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Existence of a solution for two phase flow
in porous media: The case that the porosity
depends on the pressure
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In this paper we prove the existence of a solution of a coupled system involving a two phase incom-
pressible flow in the ground and the mechanical deformation of the porous medium where the porosity is a
function of the global pressure. The model is strongly coupled and involves a nonlinear degenerate parabolic
equation. In order to show the existence of a weak solution, we consider a sequence of related uniformly par-
abolic problems and apply the Schauder fixed point theorem to show that they possess a classical solution.
We then prove the relative compactness of sequences of solutions by means of the Fréchet—Kolmogorov
theorem; this yields the convergence of a subsequence to a weak solution of the parabolic system.

Keywords: Porous medium; Subsidence model; Nonlinear parabolic degenerate equations; Schauder fixed point
theorem; Fréchet—Kolmogorov theorem

1. Introduction

In this article we prove the existence of a solution for a system involving a two phase in-
compressible flow in the ground and the mechanical deformation of a porous medium which is



subject to the weakening water phenomena: this means that the medium absorbs the water which
is already present or artificially injected to develop a draining process. The most well-known
geophysical example is the Ekofisk deposit in the North Sea, where the rock is essentially made
of chalk. The mathematical model which we present in Section 2 is a system of two coupled
equations where the unknown functions are the saturation S and the pressure p,, of the water
phase. In general, the coupling between the two phase flow and the mechanical deformations is
taken into account by means of Biot’s law; however Biot’s law is not sufficient to describe the
coupling in a sensitive porous medium in weakening water. Instead the model which we study
involves the dependence of the porosity on the global pressure.

‘We rewrite the model in Section 2, where the saturation S and the global pressure p are the two
unknown functions. We present two equivalent forms which both involve a parabolic equation
which degenerates for S = 1: the first one allows to apply the maximum principle to the saturation
S whereas the second one permits to obtain uniform estimates on some quantities depending on
the saturation S. We indicate the precise hypotheses and present a definition of a weak solution of
the problem. We consider a sequence (P¢) of regularized problems. In Section 3 prove that they
possess a classical solution (Se, pe) by means of the Schauder fixed point theorem. We present
a priori estimates uniform in the parameter € for the pair of functions (pe, S¢). In Section 4, we
apply the Fréchet—-Kolmogorov theorem to prove the relative compactness of the sequences and
show the convergence of subsequences to a weak solution of the problem.

As related work let us mention the book of Gagneux and Madaune-Tort [5] about the mathe-
matical analysis of petrol problems. Further Chen [2] considered a coupled system of equations
modelling two phase flow in porous medium where the porosity only depends on space. He
proved the existence of a weak solution which he obtained as a limit of solutions of associated
discrete time problems. In [2], Chen proved the uniqueness of the solution under the hypothesis
that the global pressure is a continuous Lipschitz function. Finally let us cite [4] where Eymard,
Herbin and Michel deduced the existence of solutions of a general class of problems modelling
two phase incompressible flow from the convergence proof of a finite volume method.

2. The mathematical model

We consider a system of nonlinear equations coupling two phase flow in the ground and
the mechanical deformation of the porous media; the porosity ¢ = ¢(p) depends on the global
pressure p introduced in [1]. The unknowns are the saturation S and the pressure p,, of the water
phase. Problem (/P) is given by the coupled system

Pwkryo(S) pr)

w

%(<p(p)s) :kdiv(

+a(fwSHP—p)" = fu(SHP—p)7),
pokrow(S)

Mo

2.1)

d .
5(<p(p)(1 -9))= kle( V(pw + Pc)>

+a(fo(SHP-p)T = £,(HE-p)),

in Or = £2 x (0, T], together with the boundary and initial conditions



Vpw -n=0 on dsf2 x (0, T],
V(pw+pc) - n=0 ondf2 x (0, T],
VSn=0 onds2 x (0,71, 2.2)
S(x,0) = So(x) in §2,
p(x,0) = po(x) in £,
where

e at =max(0, a) and a~ = max(0, —a),

e p. = pc(S) is the capillary pressure, which is decreasing function,

o kr;j = kr;;(S) is the mobility of the phase i in the presence of the phase j, where i, j €
{w, 0} and i # j. The functions kr,, and kr,,, are respectively increasing and decreasing
functions. Typical expressions in the case of an incompressible nonmiscible flow are given
by

kruwo(S) = S, krow(S)=(1—S)*, withae{l,2,3}, (2.3)

e p; and u; are respectively the density and the viscosity of the phase i,
e S™*is a constant such that $* € [0, 1],
e p = p(x,t) is the global pressure given by

S
ko(u)
= +f A;(M) ph(u)du, (2.4)
0
where
ki (S) = Lf() with i, j € {w, o},

i

M(S) = ky(S) + ko (S).
For i € {w, 0}, we define the function f; by

o ki(®)
F®= 11057

We remark that 0 < fi(S) <1and f, + fo=1.

