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Abstract: Continuing the analysis initiated in Lachiéze-Rey and Peccati (2011), we use con-
traction operators to study the normal approximation of random variables having the form of a
U-statistic written on the points in the support of a random Poisson measure. Applications are
provided: to boolean models, and coverage of random networks.
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1 Introduction

This paper is a direct continuation of [IT], where we have investigated the normal approximation
of random variables belonging to a fixed sum of Poisson Wiener chaoses, with special emphasis
on U-statistics living on the support of a Poisson random measure. As we will see below, strong
motivations come from a fundamental paper by Reitzner and Schulte [25], where a first con-
nection between Malliavin operators and limit theorems in stochastic geometry was established,
and several bounds were obtained via an extensive use of product formulae for multiple integrals



(see e.g. [2Il Chapter 6]) — with applications e.g. to statistics based on random graphs, or to
the Gaussian fluctuations of the intrinsic volumes of k-flats intersections of a convex body.

As discussed in more detail in Section 2] the main contribution of [11] was the derivation of
general upper bounds, expressed in terms of contraction operators, on the Wasserstein distance
between the law of a finitely chaotic random variable and of a centered Gaussian distribution. As
further demonstrated by the examples developed in this paper, we believe that contractions are
the most natural object for dealing with the normal approximation of random variables having
a finite chaotic decomposition (like U-statistics): for instance, our bounds yield conditions for
central limit theorems that are in many instances necessary and sufficient, and automatically
imply joint CLTs (with bounds) for chaotic components of different orders.

Remark 1.1. As a complement to the analysis developed in [11], one should note that bounds
based on contraction operators (such as the one appearing on formula (Z7) below) are con-
siderably simpler than those obtained by developing expectations of Malliavin operators via
diagram-type multiplication formulae (such as the one stated e.g. in [2I, Theorem 6.1.1]). One
combinatorial reason for this phenomenon is that, in the jargon of diagram formulae (see |21
Chapter 6]), computing norms of contractions requires one to assess integrals labeled by parti-
tions having blocks of size either two or four that can be arranged in a circular way (see |21 p.
49] for definitions and illustrations), whereas bounds based on diagram computations contain
integrals associated with general noncircular partitions having possibly blocks of size 3.

The theoretical findings of [IT] were applied to characterize the Gaussian fluctuations of edge
counting statistics associated with general random graphs, as well as to describe a ‘Gaussian-to-
Poisson’ transition for random graphs with sparse connections. When applied to the so-called
disk graphs (see e.g. Penrose [23]), the results about Poisson limits yield Poissonized versions
of classic findings, e.g. by Jammalamadaka and Janson [§] and Silverman and Brown [31].
Note that Poisson approximations were established in [IT] by the method of ‘diagram formulae’
(see |21, Chapter 7]), and then further refined (in a much more general framework) in [I8] by
combining the Malliavin calculus of variations and a classic version of the Chen-Stein method.

The principal aim of the present paper is to extend the results proved in [11] in order to
study the Gaussian fluctuations of U-statistics (of a general order) with rescaled kernels, based
on the points of a marked point processes. As shown in Section [0 marked point processes
emerge naturally in a number of applications, as for instance those involving Boolean models.
Another contribution of the present work is an exhaustive characterization of the fluctuations
of geometric U-statistics, thus completing the analysis initiated in |25 Section 5|: this point
will be dealt with in Section [6] by applying the classic theory of Hoeffding decompositions for
symmetric U-statistics based on i.i.d. samples (see e.g. [33]).

Remark 1.2. Some of the central limit theorems deduced in the present paper as well as in [11]
could alternatively be obtained by combining the results of [2, 8] with a standard poissonization
argument. Unlike our techniques, this approach would not yield explicit bounds on the speed of
convergence in the Wasserstein distance.

We stress that the main results of [II] and [25], that constitute the theoretical backbone of
our analysis, were obtained by means of the techniques developed in [19, 22], that were in turn
based on a combination of the Malliavin calculus of variations and of the so-called Stein’s method
for normal approximations (see e.g. [4] for a general reference on this topic). Other remarkable
contributions to the line of research to which the present paper belongs are the following. In [5],



Decreusefond et al. present applications of the findings of [19] to the Gaussian fluctuation of
statistics based on random graphs on a torus; reference [I4] contains several multidimensional
extensions of the theory initiated in [25]; the paper [18] contains some general bounds associated
with the Poisson approximation of the integer-valued functionals of a Poisson measure (further
applied in [30] to the study of order statistics); references [28] and [29] use some of the techniques
introduced in [19] 22] in order to deal, respectively, with Poisson-Voronoi approximations, and
with the asymptotic fluctuations of Poisson k-flat processes

The remainder of the paper is organized as follows: Section 2] presents some preliminary
material as well as a description of the main problems addressed in the paper; Section [3] contains
fundamental estimates involving contraction operators; Sectiondland Section[Eldeal, respectively,
with random variables living in a finite sum of Wiener chaoses and with rescaled U-statistics
with a stationary kernel; Section [(] contains the announced characterization of the asymptotic
behavior of geometric U-statistics, whereas Section [ is devoted to applications - in particular,
to the Boolean model, and to random graphs.

2 Framework and goals

This section contains a general description of the mathematical framework of the paper, as
well as of the main problems that are addressed in the sections to follow. We start with a
synthetic description of the results proved in [I1], which constitute the theoretical backbone of
our analysis. One should also note that reference [I1] uses in a fundamental way the Malliavin
calculus techniques developed in [19] 22].

2.1 Asymptotic normality on the Poisson chaos: a quick overview

(i) (Framework) Throughout this section, we shall consider a measure space of the type
(Z, %, ), where Z is a Borel space, 2 is the associated Borel o-field, and p is a o-finite
Borel measure with no atoms. We shall denote by n = {n(B) : B € Z, u(B) < o} a
Poisson measure on (Z, %) with control measure p, which we assume to be defined on
some adequate probability space (€2, . %, P). We shall assume that .7 is the P-completion
of the o-field generated by 7, so that L?(P) = L*(Q,.%, P) coincides with the space of
square-integral functionals of 7. We write 7 = n—pu for the associated compensated Poisson
measure. For every k > 1, the symbol L?(ZF; F) (that we shall sometimes shorten to
L?(Z%) or L?(p*) if there is no ambiguity) stands for the space of measurable functions on
Z¥ that are square-integrable with respect to u*. Asusual, L2(Z%; u¥) = L2(Z%) = L?(u¥)
is the subspace of L?(p*) composed of functions that are ;*-almost everywhere symmetric.
We shall also adopt the special notation LP?'(ZF) = LP(Z*) N LV (Z¥), for p,p’ > 1.

(ii) (Multiple integrals and chaos) For f € L?(u%),q > 1, we denote by I,(f) the multiple
Wiener-1to integral, of order g, of f with respect to 7, that is:

Io(f) = (%)™ (x). (2.1)
(zay

Where the symbol (Z%)" indicates that all diagonal sets have been eliminated from the
domain of integration. The reader is referred for instance to |21, Chapter 5] for a complete
discussion of multiple Wiener-Ito integrals and their properties. These random variables
play a fundamental role in our analysis, since every square-integrable functional F' = F(n)
can be decomposed in a (possibly infinite) sum of Wiener-It6 integrals. This feature,
known as “chaotic representation property”, is the object of the next statement.



(iii)

(iv)

Proposition 2.1. Every random variable F € L*(P) admits a (unique) chaotic decom-
position of the type

F = E[F]+) L(f), (2.2)
=1

where the series converges in L*(P) and, for each i > 1, the kernel f; is an element of
IHVANTOR

(Wasserstein distance) Let N be a centered Gaussian variable with variance o2 > 0.
In this paper, we will be interested in assessing the distance between the law of N and
that of a random variable F' € L?(P) having the form

k

F=E[F]+ ) 1,(f), (2.3)

i=1
where £ > 1,1 < g1 < g2 < --- < g are integers and, for every 1 < i < k, f; is a non-zero
element of L2(ud"). The Wasserstein distance between the law of F and the law of N is
defined as
dw(F,N) = sup EJh(F) — h(N)], (2.4)
heLipy
where Lip; stands for the class of Lipschitz functions with Lipschitz constant < 1. In

the forthcoming Theorem 2], we shall collect results from [I1], allowing one to assess
dw (F, N) by means of expressions involving the kernels of the Wiener-It6 expansion of F'.

