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Abstract

We prove a strong approximation result for the empirical process associated to a stationary se-
quence of real-valued random variables, under dependence conditions involving only indicators of half
lines. This strong approximation result also holds for the empirical process associated to iterates of
expanding maps with a neutral fixed point at zero, as soon as the correlations decrease more rapidly
than n~'~° for some positive 6. This shows that our conditions are in some sense optimal.

1 Introduction

Let (X;);ez be a strictly stationary sequence of real-valued random variables with common distribution
function F', and define the empirical process of (X;);ecz by

Rx(s,t)= Y (lx,<s—F(s)),s€R, teRT. (1.1)
1<k<t

For independent identically distributed (iid) random variables X; with the uniform distribution over
[0, 1], Komlés, Major and Tusnady (1975) constructed a continuous centered Gaussian process Kx
with covariance function

E(Kx(s,t)Kx(s',t')) = (tAt)(sAs —ss)
in such a way that

sup  |Rx(s,[nt]) — Kx(s,[nt])] = O(log®n) almost surely, (1.2)
seR,te[0,1]

(we refer also to Castelle and Laurent-Bonvalot (1998) for a detailed proof). The rate of convergence
given in (1.2) improves on the one obtained earlier by Kiefer (1972) and the two-parameter Gaussian
process Kx is known in the literature as the Kiefer process.

Such a strong approximation allows not only to derive weak limit theorems, as Donsker’s invariance
principle (1952) for the empirical distribution function, but also almost sure results, as the functional



form of the Finkelstein’s law of the iterated logarithm (1971). Moreover, from a statistical point of
view, strong approximations with rates allow to construct many statistical procedures (we refer to the
monograph of Shorack and Wellner (1986) which shows how the asymptotic behavior of the empirical
process plays a crucial role in many important statistical applications).

In the dependent setting, the weak limiting behavior of the empirical process Rx has been studied
by many authors in different cases. See, among many others: Dehling and Taqqu (1989) for station-
ary Gaussian sequences, Giraitis and Surgailis (2002) for linear processes, Yu (1993) for associated
sequences, Borovkova, Burton and Dehling (2001) for functions of absolutely regular sequences, Rio
(2000) for strongly mixing sequences, Wu (2008) for functions of iid sequences and Dedecker (2010)
for B-dependent sequences.

Strong approximations of type (1.2), for the empirical process with dependent data, have been
less studied. Berkes and Philipp (1977) proved that, for functions of strongly mixing sequences
satisfying a(n) = O(n~=8) (where a(n) is the strong mixing coefficient of Rosenblatt (1956)), and if F'
is continuous, there exists a two-parameter continuous Gaussian process K x such that

GRS?GP[O : |Rx (s, [nt]) — Kx(s,[nt])| = O(v/n(In(n))~*) almost surely, (1.3)

for some A > 0. The covariance function I'y of Kx is given by
Tx(s,s,t,t') =min(t, ' )Ax(s,s),

where

Ax(s,s') = Cov(lx,<s 1x,<r) + 3 Cov(lxy<e, Lx,<s) - (1.4)
k>0 k>0

As a corollary, Berkes and Philipp (1977) obtained that the sequence {(2nInlnn)~'/2Rx (s, [nt]),n >
3} of random functions on R x [0,1] is with probability one relatively compact for the supremum
norm, and that the set of limit points is the unit ball of the of the reproducing kernel Hilbert space
(RKHS) associated with I'x. Their result generalizes the functional form of the Finkelstein’s law of
the iterated logarithm. Next, Yoshihara (1979) weakened the strong mixing condition required in
Berkes and Philipp (1977), and proved the strong approximation (1.3) assuming a(n) = O(n~%) for
some a > 3. However this condition still appears to be too restrictive: indeed Rio (2000, Th. 7.2 p.
96) proved that the weak convergence of n=*/2Rx(s,n) to a Gaussian process holds in D(R) under the
weaker condition a(n) = O(n~—?) for some ¢ > 1. In view of this result, one may think that the strong
approximation by a Kiefer process, as given in (1.3), holds as soon as the dependence coefficients are
of the order of O(n™%) for some a > 1.

Since the classical mixing coefficients have some limitated applicability, many papers have been
written in the last decade to derive limit theorems under various weak dependence measures (see
for instance the monograph by Dedecker et al (2007)). Concerning the empirical process, Dedecker
(2010) proved that the weak convergence of n~'/?Rx(s,n) to a Gaussian process holds in D(R)
under a dependence condition involving only indicators of half line, whereas Wu (2008) obtained
the same result under conditions on, what he called, the predictive dependent measures. These
predictive dependence measures allow coupling by independent sequences and are well adapted to some
functions of iid sequences. However they seem to be less adequate for functionals of nonirreducible
Markov chains or dynamical systems having some invariant probability. The recent paper by Berkes,
Hormann and Shauer (2009) deals with strong approximations as in (1.3) in the weak dependent
setting by considering, what they called, S-mixing conditions. Actually their S-mixing condition lies
much closer to the predictive dependent measures considered by Wu (2008) and is also very well
adapted to functions of iid sequences. Roughly speaking they obtained (1.3) as soon as F' is Lipschitz
continuous, the sequence (X;);ez can be approximated by a 2m-dependent sequence, and one has a
nice control of the deviation probability of the approximating error.



In this paper, we prove that the strong approximation (1.3) holds under a dependence condition
involving only indicators of half line, which is quite natural in this context (see the discussion at the
beginning of Section 2 in Dedecker (2010)). More precisely, if G2 x (n) = O(n~=1+%)) for some positive
J, where the coefficients G2, x (n) are defined in the next section, we prove that there exists a continuous
(with respect to its natural metric) centered Gaussian process Kx with covariance function given by
(1.4) such that

sup  |Rx(s,[nt]) — Kx(s,[nt])] = O(n'/?>7) almost surely, (1.5)
seR,te[0,1]

for some € > 0. As consequences of (1.5), we obtain the functional form of the Finkelstein’s law of the
iterated logarithm and we recover the empirical central limit theorem obtained in Dedecker (2010).
Notice that our dependence condition cannot be directly compared to the one used in the paper by
Berkes, Hérmann and Shauer (2009).

In Theorem 3.1, we show that (1.5) also holds for the empirical process associated to an expanding
map T of the unit interval with a neutral fixed point at 0, as soon as the parameter v belongs to
10,1/2[ (this parameter describes the behavior of T in the neighborhood of zero). Moreover, we shall
prove that the functional law of the iterated cannot hold at the boundary v = 1/2, which shows that
our result is in some sense optimal (see Remark 3.2 for a detailed discussion about the optimality of
the conditions).

Let us now give an outline of the methods used to prove the strong approximation (1.5). We
consider the dyadic fluctuations (Rx(s,25T!) — RX(S,ZL))L>O of the empirical process on a grid
with a number of points depending on L, let say d;. Our proof is mainly based on the existence
of multidimensional Gaussian random variables in R% that approximate, in a certain sense, the
fluctuations of the empirical process on the grid. These multidimensional Gaussian random variables
will be the skeleton of the approximating Kiefer process. To prove the existence of these Gaussian
random variables, we apply a conditional version of the Kantorovich-Rubinstein Theorem, as given
in Riischendorf (1985) (see our Section 4.1.1). The multidimensional Gaussian random variables are
constructed in such a way that the error of approximation in L' of the supremum norm between the
fluctuations of the empirical process on the grid and the multidimensional Gaussian r.v’s is exactly
the expectation of the Wasserstein distance of order 1 (with the distance associated to the supremum
norm) between the conditional law of the fluctuations of the empirical process on the grid and the
corresponding multidimensional Gaussian law (see Definition 4.1 and the equality (4.5)). This error
can be evaluated with the help of the Lindeberg method as done in Section 4.1.3. The oscillations of
the empirical process; namely, the quantities involved in (4.21) and (4.22), are handled with the help
of a suitable exponential inequality combined with the Rosenthal-type inequality proved by Dedecker
(2010, Proposition 3.1). Moreover, it is possible to adapt the method of constructing the skeleton
Kiefer process (by conditioning up to the future rather than to the past) to deal with the empirical
process associated to intermittent maps.

The paper is organized as follows: in Section 2 (resp. Section 3) we state the strong approximation
results obtained for the empirical process associated to a class of stationary sequences (resp. to a class
of intermittent maps). Section 4 is devoted to the proof of the main results, whereas some technical
tools are stated and proved in Appendix.

2 Strong approximation for the empirical process associated
to a class of stationary sequences

Let (X;);ez be a strictly stationary sequence of real-valued random variables defined on the probability
space (2, A,P). Assume that (92, 4,P) is large enough to contain a sequence (U;)icz = (8;,M:)icz



of iid random variables with uniform distribution over [0,1]?, independent of (X;);cz. Define the
nondecreasing filtration (F;)icz by F; = 0(Xg : k <i). Let F_oo = (N;ez Fi and Foo = V;cp Fio We
shall denote by E; the conditional expectation with respect to F;.