(2.5)

2.1. Equivalent form of Problem (P)

We formulate below a problem equivalent to Problem (7P) with the saturation S and the global
pressure p as unknown functions. We add up the two equations of system (2.1) to obtain:

0
5-0(p) = kdiv(M($)Vp) +a(p — p). 2.6)
We rewrite the first equation of system (2.1) as
0
g(w(p)S) =kAY(S) + kdiv(fu(S)M(S)Vp)
+a(fu(SHE =T = fuSP - p)7), 2.7

where



S

[ kk)

(S = / e i d 2.38)
0

is a continuously differentiable function on [0, 1]. We denote by « its Lipschitz constant. This
yields the first problem equivalent to Problem (P) with the unknown functions (S, p) namely,

a
5,9 P = kdiv(M(S)Vp) +a(p - p),
%(w(p)S) =kAY(S) + kdiv(f,,(S)YM(S)Vp) (2.9)

+a(fu(SE =T = fuSP - p)7),
in Qr, with the boundary and initial conditions

Vp-n=0 on d£2 x (0, T],
V¢ (S) - n=0 onadf2 x (0, T],
S(x,0) = Sp(x) in £2,
p(x,0) = po(x) in £2.

Since it is difficult to apply the maximum principle to the second equation of (2.9) in order to
show that 0 < § < 1 we write a second formulation which allows us to obtain these estimates
for S. We multiply the first equation of (2.9) by f,(S) and subtract it from the second equation
of (2.9). We deduce from a formal computation that:

(2.10)

(S— fw(S)) ~9(p) +<p<p)—s kAY(S) +kM(S)V .V fu,(S)
+a(fu(S*) — fu(®))B—p)t, 2.11)

where the function 1 is given by (2.8). Consequently, a second form of Problem (P) with the
unknown functions (S, p) can be written as

a
5,9 = kdiV(M(S)VP) +a(p = p),

0 kM ( ) * +
—S= Vp.Vfu(S w(S®) — fu(S
o7 ( AY(S) + o(p) P-V ful( )+ (f( )= fu(®)P-pT (212
ICEFACE I
(p) ot

with again the boundary and initial conditions (2.10).
2.2. Hypothesis

We suppose that the following hypotheses are satisfied:

(Hp) £2 is a bounded domain of R"”, 982 € C 5+8  with B a given constant in (0, 1);
(H1) M is a differentiable function in [0, 1] given by

pw

o

M(S) =Pvge Z—”(l — 8, (2.13)



so that there exist positive constants M, and M* such that
0<M,<M(S)<M* inl0,1]; (2.14)

(H>) o = a(x) is a continuous function on §2 and we define o* = supg o;

(H3) p = p(x) >0 is a continuous function on £2 and we also define p, = infs p and p* =
supg p, so that 0 < py < p*;

(H4) ¢ is a continuously differentiable, strictly increasing function on [p,, p*], such that

o(ps) > 0;
(Hs) ¥ € CL([0, 1]) satisfies

Cos" ' <Y($) <™ for0< S <1, withm e N,

and the constant a in (2.13) satisfies

1
a> max(l T) (2.15)
(He) fw is a continuous differentiable and increasing function on [0, 1] such that
0< fw<l, fu@®=0 and f,(1)=1; (2.16)

(H7) (po, So) € (L?(£2))? satisfies

p«<po<p" ae £, (2.17)

and

0<S <1 ae 2. (2.18)
2.3. Notations

Further we recall the standard definitions of Holder spaces (cf., [6]). Letm e Nand0 < 8 < 1.

. . .= . .. r+s o
Let f be a continuous function defined in Q7 such that all its derivatives of the form %, with
e,

2r + s < m, are continuous. We define the norm | f| or by
NN R
m
1flo, Z D fygt?, (2.19)
such that
+
NP = Y max| L]
.07 al‘rax‘Y
2r4s=j
ﬁ
<f>(m+ﬁ) Z 8r+5f B N Z ar-‘rrf 7)
Or At dx* At ax* ’
2rts=m Y07 2pqs=m 1,0r
(B = sup |f(x1,1) — f(x2,1)]
x, 01 — |X —X |ﬂ ’
(x1,1),(x2,)€ QT =%
) | f(x,11) —f(x tz)l
<f>t,2QT = Sup _
(x.11),(x.2) €07 [t — 12 :



m+ﬂ
We denote by cmtB e (QT) the functlonal | space of functions f such that | f |Z+ﬁ < 4o00:

it is a Banach space with the norm |. |Q "

2.4. Weak solutions of Problem (P)

In general, a solution of the degenerate parabolic Problem (P) is not smooth. Hence, we have
to define weak solutions.