(Contractions) The main bounds evaluated in this paper are expressed in terms of the
contractions of the kernels f; (see e.g. [IIl [19] for full details). Given two functions
h € L2(ZP;uP) and g € L2(Z9; pu9) (for some p,q > 1), we shall use the following notation:
for every 0 < I < r < min(q,p), and whenever it is well-defined (see the discussion at
Point (v) below), the contraction of g and A is the function in p 4+ g — r — [ variables given

by

l / /
By G105y Ty T Ty Yl e e e Yrl) (2.5)
l
= /l H (le, ...,le)h(ﬂ?l,. oy Tp—rs Yty Yr—15 215 - - - ,Zl)
Z
/ /
Xg(xlw .- 7xq7rayla sy Yr—15 21, - - ',Zl)'

In particular, if p = g one has that hxh g = (h, g) 12(z»), the usual scalar product of g and
h. For the sake of brevity, we shall often use multi-dimensional variables, represented by
a bold letter and indexed by their dimension: in this way, (23] can be rewritten as

h *i g(Xp—r7 X;77~Y7’fl) = / . h(xp—ra Yr—1i, Zl)g(X;—ra Yr—1i, Zl)dlu'l7
Z

for x4, € Z977, x;_r € ZP7" y,_; € Z"7!. Finally, we observe that, if h*fn g is square-
integrable, then its squared L? norm is given by the following iterated integral:

”h*i’ g”%Q(Zp-O-q—T—l;“p-ﬁ-q—r—l) (2.6)

- / h(xp—T’7 Yr—i; Zl)h(xp—ra Yr—i; Z;)g(xg—ra Yr—i; Zl)g(xi]fr7 Yr—i, Z;)d/j/p+qir+l'
Z

p+q—r+l



(v) (Assumptions on kernels) The following assumption will be always satisfied by the
random variables considered in this paper.

Assumption 2.2. Every random variable of the type (23] considered in the sequel of
this paper is such that the following properties (1)-(3) are verified.

1) For every i = 1,...,d and every r = 1, ..., ¢q;, the kernel f; «¥~" f; is an element of
Yy ) Yy ) qi, qi
L*(u").

(2) For every i such that g; > 2, every contraction of the type (21, ..., 22¢,—r—1) — | fil L
|fil(21, ..., 224,—r—1) is well-defined and finite for every r = 1,...,¢;, every | = 1,...,r
and every (z1, ..., 22q,—r—1) € Z%ai—r=1,

(3) For every i, j =1, ...,d such that max(g;, q;) > 1, for every k = |¢;—q;|V1, ..., ¢;+q;—2
and every (r,1) Verlfymg k=qg+q —2—1r— l

[\/ (fi(z,2) % fi(2,))? dpt | p(dz) <
Zk

where, for every fixed z € Z, the symbol f;(z,-) denotes the mapping (21, ..., zg—1) —
fi(Z, Ry eeey qul)-
Remark 2.3. According to [22] Lemma 2.9 and Remark 2.10], Point (1) in Assumption
implies that the following properties (a)-(c) are verified:

a) for ever <i<j <k forevery r =1,....,q; A\ qj and every [ = 1,....,r, the

f vy 1< j <k f v 1,...,q; N\ q; and v 1 1, th
contraction f; . f; is a well-defined element of L?(pdit4—"1);

(b) for every 1 <i<j < kandevery r=1,..,q;, fi*2 f; is an element of L?(u%T49i=");

(c) foreveryi=1,... k, forevery r = 1,...,¢;, and every [ = 1, ..., A (g; — 1), the kernel
fi %L f; is a well-defined element of L2(p2%~"=1).

In particular, every random variable F' verifying Assumption is such that I, ( fi)?
L%(P) for every i = 1,...,k, yielding in turn that F[F*] < co. Note that Assumption
is verified whenever the kernels f; are bounded functions with support in a rectangle of
the type B x --- x B, u(B) < oo.

(vi) (The bound Bj3) For F as in (Z3), let 02 = E[F?]. Following [I1], we set
1 1 2
Balf ) = o fmx 1 fllsgoos o iy b 2)
where II(laSX ranges over all quadruples (i, j,7,1) such that 1 <1 <r < ¢; < ¢ (i, < k)
and [ # ¢; (in particular, quadruples such that | = r = ¢; = ¢; = 1 do not appear in the
argument of H(la)x).

(vii) (Normal approximations) Now fix integers k¥ > 1 and 1 < ¢; < ¢2 < ... < @, and
consider a family {F) : A > 0} of random variables with the form

F,\_Z (fin), A>0, (2.8)
with kernels f; \ verifying Assumption for each \. We also use the following additional

notation: (i) o3 = E[(Fy)?], (i) Fix = Io,(fia), i = 1,....d, and (iii) 07, = E[(F;»)?].
The next result collects some crucial findings from [11].
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Theorem 2.4. (See [11]) Let {F\} be a collection of random wvariables as in ([2.8]),
where the integer k does not depend on X. Assume that there exists o > 0 such that
lim) 00 0?\ =02, Let N ~ . 4(0,0?).

1. For every A, one has the estimate

\/2/m
dw (Fx,N) < Cy x B3(Fy\;0)) + / o3 — 02|, (2.9)
o\Vo

where Cy is some constant depending uniquely on k. In particular, if Bs(Fy; o)) — 0,
as A — 00, then dy (Fx, N) — 0 and therefore F) Loy N

2. Assume that f; x > 0 for every i, A, and also that the family {F)‘\l : A > 0} is uniformly
integrable. Then, the following conditions (a)—(c) are equivalent, as n — oo: (a)
dw(F)\,N) — 0, (b) Bg(F)\;O')\) — 0, and (C) E[Ff] — 30’31\ — 0.

3. Let ¢ : R¥ — R be a thrice differentiable function with bounded second and first
derivatives. Then, if Bs(Fy;o)) — 0

Elo(Fi, .. Fen)] = Elp(Nix, -, Nga)l — 0, n — oo,

where (N1 5, ..., Ni.x) is a centered Gaussian vector with the same covariance matriz
as (Fix, .. Fix).

Remark 2.5. In the statement of Theorem 2.4l we implicitly allow that the underlying
Poisson measure 7 also changes with A. In particular, one can assume that the associated
control measure pu = u) explicitly depends on .

2.2 A general problem about marked point processes

In this paper, we shall mainly deal with the normal approximation of functionals of marked
Poisson point processes. Here is the general problem we are interested in.

Problem 2.6. Let X be a compact subset of R? endowed with the Lebesgue measure ¢, and
let M be a locally compact space, that we shall call the mark space, endowed with a probability
measure v. We shall assume that X contains the origin and X is symmetric, that is: X = —X.
We set Z = X x M, and we endow such a product space with the measure y = ¢ ® v on R%
Let {ay : A > 0} be a collection of positive numbers. Define py = Ay, and let 1) be a Poisson
measure on Z with control measure py. For every 1 < ¢ < k and every A > 0, let h;  be a fixed
real function belonging to L2((ayX)? x M?). Let F\ be defined as in (Z8]), where the multiple
integrals are with respect to 7y = 1\ — Ap, and assume that each kernel f; y is of the form

fia(xi) = viahix(arx;), x; € Z°,

for some v; > 0. Which conditions on the v; , a) and h; , 2 = 1,..., k, yield the asymptotic
normality of

P = LE[FA]’ as \ — 0o?
Var(FA)

Sufficient conditions for asymptotic normality, together with explicit estimates for the quan-
tity Bs appearing in Theorem [2.4] are derived in Theorem



Remark 2.7. (a) In the above formulation of Problem [2.6] introducing the scaling factor a
might seem redundant (since h; ) also depends on A). However, this representation is
convenient for the applications developed below, where, for each i = 1,...,k, the kernel
hi x will be assumed to converge to some global function h; that does not depend on .

(b) It is proved in [27, Theorem 3.5.8| that any stationary marked Poisson point process 7 has
intensity measure of the form puy = M ® v, where A > 0, £ is the d-dimensional Lebesgue
measure, and v is a probability measure on M. In the parlance of stochastic geometry, a
stationary marked point process n = {(¢;,m;)} is therefore always obtained from a ground
process 1y = {t;}, that is, from a Poisson point process with intensity \¢, by attaching to
each point ¢; an independent random mark m;, drawn from M according to the probability
distribution v.

