to minimize is

/. @ T(@) duta). 0
X

Notice however that an optimal map may well not exist, and worse, there might
even be no map transporting 1 onto v at all, e.g. if p is discrete and v is uniform.

The problem of finding a map 7" minimizing (1), and such that v = T#u, was
first studied by Monge [1] in the 18th century. In the 1940s, Kantorovich [2]
introduced the following relaxation of Monge’s problem: Instead of sending all
that is in x to a unique destination y = T'(x), he allowed himselft to split the
mass. Any strategy for sending i onto v can then be represented by a measure
on X x Y, such that v(A x B) gives the share of the goods to be moved from A
to B. A plan + is suitable if it matches the production and the needs, i.e. if

VAXY)=pu(d), (X xB)=v(B).

This simply means that  and v must be the marginals of . Let us denote by
I'(u, v) the set of all such suitable plans. The total cost of transportation with the
plan v is

/ c(x,y)dy(z,y). ()
XxY

The Monge-Kantorovich problem consists in finding v € I'(y4, v) minimizing (2).
It is indeed a relaxation of the Monge problem, since if 7" : X — Y sends ;1 onto
v, then the push-forward v := (x, T'(x))#u of u by x — (z,T(x)) is in I'(u, v),
and the costs (1) and (2) are equal.

At the end of the 1980s, Brenier [3, 4] discovered the optimal transport map for
the Monge problem to exist as the gradient of a convex function and to be unique,
at least when X =Y = R¥, for the cost c(z,y) = 3|z — y/?, if p is absolutely
continuous and if  and v have finite second order moments. His result was then




extended to measures defined on the torus T by Cordero-Erausquin [5], or more
generally on a Riemannian manifold by McCann [6]. While on R" the optimal
map is T'(x) = V(z) with ¢ convex, on the torus TV the optimal map can be
written as T'(z) = z — Vi)(z) with ¢ : TV — RY such that ¢ :  — 322 — ()
defines a convex function on RV, More generally, on a Riemannian manifold
T(x) = exp,(—V(x)) for some map v, called the Kantorovich potential be-
cause it is linked to a dual formulation for the relaxed problem.

Being able to compute the optimal map 7', or the underlying potential 1), is
obviously of huge interest. When the measures are discrete, if there is a solution
to the Monge problem, it can be obtained for instance with the auction algorithm.
In the continuous case, the solution is also easy to compute in dimension 1, for if
1 and v are absolutely continuous, and if F', GG stand for their respective cumu-
lative distributions, i.e. F'(x) := pu((—o0,x]) and G(y) := v((—o0, y]), then the
optimal transport map is 7 = G~! o F.

Unfortunately when the dimension is N > 1, there is no such easy formula, and
it is much more complicated to compute Brenier’s map—although not impossible.
Among the most notable methods, we could cite the one due to Benamou and Bre-
nier [7], relying on a dynamic formulation of the Monge—Kantorovich problem,
in which one tries to minimize the average kinetic energy of the particles during
their transportation. On the other hand, Angenent, Haker, and Tannenbaum [8]
proposed a steepest descent method, starting from a transport map (for instance,
the Knothe-Rosenblatt rearrangement) and letting it evolve so as to reduce the
associated transport cost. A couple of years later, Leoper and Rapetti [9] used
the characterization of the optimal transport map through the existence of a con-
vex potential, to compute Brenier’s map starting from any potential and, with a
Newton algorithm, altering it so as to finally get the optimal potential.

Our hope here is that the results presented in this paper might lead to yet
another approach for computing Brenier’s map. Our starting point is a direct
connexion, proved by Carlier, Galichon, and Santambrogio [10] a few years ago
but hinted beforehand by Brenier, between the optimal transport map and the
Knothe-Rosenblatt rearrangement. This leads us to believe it might be possible
to compute Brenier’s map starting from the rearrangement (as in the paper by
Angenent, Haker, and Tannenbaum [8]), and then proceeding with a continuation
method (as in the work by Loeper and Rapetti [9]).

This so-called Knothe—-Rosenblatt rearrangement, which is also build so as to
send one measure onto another, was first introduced by Rosenblatt [11] and
Knothe! [13]. It can be defined for absolutely continuous probability measures
on R? or on T? = R?/Z? (in higher dimension, the construction is analogous) as
follows: To begin with, let us denote by f, g the densities of y, v. Then, take the

'Interestingly, Knothe used this rearrangement to prove the isoperimetric inequality, for which
it is well suited...but in fact not as much as Brenier’s map, which Figalli, Maggi, and Pratelli [12]
used more recently to prove sharp isoperimetric inequalities.



first marginals, which we denote by ;'and v/!; their respective densities are

fa) = [fenaden and o) = [ gl de

Define R' as the optimal transport map between ! and v/!. Next, consider the
disintegration of 1 and v with respect to ' and v/!, that is to say two family of
probabilities measures {42 } and {1/51} such that the densities of 2 and 1/51 are

2 o fz1,22) an 2 _ 9(y1,y2)
I E L T

For any z1 let R?(x1,-) be the optimal transport map between 12 , and V12%1 (1)

Then the rearrangement is R(x1,22) := (R'(z1), R*(x1,22)). It is not difficult
to check that it sends p onto v.

What Carlier, Galichon and Santambrogio proved is that, if in Monge’s problem
the cost is, for instance, replaced with

d
co@y) =5 > ok — il
k=1
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then, when the two measures are absolutely continuous, as ¢ goes to 0, the
corresponding optimal transport maps 7} converge in L? to the rearrangement
R. When the initial measure y is uniform and the final measure v is discrete,
v = ) a;0y, they could also establish an oDE governing the evolution of the
Kantorovich potential ¢4, at least when the first coordinates of the y; are distinct.

