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Abstract

When the study variable is functional and storage capacities are limited or trans-
mission costs are high, selecting with survey sampling techniques a small fraction of the
observations is an interesting alternative to signal compression techniques, particularly
when the goal is the estimation of simple quantities such as means or totals. We extend,
in this functional framework, model-assisted estimators with linear regression models
that can take account of auxiliary variables whose totals over the population are known.
We first show, under weak hypotheses on the sampling design and the regularity of the
trajectories, that the estimator of the mean function is uniformly consistent. Then, un-
der additional assumptions, we prove a functional central limit theorem and we assess
rigorously a fast technique based on simulations of Gaussian processes which is employed
to build asymptotic confidence bands.

Keywords : calibration, covariance function, functional linear model, GREG, Hajek esti-
mator, Horvitz-Thompson estimator, linear interpolation.

1 Introduction

Survey sampling techniques, which consist in randomly selecting only a part of the statistical
units of the population, are interesting alternatives to signal compression when one has to
deal with very large samples of quantities that evolve along time. Indeed they offer a good
trade-off between accuracy of the estimators and size of the data. Motivated by the esti-
mation of mean consumption electricity profiles measured every half an hour over one week,
Cardot and Josserand (2011) have introduced Horvitz-Thompson estimators of the mean
function and shown that, under weak hypotheses on the regularity of the functional trajec-
tories and the sampling design, one get uniformly convergent estimators. They also prove
a functional central limit theorem, in the space of continuous functions, that can, in part,
justify the construction of asymptotic confidence bands. More recently, Cardot et al. (2012b)
performed a comparison of different sampling approaches that can take auxiliary information
into account in such a functional context on another large sample of real load curves. They
conclude that very simple strategies based on simple sampling designs (such as simple random
sampling without replacement) could be improved if some well chosen auxiliary information,
whose total is known for the whole population, is also taken into account. Such an auxiliary
information may be used at the sampling stage, e.g. with probability proportional-to-size



samplings, or at the estimation stage, e.¢g with model-assisted class of estimators. We focus
in this paper on model-assisted estimators.

A model is thus introduced to describe the relationship between the auxiliary variables
and the functional response. The considered model in Cardot et al. (2012b) is a functional
linear model (see Faraway (1997) or Ramsay and Silverman (2005)) so that the model-assisted
estimator can be seen as a direct extension, to a functional context, of the GREG estimator
studied in Robinson and Sarndal (1983) and Sarndal et al. (1992). Note also that from another
point of view this model-assisted approach can be seen as a calibration technique (Deville
and Sérndal (1992)). Confidence bands are then built using a simulation technique developed
in Faraway (1997), Cuevas et al. (2006) and Degras (2011). We first estimate the covariance
function of the mean estimator and then, assuming asymptotic normality, perform simulations
of a centered Gaussian process whose covariance function is the covariance function estimated
at previous step. We can obtain an approximation to the law of the "sup" and deduce
confidence bands for the mean trajectory. In a recent work, Cardot et al. (2012a) have
given a rigorous mathematical justification of this technique for sampled functional data and
Horvitz-Thompson estimators for the mean. The required theoretical ingredients that can
justify such a procedure are the functional central limit theorem for the mean estimator,
in the space of continuous functions equipped with the sup-norm, as well as a uniformly
consistent estimator of the covariance function.

The aim of this paper is to show that such procedure can still be employed to build
confidence bands when considering model-assisted, or calibrated, estimators of the mean
function. In Section 2, we introduce notations and we suggest a slight modification of the
model assisted-estimators which permits to control the variance of the regression coefficient
estimator. Under classical assumptions on the sampling design and on the regularity of the
trajectories, we state, in Section 3, the uniform convergence of the model assisted-estimators
to the mean function. Under additional assumptions on the design we also prove a functional
central limit theorem and justify rigorously that the confidence bands built with the procedure
based on Gaussian process simulations attain asymptotically the desired level of confidence.
A brief discussion about possible extensions and future investigation is proposed in Section 5.
All the proofs are gathered in an Appendix.

2 Notations and estimators

2.1 The Horvitz Thompson estimator for functional data

Let us consider a finite population Uy = {1,..., N} of size N supposed to be known, and
suppose that, for each unit k& of the population Uy, we can observe a deterministic curve
Yi = (Yi(?))teo,r)- The target is the mean trajectory un(t), t € [0,T7], defined as follows:

px () = - SV, (1)

keU

We consider a sample s, with known size n, drawn from Uy according to a fixed-size
sampling design py(s), where py(s) is the probability of drawing the sample s. We suppose
that the first and second inclusion probabilities satisfy m, = P(k € s) > 0, for all k € Uy,
and 7y = P(k&l € s) > 0 for all k,l € Uy, k # 1.

Without auxiliary information, the mean curve uy(t) is often estimated by the Horvitz-
Thompson estimator, defined as follows for ¢ € [0, 77,

0= 5 2 = 5 > O, @

kes keU




where 1 is the sample membership indicator, 1, = 1 if k¥ € s and 1, = 0 otherwise. For
each t € [0,T], the estimator fi(t) is design-unbiased of pun(t), i.e. E,(1i(t)) = pn(t), where
E,[.] denotes expectation with respect to the sampling design.

The Horvitz-Thompson covariance function of i between two instants r and ¢, computed
with respect to the sampling design, is defined as follows

&w@mﬁwﬁwgijjm—mmﬁgW%? rt e [0,T). 3)
keU leU

Note that for » = ¢, we obtain the Horvitz-Thompson variance function.

2.2 The mean curve estimator assisted by a functional linear model

Let us suppose now that for each unit k € U we can also observe p real variables, X1, ..., X,
and let us denote by x; = (21, ..., Tgp)’, the value of the auxiliary variable vector for each
unit k£ in the population. We introduce an estimator based on a linear regression model that
can use these variables in order to improve the accuracy of fi. By analogy to the real case (see
e.g. Sarndal et al. (1992)) we suppose that the relationship between the functional variable
of interest and the auxiliary variables is modeled by the superpopulation model £ defined as
follows:

£: Yi(t) = x.8(t)+ew, te[0,T] (4)

where B(t) = (B1(t), ..., Bp(t))’ is the vector of functional regression coefficients, ex; are inde-
pendent (across units) and centered continuous time processes, E¢(e) = 0, with covariance
function Covg(eg, €xr) = I'(t,7), for (t,7) € [0,T] x [0,T]. This model is a direct extension
to several variables of the functional linear model proposed by Faraway (1997).

