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A finite-volume scheme for dynamic reliability models

C. CocozzA-THIVENTT, R. EYMARDI AND S. MERCIERS

Laboratoire d' Analyse et de Mathématiques Appliquées (CNRS UMR 8050),
Université de Marne-la-Vallée, 5, boulevard Descartes, Champs-sur-Marne,
77454 Marne-la-Vallée Cedex 2, France

In a model arising in the dynamic reliability study of a system, the probability of the state of the system is
completely described by the Chapman—Kolmogorov equations, which are scalar linear hyperbolic partial
differential equations coupled by their right-hand side, the solution of which are probability measures.
We propose in this paper a finite-volume scheme to approximate these measures. We show, thanks to the
proof of the tightness of the approximate solution, that the conservation of the probability mass leads
to a compactness property. The convergence of the scheme is then obtained in the space of continuous
functions with respect to the time variable, valued in the set of probability measures on RY. We finally
show on a numerical example the accuracy and efficiency of the approximation method.

Keywords: dynamic reliability; Markov processes; finite-volume method; weak convergence.

1. Introduction

We consider a system which is described, at each time t € R, by its physical state Iy € E, where E
is a finite set, and by environmental variables X; € RY (e.g. the pressure of some part of the system
or the temperature). We assume that if the system remains in the same state for some time, then the
environmental variables satisfy the ordinary differential equation

dXy , Co

TS =v(i, Xt) Vte Ryst, Ily=i VieE, (1.2)
where v is a mapping from E x RY to RY. Stochastic transitions from state (i, x) € E x R4 to (j, y) €
E x RY are defined, thanks to a rate a(i, j, x) and a probability measure (i, j, x)(dy). We denote
by p(t)(i, dx) the probability distribution of (I, Xt), for all t € R... For such processes (lt, Xt)ter,
(called ‘piecewise deterministic Markov processes’ by Davis (1984, 1993)), the family of marginal
distributions (p (t)(i, dx))tcr, is solution of the Chapman-Kolmogorov equations

tz >al, 0 ( [ oG yuh, i,0dy) —e,x) ) p9)i, dx)ds
0 ; Rd Rd

icE jeE
t
+/0 ;/]Rd v(i,X)~V(ﬂ(i,X)p(S)(i,dX)dS—;/Rd(o(i,x)p(t)(i,dx)
+Z/d¢(i,x)p0(i,dx) =0 VieE, VteRy, Vg e CLRYE, (1.2)
ieE R

TEmail; christiane.cocozza@univ-mlv.fr
*Email: robert.eymard@univ-miv.fr
SEmail: sophie.mercier@univ-mlv.fr



where we denote by Cé(Rd) the set of continuously differentiable functions from RY to R with a com-
pact support, and, for a space of functions on some set 2, say F, we denote by FFE the set of functions
fonE x Q,suchthatforalli € E, f(i,-) € F. We assume the following hypothesis on the data,
denoted by (H) in this paper.

1. The set E is finite, d € N*,

2. The transition rate a is such that, for all'i, j € E, a(, j,-) € Cp(RY, R.), the set of continuous
and bounded functions from RY to R... We denote by A > 0 an upper bound on these functions
a(i, j, ). We denote by b(i, ) = >;.g a(, j, ), foralli € E, and by B = ACardE.

3. The velocity v is assumed to be such that, for all i € E,

e the function v(i, -) € C(RY, RY), the set of continuous functions from RY to RY, and v(i, -) is
locally Lipschitz continuous,

e the function divv(, -) is almost everywhere bounded in absolute value by some real value
D > 0 (independent of i),

e the function v(i, -) is sub-linear, i.e. there are some V; > 0 and V, > 0 such that
VieE, VxeRY, |vi,x) < ValxX|+ Va.

4. The function g is such that

e foralli,j e Eandx € RY, u(i, j, x) € P(RY), the set of probability measures on RY,

e foralli,j e Eandall y € Cp(RY, R), the function x — [ w(y)u(, j, x)(dy) is continuous
from RY to R.

5. We assume that po € P(E x RY), where P(E x RY) is the set of probability measures on
E x RY.

In Cocozza-Thivent et al., we have proved that under (H), there exists one and only one solution
p(-) to equation (1.2) , namely, a single function p(-): Ry — P(E x RY) such that the function
t = >ice Jra w(i,X)p (1)@, dx) is Lebesgue-integrable and bounded on [0, T], forall T € Ry and
for all y € Cp(RY)E and such that (1.2) is fulfilled. Moreover, the unique solution p(t) is actually
such that the function t = > g [ra w(i, X) p(t)(i, dx) is continuous from R, to R for all y €
Cp(RY)E,

REMARK 1.1 Hypothesis (H-4) includes the important practical cases u(i, j, X)(dy) = do(dy) (the
Dirac mass in 0), which corresponds e.g. to the case of a semi-Markov process (also called Markov
renewal process) where the elapsed time in the current state stands for the environmental condition (and
is set equal to O at transition time) and (i, j, X)(dy) = dx(dy), which corresponds to the continuity
of the environmental variables or any combination of these two cases with respect to the coordinates
of x.

Let us give two interesting cases where a functional interpretation of (1.2) can be given. In the case
where there exist some regular functions ug € LY(R%)E andu € C(R,., LY (RY))E such that po(i, dx) =
Up(i, x)dx and p(t)(i, dx) = u(, x, t)dx, and assuming that x(i, j, X)(dy) = M, j, x, y)dy for all
i,j € Eand x,y e RY, these functions satisfy in a weak sense the following system of linear scalar



hyperbolic equations, which are only coupled by their right-hand side

ou(, x, t) + div(u(, x, t)v(i, x)) = Z/Rd a(j, i, yyu(j, y, yM(j, i, y, x)dy — u(, x, t)b(, x),
jeE

forae. x e RY, VteR,, VieE, (1.3)
u(i, x,0) =uop(, x), forae xe RY, Vi eE.

Let us now take the more particular case, where d = 1; there exist regular functions ug € L*(R,)E and
u e C(Ry, LY(R1))E such that po(i, dx) = ug(i, x)dx and p(t)(i, dx) = u(, x, t)dx, assuming that
1(, J,X)(dy) = do(dy) foralli, ] € Eand x € Ry (see Remark 1.1) and v(i, -) > 0 (in order to ensure
the existence of a solution, the support of which remains a subset of R.). Then the term involving u
in (1.2) can be seen as resulting from the weak formulation of a boundary condition on {0} x R (see
Cocozza-Thivent & Eymard, 2004). Hence, the functions u and ug satisfy in a weak sense the following
system of linear scalar hyperbolic equations, only coupled by the boundary condition on {0} x R:

au(i, x, t) + div(u(, x, t)v(i, X)) = —u(, x, t)b(i, x), forae.xeR,, VteRy, Vi e E,

Vi.0ui.0.0 =3 [ a.iyul.yndy. vieR,. vieE. 1.9
; R
jeE

u(, x, 0) = up(i,x), forae xeRY, ViekE.