Thus, the following questions arise: in the continuous case, is it also possible
to find a differential equation satisfied by ¢;? and if the answer is yes, is there
uniqueness, that is to say, given the proper initial condition for t = 0, is ¢y
the only solution to this equation? As we are going to see, the answer to both
question is positive, at least, to discard boundary issues, on the torus. More
precisely, we have the following:

Theorem. Let A; be the (1,t,...,t"V 1) diagonal matrix, and j1, v two probabil-
ity measures on TV = RN /TN with smooth, strictly positive densities f,g. The
optimal transport map for the cost

N
1 _
Ct(xay) = 5 Z tk ld(xk’yk)Q’
k=1

d standing for the usual distance on T, is then Ty(z) = = — A; 'V (x), where
the Kantorovich potential 1, is chosen so that [ ¢, = 0. The map t — 1)y is smooth
from (0, +00) to €>°(T?), with A; — D%y > 0 at all times, and satifies

div ( = A7 D%y o (47! vy, - A;lA;At—lwt)) =0. (3

4



Moreover, 1 is the unique solution of (3) such that, if we write fort # 0,
wt(.%'l, .. ,JJN) = ’l/)tl(.%'l) + twg(.%'l,.%'g) + ...+ tN_lin(.%'l, .. ,.’L‘N), (4)
with
le,...,xk,l, /wf(xl,...,xk,l,z)dz:O,

thent — (Y}, ..., N) is€? on[0,00), and the Knothe-Rosenblatt rearrangement
R = (RY,...,RN) is given by
Rk(.%'l, ces ,a:k) =Tk — 8k1/118(1'1, Ce ,xk).

The first point is obtained by noticing that, at least when ¢ stays away from 0,
1 is the unique solution to a Monge—-Ampére equation F (A, ¢;) = 0, where

F(Au)(z) = f(x)—g (w — A_1Vu(x)) det (I - A_lDQu(x)) ,

is defined on a proper subset of .3 x €2(T"), and then proving that we can
apply the implicit function theorem. As it is well-known, the invertibility of the
differential D, F in (t,) is equivalent to the existence and uniqueness of the
solution to a strictly elliptic equation, so the argument is rather straightforward.

For small times, because of the degeneracy of A;, we need the decomposi-
tion (4), which leads us to introduce another operator, namely

Q(t,ul,u2,...,uN) = .F(At,Ztkfluk) )

defined on a good subset of [0, +00) x €2(T!) x €*(T?) x - - - x %2( N, in such
away that (¢}, ..., )is the only (u', )suchthatg( ,u oo ul) = 0.

Unfortunately, a loss of regularity for the solutlons (v* ,oV) of the equatlon

D, (t,i/) ,...,¢N)(v ,...,UN):q

prevents us from applying the implicit function theorem once more. We cir-
cumvent this difficulty by using the smoothness of the Kantorovich potential v/,
which allows us to define G on a subset of [0, +00) x €>°(T!) x - - - x €°(TV),
so that to have an infinite source of regularity, and then by using the Nash—-Moser
version of the implicit function theorem.

We do not know if there is an equivalent result on RY. To be able to construct
the Knothe rearrangement, compactness is required, but in RV this comes with a
boundary. The problem is that the rearrangement is more easily contented with
sets whose shapes are somewhat compatible with the axis, e.g. the square, but
known regularity results for Brenier’s map fail to apply in that kind of setting.

Acknowledgements. This work is part of a php thesis supervised by Luigi
Ambrosio (sns, Pisa) and Filippo Santambrogio (Univ. Paris-Sud), whom the au-
thor would like to thank warmly for their advice and support. Financial support
for this thesis is provided in part by the Franco-Italian University through the
“Vinci” program. Much of this paper is also the result of an extended stay in Pisa
in Fall 2011, which was made possible thanks to the ENS—sSNs exchange program.



2 General quadratic costs on the torus

Given two probability measures y, v on the torus TV = RV /Z¥, we want to
study the evolution with ¢ of the optimal transport map for the cost

1 N
Ct(xay) = 5 Z (H Al(t)) d(xk,yk)Q’ (5)

k=1 \i<k

where d : T! x T! — [0, +-00) is the usual distance on T*, the \; : R — [0, +00)
are smooth and such that \;(¢) = 0 if and only if ¢ = 0. For ¢ > 0, this is a kind
of quadratic cost on the torus. Notice that, more generally, we can define a cost

given any positive-definite symmetric matrix A € .% ;} * as follow: first, consider
é:RY x RN — [0, +00) defined by

ez,y)” = i S Al —y— k)",
and then take induced map ¢ : TV x TN — [0, +oc). This is equivalent to
changing the usual metric on TV with the one induced by A in the canonical set
of coordinates, and then taking half the resulting squared distance as the cost.

An interesting property of such a cost ¢ is that in this case the so-called c-
transform of a function v : TV — R is strongly connected to the Legendre
transform (for the scalar product induced by A) of x — %ACEQ — u(x), defined
on RY (we then see u as a periodic function on RY). Let us recall that the c-
transform of u is the map u¢ : TV — R defined by

u(y) = inf {c(z,y) - u(x)}.

zeTN

This is interesting, because McCann [6] showed that, under suitable assumptions,
the optimal transport map 7" can be written as 7'(z) = exp, (—V(z)), for some
function v such that ¢°° = ¢. A map u such that ©u““ = v is called c-concave.

Lemma 1. A function u : TN — R is c-concave if and only if

- RV — R
' z = Az —u(x)

is convex and lower semi-continuous. If u is 6% and such that A — D?u > 0, then
x> x — A”'Vu(x) induces a diffeomorphism TN — TV,

Proof. If u is c-concave, then v is convex and lower semi-continuous, for it can



be written as a Legendre transform:

1
v(x) = §Am2 —u“(x)
1
= pAe — it {elony) — ()}
= sup {542~ clay) + 0 (w)}
yERN 2
1 2 1 2 c
= sup sup § —Az" — Az —y—k)* +u(y)
yeRN kez2 (2 2
1
= sup {(Ax,y> — {iAyQ — uc(y)} } .
yERN

Conversely, if v is convex and lower semi-continuous, then it is equal to its double
A-Legendre transform:

v(x) = sup {<Aw,y> — sup [(Az,y) —v(Z)]}-

yeRN 2€RN
Therefore,
u(@) = £ Aa® — sup {<Ax,y> ~ sup [(Az,y) - v(zn}
2 yERN 2€R2
— inf { Az —y)? — Ay + sup [(Az,y) — v(2)]
Ty 2700 T T T IR AR
— inf {5A@ -9 - int, |3A@ -2 - ul2)] |
-t {4t =0 = g [0 =2 -t

that is to say u(z) = u®(x).

If u is €2 and such that A — D?u > 0, then by compactness A — D%y > eI for
some € > 0. Thus, v being convex with a super-linear growth, Vv : RV — RY
is a diffeomorphism, and so is the map 7" : x + = — A~!Vu(x). Notice that,
if k € ZN, then T(x + k) = T(x) + k, therefore T induces a diffeomorphism
TV — TV, O

In the next proposition, we start from the existence and uniqueness of the Kan-
torovich potential for such a generalized cost (this comes from McCann [6]), and
then apply the results of Caffarelli [14] to get its smoothness, in the exact same
way as Cordero-Erausquin [5] did. (More general results regarding the regularity
of the Kantorovich potential, and thus, of the optimal transport map, on arbirary
products of spheres have been recently obtained by Figalli, Kim, and McCann

[15].)