If x;, and Y}, are known for all units £ € U and if the matrix G = %ZU XX, 1s
invertible, it is possible to estimate 3(t) by B(t) = G 14 3, e xkYk(t), the ordinary least
squares estimator. Then, the mean curve uy(t) can be estimated by the difference estimator
(see Sarndal et al. (1992), Chapter 6) defined as follows for all t € [0, 7],

; LN - Ly X6B0) = i)
i) = & XX - o 3 AT )
keU kes
Ly g V() = Yi(®)
= =Ny N YT IR
keU kes
where Y3 (t) = x},8(t). )
To build an estimator of uy(t), we substitute each total in 3(¢) by its Horvitz-Thompson
estimator. Thus if the matrix G = T3 es xfr:k is invertible, B(t) is estimated by:

B(t) :é—lifzx’“:’;(”, t € [0,7). (6)
kes

Remark that the denominator N is used in the expression of B (t) for asymptotic purposes and
need not to be estimated. The model-assisted estimator fipr4(t) is then defined by replacing

B(t) by B(t) in (5),

iua) = YT - SO e, (7)
keU ke€s



where Yy, (t) = X;C,/B\(t) Since Y o Yi(t) = (Xwer xk)/,@(t), the only required information
to build fipsa(t) is xi and Yy (t) for all the units k € s as well as the population totals of the
auxiliary variables, >, rr Xg.

Remark 1. If the vector of auziliary information contains the intercept (constant term), then
it can be shown (see Sdrndal (1980)) that the Horvitz- Thompson estimator of the estimated
residuals Yy, (t) — Yy (t) is equal to zero for each t € [0,T). This means that the model-assisted
estimator Jipra reduces in this case to the mean in the population of the predicted values }/}k,

faralt Z Y (t € [0,77.

Moreover, if only the intercept term is used, namely Y (t) = B(t) +ext for all k € U, then the
estimator fipr 4 1S simply the well known Hdjek estimator,

S Yi(t)
—1
Zs Ty,

which is sometimes preferred to the Horvitz-Thompson estimator (see e.g. Sdarndal et al.
(1992), Chapter 5.7).

ﬁMA(t) = € [07T]7

Remark 2. Estimator jipsa(t) may also be obtained by using a calibration approach (Deville
and Sdrndal (1992)) which consists in looking for weights wys,k € s, that are as close as
possible, according to some distance, to the sampling weights 1/my, while estimating exactly
the population totals of the auziliary information,

Z WreXp = Zxk.
s U

Considering the chi-square distance leads to the following choice of weights

l -1
1 X X|X] Xp
w = — — _— = X - .
S (sm Z><Z .
and the calibration estimator Y wisYy(t)/N for the mean un(t) is equal to fipra(t) defined
in (7). Using another distance (Deville and Sarndal (1992)) would lead to an estimator for
the mean pn(t) that would be asymptotically equivalent to fipsa(t).

2.3 A regularized estimator for asymptotics

The construction of estimator jzps4(t) is based on the assumption that matrix G is invertible.
To show the uniform convergence, we consider a modification of G which will permit to control
the expected norm of its inverse. Such a trick has already been used for example in Bosq
(2000) and Guillas (2001). Since G is a p X p symmetric and non negative matrix it is possible
to write it as follows

P
G = Z )\ijjnV}n, (8)
Jj=1
where A;,, is the jth eigenvalue, A1, > .. > A, > 0, and v, is the corresponding orthonor-

mal eigenvector. Let us consider a real number a > 0 and define the following regularized
estimator of G,

p
Z J n, @ v]nvjn (9)



It is clear that (A}a is always invertible and
G <a, (10)

where ||.]| is the classical norm for matrices. Furthermore, if A, ,, > a then G=GgyIfa>0is
small enough, we show under standard conditions on the moments of the variables X1, ..., X,
and on the first and second order inclusion probabilities that P(\,, < a) = O(n™1) (see
Lemma A.1 in the Appendix).

Consequently, it is possible to estimate the mean function py(t) by the following estimator

1 Yia(t) — Yi(t)

1 ~

m = = Vialt) - = S T 11

ILLMA1a(t) N k’ya(t) N Tl I t € [0’ ]7 ( )
keU kes

where Vi, o(t) = x,B,(t) and B, (1) = G;1 L Yo X220

T
2.4 Discretized observations

Note finally that with real data, we do not observe Yj(t) at all instants ¢ in [0, 7] but only for
a finite set of D measurement times, 0 = ¢; < ... < tp =T. In functional data analysis, when
the noise level is low and the grid of discretization points is fine, it is usual to perform a linear
interpolation or to smooth the discretized trajectories in order to obtain approximations of
the trajectories at every instant ¢ € [0, 7] (see Ramsay and Silverman (2005)).

If there are no measurement errors, if the trajectories are regular enough (but not nec-
essarily differentiable) and if the grid of discretization points is dense enough, Cardot and
Josserand (2011) showed that linear interpolation can provide sufficiently accurate approx-
imations to the trajectories so that the approximation error can be neglected compared to
the sampling error for the Horvitz-Thompson estimator. Note also that even if the observa-
tions are corrupted by noise, it has been shown on simulations in Cardot et al. (2012a) that
smoothing does really improve the accuracy of the Horvitz-Thompson estimator only when
the noise level is high.

Thus, for each unit k in the sample s, we build the interpolated trajectory

Yi(tiv1) — Ya(ts)
tit1 — 1t

Viea(t) = Yi(t;) + (t—ti), tE[titiy], (12)

and we define Bmd(t) the estimator of 3(t) based on the discretized observations as follows

~ ~ 1
Boalt) = G D xiYealt)

_ Ba(ti) + lga(ti-i-l) _B\a(ti)

), (13)

Therefore, the estimator of the mean curve uy(t) based on the discretized observations
is defined by the interpolated estimator of fiasa q(t;) and fiara,q(ti+1) as follows,

Baraa(tivn) — ﬁMA,a(ti)(

Brad(t) = fmae(t) + p t—t;)
i+l — b
1 3 S 1 3 (YViea(t) — Yia(t))
= — Y; t) — — ) b t t: ts 14
NkEU k,d( ) N < T 3 S [ 1y H—l] ( )
S

where ?k7d(t) = XLBa,d(t)-



3 Asymptotic properties under the sampling design

All the proofs are postponed in an Appendix.

3.1 Assumptions

To derive the asymptotic properties under the sampling design p(-) of fias4 ¢ We must suppose
that the both the sample size and the population size become large. More precisely, we
consider the superpopulation framework introduced by Isaki and Fuller (1982) with a sequence
of growing and nested populations Uy with size N tending to infinity and a sequence of
samples sy of size ny drawn from Uy according to the sampling design py(sy). The first
and second order inclusion propabilities are respectively denoted by mpny and mpy. For
simplicity of notations and when there is no ambiguity, we drop the subscript N. To prove
our asymptotic results we need the following assumptions.