2.3 Rescaled marked U-statistics

Following |25 Section 3.1], we now introduce the concept of a U-statistic associated with the
Poisson measure 7. This is the most natural example of an element of L?(P) having a finite
Wiener-1t6 expansion.

Definition 2.8. (U-statistics) Fix k > 1. A random variable F is called a U-statistic of order
k, based on a Poisson measure 1 with control g, if there exists a kernel A € L!(u¥) such that

F=> hx), (2.10)

XEH;Z

where the symbol 77;1 indicates the class of all k-dimensional vectors x = (1, ..., x) such that
x; € nand z; # x; for every 1 < i # j < k. As made clear in [25, Definition 3.1|, the possibly
infinite sum appearing in (ZI0) must be regarded as the L'(P) limit of objects of the type
ernféﬂAn f(x), n > 1, where the sets A,, € Z* are such that p*(A,) < oo and A, 1 Z*, as
n — oo.

The following crucial fact is proved by Reitzner & Schulte in [25] Lemma 3.5 and Theorem
3.6]:

Proposition 2.9. Consider a kernel h € LL(u¥) such that the corresponding U-statistic F in

(210) is square-integrable. Then, h is necessarily square-integrable, and F admits a representa-
tion of the form (22), with

k

>/ h(xi, X)) dp* =, x; € Z°, (2.11)
7 Zk—i

Fili) == hi(x;) = <

for 1 <i <k, and f; =0 fori > k. In particular, h = fi and the projection f; is in L;’2(,ui)
for each 1 <i < k.

Remark 2.10. Somewhat counterintuitively, it is proved in [25] that the condition h € L'2(Z)
does not ensure that the associated U-statistic F' in (210 is a square-integrable random variable.

As discussed in the Introduction, U-statistics based on Poisson measures play a fundamental
(and more or less explicit) role in many geometric problems — like for instance those related with
random graphs. The aim of this paper is to estimate as precisely as possible the contraction

7



norms involved in Theorem 24lwhen F' has the form of a U-statistic whose kernel h verifies some
specific geometric assumptions. As anticipated, this significantly extends the analysis initiated
in the second part of [IT] — where we only focussed on U-statistics of order k& = 2 with kernels
equal to indicator functions. In the sequel, we will mostly assume that, as the intensity of
the Poisson measure changes with A > 0, the underlying kernel h) is the restriction of a fixed
kernel h whose argument is deformed by a factor acy > 0. The following problem will guide our
discussion throughout Sections 4, 5 and 6: it can be regarded as a special case of Problem

Problem 2.11. Let Z, uy, ) and ay, A > 0, be as in the statement of Problem 2.6} in particular,
7 is a Poisson measure on the space Z = X x M (note that Z is independent of \). Fix k > 1
and let h be a fixed real-valued function on (R%)* x M* whose restriction to (ayX)* x M*
belongs to Ll((axX)* x MP¥) for every A > 0. We are then interested in characterizing those
collections of U-statistics of the type

Fy:=F(h,X,M;ay,n\) = Z h(ayx), A >0, (2.12)
XEUI;’#
such that each F) is square-integrable and moreover

h X. M:; — FEF h X, M:; aw
3 ) 704)\77/»\) [ ( ) ) 7(1)\,7/])\)] L:>c/V(071)7
V/Var(F(h, X, M; a,my))

_ F
F(h, X, M;ay,ny) = (

as A — 0o.

Sufficient conditions for the asymptotic normality of this type of U-statistics, together with
explicit estimates for the rates of convergence, will be derived in Theorem

Examples 2.12. (i) Assume that either ay = 1 or h is homogeneous, meaning
h(ax) = oPh(z), Ya >0, VzeRY (2.13)

for some > 0. Then the random variable F\ in ([ZI2)) is a geometric U-statistic, where
we use the terminology introduced in [25]. Examples and sufficient conditions for normal-
ity are given in [25]. Using Hoeffding decompositions, in Section [f] we shall provide an
exhaustive characterization of their (central and non-central) asymptotic behavior.

(ii) If ay = A/?, then the random variable F) in (ZIZ) verifies the identity in law

Py > h(xk)

Xke(a/\kanf#)

where 7; is a homogeneous marked point process on R? x M with control measure £ ® v.

3 Technical estimates on rescaled contractions

3.1 Framework and general estimates

In this section, we collect several analytic estimates on the norms contractions of multivariate
functions satisfying some specific geometric assumption. They will be used in further sections
to study the asymptotic behavior of U-statistics.

Remark 3.1. (Some conventions)



(a) Unless otherwise specified, throughout this section Z = X x M, py and ay, A > 0, are
defined as in the statement of Problem In particular, X is a compact subset of R%,
for some fixed integer d > 1. We shall also use the shorthand notation Z), = «a)Z =
(xX) x M, and ZF = (R? x M)~

(b) A point x in Z = X x M is represented as x = (t,m), where t € X is the spatial variable
and m € M is the mark. A k-tuple (z1,...,2%) € ZE is denoted by the bold letter
Xp; a k-tuple (t1,...,t) € (RY)* is denoted by the bold letter t;. When considering
symmetric functions f(z1,...,x;) on Z*, the chosen order of the z; in the argument of
f is immaterial. We will sometimes separate the set of variables x;, = (x;j,x,_;), where
x; is the j-tuple formed by the j first variables and xj_; the k — j last variables. By
symmetry, one has of course that f(xi) = f(x;,Xk—;) = f(Xp—j,%;).

(¢) In our framework, any geometric operation 6 applied to a point = (¢,m) is by definition
only applied to the spatial coordinate. For instance, the s-translation is given by 0,2 =
x + s = (s +t,m), whereas the a-dilatation (o > 0) is 0o = ax = (at,m). These
conventions are canonically extended to k-tuples of points, as well as to subsets of Zfo.
Observe that, if t € R? and tj, = (t1,...,tx) € X*, then ty +t = (t1 +t,to +t, ..., tp +1).

(d) Let A C R% For every k > 2 there exists a canonical bijection v between the two sets
(A x M)* and A* x MF*, given by

¢k : ((tl,ml),..., (tk,mk)) — (tl,...,tk,ml,...,mk), t; € A, m; € M.

To simplify our discussion, in what follows we will systematically identify the two sets
(Ax M)F and A* x M* by implicitly applying the mapping v, and its inverse. For instance:
(trg,my) € (A x M)¥, where t;, = (tl,.. k) € (RYF and my, = (mq,...,my) € MF is
shorthand for wk_l(tk,mk) € (A x M)*; writing x5, = (tz, my), where x5, = (21, ..., 21),
z; € R? x M, means indeed that (tj, my) = ¢ (x;); if a function f is defined on some
subset of (R x M)¥, we write f(t), my) to indicate the quantity f(v; ' (tr, mg)) (and an
analogous convention holds for functions defined on a subset of (R?)* x MF).

The following statement shows how the norms of contractions are modified by a rescaling of
the underlying kernels.

Proposition 3.2. Let a,v,7 >0, h € L*(aZF; yF), h' € L?(aZ9; p?), where 1 < q < k. Define

f(Xk) = ’}/h(O[Xk), Xy € Zk’
I'(xq) ='W (axy), x4 € Z1.

Fir1<I<r<qg<k,andsetm=q+k—r—1. For every A\ >0 one has that
l —d l l
17 4 7 iy = 72O ™ s 1 (3.14)
(the contractions f . f' and h . W' being realized, respectively, via py and ) and for p > 1,

71y = 7 OQ AN (3.15)



Proof. The proof relies on a change of variables in (2.6 where all variables are multiplied by a
factor a.

If fl‘|%2(zm;ﬂgn)
=@ [ [ by m) (o ye1.2)
zZm Z
W (X, Yot 2))N (X, Yr1, 7)) dp™
=2 (y)2 A+ / a2 @2 (x) oy, 2R (K, Y1, 2)
aZm+2l
h,(X;—r7 Yr—1i, Zl)h/(X;_r, Yr—ti, Z;)
- '72 (VI)Q(Aa_d)m-i_Ql Hh *f" h/H%Q(aZm;um)'

Formula (3.15]) is proved by the same route.

3.2 Stationary kernels

The estimates of this section will be used to study the RHS of (814) when oo = «r) depends on
X and « — oo, assuming that A and A’ are invariant in the sense described below. Note that,
if a) — oo and X has non-empty interior, with our notation one has that

Zoo = UrsornZ = Uxs0Zy = RY x M.

