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Wetting and drying scenarios of ionic solutions.

ANNA OLEKSY and JEAN-PIERRE HANSEN
Department of Chemistry, University of Cambridge, Cambridge CB2 1EW (UK)

We review recent theoretical results obtained for the wetting and drying behaviour of ionic solutions
near a charged solid substrate. Three levels of modelling ionic solutions are considered: the primitive
model, where the solvent is replaced by a dielectric continuum; the ”semi-primitive” model where
the solvent is represented by hard spheres with a Yukawa attraction and a dielectric permittivity is
introduced, which depends on the local solvent density; andthe ”civilized” model, where the solvent
molecules are dipolar hard spheres with a Yukawa attraction. Calculations on the primitive model are
based on a square gradient functional for the solvent, combined with a Poisson-Boltzmann description
of the ions; the dicrete solvent models are treated within a multi-component density functional theory,
combining Rosenfeld’s fundamental measure description ofexcluded volume effects with the mean
field approximation for the Yukawa and electrostatic interactions. Qualitative agreement is found
between the predictions of the three models, while those of the two discrete solvent models agree
quantitavely. The relative size of anions and cations is shown to have a crucial influence on interfacial
properties, as observed experimentally. A novel drying scenario is predicted near a charged wall.
New results are reported for the variation of the surface tensionγ with ion concentration c. Contrary
to the observed behaviour of aqueous ionic solutions, the liquid/vapour surface tension is found to
systematically decrease with c, presumably because our solvent models are insufficient to describe
water, due to the neglect of strong hydrogen bonding. The solid/liquid surface tension is in contrast
shown to be a non-monotonic function of c and to possess a minimum.
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1 Introduction.

Solutes can profoundly modify the interfacial properties,in particular the surface tensionγ, of sol-
vents. While surfactants radically reduce the surface tension of water/oil interfaces, ions, on the
contrary, lead to a significant increase of the surface tension of the water/air interface [1], which may
be traced back to strong Coulombic interactions [2–4]. Sinceγ, which is the surface excess contribu-
tion to the free energy of an inhomogeneous fluid, controls the wetting of a solid (or liquid) substrate
by a saturated vapour, or the conjugate drying behaviour of the coexisting liquid phase, it is to be
expected that any solute will affect the wetting and drying transitions of the pure solvent. However,
while the experimental investigation [5], and theoreticalunderstanding [6] of wetting transitions
are well advanced for pure fluids and mixtures, much less attention has been devoted to the study of
wetting and drying phenomena of ionic solutions. The reasonfor this may lie in the complication
linked to the additional length scale, the Debye screening lengthλD, which competes with the usual
length scales, namely the film thicknessζ , the widthδ of the liquid/vapour interface, and the range of
the substrate/fluid attraction.λD controls the strength of the electrostatic repulsion between the elec-
tric double-layers which form at the substrate/fluid and liquid/vapour interfaces, and hence affects
the thickness of the liquid wetting film [7–10]. However, theinfluence of such effects on the wet-
ting and drying scenarios of ionic solutions has only recently been investigated theoretically, within
a mean-field framework, using the tools of density functional theory of inhomogeneous fluids [11,12].

In the present paper we review this recent work [13–17], and present some new results on the
variation of the substrate/fluid and liquid/vapour surfacetensions with ion concentration. After a
brief reminder of mean field theories of wetting and drying transitions in simple fluids (Section 2), we
introduce the models and approximations used to describe inhomogeneous ionic solutions (Section
3). In Sections 4-6 we present the DFT results obtained with increasingly “realistic” representations
of ionic solutions, namely the “primitive” model (Section 4), the “semi-primitive” model (Section 5)
and the “civilised” model (Section 6). Our new data concerning the ion concentration dependence of
the surface tension are presented in Section 7, while conclusions are drawn in Section 8.

2 Mean field theories of surface phase transitions.

The present discussion will be restricted to three-phase equilibrium between a “spectator phase” a,
taken here to be a planar solid substrate, and two fluid phases(liquid b and vapour c). The competi-
tion, as a function of temperature and proximity of liquid/vapour coexistence, of the interfacial free
energies, or surface tensionsγab, γac andγbc gives rise to surface phase transitions, namely wetting
and drying. If a saturated vapour is put into contact with a solid substrate, which exerts an attractive
force on the vapour molecules, a microscopically thin “liquid” film forms at contact. This partial
wetting situation is characterised by the thermodynamic inequality:

γac < γab + γbc (1)

and is observed well below the liquid/vapour critical temperatureTc. However, as the temperature
is increased along liquid/vapour coexistence, a simple argument due to Cahn [18] shows that at a
wetting temperatureTw, the inequality ( 1) becomes an equality, and a macroscopically thick liquid

1
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film intrudes between the substrate and the vapour. This wetting transition is usually first order, i. e.
the liquid film thicknessζ jumps discontinuously from a finite (microscopic) value belowTw (partial
wetting) to infinity (complete wetting). In some rare cases asecond order scenario has been observed
[5], where the film thickness diverges continuously asTw is approached from below (second order or
continuous wetting transition). In the case of a first order wetting transition atTw, there is an addi-
tional twist, predicted theoretically by Cahn [18], and by Ebner and Saam [19] in 1977, namely a
prewetting transition as vapour/liquid coexistence is approached along an isothermT > Tw from the
undersaturated vapour side. The film thickness undergoes a finite discontinuity (jump) as a prewetting
line is crossed; after thatζ diverges continuously as the coexistence line is approached. The prewet-
ting line starts on the coexistence curve atT = Tw, where the discontinuity is infinite, and moves into
the undersaturated vapour region where the discontinuity remains finite. Its amplitude decreases with
increasing T and vanishes at a prewetting critical pointTpwc, above which the film thickness varies
continuously.

On the liquid side of the phase diagram, conjugate drying maybe observed, where a gas layer
intrudes between the bulk liquid and a solid substrate. The thickness of this “vapour film” increases
continuously as coexistence is approached along an isotherm, and diverges at coexistence [20,21].

The film thickness, or equivalently the adsorptionΓ, is the obvious order parameter characteris-
ing the surface phase transitions. If the structureless, impenetrable substrate is taken to be the xy
plane (z=0), the local fluid density, or density profileρ(z) is the fundamental quantity within DFT of
classical inhomogeneous fluids [11,12]. The adsorption is defined as:

Γ =

∫ ∞

0

[

ρ(z)− ρ(0)
]

dz (2)

whereρ(0) is the bulk density of the fluid, far from the substrate (i. e. as z → ∞). The film thickness

ζ may be defined asζ =
∣

∣

∣
Γ̃
∣

∣

∣
=

∣

∣Γ/ρ(0)
∣

∣.