A1l. We assume that lim % = €0, 1].

N—oo

A2. We assume that minm, > A > 0, minm,; > A" > 0 and
keU oy

lim sup n max |m; — mpm| < C1 < 00
N—o0 k#l

A3. There are two positive constants Cy et C3 and 1 > § > 1/2 such that, for all N and
for all (r,t) € [0,7] x [0,T7],

1 1
Y, 2 § Y, v 2 _ |28
7N keEU k(O) < CQ and N kGU{ k(t) k(?“)} < Cg’t 7”

A4. We assume that there is a positive constant Cy such that for all k € U, ||x||* < C.

A5. We assume that, for NV > Ny, the matrix G is invertible and that the number a chosen
before satisfies |G| < a™L.

Assumptions A1 and A2 are classical hypotheses in survey sampling and deal with the
first and second order inclusion probabilities. They are satisfied for many usual sampling
designs with fixed size (see for example Hajek (1981), Robinson and Sérndal (1983) and
Breidt and Opsomer (2000)).

Assumption A3 is a minimal regularity condition already required in Cardot and Josserand
(2011). Even if pointwise consistency, for each fixed value of ¢, can be proved without any
condition on the Holder coefficient 3, this regularity condition is necessary to get a uniform
convergence result. A counterexample, in the simpler case of i.i.d copies of a bounded and
uniformly continuous random function defined on a compact interval that do not satisfy the
Central Limit Theorem in the space of continuous functions unless 5 > 1/2 is given in Hahn
(1977). This hypothesis also implies that the trajectories of residual processes €, see (4),
are regular enough (but not necessarily differentiable). Assumption A4 could certainly be
weakened at the expense of longer proofs. Assumption A5 means that for all u € R, with
u # 0, we have u'Gu > au’u. The same kind of assumption is required in Isaki and Fuller
(1982) to get the pointwise convergence in probability whereas Robinson and Sérndal (1983)
introduce a much stronger condition (condition A7 in their article) which directly deals with
the mean square convergence of the estimator of the vector B of regression coefficients.



3.2 Uniform convergence of iy 44

We first state the uniform consistency of the estimator Ba,d(t) towards its population coun-
terpart 3(¢) under conditions on the number and the repartition of discretization points.

Proposition 3.1. Let assumptions (A1)-(A5) hold. If the discretization scheme satisfies
My 0o MaXj—(1 gy -1} [tit1 — t;|?? = o(n™1) then there is a constant C' > 0 such that, for
all n,

\/EEP{ sup})

te[0,T

wa—mm@sa

We can now state a similar type of result for the estimator of the mean function.

Proposition 3.2. Let assumptions (A1)-(A5) hold. If the discretization scheme satisfies
My o MaXj—(1 gy -1} [tit1 — ti|?? = o(n™1) then there is a constant C' > 0 such that, for
all n,

Vn Ep { sup | fiara,a(t) — pu(t) ’} <C.

te[0,7)

We deduce from Proposition 3.2 that estimator jipsa4(t) is asymptotically unbiased as
well as design consistent. Note that the approximation error (with linear interpolation) is
negligible, compared to the sampling variability, under the additional assumption on the
repartition of the discretization points.

Let us also remark that, for each ¢,

aiaal) =10 = 53 (175 ) i (But) - Bl0) (19

where 1j is the sample membership, so that it is not difficult to prove, under previous
assumptions and by using lemma A.4 in the Appendix, that

Vi (fvaa(t) — i) = op(1), te€[0,T]. (16)

3.3 Covariance function estimation under the sampling design

We undertake in this section a detailed study of the covariance function of estimator fips4 4.
The covariance function is computed with respect to the sampling design p(-) and from rela-
tion (14), we can deduce that jipr4 g is a nonlinear function of Horvitz-Thompson estimators,
so the usual Horvitz-Thompson covariance formula given by (3) can not be used anymore.
Nevertheless, in light of relation (16), the covariance function of fips 4,4 between two instants
r and t may be approximated by the covariance Cov,(fi(r), fi(t)), which in turn is equal to
the Horvitz-Thompson covariance applied to the residuals Y;, — Y. Let us denote by a4 the
approximative covariance function of fips4 ¢ defined as follows

™a(r,t) = %Covp <z Yi(r) — Yi(r) ’ Z Yi(t) — Yk(t))

™ T
kes k kes k

= % Do (- Fk?rz)yk(r);yk(r) Yl(t);lf/l(t), rt€0,T). (17)
keU leu



This approximation explains that model-assisted estimators will perform much better than
Horvitz-Thompson estimators if the residuals Yy, (t) — Y3, (t) are small compared to Y (t). The
covariance function yya (7, t) can be estimated by the Horvitz-Thompson variance estimator
for the estimated residuals Yy, 4(t) — ?k,d(t%

1 Z Tkl — kT Via(r) — ?k,d(r) . Yia(t) — ffl,d(t)

;Y\MA,d(T7 t) = W , 1nle [Oa T]v (18)

T T T,
fics ki k 1

where Vi () = %, B,.4(t)-
To prove the consistency of the covariance estimator Yya 4(7,t), let us introduce additional

assumptions that involve higher-order inclusion probabilities as well as conditions on the
fourth order moments of the trajectories.

A6. We assume that limN_mo max(k,hk/,l/)ep&n ’E{(]lkl _Wkl)(ﬂk/l’ - Wk’l’)}‘ = 0 where Dt,N
is the set of all distinct ¢-tuples (iy, ..., 4;) from Uy

AT7. There are two positive constants Cs and Cg such that N~! U Y:(0)* < Cs and
NS Yt — Ya(r)}* < Celt — r[*8, for all (r,t) € [0, T)?

Condition (A6) has already been assumed by Breidt and Opsomer (2000) in a nonpara-
metric model-assisted context and in Cardot and Josserand (2011) for Horvitz-Thompson

estimators. It can be checked that is it fulfilled for simple random sampling without replace-
ment (SRSWOR) or stratified sampling with SRSWOR within each strata.

Proposition 3.3. Assume (A1)-(A7) hold and the sequence of discretization schemes sat-
isfy NMN 0o maX;—1, gy -1y [tit1 — ti| = o(1). Then, as N tends to infinity, we have for all
(r,t) € [0, 7],

n Ep {[Amaa(r,t) = ymalr,t)[} — 0
and

nEp{ sup ’/V\MA,d(tat)_’VMA(tvt)‘} - 0
telo.7]

Since nyma (7, t) remains bounded, previous proposition tells us that ya g is consistent
pointwise and the variance function estimator is uniformly convergent. Note also that the
condition on the number of discretization points is much weaker than in Proposition 3.2
because we do not give here rates of convergence. To obtain such rates, we would also need
to impose additional assumptions on the sampling design.

