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Abstract

In 1998, Reed conjectured that for any graph G, x(G) < ]—%L

where x(G), w(G), and A(G) respectively denote the chromatic number,
the clique number and the maximum degree of G. In this paper, we study
this conjecture for some erpansions of graphs, that is graphs obtained
with the well known operation composition of graphs.
We prove that Reed’s Conjecture holds for expansions of bipartite graphs,
for expansions of odd holes where the minimum chromatic number of the
components is even, when some component of the expansion has chro-
matic number 1 or when a component induces a bipartite graph. More-
over, Reed’s Conjecture holds if all components have the same chromatic
number, if the components have chromatic number at most 4 and when
the odd hole has length 5. Finally, when G is an odd hole expansion, we
prove x(G) < [%1 +1.

1 Introduction

We consider here simple and undirected graphs. For terms which are not defined
we refer to Bondy and Murty [2].

The chromatic number of a graph G, denoted by x(G), is the minimum
number of colors required to a proper colouring of the graph, that is to colour
the vertices of G so that no two adjacent vertices receive the same colour ;
the size of the largest clique (independent set) in G is called the clique number
(independence number) of G, and denoted by w(G) («(G)) ; the maximum degree
of G, denoted A(G) is the maximum number of neighbours of a vertex over all
vertices of G.

Bounding the chromatic number of a graph in terms of others graphs pa-
rameters attracted much attention in the past. For example, it is well know
that for any graph G we have w(G) < x(G) < A(G) + 1. This upper bound
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was reduced to A(G) by Brooks [3] in 1941 for connected graphs which are not
complete graphs neither odd cycles.

In 1998 Reed [9] stated the following Conjecture also known as Reed’s Con-
jecture:

Conjecture 1 [9] For any graph G, x(G) < (%]

This conjecture has been stated true for some restrictions of the graph pa-
rameters. Hence Conjecture 1 holds true when x(G) > (LQG)‘] (see [8]), when
X(G) < w(G) + 2 [5], when a(G) =2 [6, 7] or when A(G) > |[V(G)| — a(G) — 4
(see [7]).

Some classes of graphs also verify Conjecture 1. That’s trivially the case
for perfect graphs (a graph G is said to be perfect if x(H) = w(H) for every
induced subgraph H of G), for graphs with disconnected complement [8] for
almost split graphs (an almost-split graph is a graph that can be partitioned
into a maximum independent set and a graph having independence number at
most 2) or particular classes of triangle free graphs [7] and for classes defined
with forbidden configurations such that (2K5,Cy)-free graphs, odd hole free
graphs [1] or some particular classe of Ps-free graphs [1].

The well known operation composition of graphs, also called ezpansion in [1]
is defined as follows :

Given a graph H on n vertices vg . . . v,—1 and a familly of graphs Gy ... G, -1,
an ezpansion of H, denoted H(Gy...Gy—1) is obtained from H by replacing
each vertex v; of H with G; for ¢ = 0...n — 1 and joining a vertex z in G;
to a vertex y of G, if and only if v; and v; are adjacent in H. The graph G;,
i=0...n—1is said to be the component of the expansion associated to v;.

In [1], Aravind et al proved that Conjecture 1 holds true for full expansions
and independent expansions of odd holes, that is expansions H(G;...G,,) of
odd holes where all the G;’s are either complete graphs or edgeless graphs.
Moreover, they ask for proving Conjecture 1 for graph expansions whenever
every component of the expansion statifies Conjecture 1.

In this paper, we consider Conjecture 1 for expansion of bipartite graphs,
namely bipartite expansions and odd hole expansions. We use for this a colour-
ing algorithm of bipartite expansions that we extend to odd hole expansions,
this allows us to compute the chromatic number of those graphs. We prove that
Conjecture 1 holds for a bipartite expansion (Theorem 9).

Moreover, Conjecture 1 holds for odd hole expansions when the minimum
chromatic number of the components is even (Corollary 17), when some com-
ponent of the expansion has chromatic number 1 (Theorem 18), or when a
component induces a bipartite graph (Theorem 19). It is also the case if all
components have the same chromatic number (Theorem 20), if the components
have chromatic number at most 4 (Theorem 23), and when the odd hole has
length 5 (Theorem 25). In addition, if G is an odd hole expansion we have
X(G) < (%] + 1 (Theorem 26).

These results improve the result of Aravind et al on full and independent
expansions of odd holes.

The present section ends with some notations and preliminary results. Sec-
tion 2 is devoted to the colouring of bipartite expansions and its consequences



on Conjecture 1 for such graphs while in Section 3 we consider the colouring
of odd hole expansions and its implications on Conjecture 1 are considered in
Section 4.

1.1 Notations and preliminary results

Given a graph G and X a subset of its vertex set, we denote G[X] the subgraph
of G induced by X. The degree of a vertex v in the graph G is denoted dg(v) or
d(v) when no confusion is possible. For an expansion H(Gy...Gp_1) of some
graph H, we will assume in the following that the vertices of H are weighted
with the chromatic number of their associated component while an edge of
H is weighted with the sum of the weights of its endpoints. Moreover, for
1=0,...n — 1, we will denote x; as the chromatic number of GG;, while V; is for
the vertex set of G;, A; is the maximum degree of G;, and w; its clique number.