Within DFT the equilibrium density profile is obtained by minimizing an approximate expression
for the grand potential functional (per unit area of the substrate)Ω [ρ(z)] with respect toρ(z), for a
fixed chemical potentialµ, namely:

Ω [ρ(z)] = F [ρ(z)] +

∫ ∞

0

[V(z)− µ] ρ(z)dz (3)

whereF [ρ(z)] is an approximate free energy functional (per unit area) andV(z) is the potential of
the force exerted by the substrate on the fluid molecules. TheEuler-Lagrange equation leads to the
following generic expression for the density profile [11,12]:

ρ(z) = ρ(0) exp

{

− 1

kBT

[

µ[ρ(z)]− µ(ρ(0)) + V(z)
]

}

(4)

whereρ(0) = ρ(z → ∞) is the bulk density,

µ [ρ(z)] =
δF [ρ(z)]

δρ(z)
(5)

2
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is the “local” chemical potential, andµ(ρ(0)) = µ is the overall (bulk) chemical potential. For a given
free energy functional F, eq. ( 4) must be solved iteratively. Substitution of the solution into the
surface excess grand potential yields the surface tensionγ:

γ = Ωex [ρ(z)] = Ω [ρ(z)]− Ω(ρ(0)) = F [ρ(z)]− F(ρ(0)) +

∫ ∞

0

V(z)ρ(z)dz − µΓ (6)

Note that the adsorption ( 2) and the surface tension are related by the Gibbs adsorption equation
[11,12]:

Γ = −
(

∂γ

∂µ

)

T

(7)

which provides a useful test of the thermodynamic consistency of results based on approximate func-
tionals [22].

At this stage, one may schematically distinguish between two classes of DFTs of wetting and
drying. Following the pioneering work of Cahn [18], phenomenological theories are based on gener-
alisations of van der Waals classic “square gradient” theory of the liquid/vapour interface [12,23,24].
Microscopic theories, starting from a molecular description of the fluid, were pioneered by Ebner and
Saam [19], and by Sullivan [25,26], and culminated in the decisive work of Evans and collaborators
[21, 27–29]. Following van der Waals, Cahn assumes the density profile ρ(z) to vary slowly near
contact. The substrate-fluid interaction is assumed to act only at contact:

V(z) = V0 (ρ(z)) δ(z) (8a)

with:
V0(ρ)

kBT
= γ0 − γ1ρ+

1

2
γ2ρ

2 (8b)

The square gradient expression for the surface excess grandpotential hence reads [6,18]:

Ωex [ρ(z)]

kBT
=

∫ ∞

0

{

W(ρ(z)) +
B

2

[

dρ(z)

dz

]2
}

dz + γ0 − γ1ρs +
1

2
γ2ρ

2
s (9)

whereρs = ρ(z = 0) is the contact value of the local density.W(ρ) is the reduced bulk grand poten-
tial density (local density approximation), while the coefficient B/2 of the non-local square gradient
correction is assumed to be independent of density. In the vicinity of the critical pointW(ρ) may be
approximated by the double well form:

W(ρ) = c(ρ− ρl)
2(ρ− ρv)

2 (10)

whereρl andρv are the temperature-dependent densities of the coexistingliquid and vapour phases,
and c is another phenomenological coefficient. The equilibrium profile is easily calculated to be:

ρ(z) = ρv +
(ρl − ρv)

1 + exp [(z− ζ)/δ]
(11)

3
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whereδ =
√

B/2c(ρl − ρv)
−1 is the van der Waals width of the liquid/vapour interface [12, 23, 24],

and ζ = −δ ln C = −δ ln [(ρl − ρs)/(ρs − ρv)] is the film thickness. Substituion of ( 11) into ( 9)
yields the reduced surface excess grand potential in the form [13,14]:

Ωex

kBT
≡ ωex = ωex

0 + 6γ

[

1

2(1 + C)2
− 1

3(1 + C)3
− 1

6
+ (p1 − p2)

C

1 + C
+

1

2
p2

(

C

1 + C

)2
]

(12)

whereωex
0 = γ + γ0 − γ1ρl +

γ2
2
ρ2l , γ =

√
2Bc(ρl − ρv)

3/6 is the van der Waals surface tension of
the liquid/vapour interface, andp1 andp2 are the two control parameters

p1 =
γ1√
2Bc

(ρl − ρv)
2 ; p2 =

γ2√
2Bc

(ρl − ρv)
−1 (13)

ωex is finally minimised with respect to C (or equivalently to thecontact densityρs), which deter-
mines the film thicknessζ corresponding to the lowest minimum ofωex for any given temperature (i.
e. ρl andρv). Depending on the values of the two control parametersp1 andp2, a first (discontinu-
ous) or second order wetting transition is predicted along the liquid/vapour coexistence curve. The
Cahn theory also predicts the prewetting scenario as the coexistence curve is approached from the
undersaturated vapour side, provided the grand potential density ( 10) is generalised to incorporate
an additional contribution linear in(ρ− ρv) proportional to the degree of undersaturation [14, 18].
Cahn’s theory is very attractive because of its fully analytic nature, but it requires a large number of
thermodynamic or phenomenological parameters as input(ρl(T), ρv(T),B, c, γ1, γ2) which must be
taken from a separate microscopic theoretical description, or from experiment.

Microscopic density functional theories are based on a molecular model of the fluid, which spec-
ifies the Hamiltonian of the system, i. e. the interactions between the molecules [19, 21, 25–29].
Following van der Waals, the pair potential is split into a short-range repulsion and long-range (LR)
contributions (dispersion and Coulombic interactions). The former is conveniently taken to be of the
simple hard sphere (HS) form. Accordingly, the free energy functionalF[ρ] may be split into ideal,
HS and LR contributions:

F [ρ(z)] = Fid [ρ(z)] + FHS [ρ(z)] + FLR [ρ(z)] (14)

WhileFid [ρ(z)] is known exactly [11,12]

Fid [ρ(z)] = kBT

∫ ∞

0

ρ(z)
{

log
(

Λ3ρ(z)
)

− 1
}

dz (15)

approximate expressions must be used for the contributionsFHS andFLR due to intermolecular forces.
Weighted density approximations have been used forFHS by the Bristol group [21, 27–29], but the
work on ionic solutions reported in the following Sections is based on the more accurate “fundamental
measure” functional introduced by Rosenfeld [30] in its most refined form [31,32]. The long-range
contribution to the free energy is almost invariably taken to be of the non-local mean-field form:

FLR [ρ(z)] =
1

2

∫ ∞

0

dz

∫ ∞

0

dz ′ρ(z)w(|z− z ′|)ρ(z ′) (16)

4
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where w is the long-range part of the pair potential, suitably integrated over the transverse (x,y) coor-
dinates.