3.4 Asymptotic normality and confidence bands

A8. We assume that for each fixed value of ¢ € [0, 1],
{ymia(t, 0} 72 (i(t) — u(t)) = N(0,1)
in distribution when IV tends to infinity.

This pointwise assumption is required in order to get the asymptotic normality of the
functional estimator fina g in the space of continuous functions. This assumption is satisfied



for usual sampling designs (see e.g. Fuller (2009), Chapter 2.2). Note that using relation
(16), we can write for any fixed value ¢ € [0, 77,

fnia,a(t) — p(t) = fi(t) = p(t) + op(n~/?),
and deduce that /n (fima,q(t) — p(t)) is also pointwise asymptotically Gaussian when condi-
tions of Proposition 3.1 hold. Let us state now a much stronger result which indicates that
the convergence to a Gaussian distribution also occurs for the trajectories, in the space of
continuous functions.

Proposition 3.4. Assume (A1)-(A5) and (A8) hold. If the discretization scheme satisfies
My 0o MaX;—(1 gy -1} [tit1 — t;|?? = o(n™1Y), we have when n tends to infinity

Vi {fivaa —p} ~ Z (19)
where ~ indicates the convergence in distribution in C[0,T] with the uniform topology and Z
is a Gaussian process taking values in C[0,T] with mean 0 and covariance function vyz(r,t) =
limy, 400 nyMA (T, T).

We examine now the asymptotic coverage of confidence bands for u of the form

{ [ﬁMA,d(t) + c&\(}” ,te [O,T]} , (20)

where ¢ is a suitable number and o (t) = \/nyma a(t, t).
Given a confidence level 1 — « €]0, 1], one way to build such confidence bands, that is

to say one way to find an adequate value for cq, is to perform simulations of a centered
Gaussian functions Z defined on [0, 7] with mean 0 and covariance function nya 4(r,t) and

then compute the quantile of order 1 —a of sup¢jy 1 ‘/Z\(t)/ﬁ(t)‘ . In other words, we look for

a constant c,, which is in fact a random variable since it depends on the estimated covariance
function Anma 4, such that

P(120)] <22 vt 0,115 1 (21)

Ca—F—) ) = -«
— \/ﬁ 'YMA,d

The asymptotic coverage of this simulation based procedure has been rigorously studied for
the Horvitz-Thompson estimators of the mean of sampled and noisy trajectories in Cardot
et al. (2012a) whereas Cardot et al. (2012b) have successfully employed this approach on
real load curves with model-assisted estimators. Next proposition, which can be seen as a
functional version of Slutsky’s lemma, provides a rigorous justification of this latter technique

Proposition 3.5. Assume (A1)-(A8) hold and the discretization scheme satisfies
limpy o0 maxX;={1,.dy—1} |ti+1 — ti|2ﬂ = 0(n_1).

Let Z bg a Gaussian process with mean zero and covariance function vz (as in Proposition
3.4). Let (Zn) be a sequence of processes such that for each N, conditionally on the estimator
AmA,d defined in (18), ZN is Gaussian with mean zero and covariance nyya 4. Suppose that
vz(t,t) is a continuous function and inf,yz(t,t) > 0. Then, as N — oo, the following
convergence holds uniformly in c,

P (1Zn(®)] < ca(t), ¥t € [0,7][Fuaa) = P(Z()] < colt), Vi € [0,T)),

where o (t) = \/nYmaa(t,t) and o(t) = \/vz(t,1).

As in Cardot et al. (2012a), it is possible to deduce from previous proposition that the
chosen value ¢, = co(YMma,q) provides asymptotically the desired coverage since it satisfies
a(t)

Jim P <,u(t) € [ﬁMA,d(t) + eaﬁ} Ve [O,T}) ~1-a



4 Concluding remarks

We have made in this paper an asymptotic study of model-assisted estimators, via linear
regression models with functional response, when the target is the mean of functional data
with discrete observations in time. This work can be extended in many directions. For
example, one could consider more sophisticated regression models than model (4) such as non
linear or nonparametric models with functional response by adapting, in a survey sampling
context, models studied in the functional data analysis literature (see Chiou et al. (2004),
Cardot (2007), or Ferraty et al. (2011)). However, one important drawback of such more
sophisticated approaches is that they would require to know xj for all the units k in the
population.

Another direction for future investigation would be to consider noisy and possibly sparse
measurements in time. For the Horvitz-Thompson estimator, local polynomials are employed
in Cardot et al. (2012a) in order to first smooth the trajectories and it would certainly be
possible to adapt the techniques developed in this work to the model-assisted estimation
procedure.

Another promising direction for future research would be to adapt model-assisted esti-
mators for time-varying samples. When one works with large networks of sensors it can be
possible to consider a sequence of samples s(t) that evolve along time. A preliminary work
(see Degras (2012)), which focuses on Horvitz-Thompson estimators and stratified sampling
clearly shows that such time-varying samples can outperform sampling design that are fixed
in time.

A Proofs

Throughout the proofs we use the letter C' to denote a generic constant whose value may
vary from place to place. We also denote by a = }r—: — 1, k € U and by Ay = 7y — mpmy,
k,leU.

A.1 Some useful Lemmas

Note that the result showed in the first Lemma is sometimes stated as an assumption (see
e.g Robinson and Sédrndal (1983)). It is used to prove the convergence of the estimator of
the mean in terms of mean square error.

Lemma A.1. Let assumptions (A1), (A2) and (A4), (A5) hold. Then, there is a constant
C such that R
nE, (16" - G7'?2) < ¢,

Proof. The proof follows the lines of (Bosq (2000), Theorem 8.4) and (Cardot et al. (2010),
Proposition 3.1). Using assumption (A5) and inequality (10), we have

1G: -G < 16 - GG
< CL_QHGa - GH?
which implies
E (1G - G7?) < o', (IGa -~ GIP). (22)

10



To bound E, ( |G - G| 2) we use the following decomposition.
B, (1G.—GI?) = B (IG. -Gl _q)) + B (IGa - GI1 g .q))
= 12 = 2
< B, (IG-GJ?) + 28, (16, - GIPLg sa) ) + 25 (IG - GIPLg a,)
< 3E(IG - GI?) + 28, (IGa - GIPL (g, 1q) ) - (23)

Next, we show that (see also Cardot et al. (2010), proof of Proposition 3.1),
E,|G - Gll5 = 0(n™") (24)

where || - ||2 is the trace norm defined by ||A||§ = tr(A’A). We have, with assumptions (A1),
(A2) and (A4) that,

EpHé—GH% = N2E (ZZakaltr[kaZXZXEO

u U

2
< N2 3 Z [ESESALE: +max\Akl|N2)\2 ZZ BB
1 /nl
S n(NA+nI2aX|Akl’ >C2
C
< —.
n

On the other hand,

Ep (1Ga — GI*1 5, 4q)) < @®P(Ga # G)
since
2
R R P
|G, — G|? = Z max(Xjn, @) = AjnlVin Vi,
< sup |max(Ajn,a) — Ajal?
j:l7"'7p

< a’.