Definition 2.4.1. We say that (p, S) € (LO"(QT))2 is a weak solution of Problem (P), if it
satisfies:

(i) peL*(0,T; H'(2)) and (S) € L*(0, T; H'(2));
(ii) the integral equations

//ga(p)atvdxdt ://(kM(S)Vp.Vv —a(p —p)v) dxdt
—f(ﬂ(po)v(O)dx,
//go(p)SBtvdxdt =/f(—kw(S)Av+kfw(S)M(S)Vp.Vv (2.20)

—a(fulSB = P = fu(S)(F = p)7)v) dxdr
—/w(po)Sov(O)dx,

2

for all v in

V={wec>'(0r), w(, T)=0in £2, E;H—OOnaszX[o T]}

3. A sequence of approximate problems (P;)

In order to prove the existence of a solution of Problem (P), we introduce a sequence of
regularized problems (P¢). Let € be a real constant small enough, we define the sequences:

e {@c}es0 € C*°(R) such that

Ye —o> @ uniformly in the interval [py, p*],

P(ps) < @e(p) <o(p*) + 1,

0<ce<ol(p) for all p e R,
¢.(p) < sup ¢ for all p € [ps, p*], 3.1)
[P+, p*]

where ¢, is a constant depending on €;



ae € C° (£2) such that

Ue —=5 @ in LZ(.Q) and a.e.in 2, o <o

Pe € C3°(£2) such that

*

Pe — p in L?*(£2) and a.e. in £2, P« S PSP

So.c € C(‘)’O(S_Z) such that

So.c —5> So in L*(2) andace.in 2, 0< S < 1;

po.e € C§°(£2) such that

Poe —p> po inL*(2) andae.in 2, ps < poe < p;

€—>

Ve € C*(R) such that

.
Ve =¥ inC (o, 11),
CoS™ ! hse <YLS) <C*S™ ! 4 1% in 0, 1],
where A, and A* are strictly positive constants depending on .
For all r € R, we define the functions
at(ry=rt and a (r)=r"
and sequences of functions {aj Je=0 and {a_ }e=0 in C*°(R) such that
a; (ry=af(r)—r,
and

e af — a' and a_ — a~ uniformly on each compact set of R;
e 0<al’'<1,-1<a;'<0,af >0anda; >0.

Next we consider the sequence of regularized problems (Pe):

9 k kM(S)

— S =—AY(S Vp.V (S
ot @e(p) Vel + @e(p) PV fu(S)
e _ (S— fu(S) 9
w S* —Jw S :_ [ - < 4a.
+¢E(p) (fw(S®) = fuw(S))at (pe — p) o)

0 . —

57 9e(P) = kdiv(M(S)Vp) + ac(Pe — p),
with the following boundary and initial conditions:

VS-n=0 ondf2 x (0, T],

Vp-n=0 ondf2 x (0, T],

Sx,0)=380(x) xe82,

P(x,0)=po(x) xe£.

@e(p),

in Or,

in Qr,

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)



Theorem 3.1 (Classical solution of the approximate problem (P¢)). For all € > 0, there exists a

classical solution (pe, Se¢) € (C 5+p, 3% (O71))? of the approximate problem (P.). This solution
satisfies

P« <pe<p’ and 0<Sc<I.

Proof. We define the closed convex set

548 — . .
Ke:={we 73 (Qr), pe<w< p*in Or, w(x,0) = po.(x) in £2,

Vw-n=0o0nds2 x (0, T]}. (3.10)
For an arbitrary element p. of K., we consider the problem (735 )
0 k kM(S)
—85= AYe(S) + Vpe.V fu(S)
ot @e(pe) ®e(pe)
o _
+ ——(fw(S*) = fu(S))al (Pe — pe)
@e(pe) 3.11)
(S — fw(S)) 9 . ‘
- 0c(pe) in 2 x (0, T],
@e(pe) ot
VS -n=0 on 452 x (0, T],
S(x,0) = Sp,e(x) in 2.

