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Abstract

We consider a semiparametric multivariate location-scatter model where the
standardized random vector of the model is fixed using simultaneously two
location vectors and two scatter matrices. The approach using location and
scatter functionals based on the first four moments serves as our main exam-
ple. The four functionals yield in a natural way the corresponding skewness,
kurtosis and unmixing matrix functionals. Affine transformation based on
the unmixing matrix transforms the variable to an invariant coordinate sys-
tem. The limiting properties of the skewness, kurtosis, and unmixing matrix
estimates are derived under general conditions. We discuss related statistical
inference problems, the role of the sample statistics in testing for normality
and ellipticity, and connections to invariant coordinate selection and inde-
pendent component analysis.

Keywords: asymptotic normality, independent component analysis,
invariant coordinate selection, multivariate kurtosis, multivariate skewness,
scatter matrix
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1. Introduction

Consider the n x p data matrix X = (z1,....,7,)T, where x,..., 7, is
a random sample from a p-variate distribution. Different location-scatter
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models are obtained if one assumes that
=0z 4+p, i=1,..,n,

where Z = (21, ..., 2,)T is an unobservable random sample from a “standard-
ized” distribution, u is a location vector and € is a full-rank p x p matrix,
termed the mizing matriz in the independent component analysis (ICA) lit-
erature. The inverse of Q, I' = Q7! is the unmizing matriz, and ¥ = QOF
is the scatter matriz. Posing various assumptions on the distribution of the
z; yields different parametric or semiparametric multivariate models with
parametrized by p and 3, or by p and © (Nordhausen et al. (2010)).

The following location-scatter models arise from this general structure
and are often considered and discussed in the literature.

1. The classical multivariate methods rely on the assumption of multi-
variate normality, that is, z; ~ N,(0,1,), i = 1,...,n. The location
parameter p is the mean vector and the scatter parameter X the co-
variance matrix. As Oz; ~ N,(0, I,) for all orthogonal matrices O, the
mixing matrix €2 or the unmixing matrix I' are defined only up to an
orthogonal transformation in the multivariate normal model.

2. In the multivariate elliptical model it is assumed that z; ~ Oz; for all
orthogonal matrices O. (Notation x ~ y means that random variables
x and y are similarly distributed.) To fix ¥ it is often assumed that
E(||z:]|*) = p or that Med(||z]]?) = X?),I/Q' (The first configuration
naturally requires that finite second moments exists, but the second al-
lows to avoid any moment assumptions.) As in the multivariate normal
model, 2 and I' are again defined only up to an orthogonal transfor-
mation. Elliptical distributions are thus symmetric in the sense that
z; ~ Oz; for all O, but they may vary in their kurtosis properties. The
model permits for heavier (or lighter) tails than the multivariate nor-
mal model, and therefore elliptical models are commonly seen as a more
realistic alternative to the multivariate normal model. Robust testing
and estimation procedures, for example, often assume ellipticity.

3. Another type of model family is obtained if one presumes that the ob-
servations arise from a parametric independent component (I1C) model.
Here the z; are assumed to have independent and standardized compo-
nents and the density function f(2;) = [[}_, fj(zi;) with some known
standardized marginal densities fi, ..., f,. Matrix I' is unique for dis-
tinct standardized densities fi, ..., f,.
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4. In a generalization of the parametric IC model, the semiparametric in-
dependent component model, z; is assumed to consist of independent
and standardized components such that E(z;) = 0 and F(z;2]) = I,
or Med(z;) =0 and Med(z};) = X7, - But then Q and I' are defined
only up to permutations and sign changes of the columns and rows,
respectively. In ICA the goal is to estimate I' (up to a permutation,
rescaling and sign changes of the rows). In parametric and semipara-
metric IC models, skewness and kurtosis properties are characteristics
of the marginal distributions.

