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APPROXIMATION OF THE MARGINAL DISTRIBUTIONS
OF A SEMI-MARKOV PROCESS USING A FINITE VOLUME SCHEME

CHRISTIANE COCOZZA-THIVENT! AND ROBERT EYMARD!

Abstract. In the reliability theory, the availability of a component, characterized by non constant
failure and repair rates, is obtained, at a given time, thanks to the computation of the marginal distri-
butions of a semi-Markov process. These measures are shown to satisfy classical transport equations,
the approximation of which can be done thanks to a finite volume method. Within a uniqueness re-
sult for the continuous solution, the convergence of the numerical scheme is then proven in the weak
measure sense, and some numerical applications, which show the efficiency and the accuracy of the
method, are given.

Mathematics Subject Classification. 60K15, 60K20, 65C20, 65M60.

INTRODUCTION

The reliability theory is devoted to the study of the probability that a system be available at a given time,
when the failure or the repair of each component of this system is modeled using stochastic processes. The
general mathematical framework of such problems is, in the general case, highly complex. In this paper, we
focus on the more simple study of the availability of a single component, the state of which belongs to a finite
set, the transitions of state being determined by probabilistic laws. Let us first consider the simple example of a
component which has been created before the time ¢ = 0, and which can either be working, either be in repair.
Hence the set of the possible states is defined by E = {0, 1}, 1 for the working state, 0 for the repair state.

Let us denote the failure rate (resp. the repair rate) of the component by b(1,-) (resp. b(0,-)). This means
that the probability for the component to fail (resp. to be repaired) in the time interval (¢, ¢+ dt), knowing that
the elapsed time in the working (resp. failure) state is ¢, is equal to b(1,t) d¢ (resp. b(0,t) dt). We assume that
as soon as the component fails, the repair begins immediately and that, after being repaired, the component is
equivalent to a new one and is immediately working.

Considering this component at a given time ¢ > 0, let us assume that the probability, the component be in
state 1 (resp. 0) and the elapsed time in this working (resp. failure) state be in the time interval (z,z + dx),
is given by the measure @;(1,-)dz (resp. @ (0,-)dx). The functions @ (i,-) € L*(Ry), for (i,t) € E x Ry, are
then (non strictly) positive, and must verify, for t € Ry, that >, p fR+ tt(i,x)dz = 1 (thanks to the law of
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large numbers, these functions could as well be interpreted as providing the distribution of the ages in each of
the two states, 1 and 0, for a population of similar components, all created before the time ¢ = 0).

It can then be shown (see Sect. 1 for a detailed proof) that all the above hypotheses give that the function
(t,i,x) — @i, x) is the weak solution of the following equations

ou ou
T, 2) + 226, ) = —bli, @) ug(i, x), for (i,t,2) € E x Ry x Ry, (1)
ot ox
with an initial condition
to(i, ) = Uini(i,z), for (i,z) € E x Ry, (2)
and a boundary condition
u(i,0) = b(1 —i,2)ut(1 —i,x)dz, for (i,t) € E x Ry. (3)
R+

Equations (1)—(3) constitute a system of linear hyperbolic equations on R; x Ry, only coupled here by the
boundary conditions. Such a model belongs to the class of the Markov renewal models which are generalizations
of the renewal model (see for example [2] or [3]). When the state space E has only one element, we obtain
the class of renewal processes which have been extensively studied from the mathematical point of view (see
for example [10] or [12] and references therein). Note that similar models are widely used in the framework
of population dynamics (the so-called McKendrick-Von Foerster model is a one-state version of (1)—(3), see
for example [14] and references therein). In the particular case where E has two elements (as in the example
considered in this introduction), one says that this model is an alternative renewal model. We consider in this
paper an extension of Model (1)—(3), used for computing the marginal distributions of the stochastic process
constituted by the pair (n:, X;), where 7 € E denotes the state at time ¢t € R4 of a given component (we now
consider the case of any finite set F with, in practice, at least two elements) and X; € R is the elapsed time
since this component is in the state 7;. A given initial probability measure for (19, Xo) is then assumed.

We thus show in Section 1 that, under some hypotheses, this stochastic process is a Markov process, the mar-
ginal distributions of which, denoted by p:(i, dx) for (i,t) € E x R, are measures, solution of a system of linear
hyperbolic equations coupled by the boundary conditions, generalizing (1)—(3). We provide the mathematical
background showing that this problem is well-posed. In particular, we prove, for the sake of completeness, a
uniqueness theorem under the exact hypotheses used in this paper.

Note that numerical methods are needed to approximate these marginal distributions p(¢, dz), in order to
evaluate the probability A;(¢) that a component be in state i € E at time t € R, given by A;(t) = fR+ pe(i, dz).

Matrix formula can be used for the computation of the Laplace transform of these marginal distributions [5],
but the inversion of the Laplace transform is known to induce some stability problems. Otherwise, the phase
method [1] can be used in order to boil down to a Markov process, but then the phase approximations cannot
be automated. More recently, in the particular case of an alternative renewal process, computations using the
resolution of Volterra equations have been proposed (see [13]) but some problems arise when the mean durations
in each of the two states are contrasted.

We present in Section 2 the use of a finite volume method to find a direct approximation of these marginal
distributions. Since we approximate measures instead of functions, the convergence of the method is proven
thanks to compactness estimates in measure spaces, using the uniqueness result proven in Section 1.

Finally, we present some numerical results in Section 3. These results show that the finite volume method
considered here is accurate and efficient in many cases.

1. MARGINAL DISTRIBUTIONS OF A SEMI-MARKOV PROCESS

Let us assume that the probabilistic model for the state of a component (assuming that the set E of all
the possible states is finite), is given by a Markov renewal process (Y,,, Ty, )nen, where for all n € N, Y, € E



denotes the state of the component for any time ¢t such that T,, < t < T,,41. We assume that T, < 0 < T}
and that the semi-Markov kernel of this Markov process has a density ¢ with respect to the Lebesgue measure.
These hypotheses mean that, for all n € N, for all ig,91, -+ ,in_1,%,j € FE, for all real values such that

50 <0< sp <--- <8y, and for all bounded measurable function f defined on R, we have

E (1{Yn+1:j} f(Tn+1 - T’ﬂ)/

To = so, Yo =0, Th = s1, Y1 =t1,..., The1 = Sp—1, Yno1 = in—1, Ty = sn, Yay =i>

= E 1{Yn+1 j} f( n+l — n)/Y = Z)
/ f()qli g,
We consider the semi-Markov process (1;):cr, , defined by
n =Y, for all n € N and for all ¢ € R, such that T;, <t < Tj41.
Intuitively speaking, such a process (1;)¢cr, forgets its past at times T, and satisfies

P11,y = Js Tnr — Ty € [t + dt] [, = 4)
=Py, = §, Ty —To € [t,t + dt] [ no = i)

We then define the transition rate a by
—+oo
0 ifP(Th —To >t/no=1i) = / Z (i, k,u) du
a(i, j,t) = - "okl
t
90,7, 1) otherwise.

