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A COSTA-HOFFMAN-MEEKS TYPE SURFACE IN H? x R

FILIPPO MORABITO

ABSTRACT. We show the existence in the space H? x R of a family of embedded
minimal surfaces of genus 1 < k < +o0 and finite total extrinsic curvature with
two catenoidal type ends and one middle planar end. The proof is based on a
gluing procedure.

1. INTRODUCTION

During recent years the study of the minimal surfaces in the product spaces
M x R with M = H?,S? has become more and more active. The development of
the theory of the minimal surfaces in these spaces started with [20] by H. Rosenberg
and continued with [I4] and [I5] by W. H. Meeks and H. Rosenberg. In [1I7] B.
Nelli and H. Rosenberg showed the existence in H? x R of a rich family of examples
including helicoids, catenoids and, solving Plateau problems, of higher topological
type examples inspired by the theory of minimal surfaces in R?. In [5] L. Hauswirth
constructed and classified the minimal surfaces foliated by horizontal constant cur-
vature curves in M x R, where M is H? R? or S?. Other examples of minimal
surfaces of genus 0 in these product manifolds are described by R. Sa Earp and E.
Toubiana in [21].

C. Costa in [I}, 2] and D. Hoffman and W. H. Meeks in [7], [8] and [9] described
a minimal surface in R3 of genus 1 < k < 400 and finite total curvature with two
ends asymptotic to the two ends of a catenoid and a middle end asymptotic to a
plane. We will denote the Costa-Hoffman-Meeks surface of genus k by Mj.

The aim of this work is to show the existence in the space H? x R of a family of
surfaces inspired by M}. We will prove the following result.

Theorem 1.1. For all 1 < k < 400 there exists in H?> x R a one-parameter family
of embedded minimal surfaces of genus k and finite total extrinsic curvature with
three horizontal ends: two catenoidal type ends and a middle planar end.

We will observe that it is more convenient to construct a minimal surface enjoy-

ing the same properties mentioned in the statement of theorem in the Riemannian

. dz?+dz? .
manifold (D? X R, gpy,) where gy, = % + dz3. Tt is usually denoted by
M?(—4) x R, to point out that the sectional curvature of D? x {0} endowed with
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the metric % equals —4. We observe that H? = M?(—1). Once having con-
1 2

structed this surface, it is easy to obtain by a diffeomorphism the wanted minimal
surface in H? x R.



The main result is proved by a gluing procedure (see for example [6]) usually
adopted to construct in R3 new examples starting from known minimal surfaces.
We consider a scaled version of a compact piece of a Costa-Hoffman-Meeks type
surface, which is contained in a cylindrical neighbourhood of {0,0} x R C M?(—4) x
R of sufficiently small radius. Actually it’s possible to prove that, in the same
set, the mean curvature of such a surface with respect to the metric gpyp, up to
an infinitesimal term, equals the Euclidean one. We glue the surface described
above along its three boundary curves to two minimal graphs that are respectively
asymptotic to an upper half catenoid and a lower half catenoid defined in M?(—4) x
R and to a minimal graph over M?(—4) x {0} which goes to zero in a neighbourhood
of 9ssM?(—4) x {0}. The existence of these surfaces is proved in sections [ and [

The author wishes to thank his thesis director, L. Hauswirth, for having brought
this problem to his attention.

2. PRELIMINARIES

In this work we will consider the unit disk model for H?. Let (21, x2) denote the
coordinates in the unit disk D? and x3 the coordinate in R. Then the space D? x R
is endowed with the metric

4(dz? + dz3)
(1-af —a3)’
As mentioned in the Introduction, one of the surfaces involved in the gluing pro-
cedure is a compact piece of a scaled version of the Costa-Hoffman-Meeks surface,
that is, a minimal surface in R? endowed with the Euclidean metric gg. To simplify
as much as possible the proof of the main theorem, it is convenient to consider a
Riemannian manifold endowed with a metric more similar to gg than the standard
metric of H? x R. The best choice is

JH2XxR = +dx§'

dz? + dx3 9
Jhyp = -2 -2 + dx3,

because gnyp — go if (z1,22) — (0,0). This is the reason that induces us to give
a proof of Theorem [[J] working in the Riemannian manifold M?(—4) x R. Now
we suppose to have shown the existence of a minimal surface in this Riemannian
manifold. We need to show how it is possible to obtain a minimal surface in H? x R.
Let g be the metric defined on D? x R by

_ 4(dz? + dx?

G = 4Ghyp = ﬁ + 4dx3.

We consider the map f : (D? x R, ggz2yr) — (D? X R, §) defined by

x
(1) (1,22, 23) = (fEl,xz, ?3) .

It is easy to see that it is an isometric embedding, that is, the pull-back of the
metric § by f equals ggzyg. So if ¥ is a minimal surface in (D? x R,g), then the
image of ¥ by f~! is a minimal surface in H? x R.

Now we turn our attention to the Riemannian manifold M?(—4) x R, mentioned
in the Introduction. In the following we will adopt the simplified notation M? x R.
We recall that the metric g has been defined as 4gpnyp, gnyp being the metric of
M? x R. As a consequence the mean curvature of a surface ¥ in M? x R equals the
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mean curvature of ¥ in (D? x R, §) multiplied by 4. So if a surface is minimal in
M? x R, it is also minimal with respect to the metric g.

We can conclude that if 3 is a minimal surface in M? x R, then f~1(2) is a
minimal surface in H? x R.

Remark 2.1. To prove Theorem [[LT] we will need to consider spaces of functions
invariant under the actions of the isometries of R? which keep unchanged the Costa-
Hoffman-Meeks surface (appropriate rotations about the vertical coordinate axis x3,
the reflection with respect to the horizontal plane x3 = 0 and the vertical plane
x9 = 0). These are isometries of M? x R as well. So we will continue using the
same language as if we are in R3.

3. MINIMAL GRAPHS IN M? x R

We denote by H, the mean curvature of the graph of the function w over a
domain in D?. Its expression is

2) 2H, = Pdiv [ ——Y"
V1+ F|Vul?

where F = (1 — % — m%)Z =(1- r2)2 and div denotes the divergence in R?. For
the details of the computation, see subsection I2.31

Let ¥, be the graph of the function w. In this section we want to obtain the
expression of the mean curvature of the surface ¥,,,, that is, the graph of the
function v+ v. It can also be considered as the vertical graph of the function v over
Y. We will show how it follows from (2] that the linearized mean curvature, which
we denote by L,, is given locally by:

® L= Fay (Vi . FVL) |
1+ F|Vu|? V(1 + F|Vul?)3
Furthermore we will give the expression of H,,, the mean curvature of the graph
of the function u + v, in terms of the mean curvature of 3, that is, H,. In the
following we will restrict our attention to two cases: the plane (in section [, that
is, v = 0, and (in section []) a piece of catenoid defined on the domain {(6,r) €
M2 x {0} |r € [re, 1]}, where r. = /2.
Here we will show that:

(4) 2H,1p = 2H,, + L,v + FQ,(VFVv,VFV?v),

where @, has bounded coefficients if » € [re, 1] and it satisfies @,(0,0) = 0 and
VQ.(0,0) = 0. To show this, we observe that

1 1 Vu - Vv
(5) = - + Qu,l(v)~
V1I+FV(u+v)?2 /1+F|[Vu? (1+ F|Vul?)3
Qu.,1(v) has the following expression:
—F|Vu]? 3F2 (Vu- Vo +1[Vo|?)”

(6) 2(1+ FIV(u+t)2)*? 21+ F|V(u+tw)2)*/?

with ¢ € (0,1), and it satisfies Q,,1(0) = 0, VQ,,1(0) = 0. To prove (B it’s sufficient

to set
1

T /It FIV(u+t )P

3

ft)




and to write down the Taylor’s series of order one of this function and to evaluate
it in ¢t = 1. That is, f(1) = f(0) + f/(0) + 3 f”(f), with £ € (0,1). We insert (&) in
the expression that defines 2H, 1, to get

Fdiv( V(u+v) _F Vu - Vo

V(u+
V1+ F|Vul? \/ 1+F\Vu|
2H, + Fdiv (L—F Vu Vv >+FQu (VFVu,VFV2v).

V(u+ U)Qu,l(v)> =

1+ F|Vul? \/ (14+F|Vul?)?
Since we assume that ¥, is a minimal surface, we will consider H,, = 0.

Remark 3.1. The minimal surfaces in the families we will construct in sections
and [ have finite total extrinsic curvature. These minimal surfaces are graphs over
the domain {(0,r) € M2 |r € [r, 1]} of functions of class C>®. The total extrinsic
curvature of the graph S of a function u defined on M? is the integral of the extrinsic
curvature, that is,

11
(M) / KopdA = / LY
S S I

where I, II denote the determinants of the first and of the second fundamental
form. It follows that I1 = byibay — b2, I = g11gos — g3y, dA = VI. For the
expressions of the coefficients of the first and of the second differential form see
subsection [[2:3] Once their expressions have been replaced in (), it is clear that,
taking into account that u is a C>® class function, /. g KextdA is bounded. This
observation allows us to state that this property also holds for the surface obtained
by a gluing procedure in section [[Il In fact the total extrinsic curvature of this
last surface equals the sum of the total extrinsic curvature of the surfaces glued
together, that is, a compact piece of a Costa-Hoffman-Meeks type surface and three
minimal graphs over the domain described above. Because of the compactness, the
contribution to the total curvature of the piece of the Costa-Hoffman-Meeks type
example is bounded. Then the result follows immediately, taking into account the
observation made above concerning the graph of C>“ class functions over M?2.

4. THE MAPPING PROPERTIES OF THE LAPLACE OPERATOR

Now we restrict our attention to the case of the minimal surfaces close to M? x
{0}, that is, the graph of the function u = 0. In this case we obtain immediately
from (@) that L,—o = FAp, where A denotes the Laplacian in the flat metric gg
of the unit disk D?2.

In this section we will study the mapping properties of Ag. In the sequel we will
use the polar coordinates (6, 7).

In particular our aim is to solve in a unique way the problem:

{ Aow=f in S x [ro, 1],
w|r:ro =@

with 79 € (0, 1), considering a convenient normed functions space for w, f and ¢,
so that the norm of w is bounded by that of f.
Now we can give the definition of the space of functions we will consider.
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Definition 4.1. Given £ € N, o € (0,1), and the closed interval I C [0,1], we
define
ch(St x 1)

to be the space of functions w := w(f,r) in Cl{;? (81 x I) for which the norm

”wHCZ«“(SlxI)

is finite and whose graph surfaces are invariant with respect to symmetry with

respect to the xo = 0 plane, with respect to the rotation of an angle ,f—_:l about the
vertical xgz-axis, with respect to the composition of a rotation of angle == about

E+1
the z3-axis and the symmetry with respect to the x3 = 0 plane.