Hence, in the particular case E = {1}, System (1.4) is completely identical, dropping the condition
b(1, ) = a(l,1, ), to a population dynamics model called the McKendrick-Von Foerster model, im-
proved by Sinko & Streifer (1967) and Bell & Anderson (1967). In this model, u(l, x, t) represents the
density of population of age x at the time t, v(1, X) is the specific growth rate, b(1, x) is the specific
mortality at the age x, a(1, 1, x) is the specific fertility at the age x and up(1, x) is the initial density
of the population. This model allows for the computation of all the informations concerning the time
evolution of the population and has been the object of numerous studies and adaptations to more com-
plex situations (see Mischler et al., 2002, for non-linear improvements, and references therein, and see
Feller, 1966, for the probabilistic notions).

For such models, whether dynamic reliability or population dynamics model, a challenging problem
is to calculate the marginal distribution p (t) (-, dx) of the process (lt, Xt). Actually, as can be seen in the
literature (see, e.g. Labeau, 1996), such a distribution is analytically calculable in only very simple cases
and only numerical approximations are usually possible. One of the most up-to-date methods for such
numerical computations appeals to Monte Carlo simulation (see, e.g. Labeau, 1996, and other papers by
P. E. Labeau).

We construct here an approximation of p(t)(i, dx) using a finite-volume method and we prove
that such an approximation weakly converges towards the unique solution of (1.2). Such a method has
already been studied and implemented in some restrictive cases of dynamic reliability (see Cocozza-
Thivent & Eymard and Cocozza-Thivent & Eymard (2004) for the ‘semi-Markov’ case). Note that
similar numerical approximations for (1.4) have been studied in the 1D case (see Ackleh et al. (2002),
Ackleh & Ito (1997) and Abia et al. (2004), and references therein for the population dynamics prob-
lem). The study of the scheme on unstructured meshes in 2D (or more) is much more difficult, and
the proofs of convergence for the approximation of a linear or non-linear scalar hyperbolic problem,
using a finite-volume method, are more recent (they rely on the notion of weak bounded variation in-
equality, see, e.g. Eymard et al., 2000). Nevertheless, it appears that the suitable functional framework



for the study of (1.2) is the set of continuous functions of the time variable valued in P(E x RY), and
not in (L1(RY) N Lo (RY))E. This difference makes it necessary to use some tools which are new in
the framework of the study of convergence of numerical schemes for partial differential equations. In-
deed, the relative compactness of a family of bounded functions of L (R%) must be replaced by that
of a family of probability measures in P(RY), which implies the study of the tightness of this family
(see Lemma 3.4). This study appears to be quite complex, due to the redistribution of probability in-
duced by the measure u(i, j, X) (the transport part, due to v, does not lead to an actual difficulty). Note
also that the general convergence result is obtained in this paper under the assumptions 6t — 0 and
IM|/ot — 0, where | M| is the space step and ot is the time step. Such a condition instead of a simple
bound on | M|/dt seems to be necessary in the general setup, due to the apparent impossibility to prove
in the general case a certain weak bounded variation inequality (see Remark 3.2). This creates a thor-
ough difference with the L* framework, where the CF L condition for the convergence of the explicit
scheme is expressed as a bound on ét /| M.

Hence, the outline of this paper is the following. In Section 2, we give the numerical scheme which
is deduced from a finite-volume approximation of (1.3). We then derive the convergence analysis from
the conservation of the measure on the whole space and from a tightness estimate (see Section 3), which
allow for some convergence properties, continuity properties and compactness properties, leading to the
convergence of the scheme to the unique weak solution of (1.2). We then conclude this paper with a
numerical example showing the efficiency and the accuracy of the method (Section 4).

2. Thenumerical scheme
We first denote by g: E x RY x R — RY the solution of

Z—?(i,x,t) =v(i,g(,x,t)) V(i,xt)eExRIxR, (2.1)

with
g(i,x,00=x V(i,x)eE xRY. (2.2)

Thanks to the fact that the Cauchy-Lipschitz theorem holds within Hypothesis (H-3), the single solution
g of (2.1)-(2.2) fulfills the following properties:

1. the function g is such that g € C1(R; C(RY))E, where C1(R; C(RY)) is the set of continuously
differentiable functions with respect to time, valued in C(RY),

2. the function x — g(, X, t) is locally Lipschitz continuous with respect to x on RY, forall t > 0,
alli € E,

3. the following property holds:
o, g@,x,s),t) =g(,x,s+t) V(,x,5s,t)eE x RY x R x R. (2.3)

4. denoting by J(i, vy, s) the Jacobian in the change of space variable t = sand x = g(, vy, S), one
has

JG,y,00=1 V(,y)e ExR?



and

2 300,y.9 = divv(, 90, ¥, 9) 30, ¥,9) V(.9 € ExR xR
which leads to
S
J@,Y,9) :exp(/ divv(, g(, Y, r))dr) V(,y,s) € ExRY xR.
0

We then introduce the notion of admissible mesh M of RY, i.e. a family of measurable subsets of
RY such that

1 UKEM K= Rd’

2. V(K,L) e M2, K # L = KNL =@ (M is a partition of RY),

3. mg := [ dx > O0forall K e M.

4. supgepg diam(K) < +oo where diam(K) = supyy y)ek2) IX — yI. We then set |[M| =
SUPk e A4 diam(K).

Let a real number 6t > 0 and an admissible mesh M be given. In order to define the numerical
scheme, we first apply the principles of the finite-volume method to the initial condition, defining p(()"K)
by

mk py"’ Z/Kpo(i,dx) VK e M Vi €E, 2.4)

and in order to determine the discrete rates of state transition, we set

mLaﬂJ’g:/a(j,i,y)/ w(j,i,y)@dxydy V(K,L)e M2, V,j)e E2 (2.5)
L K

megpz/ b(i,x)dx VK e M, VieE.
K

We define the following coefficients for the convection part of the scheme, using the notations given at
the beginning of this section:

ml) = / J(i, x, —dtydx = / dy, (2.6)
{xeK /g(i,x,—dt)eL} {yeL/g(i,y,ot)eK}

which thus satisfy

Simi =m VieM. @.7)
KeM

For n e N fixed, assuming pr(,i’K) to be constructed (all i, K), let us construct prﬂiﬁ). We first apply a
finite-volume scheme to the left-hand side of the partial differential equations (1.3), which corresponds

to the transport part of the equations. Hence, defining the function P, by

Pa(i,x) = pi-K) vxeK, VK e M, Vi € E, (2.8)



we consider the weak solution U of the partial differential equation
at(x, t) + div(T(x, tyv(i, x)) =0, forae. (x,t) e RY x (0, dt),
u(x,0) = Py(,x), forae xe RY.