P(TlfTo >t/7}0:i)
The function a intuitively satisfies the following formula
]P)(nT1 :j,Tl — Ty € [t,t+ dt]/Tl — T > t,mo = Z) = a(i,j,t) dt.

Defining the function b by

b(l,l‘) = Za(i,j,$)7 V(’L,Jﬁ) € B x R-ﬁ-a
JEE

it can be shown that
t
P(Ty — Ty >t/ny=1) =exp (—/ b(i,u) du) .
0

The above equation means that b(i,-) is the hazard rate of 77 — Ty knowing {ny = i}.

=0,

(7)

Remark 1.1 (The case of an alternative renewal process). In order to detail the probabilistic framework in
the particular case of the example given in the introduction of this paper, let us consider a component which
can be in two different states: a working state denoted by 1 and a failure state denoted by 0. We suppose
that the successive working periods and the successive failure periods are stochastically independent, that the
working periods have the same probability density function ¢(1,0,-) and that the failure periods have the same
probability density function ¢(0,1,-). Let Tp <0< Ty < ... < T, < ... be the successive times at which the



component changes of state. Then (7},),>0 is an alternative renewal process and the process n; giving the state
of the component at time ¢ is a semi-Markov process taking its values in E = {0,1}. We have

Q(ia 1- i7 t)
jjoo q(i,1—1,5) ds

b(i,t) = ali,1 —i,t) = ,Vi=0,1, VteR,, (8)

or, equivalently,
t
g(i,1— 1) = b(i, £) exp (—/ b(i, s) ds) L Vi—0,1, Vi € Ry, )
0

where a(1,0,-) and a(0, 1, -) are respectively the failure rate and the repair rate of the component.

For k € N, let us denote by C*(E x R,) the space C*(R,)¥. Let X; be the elapsed time in the current state
at time t, given by

Xy =t—"T,, forallt € [T,,,T,11), for all n € N. (10)

Then the process (1;, X:)ier, is a Markov process taking its values in E' x Ry. Let P; be its semi-group,
defined by

(P&) (i, x) = E(E(me, Xe) / (0, Xo) = (i,)), V€ € CO(E x Ry). (11)
We then have the following proposition.

Proposition 1.2. Let (Y,,,Ty)n>0, with To < 0 < Ty < ... < T),..., be a Markov renewal process taking
its values in a finite set E, such that its semi-Markov kernel has a density q with respect to the Lebesque
measure. Let (m)e>0, a, (Xi)i>0 and Py be respectively defined by (4), (5), (10) and (11). We assume that
a € C°(E x E x Ry) and that there exists Ry > 0 such that P(Xo < Ro) = 1. Then the following properties
hold.

(1) For all € € CO(E xR,), P¢ € CO(E xRy).
(2) Let L : CY(E xRy) — C°E x Ry) be the operator defined, for all ¢ € CY(E x Ry) by

(5,2) o LE(i,2) = 3 (i, )€, 0) — £0,2) + oo

JjekE

(i, ).

Then we get
t
PE=¢ +/ P,L¢ ds, V€ € CHE x Ry,
0

which leads, for all £ € CH(E x Ry), to

E(&(ne, Xt)) = E(§(no, Xo)) +/0 E(LE(ns, X)) ds.



(3) Therefore, the probability distribution p; of (n:, Xt) satisfies

/Edpt Z szptzdx)

icE
—Z/ €(i,7) pini(i, dz) + Y £(i,0) / Z/ a(j,i, ) ps(j, dz) ds
i€l el jeE
72// &(i,x) ps(i, dz) ds
icE Ry
Jrz:/ / —(z,x) ps(i, dz) ds, V¢ € CHE x Ry), (12)
e lo Jr, Ox

with pini(+, dz) = po(-, dz).
The proof of Proposition 1.2 is straightforward, following the ideas of [6,7].
For k € N, let us denote, in the same manner as above, by C*(E x Ry x Ry ) the space (C*(R; x Ry))F.

Let CK(E x Ry x Ry) be the set of functions ¢ of CK(E x Ry x R;) with a compact support in time (i.e.
IT>0:Vet>T,VieE, Vo € Ry, p(i,z,t) =0). The following result holds.

Proposition 1.3. Let E be a finite set, let a € C°(E x E xR, be given and b be defined by (6), and let pin; be
a probability measure on E x Ry, such that there exists Ry > 0 with ZieE f[o Ro] pini (i, do) = 1. Let us assume
that there exists, for all t € Ry, a probability measure py on E x Ry such that (12) is satisfied. Then

0= ;/de}h (C{;f(z x,t) + g—w(z x,t) — b(i,x) cp(i,:c,t)) pt (i, dx) dt

+Z/ Z €, O plﬂl( (2 dI) + Z /]R R a/(j,l',l‘) ()0(27052‘:) pt(j7 d$) dta
+ XK

i€E i,jEE
VQD € Cct(E X ]R+ X R+) (13)

Moreover, for all ¢ € CO(E x R), the function t — Y, p fR+ &4, x) pe(i, dx) is continuous, and po(-, dz) =
Pini(, dz) holds.
Proof. We proceed in the same way as in [7]. We first remark that the continuity of t +— >, fﬂh &(i,x) pe(i, dz)

and po(-, dz) = pini(+, dz) are consequence of (12), thanks to regularizations in C1(E x R) of £ € C°(E x R).

We then apply (12) to the function £ : (i,z) — %—f(z x,t), and we integrate the result on ¢t € Ry. We then

get (13) thanks to Fubini’s theorem. O

Then the following uniqueness result holds.
Theorem 1.4. Let E be a finite set, let a € CO(E x E x Ry) be given and b be defined by (6), and let pin;
be a probability measure on E x Ry, such that there evists Ry > 0 with ), p f[O,Ro] pini(t, dz) = 1. Then
there exists at most one measure p on E X R+ x Ry such that, for all T > 0, there exists Ry > 0 with
YoicE fo f[o Ral p(i, dz, dt) = > p fo fR i, dz, dt) < 400 and which satisfies

0= Z/ﬂm& (%f(z x,t) + g—i(z‘,x,t) — b(i, x) ga(i,:v,t)) p(i, da, dt)

ieE
+Z/ Z Z, 0 plnl(Z dl‘) Z / a(j,i,l’) cp(z,(),t) ,LL(], dIIZ, dt)a
i€E i,jEE Ry xRy
VQD € Cct(E X ]R+ X R+) (14)



Moreover, if, for allt € R+, there exists a measure p; on E x Ry such that for all ¢ € CO(E x R,), the function
t— Y icE fR (1, 2)pe (i, dx) is continuous and (i, dz, dt) = p(i, dz) dt, then the measure p; is unique too

and satisfies (1 3).

