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amalgamation, and FC property
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April 25, 2012

Abstract

We define the notion of preGarside group slightly lightening the definition of Garside group
so that all Artin-Tits groups are preGarside groups. This paper intends to give a first basic
study on these groups. Firstly, we introduce the notion of parabolic subgroup, we prove
that any preGarside group has a (partial) complemented presentation, and we characterize
the parbolic subgroups in terms of these presentations. Afterwards we prove that the amal-
gamated product of two preGarside groups along a common parabolic subgroup is again a
preGarside group. This enables us to define the family of preGarside groups of FC type as the
smallest family of preGarside groups that contains the Garside groups and that is closed by
amalgamation along parabolic subgroups. Finally, we make an algebraic and combinatorial
study on FC type preGarside groups and their parabolic subgroups.

AMS Subject Classification. Primary: 20F36.

1 Introduction

Let S be a (non necessarily finite) set. A Coxeter matriz over S is a square matrix M =
(mst)stes indexed by the elements of S and satisfying (1) mss = 1 for all s € S; (2) my; =
mes € {2,3,4,...,00} for all s,t € S, s # t. With this combinatorial data one can associate
an Artin-Tits group, which we denote by G = Gy, and which is combinatorially defined by the
generating set S and the relations

sts--- = {tst--- , fors,teS, s#tand ms; # 0.

ms,t terms ms,t terms

The Cozeter group associated with M, denoted by W = Wy, is the quotient of G by the
relations s2 =1, s € S.

An Artin-Tits group Gy is called of spherical type if the Coxeter group Wi, of M is finite. In
the early 1970s, inspired in particular by the work of Arnold [3, 4, 5, 6] on the cohomolgy of
braid groups and the work of Garside [29] on the conjugacy problem of braid groups, Brieskorn
[8, 9, 10], Saito [11], and Deligne [23] (see also [40, 36]) initiated the study of spherical type
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Artin-Tits groups as well as they links with hyperplane arrangements. These groups are now very
well-understood. In particular, they are known to have solvable word and conjugacy problems,
and to be biautomatic [12, 13], and the spaces of regular orbits of the associated Coxeter groups
are classifying spaces for them [23].

The next important step in the study of Artin-Tits groups was Van der Lek’s thesis [46] whose
main result is that every Artin-Tits group is the fundamental group of the space of regular orbits
of the associated Coxeter group acting on the complexified Tits cone. But, it also contains a
study on parabolic subgroups of Artin-Tits groups, as well as the statement of the so-called
K(m, 1) conjecture for Artin-Tits groups, one of the central questions in the subject. Recall that
a standard parabolic subgroup of Gy is defined to be a subgroup generated by a subset of S,
and a parabolic subgroup is a subgroup conjugate to a standard parabolic subgroup. By [46] (see
also [42, 35]), a standard parabolic subgroup is itself an Artin-Tits group in a canonical way.

In [14] Charney and Davis used techniques from hyperbolic geometry and geometric group theory
(CAT(0) spaces) to solve the K (m, 1) conjecture on two new families of Artin-Tits groups: that
of Artin-Tits groups of FC type, and that of Artin-Tits groups of dimension 2 (see also [15]). The
family of Artin-Tits groups of FC type is the smallest family of Artin-Tits groups that contains
the Artin-Tits groups of spherical type and that is closed under amalgamation over standard
parabolic subgroups. On the other hand, an Artin-Tits group Gy is of dimension 2 if, for every
subset X of S of cardinality at least 3, the parabolic subgroup of Gj; generated by X is not
of spherical type. The word problem is known to be solvable for these groups [16, 1, 2], but it
is not known whether they have solvable conjugacy problem. An algebraic and combinatorial
study of parabolic subgroups of these groups can be found in [31, 32].

Two notions play a prominent role in all these studies: that of parabolic subgroup (already
defined), and that of Artin-Tits monoid. The Artin-Tits monoid associated with the Coxeter
matrix M is the monoid having as monoid presentation the same presentation as Gjys viewed as
a group. By [43], this embeds into G ;.

Inspired by Garside’s work [29] and Thurston’s work [28] on braid groups, both extended to
spherical type Artin-Tits groups (see [12, 13]), Dehornoy and the second author [22] introduced
in 1999 the notions of Garside monoids and Garside groups (see also [18]), and they showed that
these monoids and groups share many properties with Artin-Tits monoids and groups of spherical
type such as solvable word and conjugacy problems, torsion freeness, and biautomaticity. Since
then, Garside groups have become popular objects of study. Their definitions are given in
Section 2.

We define (see Section 2) the notion of preGarside monoid slightly lightening the definition of
Garside monoid so that all Artin-Tits monoids are preGarside monoids. A preGarside group is
defined to be the enveloping group of a preGarside monoid. Although these notions are not new
(see [26, 19, 20]) (preGarside monoids are often called locally Garside monoids), there are no
studies dedicated to these monoids and groups. Hence, the present paper may be considered as
a first step to their study.

In Section 2 we define the notions of standard parabolic submonoid of a preGarside monoid
and of standard parabolic subgroup of a preGarside group. These definitions extend, in the one



hand, the notion of standard parabolic subgroup (resp. submonoid) of an Artin-Tits group (resp.
monoid), and, in the other hand, the notion of standard parabolic subgroup (resp. submonoid)
of a Garside group (resp. monoid) [33, 34]. We prove that any preGarside monoid (or group)
has a (partial) complemented presentation in the style of the complemented presentations for
Garside groups and monoids given in [22] (see Theorem 2.6). Moreover, we show that a standard
parabolic subgroup (resp. submonoid) is necessarily generated by some subset of the generating
family of the (partial) complemented presentation, and give necessary and sufficent conditions
for a subset of this generating family to span a standard parabolic subgroup (resp. submonoid)
(see Theorem 2.8).