Minimisation of the corresponding grand potential ( 3) withrespect toρ(z) can no longer be carried
out analytically but requires careful iterative numericalsolutions [21, 27–29]. The various wetting
scenarios predicted by Cahn’s phenomenological theory areconfirmed by the “first principles” DFT
approach. A key finding of the Bristol group is that the order of the wetting transition is very sensitive
to the range of the substrate/fluid attraction, relative to that of the attractive potential w(z) between
fluid molecules. Short-range substrate/fluid attractions favour a continuous wetting transition, while
first order wetting and prewetting transitions are found to occur when the range of the attraction ex-
erted by the substrate on the fluid molecules exceeds a threshold [27].

In the following Sections the phenomenological and microscopic DFT approaches are generalised
to the case of simple models of ionic solutions [13–17]. It isimportant to stress at the outset that for
any theory of wetting or drying to be consistent, the interfacial and bulk thermodynamic properties
must be calculated throughout from the SAME free energy functional, which reduces to a function of
the constant densities in the bulk.

3 Simple models of ionic solutions.

Ionic solutions are (at least) three-component systems involving the solvent, cations and anions. To
investigate their interfacial properties next to a neutralor charged planar substrate, one must introduce
three density profilesρ0(z) (solvent),ρ+(z) andρ−(z). A fundamental combination of the latter two
profiles is the local charge density:

ρc(z) =
∑

α=+,−

qαρα(z) (17)

whereqα is the charge carried by ionic speciesα. The profiles determine the partial adsorptions of
the three species:

Γα =

∫ ∞

0

dz
[

ρα(z)− ρ(0)α

]

(18)

which are in turn related to the interfacial tensionγ by the generalisation of the Gibbs adsorption
equation ( 7):

Γα = −
(

∂γ

∂µα

)

T,{µβ}

(19)

Through their long-range Coulombic interaction and the requirement of charge neutrality, both glob-
ally, and locally through the screening mechanism, the ionsintroduce qualitatively different interfacial
behaviour (compared to the pure solvent), essentially through the formation of electric double-layers
at the substrate/fluid and liquid/vapour interfaces. We have studied how the ions modify the wetting
and drying behaviour of the pure solvent, using three different models of the ionic solution:

a) The “primitive” model, where ions and solvent molecules are completely decoupled, the solvent
playing only the role of a dielectric continuum of fixed permittivity ε relative to the ions. The

5
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phenomenological theory combines Cahn’s theory for the solvent as sketched in Section 2, with
Poisson-Boltzmann theory for the inhomogeneous “fluid” of ions. This Cahn-Poisson-Boltzmann
approach [13,14] will be presented in Section 4.

b) The “semi-primitive” model (SPM) takes the molecular granularity of the solvent explicitly into
account, by representing the solvent molecules by neutral hard spheres with attractive interactions
between all solvent-solvent, solvent-ion and ion-ion pairs; the ions are charged hard spheres. Since
the model ignores the polar nature of the solvent molecules,it must be supplemented by the intro-
duction of a local dielectric permittivityε(z) depending on the local solvent density to allow for
solute dissociation [15,16]. This model will be consideredin Section 5.

c) The “civilized” model [33,34] introduces an explicitly polar solvent, by representing its molecules
by dipolar hard spheres. Apart from this crucial refinement,the model is similar to the SPM, but
does not require the phenomenological introduction of a local permittivityε(z), since the dielectric
properties of the solvent are now controlled by its molecular dipolar moment. The wetting and
drying behaviour of the “civilized” model [17] will be the subject of Section 6.

4 The primitive model: Cahn-Poisson-Boltzmann theory.

Within the primitive model, the surface excess grand potential is assumed to be the sum of two in-
dependent contributions, both functions of the film thicknessζ ; the solvent contributionΩs, derived
from Cahn’s square gradient theory (cf. eq. ( 9)), and an electrostatic contributionΩel due to the elec-
tric double-layers formed by the ions at the substrate/liquid and liquid/vapour interfaces; the latter is
calculated within the non-linear Poisson-Boltzmann (PB) theory of ions in a continuous solvent of
dielectric permittivityε.

Ωex(ζ) = Ωs(ζ) + Ωel(ζ) (20)

The substrate carries a uniform surface charge chosen to be negative for clarity,σ = −q/a, where
a is the area per unit charge. The counterions carry a charge +q, while the coions have a charge
-q (symmetric electrolyte). The generalisation to ions of different valences is straightforward. The
cation and anion density profiles within the wetting film satisfy Poisson’s equation:

d2Φ(z)

dz2
= −4πlB [ρ+(z)− ρ−(z)] (21)

whereΦ(z) is the dimensionless electrostatic potentialqΨ(z)/kBT andlB = q2/(εkBT) is the Bjer-
rum length.
Assuming the ion concentration in the vapour phase above theliquid film to be negligible (i. e. ions
do not leak outside the film), the potential must satisfy the boundary conditions:

dΦ(z)

dz

∣

∣

∣

∣

z=0

= −4πlB
a

;
dΦ(z)

dz

∣

∣

∣

∣

z=ζ

= 0 (22)

which are equivalent to the overall charge neutrality condition:
∫ ζ

0

[ρ+(z)− ρ−(z)] dz =
1

a
(23)

6
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The PB free energy functional is the sum of ideal and mean fieldelectrostatic contributions:

fe =
Fe

AkBT
=

∑

α=±

∫ ζ

0

ρα(z)
[

log
(

Λ3
αρα(z)

)

− 1
]

dz +
1

2

∫ ζ

0

ρc(z)Φ(z)dz (24)

whereρc(z) = ρ+(z)− ρ−(z)− δ(z)/a is the total charge density (in units of q).
Imposing chemical equilibrium throughout the wetting film:

µα(z) =
δfe [{ρβ(z)}]

δρα(z)
= µ(0) (25)

whereµ(0) is the bulk chemical potential of anions and cations, the Boltzmann form of the density
profiles is recovered:

ρ±(z) = ρ(0) exp {∓Φ(z)} (26)

Substitution of ( 26) back into eq. ( 21) results in the PB equation:

d2Φ(z)

dz2
= 8πlBρ

(0) sinh (Φ(z)) (27)

which must be solved, for a given film thicknessζ , subject to the boundary conditions ( 22). This
can be achieved analytically, in parametric form [13,14]. The solution may be substituted in the free
energy functional ( 24) to yield an analytic expression for the electrolyte contribution to the surface
excess grand potential:

ωe =
Ωe

AkBT
= fe − µ(0)

∫ ζ

0

[ρ+(z) + ρ−(z)] dz (28)

as a function of the film thicknessζ . Gathering the results for the pure solvent (eq. ( 12)) and for
the electrolyte, one obtains the total surface excess grandpotential as a funcction ofζ . The following
scenarios emerge:

a) In the simple case where only counterions (released by thesubstrate into the film upon ionisation)
are present (i. e.ρ−(z) ≡ 0), the electrostatic contributionωe is always positive, and decays like
1/ζ due to the lack of screening, while the solvent contributionωs decays exponentially withζ .
Consequently the variation ofωex = ωs + ωe with film thickness is dominated byωe asz → ∞,
and the wetting transition will always be first order, irrespective of the discontinuous (first order)
or continuous (second order) nature of the wetting transition of the pure solvent [13,14].

b) In the more general case of added salt (i. e. the presence ofcounterions and coions), the wetting
behaviour is controlled by three dimensionless parameters, in addition to the parametersp1 andp2,
defined in eq. ( 13), which control the wetting scenarios of the pure solvent; these three parameters
are determined by the two additional physical variables, namely the reservior chemical potential
µ(0), or equivalently the reservoir ion concentrationsρ

(0)
+ = ρ

(0)
− = ρ(0) (symmetric electrolyte) and

the surface charge densityσ = q/a (the three parameters are hence not fully independent). They
are:

δ̄ = κDδ; η =
ρ(0)

3κDγ
; K =

4πlb
aκD

(29)

7
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whereδ andγ are the liquid/vapour interfacial width and reduced surface tension of the pure sol-
vent defined after eqs. ( 11) and ( 12), whileκD =

√

8πρ(0)lB is the inverse Debye screening
length.
When salt is present(ρ(0) 6= 0), the electrostatic interactions are screened, and the wetting tran-
sition of the ionic solution may be either continuous or discontinuous, depending on the specific
values ofρ(0) andσ. Whenρ(0) 6= 0, ωe decays exponentially with̄ζ = κDζ. The wetting transi-
tion is always discontinuous (as for the salt-free case) as long asρ(0) < ρ̄(0) ' 0.05M [14]. When
ρ(0) > ρ̄(0), three different wetting scenarios may occur [14]:

(i) Upon increasing the solvent control parameterp1, a discontinuous wetting transition occurs
at someptr

1 > p2.

(ii) As p1 is increased, a continuous wetting transition occurs atptr
1 = p2.

(iii) A succession of two wetting transitions is observed: first a discontinuous jump between a
smaller valueζ tr1 and a larger valueζ tr2 of the film thickness occurs at someptr

1 < p2; this dis-
continuous transition is followed by a continuous divergence ofζ asp1 → p2. Unlike in the
case of prewetting, this sequence of wetting transitions isobserved along the vapour/liquid
coexistence curve, with the continuous transition occuring close to the critical point; this
scenario is a direct consequence of the appearance of two minima in the total surface excess
grand potentialω as a function ofζ .

For high salt concentrationsρ(0) the electrostatic forces are strongly screened, and do not change
the order of the wetting transition of the pure solvent.

The various scenarios may be understood in terms of the competition of two different length scales in
the ionic solution - the bulk correlation lengthδ of the solvent and the Debye screening lengthκ−1

D .
Maps of the occurence of the wetting scenarios in parameter space are given in ref. [14]. In the case
of aqueous ionic solutions the wetting behaviour is expected to be very similar to that of pure water
due to its very high surface tensionγ. Interesting effects may be observable for weakly polar solvents
(with γ << γH2O) or in the presence of organic surfactants.

5 The semi-primitive model

The phenomenological Cahn-PB theory of wetting by ionic solutions has some obvious limitations:
the underlying “primitive” model ignores the coupling between ions and solvent; the square-gradient
and PB approximations cannot account for the strong layering of solvent molecules and ions near the
substrate, due to excluded volume effects; the free energy functional is not directly related to an un-
derlying microscopic model of the solution, and requires the input of a number of phenomenological
parameters, which must be taken from experiment or independent theoretical calculations, e. g. of the
liquid/vapour phase diagram. A more microscopic approach,based on a well defined Hamiltonian, is
clearly desirable. This would be a formidable task for realistic models of water, but simplified models
of the solvent may be expected to provide at least a qualitative picture of the influence of dissolved
ions on the wetting and drying behaviour of the solvent, which may be confronted with the trends
predicted in Section 4 on the basis of Cahn-PB theory.
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The “semi-primitive” model (SPM) briefly introduced in Section 3 is a step in that direction. Sol-
vent molecules are taken to be neutral hard spheres of diameter d0, while cations and anions are
charged hard spheres of diametersd+ andd−; the investigations in reference [16] are restricted to
monovalent ions(q+ = +e, q− = −e), and the diameters taken equal to their Pauling values. This
is the basic model examined in ref. [15]. The Coulombic interactions between ions are reduced by
a constant permittivityε associated with the solvent, hence the name of “semi-primitive” model; it
takes into account the granularity of the solvent (unlike the “primitive” model), but its polar nature is
accounted for only on a macroscopic level, as is the case withthe dielectric continuum representation
of the “primitive” model.

Ion and solvent density profiles and related interfacial properties of the SPM near a neutral or
charged hard wall were calculated in ref. [15] on the basis ofa free energy functional detailed below
including an approximate Coulomb correlation term [35], for NaCl, KCl andCaCl2. For the mono-
valent ion cases and moderate surface chargesσ the correlation term does not significantly modify
the predictions based on the mean-field density functional,which yields density profiles in reasonable
agreement with Monte Carlo data for a symmetric SPM [15,36].