We say that a function h defined on Zfo is invariant under translations, or stationary, if
h(tg, mg) = h(ty +t, my)
for every t in R? and every (tz, my) € Z% . This property implies that, if tx = (t1, ..., tx),
h(ty, mg) = h(0,tp_1 —t1,my) = h(tr_1 — t1, my), (3.16)

where h : (RY)*=1 x M*¥ — R is given by h(s;_1,my) = h(0,s;_1, m;) and, according to our
conventions, ty_; = (t2,...,tx). As usual, we identify the space (R%)" withe a one-point set:
this is consistent with the fact that a function on R? is stationary if and only if it is constant.
Note that, in the previous formula (3.I6]), the choice of the variable ¢; among the variables t;,
i =1,...,k, is immaterial whenever h is symmetric in its k variables. Given x; = (tg, my) € Zé“o
and t € R? (that is, t is a spatial variable), we shall write, by a slight abuse of notation,
Xj, +t = (tp +t,myg): for instance, with this notation a function h on Z% is stationary if and
only if h(xy) = h(x, + t) for every t € R? and every x;, € ZE.

Example 3.3. Assume M = (). Then, a stationary symmetric kernel is given by
h(ti, ... ty) = g(|lti — tjl|pa : 1 <@ < j < k),
k(k—1)/2 : . . . .
where g @ R — R is some symmetric mapping. For instance, if g(a1,...,apn—-1)) =

II i ;<o then h(ty,...,tx) equals 1 or 0 according as the distance between every pair of coordi-
nates of the vector (t1,...,tx) does not exceed §.
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Remark 3.4. For technical purposes we also define, for X, X’ C R?,
X4+ X' ={t+t':teX, t'eX}, X=X-X=X+(-X)

and let X be the largest symmetric set such that X — X C X. Remark that if tie X, 1<j<k,
then t; — 1 € X, for every 1 < j < k. Also, if each t; € X (j = 1), then one can exp101t the
symmetry of X and deduce that (t1,...,tx) = (81, 82— 81, ..., Sk —51), for some s, = (s1,...,8;) €
X% Tt follows that if ¢ denotes the change of variables p(ty) = (t1,t2 — t1,...,tx — t1), then

one has that X* C p(X*) C X x X*=1 (this will be useful in further Change of variables). We
also set Z9 = X9 x M9 and Z9 = X9 x M1,

Remark 3.5. (i) In 3I6), h is a function whose argument has k — 1 spatial variables and
k mark variables. To deal with this situation, we use the underlined symbol x;_; =
(tp_1,my) to indicate vectors such that the number of mark variables is one plus the
number of spatial variables. Accordingly, we write Z¢ = X7 x M1 ¢ > 0, to indicate
the collection of all vectors mark variable in the product space. Write also 21 = X1 x
Mt g >0, Z& = (R x M9+ p9 = (9 @ v9TL. At first reading, one can consider the
simple framework where M = (), in which case we have simply Xy =%Xq=15,29=X%q2>
1.

(ii) Let A Cc R% Analogously to the convention introduced in Remark BI}H(d), in what follows
we shall identify the sets A9 x M9*! and (A x M)? x M x (A x M)?~ by tacitly applying
the canonical bijection between them (the chosen index i € {1,...,q} will be always clear
from the context).

Let us introduce some further notation, which is required in order to express our main
bounds. For the rest of the section we fix a probability density s(t) on R?, such that 0 < s < 1.

Remark 3.6. The estimates proved in this section continue to hold (up to some multiplicative
constant) whenever the density s is bounded from above by some constant M > 0. The value
M =1 has been chosen in order to simplify some of the formulae to follow. Note that, in the
applications developed in Section [7] the role of the upper bound for M is sometimes taken to
be different from 1.

For s > 1 and ts = (t1,...,ts) € (R?)*, we set

s5(ts) = 2(t1) ... 2(ts).

Plainly, s, is a probability density on (R?)*, satisfying 0 < sz 1(tsy1) < 2(ts) < 1 for every
ts € (RY)® and ts1 1 = (ts,t), with ¢ € R? For a measurable non-negative function h on
ZF1 k> 1, define for p = 2,4

g = [ et sy ) (3.17)

where t;_; stands for the spatial variables of x;,_; = (tg—1,my), my € M. We will simply
write A,, whenever the density s is unambiguously defined (as it is the case, for the rest of the
section). The following lemma is fundamental in this article, it gives estimates for the norms
and the contractions of stationary functions restricted to growing bounded domains.

Remark 3.7. Clearly, the quantities A, o(h) and A, 4(h) defined above can be infinite. As
shown in the applications developed later in the paper, the subtle point is, given a kernel h, to
find a density » such that A, o(h), A, 4(h) < oo, in such way that the bounds appearing in the
forthcoming Lemma [B.8 are finite. Often, »(z) = C(1+||z||)* for C > 0, < 0 well chosen, but
if h presents a specific anisotropic behaviour, a more adapted density can be chosen.
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Lemma 3 8. Let h,g be symmelric non-negative stationary functions on ZE and Zgo_respec—
tively, 1 < g < k‘ Let h, g be the kernels defined by (310), and assume that A,{p(h) Ap(h) < o0

and A},,p(g) Ap(h) < oo for some probability density » € (0,1]. Then, for 1 <1 <r < q<k
such that | <k —1, settingm=k+q—1r —1,
||h*; gH%Q(Zm; my ||h* g||L2 (ZxZm~ 1. ™) < E(X)\/A2(E)A4(E)A2(§)A4(§)’ ’Lf’l" = la
(3.18)
It g1y < N 0120 s sy <LV M@ AB),  ifr—1 >0,

and forp > 1
ORI sy < NIy < IHIE sy = GO, s e (319)

Note that the contractions appearing in formula (318) are realized with respect to the measure
p. Concerning the middle terms of the two inequalities (F18), the symbol Z x Z7~1 has to
be interpreted as follows: in the norm involving the contraction %, one of the variables in the
argument of h is integrated over Z, while the others are integrated over Zs,; in the norm involving
the contraction x. one of the variables in common between h and g is integrated over Z, while

the others are integrated over Zo,. A similar convention holds for the middle term of inequality

(219).

Proof: The first inequality in each row of (B8] and the second inequality in (BI9) are trivial
consequences of the fact that h and g are non-negative. Let us start by proving ([B.19), as it is
simpler and the technique used to prove (B8] is similar. We have

s = [ B = [ B — Pty
Zk X xzk=1 —

and the inequalities are obtained by doing the change of variables ¢t +— 1, Xp—1 = Xp—1 + 1.
The equality is obtained by performing the same change of variables in ||A|”

For (B18), consider first the case r — 1 > 0. We have

Lr(ZxzE Yy

”h* g”LQ(Zme 1) :/szm+2l1 h(Xk—WYr—l,Zl)g(ngrayT—l,Zl)

WXy Yr—1,21)9 (X Yot 27)dp"™ T

where we assume that the integration over Z is performed on the variable y;. Call t; the
spatial component of y;. Since t; appears in the argument of each of the four kernels, we can
introduce the change of variables such that ¢; is subtracted from every other coordinate, that
is: t1 = t1, Xp—p — 11 V> Xp—p, X —tlHX;_T,XT —tiey, z—t1 = 2,2) — t — 2z
This yields

/
q-r —1-1 —1-1’

||h* g||L2(Z><Zm 1) :E(X) Lm+2l1 E(Xk‘—T’azrililaZl)y(x/qfr’zrilil’zl)

h(Xkr, Y, Z)T(K Y, 2)dp ™

where we have used the positivity and stationarity of h,g. Now we apply the Cauchy-Schwarz
inequality to deduce that
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Hh* gHLQ(ZXZm 1)

_ -2 -2
<U(X) / dp™ / AP D (X ¥, 2 (Xe—rs ¥, 15 2))
) z;,2)€Z2 " "

’ m—
Xr_l_lvxk—rvxqfrezoo

_2 ~
\//z e A G (XY, )T (X Y, 0 7))
1»4]

r—Il— - 72
= ((X) / dp ! / odpt (/ dp'h (xkr,zr_l_l,zo)
xk—TeZoo_T ZleZéo

r—i—1
Y _1_161007

_ 1—2 -
// czaT dpt </~ ezl g (X;_T’Xr—l—l’ Zl))
X o Z] oo

q—r

gg(X) / ~ ld_r -1
Y, €25

“r—l—

2
dpr—i=1 / dpa—rtg2(x,_ |y 2
/XT‘—I 1EZT e ( x;, _€ZLT ezl ( q—rrsr—l-1 )
DORVIIRVAL:

where the definitions of I; and I are obvious from the context. Now we call ty_,; the &k —r
spatial variables of x;_, concatenated with the [ spatial variables of z;, we have

2
-2
dpk=m+n" (xp_p, Y, 1 Zl)>

Xk— reZoo 7ZleZl

2
- -2
L= [ dpg 't it i) st (b)) TR (i Y,y
y GZ;.OT—Z—I x T

Y. i1 k— TGZOO ,ZZGZL

-1 k—r+l 274
</ dp’ / dp " St (b ) Skt (b)) R (ks y, 5 20)
Y, €4 I _eZkT mezl,

(3.20)
< Ay(h).

where we have used Cauchy-Schwarz inequality in the probability space
(25 st (brr ) ).