The most significant result in Section 3 is that the amalgamated product Mj *xy My of two
preGarside monoids M7, M5 along a common standard parabolic submonoid N is again a pre-
Garside monoid (see Proposition 3.11). But, our study does not end with this result. Indeed,
we also prove that the two monoids M7, My embed into My*xy M, (Proposition 3.1) —this is not
true in general- and that the amalgamated product M *ny My admits normal forms similar to
the standard normal forms for amalgamated products of groups (Proposition 3.3). Moreover,
we characterize the standard parabolic submonoids of M %y Ms in terms of standard parabolic
submonoids of M; and of My (Proposition 3.12).

The fact that the amalgamated product of two preGarside monoids along a common standard
parabolic submonoid is still a preGarside monoid enables us to construct new examples of
preGarside groups (and monoids). It also enables us to define the family of preGarside monoids
of FC type as the smallest family of preGarside monoids that contains the Garside monoids
and that is closed by amalgamation along standard parabolic submonoids. This extends the
definition of Artin-Tits monoids (and groups) of FC type given above.

Section 4 is dedicated to the algebraic and combinatorial study of preGarside groups of FC type
and their standard parabolic subgroups. In particular, we prove the following.

Theorem 4.10. Let M be a preGarside monoid of FC type, and let G(M) be its enveloping
group.
(P1) The natural morphism ¢ : M — G(M) is injective.

(P2) Let N be a standard parabolic submonoid of M. The standard parabolic subgroup of G(M)
generated by N is isomorphic to G(N), and we have G(N)N M = N.

(P3) Let N,N' be standard parabolic submonoids of M. Then N N N' is a standard parabolic
submonoid, and G(N) NG(N') = G(N N N').

(P4) G(M) is torsion free.
Properties (P1), (P2), and (P3) of the above theorem are known to hold for all Artin-Tits
monoids [43, 46]. Actually, the second part of Property (P2) is not proved (nor stated) in [46],

but it can be easily deduced from it. However, to know whether Property (P4) holds for all
Artin-Tits monoids is an open question.

Concerning the algorithmic properties of FC type preGarside groups we prove the following.



Corollary 4.16. Let M be a finitely generated preGarside monoid of FC type, let S be its set
of atoms (which generates M ), and let G(M) be the enveloping group of M.

(1) G(M) has a solution to the word problem.

(2) There exists an algorithm which, given w € ST*, decides whether the element W in G(M)
represented by w belongs to M or not.

(8) Let H be a standard parabolic subgroup of G(M). There exists an algorithm which, given
w € 8**, decides whether W € H.

2 Parabolic submonoids and subgroups, and presentations

2.1 Definitions and basic properties

We start with some terminology. Consider a monoid M. It is said to be cancellative if, for
all a,b,c,d € M, the equality cad = cbd imposes a = b. An element b is called a factor of an
element a if we can write a = ¢bd in M. We denote by Div(a) the set of factors of a. When
a = be, we say that b left-divides a and write b <r, a. Similarly, we say that ¢ right-divides a and
write ¢ <g a. An element a is said to be balanced if its sets of right-divisors and of left-divisors
are equal, which in this case have to be equal to Div(a). We say that M is atomic if there exists
a mapping v : M — N, called a norm, satisfying v(a) > 0 for a # 1 and v(ab) > v(a) + v(b)
for all a,b € M. Note that the existence of such a mapping implies that the relations <y, and
=g are partiel orders on M. The enveloping group of a monoid M will be always denoted by
G(M), and the canonical morphism M — G(M) by ¢ =ty : M — G(M).

Definition. A monoid M is said to be a preGarside monoid if

(a) it is cancellative and atomic;

(b) for all a,b € M, if the set {¢c € M |a =, ¢ and b <, ¢} is nonempty, then it has a least
element, denoted by a V. b;

(c) for all a,b € M, if the set {c € M |a =g c and b <p c} is nonempty, then it has a least
element, denoted by a Vj b.

A Garside element of a preGarside monoid is a balanced element whose set of factors generates
the whole monoid. When such an element exists, we say that the monoid is a Garside monoid.
A preGarside group G(M) is the enveloping group of a preGarside monoid M. Similarly, a
Garside group G(M) is the enveloping group of a Garside monoid M.

Remark. We will not assume that our monoids are finitely generated, except when we will study
algorithmic questions. Indeed, although our algorithmic results can be applied to some well-
understood (pre)Garside monoids and groups such as the ones introduced by Digne in [24, 25], a
treatment of questions such as the word problem in the context of infinitely generated monoids
and groups requires extra hypothesis such as a machine which recognizes the generating system
of the given monoid or group. On the other hand, in most of the references (see [21, 22] for
instance), a requirement in the definition of a Garside monoid is that it is finitely generated, but



this is not always true (see [24, 25]). In this paper we remove this requirement, but the reader
must understand that this is not completely standard.

As pointed out in the introduction, the seminal examples of Garside groups are the Artin-Tits
groups of spherical type. Note also that all the Artin-Tits monoids are preGarside monoids, and
hence all the Artin-Tits groups are preGarside groups (see [11] and [41]). We refer to [18, 21]
for the general theory on Garside groups.

Recall that an atom in an atomic monoid M is an element a € M satisfying a = bc = b =1 or
¢ =1 for all b,c € M. We denote by A(M) the set of atoms of M. Note that any generating
set of M contains A(M). In particular, M is finitely generated if and only if A(M) is finite.

Remark. Let v : M — N be a norm. Let g € M. If g = x1--- x4 is an expression of g over
the atoms, then ¢ < v(g). In particular, the lengths of the expressions of g over the atoms are
bounded. Then, it is easily seen that the map 7 : M — N which sends each g € M to the
maximal length of an expression of g over the atoms is a norm.