This function T is then such that T(x, t) = J(i, x, —t)Pn(i, g(i, x, —t)), fora.e. x € R4 and all t €
(0, ot). We then define mg p(' K = [ U(x, ot)dx, which thus satisfies, thanks to the above definitions,

mk p“K)—Zm piY) vKeM, VieE. (2.9)
LeM

We now take into account the right-hand side of the partial differential equations (1.3), by setting

(i.K) 1 Bk =(j.L -
mk p =———m + ot mL P vKeM, VieE. (210)
" st 1 Jzé LGZA; (Stb(” +1

Indeed, the first term of the right-hand side of (2.10) accounts for the probability that the state does not
change during the time step, the denominator of this term corresponding to the negative part of the right-
hand side of (1.3), i.e. the transition of the state i to another state j. The second term of the right-hand
side of (2.10) takes into account the transitions of all the other states j to the state i. We then construct
an approximation P, M bt( x)dx of the measure p (t)(-, dx) such that P, M"St(-, X) is constant on each
{i} x [ndt, (n+ 1)5t[ x K:

PMAG, x) = p0K) = Py(i,x) VieE, VxeK,
vVt e [ndt,(n+1)dt[, VK e M, VneN. (2.11)

REMARK 2.1 (IMPLEMENTATION OF THE SCHEME) For a practical implementation of the numerical

scheme, the number of non-zero terms in (p(' K))KeM has to be finite at each time step n (n € N). This
can be ensured e.g. by the following assumptions: pg has compact support and infx < o4 mk > 0, which
implies that the cardinality of {K € M: K c B(0, R)} is finite for all R > 0, where B(0, R) = {X €
RY: |x|] < R}). These additional assumptions are not required for the definition and the study of the
numerical scheme but have to be kept in mind for its implementation.

REMARK 2.2 (VARIABLE TIME STEPS) For the sake of simplicity, we only consider in this paper
a constant time step dt, although it would be easy to generalise our results to the case of a variable
time step.

3. Convergence study
3.1 Estimates
We begin with a technical lemma, which will be useful in the following.

LEMMA 3.1 Under Hypothesis (H-3), we have

lg@, x,t) — x| < (|x| + V2 ) (exp(Vit) —1) Vxe RY, Vte Ry, Vi € E. (3.1)



Proof. Lett > 0and x € RY be given. We can write

t
lg@i, x,t) — x| = ‘/0 v(i, g(i, X, s))ds
t
< / (V219G X, ) — X] + [X]) + V2)ds
0

t
— (VaIX] + Vo)t + v1/ l9(i. x, ) — x|ds.
0

We set h(t) = |g(i, x,t) — X|. We then have h(t) < (Mi|X] + Vo)t + Vg fot h(z)dz. Defining the
continuous function f by A(t) = (Vi|x| + Va)t + V4 [ A(z)dz, we then get, using Gronwall’s lemma,
that A(t) — h(t) > 0 forall t > 0. Since h(t) = 22 (exp(Vat) — 1), we get (3.1). O

LEMMA 3.2 (MASS CONSERVATION) Under Hypotheses (H), let M be an admissible mesh on RY in
the sense given in Section 2 and let 6t > 0. Then there exists one and only one family of non-negative

real values (pﬂ’K))neN,ieE,KeM which is the solution of (2.4)—(2.10). Moreover, this family is such
that
> mgpy =1 vneN. (3.2)
icE KeM

Proof. The existence and uniqueness of the solution (pﬂ’K))neN icE.KeM 10 (2.4)-(2.10) is clear. We
prove (3.2) by mductlon onn. The property is clear for n = 0. Suppose that > ; (g >k c g MK p(' -

1. Then, Py, pn ) and consequently pn+1 are uniquely defined by (2.8)-(2.10).
Moreover, we have

D IR 3 3 LR IP I e DIP IR

icE KeM icE Kem O JeE LeM stb) +1 1 KeM
with
> > a,&”ﬁ— Z/a(l,l,y) Z / u(j, i, y)(dxydy = b,
icE KeM IeE
This leads to
) b(J)m p(J ,L)
(i,K) K) n
PIDINUTIRED WD +aty D> =
icE KeM ieE KeM 5tb(l) i<E LeM 5tb(”+1
—Z Z pro K)_Z Z Z m(l) p(' L)_Z Z mLp(' L (33)
ieE KeM iecE KeM LeM ieE LeM
which completes the proof. O



We now build a sequence of radii which permits us to control the propagation of mass by both
mechanisms: transport and change of state. For this purpose, we first notice that for all R > 0 and all
i,j € E, the family {u(, j, X)(dy): [X|] < R} is weakly compact, which is a direct consequence of
(H-4). The family {x(, j, X)(dy)}xeB(o,R) is then tight (see, e.g., Billingsley (1968)), which allows us
to introduce the function fj j: Ry x RL — R%, given by

VReR}, VeeRL, fij(Re) = inf[r >R, sup / wu(i, j,x)(dy) < s] . (3.4
xeB(0,R) JRI\B(0,r)
We get the following result.

LEMMA 3.3 (PROPAGATION OF THE PROBABILITY MASS) Under Hypotheses (H), lete > 0, T > 0,
0> 0and Ry > 0 be given. Let the sequences (R®)c and (R™)en be defined by

RO — Ry, (3.5)
_ Vs + 0 exp(VaT
R® — exp(viT)R® + 2Jrf/—x'o(l)(exp(vlT) ~1) VkeN, (3.6)
REHD = sup £ ;(RY +0T,e) vkeN. (3.7)
i,jeE
Forall 6t € (0, T), defining N € N such that Not < T < (N + 1)dt, let the sequence (R,ﬁk))nzo ,,,,, N be
defined for all k € N by
RI = RW,
V.
RY, = (RW + 65t) exp(Vidt) + Vz(exp(vlét) -1) ¥n=0,...,N—1. (3.8)
1

Then the following properties hold:

Vo 05texp(Viot)
® — exp(Vinot)RK 4 (2 4 7)) Vingt)—1) vn=0,....N, YkeN
Ry’ = exp(Vindt) R™ + v+ exp(vio) — 1 (exp(Vindt) —1) vn=0,....N, VkeN,
(3.9)

RO < RO, RO <RW<RY < REFD < REFD wn=0,...,N, vkeN, (3.10)

sup / u(,j,¥)dy)y<e vn=0,...,N—-1, Vke N, (3.11)
RA\B(O,RY )

—1 N .
D400, i, jeE

xeB(0,R¥

VkeN,vn=0,...,N—1 VieE, VxeRY,
) _ " (3.12)
x| < R + 0t = |g(i, x, ot)| < RYY;.

Proof. Using (3.8), we easily get the proof of (3.9) by induction on n. The proof of (3.10) is a

consequence of exp(Vidt) — 1 > Vit and therefore m < \% and of fi | RY +0T,¢) >
5K
R

+ 0T > rY. Then, using that fj j (R, ¢) is nondecreasing withrespect to R, the relations (3.10)



and (3.7) yield
L (RKD k-1
fi,j(Ryy +60dt,e) < fij(R +0T,¢)
gR(k)<Rr(1|21 Vn:O,...,N—l, VkEN*,Vi’jeE

which gives (3.11) (note that it is important that the last inequality is strict since the infimum in (3.4) is
not necessarily reached). Finally, we get (3.12) using (3.8) and Lemma 3.1. O

LEMMA 3.4 (TIGHTNESS) Under Hypotheses (H), let 6t > 0 be given and let M be an admissible
mesh on RY in the sense given in Section 2. Let# > |M]/dt and T > ét. Let (")) ce.nen.kenr be
the solution of (2.4)—(2.10).