Let us now define the dependence coefficients of the sequence (X;);cz that we consider in this
paper.
Definition 2.1 Let P be the law of Xo and Pix, x,) be the law of (X;, X;). Let Px,|x, be the

conditional distribution of Xy given Xo, Px, |7, be the conditional distribution of X given Fy, and
Pix, x,)|7, be the conditional distribution of (Xi, X;) given Fy. Define the functions fi = 1)_ 4, and

t(o) = fit — P(ft). Define the random variables
b(Xo, k) = iuﬂlﬁ) |PXk\Xo(ft) - P(ftﬂ )
€

b1 (Fe, k) sup |Px, 7, (ft) = P(f:)]
teR

bo(Frid) = sup P (f0 © £17) = P (f @ £
s,t)ER2

Define now the coefficients

B(o(Xo), X)) = E(b(Xo,k)), pr,x(k)=E(Di(Fo,k)),
and  f2,x(k) = maX{ﬂl(k)»ii?gklE((bz(fo,i,j)))}'
Define also
a1,x (k) = sup | Px, |7, (ft) = P(f)ll1
teR

and note that oy x (k) < B1.x(k) < B2.x (k).

Examples of non mixing sequences (X;);cz in the sense of Rosenblatt (1956) for which the coeffi-
cients f2 x (n) can be computed may be found in the paper by Dedecker and Prieur (2007). We shall
present another example in the next section.

Our main result is the following:

Theorem 2.1 Assume that B2 x(n) = O(n=17%) for some § > 0. Then
1. for all (s,s') in R?, the series Ax(s,s') defined by (1.4) converges absolutely.

2. For any (s,s') € R? and (t, ') in Rt x RT, let Tx(s,s’,t,t') = min(t,t')Ax(s,s'). There exists
a centered Gaussian process Kx with covariance function I'x, whose sample paths are almost
surely uniformly continuous with respect to the pseudo metric

d((s, 1), (s, 1)) = |F(s) = F(s")| + [t = '],
and such that (1.5) holds with e = §%/(22(5 + 2)?).

Note that we do not make any assumption on the continuity of the distribution function F.

As in the paper of Berkes, Hérmann and Shauer (2009), we can formulate corollaries to Theorem
2.1. The first one is direct. To obtain the second one, we need to combine the strong approximation
(1.5) with Theorem 2 in Lai (1974).

Corollary 2.1 Assume that B2 x(n) = O(n='7%) for some 6 > 0. Then the empirical process
{n=Y2Rx(s,[nt]),s € R,t € [0,1]} converges in D(R x [0,1]) to the Gaussian process Kx defined
in Item 2 of Theorem 2.1.



Corollary 2.2 Assume that 2 x(n) = O(n=17%) for some 6 > 0. Then, with probability one, the
sequence {(2nInlnn)~Y2Rx (s, [nt]),n > 3} of random functions on R x [0,1] is relatively compact
for the supremum norm, and the set of limit points is the unit ball of the of the reproducing kernel
Hilbert space (RKHS) associated with the covariance function T'x defined in Theorem 2.1.

3 Strong approximation for the empirical process associated
to a class of intermittent maps

In this section, we consider the following class of intermittent maps, introduced in Dedecker, Gouézel
and Merlevede (2010):

Definition 3.1 A map T : [0,1] — [0,1] is a generalized Pomeau-Manneville map (or GPM map) of
parameter v €]0, 1] if there exist 0 = yo < y1 < -+ < yq = 1 such that, writing I =]yk, Ye+1[,

1. The restriction of T to Ij, admits a C' extension Ty to 1.
2. For k> 1, Ty is C? on I, and inf T,y (z)] > 1.

3. Ty is C? on )0,y1], with T/

(0y(@) > 1 for @ € (0,y1], T(;)(0) = 1 and T(j)(x) ~ ca”~" when
x — 0, for some ¢ > 0.

4. T is topologically transitive; that is, there exists some x in |0,1[ such that {IT"(z) : n € N} is a
dense subset of |0, 1].

The third condition ensures that 0 is a neutral fixed point of T', with T'(z) = = + 2™ (1 + o(1))
when x — 0. The fourth condition is necessary to avoid situations where there are several absolutely
continuous invariant measures, or where the neutral fixed point does not belong to the support of the
absolutely continuous invariant measure. As a well known example of a GPM map, let us cite the
Liverani-Saussol-Vaienti (1999) map (LSV map) defined by

Jz(+2727)  ifxe[0,1/2]
(@) = {%—1 if z € (1/2,1].

Theorem 1 in Zweimiiller (1998) shows that a GPM map 7' admits a unique absolutely continuous
invariant probability measure v, with density h,. Moreover, it is ergodic, has full support, and
hy(x)/z~7 is bounded from above and below.

Let @ be the Perron-Frobenius operator of T' with respect to v, defined by

v(f-geT)=v(Q(f)9), 3.1)

for any bounded measurable functions f and g. Let (X;);cz be a stationary Markov chain with
invariant measure v and transition Kernel (). Dedecker and Prieur (2009, Theorem 3.1) have proved
that

B2.x(n) =0(n"%) foranya< (1—7)/y (3.2)

(this upper bound was stated for the Liverani-Saussol-Vaienti map only, but is also valid in our
context: see the last paragraph of the introduction in Dedecker and Prieur (2009)). As a consequence,
if v < 1/2, the stationary sequence (X;);cz satisfies all the assumptions of Theorem 2.1.

Now (T,T2,...,T") is distributed as (X, Xn_1,...,X1) on ([0,1],v) (see for instance Lemma
XL.3 in Hennion and Hervé (2001)). Hence any information on the law of 3.1, (f o T" — v(f)) can be



obtained by studying the law of .7, (f(X;) — v(f)). However, the reverse time property cannot be
used directly to transfer the almost sure results for >, (f(X;)—v(f)) to the sum >, (foT*—v(f)).
For any s € [0,1] and ¢t € R, let us consider the empirical process associated to the dynamical

system T":
Rr(s,t) = Z (1pi<s — F,(s)) where F,(s) = v([0,s]). (3.3)

1<i<t

For any v-integrable function g, let g(® = g — v/(g) and recall that f, = 1j_,s- Our main result
is the following:

Theorem 3.1 Let T' be a GPM map with parameter v €]0,1/2[. Then

1. For all (s,s") € [0,1]%, the following series converges absolutely:

Ar(s,s') =S v(f O (o) + 3 u(fP - f O o TH). (3.4)

k>0 k>0

2. For any (s,s') € [0,1)? and any (t,t') € RY x RT, let T'r(s,s',t,t') = min(¢,¢') Az (s, s'). There
exists a continuous centered Gaussian process Kj. with covariance function I't such that for
some € > 0,

sup  |Rr(s, [nt]) — Ki(s, [nt])| = O(n?7¢)  almost surely.
(s,t)€l0,1]2

Remark 3.1 According to the proof of Theorem 3.1, Item 2 holds for any € in 10, (1 — 27v)?/22].

Remark 3.2 In the case v = 1/2, Dedecker (2010, Proposition 4.1) proved that, for the LSV map with
v = 1/2, the finite dimensional marginals of the process {(nInn)~Y2Ry(-,n)} converge in distribution
to those of the degenerated Gaussian process G defined by

forany t €10,1],  G(t) = vho (1/2)(1 = F, (1)) 1102 ,

where Z is a standard normal. This shows that an approximation by a Kiefer process as in Theorem
3.1 cannot hold at the boundary v = 1/2.

For the same reason, when vy = 1/2, the conclusion of Theorem 2.1 does not apply to the stationary
Markov chain (X;)iez with invariant measure v and transition kernel Q given in (3.1). In fact, it
follows from Theorem 3.1 in Dedecker and Prieur (2009) that (2 x(k) > C/k for some positive
constant C, so that the Markov chain (X;);cz does not satisfy the assumptions of Theorem 2.1.

In the casey = 1/2, with the same proof as that of Theorem 1.7 of Dedecker, Gouézel and Merlevéde
(2010), we see that, for any (s,t) € [0,1]* and b > 1/2,

1
nh_)rrgo WRT(S, [nt]) =0 almost everywhere.
This almost sure result is of the same flavour than in the corresponding iid case, when the random
variables have exactly a weak moment of order 2, so that the normalization in the central limit theorem
is (nlnn)~Y2: see the discussion in Dedecker, Gouézel and Merlevéde (2010), last paragraph of
Section 1.2.

4 Proofs

In this section we shall sometimes use the notation a,, < b,, to mean that there exists a numerical
constant C' not depending on n such that a,, < Cb,, for all positive integers n.



4.1 Proof of Theorem 2.1

Notice first that for any (s,s’) € R?,

[Cov(1x,<s Ix<or)| < [Bo(1x, <o — FI(s")1x,<sll1 < E(b(Xo, k) < B1,x (k).

Since Y ;~( B1,x (k) < oo, Item 1 of Theorem 2.1 follows.
To prove Item 2, we first introduce another probability on 2. Let P§ be the probability on © whose
density with respect to P is

C(B) T (1+4) b(Xo, k) with C(8) =1+4>_ B(0(Xo), Xi) . (4.1)
k=1 k=1

Recall that P is the distribution of Xy. Then the image measure P* of P§ by X, is absolutely
continuous with respect to P with density

CB T (1+4) blx,k)). (4.2)
k=1

Let Fp~ be the distribution function of P*, and let Fp«(x — 0) = sup,_, Fp-(z). Recall that the
sequence (7););ez of iid random variables with uniform distribution over [0, 1] has been introduced at
the beginning of Section 2. Define then the random variables

Y; = Fp«(X; — 0) + ni(Fp+(Xi) — Fp-(X; — 0)). (4.3)

Let Py be the distribution of Yy, and Fy be the distribution function of Yy. Some properties of
the sequence (Y;);cz are given in Lemma 5.1 of the appendix. In particular, it follows from Lemma
5.1 that X; = F FT,} (Y;) almost surely, where F' };1 is the generalized inverse of the cadlag function Fp-.
Hence Rx(-,:) = Ry (Fp=«(-),-) almost surely, where

Ry(s,t) = Z (1Yk§s - Fy(S)) , 8 € [07 1] ,t e RT.