Remark. A monoid M is Noetherian if every sequence (ay)nen of elements of M such a1 is
a factor of a, stabilizes. It is easily seen that an atomic monoid is Noetherian, and, if M is a
finitely generated monoid, then M is Noetherian if and only if it is atomic. Many of the results
in the paper can be proved in the framework of Noetherian monoids, but the proofs are longer
and more complicate. So, in order to simplify and shorten the proofs, we decide to make our
study with atomic monoids.

Lemma 2.1. Let M be a preGarside monoid, and let X C M be a nonempty subset.

(1) The set {a € M |a =1  for allz € X} has a greatest element (for the ordering <r,),
denoted by N, X. Similarly, the set {a € M |a =g = for all x € X} has a greatest element
(for the ordering <g), denoted by Ng X .

(2) If the set {a € M|z =<r, a for allxz € X} is nonempty, then it has a least element (for
the ordering <r,), denoted by vV, X. Similarly, if the set {a € M |z <p a for all x € X} is
nonempty, then it has a least element (for the ordering <gr), denoted by Vi X.

Proof. Let Y ={y € M |y <p z for all z € X}. Note that 1 € Y, thus Y # 0. Let v: M — N
be a norm on M. The set {v(y) | y € Y} is bounded by v(z) for any z € X, thus we may
choose yy € Y such that v(yg) is maximal. If y € Y, then y Vv, yo exists and (y V, yo) <r x for
all x € X, that is, (y V. yo) € Y. Since v(yo) is maximal, it follows that yo = (y V. yo), hence
Yy = Yo- S0, yo = N\ X. Now, set Z ={z€ M |z <y z for all z € X} and suppose Z # (). It is
easily checked that A, Z € Z, hence A, Z is the least element of Z. O

In the next proposition we gather some results on Garside monoids that we will need in the
sequel. We refer to [18, 26] for the proof.

Proposition 2.2. Assume M is a Garside monoid.

(1) The monoid M has a (unique) minimal Garside element &, simply called the minimal
Garside element of M.



(2) M is a lattice for left-divisibility and for right-divisibility. Furthermore, it injects into its
enveloping group G(M).

(3) Let A be a Garside element. Any element a in M has a unique decomposition aj - - - ay,
such that a, # 1 and a; is the greatest element of Div(A) that left-divides a; - - - ay, for all
ie{l,...,n}.

(4) Every element g in G(M) has a unique decomposition ab™' with a,b in M and a N\g b =
1. [l

The decomposition in Proposition 2.2 (3) is called left greedy normal form. One can define a
right greedy normal form in a similar way. In this paper, by a greedy normal form we will always
mean a left greedy normal form. The decomposition in Proposition 2.2 (4) is called right normal
form. One can also define a left normal form in a similar way. From now on, by a normal form
we will always mean a right normal form.

2.2 Parabolic subgroups

In [33] the first author introduced the notion of a standard parabolic subgroup of a Garside
group. Here we extend this notion to the framework of preGarside groups.

Definition. Let M be a monoid and let N be a submonoid. We say that N is special if it is
closed by factors, that is, abe N = a,b € N, for all a,b € M.

Definition. Let M be a preGarside monoid, and let G(M) be its associated preGarside group.
Denote by ¢ : M — G(M) the canonical morphism. A submonoid N of M is said to be a
standard parabolic submonoid if

(a) it is special;
(b) for all a,b € N, if a V, b exists, then a V, b € N, and if a Vy b exists, then a Vz b € N.

A standard parabolic submonoid is of spherical type if it has a Garside element. A subgroup
of G(M) is a standard parabolic subgroup if it is generated by the image ((N) of a parabolic
submonoid N of M. From now on, as we will never talk about general parabolic submonoids and
subgroups, by a parabolic submonoid or subgroup we will mean a standard parabolic submonoid
or subgroup.

Lemma 2.3. Let M be a preGarside monoid, and let N be a parabolic submonoid of M.

(1) The monoid N is a preGarside monoid. Moreover, it is a Garside monoid if and only if
it 1s a spherical type submonoid of M.

(2) Let X be a non-empty subset of N. Then N\, X and Ny X belong to N. Similarly, V, X and
Ve X belong to N when they exist.

Proof. The only non-trivial part of the lemma is that V., X and VzX belong to N when they
exist. Suppose that vV, X exists. Let v : M — N be a norm. Observe that, if Y is a nonempty



finite subset of X, then V,Y exists, V,Y € N, and V,Y <y VX, thus v(V,Y) < v(V,X). Now,
choose a nonempty finite subset Yj of X such that v(V,Yp) is maximal. If there was x € X such
that A1 V,Yp, then we would have (V,Yy) 21 (Vi (Yo U{z})), thus v(V,Yy) < v(Vo (Yo U {x}),
which would contradict the maximality of v(V,Yp). Hence, z < V. Y) for all z € X, therefore
vV, X =V, Yy € N. O

As in the case of Artin-Tits groups, we can say more on parabolic submonoids when the pre-
Garside monoid is a Garside monoid.

Lemma 2.4. Let M be a Garside monoid, let A be a Garside element of M, and let N be a
parabolic submonoid of M.

(1) The monoid N is of spherical type. Moreover, there exists a Garside element Ayx of N
such that Div(An) = Div(A) N N.

(2) An element of G(N) has the same left-normal form (resp. right-normal form) in G(N) as
in G(M).