Proposition 2. Let ju and v be two probability measures on TV with smooth,
strictly positive densities, and let c be the quadratic cost on TV x TV induced by a
definite-positive symmetric matrix A.



Then there is a unique c-concave function 1) : T — R with [ = 0 such that
T : TN — T? defined by T(x) := . — A~V (x) sends j1 ontov.

The function v is a Kantorovich potential, it is smooth, and the application ¢ :
x — %ACEQ — 4(x) is a smooth, strictly convex function on RN .

The transport map T' is optimal for the cost c. There is no other optimal transport
plan but the one it induces.

Of course in this proposition, instead of T'(x) := z — A~V (z) we should
have written T'(z) = z — m(A71V(z)), where 7 : RY — TV is the usual
projection.

Proof. Let us denote by V4 the gradient for the metric induced by A. Then ac-
cording to McCann [6], there is a Lipschitz function v : TV — R that is c-
concave and such that 7' : x +— exp,[—Vaty(z)] pushes u forward to v. It
is uniquely defined if the condition [ (z)dz = 0 is added, and moreover it
is optimal for the Monge—Kantorovich problem. Notice that here on the torus,
XD, [~ Vav(@)] = © — A7 IVy(a)

For any x € R, let () := £ Az® — ¢(z). Then T'(z) = A~1Vy(z) sends
p onto v, seen as periodic measures on RY. Moreover, according to Lemma 1,
 is a convex function. Now, let I be a open, convex subset of RY, and define
U = (Vo) 1(V); then Vi sends pu|y onto A#v|y, and both measures are still
absolutely continuous with smooth, bounded, strictly positive densities. There-
fore we are entitled to apply the results of Caffarelli [14], and thus we get that ¢
is strictly convex and smooth on U. As U is arbitrary, ¢ is strictly convex and
smooth on R2. Thus, 1) is also smooth, and T is a diffeomorphism. O

3 PDE satisfied for positive times

Let 1 and v be two probability measures on TV with smooth, strictly positive
densities f and g. According to Proposition 2, for any A € .#5, we have a
smooth Kantorovich potential ¥4 : TV — R. What can we say of the regularity
of U: A+ Wy?

Asz +— x — A~V Uy (z) sends 1 onto v, the following Monge-Ampére equa-
tion is satisfied:

flx)=g (x - A_1V\I/A(m)) det ([ — A_lDQ\I/A) :
For u € €?(T¥) such that A — D?u > 0 and [u = 0, we set
F(Au) = f— g (id = A7'Vu) det (1 - A7 D).

Thanks to the characterization of c-concave functions from Lemma 1, and to
Proposition 2, we have

Lemma 3. For any u € €%(T") such that A — D*>u > 0 and [u = 0, we can
have F(A,u) = 0 if and only if u = W 4.



We are now going to prove that we can apply the implicit function theorem.

In the following, for any function space X we denote with a ¢ subscript the
space formed by the elements of X having a zero mean value, e.g. %2 is the
space of all u € ¢’ such that [u = 0.

Lemma 4. The operator F is smooth. For any A € .Z\, ifu € €2(TV) is such
that A — D*u > 0, ifv € €2(T?), then
~1
D, F(A,u)v = div ((f — F(A,u)) [A — DQu} Vv)

_ 1
det A

div (g (i~ 41Vu) [Co (4 - D] v0).

We denote by M7 the transposed matrix of M, and by Co(M) its comatrix,
that is to say the matrix formed by the cofactors.

Proof. The smoothness of F is obvious. By substitution, for any £ € €,

[ ¢ (o= A71Yu@) @) = FA w)@)] do = [ <) dy.

Therefore, if we conveniently set T4u(z) := z — A~!Vu(x) and differentiate the
previous equation with respect to u along the direction v, we get

- / (VE(Tau), A7'V0) (f ~ F(A,u)) / €(Tu) Dy F(A, u)v = 0.
Since V[¢ o Tau] = [DT4u]TVE(Tau), we have
(VE(Tau), A1) = (V[€ 0 Tyu], [DTau] A~ V0)
= (V£ o Tau), [I — A7 D) A7 Vw),
and this yields
/g(TAu)Duf(A, ba)v = /{(TAu) div ([ — A7 D)1 A7 V0),

and thus, since £ o Ty u is arbitrary, we get the first equality. Then, we can easily
obtain the second expression using the formula M ~! = [Co M|T/det(M). O

Lemma 5. Lete > 0 and A € 57", Ifu € €2(TN) is such that A — D?u > ¢,
then for any q € [HL(TN)]*, there is a unique v € HL(T™) such that

D, F(A,u)v =q. (6)

Moreover, [|v|| ;1 < Cellql| (1)



Proof. As A — D?u > ¢, the lowest eigenvalue of Co (A — D?u) is bounded by
eN=1 Since g > § for some § > 0, for any £ € €°°(TV),

N [19€P < [([Co (A - DPu)TVE V)

< % / g (id — A7'Vu) ([Co (A - D?)|" Ve, VE),

and thus

[19€P <~ [ €DuF(a e o)

Therefore, thanks to the existence of a Poincaré inequality on H}(T"), the map
(€,m) — [nD,F(A,u)¢ induces a coercive, continuous bilinear form on H.
We are thus entitled to apply the Lax—Milgram theorem, which yields the ex-
istence and the uniqueness, for every ¢ € (H1)*, of a v € H/ satisfying (6).
Moreover, (7) immediately gives us |[v||z1 < M%HQH(H&*. O

The regularity of the solutions to an elliptic equation is well known. However,
as in the following we will need some very precise estimates to apply the Nash-
Moser theorem, let us give a proof of the following result:

Lemma 6. Under the same assumptions, and with the same notations, for any
n > 1,ifu € €% andq € H? ! satisfy ||u g3+l (gays < M, thenv € HI
and

[0l s < Centn {llallzm—s + llullgnra} - (8)

Proof. We proceed by induction. Let n > 1, u € €/*2 and ¢ € H? such that
A — D%y > ¢ and ||ul|¢s + lgll(zry- < M. We assume that we already know
that the corresponding solution v is in H’, and that

[0l < Ceprn—a {llgllgn—2 + lullgne}- ©)

Notice that we do have such an inequality for n = 1, according to the previous
lemma, but with ||g|[ (g1~ instead of ||g|[;-1. Let us now show that it implies
v € H! and