Proof. We adapt the methods of [7] to the particular case considered here. Let us suppose that there exist two
Radon measures satisfying the hypotheses of the above theorem. The measure u, now defined as the difference
between these two solutions, thus verifies

dp .
z:ct + —(¢,z,t) — b o(i, z,t) + a(i, j,x ,0,t i, dzx, dt),
=S [ Femn s ghenn v > ali.g.#) 9(5.0.1) | i, dr, )

el jeE

VQD S Cit(E X R+ X RJ’_) (15)

We have to prove that u is equal to 0, which is equivalent to the relation
// (i, @, t) pi, do, dt) = 0, Vip € CO(E x Ry x Ry). (16)
Ry xRy

For a given ¢ € C%(E x Ry x Ry), let T > 0 be such that ¥(:,-,#) = 0 for all t > T and let Ry > 0 be
such that ), 5 fOT fo ey (0 da, dt) =37 p fo Jg w(i, dz, dt) < co. We prolong by continuity the function
aon F x E xR, we define b as in (6) by b(i,x) = ZjeE a(i, j,x), for all (i,z) € E x R and we prolong 1 by
continuity on £ x R x Ry. Let us define the function A : [0,7] x CO(E x [T, Rr]) — C%(E x [T, Rr)),
(Sa 5) = A(Sa 5) by (iv y) = (A(Sa 5))(% y) = b(Za Yy + 8) g(Za y) - ZjeE a(iaja Yy + 5) 5(]; 78) + T/)(Z, Yy =+ S, S). Since
the function A is continuous with respect to s and Lipschitz-continuous with respect to &, we deduce from the
Cauchy-Lipschitz theorem the existence and the uniqueness of a function ¢ € C°(E x [T, Rr] x [0,T]), such

that 22 € CO(E x [T, Ry] x [0,T]) and

o(i,y, T) =0, V(i,y) € E x [-T, Rr],
= (iy,5) = b(i,y +5) @(i,y,8) = > alis oy +5) G5, —s,5) + (i, y + 5,5), (17)

JjEE
Y(i,y,s) € E x [T, Ry] x [0,T].

Q’|%f

Prolonging ¢ in order to get that ¢ € C%(E x R x Ry ) and % € C%(E xR x Ry) (by continuity, we can take
&(+,+,8) =0 for all s > T), let us prove that

//]R+><[O 7] 83 t,t) b(z l‘) @ + Z Z WX . ) M(i, dxv dt)a (18)

i€l jekE
which, thanks to the definition (17) of @, gives (16).

Let 8y be a real nonnegative indefinitely differentiable function with a compact support in (—1,1), such
that [;, Bo(x)dz = 1. We consider, for all n € N,, the function ¢, € CL(E x R x Ry) defined by (i,y,s) +
Onliyy,s) = fp @i, 2,8)0n(y — x) dz, where B, (x) = nfy(nz). We then get that ¢, and % respectively
converge to ¢ and %‘5 in CO(E x [~T,Rr] x [0,T]), using the uniform continuity in a compact set of any
continuous function. We then apply (15) to the element cpn € CL(E x Ry x Ry) such that ¢, (i,2,t) =
&n(i,x —t,t) for all (4,z,t) € F x Ry x Ry. Since we have g;" (i,2,t) = —66‘;;/"( —t,t) + 8<'9"( i,z —t,t) and




%"—(z z,t) = —gf—( ,x —t,t), this produces

= Z // %(2, x —t, t) b(z 1‘) (pn —|— Z a(i, j,x 7, —t t) /J(i, dz, dt) (19)
icE Y /Ry xRy Os

jeEE

Passing to the limit n — oo in (19), we thus get that (18) holds, which concludes the first part of the proof of
the theorem.

Let now p be a measure satisfying the hypotheses of the above theorem. The uniqueness forallt e Ry, of a
measure p; on £ x Ry such that for all € € C°(E x R), the function ¢ — >, p [ £(i,2)p¢ (i, dz) is continuous
and p(i, dz, dt) = pi(i, do) dt, immediately results from this continuity property since we can write

Z/fzxpt dmfhmz / &(i, x)p(i, da, ds). O
R

ek X (t,t+7)

Hence equation (12) appears as a weak formulation of a partial differential equation problem, the solution to
which is a measure. A functional interpretation of this equation holds in the particular case where there exist
some functions uin; and @ such that piyi(i, dz) = i (7, z)dz and pi(i, do) = @;(i, 2)dz: in such a case, we can
then identify equation (12) with a weak formulation of the system of linear scalar hyperbolic equations

ot ot
P G x) + L2, 2) = —b(é, @) G (i, @), Vit z) € E x Ry x R, (20)
ot ox
with the initial conditions
ao(t, ) = @ini(i,2), V(i,z) € E x Ry, (21)
and the boundary conditions
(z,0) Z/ a(j, i, 2)u(j, x)de, V(i,t) € E x Ry. (22)
jeE R+

(this system (20)—(22) is the generalization of Model (1)—(3) to the case of any finite set E of all possible states).
Then equation (12) can be obtained by multiplying (20) by any function ¢ € C1(E x R, ), and integrating by
parts with respect to x. This interpretation is used below in order to define a numerical approximation of the
solution to this equation.

2. THE NUMERICAL SCHEME AND ITS CONVERGENCE

2.1. The numerical scheme

In order to compute an approximation of the probability distribution p; of (¢, X;) for t € R, we use a
finite volume scheme (see for example [11] for a general introduction on such numerical methods). Let A > 0
be given and let us divide Ry into intervals of length h. The principle of the method is to approximate
the measure p;(i, dr) by the measure @}(i,z) dr, where the function % is constant on each square [mh, (m +

1)h[x[nh, (n+ 1)h[ for all integers n and m, i.e.

al'(i,x) = ul(i,m), Y(x,t) € [mh,(m+ 1)h[x[nh, (n+ 1)h], ¥(m,n) € N x N.