1<k<t

We now prove that, if 32 x(n) = O(n~17?) for some § > 0, then the conclusion of Theorem 2.1
holds for the stationary sequence (Y;);cz and the associated continuous Gaussian process Ky with
covariance function 'y (s, s’,¢,t") = min(¢, ')Ay (s, s") where

Ay(s,8) = Cov(ly,<s ly,<o) + > Cov(ly,<as lyi<s) - (4.4)
k>0 k>0
This imply Theorem 2.1, since I'x (s, 8',t,t') = Ty (Fp«(s), Fp«(s'),t,t').
The proof is divided in two steps: the construction of the Kiefer process with the help of a

conditional version of the Kantorovich-Rubinstein theorem, and a probabilistic upper bound for the
error of approximation.

4.1.1 Construction of the Kiefer process
For L € N, let m(L) € N and r(L) € N* be such that m(L) < L and 4r(L) < m(L). For j in
{1,...,27(F) — 1}, let 55 = §27"() and define for any ¢ € {1,..., 2=

IL7g :]QL + (f — 1)2m(L)’ 2L + £2m(L)} NN and U}lj’% = Z (1Y¢§Sj — Fy(87)> .
i€l o



The associated column vectors Uy, o are then defined in R2"-1 by

1 2m(L) _ 1)/
Upe=(UY,.... U2, 7YY
Let us now introduce some definitions.

Definition 4.1 Let m be a positive integer. Let Py and Py be two probabilities on (R™, B(R™)). Let
d be a distance on R™ associated to a norm. The Wasserstein distance of order 1 between Py and Ps
with respect to the distance d is defined by

Wy(Py, Py) = inf{E(d(X,Y)), (X,Y) such that X ~ P, Y ~ P} = sup (Pi(f)— P(f)),
f€Lip(d)

where Lip(d) is the set of functions from R™ into R that are 1-Lipschitz with respect to d; namely for
any x and y of R™, |f(x) — f(y)| < d(=,y).

Definition 4.2 Let r be a positive integer. For x = (x(l), . 7x(2r_1))/ and y = (y(l)7 . ,y(y_l))/,
we set A A
dr(xa y) = sup |I(J) - y(J)‘ .
Je{1,....2r-1}

Let LeNand £ € {1,...,2L-m()} Let
Avi = (Ay (s5,850))jr=1,... .20 1 5

where the Ay (sj,s;) are defined in (4.4). Let Gymm)y, , denote the N(0,2" ) Ay 1 )-law and

PUL'£|f2L+(£71)2m(L) be the conditional distribution of Uy ¢ given For (p_q1yom)-

According to Riischendorf (1985) (see also Theorem 2 in Dedecker, Prieur and Raynaud de Fitte

(L) _
(2006)), there exists a random variable Vg, o = (VL( Z), cee L(,QZ 1))l with law Gym(w)y,. , , measurable

with respect to 0 (dorgomr)) V(UL e) V Fory(o—1)2m), independent of Fyr 4 (p_1)amz) and such that
E(dr(L)(UL,Z7VL7€)) = E(Wdr(L) (PUL,Z‘}-QL+((,1)2M(L)7G2”L(L)AL)) (45)

Esw  (E(fULOIFrirpme) — B (Vi)
feLip(dy(r))

By induction on ¢, the random variables (Vz ¢),—;  or-m) are mutually independent, indepen-

dent of Fyr and with law N(0,2™(F) Ay 1). Hence we have constructed Gaussian random variables
(VL,e)en,o=1,.. 20-m that are mutually independent. In addition, according to Lemma 2.11 of Dud-
ley and Philipp (1983), there exists a Kiefer process Ky with covariance function I'y such that for
any L € N, any £ € {1,...,2E=™(F)} and any j € {1,...,2"(F)~1},

Vi) = Ky (s5,2" + 0270 — Ky (s, 28 + (£ — 1)2m0)). (4.6)

Our construction is now complete.
In Proposition 4.1 proved in Section 4.1.3, we shall bound up the quantities E(dT(L)(UL’[, VL,Z))

for LeNand ¢e€{l,..., 2L_7"(L)}7 showing that under our condition on the dependence coefficients
there exists a positive constant C' such that

E(dpr)(Ur.e, Vi) < C2mEIF2rEN/(2F0)A3) 2 (4.7)

In Section 4.1.2 below, starting from (4.7), we shall bound up the error of approximation between the
empirical process and the Kiefer process.



4.1.2 Upper bound for the approximation error

Let {Ky (s,t),s € [0,1],t > 0} be the Gaussian process constructed as in the step 1 with the following
choice of r(L) and m(L). For € < 1/10, let

r(L) = ([L/5] A [2eL 4+ 5logy(L)]) V1 and m(L)=L—r(L), (4.8)
so that, for L large enough,
22EL—1L5 S 27"(L) S 22€LL5 and 2L(1—26)L—5 S 2m(L) S 21+L(1—2€)L—5 . (49)

Let N € N* and let k €]1,2¥+1]. To shorten the notations, let Ky = K and Ry = R. We first notice
that

N
sup  sup |R(s k) — K(s,k)| < sup |R(s,1) — K(s,1)|+ Z Dy,. (4.10)
1<k<2N+1 5¢[0,1] s€[0,1] L=0
where
Dii= swp  suwp [(R(s,0) — R(s,2) — (K(s,0) — K(5,2"))]. (411)

2L <¢<2L+1 5€[0,1]

Notice first that sup,ecjoqy [R(s,1) — K(s,1)] < 1+ sup,ep1) [K(s,1)]. Dedecker (2010) (see the
beginning of the proof of his Theorem 2.1) has proved that, for v and v in [0,1] and any positive
integer n,

Var(K (u,n) — K(v,n)) < C(B)n|u —v|. (4.12)

Therefore according to Theorem 11.17 in Ledoux and Talagrand (1991), E(sup,¢jo 17 [K (s, 1)]) = O(1).
It follows that for any € €]0,1/2],

sup |R(s,1) — K(s,1)| = 02Nz "9)) as. (4.13)
s€[0,1]

To prove Theorem 2.1, it then suffices to prove that for any L € {0,..., N},
Dy = 0(2G9)) as. for e = 62/(22(5 + 2)?). (4.14)

With this aim, we decompose Dy, with the help of several quantities. For any K € N and any s € [0, 1],
let Ik (s) = 275 [2K s]. Notice that the following decomposition is valid: For any L € N,

Dy, <Dpi1+Dps+Drgs, (4.15)
where
Dy, = sup  sup [(R(s,0) — R(IL(1)(s),£)) — (R(s,2%) — R(IL,(1)(s),2"))]| ,
2L <¢<2L+1 5€[0,1]
Dp, = sup  sup |(K(s,0) — K(IL(1)(s), ) — (K(s,2") = K(Il,1(s),2"))|,
2L < <2L+1 5€]0,1]
Drs = sup sup ’(R(HT(L)(S),E) — R(IL(y(s), 2L)) — (K(ILy(£y(s),€) = K(IL(1(s), 2L))| .
2L <¢<2L+1 5€[0,1]
In addition,
Dp3<Ars+Brs+Crs, (4.16)



where
k

Aps = sup sup Z Uéj; VL(Jt?
jEL,2r -1} k<at-m@) | i

Brs = sup sup sup |R(s;, ) — R(s;, 2l 4 (k - 1)2m(L)) ,

je{1,...,2r(L)—1Y p<o2L—m(L) Ly, &

Crz = sup sup  sup
je{l,.‘.,QT(L)fl} kSQL—m(L) g.g[L’k

K (s5,0) = K(s3,2 + (k = 1)275)|

with s; = j27(0).
Let us first deal with the terms Dy, 5 and Cp, 3 involving only the approximating Kiefer process.
For any positive A,

or(L)
]P)(|DL,2| 2/\) S ZP( sup sup |(K(S,€)—K(S72L))—(K(S]’E)—K(SJ,2L))| ZA)
j=1 2L <f<2L+1 55 1<5<s;

Setting
X (u,v) = (K (s +u(sjn —55), 25 +025) = K (s +ulsj —s5),25)) = (K (s5, 2" +02") = K(s,2"))

we have
or(L)
P(DL,Q > >\) < Z P( sup |X(u,v)’ > )\> .
J=1 (U)U)E[O’I]Z

Using (4.12), we infer that

E|X (u,v) — X (u/,0")]? < 2B (ju — /| + v —0'|) and  sup  E|X(u,v)]? < 2F7E)
(u,0)€[0,1]2

Next using Lemma 2 in Lai (1974) as done in Lemma 6.2 in Berkes and Philipp (1977), and taking
into account (4.9), we infer that there exists a positive constant ¢ such that, for L large enough,

P(|Dp | > 2L0/279)) « 27(B) exp(— L /2).

Therefore
> P(Dpp > c2"1/?79) <o, (4.17)
L>0
Consider now the term Cp, 3. For any positive ),

2L m(L)
(CLS > )\ Z P( sup sup ’K (5,0) — K(s,2% + (k — 1)2’”(“)‘ > )\) .
k—1 s€[0,1] L€l &

Setting X (s,u) = K(s,2% + (k — 1)2™5) 4 4270y — K (5,28 + (k — 1)2™(F) 4+ 42(5) and using
(4.12), we have that

E|X (s,u) — X(s',u))? < 2"B(|s —¢'| + Jlu —o'|) and  sup E[X(s,u)]? < 2mF)
(s,u)€[0,1]?