Moreover, since a < A\, = HG_1 H_l and by Chebychev inequality, we can bound

P(Gy#G) = P(Apm <a)

[Ap — al
P<)‘Im_/\z?’ 2 p2 )

4
O = (Pan = 2P

WEP <Hé - GH2> :

because it is known that the eigenvalue map is Lipschitzian for symmetric matrices (see
Bhatia (1997), Chapter 3). This means that for two p X p symmetric matrices A and B, with
eigenvalues Aj(A) > Ag(A) > -+ > A\, (A) (resp. \(B) > --- > \,(B)), we have

IN

IN

max [M(A)—=X;(B)| <||[A-B].
max[\(A) = A,(B)] < |A B

11



Hence, for some constant C

By (|Go—GI?) < 3B, (|G- G|?) +20°P(G, # G)
< ° (25)

n
Combining (22), (23), (24) and (25), the proof is complete. O

Lemma A.2. Under assumptions (A1), (A2) and (A4), there is a constant C such that, for
all n,

Proof. Expanding the square norm, we have

2
1 1
nlk, N Z QEXE = nE, (]\72 Z Z akalxﬁcxl)
U keU leU

n A |,

< 2 || X

keU leU

n 1l 1 1 9

< oyt lau] 5 3

keU
and the result follows with hypotheses (A1), (A2) and (A4). O

Lemma A.3. Under assumptions (A2)-(A5), we have
i) 1B(t) = B(r)|I* < a=>C3Calt —r[*".
i1) [1Ba(t) = Bu(r)I* < S CaCilt — v,

Proof For i), we just need to remark that, under hypotheses (A3), (A4) and (A5),
2

1B(t) — B(r)|* = HGljif Zxk(Yk(t) — Yy (r)
U

el (}V > uka) (}V S i) - mmﬁ)
U

U

IN

IN

(1_20403’75 — 7‘|25.

The proof of point ii) is similar, but also requires the use of lower bounds on the first
order inclusion probabilities (assumption (A2)),

1B~ Bl = |67 3 i)~
< L1 (= el ) (= S - vi)?
> )\2 a N — k N — k k
< a_2%0403\t—r|25.

12



g

The following Lemma states the pointwise mean square convergence for any fixed value
of t € [0,T7.

Lemma A.4. Suppose that assumptions (A1)-(A5) hold. Then, there is a positive constant
¢y such that, for all t € [0,T],

nE, (11B.(t) - BOI) < ¢
Proof. The demonstration is similar to the proof of Lemma A.5 and is thus omitted. 0

Lemma A.5. Suppose that assumptions (A1)-(A5) hold. Then, there is a positive constant
(o such that

nBy (11B(t) = B(t) — Bu(r) + BW)IP) < Golt = [

Proof. A direct decomposition leads to

< 2425 242, (26)

R 2
where A%, = n||G,t — G_1H2H% > %Xk(yk(t) - Yk(r))H and

2
A2y =n||G™! ||2H + 30 cwxp (Vi (8)—Yi(r)) H . Using now assumptions (A2)-(A4) and Cauchy-
Schwarz inequality, we get

n@; -G (j}vg uxku2> (}VZM@ —Ykm)?)

U

2
Aln

IN

~ 10 1
< nl|GL =GP CsCult — r[?.
Using now Lemma A.1, we can bound
Ey(Aly) < Clt—r[*, (27)

for some constant C. Now, with assumptions (A1)-(A5) and following the same arguments
as in the proof of lemma A.2, we also have

2
_ 1
Ep(f‘l%N) < |G 1H2Ep HNZakxk(Yk(t) — Yj(r))
U
< (2l nmaxyzt | Al C3Cya~ 2t — r*P < C|t — 7). (28)
- N A A2 -

for some positive constant C. Combining (26), (27) and (28), the result is proved.

13



A.2 Proof of Proposition 3.1 and Proposition 3.2

The proof of Proposition 3.1 is omitted. It is analogous to the proof of Proposition 3.2, which
is given below. The different steps are similar to the proof of Proposition 1 in Cardot and
Josserand (2011).

Let us decompose, for t € [0, 77,

sup |fiva,d(t) — u(t)] < sup |fina,a(t) — Bvae(t)| + sup [dma,a(t) — p(t)] (29)
te[0,7 te[0,7) te(0,7)

and study each term at the right-hand side of the inequality separately.
Step 1. The interpolation error sup,c(o 7 [fima,a(t) — iima,a(t)]-
Consider ¢ € [t;, t;y1[ and write

liviaa(t) — Bvae(t)] < iMase(t) — Inva,a ()] + [Eva e (tiv1) — Bvaa(ti)|. (30)

Under assumptions (A2)-(A5) and using Lemma A.3, ii), we get

Zakxk /Ba a N Z ’Yk )‘
1 1/2
< (143) VIR - Burll + 5 (N AV —Yk<r>>2>

U

[iMAa(t) — Bmal(r)] <

< ((A+AHCw  + 1) A Cslt — )P
So, there is a positive constant C' such that
finaa(t) = fimae(r)] < Clt—r|°
and consequently,

Cllti — t° + [tip1 — til”]
2C|tir1 — ti]°.

[nvia,a(t) — ivia e ()] <
<

Hence, since by hypothesis, limy e maxj—g1, . gy} [tit1 — t;]? = o(n=1/2), we have
sup  V/nlfima,d(t) — fima,a(t)] = o(1). (31)
t€[0,T]

Step 2. The estimation error sup,c( 7 [ima,a(t) — p(t)|-
We use the following decomposition:

s [ivaa(t) = p@)] < |ivaa(0) = w(0)] + sup, e o myliva a(t) — p(t) — Bivaa(r) + p(r)]-
telo,

(32)

Writing,

~ 1 1 ~
finmaa(0) — p(0) = N ZU: Y3 (0) — N ZU: Y3 (0)
1 1 -~ _ Xlel(O)
_ = Y - / 1
N o 0 = 2 e Gat 2T

14



we directly get, with hypothesis A1-A3 and with similar arguments as in the proof of Lemma
A.2, that for some constant C,

sSlQ

Ep (fina.q(0) — p(0))* < = (33)