Instead of location-scatter models we will work under a general semi-
parametric location-scatter-skewness-kurtosis model (shortly: semiparamet-
ric model), which includes all (continuous as well as discrete) multivariate
distributions with finite fourth moments. Thus, many of the more conven-
tional models listed above overlap with the semiparametric model, which was
first introduced by Nordhausen et al. (2010).

The paper is organized as follows. The semiparametric model is defined
in Section 2 along with a discussion of related unmixing matrix, skewness and
kurtosis functionals, GG, d and L. Section 3 gives useful asymptotic results
for the corresponding estimates I, 6 and A even outside the semiparametric
model. More detailed results for the moment-based estimates are given in
Section 4. Statistical properties of the fourth-order blind identification FOBI
estimate are obtained as a side-product. Section 5 discusses the uses of
sample statistics in testing and estimation problems.

2. Definitions and preliminary results

2.1. Semiparametric model

A multivariate semiparametric model can be defined with natural param-
eters for multivariate location, scatter, skewness and kurtosis, respectively.
The z; needs to be standardized in a special way using two moment-based
location functionals, 77 and 15, and two moment-based scatter matrix func-
tionals S; and S,. Next we establish the model, the moment-based location
and scatter functionals, and their connection to the model parameters.
Semiparametric model. Assume that X = (z1,...,z,)"
from a p-variate distribution such that

s random sample

i =Qz4+pu, 1=1,...n,



where the z; are standardized so that

E(z) = 0,

E(z2) = I,
E(zzlz) = p-6 and
E(zizlzzl) = (p+2)-A

i
where § 1s a p-vector with all components 6; > 0, i = 1,....,p, and A is a
diagonal matriz with diagonal elements Ay > ... > X, > 0.

The semiparametric model was first introduced in Nordhausen et al. (2010).
The parameters in the model are the mean vector p, the covariance matrix
¥ = QOT, the skewness vector § based on third moments, and the kurtosis
matrix A. We will return to these concepts shortly. The model is general
in the sense that it includes all p-variate distributions with finite fourth
moments, but of course rules out heavy-tailed distributions. The mixing and
unmixing matrices, Q and I' = Q7! are uniquely defined if §; > 0,7 =1, ..., p,
and A\; > ... > A\, > 0. When the model parameters are fixed in this way, the
unmixing matrix can be used to transform the random vector to an invariant
coordinate system (Tyler et al. (2009, ICS)). If the components of z; are
independent, the unmixing matrix I' is the fourth-order blind identification
(FOBI) functional by Cardoso (1989), a solution in ICA. Alternative models
and multivariate skewness and kurtosis measures are obtained if the moment-
based location and scatter measures are replaced by some other, e.g. robust,
multivariate location measures and scatter measures.

The model obviously includes the multivariate normal model with 6 = 0
and A = I,. For elliptical distribution 6 = 0 and A = A, where X is a
kurtosis parameter, which may not be finite. In the elliptical model €2 is
thus defined only up to an orthogonal transformation. However, 3 = QQO7 is
uniquely defined. IC models are included when the marginal densities possess
finite fourth-order moments. Recall that the target parameter of ICA is I'.

2.2. Location and scatter functionals

In robust and nonparametric communities the characteristics of a distri-
bution are often described by functionals. Let F), be the cumulative distri-
bution function (cdf) of a p-variate random variable z. A location functional
T(F;) is a vector-valued (p x 1) functional, which is affine equivariant in the

sense that
T(Fazsp) = AT(F,) +b
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for all nonsingular px p matrices A and for all p-vectors b. A scatter functional
S(F,) is a p x p -matrix-valued functional which is positive definite and affine
equivariant in the sense that

S(Fapiy) = AS(F,) AT

for all nonsingular pxp matrices A and for all p-vectors b. A scatter functional
S is said to possess the independence property if S(F,) is a diagonal matrix
for all x with independent components—a property which not all scatter
matrices enjoy, but which is essential in independent component analysis.
The first examples of location and scatter functionals are the mean vector
and covariance matrix:

Ti(F,) = E(z) and Si(F,) =E ((z — E(z))(z — E(z))") .