[0l < Cenrn {llall 1 + [ullgn+2} -
First, we set Bau := (f — F(A,u))[A — D?u]~}, so that Equation (6) becomes
D,F(A,u)v = div(BauVv). (10)

Then, for h € R? and ¢ € H', we also define

§(z+h) —&(x)
- :

Notice then that 6;,(n) = n6n€ + (6pm) 7€, and (|6, 2 < (€] 71

mé(x) == &(x + h) and Sné(x) :=

10



Let v € N? be a 2-index, with |v| := v + 15 = n — 1, and let h € R? be small
enough. We can apply the operator d;, to Equation (10), and we then obtain
div(BauVopv) = 0pq — div [(0, Bau) V0]

Then, by differentiating this with respect to v, we get

div(BAuV(Sh&,v) - 5h&,q - Z <V> div [(5h31,_aBAu) VThaoﬂ)] .
(0}

0<a<v
- <”> div [(Oy—a Bau) VErdav] . (11)
0<a<v \&

Now, Lemma 5 tells us that this implies

10n0u || 1 < Ce||5h5VQ||(Hg)*

+Ce ) ( )Hdlv (0100 —a Bat) VT80]| g1+

0<a<v
+ C: Z ( )Hdlv (9,, aBAU) Véh(?av]H (HL)*
0<a<v

Since this boundary is uniform in £, it is enough to ensure v € H"*! and

[ollgner < C {\Iqllm—1 + > (A lullgn-rez) o]l gres }

0<k<n-—1

Notice that, when n > 1, the following Landau—Kolmogorov inequalities hold

_k

[wllgn-k+2 < Ckn”“”cgiin Pl 20
k. k.
o]l i1 < Crmlloll oz

They are quite classical and can be easily proved by induction from

1€llgr < A/208llwollEllez and  [I€]lmr < \/lIEN L2 1SN 12

for £ smooth enough satisfying [ ¢ = 0. Since a'~!b* < (1 — t)a + tb, we get

k
lellgnrsalfollpnes < = fulfgallvlmn + (1= —=) Jullgnsa ol
and therefore
[vllgrnt1 < C{llgllgn-1 + (1 + [lullgs)l[v]lan + [lullgnrz]lv]| g}

This last inequality still holds when n = 1. In any case, as ||v||g1 < Ce|q|| g1
and ||ull¢s + ||g||z—1 < M, using our assumption (9), we get

[ollgner < Conrn {llgllgn-1 + llullgnsz} -

This is exactly what we wanted. O

11



Lemma 7. Under the same assumptions, for any q € €5“(TYN), there is a unique

v e (TN such that
D,F(A,u)v =q.

Proof. If ¢ € 65", then ¢ € HY, and thus according to the previous lemmas,
there is v € H?*2 such that D, F(A,u)v = qin (H})*. But since [ ¢ = 0, given
the particular form of D, F (A, u)v given by Lemma 4, such an equality in fact
holds in H~!. Thus, locally, in a weak sense,

D,F(A,u)v =q.

Then, we can locally use the theory of regularity for the solutions to a strictly
elliptic equation in RY to get existence and uniqueness of v € €™ (cf. for
instance Gilbarg & Trudinger [16], Chapter 6). O

Theorem 8. For any A € Ygﬁ, let W4 be the Kantorovich potential between
the probability measure p and v, which are still assumed to have smooth, strictly
positive densities. Then, for anyn > 0 and o € (0, 1), the following map
++ n+2,a (N
R e G N
A — \I/A

Proof. We denote by © be the set of all (A, u) € S5 x €03 (TN) such that
A — D%y > 0. Then  is open, the operator F : {2 — %Q’Q(TN), defined by

F(Au) = f—g(id— A7'Vu) det (I - A~ D),

is smooth and, according Lemma 7, D, F (A, ¢4) : G2 >*(TN) — €2*(TV) is
a bijection. From the Banach—Schauder theorem, we deduce it is an isomorphism.
Since F(A,Wy) = 0, according to the implicit function theorem, there is a ¢!
map ® defined in a neighborhood of A such that B — D?®p > 0 and, for any
u e €03 F(B,u)) = 0 if and only if u = ®p. According to Lemma 3, it
implies ® 5 = Up. Thus, globally, ¥ = ® isa ¢! map /N — €."“(TV). O

We are now going to apply this result to the cost ¢ defined by (5), that is to say
the cost induced by the matrix

1
A(t)
Ay = A1(t) A2 (1)
[TXi(t)

where A1,...,An_1 : R — [0, 400) are assumed to be such that A, = 0 if and
only if ¢t = 0.
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Theorem 9. If A1, ..., An_1 are smooth, the map ) : t — Wy, is €', and satisfies:
div { f [At — D%pt} - (vwg - A;At—lth)} = 0. (12)

Moreover, ifu : (0, 4+00) — €"F2(TN) is €' and satisfies, for all t € (0, +00),
A—D*u>0 and div {f 4, - D%Jl (Vu; — A;Aglvut)} =0, (13)

and if ug, = Py, for somety > 0, then u = ).

Proof. If 9y := Wy, for allt > 0, we have F (A, ¢¢) = 0. If we differentiate with
respect to ¢, we get

Dy F(Ag, )y + DaF(Ag, ) Ay = 0.

We have seen in Lemma 4 that
DuF(Aiyn)l = div (£ [ A = D] ).
On the other hand,
DAF (e ) Ay = = div (1 [Ac = D] A7V ).

We thus get (12).

Ifu: (0,+00) — €™ 2%(TVN) is €' and satisfies (13), with uy, = 1y, for some
to > 0, then F (A, u;) must be constant and equal to F(Ag,,us,) = 0. Thus,
according to Lemma 3, uy = W 4,. O

4 Initial condition in dimension 2

Due to the very technical nature of the proofs, the following sections will only
deal with the dimension 2, to ease the exposition. In the last section, we shall
explain what changes in higher dimensions.

Let A : R — [0,+00) be a smooth function such that \; = 0 if and only if
t = 0. From now on, we will only consider the cost induced by

1 0
e (0),

For t # 0, let v, be the associated Kantorovich potential between the probability
measures [, v, assuming they have the same properties as before (that is, strictly
positive and smooth densities), and let 7} be the corresponding optimal transport
map. Then, according to Theorem 9, ¢ + 1)y and t + T; are €' on R\ {0}.
Moreover, Carlier, Galichon, and Santambrogio [10] proved:
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Theorem 10 (C.-G.-S.). Ast — 0, the map T} converges to the Knothe—Rosenblatt
rearrangement R in L?(T?, ju; T?).