We recall that one of the surfaces involved in the gluing procedure we will follow
to prove the main theorem is a surface derived by the Costa-Hoffman-Meeks surface.
This surface, as explained in subsection [0.I], enjoys many properties of symmetry
that we want to be inherited by the surface obtained by the gluing procedure. This
is the reason for which we have chosen the functional space described above.

Proposition 4.2. Given rq € (0,1), there exists an operator

Gro: CO(SY x[ro,1]) — C>%(S* x [ro,1])
f — w = Gro (f)
satisfying the following statements:
(i) Agw = f on S x [ro, 1],
(i) w =0 on S* x {ro} and S* x {1},
(iii) [|w||ez.e(s1x[re,1]) < €l|fllcoe (51 x[ro,17), for some constant ¢ > 0 which does
not depend on ro, f and w.

The proof of this result is contained in subsection [12.2]

5. A FAMILY OF MINIMAL SURFACES CLOSE TO M? x {0}

In this section we will show the existence of minimal graphs in M? x R over
D? — B,._, having prescribed boundary and which are asymptotic to it. We recall
that r. = €/2. We will reformulate the problem to use the Schiuder fixed point
theorem. We know already that the graph of a function v, denoted with %, is
minimal, if and only if the function v is a solution of

®) F (Ao v+ Qo (x/Fvu, \/Fv%)) —0.

This equation is a simplified version (since u = 0) of ). The operator @y has
bounded coefficients for r € [r., 1]. Its expression is div (Vv Qp 1), where Qg1 is
given by ([@). To simplify the notation, in the sequel we will write Qq(-) in place of

Qo (\/FV', \/sz-) .
Now let’s consider a function ¢ € C%(S') which is even with respect to 6,
collinear to cos(j(k + 1)0) (for k > 1 fixed) with j > 1 and odd and such that
9) lpllcaa < ke,
We define
wg&('a ) = HTE,AP(') ')7
where H is the operator of harmonic extension introduced in Proposition[I2.11 The

particular choice of ¢ assures that its harmonic extension belongs to the functional
space of Definition .1l



In order to solve equation (), we look for v of the form v = w, + w, where
w € C**(SY x [re,1]) and v = ¢ on S! x {r.}. Using Proposition 2 we can
rephrase this problem as a fixed point problem,
(10) w = 5(p,w),
where the nonlinear mapping S which depends on € and ¢ is defined by

S(@? w) = _GTE (QO (wtp + ’LU)) s

and where the operator G,_ is defined in Proposition To prove the existence
of a fixed point for (I0)) we need the following result, which states that S(ep,-) is a
contraction mapping:

Lemma 5.1. Let ¢ € C>%(S') be a function satisfying @) and enjoying the prop-
erties given above. There exist some constants ¢, > 0 and €,, > 0 such that

(11) 15(2,0)lle2o(s1x[re1]) < CrE?

and, for all e € (0,¢e,),

1
15, v2) = S(@,v1)llc20 (51 x[re 1)) < §||U2 — V1|2 (51 x[re 1))

1S (02, v) — S(1,)|lc2o(s1x[r1)) < €7 [l02 — @1lc2.0(51),
where ¢ is a positive constant, for all vi,ve € C>*(S x [re, 1]) such that ||vi]lcz.« <
2c.e* and for all boundary data 1,2 € C>*(S) enjoying the same properties as
®.
Proof. We know from Proposition 2] that |G, (f)|lc2.« < ¢/ f]lco.«. Then

15(#, 0)llez.e = G (Qo (wep))lleze < €l Qo (wep) [[cove-

To find an estimate of the norm above we recall that ||¢||2,, < ke® and thanks
to Proposition [2.1] we obtain

[welle2.e < cll@llcza < cre”.

Then
1Qo (wy) llcoe < cllwyllzea < cllpllzea < cxe.
So we can conclude
15(¢,0)]lc2.0 < cre®.
As for the second estimate, we observe that
[S(p,v2) = S(,v1)leza < €l|Qo (wy +v2) = Qo (wy + v1) [co.a

Thanks to the considerations made above it follows that
1Qo (wy +v2) — Qo (wy +v1)||o.a < €f|va — vi]|c2a Jwyplc2.a
< cne?[|vy — vilez.e.
Then
1S(, v2) = S(p,v1) ez < Cr€®|lvg — v1][c2.0.
To show the third estimate we proceed as above:
‘lS((pg,?}) - S(@lvv)||62*a < CHQO (wtp2 + ’l)) - QO (w<P1 + 7)) ||C°*°‘

< dlwg, = we,llezalvlleza < cg?[lp2 — @1llcza.



Theorem 5.2. Let B := {w € C>%(S* x [r., 1)) ] ||w]|c2.e < 2cxe?} and ¢ be as
above. Then the nonlinear mapping S(p,-) defined above has a unique fized point
v in B.

Proof. The previous lemma shows that, if € is chosen small enough, the nonlin-
ear mapping S(y,-) is a contraction mapping from the ball B of radius 2c.e* in
C%(St x [re,1]) into itself. This value follows from the estimate of the norm of
S(¢,0). Consequently, thanks to the Schiuder fixed point theorem, S(y,-) has a
unique fixed point v in this ball. O

We have proved the existence of a minimal surface with respect to the metric
Ghyp» denoted by S,, (), which is close to D* — B,. C M? x {0}, and close to its
boundary is the vertical graph over the annulus B, — B,_ of a function which can
be expanded as

Un(0,7) =Hy_ o(0,7)+ Vi (0,7),  with  ||[Vi,||c2e < ce?.

From the properties of the extension operator H.,_ ., (see Proposition I21]) and
Proposition [L.21 we can see that U,, (0, r) tends to 0 as r — 1. In other terms S,, ()
is asymptotic to M? x {0}. Furthermore it is clear that S,,(¢) is embedded in
M2 x R.

The function V;,, depends nonlinearly on ¢, ¢. Furthermore, as it is easy to prove
thanks to the third estimate of Lemma [B.1] it satisfies

(12)  (Vin(e,9)(re) = Vinle, @) (s re)lleza(py -5, < cello = @llezasy).

6. THE CATENOID IN M? x R

The catenoid in the space M? x R can be obtained by revolution around the
xz-axis, {0,0} x R, of an appropriate curve v (see [I7]). We consider a vertical
geodesic plane containing the origin of M? and the curve ~. Let r be the Euclidean
distance between the point of v at height ¢ and the x3-axis: we denote with r = r(t)
a parametrization of ~.

The surface obtained by revolution of 7 is minimal with respect to the metric
ghyp if and only if r = r(t) satisfies the following differential equation (see subsection

M2.4):
&  (or\®
(13) (t)w - (E) —(1-r@®*H=0.
A first integral for this equation is:
or\> 9 4
(14) (E) =Cr—(1+r%)

. . . 9\ 2 o
with C > 2 and Constant By the resolution of equation (%) = 0, it is easy to

prove that the function 7(¢) has a minimum value r,,;, given by:

—_— e 02 \/0/2+1 \/0/2_1




Since we assume C = E%, we get

o Jo2+1 \/0/2—1_\/5 1 1 1

_ + O
- \/6 C3/2
We denote with C; and CY, respectively, the piece of the catenoid contained in
M? x Rt and M? x R™.
We set

) =’ + 0(9).

te = —%lne.
We need to find the parametrization of C; and Cj, as graphs on the horizontal plane
respectively for t € [t. —e%2In2,t. +e?In2] and t € [~t. —?In2, —t. + &2 In2]. We
start by finding the expression of r(¢) for ¢ in the interval specified before.

Lemma 6.1. For e > 0 small enough, we have
t t t t
r(t) = €% cosh -+ O(£%=7) and dyr(t) = sinh -+ O(gte=?)
€ €
fort € 0,t. +e*In2]. Moreover if t € [t. —e*In2,t. +&?1n2], we derive

1 . .
r(t) € [15 + 163, e + ee?],

1 1
ar(t) €[5 — che. < — chel,

for some positive constants ¢y, ca, ], ch.

Proof. We define the function v(¢) in such a way that r(¢) = r(0) coshv(t), with
v(0) = 0 and 7(0) the minimum for r(¢). It satisfies
Cr(0) = (1++%(0)) = 0,
from which
(15) 1= Cr?(0) — r*(0).
Plugging r(¢) in (I4]) and using (I5]), we have
(0w)? = C — r2(0)(1 4 cosh? v(t))

and under the hypothesis .

2

<v(t) <= +1
€

2t

we obtain that (0;v)? = C+O(e*e=?) and then v(t) = \/6t+(9(56es2_§). We remark
a posteriori that & < v(t) < £ +1 holds for ¢ € [0,¢.+¢?In2], e > 0 small enough.
Since 7(0) = rpin = €2 + O(£%), we get

m“"

).

If t € [t- —?In2,t. + 2In2], then we easily obtain r(t) € [te + c16%,e + c2€?],
for some positive constants c1,co. Using 9yr(t) = sinh (%) + O(e%e77), we find

Oyr(t) € [£ — che, L — che] for some positive constants ¢/, ch. O

(16) r(t) = r(0) coshv(t) = * cosh (E%) + O(%:=

Now we can prove a lemma that gives us the parametrization of the pieces of the
catenoid whose height ¢ belongs to a neighbourhood of ¢, and —t..
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Lemma 6.2. For e > 0 small enough and t € [t. —e?In2,t. +£?In2], the surface
Ci can be seen as the graph, over the annulus Bay, — B,._j2, of the function Wi(6,7)
which satisfies

2r
(17) Wi(0,7) = e*In = +O0c2.0 (%).