The problem (Pgs) is uniform parabolic so that it possesses a unique classical solution S, in

C2+’3’1+§(§T) [6, Theorem 7.4, Chapter 5, p. 491]. Applying the comparison theorem [7,
Lemma 3.6, Chapter 2, p. 61], we obtain

Lemma 3.1. The function S¢ is such that

0<S.<1 inQr. (3.12)

Since the coefficients of the differential operator in problem (”Pf ) are smooth, one can show
548 —
that S, € e o (Q7) and that

5+8,%%32 5+8,%4E
Selg, * <Bllpely, * +BZ, (3.13)
where the positive constants BG1 and BG2 only depend on € and Sp .. Indeed the idea is to apply

four times [6, Theorem 5.3, Chapter 4, p. 320] to the problem (3.11) which we consider as linear.
We successively show that S, € C'+>+F =5 (Qr) fori =0,1,2,3. We remark that to obtain

the desired regularity, we have to check compatibility conditions of order i = 0, 1, 2. Here, the
condition of order i is given by

v S

- -n=0 onaf2. (3.14)
ot t=0

This condition is satisfied for all i € {0, 1,2} thanks to the properties of the sequences
{So.c}, {Po.e}, {Pel, {@c} and to the fact that the functions {p.} belong to the set K.. Hence,
we obtain (3.13). Let S, be the solution of problem (3.11); we consider the problem (P/) given
by



0
5%(17) =kdiv(M(Se)Vp) +ae(pe —p) in 2 x (0,T],

Vp-n=0 ondsf2 x (0,T],
p(x,0) = po.e(x) in £2.

(3.15)

The parabolic equation in problem (P/) is uniform parabolic and we deduce from [6, Theo-

. . . . A B =
rem 7.4, Chapter 5, p. 491] that it possesses a unique classical solution p. € C*A1T2 (7).
Applying the comparison theorem [7, Lemma 3.6, Chapter 2, p. 61], we obtain the following
bounds

Lemma 3.2. The function p. is such that
P« < pe(x,1) < p* in Q. (3.16)

Since the coefficients of the partial differential equation in Problem (P!) are smooth, we
apply five times [6, Theorem 5.3, Chapter 4, p. 320] to problem (3.15) to deduce that p. €

C6+ﬁ’#(67) and that

. 6+p. 52 5+,
Pelg, = <MUScly. % +MZ, (3.17)

where the positive constants Me1 and Me2 only depend on €, pg . To do that, we successively

show that p, € C21h: et (Qr) fori =0, ...,4. We have to verify the compatibility condi-

tions of order i =0, ..., 4, which reduce to

v P

: ‘n=0 ondf. (3.18)

These conditions are satisfied thanks to the properties of sequences {So.c}, {po.c}, {Pe}, {ote}
and {S¢}. Thus, we have defined a map F: pc — pe from K into itself. In order to apply the
Schauder fixed point theorem, we have to show that the map F is compact and continuous.

Compactness: We define the closed bounded set of K.,

5 )M
Bcz{weKG, |w|Q+T’3 2 gc}.

We show below that F(B¢) is compact in K. Let p be arbitrary in B¢ and let S the solution
548

of (3.11). Since | p[3" " < C and in view of (3.13), we obtain

5+8,25E

or <M(O), (3.19)

ISl

where M (C) is a positive constant depending on C. Let p. = F(p) be the solution of problem
(3.15). From (3.17), we get

. 6485~
IpeIQT’3 P <C(), (3.20)

where C (C) is a positive constant depending on C. Hence, we have proved that

FBe) C {we @), [w T @r) <T©O),



so that F(B¢) is bounded in C 645, 5 (@T) and since the embedding from C 6+p, % (@T) into

S4B — . —_— . . .
C5+’3’% (Q7) is compact, we deduce that F(B¢) is compact in K, and finally the map F is
compact.

Continuity: Let { p5}5>0 C K¢ be such that

. B —
P = P € Ke in CtA 27 (07). (3.21)

. . . B — . .
There exist a sequence of functions {S5}5>0 and a function S, in B (Qr) satisfying

D Ae(S? )+ (Ss)v SV fu(S?)
AT @e(pd) T TN e (pd) v
5 (ST = fu(Se))aZ (pe = p')
(3.22)
(82 — fu(82) 9 5 .
_ —(pe(p‘s) E%( ) in 2 x [0, T],
vSs2-n=0 on 2 x [0, T1,
S2(x,0) = Sp.¢(x) in £2,
and
D e K s+ M) g, s
a we(p) T oy P
o~ )(fw(S* — fw(S))at (pe — p)
Pe (3.23)
(Se = fw(Se)) @ .
_ 7(,06(;)) 5%(1)) in £2 x [0, T],
VS, -n=0 on 92 x [0, T1,
Se(x,0) = Sp, (%) in 2.