Let us denote by 1§ and 1/2(z1, ) the Kantorovich potentials for respectively
R! and R?(x1,-). Indeed, recall that R' sends the first part ;! of the disintegra-
tion of y onto the first part v! of the disintegration of v, and that R?(x1, -) sends

the second part uglm onto V12%1 (1)’ in an optimal way for the squared distance on

the 1-dimensional torus T'; hence these transport maps come from some poten-
tials. We have:

Riz) — ( x1 — Og (1) ) ) 2 — Do),

zo — O3 (w1, T2

The Carlier-Galichon-Santambrogio theorem suggests some connexion exists
between 1y and (14§, ¢2). Since T; = id — A; 'V, let us follow our instinct
and set

Vi1, 29) = Uf (21) + ME (w1, 72),

and, to ensure uniqueness, require

/¢§(m1)dx1 =0 and /%2(3:1,:62) dze = 0.

Notice that 1/1% and 1/1t2 are then uniquely determined, and are smooth, since
vl = [oeran) e and  GHe) = 1 (vulo) - wh@)
Let us denote by E the set of all (¢, u',u?) € R x €>°(T!) x ¢°°(T?) such that
/ul(azl)dxl =0 and /u2(:61,x2) dze =0,

and by €2 the open subset of E formed by the (¢,u!,u?) such that:
e cither ¢ # 0, and then A; — D2(u1 + )\tuz) > 0;
e ort =0,and then1 — 81,1u1 >0and1 — 62,2u2 > 0.

Then, thanks to Lemma 1, we can define an operator G :  — €°°(T?) by
setting, when t # 0,

G(t,ut, u?) = F(Ap,ut + Mu?),
where F is the operator introduced in Section 3:
FAu)=f—g (id — A71Vu) det (I — A71D2u) .
Since, according to Lemma 3, (A, uy) = 0 if and only if u; = 1, we have
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Lemma 11. For any (t,u',u?) € Q, G(t,u',u?) = 0 if and only ifu' = 1} and
u? = 2.

Now, we are going to extend G for ¢ = 0. Notice indeed that

_ Orul + N0 u?
1 1 2\ 1 tV1

and A_lDQ(u1 + )\tu2) = < 81’1U1 u )\taMUQ Atal’QUQ )

8172212 (3272212

therefore we can smoothly extend G. If we conveniently set Ju := (Oyu', dau?),

then R = id — 01, and
G(0,u",u?) = f — g (id — du) det (I — D). (14)

Alas, we cannot do the same as in the previous section and apply the implicit
function theorem, for if we solve D,G(0, %, v3)(v!,v?) = ¢, then a priori the
solution v2 is not smooth enough. Indeed, as we will see later, if ¢ € H", then
vl € H™*2, but we can only get v2 € H™. However, we can circumvent this dif-
ficulty by considering ¥ functions, so as to have an infinite source of smooth-
ness, and use the Nash—Moser implicit function theorem instead of the “classical”
implicit function theorem.

Before stating our next result, let us recall some definitions from the Nash-
Moser theory. For more details, see for instance Hamilton [17].

Let X and Y be two Fréchet spaces, endowed each one with a family of in-
creasingly stronger semi-norms, denoted by {|| - [|X },>0 and {|| - ||¥ },>0. For
instance, you can think of ¢°°(T?), with the norms || - ||, = || - |[¢» or equiva-
lently || - ||, = || - [[z». Amap ¢ : U — Y is said to be “tame” if it is defined
on an open set U C X, if it is continuous, and if, in a neighborhood V' of every
point, one can find » > 0, b > 0 and a sequence (C,), > of positive constants
such that the following “tame estimate” is satisfied:

Yz € V,Vn > b, (@)} < Cn (1+ |21,

Notice that r, b, (', can depend on V', but V' cannot change with n. The map ¢ is
“smooth tame” if it is smooth and if all its Gateaux derivative Dy : U x X — Y
are tame.

The Nash—-Moser theorem holds for some Fréchet spaces, the so-called “tame
spaces” defined as follows. If £ is a Banach space, the space of exponentially
decreasing sequences in F is defined as:

S(E) = {<un> e BN ; WneN, [u3® =3 e ulF < oo}
k=0
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A Fréchet space X is said to be “tame” is there is a Banach space E and two tame
linear maps ® : X — X(FE) and ¥ : ¥(E) — X such that ¥ o & = idy. For
instance, €*° (Tz) is a tame space. If X and Y are tame, then so is their cartesian
product X x Y.

Theorem 12 (Nash-Moser). Let X and Y be two tame spaces. Let U C X be an
open subset and ® : U — Y be a smooth tame map. We assume that, for anyu € U
and any q € Y, there is a unique v € X such that D®(u)v = q. If the inverse
operator S : U x Y — X is a smooth tame map, then ® is locally invertible, and
the local inverse maps are smooth tame.

Corollary 13 (implicit function). Let X, Y, Z be three tame spaces, and U C X
and V. C Y be open subsets. We assume ® : U x V — Z is a smooth tame map
such that ®(ug,vo) = 0 for some (ug,vo) € U x V. If, foranyu € U,v € V
and q € Z, there is a unique w € Y such that D, ®(u,v)w = ¢, and if the inverse
operator S : U x V x Z — Y is a smooth tame map, then there is a smooth tame
map 1) defined in a neighborhood of ug and taking values in a neighborhood of vg
such that ®(u,v) = 0 if and only if v = ¥(u).

Recall that we denote with a ¢ subscript the sets of maps with zero mean value:
€:° is thus the set formed by the smooth functions u such that [« = 0. When X
is a 2-variable function space, we also denote by a “x, ¢” subscript, as in CK,S%(TZ)
the set formed by the £ € X such that [ £(-, z2) dzy = 0.

Theorem 14. For all (t,u',u?) € Q, for any q € €°(T?), there is a unique
(vh,0?) € €°(T) x €25(T?) such that

DuG(t,ut,u?)(v!v?) = g, (15)
Moreover, the inverse operator

S QX E°(T?) — €°(T) x 63(T?)
(t,ut,u?),q) — (vi0?)

is smooth tame.

Proof. We will show the existence of (v!,v?) in Section 5. We also report the
proof of the existence of a tame estimate for the inverse operator S to Section 6.

Let us now show S is continuous.