The finite volume scheme is inspired by the functional interpretation (20)—(22). An explicit upstream weighted
finite volume scheme, in which the time step is taken equal to the maximum value authorized by a CFL condition,



can be written as

thJrl(iv m) B uilz(% m)

. +ul(i,m) —ul(i,m — 1) = —h b(i,mh) ul_,(i,m) for all m > 1,
or equivalently
h .
o ut(i,m—1)
=—F—— " forallm>1 2
Uy 1 (1, m) T+ hb(i, mh) or all m > 1, (23)

and
UZJrl(ivO) = Z Z ha(j,i,mh) uZJrl(jv m), (24)
jEEmM>1
where we recall that b(i, mh) =3 _,c g a(i, j, mh).
The initial condition is given by the natural discretization of measure pjy;:

1
ub(i,m) = — / pini(i,dz)  for all m > 0. (25)
b S, (m+1)n]

Remark 2.1 (Implicit schemes and CFL). We consider in this paper only explicit schemes under the condition
CFL = 1, mainly because we want to avoid the smearing of Dirac masses during the transport step. Nevertheless,
it can be necessary, for precision purposes, to choose different space steps with respect to the state (see the last
numerical example presented below). In this case, it is all the same possible to generalize Scheme (23)—(25)
while avoiding the smearing of Dirac masses in all the states. Indeed, let us assume that the time step is given
by h > 0 and that, for each state ¢ € E, the space step is given by N; h with N; € N*: consider the scheme
given by the initialization

1
hy-
ug (i,m) = /
0 Nih [mN;h,(m+1)N;h[

Pini(i,dz)  for all m > 0, (26)

and, for allm € Nand ¢ € F,

if there exists k € N such that n + 1 = kN;, then

ul(i,m —1)

U T o allm > 1
1+ ho(i,mN;p) O oM =4

al,,(4,0)=0and @, (i,m) =
else
uﬁ(i,m)

~h .
=—7"1" " forallm>0.
Ty 1 (4,m) TE R b mN ) orallm >0

Then we set, for alln € Nand i € E,

“Z+1(i, m) = ﬂZ+1(i, m) for all m > 1,

‘ . . 1 . - .
Wl (1,0) = @ (1,0) + = Y Y Nihalji,mNjh) i1 (j,m). (28)

v jeEm>0

Then Scheme (26)—(28) satisfies the mass conservation, i.e.
Z Z Nihul (i, m) = Z Z Nihul(i,m) = 1.
i€E meN i€E meN

Moreover, it keeps respecting the non-diffusive effect resulting from the condition CFL= 1, even for all the states
i € E such that N; > 1. The convergence analysis of Scheme (26)—(28) can be done, following the method



presented in this paper for Scheme (23)—(25). It is applied in [9] to different examples, where keeping the same
space step for all states would either produce inaccurate results, either lead to inadmissible computing times.
In [8], we consider more general cases where the velocity can depend on the state, in multi-dimensional spaces.
Note that in such cases, we cannot avoid the smearing effect of CFL< 1 and the discretization must be refined
at the location where Dirac masses are transported. In such a case, implicit schemes must then be completely
excluded for accuracy, but also for computing time reasons.

Some simplification of the expressions can be drawn from letting m € Z instead of m € N. The numerical
scheme (23)—(25) can then be written in the following way

a™(j,i,m) = a(j,i,mh), Vi,j € E, Ym € Z, m > 1,
a"(j,i,m) =0, Vi,j € E, vmez, m <1,
bhzm Za i,j,m), Vi € E, Ym € Z,

jeEE
by 1 . .
ug(i,m) = — pini(i, dz), Vi e E, Vm €N,
h [mh,(m+1)h[
ub(i,m) =0, Vie E, Ym € Z\N,
(L+hbo"(i,m))ul 1 (i,m) = ul(i,m — 1) + UL, (i,m), Vi€ E, ¥(m,n) € Z xN,
n+1(z, m) =0, Vie E, Vm € Z\ {0}, Vn € N,
Ur}LlJrl(’La ) ZZhG ]al m) n+1(.j7 ) ViEEa VHEN,

JEE mEZ

al'(i,x) = ul'(i,m), V(z,t) € [mh,(m+1)h) x [nh, (n+ 1)h),
Vi€ B, Y(m,n) € Z x N. (29)

In the following statements, we refer to Scheme (23)—(25) using the label Scheme (29), which gathers all the
notations which are needed. We now state, in the following proposition, the property of mass conservation of
this scheme.

Proposition 2.2. Let E be a finite set, and let a € C)(E x E x Ry). Let pini be a probability measure on
the set E x Ry, such that there exists Ry > 0 with ZieE f[o Ro) pini(i, dz) = 1. Let h > 0 be given, and let

(Uﬁ(ivm))(i,m,n)eExeN and u" 1 E xR x Ry — R be given by Scheme (29). Then

ul(i,m) >0, Vi€ E, Vn €N, Vm € Z, (30)
ul(i,m) =0, Vi€ E, Vn €N, Ym € Z,m < 0, (31)
Ry N ul =1, VneN, (32)

1€E meZ

and

Z/utzxdm—l Vit e Ry (33)

ieE

Moreover, denoting, for any positive real x, by [x] the greatest integer lower or equal to x, then

ul'(i,m) =0, Vi € E, Vn € N, Ym € N, m > [Ro/h] + n. (34)



Proof. Properties (30)—(32) hold for n = 0 since piy; is a probability measure with support on E x [0, Ry].
Assume that these properties hold for a given n € N. We get from Scheme (29) that Properties (30) and (31)
are verified for m 4+ 1. Moreover

hz Z (1 + hb"(i,m))u ,H_lzm—hz Z =1.

i€EmeZ,m>1 i€E mEZ,m>0

It delivers, since we can write

“Zﬂ(iao) n+1l0 ZZha Ji,m) n+1(ﬂv m), Vi € E,

JEE mEZ
that
Ry b (5,0)=h> > hbEm)ul, (i,m),
el 1€EE mEZ,m>1
which gives
hZZuZH(i,m hz Z (L4 ho"(i,m))ul  (i,m) = 1.
i€E meZ i€E mEZ,m>1

This concludes the proof of (32), which immediately produces (33). The proof of (34) then comes from a proof
by induction. O

2.2. Convergence of the numerical scheme

Let us begin with proving a property of continuity with respect to the time of the measures 4/ dz.

Lemma 2.3. Let E be a finite set, and let a € CO(E x E x Ry). Let pini be a probability measure on the
set I/ x Ry, such that there exists Ry > 0 with ), f[O,RO] pini(i, dz) = 1. Let h € (0,1) be given, and let
(UZ(iam))(i,m,n)eEXZXN and u" : E x R x Ry — R be given by Scheme (29). Let 1 € C*(E x R). Then, for
all T € Ry, there exists a real Cy (1, T), which only depends on v, T, a and pini, such that

<Oy, T) (Jt — 5|+ h), ¥s,t€[0,T).  (35)

Z/¢2xut(zx d$—2/¢2x "(i,x) dx

icE i€E

Proof. Let us assume the hypotheses of the above lemma. Let Ry = Ry + T + 1. Let s,t be given such that
0<s<t<T. Let us define

h(s,t) Z/wzxutzxdx—Z/wzx (i,2) dz.

i€E i€l

We then have

ZZhwzm t/h]zm ZZhwzmu[é/h(zm)

i€E meZ i€E meZ

where we set, for all m € Z, (i, m) f(m+1)h (i, z) de. We get
[¢/h]—1

Z Zzhwlm [ult 1 (i,m) — ult(i,m)].

n=[s/h] i€E m€EZ

10



From Scheme (29), we obtain

—ul(i,m ul (i, m—
ZZhwzm n+1(l m)—uh(z,m)}zzz:hiﬁ(i,m) (—hbh('n(,h)_'_' n( hl). )