Lemma 2 Let H be an induced subgraph of some graph G such that
X(H) = X(G). If x(H) < [ZHEREE grep 3 (G) < [LOELEEL]

Proof Since H is an induced subgraph of G, w(H) < w(G) and A(H) < A(G).
Thus x(G) = y(H) < [ < (OO, 0

Theorem 3 [8] If G is disconnected then x(G) < (%]
Lemma 4 LetG = H(Gy...Gn—1) be an odd hole expansion that is a minimum
counter-example of Congecture 1 (if any). Fori € {0...n}, G; is connected.

Proof Without loss of generality assume that the subgraph induced by Gy is
not connected. Let X7 and X5 be two subset of V(Gp) inducing a connected
component and suppose that we need at most x; colors (j = 1,2) to color X;
with x1 < x2. Let G’ be the subgraph obtained from G by del/eting /Xl. Since
G’ satisfies Conjecture 1 by hypothesis, we have X(Gl) < [W] We
can then color the vertices of X; by using the colors appearing in X5 since
x1 < x2. Since w(G) > w(Gl) and A(G) > A(G/), we have

/ Ww(GY+A(G ) +1 W(Q)+A(G)+1
X(G):X(G)S[( )+2( )+‘|§|‘ ( )+2( )+

1, a contradiction. O

2 Coloring of bipartite expansion

Notations 5 Let H be a bipartite graph with n vertices: vg,...,vp—1 and
H(Go...Gn_1) be an expansion of H. Without loss of generality we assume
that vo and v1 are adjacent and are such that the edge vov1 has mazrimum weight
i H.

Let T'g be a set of xo colors and I'y be a set of x1 other colors.

A given index i € {0,...n — 1} will have a prefered index in {0,1}, say p(i),
defined as follows : p(i) = 0 whenever v; and vy are vertices of the same class
of the bipartition otherwise p(i) will be defined to be 1. Moreover we define the

index p'(i) such that {p(i),p’ (i)} = {0,1}.



When H(Gy...Gp—1) is a bipartite expansion, according to the above no-
tations, G; (0 <i <mn — 1) will be colored by using preferably the set of colors
0%

More precisely G; will be colored by using Min(x, Xp(;)) colors of I',;y and
Mazx(0, X — Xp()) colors of I'yy(;) (see Theorem 6).

Theorem 6 Let H(Gy...Gp_1) be a bipartite expansion.
Forie{0...n—1},

if Xi < Xp(i) then G, can be colored by using x; colors of I';;)

otherwise G can be colored by using the x,;) colors of I,y together with
Xi — Xp(4) colors of Fp/(i).

Proof Let us colour the vertices of Gy with the xo colors of I'g. In the
same way we colour the vertices of G; by using the x; colors of I'y (recall that
TonTy =0).

For i € {2...n — 1}, we color the graph G; as follows : when x; < x,(;) we
can use the x; first colors in I',(;) to colour G; ; and when x; > X, we color
the vertices of G; by using the x,;) colors of I';) and the x; — x(;) last colors
of Fp’(i)-

We claim that the resulting coloring is a proper coloring of H(Go, ..., Gn—1).

Indeed let v;v; be an edge of H. Let us remark first that we do not have
Xi > Xps) and X; > Xp(y) since x; + x; < Xo + x1 by hypothesis, moreover,
since v; and v; are adjacent we have p(i) = p'(j) and p(j) = p' ().

case 1 xi < Xp(i) and X; < Xp(j)

The colors used in G; are only colors of I',(;) and those of G; are only colors
of I'y(j) = I'pr(s) and these two sets of colours are disjoint.

case 2 x; < Xp(i) and Xj > Xp(j)

The colours used in the coloring of G; are only the x; first colors of T';y. In
order to color G, we use all the x,;) colours of I',;) and we need to use the
last x; — Xp(5) colors of I'y (5. Since xi + X < Xo + X1 = Xp(j) + Xp(i), We have
Xi — Xp(j) < Xp(i) — Xi- Hence the set of colors of I',(;) used in order to achieve
the colouring of G; is disjoint from the set of colors used in G;.

case 3 x; > Xp@i) and X; < Xp(;) The same argument works. [

From Theorem 6 and according to Notations 5, since x(H) > xo + X1, we
have:

Corollary 7 Let G = H(Gy...Gn_1) be a bipartite expansion, x(G)) = xo +
X1-

Remark 8 Let us remark that the coloring given in Theorem 6 has the follow-
ing property: |I;| = x; fori e {0...n—1}.

Theorem 9 Any expansion of a bipartite graph satisfies Conjecture 1.

Proof Let H(Gy...Gp—1) be an expansion of a bipartite graph H. According
to Notations 5 and by Theorem 3, the subgraph induced by V(Gy) U V(G1),
say G', verifies Conjecture 1. Moreover x(G’) = xo + x1 and by Corollary 7
X(G) = x(G"). The result follows from Lemma 2. O



3 0Odd hole expansions coloring

By Theorem 3, an expansion of triangle verifies Conjecture 1. In what follows
Cak+1 denotes an odd hole of length 2k + 1 (k > 2) and all indexes are taken
modulo 2k 4 1. Moreover, the vertex set of Cogt1 is {vo, ... v2x} and v;v; is an
edge if and only if j =i+ 1.

Theorem 10 below provides a proper coloring for odd hole expansions.