Proof. Every element of Div(A) N N left-divides A, thus V,(Div(A) N N) exists. It lies in
N by Lemma 2.3. Similarly, Vz(Div(A) N N) exists and lies in N. Since V,(Div(A) N N) and
Ver(Div(A) N N) belong to Div(A) N N, we have V. (Div(A) N N) < Vg(Div(A) N N) and
Ve(Div(A) N N) <1, V. (Div(A) N N), thus V,(Div(A) N N) = Vg(Div(A) N N), because M
is atomic. We denote by Ay that element. By definition, we have Div(A) N N C Div(Ay).
On the other hand, we have Div(Ay) C Div(A) N N, since Div(A) N N contains Ay. So,
Div(Ax) = Div(A) NN, and Ay is balanced. It remains to show that Div(Ay) generates N.
Let a € N. Let a = ajaz - - a, be its left greedy normal form. Then a; € Div(A) by definition,
and a; € N since N is special, thus a; € Div(A)N N = Div(Ay). The second part of the lemma
is left to the reader. O

Proposition 2.5. Any Garside monoid M satisfies the following properties.
(P1) The canonical morphism v : M — G(M) is into.

(P2) If N is a parabolic submonoid, then the associated standard parabolic subgroup is isomor-
phic to G(N). Moreover, one has G(N)NM = N in G(M).

(P3) If N and N' are parabolic submonoids, then N NN’ is parabolic and G(NNN') = G(N)N
G(N').

(P4) The group G(M) is torsion free.

Proof. Property (P1) is proved in [22]. Property (P2) is implicit in Lemma 2.4 and proved in
[33]. Property (P3) is also proved in [33]. Property (P4) is proved in [17]. O



2.3 Presentations

Definition. Recall that an (undirected simple) graph is an ordered pair I' = (S(I"), E(T")) =
(S, E) consisting of a set S of vertices together with a set E of edges, that are 2-element subsets
of S. With I we associate the set

E() = {(a,b) € S x S | {a,b} € E(I')}.

A partial complement on S (based on the graph I') is a mapping f : E(F) — S*. The monoid
associated to f on the left is the monoid M (T, f) defined by the following monoid presentation

ML(T, f) = (S |2 f(z,y) =y f(y,x) for {z,y} € BT))".

Similarly, the monoid associated to f on the right is the monoid Mg (T, f) defined by the monoid
presentation

MR(F’f) = <S | f(y,$)$ = f(xay)y for {x’y} € E(F)>+ :

Definition. Let M be a preGarside monoid, and let S be a generating set for M which does
not contain 1. Let I'y, = I'(S, M) denote the graph on S such that {a,b} € E(I'r) if and
only if a # b and a V, b exists. Similarly, I'r = T'r(S, M) denotes the graph on S such that
{a,b} € E(T'r) if and only if @ # b and a Vx b exists. A left selector on S in M is a partial
complement fr, on S based on I'y, such that = fr(z,y) and y f1(y, ) represent x V, y for all
{z,y} € E(I'y). Similarly, a right selector on S in M is a partial complement fr on S based on
I'r such that fr(y,z)x and fr(z,y)y represent x Vi y for all {z,y} € E(T'R).

The following theorem extends [22, Thm.4.1] and is proved in the same way.

Theorem 2.6. Let M be a preGarside monoid, let S be a generating set for M that does not
contain 1, let Ty, =T (S, M) be as defined above, and let f, be a left selector on S in M. Then
M >~ Mp(Tr, fr).

Proof. We denote by = the congruence relation on S* such that M = (S*/ =). On the
other hand, we denote by =1, the congruence relation on S* generated by the pairs (z fr(x,y),
y fr(y,x)), (z,y) € E(FL). If (z,y) € E(FL), then = fr(z,y) and y f1(y, x) represent the same
element, x V, y, thus = fr(z,y) =y fr(y,x). So, if u =f v, then u = v, for all u,v € S*.

For w € §*, we denote by w the element of M represented by w. Let v : M — N be a norm.
We take u,v € S* such that u = v, and turn to prove by induction on v(u) = v(v) that u =, v.
Set € = (), the empty word. If v(u) = v(v) = 0, then u = v = ¢, thus u =1, v. Suppose that
v(u) = v(v) > 0 plus the induction hypothesis. Write u = zu’ and v = yv’, where z,y € S and
u', v € §*. If x = y, then, by cancellativity, v’ = ¢/, thus, by the induction hypothesis, v’ =, v/,
therefore u = zu’ =y, v = xv’. Hence, we can suppose x # y. Since z,y =<1, U, the element x V, y
exists, and (z V, y) =1 u. Choose w € S* such that w = (z V, y)w. By cancellativity, we have
fr(z,y)w = o/, thus, by the induction hypothesis, fr(z,y)w = v, therefore x f1(z,y)w =1, u.
Similarly, v fr.(y, z)w =, v. Since zfr(z,y)w =r, yf(y, x)w, we conclude that u =f, v. O

Remark. In all the algorithmic studies in the theory of Garside groups, a Garside monoid (or
group) is given by a finite generating set S together with two complements fr,, fr on S such



that M = My (Kg, f) = Mgr(Kg, fr), where Kg denotes the complete graph on S. There is no
algorithm that, given a finite set S and two complements f7, fr on S (based on Kg) such that
M (Kg, fr) = Mr(Kg, fr), determines whether M (Kg, f1) is a Garside monoid. However,
there are partial algorithms, say methods, to solve this question (see [18], for instance). Anyway,
it seems reasonable to us that, in order to study algorithmic questions on preGarside monoids
and groups, one has to start with a finite set .S and two complements fr, fr based on I'p, 'R,
respectively, and to assume that M, (T'z, fr) = Mr(Tg, fr) is a preGarside monoid.

Recall that the set of atoms of an atomic monoid M is denoted by A(M). It is easily seen that,
if M is a preGarside monoid and N is a parabolic submonoid, then A(N) C A(M). The proof
of the following is left to the reader.

Lemma 2.7. Let M be a preGarside monoid. Let S be a generating set for M, let I'y =
I'r(M,S), and let f1, be a left-selector on S in M. An element x € S is an atom if and only if,

forally € S\ {z}, either {z,y} & E(T'L), or fr(x,y) # €. O

So, without loss of generality, in order to study algorithmic questions on preGarside groups, one
may assume that the generating set S of M = M(T'r, Fr) = M(Tg, fr) is the set of atoms.
Now, the following shows that (if S is finite) there is an effective way to determine all parabolic
submonoids of a preGarside monoid.