Since the sequence {p®}s5-¢ is bounded, in view of (3.13) and of the compactness of the embed-
. 548,38 = | . 44, HL = . N 5+8,3L =

ding from C 2 (Qr) into C 2 (Qr), there ex1st a function S¢ € C 27 (Qr) and a

subsequence {Se }n>0 such that S¢" 550 Se in C4'HS (QT) Let 6, tend to 0 in problem

(3.22); by the uniqueness of the solution of problem (3.23), we deduce that SG coincides with S.

Let ( pg" )n>0 be the sequence of solutions of the problems

0 . . . _ ~ .

o 0e(Be) =k div(M(S2)V per) + e (Pe — ) in 2 x 10,1,

Vp2 -n=0 in 982 x [0, T, (3.24)
P2 (%, 0) = po.c (x) in Q.

In view of (3.17) and of the compactness of the embedding from Ccoth #(QT) into

C5+ﬁ (QT) there exist a function 6, € C 6+8. %3 (QO7) and a subsequence (p6 )n>0, Which
we also denote by ( pg")n>0, such that

. B —
P 5= 0 in CTF5T(0).

Letting &, tend to O in problem (3.24), we deduce that 6, satisfies the problem

10



0 . — .

E‘Pe(ee) = kle(M(Se)vee) + de(Ppe —0c) in§2 x[0,T],

VGE -n=0 on 052 X [07 T], (325)
be(x, 0) = po,e(X) in £2.

On the other hand, the function p. = F(p) satisfies problem (3.25) as well. By the uniqueness
of the solution [6, Theorem 7.4, Chapter 5, p. 491] we deduce that

O =F(p).

We conclude that the application F: p — p. is continuous and compact for the topology of

c>th =t (@T) from the convex closed set K into itself. Therefore it follows from the Schauder
fixed point theorem that there exists a pair of functions (Se, pe) satisfying Problem (P).

We formally showed above the correspondence between two formulations of Problem (P);
the regularity of the coefficients in (3.8)—(3.9) and (3.26)—(3.9) and the fact that

af(ry—a-(r)y=r, forallr eR,

allow us to obtain the following result.

Lemma 3.3. The regularized Problem (Pe¢) is equivalent to the problem

9
579¢(P) =k div(M()Vp) + ae(Pe = p), in Or,
%(%(P)S) =kAY(S) + kdiv(f(SYM(S)Vpe) (3.26)

+ ac(fuw(SHal (Pe — p) — fu(S)a. (Pe — p)), in O,

with the boundary and initial conditions given in (3.9).

Lemma 3.4 (A priori estimates for p¢). Let (pe, Se) be a solution of the Problem (P.); there
exists a positive constant C independent of € such that

M) Npell2o.r:m12) <C.
() [ee(P 20.7:m1 2y < C-

<C. (3.27)

a
(iii) H —®e(Pe)
ot L20.T:(H'(2)))

Proof. (i) We multiply the second equation of problem (3.8) by p. and integrate on Q7. We
obtain:

d _
// Peg‘/’e(Pe)dth'k/v/ kM(Se)(Vpe)dedIZ// e (Pe — Pe) pe dxdt.
Or Oor or

‘We define the function

s

<15€(s):/rg0;(r)dr.

0

11



We have that

0 0
f/ pewe(pe)dxdmf/ aqbe(pe)dxdt=f(q>e(ps(.,T>) e (poe))dx.
or or 2

Hence

/ . (pe (.. T)) dx+ kM, / / (VpeY dxdi < / / e (e — po)pe dxdi + / . (po.e) dx,

2 or or 2

which implies

KM, //(Vpazdxdr <" TIQIp? +121p7 sup ¢ (p).
[P+, P*]
or

(i1) In view of (3.1) we immediately deduce (ii) from (i).
(iii) Let ¢ € L?(0, T; H'(£2)), we have

T
d
'/ <E§0E(Pe)’ ¢>
0

<kf/|M(Se)Vpe-V¢ldxdr+//|a€(5€ — pe)o|dxdt
Or or

SKM*|IV pell 200 1Vl 200, + ¢ P¥107 1191 1200y
SCldl20.7:51@2))
which completes the proof of (iii). O

Lemma 3.5 (A priori estimates for S¢). Let (pe, S¢) be a solution of Problem (P¢); there exists
a positive constant C independent of € such that

@ //|VQ€(S€(X, )| dxdr < c,
or

(ii) f/|V¢€(S€(x,t))|2dxdt <C,
or

(iii) f VK (¢e (pe (%, 1)) Se(x, 1)) | dxdi < C,
or

T
(iv) / / (K(pe(pe(x +£.0)Se(x 4+ £.1)) — K(pe (pe(x. 1) Se(x. 1)) dxdi < CIE .