Wetting and drying phenomena being controlled by cohesive substrate/fluid and fluid/fluid forces,
the above SPM must be augmented by the addition of attractiveinteractions between the solvent
molecules and the ions, and between the substrate and the solution. Following the work of Sullivan
[25, 26] and of Evans and coworkers [21, 27–29], Yukawa-likeattractions between all species are
assumed. The pair potentials are hence chosen of the genericform (α, β = 0,+,−):

vαβ(r) =







∞; r < dαβ = (dα + dβ)/2

qαqβ
εr

− u
r
exp[−kf(r/dαβ − 1)]; r > dαβ

(30)

whereε is the (local) dielectric permittivity of the solvent, u is the energy scale (multiplied by unit
length) of the attractive interaction, andkf controls its range. For simplicity u andkf are assumed to
be the same for allαβ pairs.

The external potential exerted by the planar substrate withsurface chargeσ on particles of species
α is of the form:

Vα(z) =







∞; z < 1
2
dα

−uw exp {−kw(z/dα − 1)} − 2πσqα
ε(z)

z; z > 1
2
dα

(31)

where z is the distance from the substrate (xy plane);uw is the energy scale of the non-Coulombic sub-
strate/solution attraction, whilekw controls its range. Convenient reduced variables areT∗ = kBTd0/u,
ρ∗α = ραd

3
0 andσ∗ = σd2

0/e. We know from the work of Tarazona nad Evans [27] that the ratio kf/kw
controls the order of the wetting transition of the pure solvent.

The total free energy functional per unit area, generalising the pure solvent form ( 14), may be
conveniently split into the following contributions:

F[{ρα(z)}] = Fid[{ρα(z)}] + FHS[{ρα(z)}] + FY[{ρα(z)}] + Fel[{ρα(z)}] (32)

The ideal termFid is the sum of three contributions of the form ( 15). For the hard sphere term we
have used the most accurate fundamental measure form adapted to a three-component HS mixture
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[15, 32]. For the Yukawa attraction termFY and the electrostatic termFel the mean-field form is
adopted:

FY[{ρα(z)}] =
1

2

∑

α,β

∫ ∞

0

dz

∫ ∞

0

dz ′ρα(z)v
Y
αβ(|z− z ′|)ρβ(z ′) (33)

where, using cylindrical coordinates:

vYαβ(|z− z ′|) =
∫ 2π

0

dφ

∫ ∞

dαβ

rdrvYαβ(|~r − ~r ′|) (34)

and

Fel[{ρα(z)}] =
1

2

∫ ∞

0

dzρc(z)Ψ(z) (35)

whereρc(z) is the charge density ( 17), whileΨ(z) is the local electrostatic potential, which satisfies
Poisson’s equation:

d

dz

(

ε(z)
d

dz
Ψ(z)

)

= −4πρc(z) (36)

Short-range correlations due to excluded volume effects are properly included in the functional ( 32)
through the fundamental measure HS term. Correlations due to the attractive Yukawa interactions and
to the long-range Coulombic forces are neglected in the mean-field approximations ( 33) and ( 35),
but it was shown in ref. [15] that this is a reasonable approximation for the Coulombic term, at least
for monovalent ions and moderate surface chargesσ.

Three different choices for the local dielectric permittivity ε(z) have been made in ref. [16]:

• A constant value, equal to the bulk permittivity of the solvent.

• A local Clausius-Mossotti (CM) expression

ε(z) =
1 + 8π

9kBT
m2ρ̃0(z)

1− 4π
9kBT

m2ρ̃0(z)
(37)

where m is the assumed dipole moment of the solvent molecules, while ρ̃0(z) is the local density
of the solvent, averaged over a sphere of diameterd0 (weighted density).

• A phenomenological, sigmoidal function of the weighted local density, mimicking the permit-
tivity of water [16].

The CM approximation ( 37) results from a mean-field description of the genuine polar HS solvent
used in the “civilized” model considered in Section 6. It is afflicted by the familiar “dielectric catas-
trophe” at high solvent density, and must hence be restricted to sufficiently small dipole moment
m. In the calculations of reference [16] the reduced dipole momentm∗ = m/ (ud2

0)
1/2 was set at

m∗ = 0.75, thus avoiding the “dielectric catastrophe” throughout the fluid range, and yielding dielec-
tric permittivitiesε between 5 and 10 in the dense liquid phase (weakly polar solvent).

For a givenε(z) Poisson’s equation ( 36) was solved numerically by a Runge-Kutta method, sub-
ject to the boundary conditions:

dΨ(z)

dz

∣

∣

∣

∣

z=0

= −4πσ

ε(0)
,

dΨ(z)

dz

z→∞−−−→ 0 (38)
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The equilibrium density profiles are determined by minimizing the grand potential per unit area:

Ω[{ρα(z)}] = F[{ρα(z)}] +
∑

α

∫ ∞

0

dz [Vα(z)− µα] ρα(z) (39)

with respect to theρα(z) for fixed chemical potentialsµα. The surface tensionγ is finally given by
the three-component generalisation of eq. ( 6).

The liquid/vapour binodal line of the pure solvent and at finite salt concentrations is calculated

from the bulk limit
(

ρα(z) → ρ
((0)
α

)

of the free energy ( 32). Note that in the mean-field approxi-

mationFel vanishes in that limit due to global charge neutrality. The effect of the ions on the phase
diagram is hence only due to their contributions to the otherterms in the free energy. Up to ion
concentrations of 2M this effect is small, and only leads to amodest decrease (1%) of the critical tem-
peratureTc [16]. Inclusion of correlation terms in the Coulombic contributions to the free energy,
e.g. within the mean spherical approximation [37], might lead to more substantial changes in the
phase diagram, but would spoil thermodynamic self-consistency at the level of the Gibbs adsorption
equation ( 19).

The equilibrium density profiles of the liquid film which forms upon approaching the binodal from
the vapour side along an isotherm exhibits strong layering,as illustrated in Fig. 1. As expected the
film thickness grows as coexistence is approached, and diverges above a wetting temperatureTw. A
second order scenario is observed when the ranges of the wall/fluid and fluid/fluid attractions are com-
parable. The casekw = kf = 1.8 is illustrated in Fig. 2. The distance from coexistence is measured as
a difference in the Gibbs functiong =

∑

α xαµα (wherexα is the molar fraction of speciesα) between
undersaturated and saturated vapour. When the range of the wall/fluid attraction increases relative to
the fluid/fluid attraction, the wetting transition goes overto a discontinuous scenario: prewetting is
observed off coexistence, followed by a continuous divergence of the film thickness as coexistence is
approached; the case withkw = 1.2, kf = 1.8 is illustrated in Fig. 3.