The second term at the right-hand side in (32) is dealt with maximal inequalities. More
exactly, we use corollary 2.2.5 in van der Vaart and Wellner (2000). Consider for this, the
Orlicz norm of some random variable X which is defined as follows

Xy = /Ep(4(X))-
For the particular case 1 (u) = u?, the Orlicz norm is simply the well-known L? norm,
|1 Xy = VEp(X2). Let us introduce for (r,t) € [0,T]?, the semimetric d(r,t) defined by
. . 2
d(rt) = [[Vnlivaa(t) — p(t) = Avaa(r) — w0,
= 1B, (|imaa(t) — u(t) — Avaa(r) + u(r)?)

and consider D(e, d), the packing number, which is defined as the maximum number of points
in [0,7] whose distance between each pair is strictly larger than e. Then, corollary 2.2.5 in
van der Vaart and Wellner (2000) states that there is a constant K > 0 such that

sup  V/nfiva,a(t) — p(t) = finaa(r) — p(r)]
(r,t)€[0,7]2

T
< K/ Y Y D(e,d))de. (34)
" 0

We show below that there is a constant C such that d?(r,t) < C|t — 7[> and thus, since
B > 1/2, the integral at the right-hand side of (34) is finite.
Let us first decompose

d*(r,t) < 2d3(r,t) + 2d3(r,t) (35)
where
di(r,t) = nEp(|inaa(t) — (1) = Amaa(r) + A(r)?) (36)
and
d3(r,t) = nEp(|a(t) — p(t) — i(r) + p(r)|?). (37)
By assumptions (A2)-(A4) and Lemma A.5, we can bound, for some constant C,
2
Blrt) < By dn ﬁ;akxk 1Bult) ~ B() ~ Bu(r) + B
1\ 2
(1+>\> CuGalt — r|?P = CJt — r|?P. (38)

Considering now day(r,t), we have

2
Blrt) = By | o [Yilt) ~ Yilr) — x4(B() - B(r))}]
U

< 2E,(AX) + 2E,(B%) (39)

2 > > 2
where A2, = n (L o, o [Yi(t) — Yu(r)])? and B =n (% Sy onxl (B(E) — ﬁ(r))) . With
hypotheses (A1)-(A3), one can easily obtain that there is a positive constant C such that

Ey(AY) < Clt—r¥ (40)

15



and thanks to Lemma A.2 and to Lemma A.3, we can bound

2
% Z X
U

Clt —r|*8. (41)

E,(BY)

IA

1B(t) = B(r)|”

IA

Combining now (40) and (41) with (35) and (38), we get that
d(rt) < Clt—r*”, (42)

for some constant C.

Using now (42), it is clear that the packing number is bounded as follows D(e,d) =
O(e'/P). Consequently, the integral at the right-hand side of (34) is finite when 3 > 1/2.
Inserting (33) and (34) in (32), the proof of step 2 is complete.

A.3 Proof of the consistency of the covariance function

We first prove that for any (r,t) € [0, 7], the estimator Ay a(r, t) of the covariance function
converges to yya (7, t).

Then we prove the uniform convergence of the variance estimator ia q(t,t) by showing
its convergence in distribution to zero in the space of continuous functions. The proof is
decomposed into two classical steps (see Billingsley (1968)). We first show the pointwise
convergence, by considering the convergence of all finite linear combinations, and then we
check that the sequence is tight by bounding the increments.

Step 1. Pointwise convergence
We want to show, that for each (¢,7) € [0, T]?, we have
nEp {| Yma,a(r,t) — yma(r,t) [} =0, when N — oo.
Let us decompose
n(ad(r, t) = wa(r 1)) = nmad(rt) — aa(r: 1) + n(hmaa(r,t) — yalr, t))
where i q(r, ) is defined by

Ag Yi(r) = Yia(r)  Yit) = Yia(t)
Tkl Tk m

rYMA(Z T t N2 Z
k,les

We study separately the interpolation and the estimation errors.

Interpolation error

Let us suppose that t € [t;, tiy1[, € [ti, tir41]. We have n(ma,a(r, t) —Amae(r,t) < A+ B,
with

RS Bitl iy, 1) = V) (YVia(t) — Y1)

Tl T LT
kleU KITVETN

+(Yia(r) = Yi(r) (Yi(t) = Yia(t) + (Ya(r) = Yia(r)(Yia(t) — Yi(1))]

16



and

n |Akl’
B -
N2 k,lZeU TR TR
= s Bl ) Batt) — i) + ¥ Fra(r)
N® Set Tk ’ ’ 7

For t € [ti, ti+1], we can write

~

(Yelr) = Fa(r)) (¥i®) = a0 = (Yir) = Tea(r) (Yi8) = Via(®)

— Vi) + Yiea(r)Via(t) -

1Y1.q(t) = Yi(t)| < |Yi(t:) — Yi(t)] + [Yi(tit1) — Yi(ts)]
and R R R R R R
Yia(t) = Yia)] < [Yia(t) = Yia(ti)] + [Yia(tiv1) — Yia(ti)|

We have that & 3 (Via(t) = Yi(#)? < Ollt—t +[ti1 — 1] and & Sy (¥i(t) ~ Via(t))?

O(1). Thanks to Lemma A.3, we can bound

Via(t;) — Yia(t)] < Cua™

Cé/Q‘ti — t‘ﬁ S C4a_1

C§/2’ti+1 —1]°.

Under the assumption on the grid of discretization points, one can get after some algebra

that

n|ma,d(r, t)

Estimation error

Consider now,

— AMAa(r, )] = o(1).

Ainalrt) = naant) = 5 503 2 (1) ) - Tl - i)
3 ] TETL \ Tkl

Y Y S 1) — Tl — Tia(r)
k1

LY mxm(w ~ FiaOII¥iC) ~ Fir)]
k l

e Z 2 15 (1) — T (D) — Fia(0)
= Ai(r, t) + Ag(r, t) + As(r,t) + Aa(r,t). (43)

Let us define é;(t) = Y3, (t) — Yi(t) and first show that E,(A;(r,t)?) — 0 when N — oco.
A 1 A 1] H 1]
Ep(Ai(r,t)!) = Ep |4 ZZ = (’“l - 1) wl < LU 1> & ()& (r)ew (t)éy ()
ol K LT Tkl TR T TR
1 —mp (1
= IEp < - 1> L < Mo 1) ék(t)ék(r)ék/(t)ék/(r)]
7Tk/ Trk/
1 — Tk (]lk > Ak’l’ <]lk./ll > ~
— =1 —— - t eplr
p N4 zk:k’ l’zk;;él/ Tk T T TR ) ( )
A H A 177 1 1]/
ICIDID Dl <“ - 1) = (’” - 1) x(t)en(r)ew (t)e (1)
kGkA R ek R N TR T/ T \ Tkl
= a1+ a2+ as. (44)
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The hypotheses on the moments of the inclusion probabilities and Lemma A.6 give us
2 2
n 1 n man k’ Akk’
as well as

(TL Hlan?gl ‘Akl‘)2
< E,{(1g — Ly — wrry
a3 = N2 (k,l,ﬁ%}émm' p{ (ke = ™o)D — Tar) s

so that a; — 0 and az — 0 when N — oco. Then, the Cauchy-Schwarz inequality allows us
to get that ag — 0 when N — oo and E,(A1(r,t)?) — 0 when N — oc.