0 2
T

T—
V) / f(K(¢e (pe®, 1+ 1)) Sc (X, 1 + 1)) — K(¢e (pe (x, ) Se(x, 1)) dxdt < Cr,
0 2

12



where
; 1
Ge(S) = / VCur™m=1 4 A edr, K@) =—r", (3.28)
m
0

and

Qe ={xeR|x+r§eforall0<r <1}

Proof. (i) We multiply the second equation of (3.26) by ¢.(p¢)Se and integrate on Q7. This
yields

To+h+Dh+I3+1s+15=0, (3.29)

where
0_//__ (pe(pe)Se) dxdt,

Ti=k f / Pe (POVL(S)(VSe)* dxdt,
T =k / / SV (S)V S Ve (po) dxdr,
or

I3 =kp—w// SEHV pe Ve (pe) dxdt,
o )
T

I4=kﬁ—w// 0c(pe) STV SV pe dxdt,
w

- f / e (ful§M)aF (e — pe) — ful(Se)az (Be — po))oe(pe)Se dxdr.

We have to estimate each of the quantities Zg, Z1 Z», Z3, Z4 and Z5. We have that

1 1
Iy= / 5 (e (Pe(x. 1) S (x, 7)) dx — / 5 (¢ (Po.c () Se.o ()" dx

2 2

1
> —§|9|<p(p*)- (3.30)

For 7, we have

T =k / / 0 (p) (VILEIVS.) dxdi
k(p(p*)// C.S! ’" 1+x*e)vsé) dxdi

>k¢(p*)ff(VQE(Se)) dxdt. (3.31)

13



Next we estimate 7,

| =k‘f/ SV VS Vg (pe) dxdi
T
c 2 k 2
gk% // SE(¥'(Se)) (VSE)2dxdt+2—61f/(Vgoe(p€)) dxdt
or or

k
< ke f/ SH(C*282m=D 1 3*22)(VS,)? dxdt + g//(vgae(pe))%zxdt.
1
or or

%2
Choosing € < min(1, i*zcc ) and S¢ < 1, we obtain

c*?
| <k
|Z2| < ke .

k

//(C*ng—l +)L*e)(VS€)2dth+ 2—[/(V¢e(pe))2dxdt
ci

or or

*2
< kqCC //(VQE(SG))zdxdt + % //(V(pe(pe))zdxdt. (3.32)
* 1

For 73, we have

|Z3] < //(Vpe) dxdt + ——// Vgog(pe dxdt (3.33)

For 74, we write

k * k o(p*

IT4] < ;2‘”(” )ow // (SEVS,) dxdt+2 A% )p“’/ (Vpo)tdxd.
Cc2

or

In view of condition (2.15), we deduce the following inequalities:

I < %p—w (p )// S¢'~ I(VSe)zdxdt+——¢(P )//(Vpe)zdxdt

k k
< ;2 Pu PP )// CiS" ! 4 A€ (VSe )dedt+_”w¢(p )/pre)zdxdr
MHw

< k;z pw ¢(P* )// VGe(So)) dxdt+ el A )//(Vpe) dxdt. (3.34)
MHw

Finally, we have

s <a*p(p")|R2|T2(p* — ps)- (3.35)
We deduce from (3.29) that

To=-11—1p — 13 — 14 — Is,
which combined with (3.30)—(3.35) implies that
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kw(p*)//(VQE(Se))zdxdt

<TI) £ —To+ | Lol + 23] + |Z4] + | Zs5)
| c2 g
<§|.Q|<p(p*)+<kcl c2 pu $(P° )>// (VG (S0))? dxdt

Cs 2 pw
k

+ L) // Vo (pe))* dxdr

2¢t 1 2 Hw

Pw k * 2
+—\5t —<P(p ) (Vpe)~dxdt. (3.36)

Hw\2 22
or
Choosing suitable constants ¢; and ¢ and substituting Lemma 3.4 into (3.36) we deduce (i).
%2
(i) It follows from (3.6), (i) and (3.12) that for all € < mm(l, *2C ),

/ Ve (Se(x, 1)) dxdt_// (C*sm=! 4 %) (VSo)? dxdt
or

2 / f (C*2(S771) + 2*2€2) (VS P dxdt

or
*2

//(vge(se (x,1))* dxdi < C.
" or

(iii) For all € < m1n(1

, *2C ) we have

//’VIC((pE(pg)Ss)yzdxdt
or
m—1, 2 2m o x m—1 2
<¢ (p)/f!we@e)\ dxdi + ¢ <p>//ys€ VS|P dxdr
or or

2m *
<qo’"”(p*)//!we(pa\zdxdr+ ‘”C—(”)//lvgasa\zdxdr.