Concerning the key question of the present investigation, namely the change in the wetting and
drying behaviour of the pure solvent induced by the ionic solute, the main conclusions of ref. [16]
may be summarised as follows, in terms of two additional physical variables, the salt concentration
c and the surface charge densityσ. Higher c results in stronger screening of the electrostatic forces,
rendering wetting a priori less favourable. The addition ofsalt is indeed found to generally increase
the wetting temperatureTw compared to that of the pure solvent; the effect increases with c and can
be as large as 4% for c=1M, depending on the assumed permittivity ε. On the other hand, for a given
c, Tw is found to decrease linearly with|σ| if the wetting transition of the pure solvent is first order.
Conversely, the variation ofTw is non-monotonic, and depends moreover on the sign ofσ when the
pure solvent undergoes a second order wetting transition.

The order of the wetting transition in most ionic solutions is predicted to be the same as in the
corresponding solute-free fluids. However, in concentrated solutions (short Debye length), where
the excess of counterions extends only over roughly one layer, a transition which was continuous in
the ion-free solvent may become first order in contact with a highly charged substrate. By contrast,
at low salt concentrations (large Debye length), where charge separation near the wall can span the
entire width of the liquid film, discontinuous wetting is favoured even for moderate values of|σ|.
These predictions are in overall qualitative agreement with those of the Cahn-PB theory of Section 4.
Quantitative comparison is difficult because of the phenomenological nature of the latter, and because
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the primitive model cannot account for layering effects, which play a subtle role in determining the
interfacial behaviour predicted by the explicit solvent model. The work based on the SPM found
no evidence of the sequence of two wetting transitions alongthe coexistence curve predicted in ref.
[14] (Section 4) for some ionic solutions in the region of parameter space adjacent to that where the
crossover from a discontinuous to a continuous transition takes place. The scenario cannot be com-
pletely ruled out, since the fraction of parameter space explored in ref. [16] is much smaller than in
ref. [14] due to the much larger computational effort required with the explicit solvent model.

When the liquid/vapour coexistence curve is approached from the liquid side along an isotherm,
drying (or dewetting) is commonly observed near a solid substrate if uw = 0. The solute-free HCY
solvent was shown to dry completely in contact with a hard wall, i. e. an infinitely thick vapour layer
intrudes between the liquid and the substrate for any temperature between the triple and critical points
[16]. When ions and surface charge on the substrate are added, the drying behaviour of the system
changes radically due to the Coulombic interaction betweenthe electric double layers which form at
the fluid/substrate and liquid/vapour interfaces. The monovalent counterions are strongly attracted to
the oppositely charged substrate, where they form an adsorbed layer, which only partially neutral-
izes the surface charge, while theCl− ions outnumber theNa+ cations at the liquid/vapour interface,
which is hence negatively charged, in agreement with experimental observations [38] and molecular
dynamics simulations [39,40] of aqueous solutions. The situation is illustrated by the density profiles
calculated at liquid/vapour coexistence forσ > 0 (Fig. 4) and forσ < 0 (Fig. 5). Whenσ > 0 the two
interfaces attract each other because the electric double-layers carry opposite charges; this attraction
hinders complete drying which is only observed whenσ → 0. Whenσ < 0, cations are preferentially
adsorbed on the substrate, but the corresponding double-layer charge remains globally negative, thus
repelling the negatively charged liquid/vapour interface, and favouring drying. Complete drying is
indeed predicted for|σ| less than a threshold value (of the order of1e/nm2, the precise value de-
pends on the concentration and temperature of the solution). But drying can be hindered if|σ| is
sufficiently large for the Yukawa attraction between the adsorbed cations and the solvent to outweight
the solvent-solvent cohesion forces and the electrostaticrepulsion between the two interfaces. For a
fixed moderate value of|σ| the calculations of ref. [16] predict a first order drying transition between
a partially wet wall (finite film thickness) and a completely dry wall above a drying temperatureTd

along the liquid/vapour coexistence curve. Contrary to theconjugate wetting temperatureTw, Td is
found to increase with|σ|. For very low values of|σ|, Td lies below the triple point, and the wall is
completely dry for any thermodynamic state on the binodal. Conversely, if the substrate carries a very
large negative charge densityTd > Tc and the wall is always partially wet. Analogously to wetting,
pre-drying is observed upon approaching the liquid/vapourcoexistence curve along an isotherm above
Td. The first order drying transition is predicted to occur in the absence of any wall/liquid dispersion
attraction. It would be interesting to investigate the competition between substrate/fluid Coulombic
and dispersion forces.

6 The “civilized” model.

In a further step towards physical reality the “civilized” model, featuring a dipolar solvent was used
in ref. [17] to investigate the wetting and drying behaviourof ionic solutions. The solvent molecules
are HCY spheres carrying a dipole moment~m0. Charge-dipole and dipole-dipole contributions must
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be added to the pair potentials ( 30), namely:

vdαβ(~r, ~mα, ~mβ) =
1

r3
qα ~mβ ·~r−

mαmβ

r3
[3(m̂α · r̂)(m̂β · r̂)− m̂α · m̂β ] (40)

where ~mα = ~0 for α 6= 0, while qα = 0 for α = 0. The external potential acting on the polar
molecules is now:

V0(z, θ) =







∞, z < 1
2
d0

−uw exp {−kw(z/d0 − 1)} − 2πσm0 cos(θ)
(41)

whereθ is the polar angle of~m0 relative to the z axis (normal to the substrate).
The density profile of the solvent depends on the local orientation of the dipole:

ρ(z, θ) = ρ(z)α(z, θ) (42)

whereα(z, θ) may be expanded in Legendre polynomials:

α(z, θ) =
∞
∑

l=0

αl(z)Pl(cos(θ)) (43)

with α0(z) = 1/4π for proper normalization.
Consider first the solute-free pure solvent, placed inside acondenser of oppositely charged plates

(±σ, to ensure overall charge neutrality in the absence of ions). The free energy functionalF [ρ0(z, θ)]

may be split into ideal, hard sphere, Yukawa and electrostatic contributions, as in eq. ( 32), with
(temporarily dropping the subscript 0)

Fid [ρ(z, θ)]

kBT
=

∫ ∞

0

dzρ(z)
{

log
[

Λ3ρ(z)
]

− 1
}

+ 2π

∫ ∞

0

dzρ(z)

∫ π

0

dθ sin(θ)α(z, θ) log [4πα(z, θ)]