Then, for all &9 > 0, there exists R > 0 only depending on &g, T, V1, V2, A, CardE, po, 1 and 4,
such that

> > mkpif)=1-2 VYneN st nit<T, (3.13)
KeM ieE
KNB(0,R)#0
whence the tightness of the family of probability measures (PIM"St(~, X)AX) {(t, M, 5t):| M| /5t <6:0<t,5t <T}

on E x RY,

Proof. Let ¢ > 0 be given (this real number will be chosen as a function of g at the end of the proof).
We denote by Ry > 0 a real humber such that

Z/ poi, dx) < e. (3.14)
=2 /RI\B(O.Ry)

Hence, Rg only depends on ¢ and po. We then denote by (R®), .y and (ﬁ(k) )ken the sequences defined
for these values ¢ > 0 and Ry > 0 by (3.5), (3.6) and (3.7), which therefore only depend on ¢, pg, T,
Vi, V2, 1 and 8. We finally denote by N e N the integer, such that Not < T < (N + 1)dt, and by

.....

by Mﬁk) ={K e M, K N B(0, R,ﬁk)) = @}, and we define

0= > > mkpy vn=0,...,N, vkeN.
K el icE

which leads, using (3.14), to
q(gk) <e VkeN. (3.15)

The principle of this proof is to find some ko € N and some C > 0, independent of M, Jt and ¢,

such that q,ﬁkO) < Ce, for all n € N such that not < T, which will be sufficient to conclude, choosing

e =¢p/Cand R > ﬁ(kO) foralln e Nsuchthatndt < T.Letk e Nvandn =0,..., N — 1 be given.
We have

(i)
750.K) kL =(j,L)
— Mg Py ot D > — K —m
sthy +1 o)) 11

W- T Y



We thus get

R Tl LTI MDD o L

(') ()
M(k) ieE 5tb +1 M(k 1)]eEK M(k) icE 5tbj +1

D YD YD Y .. ) (3.16)

() 1
LEM\Mngrll) JeB ke Mgkll icE otbL" +

We first look for a bound for the third term of the right-hand side of (3.16). Let j € Eand L €
M\MED pe given. We have

n+1
> > afi‘f—z /a(J,l,y) > /#(J,I,y)(dx)dy (3.17)

icE (9] ieE )
€= Ke Mn+1 < Ke Mn+1

Since we have L N B(0, RYY) # @ and diam(L) < | M| < 63t, thus we have y € B(0, R¥P +64t).
Since K c RY\B(0, Rr(H- ) we can then write, using (3.11),

vyel 3 [ i< /B(O’Rﬁl)u(j,i,y)(dX)ée. (318)

(9]
Ke Mn+1

Thus, we get from (3.17) and (3.18) (recall that B = A CardE)

¥n=0,...,N-1VkeN,VjeE vLeM\MP, > > a)<Be (319

n+1 »
I<E K E'/\/lnlf¢)—l

Since we get a bound of the second term at the right-hand side of (3.16), using

> Sagl <b) vjiecE vieM,
KeMr(]kH'EE

we thus get from (3.16) and (3.19)

()
0% < T S e YOS Lm0 4 otee,

5tb(' 5tb“) +1
K MS:)» iecE Le Mr('lk 1) JGE

using > caq 2 jee ML p(J b (see (3.3)), which yields

a9 < > S+t > S

VIR ey, IE

(J)
5tb(” m p(J B4 stBe.

ince b < b B
Therefore, since b;"” < B, and thus —}— e < Sigg1 We get

< > > mepd K)+% > S mpn(i, L) +dtBe.

Kem¥), T€E LeME P\ MY, I€E
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Since Rr(]k V< (k) , implies M(k)l C Mf]kﬂl), we get

k) Bi-K) otB =(j.L)
q”+1\5tB+1 > D> mkp + B > ZmLpn + St Be. (3.20)
Kem®, i<E LemloD I€E

Let us now remark that, thanks to the relation (3.12), we obtain

vkeN,¥n=0,...,N-1,VieE, VKe M, vVLeM, my #0=LeM¥.

This implies using (2.9) and (2.7)
S > mkpi <q® vn=0,...,N, vkeN.
icE Ke M(k)

n+1

Hence, we get from (3.20)

0] 1 o B e s
1S s p1 Tap g o ToBe

Since q(k) < ¢ forall k e N and q(o) < 1 forall n e N, we then easily prove by induction on n and on

kthat, for all k, n € N, g < & + G + notBe, where (G), ken is defined by
G®=1vneN) and (G =0vkeN") and
@, = G + atBA*D vn=0,...,N,vk e .

Then an easy inductive argument shows that, foralln =0, ..., N, we have q,ﬁ") = k,(n al (6t B)K for
allk =0, ..., n (with the usual convention 0! = 1) and § ~(k) =0 for all k > n. This gives

(BT)K X
m vVne Nst.noit<T, VkeN.

nk
G < @tB) <

We thus obtain

e+ 4+ BeT VneNstnit<T, VkeN.

0 <, BT
n - 1

We then choose kg € N such that EL &. Thus, kg only depends on ¢, B (with B = ACardE) and
T. We then get
g <e@2+BT) VneNstnst<T

The conclusion of the above lemma follows by setting R = R (defined by (3.6)) and ¢ = &0/(2 +
BT). O

3.2 Convergence lemmas

Let f € Cb(Rd)E be a given function, and let t;,t, € Ry be such that 0 < t; < to. For a given
admissible mesh in the sense given in Section 2, and for a given 6t > 0, using all the notations of

11



Section 2, we define the expressions TlM’ét(f, t1,t2) and TzM’ét(f, ty, to) by

np—1
TM(F 1) = ot O AULY pn " (3.21)
;nzm K%\:A 5tb(') +1
M 1, t) _Z/ / (i, x)PM G, x)dx dt, (3.22)
g /[t,t] JRY
where _ L
700 _ 7/ f(i,x)dx VieE, VK e M, (3.23)
Mk Jk

represents the mean value of f on K and where we denote by ns, n, € N the integers such that njot <
t1 < (N1 + 1)dt and nadt < to < (N2 + 1)dt.

n21

REMARK 3.1 Throughout this paper, we use the convention that, if ny > ny, all the sums > > L () are

set equal to zero.