Therefore by using once again Lemma 2 in Lai (1974) as done in Lemma 6.3 in Berkes and Philipp
(1977), and taking into account (4.9), we infer that there exists a positive constant ¢ such that, for L
large enough,

IP’( sup sup |K(s, ) — K(s, 2% 4+ (k — 1)27"'(”)’ > 02L(1/2_6)) < exp(—L°/2).
s€[0,1] L€l
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Therefore

> P(CLs > 2M1279) < oo (4.18)
L>0

We now prove that
> P(Aps>281/279)) < oo, (4.19)
L>0

From the stationarity of the sequence ((Ur¢, VL ¢))p=1, . 2r-m®),
}P’(AL,;; > 21:(%75)) < 2L7M(L)2L(sf%)E(dr(L)(ULJ’VLJ)) )

Therefore by using (4.7), we get that

m(L)+2r(L)

P(ALs > 2L(%*€)) < ol(e=2)9L-—m(L) 9™ Grsns 2

which together with (4.9) proves (4.19), provided that

oON1
< ——. 4.20
S 98+3(60A1)) (420)
We now show that
> P(Brs > C2"1/279) < oo, (4.21)
L>0
By stationarity, for any positive A,
27 (L) ¢
P(Brs>A) <2070 37 P( ) > (Lycjora — FY(JTT(L)))’ = )‘) '
j=1  =2m i=1

By Lemma 5.1 [Cov(1ly, < jo-r), by, <jo-rm))| < E(b(Xo,4)) = B(0(Xo), Xi), and consequently
Z |COV(1Y0§j2_T(L)? 1YL.S]’2—’!‘(L))| S O(,B) .
i€Z

Applying Theorem 1 in Dedecker and Merlevede (2010), we get that for any v > 1,

2

S| 20) = () "+ () ()

i=

IF’( sup
gSQm(L)

Applying this inequality with 4\ = 26(1/2=¢) and v = L°/C(3) and taking into account (4.9) together
with our condition on the dependence coefficients, we derive that for L large enough,

14
> (yi<jorar — Fy(jr“@))’ > 2L<%*6>) < exp(—e L%) + L2150

]P( sup
£<2m(L)

Therefore (4.21) holds provided that € < 6/(8 + 26) which holds under (4.20).
Taking into account (4.17), (4.18), (4.19) and (4.21) together with the decompositions (4.15) and
(4.16), the proof of (4.14) will be complete if we prove that, for some positive constant A to be choosen

later,
> P(Dpy > AC(B)2H279)) < 0. (4.22)

L>0

11



To shorten the notations, we set for [ > m > 0,
tem(s) = R(s,£) — R(s,m) and Zgm = dpiem -

We start from the elementary decomposition

te2e(8) — pieor (Il (r)(s)) = Z te2e (M (8)) — peor (Mx—1(8)) + g2 (s) — pug oz (HL(s)) -
K=r(L)+1
Consequently,
L
sup |y e (8) — pe 2t (HT(L)(S)>| < Z Agor + Az,z,zL ) (4.23)
s€[0,1] K=r(L)+1
where

Ak m = sup |Zem((i—1)27%,27 %)) and A} ,,, = sup [Zpm(TL(s), s])|.
1<i<2K s€[0,1]

Note that
(€~ 2MP(IL(s) < Yo < i (s) +27%) < Zype (TLL(s), 8)), (4.24)

and
Zyor (JIL(8),8]) < Zpor (L(s), I (s) +275]) + (€ = 28)P(TL(s) < Yo < Tp(s)+27%).  (4.25)
Applying Lemma 5.1,
P(I(s) < Yp < Hp(s) +275) < CB)P5 (L (s) < Yo < Mp(s) +27 1) =C(B)27".  (4.26)

From (4.24), (4.25) and (4.26), we infer that A} ,,. < Ap o1 + C(3). Hence it follows from (4.23)
that

Sl[tpll lh,22 (8) — peor (Ui (s))| < C(B) +2 Z A oL -
s€|0,

K=r(L)+1

Therefore

L
sup  sup g on(s) — oo (I () S CB) +2 Y sup Ay o .
2L <g<2L+1 5€[0,1] Ker(D) 4125 <€<2841
Hence, to prove (4.22), it suffices to show that
L
1
SP(Y s Mg > VACERMED?) <o, (4.27)

L L+1
L>0  K=r(L)+1 2" <=2t

Let cx = (K(K +1))~!. Clearly, using the stationarity, (4.27) is true provided that
Z Z ]P’( sup Ageo > \/AC’(B)CKQL(%fs)*Q) < 00. (4.28)
L>0 K=r(L)41  0<¢=2f

We now give two upper bounds for the quantity

IP’( sup Aggo > \/AC(B)CKQL(%_E)_Q) )

0<e<2L

12



Choose p €]2, 3] such that p < 2(1 + J). Applying Markov’s inequality at order p, we have

]P’( sup Ag 0 > \/AC(,B)CK2L(%7€)72) < c;(p2L(€p7p/2)H sup Ak 0 ’
0<e<2L 0<e<2L

p

Applying Inequality (7) of Proposition 1 in Wu (2007) to the stationary sequence (T’ I((j )) jez defined

N

by Tl({j)z = 1(;_1)2-K <y;<io—K, we have

L
H sup AK,E,OHP < 2L/p227j/p||AK,2j,o||p-

0<(<2L =

Let 0 < n < (p—2)/2. Dedecker (2010) (see the displayed inequality after (2.19) in his paper) proved

that
||AK,2J',0H2 < 2Ip/2 (27K(p72)/2 + 2= in(2(A+6)=p)/2 | 2]'?7*3’(?*2)/2) .

Therefore

H sup Agol” < 28772 (2 K@=2)/2 | 9=nL(2(1+6)=p)/2 | gnL—L(p=2)/2) (4.29)
p

0<0<2L

On the other hand

P( sip Ao > VACHcx2HE92)

0<e<2L

2K
<SB( sup 1 Zeolli - 02K 2 K| > ACBex2t 9 2).

i—1 o<e<2k
We now apply Theorem 1 in Dedecker and Merlevede (2010), taking into account the stationarity: for
L .
any > 0,0 > 1, and s2 > 2F Z?:o |COV(T[(<O’)Z»,TI({{)Z<)‘7
2

(v ) = (1 )™ e (Bl (E])

0<e<2L I3

Applying Lemma 5.1, we have |COV(TI(3)i,TI(g,)i)| < 21E(T;(07)ib(X0,j)). Hence

> [Cov(Ti), TR < COP((i — 127K < Yo <i275) = C(8)27F. (4.30)
7=0

It follows that, for K > r(L),

S Cov(T), T < (B2~ D).
7=0

For L > 2, let z = zg 1, = AC(ﬁ)cKQL(l/Q_E)_"‘, 52 = C’(ﬁ)QL_T(L) and v = vy, = 4L. Taking into
account (4.9) and noting that cx > (L(L+1))~! for K < L, we obtain for L large enough and K < L,

(1 N x? )*v/4 - (1 N A9L(1-2¢) )7L -
vsy - 210L3(L 4 1)22L—r(L) -

13



the last bound being true provided A is large enough. Hence, for L large enough and r(L) < K < L,

) Kok 1 L5+352L5(2+6)
P( sup |Z@70(](Z — 1)2 ,Z2 ])| > 4I’K7L) << (SL + 2L(§/2> . (431)
0<e<2L

From (4.29) and (4.31), we then get that for L large enough and any x < 1,

L ) [<L] 1 [5+309Le(2+5)
Z IP’( sup Ao > AC(5)6K2L(7_8)_2><< Z 2K <3L+2L§/2)

0<0<2L

K=r(L)+1 K=r(L)+1
L
+9elpp2p Z (Q*K(P*Q)/Z 4+ 9 nL(2(A+6)-p)/2 4 Q*L(P*Q)/QJFUL) .
K=[rL]+1

Take k = k(e) = 1 A2e(p+1)/(p — 2). It follows that (4.27) (and then (4.22)), holds provided that
the following constraints on ¢ are satisfied

p—2 2(p+1) p—2
. —— 24+6+ —2 /2 —_— = d 14+6—-p/2).
€<2(p+1)75(+ + p_2)</,5p< 5 n, and ep <n(l+46—p/2)
Let us take 5
D
= ————andp= 24+46/2).
n 4+26_pan p=3A(24+6/2)

Both the above constraints on e and (4.20) are satisfied for ¢ = 62/(22(d + 2)?). Therefore (4.22)
holds, and Theorem 2.1 follows.