The covariance matrix S; has the independence property. In the semipara-
metric model Ty (F,) = p and Sy (F,) = X.

Location and scatter functionals can be based on the third and fourth
moments as well. A location functional based on third moments is

Ty(F,) = %E ((z — E(2))"S1(F,) Nz — BE(2))z) .

Last, a scatter matrix based on fourth moments is

1 _
Sa(Fy) = PR ((z = E(2))(z — E(2))"Si(F:) " (2 — B(w))(z — E(x))"),
which has the independence property (Oja et al. (2006)). Note now that
these functionals can be used to standardize the random vectors in the semi-
parametric model as clearly

Tl(in) = 0, TQ(le) = (S, Sl(le) = Ip, and SQ(FZI) =A.

2.3. Skewness, kurtosis, and unmizing matriz functionals

Without fixing any particular location and scatter functionals, like the
moment-based functionals in the above, the unmizing matriz functional G
(p X p), skewness functional d (px 1) and kurtosis functional L (p X p), based
on two pairs of some location and scatter functionals, (71, 51) and (73, Ss),
can be defined as follows.



Definition 2.1. Let a matriz-valued functional G, a vector-valued functional
d, and a diagonal matriz-valued functional L be defined so that, if z =
G<Fx)<$ - TI(Fx)); then

Tl(Fz) = O, Sl(Fz) = [pa TQ(FZ) = d, (md SQ(FZ) = L,
where d > 0 and the diagonal elements of L are in a decreasing order.

Note that G and L are solutions of the eigenvector and eigenvalue problem
S71S,GT = GTL.

A solution G is then unique up to a permutation, rescaling and sign changes of
the rows. Among these, Definition 2.1 then picks up the solution G for which
S1(F,) = I,, To(F,) > 0 and S3(F.) is a diagonal matrix with decreasing
diagonal elements. The first condition fixes the scales, the second one the
signs, and the third one the order of the rows of G. The solution G then also
satisfies

GSlGT = ]p and GSQGT = L,

where, as before, L is a diagonal matrix consisting of the eigenvalues of
S 1S,. The solution is unique if d > 0 and L has distinct diagonal elements.
For functionals G, d, and L we then have the following lemma:

Lemma 2.1. Assume the semiparametric model v = Qz+ u, where for some
location functionals Ty and Ty and for some scatter functionals S and Ss,
Ty (F,) = 0, Si(Fy) = I,, To(F,) = 6 > 0 and So(F,) = A is a diagonal
matriz with diagonal elements \y > ... > X\, > 0. If G is based on (T4, S1)
and (T3, Ss), then

G(F,) =T, d(F,) =9, and L(F,) =A.
The functionals are affine equivariant and invariant in the sense that
G(Fapys) = G(F)A™, d(Fapys) = d(F,), and L(Fa.y) = L(F,).
for all nonsingular p X p matrices A and all p-vectors b.

The values of the functionals at the empirical distribution F;, yield natural
Fisher consistent estimates of the corresponding population quantities. For



an estimate of T'(F,) we then write T'(F},) or T'(X) where X is an n x p data
matrix. To simplify notation, we write

Ty =T(F,), S1=051(F,), Ty="Ty(F,), and Sy = Sy(F,),
and
Ty = Ti(F,), Si=5S1(F,), Tr=TsF,), and S, = Sy(F,).
Most of the time, the interest lies in the population parameters
I'=G(F,), §=4d(F,), and A= L(F,)

and their Fisher consistent estimates

['=G(F,), 6=d(F,), and A= L(F,),

respectively. Of course, the estimates ) ¢ [ and A adopt the same equivariance
and invariance properties as the corresponding functionals meaning that

GXAT +1,0") = G(X)A™,
d(XAT +1,b") = d(X) and
L(XAT +1,b") = L(X).