Similarly if t € [~t. —e?In2, —t. +&21In 2], the surface Cy can be seen as the graph
over Bo.. — B,_so of the function
2r
Wy(0,7) = —*In = + chz,a(ES).
Proof. The first result easily follows from the hypothesis and equation (IG). The

second result can be shown by observing that Cj, is the image of Cy by the reflection
with respect to the x3 = 0 plane. In other terms, W3(0,r) = —W(0,r). O

7. A FAMILY OF MINIMAL SURFACES CLOSE TO A CATENOID ON S! X [r, 1]

In this section we want to show the existence of minimal graphs in M2 x R over
the parts of the surfaces C; and C} (described in the previous section) defined on
St x [re, 1] € M2 x {0} and asymptotic to them. We know that the graph of the
function u + v is minimal, v being the function whose graph is the catenoid, if and
only if v is a solution of the equation

(18) Hy4y =0
whose expression is given by (). The explicit expression of L, v is

(19)

1 1 1 1
F (\/—ZAO,U + ar <ﬁ) aT’U — Earu 8T (Faru) 8T’U — F@Tu 87« (Earuarv)> 5
where F = (1 —1r?)2,
_ 2 _(C=r®
A=14F|Vuf = 55—

and
1

VCr2 =1 — %’
as is easy to obtain using (I4)). It’s useful to observe that since we assume C' = E%
and r. = /2, we have that, for r € [r., 1], A =1+ O(e?), d,u = O(e),

(2C —4)(—r +1rP)

Oru = %

0rA = =0
(Cr2 —1—14)2 ()
and 3
2u—r T2 o,
" (Cr2 —1—14)3
Taking into account these estimates, we can conclude that
(20)

Lyv:=VA ((% (L> v — Lgaru O (FOru) Opv — FOu 0, <L35‘ru &A)))
VA Az Az
= 118,,1) + lg@frv,
where l1,l5 = O(g). Then we can write VAL,v=F (on + Euv) )

9



We remark that we have already studied the mapping properties of the operator
Ay in section @l

Let 3, be the graph of the function u. Then the graph of a function v over X,
is minimal if and only if v is a solution of the following equation:

(21) Agv + Lyv + VAQ,(v) = 0,

where Q. () := Qu (\/FV~, \/FV2~> . Thanks to the observations on the functions

A and 9, u, we can conclude that @, has bounded coefficients if r € [r¢, 1].
Now we consider a function ¢ € C?*(S1) which is even with respect to 8, collinear
to cos(j(k +1)0) (for k > 1 fixed) and such that

(22) lellcae < we®.
We define
w@('v ) = ,HTE#P(U ')v
where the operator ,_, has been introduced in Proposition 1211
In order to solve equation (2I)), we look for v of the form v = w, + w, where

w € C>*(S* x [re,1]) and v = ¢ on S x {r.}. We can rephrase this problem as a
fixed point problem, that is,

(23) w = 5(p,w),
where the nonlinear mapping S is defined by
S(@) w) = _GTa (Eu(ww + w) + \/ZQU (ww + w)) s

and where the operator G,_ is defined in Proposition To prove the existence
of a solution for (23) we need the following result, which states that S(p,-) is a
contraction mapping.

Lemma 7.1. Let ¢ € C>%(S') be a function satisfying @2) and enjoying the
properties given above. There exist some constants c, > 0 and €,, > 0, such that

(24) 15(,0)llez.a(s1x[re,17) < cne®
and, for all € € (0,¢x),

lwa — w1 |e2.a(s1x[r. 1))

N =

15 (p, wa) — S, w1)llc2.a (51 x[re 1)) S
<

o

1S (g2, w) — S(p1,w)|lc2a(s1 % 1]) < CE |02 = @1lle20 (51,

where ¢ is a positive constant, for all wi,wy € C>*(S' x [r.,1]) such that
|willez.e (51 x[r. 1)) < 2¢.e* and for all boundary data @1, ps € C>(SY) enjoying
the same properties as .

Proof. We know from Proposition .2 that ||G,_(f)||cz.« < ¢/ f|lco.«. Then
15(,0)llc2.e < el Luwy + VAQu (wy) flco.
< c([Luwgllcoe +1Qu (wy) llcoa) -

Here we have used the fact that A = 1+ O(£?).
So we need to find the estimates of each summand. We recall that ||¢||c2.« < ke.
Thanks to Proposition [I2.1] we get that

[wellczo < cllpllcza(syy < cre”.
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We use ([20) for finding the estimate of L,w,. We obtain
| Lywy||coe < cgllwy|cza < cxe®.

The last term is estimated by observing that

1Qu (W) lleo < cllwpllEsn < exe®.

Putting together all these estimates we get
15, 0)llg2.e < 6.

As for the second estimate, we observe that
S(p,ws) — S(p,wy) = —Go, (Eu(wg, +ws) + VAQy (wy + wg))
+G,. (Eu(wg, +wy) + VAQ, (w, + wl)) .
Consequently

1S (p, w2) — S(p, w1)l|c2.«
< ol Lu(wy 4+ w2) — Ly (wy + w1) + VAQy (wy + wa) — VAQy (wy + w1) [|co.e
= || Lu(wz — w1) + VA(Qu (wy + ws) = Qu (wy + w1)) o
< e (|Lu(wz —wi)lleoe + [|Qu (wy +w2) = Qu (wy +w1)l[co.a) -
We observe that from the considerations above it follows that
[ Lu(wz = w1)lco.e < cellwz — wile2a
and
HQu (ww +wz) — Qu (wgo + wl)HcO,a < C||w2 - w1||C2=a ||w<pHC?">L
< exel|lwa — wil|eza.
Then
1S(p, w2) = S(p, w)lcze < cellwz — wile2.a.
To show the third estimate we observe that
1S (02, w) = S(p1, w)l|c2.e
< e (1Zulwp = wp)leoe +[1Qu (s, + 1) = Qu (s, +0)lo.c)
< cgllpz — pillcza(sny + wllezellpe — pilleza(s)
< cgllp2 — piflczasy).
O

Theorem 7.2. Let B := {w € C**(S' x [r;,1]) | ||w|lc2a < 2¢4e3}. Then the
nonlinear mapping S(yp,-) defined above has a unique fized point v in B.

Proof. The previous lemma shows that, if € is chosen small enough, the nonlin-
ear mapping S(p,-) is a contraction mapping from the ball B of radius 2c.c® in
C%2(S! x [re, 1)) into itself. This value follows from the estimate of the norm of
S(¢,0). Consequently, thanks to the Schiuder fixed point theorem, S(p,-) has a
unique fixed point v in this ball. O
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We have proved the existence of a minimal surface with respect to the metric
Ghyp» St(), which is close to the piece of catenoid C; introduced in section [6] and
close to its boundary is a graph over the annulus Bs,, — B, of the function

_ 2 _
0,(0,7) = 2 In E—;" +H, (0,7) + Ti(0,7),

with [|[Vi|lc2.a < ce®. From the properties of the extension operator H, . (see
Proposition IZ1]) and Proposition we can see that Si(p) is asymptotic to Cy if
r tends to 1 and it is embedded in M? x R.

The function V; depends nonlinearly on ¢, ¢. Furthermore it satisfies

(25)  [Vile,@)(,re) = Vile, @) (e )llezia 8,3y < gl — @' llcza(sy)-
This estimate follows from Lemma [T.1]

Now it is easy to show the existence of a minimal surface Sy(¢), which is close
to the part of the catenoid denoted by C} introduced in section [G] and close to
its boundary is a graph over the annulus Bs,, — B,_. We start observing that Cj
can be obtained by reflection of C; with respect to the x3 = 0 plane. So we can
define Sp(p) as the image of S¢(¢) by the composition of a rotation by an angle
741 about the x3-axis and the reflection with respect to the horizontal plane. This
choice (in particular the apparently unnecessary rotation) is indispensable to assure
that the surface we will construct by the gluing procedure in section [T has the same
properties of symmetry as the Costa-Hoffman-Meeks surface. See subsection
for more information.

It is clear that Sy(y) is the graph over the annulus Ba,, — B, of the function

Ty(0,7) = —T, (9 _ T ) .

k+1’r

8. THE RELATION BETWEEN THE MEAN CURVATURES OF A SURFACE IN D? x R
WITH RESPECT TO TWO DIFFERENT METRICS

In this section we want to express the mean curvature Hy,, of a surface in
D? x R with respect to the metric Ghyp in terms of the mean curvature H. of the
same surface with respect to the Euclidean metric gq.

We recall that, if 2, 25 denote the coordinates in D? and x5 the coordinate in
R, then

dz? + dx3
ghypzy—l-dxg, where F:(l—az:%—ac%)Qz(l—rz)2

and
go = da? + da3 + da:g.
If Npyp denotes the normal vector to a surface ¥ with respect to the metric gpyp,
then its mean curvature with respect to the same metric is given by

1 _
Hpyp(2) = ~5 trace (X — [VXNhyp}T) ,

where []T denotes the projection on the tangent bunble TS and V is the Rie-
mannian connection relative to gpy,. The mean curvature of ¥ with respect to go,
denoted by H,.(X), is given by

H, (%) := —% trace (X — [VxN.]"),
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where N, denotes the normal vector to ¥ with respect to the metric go and V is
the flat Riemannian connection

The Christoffel symbols, I'}., associated to the metric g, all vanish except

zg’

2$1
I, =TI3 =I7,=-T3,="=,
11 21 12 2= %
2$2
Iy, =0%,=0I} =-T%, = ~=.
12 22 21 n=Un
Let 0, = dxl Oy = Fag O3 = % be the elements of a basis of the tangent

space. Now, if X = 37, X'9; and Y = 37, Y79; are two tangent vector fields, the
expression of the covariant derivative in (D? x R, gp,,) is given by

vxyzz X(Y") +ZX YITE | 0.
k
It is clear that

(26) VxY =VxY + ZZX YITE 0.
k=1 1,3

We suppose that Ny, = (N, N?, N?3). From (28] we get the relation

2 2

(27) VxNiyp = VxNuyp + Y Y X NTE 0.
k=14,j=1

We start by evaluating the term VxNp,,. We observe that the normal vector
N. = (N1, N2, N3) to ¥ with respect to the metric go does not coincide with Np,p,.
But it is clear that

Nhyp = (Nl N? Ng):(\/_Nla\/—N27N3)
We observe that
3
VxNiyp = Y X(N*)O = X(VFN)0y + X (VFN2)d; + X (N3)0s.
k=1
We can write X (vVEN},) = (1 —72) X (Ny,) — X (r?) Ny, for k = 1,2. Since

X(Ng) = X'0, N, and X(r?) =221 X" + 22, X7,
l

it follows that
X(VFNg) = X(Ng) — (201X + 202 X?) Ny — 7 (ZX 8xlNk>

for k =1,2. We can conclude that Vy Ny, = >, X(N¥)dj, is given by

3 2
> X (N)Ok — (221X + 222X7) ZNkak -2y <ZX 8mlNk> O
k=1

k=1 k=1

13



Inserting this equality into (20) and observing that Zi:l X (Ni)Ok = VxNe, we
obtain

2 2 3
VXNhyp = VXNe - (21‘1X1 + 21‘2X2) ZNkf)k - T‘2 Z <Z Xl(r“)mlNk> 8k.
k=1 k=1 \l=1

Replacing this result into (Z7) we find the following expression of V x Nj,,, which
we will consider to compute the trace. We will assume X to be a vector field tangent
to 2. Then

VxNuyp = VxNe — (201 X + 222 X2) Y27, Ny

28 o
(28) —r? ZZ:l (Z?:l Xlalek) O + Zi:l Zijzl XleFi?jak'

We start to study the second summand. (2x1X1 + 2x2X2) Zizl N0y, is the
vector whose components with respect to the basis (91,02, 03) are given by

2$1N1 21‘2N1 0 Xl
2$1N2 2132]\]2 0 X2
0 0 0 X3

p . T
So the trace of the mapping Zle X'0; — [(2x1X1 + 2x2X2) Zi:l Nkﬁk} equals

20(331N1 + JTQNQ).
The components of the vector

22: (i XlaxlNk> O

k=1 \i=1
with respect to the basis (91, 02, 03) are given by
Op, N1 Ogy, N1 02, N1 X!