If (tg,ur,ui,qr) € Q converges towards (t,ul,u? q) € Q, for each k let
(vi,v}) be the corresponding inverse. Thanks to the tame estimate from Sec-
tion 6, v and v? are bounded in all the spaces H". Hence, compact embeddings
provide convergence, up to an extraction, to some vl, v? as strongly as we want,
which, since DG is continuous, must be the solution of DG (t, u!, u?)(v!,v?) = q.

All the derivative DS are also tame, since they basically give the solution to
the same kind of equation as (15). Indeed, by differentiating (15), we get

D,GDS = Dq— D(D,G),

and then we can apply the results of Section 6 once more. O
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R — €(T!) x €2(T?)
Corollary 15. The ma M *® is smooth.
y P { to ()
Proof. This is a consequence of Corollary 13, Theorem 14, and Lemma 11. O

Theorem 16. The curve in 6°(T?) formed by the Kantorovich potentials (1) is
the only smooth curve defined on R such that, fort # 0,

A, — D%y >0 and div <f [At - D%pt} - (wﬁt - AtAt1V¢t)) —0, (16)

and that can be decomposed into two smooth curves (1} ) and (1?) such that

i1, 2) = Y (x1) + MabE (21, T2),

with 1} and 3 being the Kantorovich potentials for the Knothe rearrangement.

Proof. Let uy = u} + )\tu% be such a curve, and let us check that u; = ;.
Since ul and u3 are the Kantorovich potentials for the Knothe rearrangement,
(0,ul,ud) € Q,and as Ay — D%y > 0 for t # 0, (t,us,u?) is always in Q. For
t # 0, (16) is equivalent to

D, F(t,u)t + Dy F(t,ur) =0,
and therefore
DuG(t, up,u?)(af,a?) + DiG(t, up,ul) = 0.
By assumption, G(0, u}, u3) = 0. Integrating in time, we get G(¢,u',u?) = 0.
Therefore, according to Lemma 11, u} = 1} and u? = 7, i.e. uy = 1)y O
5 Proof of the invertibility
We recall that
FAu)=f—g (id — A_1Vu) det (I — A_1D2u) ,
and

G(t,ut u?) = F(Ap,u' + Mu?) with A = < (1) ;\) ) . (17)
t

We want to prove the invertibility of D, G(¢,u', u?). The first lemma will con-
sider the case t # 0, the second one the case t = 0.

Lemma 17. For any (t,u!,u?) € Q witht # 0, for any q € €>°(T?), there is a
unique (v',v?) € €°(T") x €23(T?) such that

DyG(t,u',u?) (v}, 0?) = g. (18)
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Proof. Let (t,ul,u?) € Q with t # 0, and let ¢ € €°°(T?). Then, if we set
ug := u' + \u?, Lemma 6 tells us that there is a unique v; € €. >°(T?) such that

div ((f — gt ul,u?)) [1 - A;lDQut]_l Atlwt) = q. (19)

Let us define

vl(z) = /vt(xl,xg)dxg and 0% (x1,x9) = )\it (vt(xl,xg) - vl(xl)) .

Then, by construction, (v!,v?) is the unique pair solving (18). O

Lemma 18. For any (0,u',u?) € Q, for any ¢ € €°(T?), there is a unique
(vh,v?) € E°(T) x €L2(T?) such that

D,G(0,ut, u?)(vt,v?) = q.
Proof. Writing Ou = (yut, 2u?) and v = (910, G2v?), we want to solve
DuG(0,u',u?) (0!, 0%) = ¢.
By substitution, for any £ € 4°°, Equation (14) yields
[ €@ 0uw) [1@) - 60,0 u)@)] do = [ ety ay.

Therefore, if we differentiate the previous equation with respect to u along the
direction v, we get

~ [ (vetia=ow,o0) (1 - 900" )
- /g(id — Q) DG (0, u} 1) (v, v%) = 0,
Since V[¢ o (id — Ou)] = [I — DOu)TVE(id — Ou), we have
(VE(id — du),dv) = (V[¢ o (id — )], [I — Dou] ™ dv)
and this yields
D,G(0,u!,u?)(v!,v%) = div ((f = G(0,u',u?)) [I = DOu] ™ dv) .

Notice then that

1,2 -1_ 1=y pu? 0
(f —G(0,u,u )) [I = Dou] = = g(id — Ou) < o1 2u? 1—0pqu! )

18



thus,

D,G(0,ut, u?) (vt v?)
=0 [g (x — Ou(x)) (1 — 8272u2(x)) 811)1(1'1):| +0a[...].

Therefore, if D,,G(0,u',u?)(v!,v?) = q, integrating with respect to x5 yields
/81 [g (x — Ou(x)) (1 - 8272u2(x)) 81?)1(x1)} day = /q(m) dza,
that is to say
o [{ [ 9@~ 0u@) (1~ 02002 (@) daapor0! ()| = [ @)z (20
But there is a smooth map @ : T! — R such that 01Q(z1) = [ q(z1,72) dza,

since [¢(x)dx = 0, and it is unique if we require Q(0) = 0. Thus, taking a
primitive of (20), there is a ¢ € R such that:

[/g (z — Ou(x)) (1 — 8272u2(x)) d.%'g] ot (z1) = Q(x1) + c.

G(z1)

Since G(z1) > 0, we get
Q+tc

a
and this yields the unique possible value for ¢ since the integral w.r.t. x; of the
right hand side must be zero. Combined with the condition [ vldey = 0, we
thus have completely characterized v'.

Now, let us do the same for v2. We have to solve the equation

(311)1 =

82 |:g (ld - 8u) (1 - 8171u1) 822}2}
=qg— 0 [g (id — Ou) (1 — 8272u2) 81?)1} — Do [g (id — Ou) 8172u281?)1} ,

and this is exactly the same kind of equation as (20). If we fix z; € T*, the same
reasoning can be applied here, and thus we get v2. O

6 Proof of the tame estimates

Our aim here is to show that, locally on (t,u!,u?) € Q and q € €>°(T?), for any
n € N, there is a constant C},, > 0 such that, if

DyG(t,u', u?)(v',0?) = ¢ (21)
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for some (v!,v?) € €°(T") x €23(T?), then
o [zzns + [0l < Co (14 [+ [l | s + a? [ grns + llglarn ) -

In fact, we will prove something slightly stronger:

[0 llzms2 + 1020 [ < Cr ([lu ligrnss + [P llgnes + llgllam ) - (22)

Indeed than, since [v?(z1,72)dzs = 0, we have a Poincaré inequality, which
implies ||v?||gn < ¢,]|@2v?|| . Notice also that (22) would by itself prove there
1s uniqueness.