Theorem 10 Let G = Cor11(Go - .. Gax) be an expansion of an odd hole. As-
sume that the edge vov1 has maximum weight in H.
Let i be an index in {3...2k — 1}.

If xo +x1 > Xi—1 + Xi + Xis1 then X(G) < xo + x1
else if Xi—1 > Xp(i—1) and Xi+1 > Xp(i+1) then x(G) < xo + x1 + X5 ]

else x(G) < xo+ x1 + I—Xi71+Xi+Xi;~1*XO*X1+1J .

Proof

Let H' be the bipartite graph whose vertex set is V(Capt1) — {vi}. As-
sume that the coloring described in Theorem 6 has been applied to the ex-
pansion H'(Go, Gy ...Gi—1,Git1...Gax). Observe that the notations p(i) and
P/ (i) are not defined in Coyy1(Go...Gax), however in the following we will
use this notations as meant in H'(Gy,G1...G;—1,Giy1...Ga), thus we have
p(i—1)=p'(i+1)and p'(: — 1) = p(i + 1).

Let us now consider the coloring of G;.

According to the coloring of G;_1 and those of G;;1 four cases may occur.

Case 1l : x;i—1 < Xp(i—1) and Xi+1 < Xp(i+1)- Lhe coloring of G;_1 uses ;-1
colors of I',;_1) and none in the set I';;_1) while the coloring of G;11 needs
only x;+1 colorsin I',;11) ; consequently there are xo + X1 — Xi—1 — Xi+1 colors
free in I'g UT'; for the coloring of Gj;.

Case 2 : Xi—1 < Xp(i—1) and Xi+1 > Xp(i+1)- We have the same coloring
for G;—1 as in Case 1. But the subgraph G;;; is colored with all the colors of
[p(ig1) together with x;y1 — Xp(i41) colors of T'pi(iy1), once again there are in
Ty (is1) at least xpr(i41) — Xi—1 — (Xi+1 — Xp(i+1)) free colors for the coloring of

i

Case 3 :xi—1 > Xp(i—1) and Xi+1 < Xp(i+1)- We color Gi—1 with the x,;_1)
colors of I'),;_1y and with x;—1 — xp(i—1) colors of I'yy(;_1). The subgraph G;1
being colored with x;11 colors in I'y;41). Thus there are xp/i—1) — Xi+1 —
(Xi—1 — Xp(i—1)) unused colors in I'p(;_1).

Case4 : Xi—1 > Xp(i—1) and Xit1 > Xp(i+1)- In this case G;_1] can be colored
with all the colors in I'y;_1) and x;—1 — Xp(i—1) colors of I'yr(;_1y. Moreover the
coloring of G;11 is done with the colors of I'y; 1) and xi+1— Xp(i+1) additionnal
colors of I'y (j41). All colors of I'gUI'; are used in this colorings, but just observe
that x; < Min(xo, x1)-

Suppose first xo +x1 > Xi—1 + Xi + Xi+1-
In this situation Case 4 cannot occur and there are enough free colors in
Ty UT; for the coloring of G;. Hence x(G) < xo + x1-



From now on xo + x1 < Xi—1 + Xi + Xi+1-

Assume now X;—1 > Xp(i—1) and Xi+1 > Xp(i+1)- Recall that x; < xo and
Xi < x1- Let a = [ %] and I" be a set of a additionnal colors. The coloring of
G7 — 1 uses xp(i—1) colors of I',;_1), let use replace a of those colors with the
colors of I'. We also replace a colors of I',; ;1) with the same colors of I". Thus
2a colors are left for the coloring of Gj;, that is x; or x; — 1 according to the
parity of x;. Hence in this case the whole graph can be colored with at most
ITo| + |T'1| + a + 1 colors, that is x(G) < xo0 + x1 + LXETHJ

Finally, assume x;—1 < Xp(i—1) OF Xi+1 < Xp(i+1)- Recall that there are
X0 + X1 — Xi—1 — Xi+1 colors free in I'g U T'; for the coloring of G;. Since
Xo + X1 > Xi + Xi—1 it is clear that ;41 > X"*lJrX"JrXQiH*X“*Xl. Similarly
Xie1 > Xi— 1+x1+x21+1 X0=X1 Tt us state a = sz 1+x1+x1+1 Xo— X1J and T be
a set of a additionnal colors. We replace, in the coloring of G;—1, anumber of a
colors of T';_1) with the colors of I" as well as a colors of I';; ;1) in the coloring
of G;4+1. Hence we have 2a more colors for the coloring of G;. It follows that
the whole graph can be colored with the colors of I'o UT'; UT" and possibly an
additionnal color according to the parity of x;+1 + xi + Xi—1 — Xo — x1. Thus

in this case X(G) < xo+x1+ I-Xm 1+X1+Xl§1 X0 — X1+1J 0

Theorem 11 gives the chromatic number for odd hole expansions.

Theorem 11 Let G = Co,41(Go ... Gax) be an expansion of an odd hole. We
assume that the edge vovy has maximum weight in Cogq.