(44)

The hard sphere contributionFHS is given by the one-component version of the Rosenfeld functional
[30, 31], the Yukawa contribution is given by the one-component version of ( 33), while the electro-
static contribution is, within the mean-field approximation:

Fel[ρ(z, θ)] = −1

2

∫ ∞

0

P(z)Edd(z) dz (45)

where P(z) is the local polarization density:

P(z) = 2π

∫ π

0

mcos(θ)ρ(z, θ) sin(θ)dθ =
4πm

3
ρ(z)α1(z) (46)

whileEdd(z) is the local electric field generated by the dipolar particles:

Edd(z) = 2π

∫ ∞

0

dz ′

[ |z− z ′|2
d3

− 1

d

]

P(z ′)ΘH(d− |z− z ′|) (47)
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ΘH being the Heaviside step function.
The orientation-independent densityρ(z) and the orientational order parameterα1(z) (and hence

the polarization ( 46)) are determined self-consistently from the Euler-Lagrange equation derived
from the minimization of the grand potential functional ( 3)of ρ(z, θ) [17]. Due to the mean-field
approximation forFel the orientational order parameter takes the classic Langevin form:

α1(z) =
3

4π

[

coth(βmE(z))− 1

βmE(z)

]

(48)

whereE(z) = E0 + Edd(z) = 2πσ + Edd(z) is the total electric field acting on the dipoles. For the
same reason the dielectric permittivity of the bulk dipolarsolvent reduces to the classic Clausius-
Mossotti form, the local version ( 37) of which was used in theSPM description of Section 5. To
avoid the “dielectric catastrophe”, all DFT calculations are restricted to a reduced dipole moment
m∗ =

√

m/ud3 ≤ 0.9.
Forσ = 0 the model reduces to the HCY solvent model of Section 5; whenσ 6= 0 the electric field

partly orients the dipole moments, and this leads to a drop ofthe critical temperatureTc proportional
to m∗ [17]. Note that if dipole-dipole correlations are taken into account [41, 42],Tc of the non-
electrified(σ = 0) polar solvent increases withm∗. Detailed DFT calculations [17] show that the
wetting scenarios of the dipolar solvent are very similar tothose of the HCY solvent(m∗ = 0). The
wetting temperatureTw drops asm∗ increases from 0 (HCY limit) for fixed values ofσ, but the ratio
Tw/Tc is practically independent ofσ andm∗, both for first and second order transitions.

When ions are added the DFT calculations very much procede asfor the SPM in Section 5, except
that the local electric potentialΨ(z) now satisfies Poisson’s equation:

d2Ψ(z)

dz2
= −4πρc(z) + 4π

dP(z)

dz
(49)

rather than eq. ( 36). As illustrated in Fig. 6, the density profiles calculated for the “civilized” model
are practically indistinguishable from those obtained forthe SPM under identical physical conditions
(T, c, m∗), provided the local CM permittivity ( 37) is used in the SPM calculations. This remark-
able agreement seems to be the first justification of the use ofa local dielectric permittivityε(z) in the
description of inhomogeneous ionic solutions (in particular in explicit solvent descriptions of electric
double layers), at least within a mean-field context.

A direct consequence of this close agreement between the density profiles, and hence the adsorp-
tionsΓα predicted by the two models, is that the wetting and drying scenarios of the “civilized” model
are qualitatively and quantitatively identical to those described in Section 5 for the SPM. In particular
the novel drying transitions predicted in Section 5 are confirmed by the DFT calculations based on
the “civilized” model [17].

7 Surface tension.

In this section we focus on the surface tension of liquid/vapour and solid/fluid interfaces of the three-
component explicit solvent models of ionic solutions discussed above. In particular, we investigate the
influence of ion concentration and distribution (electric double-layers) on interfacial tension. Within
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DFT the surface tension is a functional of the equilibrium density profiles of the species present in the
system. A generalization of eq.( 6) appriopriate to describe the free liquid/vapour interface is:

γlv = F [{ρα(z)}]− F
[{

ρSKα (z)
}]

−
∑

α

∫ ∞

−∞

µα

(

ρα(z)− ρSKα (z)
)

dz (50)

whereρSKα (z) are sharp-kink density profiles:

ρSKα (z) =

{

ρSKα (z) = ρvα, z < 0

ρSKα (z) = ρlα, z > 0
(51)

while ρvα andρlα are the densities of speciesα in the vapour and in the liquid, respectively, which
coexist at a given temperature. The three sharp-kink profiles form a reference set against which the
excess grand potential per unit area is measured. The same method was used by Groh and coworkers
[43] to calculate the liquid/vapour surface tension of the restricted primitive model of an ionic solu-
tion. Note that due to the discontinuity of the auxiliary sharp kink profiles in eq. ( 51), the associated
free energyF

[{

ρSKα (z)
}]

is discontinuous at z=0, and takes on bulk values for z<0 (vapour) and for
z>0 (liquid).
We have calculated the variation of the surface tension of the free liquid/vapour interface with ion
concentration for several temperatures. A representativesample of the results we have obtained is
shown in Fig. 7.γlv of the model solutions is significantly lower than that of real aqueous solutions at
room temperature (about 70 mN/m). Such a result is not surprising, as our model does not account for
the complex network of hydrogen bonds which form between water molecules, and which introduce
a substantial contribution to its liquid/vapour surface tension. Contrary to the behaviour observed for
alkali halides in water, our calculations show a slow but systematic decrease ofγlv with ion concen-
tration (as seen in the inset of Fig. 7). This trend was found to be true for both “semi-primitive” and
“civilized” models. The main reason behind this disagreement is the poor decription of electrostatic
interactions in the bulk fluid within the mean-field approximation. The electrostatic contribution to
the uniform fluid’s free energy vanishes identically, resulting in a phase diagram where the coexist-
ing phases’ total densities are essentially independent ofion concentration (see Fig.1 of ref. [16]),
unlike in real ionic solutions, where the total density of the liquid phase increases with c, leading to
an increase inγlv. The actual decrease ofγlv(c) for our model solution is most likely related to the
accumulation of chlorine anions (the largest species in thesystem) in the interfacial region. Such an
entropic effect has been observed in dilute electrolytes, where the change in the total density of the
solution is minor.
We have also investigated the solid/liquid surface tensionγsl. This quantity is related to the inhomo-
geneous density profiles of an ionic solution under coexistence conditions in contact with a substrate
by the following equation:

γsl = F [{ρα(z)}]− F
({

ρlα
})

+
∑

α

∫ ∞

0

[

Vα(z)ρα(z)− µα

(

ρα(z)− ρlα
)]

dz (52)

As for the free liquid/vapour interface, we analysed the influence of ion concentration on surface ten-
sion, and comparedγsl(c) curves obtained for different dielectric permittivity models and substrate-
fluid interaction parameters. Unlikeγlv(c), for the vast majority of systems investigatedγsl(c) is not a
monotonic function and has a minimum. The location of this minimum depends on both the dielectric
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properties of the solvent and the substrate-fluid potential. The typical variation ofγsl with c is illus-
trated in Fig. 8. However, note that even if no minimum was found within the concentration range
investigated, the system in question most likely has one at alower c, since for very dilute solutions the
amount of counterions needed to neutralise the substrate’scharge is very high in comparison with this
species’ bulk density, which introduces a large contribution to the surface tension. Complete wetting
occurs if the condition thatγsv = γlv + γsl is fulfilled. Therefore, our latest results forγlv andγsl in-
dicate that the wetting transition temperature of an ionic solution near a charged substrate is generally
a non-monotonic function of solute concentration.

8 Conclusions.

We have reviewed and supplemented recent theoretical work investigating the influence of dissolved
monovalent ions on the wetting and drying scenarios of modelsolvents near a charged solid substrate.

The earlier approach is based on the primitive model representation of ionic solutions, and com-
bines Cahn’s square gradient DFT for the solvent with non-linear Poisson-Boltzmann theory of the
ionic double-layers. Subsequent approaches use explicit solvent representations, and build on the
classic DFT theory of Evans and collaborators for the wetting and drying behaviour of simple fluids.
Ions have a small but significant effect on the wetting behaviour of ionic solutions, leading in partic-
ular to a shift of the wetting temperature. Close to the physical conditions where a cross-over from
a first to a second order wetting transition is observed for the pure solvent, the addition of ions can
change the order of the transition.

The predictions based on the ”semi-primitive” model (with alocal Clausius-Mossotti dielectric
permittivity) are very close to those obtained with the ”civilized” model using a mean-field descrip-
tion of the electrostatic interactions between ions and dipoles. Both models predict a novel drying
transition which is completely absent in the pure solvent.

The new results for the surface tensionγlv of the liquid-vapour interfaces predict a slow decrease
of γlv with increasing ion concentration c, and a sharp drop with increasing temperature. The surface
tension of the substrate-liquid interface, on the other hand, is found to have a minimum at a certain
cmin. The variation pattern of the surface tension associated with these two types of interfaces indi-
cates that wetting temperatures of ionic solutions are typically non-monotonic functions of the solute
concentration c. The decrease ofγlv as c increases is opposite to the trend observed experimentally
for aqueous solutions, pointing to the expected failure of the ”semi-primitive” and ”civilized” solvent
models to provide a realistic description of water. A DFT of wetting by aqueous ionic solutions,
based on a realistic representation of water, e.g. the SPC/E[44] or the TIP4P [45] models, is not
yet available, and should be a goal for future investigations. Another important objective for future
work is an extension of the present DFT and of time-dependentdensity-functional theory (TDFT)
[46] to explore the technologically important electro-wetting phenomena which are well documented
experimentally [47].
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Figure 1: Density profilesρα(z) formed by NaCl vapour in contact
with a charged substrate, illustrating the liquid film growth as co-
existence conditions are approached along an isotherm. Thesatu-
rated vapour coexists with a 0.1M solution. The dashed linescor-
respond toρ(0)α = 0.99ρco

α
, dotted lines toρ(0)α = 0.999ρco

α
and solid

lines to ρ
(0)
α = 0.9999ρco

α
. Na+ (counterion) profiles are marked

with triangles, Cl− (coion) profiles with circles, andH2O pro-
files with squares. ε(z) is approximated using a sigmoidal func-
tion mimicking the permittivity of water (eq. (34) from ref.[16]),
kw = kf = 1.8, σ

∗ = −0.022, T∗ = 0.736.
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Figure 2: Adsorption of the SPM solvent as a function of distance from
coexistence along three isotherms in the vicinity of a second order wet-
ting transition(T∗

w ' 0.744) for dimensionless inverse range parame-
terskw = kf = 1.8. The saturated vapour coexists with a 0.1M NaCl
solution. The dielectric permittivity is given by eq. ( 37).The substrate
is uncharged.
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Figure 3: Same as in Fig. 2, but forkw = 1.2, and four isotherms. The
wetting transition in this system is first order and occurs atT∗

w ' 0.766.
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Figure 4: Density profiles of 1M NaCl at liquid-vapour coexistence near
a hard wall carrying a surface chargeσ∗ = +0.0087. T∗ = 0.75, ε(z)
is the CM function defined by ( 37). The inset shows the total amount
of charge per unit areaIc(z) contained between 0 and z (including the
substrate charge).
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Figure 5: As in Fig. 4, but forσ∗ = −0.072.
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Figure 6: Solvent density profiles at coexistence (gas branch) compared
for the SPM (with CM permittivity ( 37)) and the “civilized” solution
model. The NaCl concentration in the corresponding liquid phase is
0.1M. The vapour is in contact with a wall carrying a surface charge
densityσ∗ = +0.022 and exerting an exponential attraction with an
inverse range parameterkw = 1.8. The temperature T*=0.743 and the
reduced dipole moment m*=0.75. Both systems are close to a second
order wetting transition.
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Figure 7: The liquid-vapour surface tension of SPM NaCl solutions as
a function of ion concentration. The inset shows a single curve corre-
sponding toT∗ = 0.75 to illustrate the steady decrease ofγlv with c.
ε(z) is approximated using a sigmoidal function mimicking the permit-
tivity of water.
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Figure 8: The liquid-vapour surface tension of SPM NaCl solutions as
a function of ion concentration. For all systems illustrated in this figure
kw = 1.2, andT∗ = 0.77. The line marked with circles corresponds to
σ
∗ = −0.022 and sigmoidalε(z) as in Fig. 1 (values ofε in the liq-

uid are close to 80, as in real water), the line marked with diamonds
to identicalσ∗, but ε(z) given by the CM formula (withm∗ = 0.75,
which yields liquid phase permittivity about 10 times smaller than the
sigmoidal formula), and the line marked with squares (shownin the
inset for clarity) toσ∗ = −0.043 and sigmoidalε(z).
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