We deduce (iii) from Lemma 3.4(i) and (ii).
(iv) Using (iii), it follows that

T
2
//(K(¢€(p6(x+$7t))Se(X"‘f_s,t))_IC((pg(pg(X,t))Sé(X,t))) dxdt

0 2

1 2
//(/VIC Pe pé(x—l—ré t))Sg(X+r$ t))édr) dxdt

02 ‘0
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1
</ (O/ V/C (¢e(pe(x+£,1))Sc(x+ &, t) )(/s dr) dxdt

2
Jo = f /(’C(%(Pe(x,t+t))Se(X,t+r))—/C(we(pe(x,t))Se(X,t))) dxdt,
0

which by (3.1) implies that

A* / / (K(we (Pe (x, 1+ ‘L'))Sg(X, r+ 7:)) - K(‘Pe (Pe(xa t))Se(X’ t)))
(we( (X, 14 1))Se (X, 1+ T) — @ (pe (X, 1)) Se (X, 1)) dx dt

= A* f (K(we (Pe(X, 1+ 1)) Se (X, 1 + 7)) — K(@e (pe (x, 1)) Se (x, ;)))

< o\\!

9
X/E @e(peX, 1 +1))Se(x, 1 + 1)) dr dxdt,
0

with A* = (¢(p*) + 1)"™~!; hence, we deduce that
Jo < T + D+ T5,
with

T

T—

/ / §05 PG(X t‘f‘f))Se(X l+77)) ((pe(pe(X, t))Se(X, t)))
0

A (

O"\“ﬁ

X AYe(Se(x,t +r))dxdtdr,

o\ﬂ

/ / (@e(Pe X, 14+ 17))Se (X, 1 + 1)) — K(¢e (pe (x, 1)) Se (X, r)))
0 2

T—
X dlv(S”(x t+r)Vpe(x,t +r)) dxdtdr,
T

o\ﬂ

T—
/ / §05 Pé(X t'f‘f))Se(X f+T)) ((pe(pé(X, t))Se(X, t)))
0

X (X)(fw(S*)ae (Pe®) — pe(x,1+1))
— fu(Se@ 1+ 1)z (e = pe(x. 1+ 1)) ) dxddr.

We integrate 71 and > by parts to obtain on the one hand
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T

T

— / / f (VE(pe (pe (.1 4+ 1) Se(x, 1+ D) = VK (g (pe(x, 1) Se(x. 1)) )
0o 0 £

X lee( e (X, t+r))dxdtdr

-7

Tt T Tt T
2/// VIC (e (pe (X, 1)) Se(x, 1)) dxdtdr+///(Vl/fe(SE(x,t)))zdxdtdr
0 2 0 2
\Cl‘[

and on the other hand
Tt T—1

—/ / /Sea(x,t—i—r)Vpe(x,t—I—r)
0 0 £

x (VE(ge (pex. 1 + 1)) Se(x, 1 4+ 7)) = V(g (pe(x. D) Se(x. 1)) ) dxd dr.

Applying the Cauchy—Schwarz inequality we obtain

T < 2M*/// v;c (@ (pe(x. 1)) Se (x, z))) dxdi dr
2

vt T

/// Vpe (X, t)) dxdtdr
0 2

whereas we easily get that

~X CZTy

J3 < Car, (3.37)
with C3 = %T|.Q| a*(p(p*) + 1™ (p* — p). Collecting the previous estimates, we deduce that

Jo < Cr. O
4. Convergence to a weak solution of Problem (P)
Theorem 4.1. There exists a weak solution (p, S) € (LOO(QT))2 of Problem (P).