Let | be an index such that x;—1 + x1 + xi+1 = Min  {xi—1+ Xi + Xi+1}
3<i<2k—1
If xo+x1 2 xi—1 +x1 + xi41 then X(G) = xo + x1

else X(G) = xo + x1 + [X=rxtap—xoatl |

Proof Since x(G) > xo + X1, by Theorem 10 we can suppose that xo + x1 <
Xi—1 + X1 + Xi+1-

In addition x;—1 < Xpa-1) O Xi+1 > Xpu41)- Otherwise, since x;—1 >
Xp(i—1) we have | —1 > 2 and then x;—2 < Xpi-2) = Xp@+1) < X1+1- 1t follows
that x; + xi—1 + x1—2 < Xi+1 + X1 + X1—1, a contradiction with the choice of the
index .

Hence by Theorem 10 we have x(G) < o+ x1 4 | X=X X004 | oy
there is a coloring of G using colors in I'gUI'; UT where I'g, I'; and I are disjoint
sets of colors such that |Tg| = xo, |1 = x1 and |T| = LXL*IJFXLJFXL?_X”_XIHJ.
Since the sum x;4+1 + Xxi + Xi—1 is minimum, Theorem 10 cannot provide a
coloring using less colors.

Assume now x(G) < |Tg| 4+ |T'1] 4+ |T']. We can suppose that an optimal
coloring of G uses the set T'o UT'; UT as set of colors where IV N (Tg UT) =0
and |I| < |T'|. In a such coloring the number of unused colors for the coloring
of X;11 and X;_1 is at most xo + x1 + [I'| — x141 — X1—1-



Thus x; < xo +x1 + |[I"| = X141 — x1—1 and then

l+Xl+1+Xl71*XO*X1+1J

X
Xi+ X411+ X1 — Xo —x1 < TV < | B ;

a contradiction with the fact that x;+x;4+1+Xi—1—Xo0—X1 is a positive integer. [

4 Applications

In [1] Aravind et al observed that the complete or independent expansions of
an odd hole satisfy Conjecture 1. We give below improvements of this results.

Corollary 12 Conjecture 1 holds for an odd hole expansion when, in the con-
ditions of Theorem 10, we have x(A) = w(A) for A € {Go, G1,G\}.

Proof By Theorem 11 we know that x(G) < X°+X1+X’*12+X’+X”l+1. By
assumption we have xo + x1 = w(Go) + w(G1) < w(G), moreover if v is a

vertex of a maximum clique in G;, d(v) > w(G;) — 1 + |Vi41] + |Vi—1| then
A > x1 + xi41 + xi—1 — 1. The result follows. O

Corollary 13 Let G = Cop41(Go ... Go) be an expansion of an odd hole. Let

p= Og_li<n% Xi- Assume that the edge v;v;11 has mazximum weight in Cariq for
717

some i €{0,...2k}. Then x(G) < xi + Xi+1 + LP—;IJ

Proof
By Theorem 10, we may assume for j € {i +3,i+4...i — 2}
Xj—1 + X5+ Xj+1 = Xi — Xit1 + 1
X(G) < xi + Xiv1 + [ J ]+2 a ]. (1)

Moreover, there is an index | € {i + 2,...7 — 1} such that x; = p, otherwise
Xi = P Or Xs+1 = p. Suppose without loss of generality x;+1 = p. But now,
since xi—1 > Xi+1 we have x;—1 + xi > Xi + Xi+1, a contradiction, since the
edge v;v;+1 has maximum weight in Cogy1.

Ifl > i+4, we apply (1) with j =1 — 1, since x;-1 + x1—2 < Xi + Xit1 We
get X(G) < xi + Xi+1 + LXL*ZJFXL*IJFXQI_XII_XHlJrlJ < Xi + Xi1 + LXLTHJ

Ifl =i+2o0rl =i+3, we apply (1) with j = [4+1, since x;+1+Xi+2 < XitXi+1
we get X(G) < xi + Xit+1 + LXHZJFXHlJrXQPXhXHIJrlJ < Xi + Xi+1 + LXEHJ- In
both cases, it follows x(G) < x; + Xi+1 + LPTHJ O

Corollary 14 Let G = Cop41(Go . .. Gog) be an expansion of an odd hole. Let
vivi+1 be an edge of mazimal weight in Copyq. Assume that x(G) = xi+ Xi+1 +
g+ 1 for some integer ¢ > 0. If G[V; UV, 1] has a vertex of mazimum degree in
Vi (resp. Viy1) then either Conjecture 1 holds for G or V;_1 (resp.Vii2) induces
a graph on at most 2q + 1 vertices.



Proof Assume that G is a counter-example to Conjecture 1. For convenience
we note G' = G[V; U V1]

Let v be a vertex of maximum degree in G’, suppose that v € V; and V;_;
has at least 2q + 2 vertices.

We have A(G) > dg (v) +|Vie1| = A(G') +2¢ + 2 and w(G) > w(G’). Thus
|'W(G)+§(G)+1‘| > "w(G )JrA(C; )+1+2q+2] |'w(G )+§(G )+1-| +g+1.

Since by Theorem 3, G’ verifies Conjecture 1, (W} > Xi T Xit1-

Hence by Corollary 13, (%1 > xi + Xi+1 + ¢+ 1 = x(G), a contra-
diction. O

Corollary 15 Let G = Co,11(Gp ... Gai) be an expansion of an odd hole and
let p= Og'li<%k Xi- If the edge v;vi41 has maximum weight in Copy1 then Con-
K3

jecture 1 holds for G or x(G) = xi + Xi+1 + Lp;r—lj

Proof We know by Corollary 13 that x(G) < x; + xi+1 + L%J Assume that

G is a counter-example to Conjecture 1 and x(G) # x: + Xi+1 + Lp—;lj Thus,

we have x(G) < xi + X1 + [ 5]

Assume without loss of generality that v € V;11 is a vertex with maximum

degree in G = G[V; U Vi41]. By Theorem 3, G satisfies Conjecture 1.