Oy, Na  9y,Ny 9y, Ny X2
0 0 0 X3

So the trace of the mapping

3 3 T
> X0 [Z <Z Xlame> a,c]
i=1 k=1 \i=1
equals O (r2 (02, N1 + 8362]\[2)) .
As for the last term of (28]), we can state that Zi:l > X'NIT¥0), is the
vector whose components with respect to the basis (01,02, 03) are given by

221 Nt + 225 N2 20Nt 201 N? 1

VE_ T VF VB VF X

(29) _2a,N? + 2z, N? 2z N' + 22, N? X2
VF 0 VF VF VF 0 X3

Taking into account the equalities N' = vFN; and N2 = V/FN,, it is easy to
conclude that the trace of the mapping

T
2

S X0 DD XINITE O

k=1 i,j
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equals 40 (21 N1 + 22 N3) . From the definition of the mean curvatures it is easy to
obtain the following relation:

(30) thp(E) = He(E) — O(CElNl + ZEQNQ) + 7”20 (8331]\]1 + 8$2N2) .
We have proved the following result.

Proposition 8.1. Let S be a surface in D? x R endowed with the metric gpyy. If
Hpyp(-) denotes the mean curvature with respect to the metric gpyp, and if He(-)
and (N1, No, N3) denote respectively the mean curvature and the normal vector to
S with respect to go, then

(31) Hpyp(S) = He(S) — O(x1 Ny + 29N3) + 120 (9, N1 + 9, No)

where x1, T2 are the Euclidean coordinates on D* and r* = x% + 3.

9. A SCALED COSTA-HOFFMAN-MEEKS TYPE SURFACE

In this section we will describe the surface obtained by scaling of My, the Costa-
Hoffmann-Meeks surface of genus k& > 1 (see C. Costa [1], [2] and D. Hoffman
and W. H. Meeks []], [9]) and we will study the mapping properties of its Jacobi
operator. We denote by My, . the image of M}, by a homothety of ratio 2. We will
adapt to our situation some of the analytical tools used in [6] to show the existence
of a family of minimal surfaces in R3 close to M} with one planar end and two
slightly bent catenoidal ends by an angle & € (—&p,&0), £ > 0 and small enough.
We denote an element of this family by M (§). Then My (€)|e=o = Mj.

9.1. The Costa-Hoffman-Meeks surface. We start by giving a brief description
of the surface Mj. After suitable rotation and translation, Mj enjoys the following
properties.

(1) It has one planar end E,, asymptotic to the z3 = 0 plane, one top end E;
and one bottom end Ej that are respectively asymptotic to the upper end
and to the lower end of a catenoid with x3-axis of revolution. The planar
end F,, is located between the two catenoidal ends.

(2) It is invariant under the action of the rotation of angle ,f—j:l about the x3-
axis, under the action of the symmetry with respect to the x5 = 0 plane
and under the action of the composition of a rotation of angle 75 about
the x3-axis and the symmetry with respect to the x3 = 0 plane.

(3) It intersects the x3 = 0 plane in k + 1 straight lines, which intersect them-
selves at the origin with angles equal to 7. The intersection of M}, with
the plane x3 = const (# 0) is a single Jordan curve. The intersection of My,
with the upper half space x5 > 0 (resp. with the lower half space x5 < 0)
is topologically an open annulus.

We denote by X;, with i = t,b, m, the parametrization of the end F; and with
X e the parametrization of the corresponding end E; . of M .

Now we give a local description of the surface M}, . near its ends and we introduce
coordinates that we will use.
The planar end. The planar end F,, . of the surface M . can be parametrized
by

(32) Xme(z) = (%,azum(xo € R3,
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where z € B, (0)—{0} C R2. Here py > 0 is fixed small enough. In the sequel, where
necessary, we will consider on B, (0) also the polar coordinates (6, p) € S* x [0, po].
The function w,, satisfies the minimal surface equation, which has the following
form:

|x\4 Vu
33 2H, = di =0.
33) Y\ ATl V)2

It can be shown (see [0]) that the function u,, can be extended at the origin con-
tinuously using the Weierstrass representation. In particular we can prove that
Uy, € C>%(B,,) and u,, = ch,a(|x|k+1), where the expression Ogr.(g) denotes
a function that, together with its partial derivatives of order less than or equal to
n + «, is bounded by a constant times g. Furthermore, taking into account the
symmetries of the surface, it is possible to show that the function u,,, in polar
coordinates, has to be collinear to cos(j(k + 1)8), with 7 > 1 and odd.

If we linearize in u = 0 the nonlinear equation (B3]), we obtain the expression of
an operator which is, up to a multiplication by £, the Jacobi operator about the
plane, that is, Lgz = |2|*A¢. To be more precise, the linearization of (B3] gives

4
(31)  Lyv= |;”—Ldiv B Vu- Vo
€ 1+ |z[*Vul? \/ (14 |x|*|Vul?)3

We will give the expression of H,,, the mean curvature of the graph of the function
u + v, in terms of the mean curvature of 3, that is, H,.
Here we will show that

4
(35) 2H, 4y = 2H, + L,v + ﬂ W2V, |27 V),

where Q,, satisfies
Q.(0,0) =0,VQ.,(0,0) = 0.
To show (BH]), we start by observing that
1 _ 1 =)t Vu - Vv

36 = T
(36) \/1 + |24V (u + v)|? \/1 + |24 Vul|? (1+ |z|*|Vul?)?

+Qu,l(v)7

where the function @, 1 satisfies Q,,1(0) = 0, VQ,,1(0) = 0. The proof of that is
very close to the one that appears in section [3t it’s necessary only to replace F' by
|z|*. So we can omit some details. Secondly we observe that 2H,, ., is given by

4 :
|z] 'v( V(u+v) 'V (u + v) Vu - Vo

1+ [ Vul ENTENBE +V(u+v)Qu,l(v)>

Vo Vu - Vo >

2

4
o, + iy (
3

— |z
V14 |z Vul? « \/ (1+ |z|*|Vul?)3
4
+ ﬁ 2PV, |22 V3).

From this the wanted expression follows.
Since we assume that ¥, is a minimal surface, we will consider H,, = 0.
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Following what we have done in section 7 rqplacing F by |z|* we get:

4
(37) |z—l (on + 1+ |z|*Vul? (Euv + Qu(|z])* Vv, |x\2v2v))) =0,

where L,v is a second order linear operator with coefficients in Oczee (Jz|F+1).

It is important to remark that if the function v satisfies equation (B7) with
U = Uy, then the graph of the function £2(u,, + v) is minimal. Now we are
interested in finding the equation which a function w must satisfy in such a way
that the surface parametrized by X,, . +wes, that is, the graph of w over the middle
end E,, ., is minimal, which is equivalent to requiring that the graph of e%u,, + w
is minimal. Then we can obtain the wanted equation by replacing v by w/e? in

B7). So we get
(38)

4./ 2 2
i <€—2A0w+ 1+ |24 Vu|? ( Lyw+ Q. <ﬂVw, %V%}))) =0.

)
If we set Q. (-) := ‘xl V1+ 2[4 Vul? Qu (I%\ Vg-) to simplify the nota-
tion, we can erte thls equation in the following way.

jz*

(39) 1+ |24 Vul]2 Lyw + Qe o (w) = 0.

The catenoidal ends. We denote by X, the parametrization of the standard
catenoid C' whose axis of revolution is the z3-axis. Its expression is

X.(s,0) := (cosh s cos @, cosh s sin 6, s) € R,

where (s,0) € R x S*. The unit normal vector field about C' is given by

ne(s,d) :=

p— (cosf,sin@, —sinh s).

The catenoid C' may be divided into two pieces, denoted by C4., which are defined as
the image by X, of R* x S'. For any £ > 0, we define the catenoid C. as the image
of C by a homothety of ratio e?. We denote by X.. := X, its parametrization.
Of course, by this transformation, two surfaces correspond to C'.. We denote them
by Cs +.

Up to some dilation, we can assume that the two ends F; . and E} . of M, . are
asymptotic to some translated copy of the catenoid parametrized by X.. in the
vertical direction. Therefore, F; . and Ej . can be parametrized, respectively, by

(40) Xiei=Xeetwine+or.es
for (s,0) € (s, 0) x S*,
(41) Xpe = Xee — WpNe — Op e €3

for (s,0) € (—o0,—s¢) x S, where 0t .,0,. € R and the functions wy, w, tend
exponentially fast to 0 as s goes to +oo, reflecting the fact that the ends are
asymptotic to a catenoidal end. Furthermore, taking into account the symmetries
of the surface, it is easy to show that the functions wy,wy, in terms of the (s, #)
coordinates, have to be collinear to cos(j(k + 1)8), with j € N and must satisfy
wy(s,0) = —wi(—s,6 — k+1) Furthermore we have oy = oy .

In section 3 of [12] the expression of the mean curvature operator of a surface close
to a scaled standard catenoid is given. We can adapt this result to our situation.

17



We obtain that the surface parametrized by X, . + wn. is minimal if and only if
the function w satisfies the minimal surface equation

1
(42) o Lew 4 Q. (w) =0,
L¢ being the Jacobi operator about the catenoid, i.e.
1 2w
Low = ——— 82w—|—82w+—>,
© cosh? s ( 59 0o cosh? s

and

(13)  Qulw) = 5y @ (o )+ Qs ().

= 3
€2 cosh? s €2 cosh s €2 cosh s €2 cosh s

Here @2, Q3 are nonlinear second order differential operators which are bounded
in Ck(R x S'), for every k, and satisfy Q2(0) = Q3(0) =0, VQ2(0) = VQ3(0) = 0,
V2Q3(0) = 0 together with:

1Q;(v2) — Qj(v1)lcoa((s,s+1x51)

(44) -t
Ss¢ (iSUIPQ ||”i|62’“([s,s+1]x51)> lva = villcz.a((s,s+1)x 1)
for all s € R and all vy, vy such that [|villc2.e([s,s41]x51) < 1. The constant ¢ > 0
does not depend on s.
For all p < pg and s > sg, we define
(45)
My.e(s,p) = My — [X¢.c((5,00) x ST) U Xp o ((—00, —5) x S') U Xy e(B,(0))] .