4.1.3 Gaussian approximation

Proposition 4.1 For L € N, let m(L) € N and r(L) € N* be such that m(L) < L and 4r(L) < m(L).
Under the assumptions of Theorem 2.1 and the notations of Section 4.1.1, the following inequality
holds: there exists a positive constant C not depending on L such that, for any £ € {1,..., 2L_m(L)},

m(L)+2r(L)

E(dy(r)(Upe, Vie)) < C2-Fors L2

Proof of Proposition 4.1. From the stationarity of the sequence (UL, VL e))e=1, or-mw), it
suffices to prove the proposition for £ = 1. Let L € N and K € {0,...,r(L) — 1}. To shorten the
notations, let us define the following set of integers

E(L,K)={1,...,270~K _ 1} n (2N +1),

meaning that if k € (L, K) then k is an odd integer in [1, 27X =K —1].
For K € {0,...,7(L) — 1} and k € £(L, K), define

(k—1)2K k2K }

&
Bk =gy pm) md 25 = 3 (viene — Pr(Bica)

i€l 1

The associated column vector Zy, in R2" =1 is then defined by

. . . '
7, = ((Zg’k’),ki € 5(L’7’))i:0,.~77’(L)*1) '
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Notice that for any j € {1,...,2"%) — 1},

r(L)—

Z S b ()2 (4.32)

K=0 kxec&(L,K)
with bg g, (j) = 0 or 1. This representation is unique in the sense that, for j fixed, there exists

only one vector (b k) (), kx € E(L, K)) D)1 satisfying (4.32). In addition, for any K in
{0, r(L) =1} Dpee(r.i) brk(d) < 1. Let the column vector b(j, L) and the matrix Py, be defined

=0,...,

(3. 1) = (b () ke € ECLK)) g gy ) amd Pr = (b(1,1),6(2, D), b2 ~1,1))

P has the following property: it is a square matrix of R2"~1 with determinant equal to 1. Let us

denote by le its inverse. With this notation, we then notice that
Zr,=P;'Up;. (4.33)

Let now a® be a positive real and V = (V(l),~-~ ,V(QT(L)_U)/ be a random variable with law
N(0,a*PPT). According to the coupling relation (4.5), we have that

E(dy2y(UL.1, V1)) = E(Wa, ., (Pu, 117, Gamin,))
<E(Wa,,(Pu, 17, * PvyGamaip, * Pv)) 4 2E(dr1)(V,0)) (4.34)

where * stands for the usual convolution product. Since V() is a centered real Gaussian random
variable with variance v} = a? ZT(L) ! Y kee(r i) kk(7), according to the inequality (3.6) in Ledoux
and Talagrand (1991), we derive that

_ e (L) _ 1))L/2 .
E(d,r)(V,0)) E(je{lfgr}?m_u' I) <2+3(log(2 1)) )je{l,.TzaT}((L)—uvj'

Since vjz < a?r(L) < a®L, we then get that
E(dy1)(V,0)) <5al. (4.35)

Let us now give an upper bound for the quantity E(Wdr(m (Pup 117, * Pvy Gamap, * Py)) in (4.34).
Let (N;1)iez be a sequence of independent random variables with normal distribution N'(0,Ar).
Suppose furthermore that the sequence (N; p);ez is independent of Foo V o(n;,4 € Z). Denote by

Iyr(zy_; the identity matrix on R2 =1 and let N be a N (0, a*1yr(zy_; )-distributed random variable,
independent of Foo V o(N; 1,4 € Z) V o(n;,i € Z). Set N, = Nip +Nop + ...+ Nymy 1. We first
notice that

E(Wdr(L) (PUL,1\}'2L * Py, sz(L)AL * PV))

=B sup  (E(f(Ury+PLN)|Fa) —E(f(N, +PLN))). (4.36)
f€Lip(dr(r))

Introduce now the following definition:
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. / .
Definition 4.3 Forxz = ((aj(z’ki), ki€ E(L,1),_, T(L)fl) Y Y= ((y(z’ki), ki€ E(L,1)),_, T(L)71>

*

two column vectors of RQT(L)_l, let dT(L) be the following distance:

r(L)—1

dyy(@,y) = sup |k — gy (k)|
s KX::O keE(L,K)

Let also Lip(d;f(L)) be the set of functions from R =1 into R that are Lipschitz with respect to dy
r(L)—
namely, |f(x) — F)] < iy suppesr i [ —y P,

,x(QT(L)’l))/ and y = (y, - ,y(T(L)*l)), be two column vectors of R2™"'~1.

Let now u = lex and v = ley. The vectors u and v of R’ =1 can be rewritten u = ((u(i’ki), k; €

Let x = (x(l)

3

’ y . / . . .
E(L, i))i:O,.u,r(L)71> and v = ((U(kai)’ ki € E(L,z))izo’wr(mﬂ) . Notice now that if f € Lip(d,(z)),
then

‘f(.’l,') - f(y)‘ < dr(L)(aj7y) = sup |b(j7 L)Iu - b(]7 L)/’U|
je{l,...27(L) 1}
r(L)—1
< sup Z Z bk ks (j)|u(K”“K) _ U(K,kx)|
JE{L 27 =1} 0 ke (LK)
r(L)—1
< sup Z Z b iy (§) sup \u(K’i) - U(K’i)|.
je{l,...2r -1} - ki €E(L,K) i€€(L,K)

Since for any K € {0,...,7(L) — 1} and any j € {0,...,2"(F) — 1}, ZkeS(L,K) br k() <1, it follows
that if f € Lip(dr(L)),

r(L)—1

[f(@) = f)| = foPL(u) = foPr(w) < > sup [ufF —oER =g (u,v).
=0 KEE(L.K)

Therefore, starting from (4.36) and taking into account (4.33), we get

E(Wa, ., (Puy 17,0 * PvsGamay, * Pv))
<E sup (E(f(ZL + N)|For) — E(F(PL N, + N))) . (4.37)
FevLip(d )
Let Lip(dj(L),}"QL) be the set of measurable functions g : R2-1 % 0 — R wrt the o-fields

B(RQT(L)_l) ® For and B(R), such that g(-,w) € Lip(d;f(L)) and ¢(0,w) = 0 for any w € Q. For
the sake of brevity, we shall write g(x) in place of g(x,w). From Point 2 of Theorem 1 in Dedecker,
Prieur and Raynaud de Fitte (2006), the following inequality holds:

E swp  (E(f(Ze+N)|Fxn) ~ E(f(PL N, + N)))
fGLip(d:(L))

= sup  E(9(Zp+N))—E(g(P;'NL+ N)). (4.38)
geLip(dy ),For)
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We shall prove that if a € [L, L2™()], there exists a positive constant C' not depending on (L, a),
such that

sup E(g(Z1 + N)) —E(g(P7' Ny, + N)) < Ca=3L5/22m(L)
gELip(d;(L)J:QL)
+ CL7122T(L) + 007176L622T(L)+m([/) + C’a72L222T(L)+m(L) + C’aileQT(L) ) (439)
Gathering (4.39), (4.38), (4.37), (4.34) and (4.35), and taking a = L2(m(F)+2r(L)/((2+0)A3) "Proposition

4.1 follows.
Let then a € [L, L2™)] and continue the proof by proving (4.39). For any i > 1, let Y; 1, be the
)

(L) _ ;
column vector defined by Y; f, = (Yl(lL), e sz(i V)" where Yz(]L =1y, ,, <s; — Fy(s;). Notice then
that
om(L)
Zp =Y Ziy where Z; , =P['Y .
i=1

(K.kx) ! (K, k)
Therefore Zi,1, = (25" ki € E(LK)) e zyey) where ZU0P =1y e, = Py(Bicy):

) i

X /
Notation 4.1 Let ¢, be the density of N and let for x = ((x(“ki),ki € <S'(L,K))i=0 T(L)_1> ,

g% ulz,w) = / o(e + ,0)0a(v)dy.

For the sake of brevity, we shall write g * pq(x) instead of g * pq(x,w) (the partial derivatives will be
taken wrt x). Let also

J
So. =0, and forj >0, S;p= Z ZiL.

i=1

We now use the Lindeberg method to prove (4.39). We first write that

E(g(Zr + N) — g(P7'Ny + N))

om(L) om(L) om(L)
= Z E(g(sifLL'i_Zi,L"’_ Z leNJ,L—f—N) _g(Sifl,L""PZlNi,L""_ Z PEINJ’L—FN))
=1 j=i+1 j=itl
om (L)
< Z sup E(Q(Sz'—l,L +Zir+N)—g(Si-1.L + P;'N, 1+ N)) . (4.40)

i—1 9€lip(d] ), For)
Let us introduce some notations and definitions.