Hence (W] > xi + xit1 = x(G). Since Gio has at least p

vertices, we have A(G) > d(v) > |Vi| + Aijy1 4+ p > A(G') + p, which leads to
"w(G)+§(G)+1-| > [w(GI)JrA Gl)+p+1-| > (w(c/)+§(c/)+1] 1z,

Hence (%] > x(@), a contradiction. O

I~

]

Theorem 16 Let G = Cop11(Go ... Ga) be an expansion of an odd hole of
length 2k + 1 and let p = 0g11<%k Xi- Let v;viy1 be an edge of mazimal weight

in Cok+1 and assume that v € Vi1 is a vertex of maximum degree in G =
G[V; UVig1]. If G does not satisfy Congecture 1 then Viys induces a complete
graph on p vertices and v;+3v;y4 is an edge of maximal weight in Cojiq.

Proof Assume that G does not satisfy Conjecture 1 and Vo does not induce a
complete graph on p vertices. By Corollary 15, we have x(G) = x;+Xi+1+ LPTHJ .
We may assume that |V;42| > p+ 1 otherwise V; 12 would induce a complete
graph on p vertices, a contradiction.
We have A(G) > dg/(v) + |Viga| > A(G) +p+1 and w(G) > w(G).
W(G)+§(G)+1'| > (w(G )+A2(G )+p+21 > [W(G )+§(G )+11 + L%lj _

Hence [
X(G), a contradiction.

Assume now that X;+3+xi+a < Xi+Xi+1—1. By Theorem 11 we have x(G) <
Xi + Xit1 + LXi+2+Xi+3+X;_Xi_XH1+1J which leads to X(G> < i + xig1 + LgJ
Moreover, A(G) > da:(v) + |[Viga| > A(G) + p and w(G) > w(G'). Hence,
[@OHAEHL 5 (@G +AE ) pHL) 5 [wGHAEDTL] 4 2] > (@), a con-

tradiction. Henceforth v;;3v;14 is an edge of maximum weight in Cor41 as
claimed. 0



Corollary 17 Let G = Cop41(Go . .. Go) be an expansion of an odd hole. Let
= mi i- Ifpi th jecture 1 hold .

P Ogingn%x f p is even then Conjecture olds for G

Proof Let us write Cox41 = vg...v9,. Suppose the edge v;v;11 has max-

imum weight in Corq1. Let G = G[V; U Vi41] and v be a vertex of maxi-

mum degree in G’. Assume without loss of genenality v € V;11. Since p is

even,Lp—glJ = [%] and from Corollary 15 we have: x(G) = x: + xi+1 + [5].

In addition, by Theorem 16, V;;o induces a complete graph on p vertices.

Thus, A(G) > da (v) + |Viga| > AG) + p. Consequently,[%] >
w(GH+A(G w(@)H+AG)+1

[ ( )+2( )+p-| > ( )+2( )+ ]"'L%J

= x(G), a contradiction. O

Theorem 18 If G = Coy1(Go ... Gax) is an expansion of an odd hole such
that x; = 1 for some i € {0...2k} then Conjecture 1 holds for G.

Proof Suppose that G is a counter-example to Conjecture 1.

Assume, without loss of generality that vov; has maximum weight. By
Corollary 13 we have x(G) < xo +x1 + 1. If x(G) = x0 + x1 then G satisfies
Conjecture 1 by Lemma 2, a contradiction. Hence x(G) = xo + x1 + 1 and by
Theorem 16 we can suppose that Vo is reduced to a single vertex v.

We consider an optimal coloring of the bipartite expansion G — v, such a
coloring requires precisely xo 4+ x1 colors and we can assume that this optimal
coloring have been obtained via the algorithm described in the previous section
(expansion of bipartite graphs). We denote I'; the set of colors used for the
coloring of G;, i = 0...2k — 1. When ¢ is even, 0 is the preferred index for the
coloring of GG; and, 1 is its preferred index when ¢ is odd. Let us remark that,
for this coloring, when ¢ € {0...2k}, T;NT;41 =0, T; CToUTy, and |T;| = x;
(see Remark 8). We get an optimal coloring of the whole graph G by giving a
new color to the vertex v.

CLAIM 1 vo_1v2i_2 is an edge of maximum weight, moreover I'y C I'op_1 and
Pop—2 C Tp.

Proof Suppose xar—1 < x1. Since |Tog—1| = Xxa2r—1, some color a of I'; does
not appear in I'sx_1. This color could be given to v, a contradiction. Hence,
X2k—1 = X1, I'1 € I'oi,—1 and, consequently, I'o_o C I'y.

If x2k—2 < xo then some color a € Ty \ I'gx—o does not appear in T'og_1.
Choose any color b € 'y and change the color of the vertices of Gor_1, with
that color, in a. Hence b is now available to color v, a contradiction.

It follows x2r_1 4+ X2k—2 > Xo + X1, that is the edge vor_1v9k_2 has maxi-
mum weight. [

CrAaM 2 Let a be a color in I'op_1 NIy and b be a color in I'gi_o. Then the
subgraph Gy of G induced by these two colors is connected.