The parametrizations of the three ends of Mj . induce a decomposition of My, .

into slightly overlapping components: a compact piece My, (s +1, po/2) and three

noncompact pieces X¢ . ((s9,00) x S1), Xp o ((—00, —s0) x S') and X, (B, (0)).
We define a weighted space of functions on My, ..

Definition 9.1. Given £ € N, o € (0,1) and 6 € R, the space Cﬁ’o‘ (M, ) is defined

to be the space of functions in Cﬁ;g‘ (M, ) for which the following norm is finite:

”wHCﬁ‘“(Mk,a) = ||w||c@‘a(M,c,€(so+1,p0/2)) + [|wo Xm,cheya(Bpo(o))
Hllwo Xeellero sy rooyxsty ¥ 100 Xoellego ((—oo,so)xs1):

where

1 llege (fsg,+00) x5y = S0P (€ I et (s stnxsy)

250

||f||C§’a((—oo7—so]><Sl) = Sup (668 ||fHCe*a([sfl,s]><Sl))

s<—So

and which are invariant under the action of the symmetry with respect to the
o = 0 plane, that is, w(p) = w(p) for all p € My, ., where p := (x1, —x2,x3) if
p = (21,29, x3), invariant with respect to a rotation of angle ,f—_:l about the x3-
axis and to the composition of a rotation of angle 75 about the z3-axis and the

+1
symmetry with respect to the 3 = 0 plane.

We remark that there is no weight on the middle end. In fact we compactify this
end and we consider a weighted space of functions defined on a two-ended surface.
We will perturb the surface Mj, . by the normal graph of a function u € C?’Q(Mk’a).
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9.2. The Jacobi operator. The Jacobi operator about My, . is
L. = Ay, + | Ang |,

where |Ayy, _| is the norm of the second fundamental form on My ..

In the parametrization of the ends introduced above, the volume forms dvolyy, .
can be written as y;dsdf and 7,dsdf near the catenoidal type ends and as
Ym dx1 dzo near the middle end. Now we can define globally on M} . a smooth
function

(46) v My — [0,00)

that is identically equal to € on My (so — 1,2p0) and equal to ~; (resp. 7y,
Ym) on the end E; . (resp. Ey., Epe). They are defined in such a way that on
Xt.e((s0,00) x S') and on X ((—00, —sg) x S') we have

v o X;.(s,0) ~&* cosh? s and v 0 Xp(5,0) ~ et cosh? s.

Finally on X, .(B,,), we have
4
€
Yo Xmﬁ(l') ~ W

It is possible to check that
Log: C3%(Mye) — C3™(My)

w — L, . (w)

is a bounded linear operator. The subscript § is meant to keep track of the weighted
space over which the Jacobi operator is acting. Observe that the function -y is here

to counterbalance the effect of the conformal factor ﬁ in the expression of
My, o

the Laplacian in the coordinates we use to parametrize the ends of the surface
M, .. This is precisely what is needed to have the operator defined from the space
Cy“(My ) into the target space Cy'™ (Mg .).

To have a better grasp of what is going on, let us linearize the nonlinear equation
#2) at w = 0. We get the expression of the Jacobi operator about the scaled

catenoid C.:

1 2
Lo, i= e (B4 0B+ ).
S

et cosh? s cosh
We can observe that the operator cosh? s Lo, maps the space (cosh s)° C2%((s0,+00)
xS1) into the space (cosh s)® C%%((sq, +00) x S1).
Similarly, if we linearize the nonlinear equation [B3]) at u = 0, we obtain (see (8]
with u = 0), up to a multiplication by 1/&%, the expression of the Jacobi operator
about the plane:

Again, the operator ’ys% Lg2 = Ay clearly maps the space CQ7Q(BPO) into the space
C%%(B,,). Now, the function v plays, for the ends of the surface My ., the role
played by the function cosh?s for the ends of the standard catenoid and the role
played by the function |z|~* for the plane. Since the Jacobi operator about My . is
asymptotic to E%]LRz at F, . and is asymptotic to Lc, at E; . and E ., we conclude
that the operator L. s maps Cg’a (My, ) into Cg’a (M ¢).

Now we recall the notion of nondegeneracy introduced in [6].
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Definition 9.2. The surface M}, . is said to be nondegenerate if L. 5 is injective
for all § < —1.

It is useful to observe that a duality argument in the weighted Lebesgue spaces
implies that

(Les isinjective) < (Lo _5 Iis surjective)

if 0 ¢ Z. See [13] and [10] for more details.

The nondegeneracy of Mj . is related to the mapping properties of L. s and

to the kernel of this operator. From the observations made above, it follows that
at the catenoidal type ends the Jacobi operators of My, . and M, are respectively
asymptotic to Lo, and Lo which coincide up to a multiplication by 4; at the middle
end they are respectively asymptotic to E%ILRz and Lrz. So we could transpose some
of the results about the surface M (0) contained in [6] related to the study of its
mean curvature operator, to the surface Mj ., including nondegeneracy. The only
difference is that here we work with spaces of functions invariant with respect to
all of the symmetries of Mj.
The Jacobi fields. It is known that a smooth one-parameter group of isometries
containing the identity generates a Jacobi field, that is, a solution of the equation
Ly, .u = 0. The Jacobi fields of this type, which are invariant with respect to the
mirror symmetry by the zo = 0 plane, the rotation by ,f—j:l about the zz-axis, the
composition of the rotation by 777 about the z3-axis and the mirror symmetry
with respect to the 3 = 0 plane, are generated by dilations. Of course the Jacobi
equation has other solutions which are not taken into account because they are not
invariant under the action of the symmetries listed above. See [6] for details.

The Killing vector field Z(p) = p, which is associated to the one-parameter group
of dilations, generates the Jacobi field

®(p) :=n(p) - p-
It is clear that ®(p) grows linearly and so it is not bounded.
With this notation, we define the deficiency space

D := Span{x; ®, x» ® },

where Y, is a cutoff function that is identically equal to 1 on X; . ((sg+1, +00) x S1),
identically equal to 0 on My . — X;.((s0, +00) x S1) and that is invariant under
the action of the symmetries listed above. The cutoff function x; is obtained from
Xz by using the symmetries. Clearly, if § < 0, then

Los: CO%(Mp)@aD — C9*(My,.)
w — yLp, . w

is a bounded linear operator. Thanks to a result of S. Nayatani about the dimension
of the kernel of the Jacobi operator of My, shown in [I8, [19] and extended in [16],
we can state that there is not any bounded Jacobi field which is invariant with
respect to the symmetries of My, ..

So we get the following result about the operator L. ;.

Proposition 9.3. We choose § € (1,2). Then the operator L5 is surjective.
Moreover, there ezists G. s, a right inverse for L. s whose norm is bounded.
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This fact, together with an adaptation to our setting of the linear decomposition
lemma proved in [11] for constant mean curvature surfaces (see also [10] for minimal
hypersurfaces), allows us to prove the following result.

Proposition 9.4. We choose 6 € (—2,—1). Then the operator 5575 18 surjective.

10. AN INFINITE DIMENSIONAL FAMILY OF MINIMAL SURFACES WHICH ARE
CLOSE TO A COMPACT PART OF A SCALED COSTA-HOFFMAN-MEEKS TYPE
SURFACE IN M2 x R

We recall that in section [l we found that the mean curvature with respect to the
metric gpy, of a surface S in M? x R can be expressed in terms of the Euclidean
mean curvature of S and the components of the normal vector to the same surface
with respect to the flat metric go.

In this section we will apply this result to prove the existence of a family of
embedded minimal surfaces with respect to the metric gy, which are close to the
piece of the surface My, . contained in a cylindrical neighbourhood of radius 7, = /2
of {0,0} x R.

We start by giving the statement of a result that can be easily obtained by [6],
Lemma 2.2. It describes the region of the surface M} . which can be parametrized
as a graph on an annular neighbourhood of 7. contained in the z3 = 0 plane.

Lemma 10.1. There exists g > 0 such that, for all € € (0,e0), an annular part
of the ends Ey o, Ey . and Ep, . of My . can be written as vertical graphs over the
annulus Ba,. — B,_;2 of the functions

(47) Z4(0,7) = o0 + &2 ln(2 >+(9€2a( 5,

E+1

As for the parametrization of the planar end, it satisfies

(49) Zn(0.7) = Ogae (52 (%) _(Hl)) .

Here (0,r) are the polar coordinates in the xs = 0 plane. The functions Oclz,a(f)

(48) Zo(0,7) = —Z <9 - L’T> .

are defined in the annulus Ba,. — B,_j2 and are bounded in the Cf’a topology by
a constant (independent by f) multiplied by f, where the partial derivatives are
computed with respect to the vector fields r 0, and 0.

We set
se = —Ilne, p.:=2¢

and we define M, ,? . to be equal to M}, ., from which we have removed the image
of (se,4+o0) x S by X;., the image of (—oo, —s.) x S! by X, . and the image
of B, (0) by X,, .. The values of s. and p. have been chosen in such a way that
the surface M;!'_ is contained in a neighbourhood of radius r. = &/2 of {0,0} x R.
In this section we will prove the existence of a family of minimal surfaces close to
M. To this aim we will use Proposition Bl and we will follow the work [6].

First, we modify the parametrization of the ends E; ., Ej . and Ey, ., for appro-
priate values of s and x, so that the images of r = r. by

(50) 0 — (r cos@,r sinf, Zy(0,r)), 60— (r cosd,r sinf, Z,(0,r))
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correspond, respectively, up to a vertical translation, to the horizontal curves at
heights +¢2 In(2r./&?).

The curve 6 — (r cos,r sinf, Z,,,(0,r)), if r = r., corresponds, up to a vertical
translation, to a horizontal curve at height 2 (rE/EZ)_(kH).

The second step is the modification of the unit normal vector field on M}, . into a
transverse unit vector field 7. in such a way that it coincides with the normal vector
field ne on My ., is equal to ez on the graph over By, — B,_/ of the functions Uy
and Uj and interpolates smoothly between the different definitions of 7. in different
subsets of M.

Finally we observe that close to E; ., we can give the following estimate:
(51) |e* cosh® s (L, v — (€* cosh® s) ™" (Dssv + 9pov)) | < c|(cosh® s) 1o .

This follows easily from ([42) together with the fact that w; decays at least like
(cosh® s)~! on F; .. Similar considerations hold close to the bottom end Ej, .. Near
the middle planar end E,, ., we observe that the following estimate holds:

(52) etz (Lag, v — |#]*e ™" Agv) | < c‘|x|2k+3VU| .

This follows easily from ([B4) together with the fact that u,, decays at least like
|z|**1 on E,, ..