2, m) un+1(l7 m) + Un-l—l(za m)

i€E meZ i€cE mez
= - hz Z (i,m+1) — (i, m)] ul (i, m)
i€E mEZ
- h2 Z Z J)(Za m) bh(ivm) U'Z-‘,-l(iam)
i€E meZ
+h22¢20 ZZ ]alm n+1(.j7 )
i€E JEE mMEL
Hence, we deduce
[¢/h]—1
——hzz Y(i,m+1) = ¥(i,m)] Z ul(i,m)
i€EE meZ n=[s/h]
[t/h]—1
- h2 Z Z w(% m) bh(l7m) Z U’Z—i-l(ia m)
i€EE meZ n=[s/h]
[¢/h]—1
—l—hQszO ZZ (Jyi,m) ul 1 (4, m).
i€EE JEE mEZ n=[s/h]

-1

(m+1)h rh 9
fm 5 s/h]

o a» (i, x+y) dy dz and smcez t/h

Since (i, m+1) —
(m+2)h < Ry, we have

ul (i,m) # 0 implies 0 < mh <

[t/h]—1 00 [t/h]—1
i,m+1)—YP@,m uﬁ i,m) < max su 1, T uz 2,Mm).
plim+ 1) = vm| >0 wiim) <max s |FUGn) S uhiim)
n=[s/h] n=[s/h]
Using similar arguments for the other terms, we deduce that
[t/h]—
Al(s,t)] < h% max sup ‘—
AN W 5 pop L
[t/h]
+h’max sup (i, @) sup [b(i, )| Z DD
ek z€[0,Rr] z€[0,Rr] =[s/h]+1i€EE meZ
[t/h]
+ h? max sup Y(i,x)] max sup |b(i,x
i, g ) S S5

=[s/h]+1i€EE meZ
Using (32), we obtain
AR (s, )] < Co (6, T) B ([t/h] — [s/R) < CL(6,T) (¢ — 5 + ),

where C1 (1, T) is a real which only depends on ¥, T, a and pi;. O

We can now prove the following theorem.
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Theorem 2.4. Let E be a finite set, and let a € C°(E x E x Ry). Let pin; be a probability measure on the set
E x Ry, such that there exists Ry > 0 with Y5 f[O,Ro] pini(t, dz) = 1. Let (hp)pen be a sequence of strictly
positive real numbers, which converges to 0 as p — co. Then there exists a subsequence of (hp)pen, again denoted
(hp)pen, and, for all t > 0, there exists a probability measure vy on E x Ry with a finite support, such that the
sequence of measures ((ﬁ?’” (i,7) dz,i € E))pen converges to vy as p — oo, where u"» : E x R x Ry — R is
given by Scheme (29) for h = h,. The measure convergence means that for all £ € CO(E x Ry), we have

lim / (i, arr i,x dac:/ Eduy.
IHJFOOZ ExR, (i, )a," (i @) ExRy '

i€E
Moreover, for all ¢ € C°(E x Ry), the function t — fEx]R+ Eduyy is continuous.

Proof. Without lack of generality, we assume that h, € (0,1) for all p € N. Let (t,)men be a sequence of
real numbers, which is dense into Ry. For any m € N and p € N, we deduce from (32) and (34) that the
measure ﬁﬁi dz is a probability measure on E x Ry with a support included in [0, Ry + t,,, + 1]. Thus, using
Prohorov’s theorem, we deduce that there exists a subsequence of (h,)pen (depending on m) and a probability
measure v¢, such that the sequence of measures ((ﬁ?f; (i,z) dz,i € E))pen converges to v, as p — oo in the
following sense: for all bounded functions 1 € CO(E x Ry):

lim / w(i,x)ﬂh” (i,2) da = / Yduy, .
pHJrOOi;E ExRy fm ExR4 '

Using the diagonal method, we then can build a subsequence, again denoted (hp)pen such that for all m € N,

the sequence (ﬂ?: (1,2) dz)pen converges to the measure 14, in the sense given above. Let ¢ € Ry and let

¢ € C%E x Ry) be given. Let us prove that (3,cp ng(i,x)ﬁ?’” (i,z) dx)pen converges as p — oo. To that
purpose, we prove that it is a Cauchy sequence. We set T'=t+ 1 and Rp = Rg+ T + 1. Let € > 0 be given.
We approximate function € by a bounded function ¢ € C'(E x Ry ) such that sup,¢ (o . [£(2) —¢(x)| < e. Let
m € N be such that [t,, —t| < min(e/Cy (1, T),1). We then obtain for all p € N, using Lemma 2.3,

<G, T) (|t =t + hp).

Z/Rw(i,w) (@, (i,2) — a;” (i,x)) dz

ieE

We now choose n € N such that, for all p,q > n,

Yier Jp¥(i,x) (ﬂZZ (i,2) — ﬂZfL (i,2)) dx‘ < ¢ (this is possible

since the sequence () ;. p wa(i,x)ﬂ?j’L (¢, z) do)pen converges) and hy, and hg less or equal to ¢/C1 (¥, T). We
then get, for p,q > n,

S [[em @t ot el < |52 [ oi0) @) = ) )+ 2
=< Z/Rw(i,w) (@ (i, ) — @,” (i,)) da
i arr (i, ) — ar (i, 7)) do
#3 [ wn iin —atziin a
; ay (i, z) — ay (i, x)) da
HE [ vt om0 an| 2
< Te.
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This proves that (3, p [5 &(4, x)ﬂf” (¢, ) do)pen is a Cauchy sequence. Let us define

pan;OZ/ﬁzxut (i, ) dz.

i€E

The operator S; is positive linear form on C°(E x Ry ) and S;(1) = 1. Consequently it is a probability denoted
by vy, i.e. S¢(§) = [Edvy = > icE fR+ £, 2) v (i, dx).

Let us prove the continuity of ¢t — [& duy, for any £ € C%(E xR xRy). We again set T' =t + 1 and
Rr = Ry+T+1. Let € > 0. We again approximate § by ¢ € C'(E xR ) such that sup, ¢ (o . [£(2) = (z)| < €.
We let h = hy, in (35), and we let p — co. We thus get, for s € [0, 7],

S [t = [ sttt

i€E i€l

<Gy, T) [t - sl.

We then have, for all s € [0,T] such that |t —s| <e/Ci(v,T),

Z/fzacz/t dz) Z/{zml/szdx Z/wz:nl/tzd:c Z/wzml/szdx)JrQs
i€l ieE icE icE
< 3g,
which completes this proof of continuity. (I

We now get the following corollary.

