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The paper discusses some problems in applications of closure techniques to moment hierarchies by considering equation of overdamped oscillator with cubic nonlinearity and additive Gaussian white noise. It is rigorously shown that some closure schemes can be inconsistent in spite of they good convergence properties.

Introduction

Presence of randomness in dynamical systems often leads to infinite hierarchies of equations for relevant probabilistic characteristics. The well-known examples of such hierarchies are the Friedman-Keller hierarchy in turbulence theory [START_REF] Monin | Statistical Fluids Mechanics: Mechanics of Turbulence[END_REF]) and the BBGKY hierarchy in statistical physics [START_REF] Liboff | Kinetic theory[END_REF]. Most often moment hierarchies are considered in which the equation for the kth moment involves moments of higher order than k. To obtain a closed form of equations, one has to adopt some closure scheme for truncation of the hierarchy by representing higher order moments in terms of lower order moments. One can find several closure methods in literature; see van [START_REF] Kampen | Stochastic Processes in Physics and Chemistry[END_REF], [START_REF] Adomian | Stochastic Systems[END_REF], [START_REF] Bolotin | Random Vibrations of Elastic Systems[END_REF], [START_REF] Ibrahim | Parametric Random Vibration[END_REF], [START_REF] Grigoriu | Stochastic Calculus[END_REF], [START_REF] Lin | Probabilistic Structural Dynamics: Advanced Theory and Applications[END_REF] and references therein. However, applications of closure procedures to some important problems have induced obscurities connected with physically inconsistent solutions of the closed equations; see [START_REF] Wojtkiewicz | On the cumulantneglect closure method in stochastic dynamics[END_REF], [START_REF] Schuëller | A state-of-the-art report on computational stochastic mechanics[END_REF], [START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF]. Appearance of these solutions have been mainly explained by possible divergence of the closure method or its numerical instability. In this letter we rigorously show that ACCEPTED MANUSCRIPT another explanation can be really possible. Namely, the hierarchy can have the physically inconsistent solution and closure procedures convergence to it. It is worth to note that mathematical justification of the closure procedures is mainly unsolved topic especially in the case of nonlinear stochastic systems. This article is motivated by the paper of [START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF], where the wellknown nonlinear equation of overdamped oscillator with additive noise was considered:

dX(t) = (αX(t) + βX 3 (t))dt + σdw(t), t ≥ 0. ( 1 
)
Here α ∈ R, β < 0, σ ∈ R and w(t) is a standard Wiener process. The equation describes stochastic motion of a particle in the potential

V (x) = - α 2 x 2 - β 4 x 4 (2) 
under the white noise excitation and large damping [START_REF] Risken | The Fokker-Planck Equation[END_REF]. The potential has a single well if α < 0 and two wells if α > 0. The nonlinear stochastic system (1) is special but it is a useful model in physics, mechanics and chemistry. For example, it is used as a diffusion model for chemical reactions (Schuss, 2010, Ch. 8). If a small periodic perturbation is added to the equation ( 1), than we have a standard model for study the stochastic resonance phenomenon; see the surveys of Gammaitoni et al. (1999), [START_REF] Wellens | Stochastic resonance[END_REF].

It is known that for every initial value x 0 the solution of Eq. (1) exists and forms a Markov process possesing a unique stationary measure for which the odd order stationary moments of X are zero and the even order stationary moments m 2k (α, β, σ), k ∈ N, satisfy the infinite hierarchy [START_REF] Bellman | Truncation and preservation of moment properties for Fokker-Planck moment equations[END_REF][START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF])

ay 2 (α, β, σ) + y 4 (α, β, σ) = b, ay 2k (α, β, σ) + y 2k+2 (α, β, σ) = (2k -1)by 2k-2 (α, β, σ), k = 2, 3, ..., (3) 
where a = α/β and b = -σ 2 /(2β).

It is important to note that the moments m 2k (α, β, σ), k ∈ N, are not a unique solution of the hierarchy. One can easily check that the sequence

(-1) k m 2k (-α, β, σ), k ∈ N, (4) 
also satisfies the hierarchy and this sequence forms an inconsistent solution because it has negative elements.
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A simplest way to close the hierarchy (3) consists in neglecting the term y 2n+2 (α.β, σ) in its nth equation. After applying this procedure, we obtain the following closed system of linear equations:

ay (n) 2 (α, β, σ) + y (n) 4 (α, β, σ) = b, ay (n) 2k (α, β, σ) + y (n) 2k+2 (α, β, σ) = (2k -1)by (n) 2k-2 (α, β, σ), k = 2, ..., n -1, ay (n) 2n (α, β, σ) = (2n -1)by (n) 2n-2 (α, β, σ). (5) 
A somewhat distinctive closure scheme was proposed by [START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF]. It relies on the relation

y 2n+2 (α, β, σ) = γy 2n (α, β, σ), γ > 0, (6) 
in nth equation of the hierarchy. It was found by [START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF] that this procedure can be quite satisfactory in the case α < 0 and unsatisfactory in the case α > 0. It was stated that the performance of closure methods is determined by the structure of the moment hierarchy rather than the particular closure technique and this fact is a highly undesirable feature in applications. These statements were based on some numerical computations in special cases and it has not been clear if they are valid on the whole. In this note, we give them rogorous explanations. They are based on the theory of continued fractions. Notice that this theory can be also useful in applications to others moment hierarchies [START_REF] Bobryk | Closure method and asymptotic expansions for linear stochastic systems[END_REF].