The graph of a function u, ¥, using the vector field n., is a minimal surface
(with respect to the metric go) if and only if w is a solution of a second order
nonlinear elliptic equation of the form

He(Su) = Lyr u—Leu—Qc (u) =0,

where ILMkT is the Jacobi operator about M,CT o> Qe is a nonlinear second order
yE ’

differential operator and L. is a linear operator which takes into account the change
of the normal vector field (only for the top and bottom ends) n. into 7. and of the
change of the parametrization.

This operator is supported in a neighbourhood of {4s.}xS! and of S1x{p.}. It is
possible to show that the coefficients of e L. are uniformly bounded by a constant
times e*. We start by noticing that the conformal factor (cosh? s)~! contributes
with a term equal to £2. Furthermore the fact that (fi.,n.) = 1 + ch,a (e?) in a

neighbourhood of {#s.} x S* and the result of [6], appendix B, show that the change
of vector field induces a linear operator whose coefficients are bounded by a constant
times €2. The contribution of the change of parametrization can be estimated as
follows. As for the catenoidal ends, we determine the difference between the value
of functions [@T) and (@], for r in a neighbourhood of r., and the height of the
horizontal boundary curve (see (B0))). We obtain it is bounded by a constant times
3. Using (@) we can show that a similar estimate holds for the planar end.

Now, we consider three functions ¢y, vy, pm € C>%(S1) which are even, with
respect to 6, ¢ is collinear to cos(j(k + 1)) (k > 1 fixed) with j > 1, ¢p(0) =
—pt(0 — 31 ), while ¢, is collinear to cos(I(k +1)0), with [ > 1 and odd. Assume
that they satisfy

(53) lpelleza + lgpllcza + llomlleza < we.

We set @ := (4, b, m) and we define wg to be the function equal to

(1) x4+ Hy,(sc — s,-) on the image of X; ., where x; is a cutoff function equal
to 0 for s < sp + 1 and identically equal to 1 for s € [so + 2, s.];
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(2) x— Hy,(s+ se,-) on the image of X; ., where x_ is a cutoff function equal
to 0 for s > —sp — 1 and identically equal to 1 for s € [—s., —sg — 2[;

(3) xm Hp_ 5, () on the image of X, ., where x,, is a cutoff function equal
to 0 for p > po and identically equal to 1 for p € [pe, po/2];
(4) zero on the remaining part of the surface M Z .

The cutoff functions just introduced must have the same symmetry properties as
the functions in Cg’a(M he)- H and H are harmonic extension operators introduced
respectively in Propositions [2.3] and

We would like to prove that, under appropriate hypotheses, the graph ¥, over
M ,CT . of the function v = we + v is a minimal surface with respect to the metric
Jhyp- We want to point out that to construct the graph of the function u, here
we consider the normal vector field with respect to the Euclidean metric gy. The
equation to solve is:

Hpyp(2,) = 0.

If we denote by N, = (Ni(u), Na(u), N3(u)) the unit normal vector to %, by
equation (BI]) we can express Hpyp(X,) in terms of the Euclidean mean curvature
and write the equation to solve as

H.(X,) — O(x1N1(u) + zaNo(u)) + rzO(alel(u) + Oz, No(u)) =0,

where 71, x5 are the coordinates on D? and r? = 2% + x3. To simplify the notation
we set P(u) := O(z1N1(u) + 22No(u)) — r20(0y, N1(u) + 0y, Na(u)). Taking into
account that u = wge + v, now the expression of the equation to solve is given by

Lz (we +v) — L. (wg +v) — Qc(we +v) — P(wg +v) = 0.

The resolution of the previous equation is obtained by the following fixed point
problem:

(54) v="T(P,v)
with
T(®,v)=G.50&: <7 (ig(wcb + )+ Plws +v) — Lygp we + Q- (we + v))) ,

where ¢ € (1,2), the operator G s is defined in Proposition and &, is a linear
extension operator such that

Ee 1 CPO (ML) — CP (M),

where Cg’a(M,za) denotes the space of functions of Cg’a(Mk,E) restricted to M, _.
It is defined by E.v = v in M, E&.v = 0 in the image of [s. +1,+00) x S* by X, ,
in the image of (—oo, —s. — 1] x St by Xpe and in the image of B, /5 by Xy ..
Finally £.v is an interpolation of these values in the remaining part of M}, . such
that

(Ev) o Xic(5,0)=(1+ 5. —s)(vo X;c(sc,0)), for (s,0) € [sc,5:.+ 1] x S,

(Ev) 0 Xpo(5,0)=(1+ 5. +5)(vo Xpe(se,0)), for (s,0) € [—s.—1,—s.] xS,

2
(€0) 0 X c0.0) = (29 =1) (00 X c0.02)) for (0.0) € 5" x /2.0

€
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Remark 10.2. From the definition of &, if suppv N (B,. — B,_2) # 0, then

[[(Ecv) o Xm,sHCDva(BpO) <ceps®lvo Xm,EHCOv“(B,JOfBPE)-
This phenomenon of explosion of the norm does not occur near the catenoidal type
ends:
[(Eev) © Xt ellcoa((so,+o0)x51) < €llv 0 Xt ellco.a([s,s.]x51)-
A similar equation holds for the bottom end. In the following we will assume « > 0
and close to zero.

The existence of a solution v € C?’Q(M g .) for equation (B4) is a consequence of
the following result, which proves that T'(®, ) is a contraction mapping.

Lemma 10.3. Let § € (1,2) and ® = (¢4, b, ©m) € [C2*(SY)]? satisfy BI) and
enjoy the properties given above. There exist constants ¢, > 0 and €, > 0, such
that

(55) ||T(<1>70)||c§,a(Mk,E) < cq 65/2

and, for all € € (0,e,), a € (0,1/2),

1
IT(®,03) = T(®,00) 2 as ) < 5 102 = 0tz qar,

[T(®2,v) = T(P1,0)lle2.2(ap,

where ¢ 1s a positive constant, with

) < 053/2 ||(I)2 — (I)1HC2,Q(51),

,€

[®2—1[c2.a(s1y = [lpr,2— 0,1 llez.e(51)F 02— @b,1 llc20 (51) F | 0m,2—@m,1 lc2.e (s1)

for allv,vy,vs € C?’O‘(M;m) and satisfying Hv||c§,a < 2¢,.€%2 and for all boundary

data ®; = (4, Pb.is Pm.i) € [C2*(SY)]?, i = 1,2, enjoying the same properties as
d.

Proof. We recall that the Jacobi operator associated to My ., is asymptotic (up
to a multiplication by 1/e%) to the operator of the catenoid near the catenoidal
ends, and it is asymptotic to the Laplacian near the planar end. The function we
is identically zero far from the ends where the explicit expression of Lyy, . is not
known: this is the reason for our particular choice in the definition of wg. Then
from the definition of we and thanks to Proposition we obtain the estimate

€2 ('Y]LMkaw‘b) ||c0v“(Mk 2)
—H(’YLMT - 82+89) (we 0 Xie)

€9 ([so+1,5:]x51)

e, - 02-29) e

CQ*“([—SE,—So—lleU

‘(VLM; — Ao ) (w0 Xn)

+p-
P €O (ST X[pe,pol)

<ec | ‘COSh_Q s(wg o Xt,s)‘|cgya([80+1,ss]xsl)

- loosh s (1 3. g

+ g™ [PV (we 0 Xy )

Se,—8sp—1]xS1)

||C°‘“(31X[pa7po])
<cne + ¢k g5/2 055/
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To obtain this estimate we used the following:

sup e %% I cosh™2 s(we 0 Xy e2)llco.e([s,s+1]x51)
[so+1,s:]x ST
<c¢  sup 6_636_2(35_8)6_28||¢t||cz,a(sl) < ce | By]lczo(s1) < cret
[so+1,5]x S?

(a similar estimate holds for the bottom end) and

ps—a”p2k+3v(w¢ ) Xm E)HCO Q(S1><[p57p0]) <ce™ p€||¢m||C2 s (S1) C,.Cg 5/2

together with the fact that s, = —Ine and p. = 2, from which e=2% = £2 and
p=“ = (2¢)~*. Using the properties of L. and the definition of v (see (G])), we
obtain

1€ (Ee w ) lepeary..) Se=lwn 0 Xeellee o r,on s

+ 052||w<1> o Xy e||c0=a ([—s2,—s0—1]x51)

+ 27 |we © X e|lcoa (51 % [perpo/2]) < CrE™>.

The estimate of ||E. (vP(ws)) ||Cg,u(Mk . Is related to the estimate of the hori-
zontal components and their derivatives of order one of the normal vector to the
surface and to the definition of the function v on M E .- It is convenient to recall

that the operator & smoothly extends a function g € Co’a( MT ) to a function

in CO “(Mjy.), substantially leaving it unchanged on M, TE and settmg it equal to
zero on the remaining part of My .. P keeps track of the difference of the mean
curvatures of Y, computed with respect to two different metrics. It is sufficient
to estimate the norm of vP(wg) only on M,CT .. The function v equals * cosh? s at
the catenoidal ends of M, equals ¢*/|z|* at the middle end, and equals * far
from the ends. We recall that |s| € [so,sc] and || = p € [pe, po]. Furthermore it
is easy to prove that the horizontal components Ny, No of the normal vector (with
respect to the metric gg) to the graph of wg over the middle end of M,ZE, are, in
absolute value, smaller than a constant times 2. Their derivatives 0., N1, 0y, N2
are bounded by a constant times €. As for the values of the coordinates z; and x5,
we recall that we are working inside a cylindrical neighbourhood of radius r. = €/2.
We get
IE- (VP(wa)) llgo.e (ag, .y < €872,

As for the last term, we recall that the expression of the operator (). depends

on the type of end we are considering (see equations ([B9) and [ 3])). It follows that

€ (7Qe (wa)) HC?’“(Mk,E) < epe,
In fact
[€e (vQ= (wa)) ||cg=a(M,€ys) <’

Il

W 2
——oX
€2 cosh s t’€||‘3§’/(§([80+1785]xx91)
¢ 2
—— o X
€2 cosh s b’5||C§}Z([—ss,—so—1]xSl)

] < CK€5/2.