Let us show now that E,(|A4(r,t)|) — 0 when N — oco. Let us define en(t) = Vi(t) —
i}k,a(t) = X;(B(t) — B,(t)). With Lemma A.4, and assumptions (A1)-(A5), we have

nE (NQZZ'WA’:'; el l13() — a<t>u||fa<r>—aa<r>u)

1 n nmaxg-£| ‘Akl|
[A?N T e Cata

so that E,(|A4(r,t)|) = 0 when N — oc.
In a similar way, we can bound E,(|A2(r,t)|) as follows,

n A
Bl ) < 5 X5 L R0

3o 22 e it ~ ol B (130) B
(\f \fmaxkﬂm“l) 122 L 1 Z!Yk o

Ep(|A4(r,)])

IN

IN

A2N A2\

Thus, there is constant C' such that,

C
BllAa(ntl) < -
and E,(|A2(r,t)|) = 0 when N — oo. We can show in a similar way that E,(|A3(r,t)|) = 0
when N — oo.

Finally, we have that for all (r,t) € [0, T]?,

nEp {| maa(r,t) —yMma(r,t) [} =0, when N — oo. (45)

Step 2. Uniform convergence of the variance estimator

The pointwise convergence of the variance function proved in previous step clearly implies the
convergence of all finite linear combinations : for all p € {1,2,...}, for all (¢1,...,¢,) € RP
and for all (t1,...,tp) € [0,T77, we have

M@

ce n(Yaalte te) — maalte te)) — 0 (46)

(=1
in probability as IV tends to infinity. Thus, we deduce with the Cramer-Wold device that the
vector n (Yma,a(t1,t1) — WA (t1,t1), - - s MmALa(tp, tp) — M (tp, tp)) converges in distribution

to 0 (in RP).
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We need now to prove that the sequence of random functions Ana 4 (%, t) is tight in C[0, T
by using a bound on its increments. Let us introduce the following criterion,

d'zy(t7 T) = n2Ep(’$MA,a(t7 t) - 7MA<t7 t) - WMA,a(TE 7’) + ’YMA(n T)‘Q)'

To conclude we show in the following that d%,(t,r) < Ot — r|? for a constant C and all
(r,t) € [0, T)?. Using (43), the distance is decomposed into four parts.

Let us define ¢y(t,r) = €x(t)é;(t) — éx(r)é;(r) and first consider dz%h = E,(JA:i(t,t) —
Ai(r,7)|?). We have

2 — ’ ’
% Z Z 1 Tk < _ 1> - Tk (7]]-"—:, — 1) ¢kk(t, T)(Z)k/k/(tﬂ”)
kK

2
n 1—mg ]].k Ak’l/ ]]-k’l/
E E 1) — —1 t e (t
By N4 T <7rk ) T T \ TR/ Du(t ) w8 7)

kK VkAY

n? Ag (g Apr Ly
+Ep |37 >y == ( — 1) — < - 1> Pr(t, )P (t,7)

klhotl k1 R NTTRL Th T \ TRl

= by + by + b3

2 _
dy, =

Thanks to Lemma A.8, we get

2 2
n® 1 n man k' Akk/
by < < t N2 M) Z|¢kkt7“

N3 )3
< Clt—r? (47)
and
) 2
by < (n maiiil*’fkl‘) e, [Ep{ (Lrr — mxt) (Lo — ) 3| % %: |Pri(t, )]
< C|t—r*. (48)

Cauchy-Schwarz inequality together with bounds (47) and (48) allows us to get by <
C|t — r|*? so that

d4, < COft—r*. (49)

Lit us bound now d%, = E,(JAa(t,t) — Ax(r,r)[?) and define bt ) = en(t)e(t) —
ér(r)é;(r). Thanks to Lemma A.9, we get

2712 maxp-£] |Akl|2 1 ~
d1242 S NQ)\4 p ( Z ¢k’k2 t r ) + A4A:é<2 Ep m Z ’¢k,l(t? T)|
k,l

Clt —r* (50)

IN

~ LAet us sEudyAnow the last term, d%, = E,(|A4(t,t) — Ag(r,7)[?) and define b (t, 1) =
ér(t)er(t) — ex(r)é(r). Thanks to Lemma A.7, we have

2
on2 1 = on? maxg Z|Akl|2 1 =
&%, < oy (NE d)kk(t,'r)) + /\4;:2 Ep fNQE |Pra(t,7)]
k k,l

Clt —r|?8. (51)

IA
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Finally, we can deduce, with inequalities (43), (49), (50) and (51), that

d?y(tv T) = n2EP(|:Y\MA,a(t7 t) - ’YMA(tv t) - :Y\MA,a(T7 T) + ’YMA(Tv r)|2)
< C|t—r*. (52)

The end of the proof is a direct application of Theorem 12.3 of Billingsley (1968). Since
B > 1/2, the sequence n(Yma,q(t,t) — yMma(t,t)) is tight in C([0,7]) and converges in dis-
tribution to 0. The proof is complete with a direct application of the definition of weak
convergence in C([0,7]) considering the bounded and continuous "sup" functional. O

A.4 Proofs related to the asymptotic normality and the confidence bands

The steps of the proof of Proposition 3.4 are similar to the steps of proof of Proposition 3.3.
We first examine the finite combinations and invoke the Cramer-Wold device. Then we prove
the tightness thanks to inequalities on the increments.

Let us first deal with the interpolation error, which is negligible under the assumption on
the grid of discretization points, as shown in (31).