2.4. Connections to ICA, ICS and classical skewness and kurtosis measures

It Ty, T, Sy and Sy are the moment-based functionals we can say more,
and find similarities in the literature. First, if the observations come from a
continuous distribution, the estimates exist and are unique with probability
one. Second, the estimate I' is the well-known FOBI estimate in the IC
model. Third, in the univariate case (p = 1), ||8||* and A reduce to the
classical univariate skewness and kurtosis measures

Be—B@P) | E@-E@)
B —E@)P " 3B — B@)

In the multivariate case Mardia (1970) defined different moment-based mea-
sures of skewness and kurtosis for a sample X = (z1,...,x,)" as

1 n n . a A
b= Do (= T)" S (g = T)?
i=1 j=1



and
1 & e
by = - z;((mi —T)TS (2 — Th))?
1=
which use the moments of elements of a maximal invariant statistic, the n xn
matrix
(X - 1nT1T)Sl_1(X - 1nT1T)T
Our skewness and kurtosis statistics are based on third and fourth moments
of another maximal invariant statistic, namely, the n x p matrix

7= (X — LI,

Matrix Z gives the observations in an invariant coordinate system (Tyler
et al. (2009)). Still another invariant coordinate system (maximal invari-
ant statistic) based on p + 1 observations was proposed by Chakraborty
and Chaudhuri (1999). Their approach is known as the transformation-
retransformation approach. See also Serfling (2010) for a general discussion
on standardization, weak covariance, transformation-retransformation, and
strong invariant coordinate system functionals. Bera and John (1983) use the
third and fourth moments of the “scaled residuals” in (X —1,77)S; Y2 (with

a symmetric square root matrix). Unlike Mardia’s statistics and our skewness
and kurtosis statistics, their statistics are not affine invariant, however.

3. Asymptotical properties

We are interested in the limiting behavior of the estimates 5, ' and A.
As the estimates are affine equivariant and invariant, it is not a restriction
to assume that

T1=0, S=1, Tho=0 and Sy =A , and therefore I' = I,.

For uniqueness, we assume that ; > 0,7 = 1, ..., p, and the diagonal elements
of A are strictly ordered so that Ay > ... > A\, > 0.

We assume that the location and scatter estimates, not necessarily moment-
based yet, are root-n consistent, that is,

VT = 0,(1) and /n(S; — I,) = O,(1)

as well as

V(Ty — 6) = 0,(1) and /n(S; — A) = O,(1).

Then we have the following result.



Theqrem 3.1. If Tl, 31, Ty and Sy are root-n consistent, then so are 3, r
and A and

V(S — 8) = /(T - 8) = ATy + Va(l - L)+ 0,(1)

and

VP —1) = = Va8~ 1)+ oy(1),
(N = M)Vl = Vn(Se)i; — Miv/n(S1)ij + 0,(1), i # j, and
Vi =X) = Va((82)i — X) = Av/n((S1)ii — 1) + 0p(1).
Proof. First note that since the transformation (71, 51,3, S2) — (d, G, L

is continuous in a neighborhood of (0, 1,,, §, A), and (T1, Sy, T, S5) —p (0, I,,0,\),
also (6,1, A) —p (6,1, A). As

~—

§=1, ((X y 1nT1T)fT> ,
it follows by affine equivariance that
Jn (T2 ((X - 1nT1T)fT> - 5) — nl(Ty — Ty — 8) + v/n(' = 1)6.

Then by Slutsky’s theorem /nIl'(Ty — T} — 6) — /n(Ty — 8) ++/n1} converges
to 0 in distribution and therefore in probability as well. Thus

Sl (Ty — Ty = 8) = Va(Ty — 8) — /il + 0,(1),

and the first part of the theorem follows. For I' and A we utilize the estimat-
ing equations . o R
LS IT7T =1, and T'S,I7 = A.

Then

N ~

( I,)5: 17 + ( 1—]p)f‘T—|—(F—Ip)T = 0 and
(I - )Sf F (S = MIT AT - 1)T = A-A

and Slutsky’s theorem gives

V(S — 1) = —/n(l —1,) —vn( — L) +0,(1) and
VS, —A) = —/n(l — L)A — VoA — L) + V(A — A) + 0,(1).