Performing similar computations for I, it follows that ||h* gHi2 (Zxzm) < U(X)y/As(h)Ayg(9).

We now consider the more difficult case r =1 > 1,r < k. For z,,z]. € (Rd)r7 denote resp. by
t; € R? and ¢ € R? the spatial variables of z; and 2| (meaning that z; = (t;,m1), 2} = (t},m})
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for some my,m} € M).

Hh* gHLQ(Zme 1

2
k+q_2r </ dp" h(Xp—r, Zr)g(X;—r’ Zr))

k+qh(xk r Zr)g(xg—rv ZT’)h(Xk*W Z;)Q(X;—m Z;")

\

Z><Zk+q 2r— 1

I
S —

Zxzkfrat
/ k+qh(Xk,r — tl, Zy — tl)g(x;_r - tll + tll — tl, Zy — tl)
Zk+q 1

h(Xk—r -1+t — tll’z; - tll)g(xij r tla T t/l)

where z1 = (t1,m1) is the variable restricted to Z, and we make the change of variables

© =t
Xf— —751*—>Xk rs

whose Jacobian is a triangular matrix with unit diagonal, and ¢ satisfies ¢(Z x ZF+ta=1) =
X x ZEr1 One has that
k4g—17 _
||h* g||L2(Z><Zm 1) = E(X) /Zk+q1 dﬁ a 1h(Xk—r,Zr71)g(X;—r +t/1’Zr71)

h(Xp—r — 11,20 1) (Xy—rs 20 1)

Applying Cauchy-Schwarz, and exploiting once again the positivity of the involved kernels, yields
the estimate

Hh* gHLQ(ZXZm 1y =X K(X)\//Z ktq1 duk—’—q_lﬁ(xk*r?Zr71)§2(xg—r +t/17Zr71)§(X:1—r7Z;"—1)

(3.21)

— —9 -
\// At (s 2, 1)h" (Ke—r — 11, 20_1)T (%0, 204
Z

k4+q—1 —
ﬁ+q

(3.22)
X)WV, (3.23)

where the definition of I; and I5 is clear from the context. Assume first that ¢ > r. Calling s}

the first spatial variable of x/ .., the term under the first square root satisfies

q—r>
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I < / de*dpF! / dpa=r=tdpr—1gH(sy + 1, %), + 11,2, 1)

o4l / d\2 k—1 q—2
slytlyxk77‘7zr_1€(R ) X Zoo 5;_7._17Zr_lezoo

-—2 ~ _ ~
/ dpd=r=Ydpr V0 (X, 2, 1) G (51, X1, 20 1),

X121 25
(3.24)

where the double underscore means that we are integrating on a set where there are two more
mark variables than spatial variables. Now, make the changes of variables x; . ;+1] = x;
and then s} +t} — ¢} in their respective integrals . We have

< / a2 dyt=! / dps =g Lz, )
1 1€Zgo2 o

7 d\2 k—1 —r—1Zr—
s1,t Xzl ERI)ZXZSS

=2q—r—1s

(3.25)
72 ~ — ~
\/ / / s BTN (ks B0 )5 (51 K1 2
7q r— 17 1e o3}

We can now separate the integrals: writing t;_, and t,._; for the set of spatial coordinates of
xi—r and z/._;, respectively, we deduce that

h g the(R9) de\// 742 dpd=" 1d/ﬂ gt x q r—1:Zr-1)
/E q—r— 1% — 1e o]
_ -—2 ~
/ gk—r duk r\/[ gr—1 dﬁrilh (Xk_r’gr_l)
Xp—rE€Zoo 2, 1€2c0
Jo oo [ PO el e
si,zl_€RIXZES Xg_r_1€24%
/ dg%l t/ / Qdﬁq_r_ldﬁr_l (t17 2q—r—1» Z,_ 1)
t/ Rd) 2q—r— 1:%r— 1EZq
-2 ~
/ dlu'k_r%kr(tkr)_l/ dﬂr_lh (karagr—l)
Xp_r €25 z, €25 "
/ d/ﬂ%r(s/ptr—l)_l/ 3 192(317 Xg—r—1,2 7" 1)duq rt
(s1.2,_1)€25 Ryr1€28 "

< \/As(9) 42(R) 42(9)

where we have used the Cauchy-Schwarz in the probability spaces

(R, se(t)dt),  (Z5" sa—p (b)), (2, dp" 550 (1),

exactly as we did in (B20). If r = [ = ¢ < k , there is no such variable as s} in the integral
I, thus the previous method does not work, still there is an easier procedure. From ([B.24) we
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directly get, with obvious shorthand notation,

L < / \/ / y4<zr_1>\/ / B2 (X1 2r—1)72 (2 1) < Aa(7) A2(R)As(7)
tllvxk—rvz;,l Zr—1 Zr—1

Remark that the expression of I can be obtained from that of I; by inverting “h” and “g”, “+t}”
and “—t}”, “x"” and “x”, “2” and “2"", and “k” and “q”, the fact that ¢ < k does not play any
role. Thus we get the desired estimates. U

Definition 3.9. In the light of the previous statement, we call rapidly decreasing function any
stationary function h on Z% such that A, ,(|h|) < oo for p = 2,4 and some probability density
0 < s < 1. This terminology refers to the shape of h when d = 2: constant along diagonal
lines and uniformly decaying sufficiently fast far from the diagonal. Remark that since s~ > 1,
given a rapidly decreasing function h, h has finite L? and L* norm on R?.

Lemma [3.8 is an expression of the fact that, when one computes the norm of a rapidly
decreasing function h(xq,...,x) on a product space Z; X --- X Zy, or of contractions of such
functions, the order of magnitude of the result depends only on the measure of the smallest Z;.

Remark 3.10. A sufficient condition for a function h to be rapidly decreasing is that

[h(t—1, mg)| < H(tg—1),

where H is a bounded function not depending on my and such that H converges to zero at a
subexponential speed as [[t_1[|(gay—1 — oo.

4 Asymptotic normality for finite Wiener-Ité6 expan-
sions

N.B. Throughout this section, we apply the same conventions outlined in Remark B} (a).

The analytical results of the previous section will be now used to deduce bounds on the
speed of convergence of a variable with a finite Wiener-It6 expansion — under some specific
scaling assumptions on the kernels. We will later apply these findings to U-statistics. The
following notation is borrowed from [I1].

Remark 4.1. (Asymptotic equivalence notation) Given two mappings A — 7y, A — dy, we
write vy < 4, if there are two constants C,C’ > 0 such that Cvyy < d\ < C’y, for X sufficiently
large. We write vy ~ dy if 5 > 0 for A sufficiently large and a/Jy — 1. We also say that v,
has O-regular variation if 7.y < 7, for every ¢ > 0 (for discussion of this property, see e.g. [3
Section 2.2]).

Theorem 4.2. Let ay > 0 and F)\ be of the form (Z.8), where the multiple integrals are with
respect to a Poisson measure on Z with control py = A, and the kernels f; \ € Lg(qu',,ugf) are
such that, for each 1 <1 < k, there is v, > 0 and h; ) € L2(Z§i,,uqi) verifying

fia(xi) = virhi(axx;). (4.26)

Assume that for each 1 < i < k there exists a nonnegative measurable function h; on ZZ such
that
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1. h; is a rapidly decreasing function
2. |hial < hi on ZY, for every A >0,
3. ||hi,>\HLp(zji;uqi) ~ HhiHLP(Zgi;MQi) as A — oo forp=2,4.
Define
my = )\a;d.
Assume that oy has O-regular variation. Then, there is C' > 0 not depending on A such that

Var(F)) = O'g\ = ozgl\ X max (mg\iwii)
(2

=1,...,

Bg(F)\;l) < C\/C«))\—ng\

with
1 itq—r+l
wA::U4a§rr(1aX{(%w]A)2m§ v (4.27)
)\ *
1
wh = oz)\ max {% NS (4.28)
O')\ i=1,...,k

where II(laSX is defined as in (2Z74). One also has the estimate in the Wasserstein distance:
*

dW(F, N) < CyJwy + wh.