Theorem 2.8. Let M be a preGarside monoid, let f1, be a left selector on A(M) in M, and let
fr be a right selector on A(M) in M. Let X be a subset of A(M), and let N be the submonoid

of M generated by X. Then N is a parabolic submonoid if and only if the following properties
hold.

(a) For all z,y € X, x # vy, if x Vp y exists, then fr(z,y), fr(y,x) € X*. Similarly, for all
x,y € X, x #vy, if x Vg y exists, then fr(z,y), fr(y,z) € X*.

(b) For allz € X andy € A(M)\ X, if x V, y exists, then fr(x,y) € X*. Similarly, for all
re€X andy € A(M)\ X, if x Vg y exists, then fr(y,z) & X*.

Proof. Assume that NN is parabolic. Let x,y € X, x # y. If xV,y exists, then zV,y € N, and any
expression of xV,y belongs to X*, thus fr(z,v), fr(y,x) € X*. Similarly, fr(x,y), fr(y,z) € X*
if xVyy exists. Let z € X and y € A(M)\ X. Suppose that =V, y exists and that fr(z,y) € X*.
Then =V, y = z fr.(z,y) € N,y < V., y, and y ¢ N: a contradiction. So, fr(z,y) € X*.
Similarly, fr(y,x) & X* if x Vg y exists.

Now, we assume that N satisfies Properties (a) and (b), and turn to prove that N is parabolic.
Firstly, we take a € N and an expression a = yi - - - Y, with y; € A(M) for all j € {1,...,m},
and we prove that y; € X for all j € {1,...,m}. We take a norm v : M — N and we argue
by induction on v(a). The case v(a) = 0 being trivial, we can assume that v(a) > 0 plus the
induction hypothesis.

We choose an expression a = x1 - - - x,, of a such that x; € X for alli € {1,...,n}. Since 1 < a
and y; =1, a, x1 VY1 exists. Suppose first that z; = y;. Then T3 T, = Y2 - Ym, thus, by the




induction hypothesis, ¥, ..., ym belong to X. Now, suppose that y; # x;. There exist z1,..., 2,
in A(M) such that

We have

fo(xi,yn)z1--2p =02 an € N,

thus, by the induction hypothesis, fr,(z1,y1) belongs to X* and 21, ..., 2p lie in X. In particular,
by Property (b), we have y; € X, and so, by Property (a), fr(y1,x1) belongs to X*. Finally,

Y2 Um = fL(y1,21) 21 2 € N,
thus, by the induction hypothesis, yo, ...,y lie in X.

Now, we take a,b € N such that a V, b exists, and turn to show that a VvV, b € N. We argue by
induction on v(a V, b). The case v(a V, b) = 0 being trivial, we may assume that v(a Vv, b) > 0
plus the induction hypothesis. If @ = 1, then a V, b = b € N. Similarly, if b = 1, then
aV,b=a € N. So, we can assume that a # 1 and b # 1. Write a = za; and b = yb;, where
z,y € X and a1,b; € N. We have za; = a <p, (a V, b) and z fr(x,y) = (x Vo, y) <L (a V. b),
thus a1 V. fr(x,y) exists and z(a1 V., fr(x,y)) <r (a Vv, b). By the induction hypothesis, it
follows that (a1 V. fr(x,y)) € N. Similarly, by Vv, fr(y, ) exists, y(b1 V., fr(y,x)) < (a V. b),

and (b1 V, fr(y,z)) € N. Since, by the above, any expression of a; V, fr(z,y) lies in X*,
there is as € N such that fr(z,y)as = (a1 V, fr(z,y)). Similarly, there is by € N such that
fr(y,x)ba = (b1 Vi, fL(y,x)). We have

(z Vi y)az =z fr(z,y)az = x(a1 Vy, fr(z,y)) 2L (a V. b).

Similarly, (z V., y)ba =1, (a V. b), thus ay V,, by exists, and (x V, y)(ag V, ba) =1 (a V. b). By the
induction hypothesis, it follows that (as V, by) € N. Finally,

a=zay 2 x(a1 Vi fr(z,y)) = (x Ve y)az 2L (2 Vp y)(az Vi b2),
b=yb1 2 y(b1 Vi fL(y, 7)) = (x Vo y)ba =L (2 Vy y)(az Vg ba),

thus (a V, b) < (x V, y)(a2 V ba), therefore
(a \/L b) - (l‘ \/L y)(aQ \/L b2) € N

It is easily proved in the same way that a Vz b lies in N if it exists. O

3 Amalgamation of monoids

Given two groups G and Gy with a common subgroup H, it is known since the work of Schreier
[44] (see also [27]) that both groups G and Gy embed in the amalgamated product Gi g Ga
above H. In this context, given transversals of G;/H and Go/H that contain 1, it is also known
by results of Serre [45] that every element of the amalgamated product G*p G2 has a unique
amalgam decomposition. In the context of monoids this is not true anymore (see [39, 38]).
In particular, amalgam decompositions do not exist in general, and, even if we can effectively
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decide whether an element of M; lies in IV for ¢ = 1,2, the word problem may be not decidable
in My*n Ms (see [7]). The aim of this section is to prove that, if M; and My are preGarside
monoids and N is a common parabolic submonoid, then Mj*yMs is also a preGarside monoid,
M7 and Ms embed in M7 *y Ms, and amalgam decompositions exist in the later monoid. In
Section 4 we will use this to define and investigate the notion of preGarside monoids and groups
of FC type.