9



These equations yield the desired results for [ and A.

In the matrix form, we can write

Vi diag(F ~ 1) = 2/ diag($, 1) +0,(1),
vn ([ = diag®)) = VA HG ((§2 A = (S — 1p>A> +0,(1), and
Vi (A=8) = vadiag(($ - A) = (Si=L)A) +o,(1),
where H is a p x p matrix with elements
Hy; =0, ifi=j, and H; = (\— )", if i # ],

diag(T") for example is a diagonal matrix with the same diagonal elements as
[, and ® means the Hadamard (entrywise) product.

Note that the principal component analysis is a special case here: if one
takes Sy = I, (constant) and Sy = S, the theorem gives the limiting behavior
of the eigenvectors and eigenvalues of S.

4. Limiting distributions of the moment-based estimates
We next establish the limiting distributions of the estimates 5, [ and A
obtained by using the moment-based location and scatter statistics

n

A .1 . .
==, and 8 ==Y (2, —T)(z; — T)"
1 nZZZ;x, al 1 nZ(IE 1) (w 1)

i=1

and
n

N 1 A ~ N
TQ = % Z(Z’Z — Tl)TSfl(ZCZ' — Tl)l'z
i=1
and

n

A_; - NS (e T AN\T
SQ i n(p+2> ;(Iz Tl)(xz Tl) Sl (IIIZ T1>(Q;‘Z T1> .

Again, as the estimates are affine equivariant and invariant, we may assume
that the population values are

T, =0, Si=1, To=90 and Sy =A , and therefore I' = I,.

10



Thus z; = z;, i = 1, ...,n, and we write

Tl = lezn:z,-, and Sl = ;ZH:ZZZZT
i=1 i=1

and
. 1 — - 1 -
T = — 22 2z and Sy = ——— 22l 22T
2 npizz;lz (A 2 n<p+2)lzz;lz 1~

If the first eight moments of z; exist, the joint distribution of

T
vec(Sy — I,)
vn T, -0
vec(Sy — A)

is, by the central limit theorem, a 2(p + p?) variate (singular) normal distri-
bution with mean zero and covariance matrix given by

T
i i
vec(zizl — 1) vec(ziz] — 1)

D=FE ) IljziziTzi -0

1, T, T 1, T, T

vec <ﬁzizi 2z, — A) vec <ﬁzizi 2z — A)
One can show that
T, T

Jn vec(ASl -1, _ oV ( +o,(1),

T, — 9 15 — )
vee(Sy — A) vec(Sy — A)
where
I, 0 0 0
0 I 0 0
C = p
031 032 Ip 0
041 C42 0 Ip2
with

2) 1
Oy = —=1I, and Cy = ——FE (= @ (z27))
D p

11



Cy = i3 [E((zf2)(I, ® z)) + E (3] 2)(z © L)) + 2 E (2 ® (2:2]))]
and 1
Cip = —mE ((z:2]) ® (22])) -

The asymptotic normality of

T
vee(Sy — I,)
vn T, —6
vec(Sy — A)

then follows.
Finally, if 9; > 0, i = 1, ..., p, and the diagonal elements of A are strictly
ordered, we get

. T
00 S 1 I
vn vec(A—A) — BVn Uec(l_p>
Por oo |
vec( 4 ) U€C<A2—A)
where
By Bz Biz By
B = 0 Byp 0 By
0 Bs; 0 DBsy
with

1
By = —1,, and B, =[6"®1,)] —§diag(vec(1p)) — diag(vec(H))(A ® I,)

and
B3 =1, and By = [0" ® I,)diag(vec(H))

and
Byy = —diag(vec(1,))(A® I,) and By = diag(vec(1,))

12



and
Bsy = —%diag(vec(fp)) — diag(vec(H))(A® I,) and Bsy = diag(vec(H)).
(The matrix H is given in Section 3.)

We have thus proved the following theorem.