Preliminaries

In this part, we present some definitions and results which will be used in the next section.

A continued fraction is an expression of the form

c 0 + d 1 c 1 + d 2 c 2 + d 3 c 3 + . . . , (7) 
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where d i , c j ∈ C, i ∈ N, j = 0, 1, 2, ... . The finite fraction

f n = c 0 + d 1 c 1 + d 2 c 2 + . . . + d n c n (8) 
is called nth approximant of the continued fraction [START_REF] Gammaitoni | Stochastic resonance[END_REF].

Here we consider fractions with positive elements d i , c j , i ∈ N. In this case, the sequence f n , n ∈ N, is well defined and the continued fraction ( 7) is said to converge if the limit lim n→∞ f n exists. Then this limit is called the value of the continued fraction [START_REF] Gammaitoni | Stochastic resonance[END_REF]. With all d i = 1, i ∈ N, we have simple or regular continued fraction. Two continued fractions are called equivalent if they have the same approximants. The continued fraction ( 7) is equivalent to the following simple continued fraction [START_REF] Perron | Die Lehre von der Kettenbrüchen[END_REF]; Jones and Thron, 1980):

c 0 + 1 p 1 + 1 p 2 + 1 p 3 + . . . , (9) 
where

p k = r k c k , r 1 = 1 d 1 , r 2 = d 1 d 2 , r 2k = d 1 d 3 • • • d 2k-1 d 2 d 4 • • • d 2k , r 2k+1 = d 2 d 4 • • • d 2k d 1 d 3 • • • d 2k+1 , k ∈ N. (10) 
According to the Seidel-Stern theorem (Sedel, 1846; Stern, 1848; Jones and Thron, 1980), the simple continued fraction (9) with positive elements converges if and only if

∞ k=1 p k = ∞. ( 11 
)
3 Main results

Consider the system [START_REF] Carleman | Les Fonctions Quasi-analytiques[END_REF].
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Theorem. The solution y

(n) 2 (α, β, σ) of the system (5) conveges to m 2 (α, β, σ) as n → ∞ if α < 0 and to -m 2 (-α, β, σ) if α > 0.

Proof. Case 1: α < 0. The matrix A n of the system ( 5) is a tridiagonal matrix. One ca easily convince that det

A 1 = a, det A 2 = a 2 + 3b, det A n = a det A n-1 + (2n -1)b det A n-2 . ( 12 
)
Since a, b > 0, then using induction on n, we have det A n > 0, n ∈ N, and so the system (5) has a unique solution. It follows from the system that 

y (n) 2n-2 (α, β, σ) = (2n -3)by (n) 2n-4 (α, β, σ) a + (2n -1)b a , y (n) 2n-4 (α, β, σ) = (2n -5)by (n) 2n-6 (α, β, σ) a + (2n -3)b a + (2n - 
Hence

y (n) 2 (α, β, σ) is nth approximant of the continued fraction b a + 3b a + 5b a + . . . . ( 14 
)
According to [START_REF] Ibrahim | Parametric Random Vibration[END_REF], this fraction is equivalent to the simple continued fraction [START_REF] Grigoriu | A critical evaluation of closure methods via two simple dynamic systems[END_REF], where

c 0 = 0, p 1 = - 2α σ 2 , p 2k = α β k j=1 (4j -3)/ k j=1 (4j -1) = αΓ( 3 4 )Γ( 1 4 + k) βΓ( 1 4 )Γ( 3 4 + k) , (15) 
p 2k+1 = - 2α σ 2 k j=1 (4j -1)/ k j=1 (4j + 1) = - 2αΓ( 5 4 )Γ( 3 4 + k) σ 2 Γ( 3 4 )Γ( 5 4 + k) , k ∈ N, (16) 1 4 +k 
= 1, the condition ( 17) is fulfilled and we conclude that the continued fraction ( 14) is convergent. Hence, the sequence y

, n ∈ N, is convergent and it remains to show that its limit is m 2 (α, β, σ). As it follows from (5), the sequences y (n) 2k (α, β, σ), n, k ∈ N, also are convergent as n → ∞ and denote by

z 2k (α, β, σ) = lim n→∞ y (n) 2k (α, β, σ), k ∈ N.
Since [START_REF] Liboff | Kinetic theory[END_REF], the sequence y

(n)
2k (α, β, σ), n, : k ∈ N, has positive elements and therefore the sequence z 2k (α, β, σ), k ∈ N, has nonnegative elements. We have to solve the Hamburger moment problem for the sequence z 2k (α, β, σ), k ∈ N, i.e. to show that

z 2k (α, β, σ) = m 2k (α, β, σ), k ∈ N. (18) 
It is sufficient for this to verify the Carleman condition [START_REF] Carleman | Les Fonctions Quasi-analytiques[END_REF][START_REF] Feller | An Introduction to Probability Theory and its Applications[END_REF]:

∞ k=1 (z 2k (α, β, σ)) -1/2k = ∞. (19) 
According to (5), we have estimates

y (n) 2 (α, β, σ) ≤ b a , y (n) 2k (α, β, σ) ≤ (2k -1)b a y (n) 2k-2 (α, β, σ) ≤ • • • ACCEPTED MANUSCRIPT • • • ≤ (2k -1)!!b k a k , k = 1, . . . , n.
Hence, letting n → ∞ we obtain

z 2k (α, β, σ) ≤ (2k -1)!!b k a k < (2kb) k a k , k ∈ N. (20) 
It follows from these estimates that the Carleman condition is fulfilled and so we complete the proof in the case α < 0. Case 2: α > 0.

Using [START_REF] Kampen | Stochastic Processes in Physics and Chemistry[END_REF] one can easily show by induction on n that the determinant of the matrix A n is negative if n is odd and positive if n is even. Hence, the system (5) has a unique solution. It follows from the system that y 

(n) 2n-2 (α, β, σ) = -(2n -3)by (n) 2n-4 (α, β, σ) -a + (2n -1)b -a , y (n) 
2n-4 (α, β, σ) = -(2n -5)by (n) 2n-6 (α, β, σ) -a + (2n -3)b -a + (2n - 
By comparing ( 13) and ( 21), we conclude that

lim n→∞ y (n) 2 (α, β, σ) = -m 2 (-α, β, σ). 2 
Now consider the closure procedure based on the relation [START_REF] Feller | An Introduction to Probability Theory and its Applications[END_REF]. After applying this scheme, we get the following system of linear equations: 

au (n) 2 (α, β, σ) + u (n) 4 (α, β, σ) = b, au (n) 2k (α, β, σ) + u (n) 2k+2 (α, β, σ) = (2k -1)bu (n) 2k-2 (α, β, σ), k = 2, ..., n -1, au (n) 2n (α, β, σ) + γu (n) 2n (α, β, σ) = (2n -1)bu (n) 2n-2 (α, β, σ). (22) 

  and they are not zero. If n → ∞ the expressions tend to 2a+γ and 3a + γ, respectively. Therefore, for sufficiently large n there exists a k n , k n < n, such that expressionγ n := a + (2n -2k n + 1)b a + (2n -2k n + 3)b a + (2n -2k n + 5)b a + . . . + (2nβ, σ) = (2k -1)bu (n) 2k-2 (α, β, σ), k = 2, ..., nk n -1, γ n u (n) 2n-2kn (α, β, σ) = (2n -2k n -1)bu (n)2n-2kn-2 (α, β, σ).(29)
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Γ(z) is the Gamma function. This simple continued fraction has positive elements and we can use the Seidel-Stern theorem to prove its convergence. For this aim it is sufficient to show that

According to the Stirling's formula for the Gamma function
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If α < 0, then in similar way as it was done in [START_REF] Liboff | Kinetic theory[END_REF] we get

One can easily get from ( 13) and ( 23) the following inequalities:

It follows from the theorem and these inequalities that

Now let α > 0. If γ = -a, then according to ( 7) and ( 24)

and we get the inconsistent solution and

If γ < -a, then in similar way as it was done in [START_REF] Stern | Über die kennzeichen der convergenz eines kettenbrüches[END_REF] we get

Hence, all u (n) 2 (α, β, σ) are negative and they can not approximate the consistent solution of the hierarchy. It remains to consider the case γ > -a. From the system [START_REF] Wellens | Stochastic resonance[END_REF] we have
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Hence, in similar way as it was done in [START_REF] Stern | Über die kennzeichen der convergenz eines kettenbrüches[END_REF], we obtain

and we conclude that for sufficiently large n the value u

2 (α, β, σ) is negative and can not approximate the consistent solution of the hierarchy.

More complicated closure methods are the high-level Gaussian closure and the cumulant-neglect closure. The first one relies on applying the relation y 2n+2 (α, β, σ) = (2n+1)y 2 (α, β, σ)y 2n (α, β, σ) in nth equation of the hierarchy (3). The second one relies in neglecting the cumulant µ 2n+2 (α, β, σ), which makes it possible to represent the moment y 2n+2 (α, β, σ) by the moments of lower order. Because of nonlinearity obtained closed systems it is quite difficult to study these procedures analytically. Therefore we used numerical experiments and they showed that these methods can not approximate the consistent solution if α > 0. The question of finding a closure procedure leading to the consistent solution in the case of double well potential remains open.

To summarize, we have analyzed some closure methods applied to the moment hierarchy generated by the nonlinear equation of overdamped oscillator with additive white noise. Some caution is recommended in applications of the closure procedures because they can converge to physically inconsistent solutions. These applications should be combined with others approaches.
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