Similarly, for ¢ e CLRYE, we define the expressions Té/\/l’m(ga,tl,tz), T4M’5t(go,t1,t2),
T5A/l’5t((/’,t1,t2), T6M’5t((/),t1,t2),T7A/l’m((/’,t1,t2) and TgM’(St((ﬂ,tl,tz) by

-l ot
0t = > > meph O —E—p "), (3.24)
icE N=n1 KeM othy’ +1
M, tl,tz)_Z/ / b(i, X)e (i, x) P, x)dx dt, (3.25)

ieE

np—1

b
Mt =33 S a> S alp e o ik, (3.26)

()
ieEn=n1 KeM jeELeM 5tb +1

t2
T3, 11, 1) = ( . y)ud, j,x)(d )PM"”', dxdt, (3.27
%, 1 10) ZE/t /Rdj%;a(llx) [ oty i@ ) PG oo, @2)

np—1

TN ) =30 >0 D Ikt — mi BT, (3.28)
ieE =N KeM

T 0t 1) = [ v P (i, x)dx dt
et = /ﬁ/vﬂx) 0 (i, )P, x)dx

_ / o (i, )P, xydx + / (p(i,x)Pg“‘(i,x)dx]. (3.29)
Rd Rd

Note that considering Scheme (2.10) multiplied by #0-X) and summed overi € E, K € M and n =
ni,..., N2 — 1, we exactly get

—T3% . 11, ) + T (g, 11, 1) = T (0, 1, 1) = 0 (3.30)

12



On the other hand, using the above definitions, we can write

- T4M’§t(§0, t1,t2) + TGM’M (p,t1,12) — TgM’at (p,t1,12)

t
-2 /tz/Rd Z:a(i’j’x)/<"(i,y)#(i,j,x)(dy)
1

icE jeE

—b(i, X)p (i, X) + Vi, x) - Vo, x)| PG, x)dx dt

+ / oG, ) PG, xydx — / 0G0, )PP, xydx | (3.31)
Rd Rd

The following results will lead to the convergence of the scheme, by proving that the differences be-
tween TsM’ét (p, 11, t2) and T4M’(St (p, t1, t2), between T5M°at (p, 11, t2) and TBM’(;t (p, t1, t2) and between
T7M"St (p, t1,1t2) and TBM"St (p, t1, t2) can be made as small as desired, letting 6t — 0 and |M]/dt — O.

LEMMA 3.5 Under assumptions (H), let& > 0, f € Cb(Rd)E, T > Oand t;,t € Ry be such that
0 <tp <ty <T. Then, for each g9 > 0, there exists dtg, which only depends on ¢, T, f, Vi,
Vo, A, CardE, po, ¢ and 6, such that for all 6t € [0, oto], for all admissible meshes M in the sense
given in Section 2, such that M| < 6t, with PM-%t given by (2.4-2.11) and TlM"St(f, t1, t2) and
TzM’dt(f, t1, to) defined, respectively, by (3.21) and (3.22), we have

T M 1, 1) — TN (F 4, )] < co, (3.32)

which means precisely that lims_, o jA1)<a0t (TlM”St( f,t1,t0) — TZM’&( f,t1,t)) =0.

Proof. Let ¢ > 0. For a given admissible mesh in the sense given in Section 2, and for a given Jt > 0,
using all the notations of Section 2, we define the expression TgM";t( f, t1,t) by

np—1
i"K (i
T ) =at > > > m TR,
ieEN=n1 KeM
We then have
M,o M,9 i +30,K) i
TP, ) — T (Lt )l < otBat D > D> m[T071pg )

ieEN=n; KeM

< OtBT sup [ f (i, )l Loo(ray,
ieE

and therefore there exists sty > 0 only depending on ¢, f, B and T such that if 6t < oty then
Tt ) = T (L, b)) < e

13



We now consider T;3"*(f, t1, to) defined by

nyot n2—1 .
; . t . —(,K) ]
ng/t’bt(f,tl,tz) =Z/ ‘ /d (i, x)PM G, x)dx dt =étz Z Z mi T )p,ﬁ"K).
icg /Mot JR ieE n=n1 KeM
We then get that
M.t M.t (Dot M, st
ITio " (Fotn, 1) — T (F, tr, )] < Z/ / LG, 01 PG, x)dt
icE Rd nyot
(na+1)t
[ G0N odt ) dx,
noot

and therefore |T1/g/"5t(f, t1, tg)—TzM’f”(f, t1, )| < 20t sup; e Il T @, Il oo (- Therefore, there exists
Sta, only depending on & and f, such that | T3 (f, t1, to) — TS (F, 1, 1)) < e
Setting T,Y " (f, t1, to) = T3V (F, 10, t) — T (F, to, to), we get

np—1
i i)y ~£G.,L —+(@,K
TNt =ot > S S pto S ml) (700 — 71,
ieE =N KeM LeM

We then get that, for a given R > 0, TY"'(f, tr, to) = TN R(f, 11, o) + TR R(f, ty, o), with

np—1
ot R i iy —&@,L) —(@,K)
TR =0t > > > piO > mi (7 =T
ieE n=ng KeM LeM
KNB(0,R)=#
and
e ML) =0.K)
ot,R i i -, -,
TR =0t > > > plo > m ) (77 =10,
iecEnN=N1 KeMm LeM
KNB(0,R)£d
Since

np—1

|T£““’R<f,t1,tz)<f,5t,M,R)|<2sug||f<i,-)||Loo(Ra)5tZZ > phOmy,
le

ieE n=ng KeM
KNB(0,R)=0
thanks to Lemma 3.4, letting 6t < T and therefore |[M| < 6T, it is possible to choose an R which only
dependsone, T, V1, Vo, A, CardE, pg, u, f and 8 such that |T1/;/t"5t’R(f,t1,t2)| <eT.

Now let K € M be such that K N B(0, R) # @ and L such that m(L'Z( # 0. Thanks to Lemma
3.1, wecanchoose R > R + 0T > R + diam(K), only depending on T, V1, V», 6 and R such that
L c B(0,R) and K c B(0, R). Since f is continuous, it is uniformly continuous on B(0, R'). Let
a € (0,1) be such that |f(i,x) — f(i,y)| < ¢ forall (i,x,y) € E x B(0, R) x B(0, R") with
IX -yl <a.
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Thanks again to Lemma 3.1, let 6t3 > 0, which only depends on «, 6, V1, V> and T, be such that,
forall ot < oJts, we have |g(i, z, 6t) — z| < a/3 forall z e B(0, R').

As mf_'I( # 0, there isa z € K such that g(i, z, ot) € L. For ot < min(dts, 55), we deduce that, for
alxeKandyel,

X =yl <IX—=2+|z=9g(,z )+ |9(,z,t) —y| < a

and consequently |T("L) - T("K)| < &. This proves that |T1/§A”;t’R( f,t, )] <eT.
Choosing at the beginning of the proof & such that ¢ + & + ¢T + ¢T = &9, and then taking oty =
min(dty, dta, T, dts, 55) completes the proof. O
We now deduce the following result.

LEMMA 3.6 Under assumptions (H), let @ > 0, 9 € CX(R%E, T > 0and t;,t, € R, be such that
0 < t; <ty < T. Then, for each ¢g > 0, there exists dtg, which only depends on &g, T, ¢, Vi,
Vs, A, CardE, pg, u and 9, such that for all 6t e [0, dto], for all admissible meshes M in the sense
given in Section 2, such that | M| < 64t, with PM-9t e given by (2.4)-(2.11) and TBM";t((p, t1, t2),

TM%, 11, 1), T (0, tr, t2) and TM (9, 11, o) defined by (3.24)-(3.27), we have

T, 1, ) — M0, 11, 1)1 < e, (3:33)
and

T, 11, ) — T (0, 11, 1)1 < e, (3.34)
which means precisely that IimaHoJMKg(;t(TsMﬁt(f,tl,tg) - T4M"5t(f,t1,t2)) = 0 and

limst_0, 1M <00t (T5M’m(f, t1, t2) — TGM’(SI( f,t1,12)) =0.