Corollary 2.5. Let E be a finite set, and let a € C°(E x E x Ry). Let pin; be a probability measure on the set
E xRy, such that there exists Ry > 0 with ), f[o Ro) pini(i, dz) = 1. Let (hp)pen be a sequence of strictly

positive real numbers, which converges to 0 as p — oo. Let us again denote by (hp)pen the subsequence of
(hp)pen and, for allt > 0, by v, the probability measure with a finite support given by Theorem 2.4. Then the

sequence of measures (af (i,7) dz dt)pen, where u'» : E x R x Ry — R is given by Scheme (29) for h = h,,
converges to the measure p defined by p(i, dz, dt) = vi(i, dz)dt as p — oo in the following sense: for all
£ € C0i(E xR xRy) we have

hmZ/ fzxtut (i,z)dxdt = Z/ §Z:Et1/t(,d:£)dt:/ & du.
pmee B IR Ry ExRy xRy

Moreover, let £ € CO4(E x R x Ry) and A be such that £(i,z,t) = 0,Vt > A, Vi € E,Vo € R, and let
Ra=Ro+ A+ 1. We then have

[A/Rp]

pgrfm h? Z Z Z § i,mh,nh)ul(i,m) = /EXR+XR+£ dp. (36)

i€eEmeZ n=0

Proof. Let £ € CO(E xR x Ry). We get that

lim Z/ &(i,x,t) ut P(i,x)dedt = / &(i, x, t)pe(i, da) dt,
Ry JRy

pHOO
ieE

thanks to the Lebesgue’s dominated convergence theorem.
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Let us now prove (36). We can write

Z/1R+XR+§(Z x,t)al(i,z) dz dt = Z Z Z // €Gi,z,t)ul (i, m) dz dt

icE i€E m>0 n>0 h,(m+1)h[x[nh,(n+1)h[
[A/h]—1

*ZZ Z zm// E(i,x,t) da dt
mh,(m+1)h[x[nh,(n+1)h[

i€E m>0 n=0

+ zm// &(i,x,t) do dt.
Z Z mh, (m+1)h[x [h[A/h],A]

i€E m>0

On the one hand:

>3 ki [ €livayt) do dt] < 3 57 whli,m) €k, i o (A = BIA/R]
[mh,(m+1)h[x[h[A/R],A]

i€EE m>0 i€EE m>0

= [|€ll Lo (mxr, xr ) (A — R[A/R])

and the right hand side of the above expression tends to 0 when h tends to 0.
On the other hand, we have

[A/h]—1

= hQZZ Z (i, mh, nh) ul (i,m)

i€EEmMEL  n=0
[A/h]—1

- t) do dt
Z Z Z (i,m //mh (mA+1)R[x[nh,(n+1)h [E(z =1) do

i€E m>0 n=0

[A/R]—1

< (i,m // &(i,mh,nh) — (i, z,t)| dz dt.
Z Z Z mh,(m+1)h[x[nh,(n+1)h[ | ( ) ( |

i€E m>0 n=0

Using (34) we obtain

[(Ro+A)/h]—1 [A/h]-1

5:h) < // |€(¢, mh,nh) — £(i, z,t)| da dt.
5 Z Z Z [mh,(m+1)h[x [nh,(n+1)h]

icE
Let us define
eac(h) = sup{|&(i, z1,t1) —&(i, xa,t2)| 11 € E,0< 1,20 < Ry+ A, 0<ty,ta <T,
|x1 — xo| < A, |t1 — ta] < h}.
Then we have

[(Ro+A)/h]-1 [A/h]-1

0< 5& Z Z Z 6,4& hQUZ(i,m) < €A7§(h) [A/h] < A€A75(h)

i€EE

and the right hand side of the above inequalities tends to 0 when h tends to O, which ends the proof. 0
Let us now prove that the measure u(i, dz, dt) = v4(i, do) dt satisfies (14).
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Proposition 2.6. Let E be a finite set, and let a € CO(E x E x Ry). Let pini be a probability measure on the
set xRy, such that there exists Ry > 0 with ;5 f[o Ro] pini(t, dz) = 1. Let (hp)pen be a sequence of strictly

positive real numbers, which converges to 0 as p — co. Let us again denote by (hy)pen the subsequence of (hp)pen
and, for allt > 0, by vy the probability measure with a finite support given by Theorem 2.4. Then the measure
p(i, dz, dt) = pe(i, dz) dt is such that for all T > 0, there exists Ry > 0 with Y, fOT f[o gy (0, dz, dt) =

YoicE fOT Jp, (i, dw, dt) < oo and that (14) is satisfied.

Proof. Let us assume the assumptions of the above proposition, and let ¢ € CL,(E x R x R,). Without lack of
generality, we can assume that h, € (0,1). We consider a time T > 1 such that

oli,z,t) =0V (i,z,t) € EXxR x [T —1,+00), (37)

and we set Ry = Ryg+ 1T+ 1. Let us simplify the notation in all the following proof, replacing, in any equation
where p € N is given, h, by h. We also set

p (i, dz, dt) = @l (i, x) dz dt, V(i,z,t) € E x R x R,. (38)
Let us notice that (33) gives
/ «[0, 7] du:/ «[0,T] dy = T. (39)
ExR ExR4
Let € € (0,1) and h € (0,1 — ¢€). Let us first prove that
/ dph = / dpl = / du”, (40)
ExRx[0,T] E xRy x[0,T] Ex[0,Rr—¢€]x[0,T]
/ du :/ du.
E xRy x[0,T] Ex[0,R7]x[0,T]
We have
(T/h

]
0< / duh < h2u” (i, m).
Ex[Rp—e,+00[x[0,T] 2 nz;o !

Rp—e
mz[ 5]

Then Formula (34) gives u”(i,m) = 0 for 0 < n < [T/h], and m > [Ro/h] + [T/h]. It is easy to check that

n

[((Rr —€)/h] < [Ro/h]+ [T'/h]. Therefore we get

/ du" =0,
Ex[Rp—e¢,+00[x[0,T]

which proves the result for measure p".
Now, let € > 0 and let ¢ € CY(E x Ry x R;) a function which satisfies: 0 < ¢ < 1, ¢, = 1 on
E x [Rp,+00[x[0,T] and ¢ = 0 on E X [Ry — €, +00[x[0,T + ¢]. We obtain

OS/ dué/wedu=lim/<ﬂedu”-
EX[Rr,400[X[0,T) h—0

For h <1 — €, we have

T+e
Oé/weduhﬁ/ d,uhg/
Ex[Ry—e,400[x[T,T+e] T ;

15



Let us now prove that measure p satisfies (14). We get, from Scheme (29),

0= ultyy(i,m) — uli(i,m) + (i, m) — ul(i,m — 1)

up (i,
+ hb"(i,m)u n+1(z m) — U+1(z m).