Definition 4.4 For two positive integers m and n, let M, ,(R) be the set of real matrices with m
lines and n columns. The Kronecker product (or Tensor product) of A = [a;;] € My a(R) and
B = [b; ;| € M, 4(R) is denoted by A® B and is defined to be the block matriz
al’lB e al,nB
A®B = € Mimpng(R).
ama1B - amnB

For any positive integer k, the k-th Kronecker power A®* is defined inductively by: A®' = A and
Ak = A @ ABK=D),
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If V denotes the differentiation operator given by V = (%, RN %)/ acting on the differentiable
functions f : R™ — R, we define

0

V®V=(a 52

8%1
and V& by VO =V and V& = V@ VOE-D_ If f : R™ — R is k-times differentiable, for any
x € R™, let DFf(x) = VO f(x), and for any vector A of R™, we define D* f(x).A®* as the usual
scalar product in R™" between DFf(x) and A®F.

oV)I,

oV,...,

For any i € {1,...,2m(F)} et G, = leNi7L,

1
A1in(9) = 9% 0a(Sic1,L + Zir) — 9% @a(Siz1,) — §D29 * (g (Si—l,L)-G(E?IQ, ,

and
1
Noin(9) = g% ¢a(Sic1,L +Gir) — g% 0a(Si—1,0) — §D29 * P (Si—LL)-G% :
With this notation,

E(g(si—l,L +Zi+N) = g(Sici,L + PL'Nip + N)) =E(A1,i0(9)) —E(A2;0(g)).  (4.41)
By Taylor’s integral formula and noticing that E(G;@z) =0, we get
1 ! 4 ®4
E(As 1 (9))] < 6]1@ DYg+ 0a(Sio1L +tGi,L).Gi7Ldt‘.
0

Applying Lemma 5.5, we then derive that

r(L)—1 r(L)— 3/2
_ (Kk (K kx)
|E(As:L(9)] < a 3E(< KE::O ke;&p |G} )( Kzz:o N ; )(GLL K )2> )
(g r(L)—1 G(Kk) r(L)—1 G(K’kK) 5\ 2\ 3/4 142
<at(B( X aw i) (e (;)WZMf P)) T e
Notice that
r(L)—1 r(L)—1 1/2 r(L)-1 1/2
. |G(KJ€)| < (G(K;kK))Z (G(K’kK))2 .
KZ::O ke;?Lp’K) o K=0 <kKeé'(L,K) o ) ( Zf:o kKe;:K) v )
(4.43)
Moreover
r(L)—1 ) r(L)—1 )
E( Y Y @) < (XY Eel”)
K=0 kre&(L,K) K=0 kye&(L,K)
r(L)—1 9
< 3( Y Y EGM)
K=0 kye&(L,K)
and

S OE@GHEYY) = Y (Var(zfg’“’) +23" Cov(zM fol’“g))

ke&(L,K) keE(L,K) i>0
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Arguing as to get (4.30), we then obtain that

> E(( Py<oE Y 2K <op).
k€&(L,K) k€E(L,K)

From the above computations, it follows that

r(L)—

5 Y @SR <se@rny. (4.44)

K=0 krec&(L,K)

Therefore, starting from (4.42), taking into account (4.43), (4.44) and the fact that (L) < L, we then
derive that
[E(A2,,2(9))| < a2 L2 (4.45)

Let now
Rii(9) = 9% ¢a(Sic1,0 + Zin) — 9% a(Si—1,) — Dg* @a(Si—1,0)-Zi,L — %ng g (Si—l,L)-Zf?f ,
and

Dyi1(9) = Dg* @a(Si12)-Zun + 5D % 0a) (Si-1.0) 252 — 5 D% pu(Si1.0) E(GER)

With this notation,
E(A1i,0(9) = E(R1,i,0(9) + E(D1,4,.(9)) - (4.46)

By Taylor’s integral formula,
A1) s ®3
ERL@)| < [E | 57D x ea(Sire+20)-ZE)

Applying Lemma 5.5 and using the fact that supyeg(r, i) |Zz I | <2and 3y cer i) (Zi(ff’k))2 <2
we get that

|E(R1,,.(9))| < a™?(r(L))*> < a2L?. (4.47)

Let
A(i,5)(9) = D*g % pa(Si—j1) — D*g * 0o (Si—j—1,L) , (4.48)

and
ur, = [aL™Y. (4.49)

Clearly with the notation X(© = X — E(X),

(upAi)—1

D?g % @q(Si-1,0)-(ZE1) Z A 5)(9)-(ZED)D + D?g # 00 (Si—(upniy,r)-(ZE1) . (4.50)

For any j < (up A4) — 1, write that E(A(i,j)(g).(Z?f)(O)) =E(A(i,5)(9).Ei_ ]+2L((Z 7)©))), and
notice that, by Lemma 5.6,

E(A(i,5)(g)-E;— j+2L(Zz®L)(O)) < SH)P” E(D3g*90a(Si*jfl,L“v‘tZifj,L)'(Zifj,L®Eifj+2L(ZS)LZ)(O)))‘
te

Z Z Z E Kl,kkl H]Ez i42b (ZK2J€K2 ZK37kK3 . E(Zfz,kKQ ZKS,/CK3))|) ’
Ki,kk, K2,kky K3,kkg
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where for any i € {1,2,3}, K; € {0,...,7(L) — 1} and kg, € E(L, K;). Applying Lemma 5.1, we infer
that

Ks kg

B jyoe (2" 2 2] —E(Z, M 2 ) < 4by (Fijyan, i+ 25).

2,

Ky,

Therefore since ZKI ’ kalec‘: (LK) |Z,_ kK1| < 2r(L) and E(by(Fi—jyor,i + 21)) < B1.x(5), we

derive that
E(A(,5)(9)-(Z77) ) < a ?r(L)227 Py x (7). (4.51)

On the other hand, by using Lemma 5.6, we infer that

E(D?g * @a(Si—(upni, ).<Z®2)<0>) = E(D%g * a(Si—(upni),L) Eieug niyar (ZE1) )

<at 30 37 B(Eipngren (200 200 — B2 25 ))
Ki,kky K2,kk,

Using the same arguments as to get (4.51), we obtain that
E(D?g % 0a(Si—(upniy,r)-(ZE1) V) < a™ 12716y x(ug, Ai). (4.52)

Starting from (4.50) and taking into account (4.51), (4.52), the choice of uy, and the condition on the
([-dependence coefficients, we then derive that

om(L)
2 ®24(0) 2r(L) ,—1 am(L)[1t+o my L
3" E(D%g % ¢a(Sim1,1)-(252)0) < 227 Mg (T +2 f). (4.53)
i=1
To give now an estimate of the expectation of Dg * ¢, (SFLL).ZZ-,D we write
i—1
Dg * q(Si—1,) = Dg* ¢, (0) + Z(DQ *0a(Si—jr) — Dg* 0a(Si—j—1,L)) -
j=1
Hence
i—1
E(Dg * ¢a(Si-1,1)-Zi,1) = E(Dg* 0a(0)-Zi.) + > E((Dg* a(Si—j.1.) — Dg* a(Si—j-1,1))-Zi.1.) -
j=1
(4.54)

Applying Lemma 5.1,

r(L)—1
99 * ¢a ,
IE(Dg*0a(0).Zi.1)| = [E(Dg+pa(0).Egr (Zi.1))| < E( XY |amso bl(]-'2L,z+2L)) .
K=0 kge&(L,K)
Notice now that by the inequality (5.3), for any K in {0,...,7(L) — 1}, the random variable
99 * Pa
> 0)
5 O)
keE(L,K) Oz

is a For-measurable random variable with infinite norm less than one. Therefore

|E(Dg * ¢4(0).Z; 1.)| < r(L)p1,x(4) . (4.55)
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We give now an estimate of Z;;ll E((Dg % q(Si—jn) —Dgx* @a(Si_j_l,L)).ZLL). By Lemma 5.6 and
Lemma 5.1, for any ¢ > j + 1,

[E((Dg * ¢a(Si—j,r) — Dg * ¢a(Si—j—1,0))-Zi,L)]
= [E((Dg * ¢a(Si—j,r) — Dg* 0a(Si—j—1,0))-Ei_jiou(ZiL))]
< sup ’E(DQQ * 0o (Si—j1,0 +tZiL)(Zi—jp @E;_jyor (ZZL)))‘

te[0,1]
T(L r(L)—1

Y Y Y S R i),

K1=0 ki, €£(L,K1) K2=0 ki, €E(L,K2)
We then infer that for any ¢ > j + 1,
[E((Dg * ¢a(Si—j.L) — Dg * 0a(Si—j-1,0))-Zir)| < @™ r(L)2"H) By x () - (4.56)

From now on, we assume that j < i A uy. Notice that
(Dg * @a(Si—j,L) — Dg * 0a(Sizj—1,0))-Zi,r. — D*g % 0a(Si—j—1,0)-(Zi—j,L ® Z;,1)

1
_ / (1 =)Dk pa(Sij 11 +1Zi_y0)-(Z8% , @ Zip)dt.
0

By using Lemma 5.6 and Lemma 5.1, we infer that

1
‘E(/O (1—t)D3g*gpa(Si_j_1,L—|—tZi L )(Z® L®Z1L)dt)’

r(L)—1 r(L)—1 r(L)—

>y > > > Z > (|ZK1,kK1||ZK2,kK2|b1( Fijesr it2h)) .