Proof. We consider the function f defined by
f(i,x) =b(i,x)el,x) V(,x) eE xRY

Setting C, = supjcg IV (i, ) [l Lo (rd), We then have

b7 — by < ¢, |MB,

which yields that
T (9, 11, t2) = T (F, 11, 1)) < G IMIBT.
Noting that TZM"”(f,tl,tz) = T4M"5t((p,t1,tz), inequality (3.33) is then a direct consequence of

Lemma 3.5 applied to the function f.
We now consider the function f defined by

0 = a0 ([ o(Gyut.i0@n) v < E xR

jeE

15



Note that, although the function ¢ has a compact support, we cannot in general expect the same property
for the function f under the Hypothesis (H-4), and we can only deduce that f € Cp(RY)E. We then
have

mKT(i’K) _ Z Z mKan;L)E(j’L)

jeELeM
-|[  >adi x)(Z/ (0(j,y)#(i,jsx)(dy))dx
xeK} jcE LeM
o o 1 _
-> Z/ a(I,J,X)/ ﬂ(l,J,x)(dy)dX—/ p(j, 2)dz
[CE Lem ’ 1xeK) {yel} My JyzeL)
>/ / a, %) |o(j, y) - / o(i, 22 (i, §, x)(dy)dx
]EELEM {xeK} J{yelL}
< C,|M|Bmg.
We thus get that

ITSM’&((/), ty, t2) — TlM’(St(f, t1, t2)| < Cy|M|BT.

Noting again that TZM’ét(f, t1,t2) = TeM’ét (p, t1, t2), the conclusion follows from the application of
Lemma3.5to f. O

We now study the difference between T7M’(St (p,t1,1t2) and T8M"’t (p, t1, t) defined, respectively, by
(3.28) and (3.29).

LEMMA 3.7 Under assumptions (H), let 9 € CL(R%)E, T > 0and t3,t, € Ry be such that 0 <
tp < to < T. Then, for each g9 > 0, there exist dtg and Gy which only depends on &g, T, ¢, v, Vi,
Vo, A, CardE, po, and x such that for all 6t € [0, otp], for all admissible meshes M in the sense
given in Section 2, such that | M| < 6odt, with PM-t given by (2.4)-(2.11) and T7M"St (p,11,12) and
TBM"SI (f, 11, to) defined by (3.28)-(3.29), we have that

TM ot

(0, t1,t2) — {0, tr, )] < 20, (3.35)

which means precisely that Iim(;t_>o,|M|/(;t_>0(T7M’5t( f,t, 1) — TBM"“( f, t1,t2)) =0.

Proof. Lete > 0 be given. Let M be an admissible mesh in the sense given in Section 2, and let 6t > 0
be given. Using the notations from Section 2, we define the function 9, by @ A(i,X) = K =
iK Jk (i, y)dyforallx € Kandall K € M. Wealso note that, setting C, = sup;cg Ve, )l L oo (R
we have

170, %) — 0, X)| <CypIM| ¥xeRY, ViekE. (3.36)
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We get from (2.6), (2.8), (2.9), (2.11) and (3.28)

M9, 11, 1)
np—1

:Z Z Z /([Pn+1(i,x)¢(i,x)— Pn(i, 9@, x, —ot))J(i, X, —ot)p A4 (i, x)]dx ds

ieE KeM n=ng

1 -1 (n+1)st st _
S 2D I N L SR
n

ieE n=ng

—PM g0, x, —01) (i, X, —30)F (1, )]dx ds
1 (n2+1)ot _ _ nyot S
~ ot Z/ (/ R y) . y)dt —/ PM G, )@ aq(i, 96, y, ot))ds ) dy.
ice /RY\/ (m+D)ot niot
This leads to TYM’(;t (p,11,10) = —T]:/A\f/l’m (o, t1, 1) — Tl'/g/t’(st (p, 1) + Tig/l’ét (¢, t2), where we define

1 noot ) - ) ) )
T et = 5 3 [ [ R 0B 9. 00) = 0. 0ldxds,
ot == Jni+10t /R

Mot 1 (At Mot i o
TE Mo = 53 [T [ PGy v otydy s
ieg YNt R
and
i 1 (np+1)dt

T e = > [ [ Ryt yy s

10 5th: nyot Rd °
We first remark that

Tt =3 [ PG yiaad g v, o000y,

ieE R

and that

leg/l’dt(w,tz) = Z/Rd Pé\’wt(i, Yo, y)dy.
ieE

Hence, Tl/g""St (p, tp) is exactly one of the three terms constituting TSM";t (p, 11, t2).

Applying Lemma 3.1 and using the fact that the support of ¢ is compact gives the existence of some
C] > Oonly depending on Vi, V2, T and ¢ such that [p o4 (i, 9, ¥, 6t)) —o A (0, )| < (6t 42| M|)C].
Let 01 be given (for instance #; = 1), we then get that there exists Jt; > 0 such that, for ot < Jt1 and
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IM| < 016t, we have

TE M0 =3 [ olo0RM T 0i <o
ieE

We have T3 (o, t1, ) = TX" (0, 11, t2) + T2 (9, 11, t2), where we define

Mot _ 1
ieE

ni+1)dt

npot
[, PG00 g6 000 G, x0Tox s
R

and

; 1 2ot o oo
Ti/E\}/L()t ((p’ tl’ tz) = o Z/ / F)S/\/l’(St (I > X)[¢M(I ) g(lz X: 5t)) - (ﬂ(l, g(l B X) 5t))]dx dS.
ot == J(ny+1ot JRd

Defining T;5"" (o, ], t}) by

t i
T .. 1) = > / / PG00V, %) - Vo, )dx ds
icE’l R
forallt;,t) € RT such that 0 < t; <ty < T, we have T{?{"dt (p,11,t0) = leg’l‘st (p,t1, (N1 4+ 1)ot) +
leg"’at (p, (N1 + 1)dt, nadt) + Tlfg’l")t (p, N26t, t2). We note that there exists dta > 0, only depending on
@, V1, Vo, T and a bound of v on supp(p), such that, for 6t < éto, |T1/S\,/"fSt (p,t1, (N1 + 1)ot)| < ¢ and
ITﬁo‘,A"St (¢, n20t, t2)| < . We can write, since o, ¢ (i, g(i, X, 7)) = v(i, 9(i, X, 7)) - Vo (i, 9@, X, 7)),

t
o(i, g, x,0t)) — e, Xx) =/O v(i,g@, X, 7)) - Ve(, g, x, t))dz.

Thanks to the regularity properties of ¢, this gives the existence of some function h: R, — R with
h(x) — 0as x — 0, which only depends on ¢, V1, Vo, T and on the properties of v on supp(¢), such

that o .
(ﬂ(ls g(la X, 5t)) - g”(ls X)
ot

We thus obtain that there exists 6tz > 0 such that, for 6t < Jt3, we get

<h(st) VxeRY.