Proof Let us remark that, by the definition of the expansion of an hole, it
is sufficient to prove that G, contains a vertex of color b of Gy. Assume to
the contrary that G, is not connected. That is, the set of vertices colored
with b in GGy is not contained in the connected component of G, containing



the vertices of color a in Gar_1. We can thus exchange the two colors a and b
on the component containing the vertices of color a in Ga,_1. Since a does no
longer appear in the neighborhood of v, we can give this color to v and we get
a Xo + x1 coloring of G, a contradiction.

CramM 3 Foranyi (0 <i<2k—1),T; CTy when i is even and I'y CT; when
i 15 odd.

Proof Let a be any color in I'og—1 N Ty and b any color in I'gg_o. Since by
Claim 2, G4 is connected, a shortest path in this subgraph joining a vertex in
Gp to a vertex in Garp—1 must contain an edge between G; and G,y for any
index ¢ (0 <4 < 2k — 2). Hence, when i is even G; contains a vertex colored
with b (0 < ¢ < 2k — 2) while for ¢ odd G; contains a vertex colored with a
(1 <i<2k-—1). Since, by Claim 1, I'y C I'gx—1 and Igi—o C T, the claim
follows. n

CLAIM 4 For any even indexi (2<i<2k—2),T; CT;_o.

Proof Assume that some color a of I'; does not appear in I';_s and let b be any
color in I'y NT'9;_1. Let Gg4p be the subgraph of G induced by these two colors
and let @ be the connected component of GG, containing the vertices colored
with b in Gog_1. Since I';_5 C 'y by Claim 3 and a € I';_s, @ does not contain
any vertex in I';_s. Hence ) does not contain any vertex colored with a in Gg
and (Ggp is not connected, a contradiction with Claim 2. [

CLAIM 5 For an odd indexi (1 <i < 2k—1), v;_1v; is an edge with maximum
weight.

Proof Sincel'y CT; andI';_; C 'y by Claim 3, let us prove that I'o—I";_1 C T';.
Assume that some color a € T'g —I';_; does not appear in I';. Let b be any color
in Top_o (recall that T'gp_o C Ty by Claim 1) and let G, be the subgraph
induced by these two colors. Since a does not appear in I'; U I';_; but appears
in I'g;—1 by Claim 1, the connected component @ of G, containing the vertices
of color @ in Gg,—1 is distinct from the component containing the vertices of
color a in Gjy.

Let us now exchange the colors a and b on @. In this new coloring of G, let
Q, be the connected component of the subgraph induced by the colors a and ¢
where ¢ is any color in I';. Since a is always lacking in the sets of color I'; as
well as in I';_1, @) does not contain any vertex colored with a in Gy. We can
thus proceed to a new exchange of colors a and ¢ on Q.. The color ¢ g is now
available to coloring v, a contradiction.

But now, since x; = |I;| = |T'1]| + [To| — |Ts—1] and x;—1 = |T'i—1], we have

Xit+Xi—1 = Xo+X1, in other words v;_1v; is an edge with maximum weight. m

CLAIM 6 For any odd indexi (1 <i<2k—3),; CTyo.

10



Proof Obvious by virtue of Claims 5 and 4. [

CLAIM 7 For any index i (0 <1i<2k—1), G; has at least two vertices

Proof Assume to the contrary that G; is reduced to a single vertex for some
i€{0,...2k—1}.

If i is even then, by Claim 5, v;v;4+1 has maximum weight and the unique
vertex in (; has maximum degree in G[V; U V;;1]. Consequently, by Theorem
16, G;_1 is reduced to a single vertex. But now, by Claim 6, I'y C I';_;, that
means xi1 = 1 since |Fi—1| =1. By Claim 4, |Fi+2| = |Fi+4| = ... |F2k_2| =1.
In addition, vgvg; has maximum weight, it follows |Var—1| = 1. Let us set
Tar—2 = {a} and T’y =T’y = {b}, of course a € Ty.

We claim that Ty = {a}. Assume, on the contrary, that in Ty there is a color,
say ¢, distinct from a. The subgraph Gy, induced by the vertices of G colored
with b and ¢ is not connected since ¢ ¢ T'gp_2. In this conditions, we could
exchange the colors b and ¢ on the component of Gy, which contains vertices of
Vo and use the color ¢ for the coloring of the vertex v, a contradiction.

Hence, [Ty = 1 = xo and xo + x1 = 2. In other words for 0 < i <2k, V; is
a stable set and G is an empty expansion of an odd hole, a contradiction (see [1]).

When i is odd, the edge v;v;—1 having maximum weight in I'y541 by Claim
5, G;i41 is reduced to a single vertex by Theorem 16 and the above reasoning
holds.

To end our proof assume first that £ > 3. An edge v;v;—1 with i odd being
of maximum weight in H by Claim 5, one of G;41 or G;_s must be reduced to
a single vertex by Theorem 16, a contradiction with Claim 7.

Hence from now on k = 2. Let G’ = G[Vp U V4]. By Claim 7, |V;| > 2 for
i =0...4. Moreover, A; > 1, otherwise the edge vyvy would have maximum
weight in Co,41 and |V3| = 1 by Theorem 16, a contradiction with Claim 7.