Lemma 19. Let M, > 0. There are C = C(M,¢) and T = 7(M, €) such that, if
(t,ul,u?) € Q and g € €°(T?) satisfy

0<[tf <7 1=dau'=Adiau’® > e, lgllpz+llullgs+u?les < M, (23)
if (v1,02) € €°(TY) x €2°(T?) is a solution of (21), then
1020?12 < C. (24)
Proof. We set u; := ul + M\u? and also vy := v! + \v?. Then, by assumption,
D, F (A, up)vy = q.

By choosing 7 appropriately, we can ensure that (23) implies A; — D?u; > ¢, so
that we are entitled to apply Lemma 6 and get

[vell 2 < Cenva{llalirz + ludllga} < C. (25)

We now set

By = (f —G(tul ) [T - A7 D] A7
o f B g(ta ul’ u2)

N det(At — D2ut)
g(id — A7 V)

= Y {Co (A — D2ut):|T

{Co (Ay — D2ut)}T

so that, according to (17) and Lemma 4, Equation (21) becomes
div(B:Vu) = q.
Notice that

Co (A — Dzut) _ ( At — )\taZ,QU2 )\tamu% ) ’

2 1
At8172ut 1-— 8171ut
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therefore we can write B, = U; + V;/\; with

Us = glid — A, Vuy) ( ' 53222“2 D ) ! (26)
V, = g(id — A7 V) ( o gmut ) . 27)
Thus,
q = div(B;Vuv) = div(U V) + )\itdiv(‘/}Vvt).
As dyv! = 0, we have V;Vo! = 0. Since v; = v! 4+ \v?, we get
div(U;Vg) + div(V;Vo?) = ¢,
that is to say
O {g(id - A;IVut)(l — 81,1ut)82v2} = q — div(U;Vuy). (28)

Since g > ¢ for some J, and as we have assume 1 — J1 1u; > ¢, allowing the
constant C' to change from line to line we get

00213 < [ glid — A7V (1 — 0y ) P

< C/ [q — div(U; V)] v

< C(llgllzz + 1UVell ) (10?2
However, since [ v?(x1,2) doy = 0, we have [[v?||;2 < C||020?|| 2. Therefore,

1020%[[ 2|0 [ 2 < CllO20* |72 < C (llallzz + UV vl ) [[07] 2

Thus, since ||Uy||41 < C(1 + ||ut|lgs + |[[u?[|4s) < C as we can see from (26),

1020%[[ 22 < C{llallz2 + [lvel =}
Then, using (25), we get the result. O

We now proceed by induction to get an estimate for any order n € N.

Lemma 20. Under the same assumptions than in the previous lemma, for anyn €
N, there is a constant C, = Cy, (M, ¢) such that

1020711 < Co (gl + ! ignss + a2t ) 29)
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Proof. Let us assume (29) has been proved for some n € N, and let us show it
holds even for n + 1. Let v € N? be such that |v| := 11 + 5 = n+ 1. Recall (28),
that is to say

o)) {g(id — A7 V) (1 - 8171ut)3202} = q — div(U; V).

We already know from Lemma 7 that v; = vl + \v? is smooth, therefore, if we
differentiate this equation with respect to v, we get

05 [gid = A7'Vu) (1 = By 1ug) 020,07

V . —
= <a> 0 [0y {glid = A'Vup) (1 = By 1us) } 020007]
0<a<v
+ Byq — 31, diV(Utht).
On the other hand, since g > d and 1 — 0y 1u; > €, we have

1
820,722 < - /g(id — ATV (1 — Oy | 0a0,0?

< —é / 92 [g(id — A7V u)(1 - 91,10 020,07 D07,

Thus,
1820, 0% (|72
< ¥ (”) / (00—a {g(id = A7'Tu)(1 = O11w) } 92000?] 020,07
0<a<r \&
— é [0,q — 0, div(U;Vuy)] 9,02,

and therefore

1820,0% (172
< Y C|ov-a{glid — AT Vu) (1 - 01w | azaaqﬂHLQ |020,0%| .
0<a<v
+ Cll0yg — 8, div(UVur) | 12 |07 L
As [|0,0%]| 12 < ¢||020,02]| 2, we get
1020, 2 < C Y Hg(id — ATV (L =), 021)2\ o

0<k<n
+ C{llqll o1 + UV v grns2} . (30)
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On the one hand, using the same Landau-Kolmogorov inequalities and the same
trick than in the proof of Lemma 6, for 0 < k < n, we get

Hg(id - Ailvut)(l - 8171ut)H<,;n+1—k a21}2HH"€
< n ([Jolid = AT - Ouw) |, 2207
+ |l96d = A Vu) (1 = o), 020 ) -

Recall we have assumed (29) holds true for n, therefore, using (23), we get

Hg(id — A_1Vut)(1 — 8171ut)H 821)

’|
@n+l—k Hk
1 2
<o (14 lallin + lu fignes + [[u2flgnea) - (31)
On the other hand,
[UsV || rave = | D" (U Vo) || g
< C{|Ullgn+2 Vol + Ul [[Voe] gtz

which, since ||u!||gs + ||u?||4s < M, implies
10Vl e < C (14 [0t lgnsa + 12 llguea ) oell o + fonllprosa |

Then, using Lemma 6 we get

10 vtllns2 < o (Nallin + [t lgmss + u2llgnis) . G2)
Bringing together (30), (31), and (32), we get the estimate we sought. O
Lemma 21. The result of Lemma 20 still stands fort = 0, with the same constants.
Proof. Let (0,u',u?) € Q and q € €°(T?) such that

L=onu' >e, lallze + llu'lgs + [[u?llgs < M, (33)

Let 7 be the constant given by Lemma (20). Then, since (s,u',u?) €  for s
small enough, with 0 < |s| < 7, we can proceed by approximation. Indeed, if

2

(v}, v?) is the solution to

Dug(s,ul,u2)(v1 v2) =gq,

CRAR-]

where u', 42, ¢ have been all fixed, then all the H™ norms of v!, v? are bounded

A
according to Lemma 20. Up to an extraction, there is convergence, which by

compact embedding is as strong as we want. But the convergence can only be
towards the solution of

Dug(oa ’U,17 u2)(,017 7}2) =q,

hence estimate (29) is still valid for the limit. O
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7 Higher dimensions

The difficulty in extending those results in higher dimensions only come from the
technical nature of Sections 5 and 6. We are now going to explain what changes
in higher dimension.