—Vv(i,X) - Vo(i, x)

ITH (0,11, 1) = Tig ™ (. (71 + D)ot npot)| < e
We now observe that, thanks to (3.36),

) IM|
T4 .4t < €, T

We can then choose 6, = ¢, which gives, for (M| < 6t0s, |T1/§A’5t(¢,t1,t2)| < C,Te. Gathering
the above results, it suffices to choose ¢, such that 4¢ + C,Te = o, dtop = min(dty, dtp, Jt3) and
6o = min(#y, 62), to conclude the proof of the lemma. O
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REMARK 3.2 The hypothesis |[M|/dt —> 0 is sufficient to guarantee the existence of some ¢ > 0
such that | M| < ét. This hypothesis is only imposed in order to ensure that Tlfg/l";t((p, t1,t0) — 0,
and was not needed elsewhere. In some special cases, however, the term Tlfg” ot (p, 11, t2) vanishes so
that the condition |M|/ét —> 0 is not required any more. Consider, for example, the case d = 1,
M = {lx = [kdt,(k 4+ 1)ot[ with k € Z} and g(i, X, S) = X + mjswithm; € Z.

In the case where po (i, X) = U (i, X)dx, with ug € L2(RY)E and x(i, j, x)(dy) = dy, it is possible
to prove a weak bounded variation inequality, namely, the existence of some C > 0 such that

N
>33 mA e - pii?<Co NS T < (N Dot

ieEn=0K,LeM

and an L2(RY x R_) estimate

>3 mk(p)?<C YneNstnit<T.
ieE KeM

The weak limit is then a function of L2(RY x R,)E, and the convergence can be proved under the hy-
pothesis |M| < 0dt. We do not give the details of this result here since it does not lead to a convergence
proof for more general po and .

3.3 Continuity and compactness

We can now state a lemma which ensures the continuity of the approximate solution with respect to the
time variable. Let 9 € Cp(RY)E be a given function. For a given admissible mesh in the sense given in
Section 2, and for a given Jt > 0, using all the notations of Section 2, we set

SM,dt, s, t) = Z/ (i, x)P M";t(i,x)dx

ieE

— Z/ 0, )PM, x)dx Vst eRy. (3.37)

ieE
The statement is then the following.

LEMMA 3.8 Under assumptions (H), let ¢ € Cé(Rd)E and let T > 0O be given. Then, there exists Cs,
which only depends on T, ¢, V1, Vo, A, CardE, pg and w, such that, for each ¢ > 0, there exist Jtg and
6o which only depends on g, T, ¢, v, V1, Vo2, A, CardE, po, and x such that for all 6t e [0, Jto], for
all admissible meshes M in the sense given in Section 2, such that | M| < 6odt, with PM-9t given by
(2.4)-(2.11) and S, (M, dt, s, 1) defined by (3.37), we have that

1S, (M, dt,s, 1) < Cglt — 8| + eo, (3.38)
which means precisely that lim sup,_,o | A4)/0t—0 1S (M, dt, s, 1)| < Cst —s].

REMARK 3.3 We could complete the proof of the above lemma assuming only | M| < 66t instead of
|[M|/dt — 0, which would only lead to a different choice for Cs.

Proof. Let gp > 0 be given. Let 8y be given by Lemma 3.7, and let otg be the minimum between the
values dtg given by Lemmas 3.5, 3.6 and 3.7, setting in & = 6y in Lemmas 3.5 and 3.6 let 6t € (0, Jtg)
and M be an admissible mesh in the sense given in Section 2, such that | M| < 6pdt, with P9t given
by (2.4)-(2.11).
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Starting from (3.31), we get

: M, 6t . M,ét
p(i, X)Py (|,x)dx—gE:/Rdgo(l,x)Pt2 (i, x)dx

< =TM%0, 11, ) + T (0, 11, 1) — T 0, 11, 1)

Z/t /d (ZJeEa(i’J"X)fﬁﬂ(i,Y)u(i,j,X)(dy)‘.

ieE

—b(i, X)o(, X) + v(i, X) - Vo, x)) PMAY (i, x)dx dt

Using (3.30) and then Lemmas 3.6 and 3.7, we have

| — T4M’5t(¢, t1, ) + Te Mo, t1,t2) — T3 (0, 1, )

= [TM%, 11, 1) — TM"“«»,u,u)+TM’5t(¢,t1,tz>

TM M, t1, 1) — 5t(90,t1,t2)+TM M, t1, 1)
< 3.

Let V be a bound of v on supp(¢). Setting

Cs=2Bsuplip(i, )l eomdy + VSUp IVe (i, )l Lo(rd)
ieE ieE

provides the result by substituting e9/3 by ¢¢ at the beginning of the proof. O
We can now conclude with the convergence theorem.

THEOREM 3.1 Under assumptions (H), let (Mm, dtm)men be a sequence such that, for all m € N,
M is an admissible mesh in the sense given in Section 2 and such that 6t,, — 0 and 'Mm' -0

asm — oo. Then, for all t € Ry, the tight sequence of probability measures (P/"™™ ‘Stm(-, x) dx)meN
weakly converges to a probability measure on E x RY, denoted by p(t)(-, dx). Moreover, this family
(p (V) (-, dX))ter, Iis the unique weak solution of the Chapman—Kolmogorov equations (1.2).

Proof. Let (tp)pen be a sequence of real numbers, dense in Ry and let (M, k), toyk)ken be a

Mooty _
sub-sequence of (M, dtm)men Such that (P PR-Top® (L x)dX)ken is Weakly convergent to a prob-

ability measure (thanks to the tightness property Lemma 3.4 and to the Prohorov theorem). Using
a diagonal method, we can choose a sub-sequence (M ), ots k))keN OF (Mm, Stm)men, such that
(Ptﬁ/t”"‘”ét”(k)( x)dx), _y is weakly convergent for all p € N. Such a sub-sequence is again denoted by
(M, otm)men in the following and (Ptp m "tm( X)dX)men IS Now weakly convergent to a probability
distribution p (tp)(-, dx) forall p € N.

Let us now prove that, for all y e CL(RY)E, the sequence (3 cg fra w (i, X) P mOtm (%) dX)men
is a Cauchy sequence for allt > 0.
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Let k, m e N. For all p € N, we may write, using the notation (3.37),

: Mi,dty g - Min,dtm
Z/Rd w(i, x)Pk k(I,X)dX—Z/Rd w(i, X)P; @, x)dx

ieE ieE

> [ worM G0tk =3 [ w0 R 0o
. Rd p 4 Rd p

ieE ieE

Let T =t+4 1landlete € (0,1) be given. We first choose p € N such that |t — tp| < &. Since the
sequence (Ptp m’(;tm(-, X)dX)men is weakly convergent, there exists mg such that, for all m, k > mg,

Z/Rd w(i,X) Ptﬁ""ﬁt"(i, x)dx — Z/Rd p (i, )P ™G, x)dx

ieE ieE

n (3.39)

<e.

We can now choose my > 0 such that, for all m > my, oty < dtg and | M| < Gpdtm, where dtg and Gy
are given by Lemma 3.8 for the value ¢. We thus have, for m, k > my,

ISy (M, dtk, t, tp)| + 1S, (Mm, dtm, t, tp)| < 2(Cs|t — tp| + &) < (2Cs + 2)e.