Multiplying the above equation by —h (i, mh,nh) and summing on ¢ € E, m € Z and 0 < n < [T/h] — 1, we
obtain

T+ T8+ T8+ T) =0,
with

[T/h]—

=-> > Z ul 1 (i,m) = ult(i,m)) hp(i, mh, nh),
i€EmeZ n=0

[T/Rh])—
Z Z Z h(z m— 1))h<p(z,mh,nh),
i€EEmeZ n=0

[T/Rh)—

Z Z Z h2bh (i,m) n+1(z m) (i, mh,nh),

i€EmeZ n=0

[T/h]—-1
=S S hURAG0) ¢l 0.nh).
€E n=0
Step 1. Study of Tlh
‘We have
[T/h]

>

T =—hzzz o(i,mh, (n—1)h)

i€EEmEZ n=1
[T/h]—1

+hY Y ul(i,m)p(i,mh, nh)

i€EmeZ n=0

=

=hY D> > uili,m) (i, mh,nh) = ¢(i,mh, (n - 1)h))

i€EEmeZ n=1

—I-hZZqum (i,mh,0),

i€E meZ

since, if h is small enough, i.e. if p is large enough, we have (i, mh, ([T/h] — 1)h) = 0.
Let us define 7}” and T, ? by

[T/h]—1

TP =0 3" 3 ul(i,m) (i, mh,nh) — o(i,mh, (n — 1)h)),

i€EEmeZ n=1

Tp—hZZuozm (i,mh, 0).

i€E mEeZ
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We also define 1" by
(i, mh,nh) — (i,mh, (n — 1)h)
h

M (i, m,0) = g—f(i,mh,O).

(i, m,n) =

if n#£0,

and 1" by
PP (i, x,t) = " (i, m,n) if (z,t) € [mh, (m + 1)h[x[nh, (n + 1)h[, Ym € Z, 0 < n < [T/h] — 1.

For n > 1, we notice that there exists t" € [(n — 1)h,nh| such that

o)
¥ (i,m,n) = (i, mh, 1)),
Since the function %—f is continuous, it is uniformly continuous on [0, Ry] x [0,T], and therefore
o _
lim H—“" _ - 0.
oo || O L (Ex[0,Rr]x[0,T])

‘We have

T/h]—1

[
Pt dph = 2" (i, m,n) ul(i,m +/ P dp”
/E><]R><]RJr Z Z Z ( ) n( ) EXRx[h[T/h],T)

i€EmeZ n=0

=T+ 82503 ufi,m) " (i,m, 0) + o dut,

i€E mezZ /EXRX[h[T/hLT]

On the one hand, using (37), (40) and (39), we get

[oarae 92 4| <
ExRxR4 ExRxRy O

" dp h
P — —) dp
/E><]R><[O,T) < ot

/ 8_90 d#h ,/ % du
ExRxR, Ot ExRxR, Ot

Dy Th
< -r _
<r|%-9

+

L= (Ex[0,R7]x[0,T])

/ 8_<p du” f/ %du .
ExRxR, Ot ExRxR, Ot

Since %f € CO(E x R x Ry), Corollary 2.5 and (41) imply that

+

lim P dple :/ 6—('0 du.
=0 JExRx[0,T) ExRrxo,T) Ot

17



On the other hand, using (32) and (39) we obtain

B2 ul (i, m) " (i,m,0) +/ P dp”
ZZ 0 ExRx[h[T/h],T]

i€E meZ

<h ||1zh|\Loc(Ex[O,RT]x[O,T])hZ Z uf(i,m) + h ||9"| L (B x [0, Re] % [0,7])
1€EEmEZ

=21 ||"| o< (Bx [0, R x [0,T])-
But (41) implies that ||'l/_}hHLoo(EX[O7RT]X[O7T]) is bounded. Consequently we obtain

lim | A2 ul® (i, m) " (i,m, 0 +/ P dphe | =0, 44
p_’°°< :DZ Z 0 ( ( ) ExRx[hp[T/hp],T] ( )

i€E mEZ

Equations (42)—(44) yield

- o ¢

lim T,F = / — dp = / — dp . 45

Jm Ty 5 i, O I (45)
To study lep , let us notice that if f is a real-valued continuous function, we have

Errgohz:fmh uozm /f x) pini (4, dz).
meZ

Indeed, we can write

>/ Fmh) pui(i, d)
[mh,(m+1)h[

meEZ

x) pini (4, dz) hz f(mh)ul(i,m ‘ ‘/f ) pini (4, dz) —

meEZ

IN

2 /[ hy(m+1)h[ [f(@) = f(mh)] pini i, dz)

meEZ
sup [f( f(z2)] Z/ Pini (2, dx)

x1,To € [O,Ro] meZ h,(m+1)h[
|Z1 — 1’2| S h
= sup |f(z1) = f(22)];
xr1,T2 € [O,Ro]
|I1 — Igl S h

IN

and the uniform continuity of f on [0, Ry] implies the convergence to 0 when p tends to co. Therefore we get

. Ilp _
plglgo T, Z/ i,2,0) pini(i, da).

el

Gathering the previous results, we have proven that

limTh:/ d + / (2,2,0) pini (i, dz 46
S =] e 8t Pty ) pini (i, ). (46)

ieE
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Step 2. Study of T
We have

Ty ul (i, m)p(i, mh, nh)

I
™
M
I\

iEEmMEZL n=0
[T/h]—
+hY Y Z (i, (m + 1)h, nh)
i€EmeZ n=0
[T/h]—

h Z Z Z (i, (m + 1)h,nh) — @(i,mh,nh)).

i€EmeZ n=0

Using the same methods as in step 1, we show that

lim T} = / 9% 4.
E

p—oo xR x[0,T) ox

Step 3. Study of 71
We have already seen that, if & is small enough, (i, mh, ([T/h] — 1)h) = 0, consequently we get

[T/h]—1

= —h? Z Z Z b (i, m) ul (i,m) (i, mh, (n — 1)h).

i€EEmeZ n=1

‘We notice that
lim T; = lim T;
h—0 h—0
with
[T/h]—-1

T;L =—h? Z Z Z b (i, m) ul (i, m) (i, mh,nh),

i€EmeZ n=l1

since, using (32) and (34) we obtain

(T/h]—

hQZZ Z bhzm Yul (i,m) | (i, mh,nh) — @(i,mh, (n — 1)h) |

i€cEmeZ n=1

(T/h]—1
:hQZ Z Z b (i, m) ul (i,m) | ¢(i,mh,nh) — @(i,mh, (n — 1)h) |
i€eE meL,
mh< R

[T/h]-1

< sup sup (i, m,t1) — (i, x, ta| [|bl| L (Ex [0, Rr]) P Z Z Zuf;(z,m)

z€[0,Rr] [t1—t2|<h iCE n=0 mcZ
< sup sup (i, x,t1) — o4, 2, t2)| [|bl| L (B x[0,Rr]) T
CEG[O,RT] |t1*t2|§h

and the uniform continuity of ¢ on [0, Ry] x [0,T] gives the result.
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In fact, the following relation holds