Setting and notations

We consider \j,...,Ay_1 : R — [0, +00), assumed to be smooth and such that
Ar = 0 if and only if ¢ = 0. We then define A; by

1
Ai(t)
Ay = A1(t)A2(2)

[T A:(t)

The decomposition of the Kantorovich potential vy becomes

V(21 .. o) = Uf (1) + Midi (T, 22) + <H Ai ) ¥ (21,...,2N).

<N

where ¥F depends only on the k first variables 1, . . ., x, and is such that

\v/xla"'axk‘—ly /¢f(~"31,-~>$k—1ayk)dyk:0-

For convenience, we set

OF = F 4+ Nt I )@,
k<i<N
so that we have
V=, P =of Fn0rt BN =,

and
vxl,"‘axk‘—la /"'/T;Z)f(xlw“>xk:—1ayka"'>yN)dyk‘"‘ dyNZO

For instance, if d = 3, we have

zzt UF + MYE + Moy
Y =P + Ay + AMiAg) and V7 =97 + Mt}
P =3
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Let us denote by E the set of all (¢,u',...,u") € R x [[€*°(T*) such that
Vk e {l,...,N}, /ukdxk:().
Then, if (t,u,...,u") € E, we set

1

oV o= a* = uF + NG wi= 4,

and this is consistent with the previous notation. Notice that

o\ut o ut
A1 0o2 o2
Vu = A Ag050° and A" 'Wu=0u= dzu’ ,
[T \eonay oyay
and thus,
01 20! 0 e 0
~2 ~2 :
A-1D%y = poa— | O2® Da2l (34)
: : 0
o NuN O nul onnulY

We define 2 as the open subset of E formed by the (¢, u) such that:
e either ¢ # 0, and then A; — D%y > 0;

e ort =0,and then 1 — (9k7kuk > 0 for all &.

Invertibility

We want to solve, for (0,u) € €, the equation D,,G(0,u)v = q. Since for ¢ > 0,
—1
DGt u)v = div ((f —G(tw) [I - A7 D% Alvv) ,
which, when replacing A~ D?u and A~!Vv with DOt and 9%, becomes

DuG(t,uyw = div ((f = G(t,u)) [I - D]~ 99),

k

and since, when ¢ = 0, we have 4* = «* and 94 = du, what we would like to

solve is
q = D,G(0,u)v = div ((f — G(0,u)) [I — DOu] ™" (%) .

The trick is to integrate with respect to xy,1,...,2n to get an equation on
vl o oF If ol ... vF7! have already been found, [I — DOu]~! being lower
triangular thanks to (34), the resulting equation on v* is of the same kind as the

one we have dealt with in Section 5. The same reasoning can thus be applied.

25



Tame estimate

As in the 2-dimensional case, we need only to find a tame estimate when ¢ # 0
for the solution (v!, ..., v") of

g(id — A='Vu)
det A

First, notice that by integrating with respect to x y, we are reduced to the N —1
dimensional case. Therefore, we can proceed by induction on V.

So let us assume we already have a tame estimate for v',... vV~ To get an
estimate for vV = o, we will find one for each 7%, this time by induction on
k. Since 0!

T
g=div(BVv) with B:= |Co (A~ D)

= v satisfies a nice strictly elliptic equation, and thus comes with a

tame estimate, we need only to show how to get one for ©* if we have one for
@1 i}\k_l
ey .

The key lies in the following decomposition of the matrix B: for any k,

1 1 1 1 ~
B=B'4+—B24—- B4+ 4+ - pkly - Rk
A1 A1 A2 Al A2 AL A1
where the coefficients (b, 5) of B! are zero except when min(a, 3) = i, and

where the coefficients (E’; 5) of B are zero except for min(a, §) > k :

7 P
1,1 i, N k
. , BY=

i k 7k
bN,i bN,k T bN,N

the point being that all the coefficients béu 5,3’;7 5 can be bounded in €™ by the
norms of the u’ in ¥"2 uniformly in ¢, at least for small ¢. Indeed, if such a
decomposition exists, since

U:Ul_’_)\1?}2_’_...+)\1...)\i_2vi71_’_)\1.”)\1__16@'7

with 9;07 = 0 if i > 7, which implies 9;v = Ay - - - \;_19;0", we have

] 1 ~
div(BVv) div B'Vv)| + ———— div(B*Wv),
L;k Ap-e ( ) AL Akl ( )
and thus _
div(BVv) = [Z div(B'VD') | + div(B*Vi"). (35)
i<k ]

On the one hand, the matrix BFis symmetric and non-negative, and we can work
on an open subset of {2 such that

V¢ e RY, (zw) < (BF¢,¢).
>k
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On the other hand, since
~k
Vi, ..., T5_1, //v (1,...,zN)dzg ... dzy =0,
we have a Poincaré inequality:

2
[ -
L2

90" ‘

2
eoy)
i>k

Therefore,

[

2
7|

@k\

< ¢ / (BRVaF, vok) < g |aiv(BEwa")|

2 — ¢ 2’

and this shows how we can deduce a L? estimate for 0% from (35) and a series of
estimates for 0%, i < k. Estimates for the norms H", n > 0, easily follow, by the
same reasoning as in Section 6.

Thus, all we need is the decomposition

1

1
B=B'+—B?>+ B*>+...+—— BN

A1 A1A2 AL-sAN—1
with

N P

by
Remember that
~g(id — A~Vu) 59 7T
B := . [Co (A-D u)} ,

and det A = A\ (A1 A2) -+ (A1 -+ Ay—1), therefore all we have to do is to show
how in Co (A — D?u) we can gather the \; so as to get the decomposition we
seek. Since 0; ju = A1 -+ Apax (i,j)—10i, ;U™ (@.3),

[co (A - D%)} =3 I (A-Duowm

O 5eGn 1<k<N
o()=j ki

= Z H )\1 e )‘max(k:p'(k?))—l <6k‘,a(k‘) — ak‘,o’(k')amax(k’a(k))) )

0EG, 1<k<N
o(i)=j k#i

A~

Thus, if i < j, we set wa g = Ao Amax(a,8)—1 (50{75 — (%ﬁuma"(o"ﬁ)), and
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then we get

[Co(A—DQu)] = Z e(o) H AL Ak 1Wk o (k)

that is to say,

oEG, 1<k<N
o(i)=j k#i
e(o)
= Z AL At H Who(k) | »
oEGy, AL Aie Lgng 1<k<N
o(i)=j k1
det A
2
[Co(A=D “)L,J‘:ﬁ---xi,l S o) ] wrow:
O’EGn 1§]€§N
o(i)=j ki

Since we have assume i < 7, this is exactly what we wanted.
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