K1=0 ky, €6(L,K1) K2=0 ky,€E(L,K2) Ks=0 ki, €E(L,K3)
Therefore,
1
B( [ (1= 0D% g pu(Sicyrn + 205 (22, Zin)it)| < a 20?2 DB x (). (457
0
In order to estimate the term E(D?g * ¢4 (Si—j—1,0)-(Zi—j,L ® Z; 1)), we use the following decompo-

sition:

(G=DAGE—5-1)

D’gx@a(Sijr) = Y, (D?gx@a(Sicj-1,0) = D*g@a(Si—j-1-1,0)) + D*g%@a(Si—2j)vo,1)
=1

Forany l € {1,---,(j — 1) A (i — 7 — 1)}, using the same arguments as to get (4.57), we obtain that
[E((D*g * a(Si—j-1,0) = D9 % @a(Sivj-1-1,0))(Zijr ® Zi,1))| < a*(r(L))*2" P By x () . (4.58)

As a second step, we bound up |E(D2g * ©a(Sii—25)v0,0)-(Zi—j,L ® Zi,L)(O))‘. Assume first that
j <[i/2]. Clearly, using the notation (4.48),

(uL—1)A(i—j—1)
D%g % ¢a(Si—2j,) = > A6, 1+ 5)(9) + D?g % 0a(Sti—j—up)vo.L) -
=
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Now for any [l € {j,...,(ur, — 1) A (i — j — 1)}, by using Lemma 5.6 we get that

IE(AG, +j).(ZH L ®Zi) )

Ki,kk, Koa,kk, ,Ks,kig Ko,kky ,Ks,kKg
<a 2 : : : : : IE|Z —Jj— lL]El —Jj— l+2L(Zz —j,L ZzL _]E(Zz J,L ZzL ))’
Ki,kx, K2,kky K3,kkg

Applying Lemma 5.1, we infer that

i) 12 (Z; ]kLKQ Z’LI<£ e (Z) glsz ZZKS kKJ))’ < Aby(Fijrpor,i—j+ 25,0 +25).
Therefore
[E(AG L+ ) (Zimjr ® Zi1) V)| < a2r(L)22"H) B, x (1) . (4.59)

If j <4 — uyp, with similar arguments,
|E(D2g * 0u(Sicjus,1)-(Zi—jr ® Z;1) V)| < a™ 1227 ) By x (ur) . (4.60)
Now if j > ¢ — ur, we infer that
|E(D?g * 0a(0)).(Zi—j,L ® Zi.p))| < a™ 2783, ([i/2]), (4.61)

by using also the fact that, since j < [i/2], B2, x (i — j) < B2,x([¢/2]). Assume now that j > [i/2] + 1.
For any j <1, we get

|E(D%g * ¢a(0)).Zi—j. ® Zi )| < a”'r(L)2" 5By x([i/2]) . (4.62)
Starting from (4.54), adding the inequalities (4.55)-(4.62) and summing on j and [, we then obtain:

uLfl

|]E(D9 * 0q(Si—1,)-Zi,L) — Z E(ng % 0q(Si—2j.1))E(Zi—j 1 ® Zi,L)ljg[i/2]|
j=1

< (L)1 x (i) +a ' L2 N By x(5) + a2 Pug By x (ur)

Jj=ur
urL

+a= 122 BBy x([i/2]) + a2 12> ") Z 3P2,x(3) -
Jj=1

Next summing on i and taking into account the condition on the -dependence coefficients and the
choice of uy,, we get that

QW(L) ur — 1
> |E(Dg * ¢a(Si-1.1) Z E(D?g  a(Si—2j,))-E(Zi—j.L ® Zi1)1<[i/y]
i=1

<< L 1227"(L) a*l 5L5227‘(L)+7n(L) + a72L2227’(L)+m(L) . (463)

It remains to bound up

’U,Lfl
Ai = Z E(D29 * @a(Si—Qj))-E(Zi—j,L ® Zi,L) j< /2] ZE D g * @a(sl 1)) E(Zi—j,L ® Zi,L) .
j=1 Jj=1
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We first notice that by Lemma 5.6, for any positive integer j,

|E(D?g * ¢q(Si—1))-E(Zi—jr ® Zi L)l
T(L r(L)—1

Z oo Y R B (Z7).

K1=0 kg, €€(L,K1) K2=0 k,€E(L,K2)

Therefore,
[E(D? % @a(Si-1))E(Zijr @ Zin)| < a”'r(L)27" P By x (j) - (4.64)

On an other hand, applying Lemma 5.6, we obtain for any ¢« > 2 and any j € {1,...,[i/2]},

IE((D%g * ¢a(Si-1) — D2g * 0 (Si—25))E(Zi—j L ® Z; 1)| <
r(L)—1 r(L)— r(L)—1 2j—1

S5 U0 SHE SIS S DU DR SYC [ e L)

K1=0 kKleg(L Kl) Ko=0 k:K265(L Kz) K3=0 k)KSES(L K3) =1

which implies that

wr—1 ur
Z |E((D?g*@a(Si—1) — D*g % pa(Si—2j)) B Zi—j.L ® Zi 1) |Li<fij2) < a=2(r(L))?2"® Zj&,x(ﬁ
j=1 j=1

(4.65)
Therefore (4.64) together with (4.65), the choice of uy, and the condition on the S-dependence coeffi-
cients entail that
2m(L)
Z A'L’ < a71L22r(L) + a72L32r(L)+m(L) + a7175L1+62r(L)+m(L) ) (466)
i=1

Taking into account (4.40)-(4.47), (4.53), (4.63) and (4.66), the bound (4.39) follows. ¢

4.2 Proof of Theorem 3.1

Let (X;)iez be a stationary Markov chain with transition Kernel @) defined in (3.1). Notice that for
all (s,s') € [0,1]?,
v(f - 1 0 TF) = Cov(1x, <o 1xy<s)
Since (2, x (k) satisfies (3.2), according to the proof of Item 1 of Theorem 2.1, it follows that Item 1
of Theorem 3.1 holds true.
As at the beginning of the proof of Theorem 2.1, we start by considering the probability P} whose
density with respect to v is given by (4.2). Let F}' be the distribution function of P} (F} is continuous

since v is absolutely continuous with respect to the Lebesgue measure). Let now T; = F*(T*) and
Y; = F}(X;). Let Fy be the distribution function of Y. Clearly Rr(-,-) = R#(F);(-), ) almost surely,
where

Rsz(s,t) = Z (1Tkﬁs — Fy(s)),s€[0,1],t e R".
1<k<t

Theorem 3.1 will then follow if we can prove that there exists a two-parameter Gaussian process K, %
with covariance function I'z given by 'z (s, s',t,t") = min(¢,t')A5(s, s") where

Az(s,8) =S w(f0 - 1D o B (1) + S w(fY - 1O o EX(T)). (4.67)

k>0 k>0

23



For L € N, let m(L) and r(L) be the two sequences of integers defined by (4.8). For any integer 7,
let s; = j277(L) " As for the proof of Theorem 2.1, we start by constructing the approximating Kiefer

process K% with covariance function I'z. With this aim, we first define for any £ € {1, - - ,2L_m(L)},
e =J2b 4 (=128 28 4 emW)AN and U} = Y (1., — Fy(s))).
i€l e
” N w(2m() _
The associated column vectors Uy , are then defined in R? ®-1 by Uy , = (ULE;), e ’ULEI? 1))/.
Let

AT,L = (Ap(85,857))j5r=1, 2rt) 15
where the Az(sj,s;/) are defined in (4.67). Let Ggm(mAiL denote the N (0, Qm(L)AfL)—law, and for
any £ € {1’... 72L—m(L)}7 let PUE,z|g2L+e2m(L>+1

where G, = o(T",i > m). By the Markov property, Py: g

be the conditional law of Uy , given Gor ygom) 41

oL poam(D) 41 PU21£|T2L+£2M(L)+1'

« w(2m(E) _
According to Riischendorf (1985), there exists a random variable Vie= (VL (él), eV (ZQ 1))/
with law Ggm)y ., measurable with respect to (030 4pom)) Vo (UL 4) V Gor gy ggmr) 41, independent

of Gor 4 pom(r) 11, and such that, with the notation of Section 4.1.1,

E(dry(ULe: VL) = E(Wa, (Pu; 160 ,Gomwa, ) - (4.68)

(L) 2L 4pam(L) 41

By induction on ¢, the random variables (V} ;)1 ... oz-mx) are mutually independent, independent
of Gor+1,1 and with law N(072m(L)AT ;). Hence we have constructed Gaussian random variables
(VI 0)pene=1,.. 20-m(x) that are mutually independent. In addition, according to Lemma 2.11 of
Dudley and Philipp (1983), there exists a Kiefer process K% with covariance function I'x such that

forany L € N, any ¢ € {1,...,25=™()} and any j € {1,...,2"(0)~1},
ViD= Ki(s, 28 + 2m D) — Kxi(s;, 28 + (£ 1)2mD)) . (4.69)

Thus our construction is now complete.
Notice now that, by stationarity, for any ¢ € {1,--. ,2L=m()1

]E(dr(L)(Uz,67 VE,@)) = E(dT(L) (Uz,h Vg,l)) .

In addition, on the probability space ([0, 1],v), the random variable (T2L+1,T2L+2,...,T2L+l) is
distributed as (Xpz+1, Xor+1_q,...,Xoc ). Let U;j} = ZiEIL’g(]'YiSSj — Fy(s4)), and let U ¢ be

. (L) _
the associated column vectors in 2"’ =1 defined by Ur ¢ = (Ug%, ceey Ufe 1)),. According to the
coupling relation (4.5), we get that

E(Wa,,, (P ,i6,,

4om (L) 41

* L m(L) *
Garwng,)) =B swp (E(U7 )T+ “E(f(V2,))
' feLip(d (1))

—E sup (IE( FUL p1-mw)| Xars1_gmeey ) — E( f(v;l))) . (4.70)
f€Lip(d,(r)y)
Let us construct the Gaussian random variables Vy, , associated to the Ur , as in Section 4.1.1. Notice
that since the covariance function Az is the same as the covariance function Ay defined by (4.4), for
any measurable function f, E(f(V} 1)) = E(f(V} az-mm))). Therefore starting from (4.68) and taking
into account (4.70) together with (4.5), we get that

E(dr(L)(Uz,1>VE,1)) = Ef L?%g ) (E(f(ULQLfm(M)\fzulfzm(b)) - E(f(VLaLfmm)))
cLip(d, (L)
= E(dr1)(Up gr-mw), Vi gr-mn))) - (4.71)
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Setting IL,(1(s) = 2-7(1)[s27(1)] and mimicking the notations of Section 4.1.2, let now
Dy = sup sup [(Ri(s,0) — Rp(Ir)(s).6) — (Ry(s,2") — Rp(ILy(r)(s), 2%))
2L <p<2L+1 5€[0,1]

Bl = sup sup sup |Rf(sj,€) — R(s;, ol 4 (k- 1)2m(L))| ,
je{l,....2r(L) -1} 1<k<2L—m(L) Lely, i

)

and let Dy ; and Bp 3 be the same quantities with Ry replacing Rz. Using once again that, on
0,1],v), the random variable (721, 72°+2 .. 72"} is distributed as (Xor+1, Xort1_1, .., Xori1),
+
we infer that for any positive A,

P(DL1 2 A) <P(2Dry > A) and P(B 3 > A) <P(2Brs > A). (4.72)

Proceeding as in Section 4.1.2 of the proof of Theorem 2.1, using the fact that the covariance function

I'7 is the same as the covariance function I'y: defined by (4.4) (so that all the quantities involving

only the Kiefer process K% can be computed as in the Section 4.1.2) and taking into account (4.71),
(4.72), and the fact that the Markov chain (X;);cz satisfies the assumptions of Theorem 2.1, Theorem
3.1 follows. ©

5 Appendix

5.1 Properties of the random variables Y;

For the next lemma, we keep the same notations as that of Definition 2.1 and of the beginning of
Section 4.1. Recall that the random variables Y; have been defined in (4.3).