3.1 Special amalgamation of monoids

If My, M5 are two monoids, we denote by F*(My, Ms) the semigroup {(g1,...,9,) | n>1, g; €
M; U My} equipped with the concatenation operation. For g = (g1,...,9,n) we set |g| = n, and
we define €;(g) by gi € M,,(4) for 1 < i < |g|. Note that, with this definition, the semigroup
F*(Mj, M) is not a monoid, since it does not contain the empty sequence € = ().

Definition. Let My, My and N be three monoids such that there exist injective morphisms of
monoids ¢1 : N — M; and 15 : N — Ms. The amalgamated product of the monoids My and My
over N is the monoid Mj*y Ms obtained as the quotient of the free semigroup F* (M, M) by
the congruence = generated by the binary relation =q defined by

(917 e 7gn) EO (917 e 7g’i—17§i7gi+27 e 7gn)
if one of the following conditions holds:

(@) §i = 9iGi+1, With & = gi41;

(b) gi = g (LeiOL;_}rl)(ng), with &; # €;41 and g; 41 belonging to ¢, (IV);
() gi = (LEZ.HOLgil)(gi) gi+1, with ; # €11 and g¢; belonging to ¢, (N);
where €; = €;(g1,...,9n) and ;41 = €i41(g1, -+ -, gn)-

Definition. We say that MixyM> is a special amalgam when My, My and N are three monoids
with two injective morphisms of monoids ¢y : N — M; and 12 : N — M such that ¢;(N) and
t2(N) are special submonoids of M; and Ms, respectively.

Proposition 3.1. Let Mixy My be a special amalgam. Then the canonical morphisms ji :
My — Myxn My and jo : My — Myxy My are injective, and the submonoids j1 (M), j2(Ma) and
j1 ot (N) are special in Myxn My. Moreover, j1(Mi) N jo(Mz) = (j1 0 t1)(N) = (j2 0 12) (V).

Proof. Let g belong to M; and assume (g) = (g1,...,9n). Using that ¢1(N) and wo(N) are
special, we prove by an easy induction on the number of elementary relations =y needed to
transform (g) into (g1, ...,gy,) that, firstly, for each i, g; belongs either to M, or to t3(N) and,
secondly, g = hq---h, in My, where h; = g;, or h; =11 0 Lgl(gi). Therefore, the morphism j;
is injective, and j; (M) is a special submonoid. The rest of the proposition follows from similar
arguments. [l

Note that the fact that the canonical morphisms j; : M1 — My*xy Mo and jo : Mo — My *n Mo
are injective was known before [39], because a special submonoid is unitary (see [7, p. 273] for a
definition). In the sequel, when My Mo is a special amalgam, we identify M7, Ms and N with
their images in My Ms.
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3.2 Amalgam decomposition

In order to introduce the second main notion of this section, we need first to recall the notion of
a confluent reduction rule. Consider a set X. A reduction rule on X is a map f from a set Y to
the set P(X x X) of subsets of X x X such that, for every y in Y and every = in X, there is at
most one 2’ in X such that (z,2’) belongs to f(y). In this case, we write z’ L 2, and we say
that z reduces to 2’ by a reduction of type y. We denote by <— the reflexive-transitive binary
relation induced by f. In other words, ' <— z if there is a finite sequence of reductions

2 1
I DL L1 L L L

Finally, by <— we denote the induced equivalence relation on X. We say that the reduction
rule is globally confluent if, for every two elements z1,z9 in X such that x1 +— x9, there exists
z in X such that z <— z; and z <— xo. We say that the reduction rule is locally confluent if
the following property holds: for all x1,x2,z3 in X such that z; ni z3 and xo &2 x3, there
exists x4 in X such that z4 ¢— 71 and x4 +— 9. Finally, we say that the the reduction rule is
Noetherian if every infinite sequence (z;) such that z;,; <— x; has to stabilize. The following
is classical in the subject.

Lemma 3.2 (Diamond Lemma). Every Noetherian and locally confluent reduction rule is glob-
ally confluent. O

Note that a consequence of the Diamond lemma is that, for a Noetherian and locally confluent
reduction rule «—, every equivalence class for the relation +— possesses a unique minimal
element. In other words, if C is an equivalence class for <—, there is a unique x in C such that
x +— y for all y in C.

Now, recall some classical notions from semigroup theory [37]. Let M be a monoid, and let N be
a submonoid. We define two relations Ry and Ly on M setting gRyh and gLyh if gN = hN
and Ng = Nh, respectively. When N = M, the relations Rjs and Lj; are denoted by R and
L, respectively. They are called the Green relations on M. In what follows, we assume the set
P(M) of subsets of M to be endowed with the reduction rule P, «— Py if P; 2 P,. This induces
a reduction rule on the set of Ry-classes, {gN,g € M}, that verifies g N +— ¢goN if g5 € 1 N
and g1 ¢ goN. Similarly, it induces a reduction rule on the set of £y-classes, {Ng,g € M}.

Definition. Let M be a monoid, and let IV be a submonoid. We say that NV has the £ confluence
property if the reduction rule «— is Noetherian and locally confluent on the set of £ y-classes.
Similarly, We say that N has the R confluence property if the reduction rule +— is Noetherian
and locally confluent on the set of Ry-classes, and we say that N has the confluence property
if it has both £ and R confluence properties.

Remark. If N is a special submonoid of a monoid M, then N is minimal for the reduction rule
+— in the set of Ly-classes, as well as in the set of R py-classes.

If M is a cancellative monoid, N is a special submonoid with the confluence property, and T
is a set of representatives of the minimal R -classes that contains 1, then, for every element g
of M, there exists a unique pair (g1,h) in T' x N such that g = g1h. In the sequel we will set

[glv = (g1, h) if g1 # 1 and [g]ny = (h) otherwise.