This completes the proof that (3°; g [ra ¥ (i, X)P; m’(St’“(i, X)dX)men i @ Cauchy sequence for all

t > 0. We easily obtain the same property for all y € Cc(RY)E by density of CZ(RY)E and then for

all y e Cp(RNE, thanks to the tightness Lemma 3.5. Therefore, there exists a probability measure

p () (-, dx) such that the sequence (P; m")‘tm(~, X)dX)men is weakly convergent to p (t)(-, dx).
Moreover, passing to the limit in (3.38), we get that, for all ¢ € CZ(RY)E,

> [ 060p00.00 -3 [ o050

ieE ieE

< Cgls—t| Vs, teRy,

which gives the continuity of the mapping t = [ > g ¢ (i, X)p(t)(i, dx). The continuity property is
easily extended by density to all ¢ € Cc(RY)E and to all ¢ € Cp(RY)E due to tightness. Thanks to
Lemmas 3.6 and 3.7 and the dominated convergence theorem, we have the following properties for all
9 € CE(RYHE and ty, tp > 0:

t2
lim TMmn G by tp) = lim T, 1, 1) = / /IR | b(i ), 0 (1), dxt,
icE”l

. ot . ot
ml|_>mOOT5Mm’ (g, 1, t2) = nJL)mOOTGMm’ (p, 11, t2)

=ZE;/tt /, > a5 (/ oty io0@n) i ae,

im TMm-dtm — im TMmdtm
Jim TR, ) = fim T3 (g, s t)
2
:—Z[/ / Vi, X) - Vo (i, x)p (), dx)dt
ice L/t JRY

+ [ 0G0t a0 —/Rdfﬂ(i,x)p(tz)(i,dx)]
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We now pass to the limit in (3.30). Since it is clear that p(0)(i, dx) = po(i, dx) thanks to (2.4), we
deduce that (p(t)(i, dx))tcr, is the solution to the Chapman-Kolmogorov equations (1.2). Thanks to
the uniqueness result proven in Cocozza-Thivent et al., we deduce in a classical way that the whole
initial sequence converges in the same sense. O

REMARK 3.4 (ALTERNATE ASSUMPTIONS) In assumptions (H), transition rates are assumed to be
bounded, which is not always the case in practice (consider, for example, Weibull distribution with shape
parameter greater than one). In case of unbounded continuous transition rates, the results are still valid,
however, under additional assumptions on x(i, j, X)(dy) and on the initial distribution pg(-, dx) which
allow one to control the expansion of the support of p(t)(-, dx) (or alternatively of P n"Stm(i, X)).
Indeed, assume for example that the support of po(-, dx) is included in some B(0, Mg)(the closure
of B(0, Mp)) and that for all i, j € E, the support of x(i, j, x)(dy) is included in B(0, |x|), it is
then easy to show that, forall T > 0,all 0 <t < T, the support of p(t)(:, dx) is bounded and is
included in some B(0, M) where M depends on Mg, Vi, V> and T. As transition rates are bounded on
B(0, M), we first derive from Cocozza-Thivent et al. the uniqueness for the solution of (1.2) and second,
similarly as in the present paper, the weak convergence of (P; m"St’“(«, X)dX)men to p (1) (-, dx) for all
O0<t<T.

4. Numerical example

We present the results obtained using the finite-volume scheme (2.4)—(2.10) on a benchmark taken from
Labeau (1996). The states of the system are defined by E = {1, 2, 3}, and the environment variables
are described by x € R2. The only possible transitions between states are 1 — 2 — 3, which means
that a(i, j,x) # 0 only for (i, j) = (1,2) or (i, j) = (2,3). We assume that a(1,2,x) = A1 and
a(2,3,x) = Ao forall x = (xB, x@) e R?, where 1; = 0.5 and A, = 0.3 and that x(, j, X)(dy) =
Jx (y) (this means that the environmental variables are not modified by transitions). The velocity field

is assumed to satisfy v(i, x) = A x, with A; = (1i5 0?5), Ay = (0_175 025) and Az = (0‘35 095). The

initial data po is given by the Dirac measure dy, with xo = (1, 1) in the state i = 1, which means that
Sice Jre 0, X)poi, dx) = ¢(L, Xo), for all ¢ € CL(R?, R)E.

An analytical solution can be obtained in this case Labeau (1996), which satisfies that p (t)(1, -) is a
weighted Dirac measure located at the point g(1, Xo, t) of R?, that p (t)(2, -) is supported by a line of R?
and that p (t)(3, -) admits a density with respect to the Lebesgue measure, denoted p(t), supported by a
triangle.

We consider meshes on IR? consisting of squares with side | M|. In order to confine the computations
as much as possible to the geometrical domain which supports p(t), we performed consecutive simula-
tions with the values | M| = 5x 1073, |M| = 3.13x 10~* and | M| = 10~°, each simulation being used
to restrict the computational domain of the following one. Figure 1 presents the consecutive numerical
supports of the computational domain. In this figure, the triangular line represents the analytical contour
of the support of p(0.1)(3, -). We then compare, in Fig. 2, the numerical solution (top) with the analyti-
cal one (bottom) for the density p(0.1) of p(0.1)(3, -), with | M| = 10~°. We observe good agreement
between the approximate and the analytical solution, with smoothing due to numerical diffusion. Never-
theless, this solution appears to be sufficiently accurate from the point of view of the densities pyx(t) and
py(t) of the marginal distributions in the state i = 3, defined by px(t)(xY) = [ p®)(XP, x@)dx?,
forae. x® e R, and py(t)(x®) = [ pOXD, x@)dxD, for ae. x@ e R. We compare in Figs
3 and 4, respectively, the analytical and numerical results for py(t) and py(t): these figures show an
excellent agreement.
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FiG. 1. Consecutive numerical supports of the computational domain.
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FIG. 2. Density p(0.1). Top: numerical approximation with |AM| = 102, bottom: analytical solution.

If we compare the use of the finite-volume method for the approximation of the marginal distribu-
tions, and Monte Carlo simulations, we can make the following observations:

e For both methods, it is possible to adjust the precision, by increasing the number of histories for
Monte Carlo simulations and by refining the mesh for the finite-volume method. In the above exam-
ple (see Labeau (1996)), the computing time is here about three quarters of an hour on a PC, which
is longer than those given in Labeau (1996). The precision in Labeau (1996) is, however, lower (this
is shown by a comparison between the marginal distributions).

e The finite-volume method has been shown to be efficient in some cases where some other methods
have been unsuccessful (see Cocozza-Thivent & Eymard and Cocozza-Thivent & Eymard (2003)),
with relatively short computing times on 1D problems. However, one can wonder if these computing
times will remain acceptable if the dimension of the problem increases. On the contrary, it seems
that Monte Carlo simulation is the method of choice for higher dimensional problems.
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FiG. 3. Analytical and numerical function px(0.1)(x).
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FiG. 4. Analytical and numerical function py(0.1)(y).

Finally, an advantage of the finite-volume methods is that it can be extended to the computation of
some stationary cases, with a slight modification of the scheme. In this case, a linear system must
then be solved. One can expect the development of some finite-volume schemes which are able to
handle long-term reliability studies, by mixing a transient model with the techniques used for the

stationary problem.
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