Proof. The O-regular variation assumption yields that u(Z \) = M(Z \) < agl\. Using in sequence
BI3) and ([BI9), one deduces the following estimates on the variance

L k
) 9 2 i 2
7 = 2l iala iy = 2 S ol g
1= =

2 i 2 - 2 i o d
~ Z%‘,Ami Hhi\|Lz(Z§¢7Mqi) = ax (%Ami ay).

) 7

Now, in B3 (F ); 1), every kernel is normalized by oy, whence every squared L? contraction norm
must be divided by 031\, as well as the 4th power of the L*-norm:

~ 1 1
. 2 2
B3(F)\a 1) X 0_31\ H(la)X ”fl A * f] )\H Zq7,+q]—7“ luiﬁ—qj—r—l) + — O')\ anl’ax’ Hfz )‘”L4(qu ,U« )

Using ([BI4) and (3I8]), for each i, j, 7,1 appearing in the argument of H(la)X we have
*

Hfz)\ r f] >\||

2 + +l ! 2
)22m qz q;—r ||hi,)\ *,. hj,)\HLQ(a Zait+a;—r—L,

o q;+qj—r—1
LQ(Zqz+qj T lﬂ/\l J

)

qi+q;— —r+l d
Q)

= (ViAvia aiba—r—ty S < C(yipyin)°ms

)

because |h; z| < h; and h; is a rapidly decreasing function. Turning to the L* norm, using again
BI3) and [BI9) we have, for 1 <i < k,
4, d

1ill s szsy < VoS s AN L o 2y < CiamS o
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because h; € L4(Zgéfl) (as already observed, this is an easy consequence of the assumption
Ay(hi) < 00). All the bounds are easily deduced, and the estimate on the Wasserstein distance
follows from Theorem [2.4]

O

One can use this result to directly have asymptotic normality for random variables having
a finite Wiener-It6 expansions. For variables with infinite expansion, one can for instance use a
truncation argument — see e.g. [28]. In the sequel, the previous findings are applied in order to
deduce asymptotic normality for U-statistics.

5 U-statistics with a stationary rescaled kernel

N.B. In this section, the notation and framework of Problem Z.11] prevail.

We assume that F) is a square-integrable U-statistic of the form (2I2) with h a rapidly
decreasing function on Z% (recall that a rapidly decreasing function is stationary by definition).
Recall that © = ¢ ® v, where v is a probability measure on the marks space M. For 1 < i < k,
we set

k —i i
|hli(xi) = <z> /Z’“ |7 (xi, xp—i)dp* ™", x; € ZL,. (5.29)

Note that the kernels |h|; are also stationary (just use the invariance of Lebesgue measure).
We say that |h| has rapidly decreasing projections if the quantity A, ,(|h;|) = Ap(|hs|) (as defined
in ([3I7) is finite for some density s, and every 1 < ¢ < k and p = 2,4. The following statement
is the main achievement of the present section.

Remark 5.1. It is easily seen that, if A has rapidly decreasing projections, then the kernels
hi, i =1,...,k, defined in (ZTII]) necessarily satisfy Point (1) and Point (2) in Assumption
In order to apply our results, in what follows we shall also require that the kernels |h|; (and
therefore the kernels h;) verify Assumption [Z2}(3): for instance, a sufficient condition for this
assumption to hold is that |h| < H, where the function H only depends on the spatial variables
ti, is bounded and has compact support.

Theorem 5.2. In the framework of this section, assume that |h| has rapidly decreasing projec-
tions, and that the kernels |h|;(x;), i = 1, ...,k verify Part (3) of Assumption[2Z2. Define

my = )\a;d.
Then
karl)

Var(Fy) < adm3* ! max(1,m;

and

dw (F\,N) < Ca;d/z\/max(l,m;k,mf(k_l))
for some C > 0.

Proof. According to (2I1)) the kernels f; x of F)\’s Wiener-Ito6 decomposition are given by: for
1<i<k,
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i = (1) [ mtanmcand = (5) 0 [ o ant

whence f; y is of the form (£20]), with

k—i
Vi, =1y,

k —i
hia(xi) = <z>/ " _h(xhxk—i)dﬂk .
Q) —t

Our purpose is now is to verify Point 1 and Point 2 in Theorem with h; = |h|;, as defined in
(B29). Point 1 is an immediate consequence of the estimates

k —i
0 < hintel < (£) [ ot = vl ).

To prove Point 2

P — (q) H—p(k—i)
iAo i = | - / /Z . ]I!h\ 26,29
_ l l Ve, (@) i—1+p(k—1i)
/Z,\ d’u /Z;'\—l-kp(k—i) 1 |h|(zl*1 A1 2y Zl)dlu ’

where z; is decomposed in (z1,2z;—1) and the variable z; has been subtracted to every other
variable present in the integral, exploiting the stationarity of h. Writing X\ = a)X, we now
make the change of variables
1 1
@(szz‘—l,zé,)i, . Zép)l) (21,2i—1 — Zl,Zé,)l- — 21, .. 7Z;gp,)i — 21),
verifying
X)\ % ZV;\—l—l—p(k—z) C (p(Z;_H_p(k_Z)) C X\ x Z;\—l—l—p(k—z)

)

we have

p
(0 [ TR a2 0d < il g
A q=1

Al (2i-r, 2" ) g+ ),

< i) [

5i—1+p(k—1)
Z>\

Since 0 < £(X) < oo, one has that £(X)) < u(Z)) =< af and for A sufficiently large

o< [
Z;*Hp(k*l)

N

d
ay

p
PN (@) i+q(k—1)
S (AT
A q=1

_ 1hi
IB|(2i 1,20 )dpitat=i) <

i~

1

q

Both sides converge to Hﬁi”ip(zi iy S Ap(h;) < oo by hypothesis. We have with similar
computations =
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17l

p
_ . ) LP(Zi
0< / ' H h(Z¢71,Z§€qi)i)d,u,l+q(k_l) < : ')
Z;\_lngék_l) g=1 ay

P
H— ‘ (9) i+q(k—i)

< du

- /Zilxzp(k—i) h(zi-1,2,_;)d

q=1

and both sides converge to ||Ei||lzp(zéo:m), whence we have indeed ||h; |7, ~ [|hill], ~ ad||hill7,,
and the Point 2 is verified. Using the notation of Th. fL2] we have that (27 is verified,

)

Var(F)) < af x max (m)\mA(k_i)) = af¢m2" max (m;(i_l)) = afm2* 1 max(1,m;

k—i—l)
i=1,...,k i=1,...,k

and

dw (Fy,N) < Cy/wy + w)

where, writing 0?\ = Var(ﬁ}\),

1

R d i+j—r+l
Wy 1= —ay max% )\WJ ATy

o5

1 2% i
= — o max m2FTI) it

o4 NIRRT ey

A

i—j—r+l

—d_ —2(2k—1) a4 maxy (my )

=, "m, my

max (1, m; " )2

—3k+1 My 2)
k;—l—l)

max (1, m)

4 [rifmy=1

=, X Y
A m/\z(k 2 ifmy <1

and

L d
—4 max '}’Z)\mAOé)\
)\Z 1,.

_od (2k—1) 1—ky— 4(k—i)
=, “"m, max(1,my ") max, my mhad
_ o —d, —2(2k=1) 4k 1—k -3
=a,“m, my max(1,my ) "?m} max 1y

—3(k— 1))

—3(3i—1)

= o, “m;y  max(1,m}F) " max(1, m,

g mitifmy > 1

=
A myFifmy <1

Taking the overall maximum yields

dw(F,N) < Ca, 4/2 \/max 1 mA My 2Ak= 1)).
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The condition that h has rapidly decreasing projections seems a bit abstract, so we give
sufficient conditions below. The symbol s denotes a fixed probability density taking values in

0,1].