2
_ x
e B o X st oy <

As for the second estimate, we recall that
T(®,v) :==Gep0E&: (fy (P(’LU<1> + ) 4 Lo (wg 4+ v) — L, . we + Qe (we + v))) .
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Then
IT(®,v2) = T(®,01)l| 2.2 (g, .
<1 (v (P(we + v2) = P(we + v1))) [leo.e(ay, )
- (vEele2 = 1)) llege ..
+ 1€ (7 (Q= (wo + v1) — Qe (o +v2))) llgo.o (g, -
We observe that from the considerations above it follows that
€= (v (P(wa + v2) = P(wa +v1))) [lgoa g, ) < €2z = o1z ar, Ly,

€. (vLa(vg - )) oo ag, .y < 22 llv2 = vallg2o o,

and
€= (7 (Qc (wa +v1) = Q= (wa +v2))) [l o (a, )
< dflvg — vl”C?’“(Mk,s) ( ||52 coshs )
2”m °
4e2- a|| @ ‘ we 0 X el co, 2@ (Epn, s)>
< cxe Hvz - U1||c§‘“(Mk,a)'
Then

IT(®,v2) = T(®, 01)llg2e (ag, .y < 2™z = villeze -
To show the last estimate it is sufficient to observe that
[T(@2,v) = T(@1,0)||c2a(ap, .y < 1€ (v (P(wa, +v) — Plwa, +v))) 0wy, .
5" (Mg,e) s " (Mg,e)
+ 1€ (Ve (way = we,)) g ar,..
+ 1€ (7 (Qe (wa, +v) — Qe (wa, +v))) [lco.0(ay, )
< 2@z — @1 llcaa(sty + cllvlloaar, ) l1B2 — Pillczasr)
g CEB/QHCIJQ — (I>l||c2~°¢(sl)-
O

Theorem 10.4. Let B := {w € C3**(My..) | ||w||¢2.e < 2¢,6%/2}. Then the nonlin-
ear mapping T(®,-) defined above has a unique fized point v in B.

Proof. The previous lemma shows that, if € is chosen small enough, the nonlinear
mapping T(®,-) is a contraction mapping from the ball B of radius 2¢,.€%/? in
C?’Q(Mkys) into itself. This value follows from the estimate of the norm of T'(®,0).
Consequently, thanks to the Schauder fixed point theorem, T'(®,-) has a unique
fixed point v in this ball. O

This argument provides an embedded minimal surface with respect to the metric
Ihyp, M g (@), which is close to M, g . and has three boundaries. This surface close
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to its upper and lower boundary is a vertical graph over the annulus B,, — B, _/3,
with 7. = £/2, whose parametrization is, respectively, given by

2 2
Ut(a,'f’) = Ot +52 In (E—z) + HﬁPt (SE —1In 6-2,9) + ‘/;(9,7‘),

™
Ub(0,r) = *Ut (9 - k—_H,T') 5

where s. = —Ine. Near the middle boundary, the surface is a vertical graph whose
parametrization is

_ 2
Un(0,7) = H,_ . (9, E—) + Vin(0, 7).
T

The boundaries of the surface correspond to r = r.. All the functions V;, i = ¢, m,
depend nonlinearly on ¢, .

Lemma 10.5. The function Vi(e, ;), for i = t,b, satisfies

IVi(e, i) (s 7e)le2(By -, o) < €7
and
(56)
1Vi(e,0i2) (-, re) = Vile, i) (s re) ez, - By o) < e |pi 2 — @i llcza(sy)-
The function Vi (e, p) satisfies ||[Vin(e, 0)(+; pe)llcza (B, - B, ) < ce? and

(57)
V(e 0m,2) (s pe) = Vin (e, 0m,1) s pe ez (BB ) < €2 0m,2 = Emot ez (sn).-
Proof. We start by observing that the functions V;, V3, V,, are the restrictions to
Eic,Ebe, Ep ¢ of a fixed point for the operator T'(®, -). Then the second estimate
follows from

IVite, 91.2) () — Vies 91.2) (s Mleson(n -5,

< ce®|[(T(®s, Vi) = T(®1,Vi)) 0 X

|C§'”(Qq;><81)’

for i = t,b, with Q; = [sg, s¢] and Q = [—sc, —S0|. The third estimate comes from
|Vin (e, @m,Z)('v ) = Vinle, @m,?)('a ')HC?)“(BTEfBTE/Q)
< |[(T(®2, Vi) = T(@1, Vin)) © Xinellez.a (51 x o2 o)) - a

11. THE MATCHING OF CAUCHY DATA

In this section we will complete the proof of Theorem [[.11

Using the result of section [7l we obtain two minimal surfaces that are perturba-
tions of two parts of the catenoid defined in M? x R. The first surface, which we
denote by Sy 4, (1), after a translation by d; along the xz3-axis, can be parameterized
in By, — B,_ as the vertical graph of

— 2
Ui(6,7) =?In <€—g> +di+Hr o, (0,7) + ch,a(EQ).

The second surface, which we denote by Sp,q, (#p), where () = ¢4(0 — 77) and
dy = —d;, can be parameterized in By, — B,_ as the vertical graph of

(58) 0y(0,7) = 0, (9 _ kLH,,) ,
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Using the result of section [}l we can construct the minimal graph S, (¢m). It can
be parameterized in By, — B,_ as the vertical graph of

Um(ev r) = Hro o (0,7r)+ ch'“ (52)'

By the result of section [I0] we can obtain a minimal surface M,? (0), with ¥ =
(e, Wb, ), where ¥y (6) = (0 — kL_H), which is close to a truncated and scaled
genus k Costa-Hoffman-Meeks surface and has three boundaries. This surface is
close to its upper and lower boundary, and is a vertical graph over the annulus
B,. — B,_;2, whose parametrization is, respectively, given by

2 2
Ut(ﬂ, 7‘) = Ote + 52 In <g_§> + H7/)t <85 —1In E—g, 9) + ch,a (52)7
(59)
™
0,r)=— 0— ——
Ub( 7T) Ut( k-i-l”r)’
where s = — Ine. Near the middle boundary, the surface is a vertical graph whose

parametrization is

~ 62
Un(0,7)=H,_y,, (9, 7) + Oc2.e (e%).

We assume that the parameters and the boundary functions are chosen so that

[ne] + 1] + lpellcza(sty + lomllozacsy
+ tbellcza sty + 1¥mllcze(sty < Ke?,

where 17y = d; — 01, and the constant x > 0 is fixed large enough. The functions
ch,a (¢2) replace the functions V;, V;,, Vi, Vi, that appear at the end of sections [
[[land IOl They depend nonlinearly on the different parameters and boundary data
functions but they are bounded by a constant (independent of x and ¢) times &2
in the Cg " topology, where partial derivatives are taken with respect to the vector
fields 70, and Jy. It remains to show that, for all £ small enough, it is possible to
choose the parameters and boundary functions in such a way that the surface

St.d, (p1) U Sb,dy (¢p) U Sm(pm) U MIZ?&(\I/)

is a C! surface across the boundaries of the different summands. Regularity theory
will then ensure that this surface is in fact smooth and by construction it has the
desired properties. We point out that, in this way, we will have constructed a
one-parameter family of minimal surfaces: each one of them is determined by a
different value of the parameter . Therefore this will complete the proof of the
main theorem.

It is necessary to fulfill the following system of equations:

Ut('vTE) = (:]t('vrf)

Ub('ﬂ"s% = qb((a 7‘5))

UM('7T€ = U’m ) Te
(60) O Up(-,7me) = O :b('ﬂ"a)
O0rU(,re) = 0p U (-, 7e)
&"Um('a’re) =0, m('rrs)

N
[e<]



on S'. The first three equations together with the following identities,
Hy, (se —0(2r)/2.0), = (0). Hy, (0.87/7), = nl0).

H"'aw‘ﬂt (07 r)lr:rs = ¥t (9)’ HTmLPm (07 r)lr:rs = @m(e)a
lead to the system

‘r:r

61) { N+ e — Yy = ch’a (€?)

Om — Pm = OC?’“ (52)a

where 1, = d; — 0. The relations (58) and (B9) allowed us to omit one equation.
The last three equations give the system (we applied Lemmas 2.4 and [T2.3])

9 (¢t + 1) = Opra(e?)
(62) { 33?% + ) = Occb;~a(€2)-

Here 0; denotes the operator which associates to ¢ = Zi21 ¢; cos(if) the func-
tion J5¢ = 3,5 i; cos(if). The functions Ogi.a (¢2) in the above expansions de-
pend nonlinearly on the different parameters and boundary data functions, but they
are bounded by a constant (independent of x and ) times 2 in the C%® topol-
ogy. Projecting every equation of this system over the L2-orthogonal complement
of Span{1}, we obtain the system

o — Py = ch,a (52)
Om — m = chv” (52)
Dot + Oy = OC;‘Q(EZ
Ogpm + gm = Oc;‘“ (52)'
Lemma 11.1. The operator h, defined by
C?e(SY) — che(sh)
¢ = e,

(63)

acting on functions that are orthogonal to the constant function in the L?-sense and
are even, is invertible.

Proof. We observe that if we decompose ¢ =3, ¢; cos(j0), then

h(g) = p;cos(j),
Jjz1
which is clearly invertible from H'(S') into L?(S'). Now elliptic regularity theory
implies that this is also the case when this operator is defined between Holder
spaces. O

Using this result, the system (G3) can be rewritten as

(64) (@ta ©ms Vi, 7/}m) = OCQ’O‘ (52)'

Recall that the right hand side depends nonlinearly on ¢y, ¢y, ¥, ¥y, and also on
the parameter 7;. We look at this equation as a fixed point problem and fix  large
enough. Thanks to the estimates ([I2)), 23)), (B6) with ¢ € (1,3/2), and ([B1), we
can use a fixed point theorem for contraction mappings in the ball of radius xe? in
(C%(S1))* to obtain, for all & small enough, a solution (¢¢, Pm, Vs, PYum) of (6.
Since the right hand side of ([64]) is continuous with respect to all data, we see that
the fixed point (¢, Ym, 1, ¥m) depends continuously (and in fact smoothly) on
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the parameter n;. Inserting the found solution into (GII) and (G2I), we see that it
remains to solve an equation that can be rewritten as

(65) m = 0(e?),

where this time, the right hand side depends nonlinearly on 7;. Now, provided &
has been fixed large enough, we can use the Schauder fixed point theorem in the
ball of radius k&2 in R to solve (GH), for all ¢ small enough. This provides a set of
parameters and boundary data such that (@Il and (G2]) hold. Equivalently we have

proved the existence of a solution of system (@0). So the proof of Theorem [I1] is
complete.

12. APPENDIX

12.1. Harmonic extension operators. The results contained in this section are
about the existence of some harmonic extension operators. The first one gives the
harmonic extension of a function defined on dB,, to D?\ B,,.

Proposition 12.1. There exists an operator
Hyy - C2Y(SY) — CP(S! x [ro, 1]),
such that for every even function ¢(0) € C**(Sh), the function wy, = Hy,., solves
Aowy, =0 on S x[rg,1]
Wy = @ on St x {ro}
wy =0 on St x{1}.
Moreover,

(66) [Hropllcz o (s1ximo,1)) < cllellcza(sy),
for some constant ¢ > 0.

S1 % [rg, 1] being a compact domain, the existence of the solution of the Dirichlet
problem above is a classical result; for example, see Theorem 2.14 of [4].