Theorem 4.1. Assume that X is a random sample from the semiparametric
model with Q =1,, p=0,0; >0,7=1,...,p, and \y > ... > X\, > 0. Assume
also that the first eight moments of z; are finite. Then

6—6
Vn | vec A—A

A~

vec |I' — 1,

has the limiting (singular) p + 2p*-variate normal distribution with mean
value zero and covariance matriv BCDCT BT,

By affine equivariance and invariance properties of the estimates this gener-
alizes to

Corollary 4.1. Assume that X is a random sample from the semiparametric
model with 0; > 0, t =1,....p, and Ay > ... > X\, > 0. Assume also that the
first eight moments of z; are finite. Then

(o
Vn | vec A—A
' vec(f‘—F)

has the limiting (singular) p + 2p*-variate normal distribution with mean
value zero and covariance matric ABCDCT BT AT where

L, 0 0
A=| 0 L. 0
0 0 IT®I,

13



Remark 4.1. Under the assumption of central symmetry (i.e. z; ~ —z;)
the value of 6 = 0, but even then the unmizing matriz functional satisfying
DS I7T = I, is affine equivariant up to the signs of its row vectors. In order
to fix the signs of the unmixing matrix functional and the estimate of it, we
can require for example that I'l, > 0 (and set f’lp > 0). Now, even under the
assumption of central symmetry, the limiting joint distribution of L and A is
the one given in Theorem 4.1 and Corollary 4.1. In the elliptic case § = 0
and A = I, and the limiting behavior of 0, A, and T is unknown. However,
the limiting properties of H5H2 and the mean and variance of the elements of
A are known, see Section 5.2.

Remark 4.2. In this section we derived the asymptotic joint distribution
of the skewness, kurtosis and unmizing matrixz estimators for moment-based
functionals. Since Theorem 3.1 is not restricted to moment-based functionals,
the same methodology can be used when other location and scatter functionals
are considered, as long as the joint limiting distribution of the corresponding
location and scatter estimates is known.

5. Applications and concluding remarks

5.1. Statistical inference

The results in Section 4 can be used to find estimates of the limiting co-
variance matrices of the estimates f‘, 5 and A. These could then in turn be
used in the construction of confidence ellipsoids for the parameters. The re-
sults can also be employed in the development and the conduct of interesting
testing procedures, which we are currently working on.

To estimate the limiting distribution in practice, one can proceed as fol-
lows.

1. Calculate Tl, Tg, Sl and 32.
2. Find estimates I',  and A.
3. Transform observations to the invariant coordinate system:

7= (X — 1,77,

4. Find estimates ﬁ, C’, B and A: in the formulas for D and C replace
the expectations by averages and the (unknown) z; by 2;, i = 1,...,n.

14



5. Then, approximately,

0
vec <A — A) ~ Ny ( AééﬁéTBTAT)
vec (f‘ — F)

A bootstrap technique can also be used to estimate the distributions of
the sample statistics: Let U be a random n X n matrix such that the rows are
independent and the row vectors have Multin(1;(1/n,...,1/n)) distribution.
Then U is called a bootstrap matrix and UX is a bootstrap sample. The
bootstrap estimates of the covariance matrices of I, 6 and A, for example,
can be found as follows.

1. Calculate Tl, TZ, Sl and gg.

Find estimates f, 6 and A.

Choose M independent bootstrap matrices Uy, ..., Uy;.
Calculate M bootstrap samples X =U; X, i =1,..., M.
Calculate M bootstrap estimates

A

K3 K3

oF =d(X?), T:=G(X}) and Af = L(X}), i=1,.., M.
6. Calculate the sample covariance matrix of
or —6
e (5-) | oonm
vec (f‘j — f)

5.2. Tests for normality and ellipticity

Skewness and kurtosis statistics can be used to test for normality and/or
ellipticity. In the elliptic case = 0 and A = AI,. In the multivariate normal
case A = 1. Our assumptions for § and A stated in Theorem 3.1 are thus
not true, and the limiting behavior of B , A, and I is unknown. However, the
limiting properties of ||(§ | and the mean and variance of the elements of A
are known, and may be used in the following way.