Lemma 5.3. Let h be a non-negative function on Z¥-1 k > 1. Define for p = 2,4

a0 = [ .

R (1) 71 (br1) ' Pdp
FEvery projection
j j

for 1 < j < k satisfies

Ap(hy) < Ay (R),p = 2,4. (5.30)

_ k _ . , ,
h](zj—l) = <> Ak h(zj—laxk—j)dluk ]’1 < J < kazj—l S Z;.Oj’

Proof. Holder’s inequality yields, for p = 2,4,x; , € Z#.Oj -1

— = y p
R (x; 1) = </z‘” %k—j(tk—j)%k—j(tk—j)_lh(ﬁj—uXk—j)dﬂk_]>

N

. - o
/ij WX 15 X j) 20— (b)) P ot (bg—j ) dp™ ™7

:/k P (X X 1) 2 () P
zk-i
whence

Ap(hj) = o sjo1(tj1) "R (g )dpd !

N
N N

sgga(ta) e () PR (g )t

) %kfl(tkfl)lipﬁp(ﬁk—l)dﬁkil = A7 ().

k—

N
N

Zoo

O

As a consequence, h has rapidly decreasing projections if A;,(h) < oo for p = 2,4 for some
s (this condition clearly implies that h is itself a rapidly decreasing function).

6 Asymptotic characterization of geometric U-statistics

In this section we work in the framework of Problem 211, in the special case where oy = 1 for
every \. As before, h € L1?(Z") is such that each Fy defined by (ZI2) is a square-integrable U-
statistic. In the terminology of [25] each F) is a geometric U-statistic. In what follows, we shall
use the theory of Hoeffding decompositions (see e.g. Vitale [33]) in order to provide a complete
characterization of the asymptotic behavior of the family Fy, as A\ — oo, yielding a substantial
generalization of the results proved in [25, Section 5|. Observe that, according to (ZITI),

k

k
F :E[F)\] +ZE7)‘ = E[F)\] +ZIi(fi,)\)7 (6.31)
i=1 1=1
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where
fir(xi) = )\kl< ) / h(xi,xk,i)d,uk*l =: )\kﬂhi(xi), x; € 7", (6.32)
1 Zk—i

and each multiple integral is realized with respect to the compensated Poisson measure 7, =
A — Af.

Also, since X is a compact set of R? and v is a probability measure, one has that, for every
A, ux(Z) = M(X)v(M) < oo and ny(Z) is a Poisson random variable of parameter py(Z). In
order to state our main findings, we need the definition of a Gaussian measure. The reader is
referred e.g. to |21l Chapter 5] for an introduction to Gaussian measures and associated multiple
integrals.

Definition 6.1. Define i as the probability measure M(LZ A Gaussian measure over Z with

control /i is a centered Gaussian family of the type G = {G(B) : u(B) < oo}, such that, for
every B, C verifying pu(B), pu(C) < oo,

E[G(B)G(C)] = (BN C).
The following statement is the main result of this section. Note that Point 1 corresponds to
Theorem 5.2 in [25].

Theorem 6.2. (Asymptotic characterization of geometric U-statistics) Let ¢; > 1 be
the smallest integer such that ||hg,||12(uay > 0, where the kernels {h; : i =1,...,k} are defined
according to (6.32). Then, as A\ — oo,

Var(F\) ~ Var(Fy, ») < N2k—ai
and moreover:

1. If ¢ =1, F\ converges in law to N ~ A(0,1) with an upper bound of the order A2 op
the Wasserstein distance.

2. If q1 > 2, then N2~k B\ converges in distribution to
Vigr) == p(Z2)17 x I (h,), (6.33)

where chf indicates a multiple Wiener-1to integral of order qi, with respect to a Gaussian
measure G on Z with control i = p/u(Z2).

Proof. For each 1 < j<k
Var(Fj,)\) = ]'HfjHiQ(Z]7H.;) - cj)‘Qkija

for some constant ¢; > 0 (independent of A) such that ¢,, > 0. By orthogonality,

k k
Var(Fy) =AY A7 = cq AP0 (14 ) e ' AT ) = ¢, AP0 (1 4 0(AT).

Jj=1 +1
It follows that, as A — oo and writing F, Fy 2 // Var(Fy,
-1
Var(Fy — Fy, ») Z Var <)\k - /2> < CiA
J>q

for some finite constant C'; independent of .
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1. Assume hy # 0 and write fl = HleZQI(Z,M)fl. We can use Theorem 2.4]in the case k =1
and ¢ = 1 (together with ([B.I%])), in order to deduce the bound
L iy

_ 3k—2—(3/2)(2k—1) _ —-1/2
(A1+2(k*1)\|h1\|%2)3/2 = (oA (3/2)( ) = O\ ,

dw (Fip,N) < c|fill3 = ¢

for some constant Cy independent of A. The required estimate follows from the standard
inequality dw (F), N) < dw (F1x, N) + Var(Fy — F17,\)1/2, N ~ #(0,1), as well as from
the estimates contained in the first part of the proof.

2. For every integer M > 1, we write [M] = {1,..., M }. Assume that ¢; > 1, implying that,
for every i < q1

/ h(x;, xp—i )" (dxp—i) = 0,
Zk—i

almost everywhere dyu’. Let {x1, ..., Ty ( Z)} be any enumeration of the support of 7, inside
Z, and observe that

F)\ = k! Z h(.%'il,...,.%'ik).
{i1, i }C A (2)]

The standard theory of Hoeffding decompositions (see e.g. Vitale [33]) implies that F)
admits a unique decomposition of the form

k .
Fy = k! Z <?7)\](€Z_) Z_ Z> Z Hi(xju "'?xji),

i=q1 {J15+--7i} C [ (2)]

where H,, = hgy, ((i)ilp(Z)qu, and each H; is a degenerate kernel in i variables — in

the sense that [, h(x;—1,2)u(dz) = 0, almost everywhere du'~!. The strong law of large
numbers (which is a consequence of the infinite divisibility of the Poisson distribution)
implies that, for every i = ¢1, ..., k,

B i Kl
BN Tk

in probability, as A — oo. Using [0, Theorem 2|, we also deduce that, for every i = ¢, ..., k,
the class

1
W Z Hl-(le,...,xji), A >0,
{5153} Cna(2)]
converges to
/9 1
w(Z)2 <18 (),
and the conclusion follows immediately.

O

Remark 6.3. 1. It is a well-known fact that a random variable of the type IqG (h), where
g > 1 and h # 0, cannot be Gaussian (see e.g. Janson [9, Chapter V]).

2. Observe that

sv@rl=a(F) [ ([ o)) a0 i)

which is consistent with the estimates on the variance contained in [25, Section 5.
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7 Applications

The methods developed in the present article and in [IT] are well tailored for dealing with spatial
processes enjoying some translation-invariance properties. We present below somel applications.
We first consider the total mass of weighted edges of the random graph based on a fundamental
object of stochastic geometry: the boolean model. Then, we show how our results can be
applied to the study of a random telecommunication network, where devices are placed at
random locations and have random radii of interaction.

On the boolean model we consider a classical 2d-order U-statistic, but the coverage of the
random telecommunication network is quantified in terms of k-th order U-statistic, for k£ > 1.

Throughout this section, we use the notation

Xy = [N N

where d > 1 is some integer.

7.1 Random graph defined on a boolean model

The standard boolean model consists of iid random compact sets (grains) disposed at random
locations (germs) in the space. The union of such sets stands out as one of the most used and
most studied example of a stationary random closed set of R?. The reference books [I3, 27, 32]
provide a good presentation of the model and of its applications in epidemiology, forestry, or
image synthesis. The specificity of the graph based on the boolean model, where two germs
are connected if their respective grains intersect, is that the geometric behaviour of individuals
is random, meaning the geometric rule of interaction is not determined in advance. Limit
theorems are discussed for instance in [7] [I5], in view of estimating parameters of the models
like for instance the intensity of the the process or specific geometric quantities related to the
typical grain. Molchanov and Heinrich |7 Section 9] mention that central limit theorems for
second and higher order quantities are possible to obtain via a laborious application of their
method. We develop here a simple procedure to deal with a random variable based on pairwise
interactions of the model, that can easily be extended to higher orders.