Assume that |V3| > |V1] and let w be a vertex of maximum degree in Gj.
We have

A >d(w) > [Vol + [Va| + Ay = [Vo| + [Va| +1 > Ag + [Vi] +2 = A(G) + 2.

Consequently (%] > [W] + 1 and by Theorem 3,

[%] + 1> x0+ x1- Hence [W] > X0 + x1 + 1, a contra-
diction since xg 4+ x1 + 1 is precisely the chromatic number of G.

Hence we must suppose that |V| < |Vi]. Since vavs is an edge of maximum
weight in Cog41 with v in the neighborhood of G4 in the expansion, we could
have chosen this edge as the edge vgv;. With the same reasoning we should
obtain that |V4| < [V2|, a contradiction. O

Theorem 19 If G = Cory1(Go ... Gax) is an expansion of an odd hole such
that G; induces a bipartite graph for some i € {0...2k} then Conjecture 1 holds
for G.

11



Proof Assume that G is a counter-example to Conjecture 1. By Corol-
lary 13, x(G) < xi + Xi+1 + 1 when v;v,41 is an edge with maximum weight.
When x(G) = x; + xi+1, we have a contradiction with Lemma 2. When
X(G) = x; + Xi+1 + 1, one component of G must be reduced to a single vertex
by Corollary 14, a contradiction with Theorem 18. (I

Theorem 20 If G = Cory1(Go ... Gax) is an expansion of an odd hole such
that x; = q > 1 for alli € {0...2k} then Conjecture 1 holds for G.

Proof Assume to the contrary that G is a counter-example to Conjecture 1.
Since every edge of H has maximum weight, for every i € {0...2k} V;_5 or V;11
induces a complete graph on exactly ¢ vertices, by the hypothesis and Theorem
16. Hence, it is not difficult to see that at least two components, say Vy and V7,
are isomorphic to K,. We have thus w > 2¢ and A > 3¢ —1 (a vertex in V; has
g neighbors in Vo, ¢ — 1 in V4 and at least ¢ neighbors in V5) which leads to

w(@) +AG)+1 5q
QD5 1,
By Theorem 11 we have x(G) < [%], a contradiction. O

Theorem 21 If G = Co,11(Gp ... Gar) is an expansion of an odd hole such
that x; < 3 for all i € {0...2k} then Conjecture 1 holds for G.

Proof Assume that G is a counter-example to Conjecture 1. If some compo-
nent has chromatic number at most 2, we have a contradiction with Theorem
19. Hence we must suppose that each component has chromatic number 3, a
contradiction with Theorem 20 (I

The following lemma will be useful in the next theorem. Its proof is standard
and left to the reader.

Lemma 22 Let K be a graph with chromatic number 4.
e if K has 5 vertices then K contains a Ky

o if w(K) =2 then K has at least 8 vertices.

Theorem 23 If G = Cory1(Go ... Gax) is an expansion of an odd hole such
that x; < 4 for all i € {0...2k} then Conjecture 1 holds for G.

Proof Assume that G is a counter-example to Conjecture 1. If some component
has chromatic number at most 2, we have a contradiction with Theorem 19.
Hence we must suppose that each component has chromatic number 3 or 4. If
no component has chromatic number 4, we have a contradiction with Theorem
20 as well as if every component has chromatic number 4. Hence we can suppose
that at least one component has chromatic number 3 and at least one component
has chromatic number 4. This forces immediately xo + x1 = 7 or 8. Let us
remark also that w > 4.

We have x(G) =9 or x(G) = 10 and, obviously, [W] > 9 as soon

as w(G) + A(G) > 16 and [%] > 10 as soon as w(G) + A(G) > 18.

12



CLAM 1 FEvery component has at most 7 vertices

Proof Assume to the contrary that some component V; has at least 8 vertices.
If Ajy1 > 3 then A > 14. Hence w(G) + A(G) > 18 and Reed’s conjecture
holds for G, a contradiction. If A;;; < 2 then V;;; must be isomorphic to a
a triangle by Brook’s Theorem. We have thus w(G) > 5 and A(G) > 13 and
Reed’s conjecture holds for G, a contradiction. [

From now on, we can consider that any component has at most 7 vertices
and hence, by Lemma 22, any 4—chromatic component contains a triangle.

CLAIM 2 No two components with chromatic number 4 are consecutive

Proof Assume to the contrary that for two consecutive components, V; and
Vit1, are such that x; = 4 and x;4+1 = 4. If these two components are isomorphic
to a K4 then any vertex in these components has degree at least 10. Since a
maximum clique of GG in this case has at least 8 vertices, we have w + A > 18.

If only one component is isomorphic to a K4 (without loss of generality say
that V; induces a Kj), then A;1; > 4 by Brook’s theorem and a vertex of
maximum degree in V41 has at least 11 neighbors. Since a maximum clique of
G in this case has at least 7 vertices, we have w + A > 18.

If no component is isomorphic to a K4 then A; and A;;1 are greater than
4 by Brook’s theorem. Moreover V; and V11 contain at least 5 vertices each.
A vertex of maximum degree in X; has hence at least 12 neighbors. Since a
maximum clique of G in this case has at least 6 vertices, we have w + A > 18.

In each case we have a contradiction since G satisfies Reed’s conjecture.

We can thus suppose that no two consecutive components have chromatic
number 4. In that case we can remark that x(G) = 9. To end our proof, it is
thus sufficient to show that w(G) + A(G) > 16.