The uniqueness of the solution follows from the maximum principle. To get
the wanted estimate of the norm of the solution, we observe that the maximum
principle also implies that sup |w,| < csuple| and that we can obtain similar
estimates (involving the derivatives of ¢) for the norm of the derivatives of w,,
from their harmonicity. U

Now we give the statement of a result whose proof is contained in [3].

Proposition 12.2. There exists an operator
H : C?*(8Y) — C*5([0, +00) x S,

such that for all ¢ € C>*(S1), even functions and orthogonal to e;, i = 0,1, in the
L?-sense, the function w = H, solves

@2+03)w = 0 in S'x][0,+00)
w = ¢ on S'x{0}.
Moreover
HHV’HCE’S(SQX[O,{-OO)) < cllellezasy,
for some constant ¢ > 0.

The following result gives a harmonic extension of a function on R? \ D.
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Proposition 12.3. There exists an operator
Hy: C%*(SY) — 0%*(S! x [p, +00)),

such that for each even function ¢(0) € C%*(SY), which is L*-orthogonal to the
constant function, then w, = Hp , solves

Aw,=0 on S'x[p,+00)
Wy = @ on St x {p}.

Moreover,

(67) 1 Hp |l c2.0 (512 (511000 < €l @llozasn),

for some constant ¢ > 0.

Proof. We consider the decomposition of the function ¢ with respect to the basis

{cos(i0)}, that is,
o= Z @i cos(ih).
i=1

Then the solution w,, is given by

05 (2) e

_ _\ 1 _
Since £ <1, then (%) < (%) , we can conclude that |w(6, p)| < c|¢(0)| and
then [l llcn < ellgllone. 0

Lemma 12.4. Let u(6,r) be the harmonic extension defined on S' x [rq, +00) of
the even function o = 3, p;cos(ifl) € C%(81) and such that u(0,r9) = p(6).
Then

g p(0) = ro0ru(0, 1) jr=r,-

Proof. If (0) = >, i cos(if), then the function u is given by

;%< >Cos i0).

Then
r\ i cos(z@)
Oru(6,r) i —_—
; i (T‘O ) T
Consequently
g p(0) = ro0ru(0,7) jr=r,- O

Lemma 12.5. Let u(6,r) be the harmonic extension defined on S x [0,70] of the
even function ¢ € C>*(S) and such that u(0,7) = ©(0). Then

0(0) = —100pu(0,7)|p=r,-
Proof. If ¢(0) = >, i cos(if)), then the function u is given by
Z Pi cos(if).
120 ( )
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Then i cos(if)
ro\ ¢ i cos(i
T (2)' =2
=1
Consequently
0™ (0) = =100 u(0,7) jr—p,-
O

12.2. The proof of Proposition We start by giving the statement of a
classical result about the injectivity of Ag.

Lemma 12.6. Given 0 < r9 < r; < 1, let w be a solution of Aqw = 0 on
St x [rg,r1] such that w(-,r9) = w(-,71) = 0. Then w = 0.

As a consequence of Lemma [[2.6] the operator Ag is injective. Hence, the
Fredholm alternative assures that there exists a unique w € C>*(S! x [rg, 1]), with
w(, r) satisfying:

(68) { Aow = f on S x [rg,1]

w(-,r9) =w(-,1) =0.
We want to prove the following assertion.
Assertion 12.7. For every 0 <rg < 1, f € C%¥(S! x [ro,1]) and w € C*>*(S! x
[ro,1]) satisfying ([B8]) there exists a constant ¢ such that
[wllco.o(s1x1ro,1) < €l.fllco.e (51 [ro,11)-

We suppose by contradiction that the assertion [[2.7]is false; that is, there does
not exist a universal constant for which the previous estimate holds. Then, for
each n € N, there exist ro, and f,,w, satisfying [€8) (with 7o, fn,w, instead of
0, f,w) such that

sup  |fa]=1 and A,:= sup |wy|— +oo as n — .
Slx[m,n,l] SIX[To,ml]

Since S! X [rg ., 1] is a compact set, A, is achieved at a point (6,,,7,) € S* x
[T'()yn, 1} .

The sequence of sets I, - ,7] converges (up to some subsequence) to a
set that we denote by I,,. We will show that it is nonempty and contains 1. If
ron <1 < 1" <1, elliptic estimates allow us to conclude that

swp (Vwal <el sup |fal 4 swp fwal) <1+ An),

S1x[ro,n,r’] S1x[ro,n,r"] S1x[ro,n,r"]

[TOW 1

where c is a constant independent of n.

Then, if n — 400, T" 5 Ry<1 and = — Ry > 1. The fact that R; < 1 follows
from the above estlmate for the gradient of wy, near r = ro . That implies that the
supremum A,, cannot be achieved at a point which is too close to To,n, that is, the
point where w,, vanishes. In other terms, the quotient —>-
from 1. Using s1m1lar arguments it is possible to show that Vw,, is bounded near
1 and consequently - 7 also remains bounded away from 1. Then we can conclude
that I is not empty. We set I, = [R1, Ra], where 0 < R; <1 < Ry < 40 € R.

We define

Wn(0,71) =

L0,

wp(0,7r7r,)  and fn(H,r) ::A

A,
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for all (0,7) € S x I,,, with I, = [ro.n/Tn, 1/rs]. These functions satisfy 72 Aw,, =

In-
From the definition of w,,, we obtain that
1

Vuw, = A—ann(G,rrn).

Then A
~ 1 n
[Vw,| <c + < 2c.
Ay,

Since the sequences (W), and (Viy,), are uniformly bounded, the Ascoli-Arzela
theorem assures that a subsequence of (1, ), converges on compact sets of S x I,
to a nonzero function ws, that vanishes on S! x 9I. The function ws, inherits the
properties of w,,. In particular,
(69) sup |we| = 1.
SlxIo

In the same way it’s possible to prove that a subsequence of ( fn)n converges on

compact sets of ST x I to the function f., = 0 since, if n — oo,

sup | fn| — 0.
SixI,

Then the limit function w., must satisfy the differential equation
Aowoo =0

on S x I, with null boundary conditions on 1. So we can conclude that Vr € I,
Woo (0, 7) = 0. This function does not satisfy (69, a contradiction. This proves the
assertion [[2.71

The elliptic estimate,

IVw|<c< sup [f[+ sup le>,
]

SIX[’I‘o,l Slx[ro,l]

allows us to get a uniform estimate of Vw. This proves the existence of a solution
of Agw = f defined on S* x [rg, 1] for which

[wlleo.a(s1xro)) < €l flleo.a(stxire1))-

Now it is sufficient again to use elliptic estimates to obtain the estimates for the
derivatives.

12.3. Minimal graphs in (D? x R, gs,p). In this section, following [17], we will

find the condition to be satisfied such that the graph ¥ of a function defined on D? is
2

2 2
minimal with respect to the metric gn,, = “2E%2 4 da3, where F = (1—a? —23)2.
We assume that the immersion of ¥ in D? x R is given by
(z1,22) = (21, 22, u(1, T2)).

The Christoffel symbols, I‘fj, associated to gpyp all vanish except

2$1

It =12 =12 =-1}, = "=,
11 21 12 22 \/F
2 2$2

Fh = Fg2 = F;l =-I7 =
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Let e1, es, €5 be the canonical basis of R3. Then ¢; = \/—61,52 \/762,53 = e3 is
an orthonormal basis for M2 x R. The coordinate vector fields on ¥ are

€1 €2 1
X1 = \/F+uzl€3, Xo = ﬁ-f-u;zé';;, N = W (_“;1\/?51 - “/zz\/FEQ +E3) '

with W = /1 + F|Vu|?. The induced metric on ¥ is defined by
1 I \2 1 I \2 "
gi1 = F + (uwl) y 922 = F + (uwg) y 912 = Uy gy
If V denotes the Riemannian connection of the metric Ghyp, then the coeflicients of
the second fundamental form are

b1 =(Vx, X1, N) =

W
1 [ 2x 2x

b22 = <VX2X2,N> = W (T;‘u;“ — \/—FQU;Q +u/z/21253> s
1 2:62 21‘1

b12 = <VX1X2,N> = W <_ﬁu;l — ﬁu;@ + lezé‘g,) y

where we used the following identities:
V X1 —21’151 721’2€2+U
VXng = 2x9€1 + 2162 + u!’

111163 Vx,Xo = —2x161 + 22962 + Um2r263
1112

The mean curvature of 3 with respect to g, is given by
1 b11922 + b22g11 — 2512912
2 911922 — 912

Using the expressions of the coefficients of the first and second fundamental form,
we find that

H(X) =

F Vu
H(Y) = —di —_— ] .
=1 ( 1+F|Vu2>

12.4. Minimal surfaces of rotation in (D? x R, g,,). In this section, following
[17], we will find the condition to be satisfied such that a surface of revolution
¥ in D? x R is minimal with respect to the metric Ghyp = M + dx2, where
F = (1—2%—23)%. We will assume that the immersion of ¥ in D? x R is given, in
terms of the cylindrical coordinates (r, 0, z), by:

0,2) = (r(2),0,2),

where r(z) is a function of 2.
It is convenient to express the metric gp,p in terms of the new coordinates. We
find

dr? + r2d6? 9
Ghp = —— + dz*,
with F = (1 — 72)2. The Christoffel symbols, T ”, associated to gnyp all vanish
except
2r r(1+17?) 1472
1 1 2 _ 2 _
Fn—ma F22__ﬁa F12—F21—m~
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Let €1, eq, e3 be the canonical basis of R3. Then the coordinate vector fields on ¥

are

—e1 +1'(2)es

X1 =71"(2)e1+e3 Xo=e3, N= 7 ,

with R = /& + (r'(2))2. The induced metric on ¥ is defined by

(r'(2))? r?(z)

= — 1 = — :O.
g11 ja +1, g2 0 92

If V denotes the Riemannian connection of the metric Ghyp, then the coefficients of
the second fundamental form are

e B 1 [2r(r)? "
by = (Y, X1, N) = = (—1 ),
_ 1 [(r(1+7r?)
= Xo,N)=— | ——=
bao = (Vx, X2, N) R ( 2 ) ;

biz2 = (Vx,X2,N) =0,

where we used the following identities:

_ 2r(r')? ” - r(1+7?%)
VX1X1 = (m —+1r €1, VX2X2 = —ﬁ(fl,
- (14 72)
Vx, Xo = ————Feo.

Xahz r(1—r?) 2

The mean curvature of 3 with respect to g, is given by

_ 1b11g22 + ba2g11 — 2b12912
2 g11922 — 9%2 )

H(%)

Using the expressions of the coefficients of the first and second fundamental form, we
find that H(X) = 0 if the function r(z) satisfies the following differential equation:

(1]
2]
(3]

(4]

(10]

r(2)r'(2) = (r'(2))* = (1 = r(2)*) = 0.
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