Then, in light of (15), Lemma A.2 and Lemma A.4, we clearly have that, for each value
of ¢,

Vi (inaa(t) — A) = op(1),
and consequently, as n tends to infinity,
vV (maa(t) — p(t)) — N(0,7z(t,t)) in distribution,

where the covariance-function of g, which defined in (17), satisfies limy_,00 nyMA = V2.
If we now consider p distinct discretization instants 0 < ¢ < to... < t, < 1, it is

immediate to check that for any vector ¢ € RP, \/n <Z§:1 cj(u(ty) — ,u(tj))) — N(0,02)

where
P P
ZZC crvz(tste).
7j=1/1=1
Indeed, by linearity, there exists a vector of random weights (w1,...,wy) which does not

depend on time ¢ such that

> wpYi(t)

keU

and Z§:1 cii(ty) = D pey Wk (Z?Zl chk(tj)> also satisfies a CLT, with asymptotic variance
o2, under the moment conditions (A7). Thus, any finite linear combination is asymptotically
Gaussian and we can conclude that the vector /n (fi(t1) — pu(t1), . . ., f(tp) — p(tp)) is asymp-
totically Gaussian with the Cramer-Wold device.

It remains to check the tightness of the functional process and this is a direct consequence
of (35) and (42). Indeed, denoting by Z,(t) = v/n (fima,q(t) — p(t)) , there is a constant C
such that, for all (r,t) € [0,T]?,

Ep (1Za(t) = Za(r))?) < CJt =1
and, since § > 1/2, the sequence Z, is tight in C[0,T7], in view of Theorem 12.3 of Billingsley

(1968).
O
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We prove now Proposition 3.5, the last result of the paper. The proof consists in showing
the weak convergence of the sequence of distributions (Zy) to the law of Z in C([0,T]).

For any vector of p points 0 < t; < ... < t, < T, the finite dimensional conver-
gence of the distribution of the Gaussian vector (Z\N(tl),...,/Z\N(tp)) to the distribution
of (Z(t1),...,Z(tp)) is an immediate consequence of the uniform convergence of the covari-
ance function stated in Proposition 3.3. We can conclude with Slutsky’s Lemma noting that
for any (c1,...,¢p) € RP,

p P p P
Z Z cicoymadlty, te) — Z Z cjceyma(ty, te) in probability. (53)
j=11t=1 J=14=1

Now, we need to check the tightness of (Zy) in C([0,T]). Given MaA,d, we have for
(r,t) € [0, 7],

By | (230~ Zv(0)) 1] = 1 Gna(t) = Baanalrst) + sl

and after some algebra, we obtain thanks to Assumption (A2) that

By | (230~ Zv(0) Faand] < 5 3 | 0hatt) = Yialr))* + (Fua) = Tia0)|
keU
54

Let us first study the term ), ;; (Yy,a(t) — Vi..a(r))? in previous inequality and without
loss of generality suppose that ¢t > r. To check the continuity of the trajctories, we only need
to consider points r and ¢ that are close to each other. If ¢t and r belong to the same interval,
say [ti, ti+1], then it is easy to check, with Assumption (A4) that

1 = (t — r>2 ! . .
N 1%(:] (Yia(t) = Yia(r)® = G 1PN I;J (Yi(tiz1) — Ya(t:)?
< Clt—n?. (55)

If we suppose now that r € [t;_1,t;] and ¢ € [t;, t;11], then we have

|Yi,a(t) — Yia(r)|

< max <‘Yk(ti+1) - Yk(ti)’j Vi (t:) — Yk(ti—1)|>
t—r ti-}—l - ti ti _ ti—l
Vi(tiv1) — Yilt)| | [Vi(t) — Yilti
< [Yi(tiv1) — Yi(t:)| +| w(t) — Yi(tiz)] -
tiv1 — 1 t—tiq

and using the same decomposition as in (55), we directly get that >, r; (Yza(t) — Via(r))? <
C(t—r)?5. The second term at the right-hand side of inequality (54) is dealt with similar argu-

ments and the decomposition used in the proof of Lemma A.3, so that % >,/ (i;k,d(t) - ?k,d(T)) : <
C|t —r|?5.

Thus, the trajectories of the Gaussian process are continuous on [0,7] whenever 8 > 0
(sce e.g Theorem 1.4.1 in Adler and Taylor (2007)) and the sequence (Zy) converges weakly
to Z in C([0,T]) equipped with the supremum norm.

Using again Proposition 3.3, we have, uniformly in t, 5z (t) = oz (t)+o0,(1), where 5% (t) =
nAma.a(t, t). Since, by hypothesis 0% () = vz(t,t) is a continuous function and inf; vz (t,t) >
0, we get with Slutsky’s lemma that (Zy/Gz) converges weakly to Z/oz in C([0,T]). By
definition of the weak convergence in C([0,7]) and the continuous mapping theorem, we also
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deduce that the real random variable My = SUD4e[0,7] |Zn(t)| /2 (t) converges in distribution
to M = supsejo. 1712 (t)|/0z(t), so that for each ¢ > 0,

IP’( sup |Zn(t)]/32(t) < c) - P( sup |Z(t)|/oz(t) < c) ~
t€[0,7) t€[0,T

Note finally, that under the previous hypotheses on vz (see e.g. Pitt and Tran (1979)),
the real random variable M = sup;c(o 1) (|Z(t)|/02(t)) has an absolutely continuous and
bounded density function so that the convergence holds uniformly in ¢ (see e.g. Lemma 2.11

in van der Vaart (1998)). O

A.5 Some useful lemmas

We state here without any proof some results that are needed for the study of the convergence
of the covariance function. They rely on applications of the Cauchy-Schwarz inequality and
on the assumptions on the moments of the trajectories and the inclusion probabilities.

Lemma A.6. Assume (A2)-(A5) and (A7) hold. There are two constants 4 and (5 such
that

T a0 < G
U

and

where ék(t) = Yk(t) — }N/k(t)

Lemma A.7. Assume (A2)-(A5) and (A7) hold. There are 2 constants (g and (7 such that

1 =
E, (N Z br i (1, 7”)2) < Colt —r|**
%

and
2

1 =
Ep | 32 Zéf’k,z(@r) < Gflt —r|*
kel

where ék,l(t, r) = er(t)er(t) — en(r)e(r) and e (t) = Yi(t) — Yia(t).

Lemma A.8. Assume (A2)-(A5) and (A7) hold. There is two constant constant (g and Cy
such that

1
N > drpltr) < Glt —r*?
P

and
2

1
mZd’k,l(taT) < Golt —r**
k,l

where ¢k,l(t7r) = ék<t)él(t) — ék(T)él<7’) and ék(t) = Yk(t) — Yk(t)
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Lemma A.9. Assume (A2)-(A5) and (A7) hold. There a two constants (1o and (11such that

E, (}V S dnilt @2) < Guolt — 7/
k

and
2

1 -
Ep N2 Z Pra(t,r) | < Cult — 1"|2'8,
k,l

o~ ~ o~

where gr(t,r) = Ex(t)&(t) — ér(r)e(r), ex(t) = Yi(t) — Yi(t) and éx(t) = Yi(t) — Yia(t).
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