Without loss of generality, assume that x¢o = 4. By Claim 2 we have x2, = 3
and x; = 3.

If V5 induces a K4 then either V,, or V; contain a triangle and hence w > 7
or have no triangle and V5, and V; contain at least 4 vertices each. In the first
case a vertex in Vj has at least 9 neighbors and w(G) + A(G) > 16. In the
second case we have w(G) > 5 and a vertex in Vp has at least 11 neighbors. We
get then w(G) + A(G) > 16.

Assume now that Vj does not induce a K4 then Ay > 4 by Brook’s theorem.
If V5, or Vi contain a triangle then w > 6 and a vertex of maximum degree in
Vo has at least 10 neighbors. We get then w(G) + A(G) > 16.

If V5, and V; contain no triangle, these two sets must have at least 4 vertices
by Brook’s theorem and a vertex of maximum degree in V; has at least 12
vertices. Since w > 5 in that case, we get then w(G) + A(G) > 17.

In each case we have a contradiction since G satisfies Reed’s conjecture.

O

Claim 1 in the proof of Theorem 23 suggests that Reed’s conjecture holds
asymptotically for expansions of odd cycles.
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Theorem 24 For every k > 1 and every p > 1, any expansion of an odd cycle
Cox4+1 where each component has chromatic number at most p and with at least
(2k +1)(5p — 9) + 1 vertices satisfies Conjecture 1.

Proof By Theorem 23, we can suppose that p > 5. Moreover, by Theorem
19, we can suppose that each component has chromatic number at least 3 and
hence the maximum degree of each component must be at least 2. Let G =
Cok+1(Go, Gy ... Gai) and assume that x; < p (i = 0...2k). By Corollary 13
we have y(G) < [22].

Suppose that some component V; (i = 0...2k) contains at least 5p — 9 ver-
tices. Then a vertex in V;41 has degree at least 5p—4. Since obviously w(G) > 4
we have thus (“’(GH?(G)H] > [2241]. Hence G satisfies Conjecture 1 and the
result follows. O

Theorem 25 If G is a Cs-expansion then Conjecture 1 holds for G.

Proof Let G = C5(Go, G1,G2,G3,G4) and assume by contradiction that G
does not satisfy Conjecture 1. Let p = min x(G;) i = 0,...,4, by Theorem 19
we have p > 3.

We suppose that x(Go) + x(G1) is maximum among the pairs of consecutive
components of G and we denote G’ = G[Vp U V4]. By Theorem 16, G4 or G
induce a complete graph on p vertices. We assume that G4 is this component
and there is a vertex in V) whose degree in G’ is maximum. Moreover, Theorem
16 implies that x2 + x3 = x0 + X1-

By Corollary 15 we have x(G) = xo + x1 + LPTHJ

We claim now that |Va| < |V4] or Gy is isomorphic to a Cosyq with s > 2
(and henceforth p = 3). Assume to the contrary that |Va| > |V;|. Let w be
a vertex of maximum degree in G;. By Theorem 3 we have x(Go) + x(G1) <

(GG | Since d(w) = A(G1) + Vol +|Va| > A(G)+A(G)+1 we have

A(G) > A(G') + A(G1) + 1. By Brook’s Theorem [3] we have x(G1) < A(G))
or (7 is an odd chordless cycle. When x(G1) < A(Gy), we get

[W(G)+§(G)+1_| > (w(G)+A(G2)+p+1+1]. @)

Which leads to [W] > X(Go) + x(G1) + [ B+ ] = x(G), a contradic-
tion.

If Gy is isomorphic to a Cheq with s > 2 we have w(G') = w(Go) + 2,
w(G) > w(Go) + 3 and A(G) > A(G') + 3. Hence

[W(GH?(GHlJE[W(G)+1+§(G)+3+1J. )

Which leads to [%J > x(Go) + x(G1) + 2 > x(G), a contradiction.

If G[V, U V3] contains a vertex of maximum degree in Va2, by Theorem 16,
G is a complete graph on p vertices, a contradiction with |V2| < |V;|. Hence a
vertex of maximum degree in G[V, U V3] must be a vertex of G3. By application
of the above technique we can thus prove that V3| < |Vz| or G2 is isomorphic
to a Casq1 with s > 2. In the first case, we get a contradiction with |Va| < |Vi].
In the latter case, we can conclude as above.
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O

Theorem 26 If G = Cary1(Go...Gak) is an expansion of an odd hole then
X(G) < [HEERER
Proof We consider an optimal colouring of G. Let us denote p = o g11<112 .

717

If p is even we have x(G) < (%] (Corollary 17). Consequently, in
the following, we suppose that p is odd.

Let j € {0,...2k} such that x; = p. We choose some colour used for the
colouring of G, say c; and we denote S; as the set of vertices of G; being
coloured with c;.

We set G’y = G[V; — Sj] and for i # j we set G = Gi.

G = Cop41(Gy, ... GYy,) is an odd expansion such that the minimum chro-
matic number of its components is p — 1. Since p— 1 is even, again by Corollary
17, we have x(G') < [%] and consequently x(G') < (%]

But now, given an optimal colouring of G’, we can obtain an optimal colour-
ing of G with only one additionnal colour (for the vertices of S;). In other
words, x(G) < x(G’) + 1. The result follows.

O
In a further paper [4], we will use the above results in order to extend a number
of the results given in [1].
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