As skewness and kurtosis are affine invariant, it is not a restriction to
assume that the distribution is spherical. Then

T1:T2:O, Slzlp and 52:)\11,,

15



for some A > 0. It is well known that in the spherical case the location
statistics often satisfy

. 1 < .
Vil = 23 i)+ o(1), i = 1,2
7j=1

and the scatter statistics satisfy

~

VIS = 5) = <= 30 (el = A()S) + o, (1). i =12

where r; = ||z;|| and u; = ||;]|"'2;, i = 1,...,n. Functions v;, a; and 3; then

give the influence functions for T; and S;, respectively.
Kankainen et al. (2007) proposed the use of the skewness and kurtosis
statistics

U= (T, —T)TSTYTy — T1) and W =||S;18, — L,||?
for testing multivariate normality. It is then straightforward to see that
U= 82 and W=~ 5|2 =t ((A-1,)?).
Kankainen et al. (2007) proved that

Theorem 5.1. In the multivariate normal model,

(i) the limiting distribution of nU‘ is that of mUy, where Uy ~ x2 and
m = (1/p)E[(71(r) — 72(r))?] with r* ~ X

(i1) the limiting distribution of nW is that of
e Wi + n3 W,
where Wp ~ Xg(p+1)/271 and Wy ~ x? are independent,

2

Y 2)E[(a2(7”) —ay(r))’]

2 =

and

3 = %E[(az(?“) — a1(r))?] = 2E[(az(r) — aa(r)) (Ba(r) — Bi(r))]

+pE[(Ba(r) = Bu(r)?].

The expected values are calculated for r? ~ XIZJ.
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The statistics U and W; can be used to test for ellipticity as well (but
with different limiting distributions). Mardia (1970) advocated using his
skewness and kurtosis statistics to test for multivariate normality. Under the
null hypothesis of multivariate normality

nb; n(bz — p(p +1))?

6 and 8p(p +2)

have limiting chi-square distributions with p(p+1)(p+2)/6 and 1 degrees of
freedom, correspondingly. Kankainen et al. (2007) obtained the limiting Pit-
man efficiencies of U and W with respect to Mardia’s statistics for contiguous
sequences of contaminated normal distributions.

Nordhausen et al. (2010) discuss the general idea of using of 6 and A in
the selection of an appropriate model for the data. Our results now provide
the basic elements to convert their ideas into formal inference tools.

5.8. Invariant coordinate selection

Tyler et al. (2009) introduced a general method for exploring multivari-
ate data called the invariant coordinate selection. In their approach, they
used two shape (not scatter) matrices to find invariant coordinate system;
the resulting coordinate system is invariant up to coordinatewise location,
sign, and scale. Here, by associating two scatter statistics together with two
location statistics, we also fix the location, sign, and the scale, and obtain a
fully invariant coordinate system. The invariant coordinate system is useful
in many ways. Plotting the observations in the new coordinate system

Z— (X - 1,77,

helps in finding outlying observations and clusters in the data. In the case
of mixtures of elliptical distributions, a subset of invariant coordinates corre-
sponds to Fisher’s linear discriminant subspace (Tyler et al. (2009)). Invari-
ant coordinate selection may thus be seen as a tool for dimension reduction
as well. Note that Z is a maximal invariant statistic under the group of affine
transformations.

5.4. Independent component model

In the semiparametric independent component model, matrix [ is a so-
lution to the IQA problem. If Ti, Si, 175 and Sy are the moment-based
estimates, then I" is the well-known FOBI estimate. Our approach thus gives
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a whole family of unmixing matrix estimates for the ICA problem. Further-
more, the limiting properties of the estimates can be considered and com-
pared in our approach. Nordhausen et al. (2009) and Oja et al. (2010) found
optimal signed-rank tests for location and independence in the independent
component model.
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