Lemma 5.1 The following assertions hold
1. The image measure of P by the variable Yo is the uniform distribution over [0, 1].

2. The equality F5! (Y;) = X; holds P-almost surely. Moreover, P-almost surely,

b(XO’k) Z iuﬂg|PYk|Xo(ft)_PY(ft)|a
S
b(Fek) = sup Py (f) - Pr(fl,
S
bo(Friind) = sw |Pyyym (i @ F0) = Py (1 @ 1O)].

(s,t)ER?
Proof of Lemma 5.1. As in Definition 2.1, define

b(Xi, k) = sup |Px,|x, (fe) = P(fo)] -
teR

On , we introduce the probability P} whose density with respect to P is
oo oo
C(B) (144 ) b(X;,k)) with C(8) =1+4) _ B(o(Xo), Xi) . (5.1)
k=i+1 k=1

By stationarity of (X;);ez, the image measure of P} by X; is again P*. It follows from Lemma F.1
page 161 in Rio (2000) that the image measure of Py by the variable Y; is the uniform distribution
over [0,1] (proving Item 1), and that the equality Fpl(Y;) = X; holds P*-almost surely. Since the
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probabilities P and P} are equivalent, it follows that the equality F;} (Y;) = X; holds P-almost surely,
proving the first point of Item 2.

Now, note that Y; = g(X;,7;), where the function z — g(z,u) is non decreasing for any v € [0, 1].
Since (Xo, X}) is independant of ny,

| Py ixo (ft) = Py (fe)| = ‘ /0 {E(fe(9(Xk,u))| Xo) — E(ft(9(Xk,u)))}du| almost surely.

The function  — g(z,u) being non decreasing, we infer that

IE(f:(g( X, u))|Xo) — E(fi(9(Xk,u)))| < b(Xo,k) almost surely,

in such a way that
| Py, x, (ft) = Py (fe)] < b(Xo,k) almost surely.

The two last inequalities of Item 2 may be proved in the same way. ¢

5.2 Some upper bounds for partial derivatives

2m() 1

Let x and y be two column vectors of R with coordinates

/

/ y . .
r = ((x(z k) ki e E(L, z)) (D) 1) and y= ((y(17k1)7ki € 5(L7’))¢:0,...,T(L)—1>
where E(L,i) = {1,---, 2"~ —1} N (2N + 1). Let f € Lip(d},,), meaning that

r(L)—1

f@) = f)l < Y sup  [alOR) —ylUom)

o kEE(L.K)
(the distance djf( L) is defined in Definition 4.3). Let a > 0 and ¢, be the density of a centered Gaussian
law of R2"’ =1 with covariance a®Tynz) _; (Iywz)_; being the identity matrix on RQT(L)_l). Let also

r(L)—1 r(L)—

2]l oo,z = Z sup  |zUR)|  and Hx||27L:( Z Z ((K,kK))Q)

K=o k€E(L,K) K=0 kxec€(L,K)

1/2

For the statements of the lemmas, we refer to Notation 4.4.
Lemma 5.2 The partial derivatives of f exist almost everywhere and the following inequality holds:

sup sup [Df(y)-u| < 1. (5.2)
S S W

In addition
of

sup FRCa) (y)‘ <1.

Ke{0,-,r(L)-1} kxc&(L,K)

(5.3)

Proof of Lemma 5.2. The first part of the lemma follows directly from the fact that f is Lipschitz
with respect to the distance dr( L) together with the Rademacher theorem. We prove now (5.3). For

. I
any K € {0,---,r(L) — 1}, we consider the column vector ugx = ((u%k), ki€ E(L,i),_, T(L)il)
with coordinates given by

of

g™ = sign(m(y)) lick -
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Applying the inequality (5.2) together with the fact that ||uk| o, = 1, we get that
of
Z W(y)‘ =|Df(y).ux| <1,
keE(L,K)

and (5.3) follows. ¢

Lemma 5.3 Let X and Y be two random variables in R2"=1. For any positive integer m and any
te[0,1],

(D™ f 5 0ay +£X).X5™)| < E(IDF()-X oo D" 00 (X1 ).

Proof of Lemma 5.3. For any positive integer m and any z,y € RQT(L)*l, it follows, from the
properties of the convolution product, that

D™ f % @q(y). 2™ = (Df(-).x) * (D™ @a(-). 22 1) (y)

where Df(-).x : y+— Df(y).z and D™ Lo, (-). 2™~ y s D™ L, (y). 2™~ L. The lemma then
follows immediately. ¢

Lemma 5.4 Let X be a random variable in R2"™"' =1, For any nonnegative integer m, there exists a
positive constant c,, depending only on m such that

D™ a (). X 1 < ema™" | X5y - (5.4)

Proof of Lemma 5.4. In order to simplify the proof, and to avoid the double indexes (K, kx) for
the coordinates of a column vector of R2™"’ =1, we set d = 2"() —1 and we denote by = = (x1,...,24)

an element of R, Proceeding by induction on m, we infer that for any u, z in R? and any integer m,

m ®m 1 1 d 2 2 Cm ¢ d 2 trd u T \ M2
i = o (- 2 30) 35 () (552). o

with the following recurrence relations between the ¢, ¢:

tmo = (=1)™ foranym >0, co1=—1,
Cmate = (M—=20+2)cme1 —cmy for £€{1,...,[m/2]} and m > 2,
Cm41,[(m41)/2] = Cmmy2) i misodd, Cpny1(mi1)/2] = Cmt1,[m/2) if m is even.

1/2
Starting from (5.5) = (Z?zl xf) , we get that for any integer m,

m d

(e 1 L
D™ pa(u).a®™|du < —— = (** 2) ’m( ) ’ i
L 1Prentaian s e | ew (< g dout) Y fene 2 el H !

=1 £=0

m
9 W; X4 m—20
u; E Cm, ¢ E ” H du; .
=0 1=1

2157

1 1
< _Z
- am /Rd (2m)d/2 P ( 2

Now, for any integer k, we have that

o e ()
@m)a2 Joa TP\ T 2 &) 2]

i=1

d

7||2,a

=1
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where N ~ N(0,1). Therefore

[m/2]

1D atw)a® i < 0 lalga 3 fen BN ).
£=0

which completes the proof of (5.4). ¢
Lemma 5.5 Let X and Y be two random variables with values in R2"” =1, For any positive integer
m and any t € [0, 1], there exists a positive constant ¢,,—1 depending only on m such that

[E(D™f 5 @aY +£X).X")| < 10 E(||X oo x | XI5Z")
Proof of Lemma 5.5. Applying Lemmas 5.3 and 5.4 and using the fact that, by (5.2),

IDf()-Xloo = [ X, sup
yeRr2"(H) -1

DY)

oo,L

the result follows. ¢

Lemma 5.6 For anyy € R -1 gnd any integer m > 1, there exists a positive constant ¢, depend-
ing only on m such that

1-m

O™ f * pq
sup W] S ema T,
(Kuskic, )izl | [ [q O Fiks) "

where the supremum is taken over all the indexes K; € {0,--- ,r(L) — 1} and kg, € E(L, K;) for any
1=1,---,m.

Proof of Lemma 5.6. Notice first that by the properties of the convolution product,

O™ f * pa ()_< of O™ L, >(y).

_ 9 T*Pa N .
17, 0 b W) = \guke) ™ [T, 920 )
Therefore by using (5.3),

I aaemr )] <]
Hglax(K“kK) ~ 119af Kl kKl)

om— om 1

Sﬁa
H K k‘K

a

N areni

Let now h, be the density of the N(0,a?) distribution, and let

S = {(61,...,67,1) € {0,...,m}®™ such that iéi zm}.

i=1
With this notation, we infer that

om— 1
sup
(‘ela m l)esm 1 =1

I

where hi") is the £;-th derivative of hq. Since for any real u, h% (u) = a=“+D R (u/a), it follows
that || he *

1. Therefore

(5.7)

<atm sup H ||h

‘1 (l15ilm—1)€ESm—1 ;1

-
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Starting from (5.6) and using (5.7) the lemma is proved, with

m—1
e,
Con = sup H ||h§ l)”l‘ ¢
(€1, lm—1)ESm_1 ;2
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