Proof. Let (p¢, S¢) be a classical solution pair of the regularized problem (P¢). We deduce from

Lemma 3.4(ii) and (iii) that the family of the functions {¢. (pe)}¢ is relatively compact in L2(Q7)

[8]; consequently there exist a subsequence {¢¢, (pe,)}e, and a function n € L?(Q7) such that
@e,(Pe,) ——> 1 in L>(Qr) and a.e. in Q7. “.1

n—o00

Further we deduce from the bound p, < pe(X, ) < p* that there exists a function p € L2(QT)
such that

Dey, p- 4.2)

n—oo
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We have that

lepe,) =1l 120, < l0(Pe,) = @c, (Pe,)

Since ¢, converge uniformly to ¢ in [py, p*] deduce that

le(pe,) — @e, (Pe,) — 0,

so that

¢(pe,) —— n in L*(Q7).

n—o00

Finally, (4.2), (4.5) and [3, Lemma 6.1] imply that

LX(Q1)

9(pe,) —— @(p) in L*(Q7).

n—0o0

We deduce that there exists a subsequence {pc, },, such that
Per 750 P in LZ(QT) and a.e. in Q7.

Moreover

*

pxSp<p aein(Qr,
0<S<1 ae.inQr,

Vp in L*(Qr).

Ve,

n—o0

LZ(QT) + ||(/)e,, (Pe,l) - n“LZ(QT)

(4.3)

(4.4)

4.5)

(4.6)

4.7

(4.8)
(4.9)
(4.10)

Next we consider the sequence {S, }. In view of the estimates (iv)—(v) of Lemma 3.5, (3.12) and
(3.16), we can apply Fréchet—Kolmogorov theorem to show the compactness of the sequence
functions {/C(@e (pe) Se)}e>0 and thus deduce that there exist a subsequence {(¢e, (pe, ) Se, ) }neN

and a function x € L2(Q7) such that

K(¢e, (Pe,)Se)) —=> x in L*(Qr) and ae. in Q7.

We deduce from the strict monotony of the function X that,

e, (Pen)Se, ——> K1 (x) in L*(Qr) and ae. in Qr,

n—oo

where K~ is the inverse of the function K. We deduce from (4.1), (4.6) and (4.12) that

c K=100
[
= g(p)

Since 0 < Se < 1, on the one hand there exists a function S in L2(Q7) such that

a.e.in Qr.

Se, S in L*(Qr),

n—o00

and on the other hand we deduce from Lebesgue dominated convergence theorem that

/C_l
Se, —— J in LZ(QT)_
n=eo - o(p)
‘We deduce that
€ o0 in L2(Qr) and a.e. in Q7.
Since
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(4.16)



Ve, Se) =) 120y < Ve (Se) = ¥(Se,)

—— 0,
n—oo

Lz(QT) + ||1/f(S€,l) - 1#(5) ||L2(QT)

it follows that

Ve, (Se,) == ¥(S) in L*(Qr), 4.17)
so that also by Lemma 3.5(ii)

Ve, (Se,) ——— V¥ (S) in L*(Qr). (4.18)

We will use below the uniform convergence of the sequences a} and a_ to a™ and a™ respec-
tively on the interval [p, — p*, p* — p.] and the estimates

+/HL°°(R) <1 and ”ae_/”Loo(R) <L

It follows from the convergence property (3.3) that

a

Ha:_(ﬁé - Pe) - (1_7 - P)+“L2(QT)
g ||a:r(ﬁ€ - Pe) - (ﬁé - p€)+HL2(QT) + H(I_]€ — Pe - (l_) - P)+HL2(QT)
—0 (4.19)

n—oo

)+

and similarly that

lac (Pe = pe) = B =)~ | 120,
< laZ (e = pe) = Be = P~ | 120y + 1P = O™ = B =P | 120,
——0. (4.20)

n— oo
We multiply the first and second equation of system (3.26) by v € V and integrate over Q7. We
obtain

// Pe, (Pey (X, t))%v(x, t)dxdt
0

T
:k// M(Sgn)Vpeandxdt—//aen(ﬁén — Pe,)vdxdt
or or

- / e, (P0.e, (X)) (X, 0) dx 4.21)

2

f/ <Pe,,(pe,1)Se,,a vdxdt

= —k// Ve, (Se, ) Vvdxdt — / Jw(Se, )M (Se,)Vpe, Vvdxdt
or

/ / e, (fu(S")aF (Pey — P) — fu(Ser)a (B, — p))vdxdr

+ / Pe, (PO,e,,)SO,e,lU(-, 0) dx. (4.22)
2
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Because of the convergence properties established above, we can easily pass to the limit in (4.21)
and (4.22) as €, — 0. We obtain

//(p(p)&,vdxdt ://(kM(S)Vp.Vv —a(p — p)v) dxdt —/(p(po)v(O)dX
Oor or

2

and

//¢(p)58,vdxdt=//(—kl/f(S)Av—i—kfw(S)M(S)Vp.Vv
or Or

—a(fu 8P =P = fu($)(P— p)7)v)dxdt
- / ®(po)Sov(0) dx,

2

which completes the proof. O
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