[T/h]—1

" = thZ Z Z b (i, m) ul(i,m) (i, mh,nh)

i€Em>0 n=0

+ 2D (i m) uh (i, m) (i, mh,0).

i€E mEZ
On the one hand, we have, using (36)

[T/hp]—1

lim hQZZ Z @(i, mhy, nhy) ulv (i, m) = / by du.
P00 ExRy xRy

i€EEm>0 n=0

On the other hand, thanks to (32) and (34), we have

|h? Z Z b (i, m) ul (i, m) p(i,mh, 0)|

iEE mEZL
< 10l o< (10, e}y 11l Lo (Ex 0, Rl x 0.77) B Z Z ug (i,m)

i€E mEZ

= ||bHL°°([0,RT]) ||90||L°°(Ex[o,RT]x[o,T]) h,

therefore this term tends to 0 when p tends to oo.
We have therefore shown that

lim T3h = —/ bo du
p—o0 ExRy xRy

Step 4. Study of T}
We have
[T/h]—
=% 2. hZ > hal (i m) w1 (G,m) (i, 0,nh).
i€E n=0 jEE meZ
and therefore as previously

hm TP = ZZ// o) a(i, j,x) ¢(4,0,t) (i, de, dt)

i€k jeE

Step 5. Synthesis

Since

0=T+ T +T + TP,

20



we have

0= hm(T1 +Th 4+ Th 4+ TH)
= (i, z,t) p(i, do, dt) + / (4,2,0) pini(Z, dz)
;//M o %
// (i, 2,t) u(i, da, dt)

S Jew, O

—Z// bi,2) (i, 2, 1) (i, da, dt)
icE R+XR+

+> ) / ali, j,x) @(4,0,t) (i, dz, dt),
icE jep” /Ry xRy

and this is the requested result. O

Theorem 2.7. Let E be a finite set, and let a € CO(E x E x Ry). Let pini be a probability measure on the
set E x Ry, such that there exists Ry > 0 with ), f[o Ro] pini (i, dz) = 1. Let h > 0 be a strictly positive real

number. Then, for all t € R, the probability measure uf (i,x) dz converges to p(i, dx), the unique solution
of (12) as h tends to 0.

Proof. The above proposition is a direct consequence of Theorem 1.4, Proposition 2.6 and Theorem 2.4. O

3. NUMERICAL APPLICATIONS

We now present some classical examples in reliability theory, in the framework of Remark 1.1: we recall
that E = {0,1} and that ¢ and b are linked by relations (8) and (9). The mean value of the duration in
the state i, for ¢« = 0,1, is then given by m; = fR tq(i,1 —i,t)dt, the standard deviation is given by o2 =
fR+ t2q(i,1 —i,t) dt — m? and the coefficient of variation C? is given by C? = o;/m; (see for example [3]). We
thus approximate the marginal distributions p;(i, da) using the numerical scheme which is described in this
paper. The availability A1 (t) is then defined by A;(t) = P(n: = 1) = fR+ pt(1, dz) and the unavailability is
defined by Ao(t fR pe(0,dx) = 1 — Ay(¢). It is possible to obtain an indicator of the error committed
on Ay(t), using the fact that the asymptotic unavailability is given by
mo

Jlim Ao(t) = (47)

mi1 + mo

We examine three numerical examples of the calculation of the unavailability A (t) = P(1; = 0) of the component
as a function of ¢. In the following table, we precise for ¢ = 0,1 the laws of duration ¢(i,1 — 7, -) kept for both
states of the three examples. We also give the mean values m; and the coefficients of variation C.

q(1,0,-) | m1 | CY =0o1/m1| ¢q(0,1,:) | mo | C§ =00/mo
Ex.1 gamma 10. 0.32 log-normal | 1.65 1.31
Ex.2 | log-normal | 4.48 1.31 Weibull 0.9 0.28
Ex.3 | Weibull | 886 0.52 Weibull 0.9 0.28

The Weibull distribution, with parameters a and (3, is given by

q(t)b(t)exp<£b(s)ds), b(t):%tﬁfl, m = al <1+%>, o? = a? <r<1+%>r2 <1+%)>
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FIGURE 1. Example 1. Left: numerical value of the unavailability Ag(t) as a function of the
time, right: approximation of ugg,3(4, x).

0.0 16.0 26.0
FIGURE 2. Numerical values of the unavailability A(t) as a function of the time, Example 2.

the log-normal distribution with parameters a and 3, is given by

q(t)

1 —(logt — a)? q(t) a+B82/2 2 _ 2a (.28  j3?
S () 0 g e e (@),

and the gamma distribution, with parameters o and 3, is given by

__ L e s _ q(t) _ 2 a2
q(t)_F(a)ﬂat e P b(t) = f;rooq(s)d57 m=af, o°=af".

In Figure 1, the left picture shows, in the case of Example 1, the unavailability as a function of the time, the
horizontal dashed line representing the asymptotic value. The right picture represents the curves gy /3(i, ) for
i =0and i =1, as a function of x, where tgg,3(i, ) dz is an approximation of pgg,3(i, dz) for ¢ = 80/3. The
peak, precisely obtained for x = 80/3, corresponds to the integration in the control volume of a Dirac mass at
this point, whose weight is the probability that the component is working during the time interval [0,¢]. In this
case, we have taken h = 0.01.

Figure 2 represents the unavailability as a function of the time for Example 2, and the horizontal dashed
line again represents the asymptotic value. The precision of the calculation can be evaluated by the distance
between the numerical results and the asymptotic value. The results are accurate enough, with A = 0.01, which
leads to 4000 control volumes.

In the case of Example 3, the results are not precise enough, using Scheme (23)—(25) with 2 = 1. and 2000
control volumes (left picture of Fig. 3). Note that other results of the literature show much less accuracy in this
case: this lack of accuracy is due to the high ratio between the mean durations of a working period and of a

22



0.0015 T 0.0015

0.0010 F==========-fmmmmommmomooooooooooooooooe 0.0010 Fm=========--moo o mesEo oo ITEE e
0.0005 - 0.0005 -
0.0000 - 0.0000 . . -

0.0 1000.0 2000.0 0.0 500.0 1000.0 1500.0 2000.0

FIGURE 3. Numerical values of the unavailability A¢(t) as a function of the time (left: Exam-
ple 3 with Scheme (23)—(25) and h = 1; right: Example 3 with Scheme (26)—(28) and h = 0.01,
Ny =100, N = 1.)

repair period, although these values are usual for reliable materials. Using Scheme (26)—(28), we are then able
to obtain much more accurate results (right picture of Fig. 3) with h = 0.01 and again 2000 control volumes,
using the values N1 = 100 and Ny = 1 (a number of 200000 control volumes would have been needed for the
same calculation with Scheme (23)—(25) and h = 0.01).

Other numerical experiments can be found in [4,9].

(1]
(2]
(3]

(4]
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