12



Proposition 3.3. Let My*xMs be a special amalgam such that N has the confluence property
in both, My and My. Fori = 1,2, consider a set T; of representatives of the minimal Ry -classes
in M; that contains 1. If My and My are cancellative, then every element g of My*x My has a
unique decomposition

g=091"gmh

such that each g; belongs to either Ty \ {1} or Ty \ {1}, h belongs to N, and two consecutive g;
do not lie in the same set of representatives.

In the sequel the sequence (g1,...,gm,h) is called the (left) amalgam decomposition of g and
is denoted by [g]ny. We denote the integer m by ¢n(g). If g belongs to N, we set {n(g) =
0. Clearly, ¢n(g) does not depend on the choice of the transversals. Note that, choosing
a set T; of representatives of the minimal Ly-classes in M; that contains 1, one can define
similarly a right amalgam decomposition (h,gm,...,g1) of every g. Moreover, we have m =
¢n(g). Proposition 3.3 is a consequence of the following lemma.

Lemme 3.4. Let My*xx Ms be a special amalgam such that N has the confluence property in
both, My and My. For i = 1,2, we choose a setT; of representatives of the minimal Ry -classes
in M; that contains 1. Assume My and My are cancellative. Consider the reduction rule on
F+(My, M) whose types are in {a,b,c} x N* and which is defined in the following way. If
X =(g1,---,9m) and X' = (g},...,9,), then

(a) X' £ X ifm=n,1<i<m-1, (9, giv1) € (MixMy)U(MaxMs), (g5, 951) = [9igi+1]N
and g = g; for j #i,i+1;

b,i . .
(b) X' P X ifn=m+1,1<i<m, g &NUT UT, (9i>9i1) = lgiln, and g; = gj,
g,;+1:gkf0rj<i</<:;

() x' €2 x fn=m-11<i<m=1 (9 9i+1) € NxN, g; = gigir1, and g; = g;,
9 = gk for j <i<k.

Then the reduction rule is Noetherian and locally confluent.

Proof. Consider a sequence (X}), in F*(My, My) such that X, «— X, for all k. If X =
(g1,--.,9n) belongs to FT (M, Ms), set

| Xlgny =Hilgi € N}, [Xlgron ={i]|g € T1UTaUN},

It is easily seen that |Xj|¢n > |Xpt1|lgn and | Xg|gron > [Xit1|grun for all k& € N, therefore
there exists K € N such that the sequences | Xy |gn and | X |grun stabilize for k > K. It follows
that, for & > K, the only reduction rules that can be applied are either of type (c,i) or of
type (a,1). Moreover, in the latter case, (g;, gi+1) has to belong either to N x T or to T. X N,
where ¢ = 1,2. Now, |Xg| > |Xg41| and Inv(Xy) > Inv(Xgyq) for & > K, thus there exists
K; > K such that the sequences | Xj| and Inv(X}) stabilize for £ > K;. For k > K7, the only
reduction rules that can be applied are of type (a,7) with (g;, gi+1) in Tz X N. But, in this case,
[9:i9i+1]N = (9i,9i+1). Therefore, (Xy) stabilizes for k& > Kj. This shows that the reduction
rule is Noetherian.
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Now, assume X' @ X and X" ({7—]) X with X = (g1,...,9m) and 1 <7 < j < m. We need to

find some X" such that X" <— X’ and X" <— X". If either j > i+2, or e = b with j > i+1,
then such a X" is easily found. Also, if e = f = cand j = ¢ + 1, then X" is easily constructed.
So, we should treat the following remaining three cases: (1) {e, f} = {a,b} and i = j; (2) e = ¢,

f=aandj=i+1;3)e=a,j=i+1and f =a,b,c.
Case 1. Assume by symmetry that e = a and f = b. Then we have

K G (@) (@it

by the uniqueness of the decomposition [g;gi+1]n

Case 2. We have
X/// M X/ and X/// (C<7’L_+1) . M X//

by the uniqueness of the decomposition [g;g;+19i+2]n

Case 3. Assume first f = a. We have two cases depending on whether g; and g; 12 belong to the
same M or not. In the first case, we have

xm (g (c,i+1) M ) (Cﬁl) X' and X" 'ZH (ci+1) M X

by the uniqueness of the decomposition [g;¢;+1¢gi+2]n. In the second case, g;11 has to lie in N.
This is the only non-obvious case. We may assume without loss of generality that m = 2 and
i = 1. Up to symmetry, we may also assume g; € M; and g3 € Ms. So, we have X = (g1, g2, 93)-

Set X' = (.9, 94) and X" = (¢{.4,94). Let X" = (g} 45, §) be such that X" &2 X7,

— (6P, ).

The following equalities have to hold: ¢4 = g3, [9192]n = (97, 65), and [ghgs]n 95, s

Consider the sequence of reductions

x©® &2 x6) @2 (@) P yn

Write X = (g1, 65", g4 g4), X = (¢, g8, 657, g). and X©) = (g1, g, ¢{). We have

4
g1]n = (954),gé )). In particular, g192 = ¢}95 = g§4)g§ )92 Thus, g§ ) — = ¢} and ¢} = gé )92. It

follows from the latter equality that, in Ms, we have

905 = ghgs = 8 gogs = o gl = o9 6P gl = g0 gl .

Hence, gé ) = 953) and 9(3) = g§6) In other words, X = X" Assume now f = b. Then

(c z+1 L X

by the uniqueness of the decomposition [g;g;+1]n. Assume finally f = ¢. Then we have

(e,i+1)

X/// X/ and X/// SLZ) X//
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Proof of Proposition 3.3. We keep the notations of Lemma 3.4. No reduction rule can be
applied to (g1, ..., gn, h) if and only if the decomposition g; - - - g, h is as stated in Proposition 3.3.
Now, it is immediate from the definitions that the equivalence relation +— on FT (M, M)
generated by +— is equal to the relation = given in the definition of a amalgamated product of
monoids. Then the result is a consequence of Lemma 3.2 and Lemma, 3.4. [l

Lemma 3.5. Let MyxnyMs be a special amalgam such that My and My are cancellative and N has
the confluence property in both, My and My. For i = 1,2, consider a set T; of representatives
of the minimal Ry-classes in M; which contains 1. Let g belong to My Ms, and assume
that g = g1+ gn, where g; lies in M., \ N and &; # eiy1. Let ¢},...,q, € Th UTy and
ho, hi,...,hy € N be inductively defined by

ho =1, [hic1giln = (g}, hi) if 1 <i<mn.