We now proceed with a formal description. In what follows, the mark space is the class
KC of compact subsets of R?, endowed with the Fell topology and the Borel o-algebra (see [27]
for definition and properties). We shall denote by 7 a marked Poisson measure with values in
R? x IC and control measure u = £ ® v, where v is a probability distribution on K. Of actual
interest for modeling purposes is the random closed set defined by

F,= | (C+u),

(z,C)en

called boolean model with grain distribution v. We call typical grain a random compact set with
distribution v. Denote by n° = {x : (x,C) € n for some C' € K} the ground-process, and for
every x € 1°, C' = C, the unique grain such that (z,C) € 5. For A > 0, we call ny (resp. 73)
the restriction of n to Zy = X\ x K (resp. X)), and F),, the corresponding random closed set,
obtained from F;, by removing all grains whose center lie outside X. Remark that F,, # F,NZ)
as x ¢ X does not imply that (C, +z) N X, = 0.

In what follows, we consider the asymptotic normality here of variables of the type

Gy = Z oz — y)l{(m+cz)m(y+cy)7é(i)} (7.34)
TAYENS
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where ¢ is some even real function on R? such that ¢? is integrable on every compact set (note
that these assumptions imply that G has a finite second moment).

If for instance p(z,y) = ||z — y||, G is the total length of the edges of the graph where two
points of X in the ground process 73 are connected if their respective grains touch. Notice that
the techniques used here could be used as well for a kernel p(z — y; C, C') where the weight for
each pair of points (z,y) depends also on the grains C, and Cy actually attached to x and y.

The variable G, is a U-statistic on Z) = X x K of order k = 2 with kernel h(z,y; C,C") =
0T — Y)1{(a+0)n(y+Cr)£0} ON Zf. The kernel h indeed belongs to L1’2(Z§) because

| Ina(e,:C.CPdzdyd(©)in(C') < [ ol — y)Pdady < oc
72 X2

A

for p = 1,2. Furthermore h is stationary with respect to its spatial variables, with factorization
given by

h(z; C1, Ca) = p(2) L) A (at-Co)£0}-

Let us introduce the probability that two independent germs centered respectively at 0 and
x have a non-empty intersection

xu(z) = P(Cy N (x4 Co) # 0),2 € RY

where C'7 and C5 are two iid variables in I with distribution v. It can be shown in the frame-
work of stabilization theory (see for instance [I], Theorem 2.1) that under reasonable decay
assumptions on x, we have

lim EATIGy = /Rd o(x)xy(z)dz.

A—00

Theorem 7.1. Assume that ¢ and v satisfy, for some € > 0, and for some bounded strictly
positive probability density,

/cp(w)px,,(x)%(x)lpdx < 00 (7.35)
forp=2,4. Then Var(G)) < X\ and
dw (G, N) < CA1/2

for some constant C not depending on .

Proof. Let us apply directly Theorem with the the rescaling oy = A~Y% on X, (recall the
formulation of Problem 2.TT] as well as Example [212}(ii)). A condition for asymptotic normality
with a bound on the Wasserstein distance decreasing at the speed of A='/2 is that h has rapidly
decreasing projections. Using Lemma [5.3], the finiteness of ([B.I7) boils down to

ﬁﬁ(w; C,C"|Ps(2)"Pdr < 0o, p=2,4,

which directly is given by (Z.33)). O

Remark 7.2. Since x, < 1, a sufficient condition in order to have (35 is that the function
¢ converges to zero at a subexponential rate, as ||z||ga — 00. The next statement contains an
example about how one can select a measure v allowing to deal with a possibly increasing .
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Proposition 7.3. Assume that p(z,y) = ||z —yl||® for some 8 > —d/2 and that the typical grain
is comprised in a ball with random radius R with distribution v(dr) = Cylgyr=%dr, a > 1.

Then, if
a>2(8+d)+1, (7.36)
the conclusion of Th. [Z1 holds.

Proof. Let € > 0 be such that Sp+ (1 — ) + (d + e)p — e < 0 for p = 2,4 (the inequality for
p = 4 is sufficient), and let

Cd,z—:

=—— zeR?
T+ [aflre™ =50

()

with the appropriate normalisation constant Cy.. We have
Xv(7) < P(R+ R < )

where R’ is an idependent copy of R, which gives x,(x) < C|/z||!~® for some constant C' > 0.
Then, (Z35]) is implied by

+oo
/ Tﬁprl—ar(d—l—a)(p—l)rd—ldr < 00
1

for p = 2,4. O

The functional G is stabilizing, meaning it can be written as a sum of contributions over
the points of 7}, where the contribution of each point only depends on the intersection of 15 with
a random ball centered in this point (for a proper introduction and summary of results, see [10]
Chapter 4] and the references therein). Our results can be compared e.g. with the very general
Theorems 2.1 and 2.2 in [24], that imply in this specific framework the asymptotic normality of
A12(Gy — EG)) if a—1 > 150d (and an additional assumption on ¢), giving a more restrictive
condition than (7.36]). Note that, to our knowledge, there is no rate of convergence for CLTs
involving such polynomially stabilizing functionals in the literature.

7.2 Coverage of a telecommunications network with random user
range

The content of this section is inspired by reference [5], where Decreusefond et al. use concepts
from algebraic topology in order to study the asymptotic interactions between devices in a
telecommunications network.

In what follows, the devices are spread according to a Poisson measure on X, = [—)\1/ d A\ d],
with intensity given by the Lebesgue measure. Two devices communicate within the network if
their distance is smaller than a constant, say r. To account for the good coverage of the network
by the devices, they consider, for each k > 2, the number Ny, y of (k — 1)-simplices, i.e. of the
number of k-tuples (x1,...,zx) inside X f whose pairwise distances are smaller than r, meaning
that the group of k devices is indeed connected. Among other findings, the authors of [5] give
closed expressions for the moments of IVy, \, and derive a general CLT. One should note that in
[5] the metric of the torus is used in order to avoid edge effects.

The results contained in Section of the present paper are precisely tailored to deal with edge
effects for stationary spatial processes, thus we shall perform an analogous study by replacing
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the torus distance with the euclidean distance. We also introduce the assumption that members
of the network have a random range, i.e. we assume that to each member z; of the network
is assigned a random radius R;, that the radii are independent and identically distributed, and
that a simplex of & members is “connected” within the network if the ball around each member
x; contains every other member of the k-tuple.

Formally, we shall consider a marked Poisson process n over R x R, , with intensity given
by ¢(dz) ® v, where v is some probability measure on R . Every realization of 7 is therefore a
collection of points of the type (x;, R;), where every R; indicates a random radius with law v.
For every A, the number N}, y we are interested in counts the number of those {x1, ...,z } C X
that are in the support of n and such that ||z; — zj||ge < Ry, for every i,j = 1,...,k. The
following statement provides sufficient conditions to have a standard limit behavior (variance in
X and convergence to the normal law at a speed at most of A~/? in the Wasserstein distance).

Theorem 7.4. Denote by F' the tail function of the law of Ry, that is: F(r) = PRy > r| =
v((r,00)]. If for some ¢ > 0

/ F(r)yrid=1%edr < oo,
Ry

we have, for every k > 2 and as A\ — oo,
Val“(Nk)\) = A
dw (Nix, N) < CpA~ 12

for some Cj, > 0 independent of X\. Here, Ny, ) indicates a centered and renormalized version of
Nix, whereas N is a centered Gaussian random variable with unit variance.

Proof. The random variable Ny  is the U-statistic of order k on (X, x Ry)¥ with symmetric
kernel

h((@isri)i=1,. k) = Lei—ajl|l<ri  1<ij<k}-
Such a kernel is clearly stationary with respect to spatial translations. Let &/ = ﬁ and put

s(x) = (1 + ||z]|)~@*+"). According to Theorem and Lemma [£.3] a sufficient condition for
the result is

k
= /Zm R (1) H s dpu () < o0

for p = 2,4. We have, setting z; = 0,

I _/ - H Hx H (d+¢€")(p— 1)/ Hl{/h?maxl - k||$z—$1||}dy(p1) dl/(pk)dxk,1

+11

k
/ 11 <sz~H(d+€')(”‘”/ Lip:> ||acz||}dV(pz)> dx, 1
(RAY*-1 3o RE

k—1
(/ (p 1)(d+e")+d— lF( )d>

after doing a spherical change of variables for each x;, whose Jacobian is smaller than |z;]|?~?,
which concludes the proof because (p —1)(d+¢')+d—1=pd—1+e<4d—1+e.
O
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