Then (g4, - -, g, hn) is the amalgam decomposition of g.
Proof. One has g =g} --- g),hn, and (¢}, ..., g}, hyn) is an amalgam decomposition: no gj is equal
to 1 because g.h; = h;_19; and N is special. O

Lemma 3.6. We keep the notations of Proposition 3.3. Assume My and My are cancellative.
Let g’gl bGZOTLg to MI*NM2; and let [g]N = (gl, -5 9n, h) and [g/]N = (gi’ s ’g;na h/) Ifm > 1}
n>1, and en(lg'ln) = e1(lg]n), then

[g/g]N = (gll7 7g;n—17§17"' 7§n7h)7

where (g1, ...,gn, h) = (g, N g]n. Otherwise,

19 9IN = (G4 Gos G1s -+ Gns )

where (G1,...,0n,h) = [Wg]n.

Proof. This is a direct consequence of Lemma 3.5. In the first case g}, hg1 does not belong to
N because the latter is special and ¢/, does not belong to N. O

Remark. Assume M *y Mo is a special amalgam such that M; and M, are cancellative and
N has the confluence property in both, M; and Ms. Replacing minimal R y-classes by minimal
Ln-classes, and choosing representatives, we can associate to each element g of My My a
left amalgam decomposition (ﬁ, Jm,---,01). Then one obtains properties for the left amalgam
decompositions that are similar to those proved in Lemmas 3.5 and 3.6 for right amalgam
decompositions.

Corollary 3.7. Let My*y M be a special amalgam such that N has the confluence property in
both My and Ms. Assume M7 and Mo are cancellative. Then My My is cancellative.

Proof. Let g,q',¢” belong to My *xn My such that ¢'g = ¢”g. Clearly, we can assume without
loss of generality that {nx(g) < 1. Set [¢']n = (91,--->9m, 1) and [¢"]n = (97,---,9,,P"). I
In(g) =0, then [¢'g]ln = (91, ,9m, 1 g) and [¢"g]n = (97,-..,9p,h"g). By the uniqueness of
the amalgam decomposition, it follows that m = p, g1 = ¢7,...,9, = g,, and h'g = h"g in N.
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The latter equality implies i’ = h” because N is cancellative. Now, assume y(g) =1 (say g €
Mi\N). If g;, lies in Ms, then the amalgam decomposition [¢'g]n of ¢'g is (97, - -, 9rns Tt n),
where (g,.1,h') = [Ig]n, and, if g/, lies in Mj, then the amalgam decomposition of ¢'g is
Gy s g1y G, 1), where (3, h') = [gl,h'g]n. Similarly, if g, lies in My then the amalgam
decomposition [g"g]n of g"g is (97, .-, 9y, pi15 h"), where (Fpr1s R") = [W'g]n, and, if gy, lies in
My, then the amalgam decomposition of g”g is (g7,..., 9, 1,3, "), where (Gp n'y = [gph" g]N-
If both g;, and g belong to My, then one can easily show that ¢’ = ¢” in the same way as
for the case x(g) = 0. If we assume g, lies in M; and g, lies in Mp, then the uniqueness
of the amalgam decomposition implies that ¢/, h'g = g/ b = ap +1h~” = h"g, thus ¢/, b = h",
since M; is cancellative. This is a contradiction since N is special. Similarly, we obtain a
contradiction if we assume that gy, lies in My and gy, lies in M. Assume finally both g;, and g,
belong to M;. Again by the uniqueness of the amalgam decomposition, it follows that m = p,
9 =9{--19y-1 = gp_1, and g,h'g = g,h"g in My, which is cancellative. We conclude that
gph' = gyh"" and therefore g’ = ¢g”. By similar arguments, the equality gg’ = gg” in My M
implies ¢’ = ¢". O

Corollary 3.8. Let MyxyMs be a special amalgam such that N has the confluence property in
both, My and Msy. Assume My and My are cancellative and atomic. Then My *yn Mo is atomic.

Proof. For all g in M;, i € {1,2}, we denote by v;(g) the maximal length of g over the atoms
of M;. Recall that the map v; : M; — N is well-defined and is a norm. Note that, since IV is
special, we have vy (h) = vo(h) for all h € N. Let g € MyxnyMas, g ¢ N, and let (g1,...,gx, h) be
the amalgam normal form of g. Let £(i) be the element of {£1} such that g; € M,(;). We take
a sequence (gi, . . ., g;,) such that g; € M, for alli € {1,...,k} and g = g; - - - g}, and turn now
to prove that v, (g!) is bounded for all i. We argue by induction on k.

The case £k = 1 being trivial, we can assume that k& > 2 plus the induction hypothesis. By
Lemma 3.5, there exists hy_; € N such that hy_1g; = gph. This implies that ye(k)(g;c) is
bounded above by l/e(k)(gkh). Similarly, replacing the right normal form of g by its left normal
form, it is shown that v,()(g}) is bounded. Again by Lemma 3.5, there exists h; € N such that
g1 = g1h1. Finally, from the equality

(h195)93 -~ gk = g2 -+ gkh
and the induction hypothesis, it follows that v.(;(g;) is bounded for all i € {3,...,k}, and
that v.(9)(h1g3) is bounded, too. The fact that v.(3)(h1gy) is bounded implies that v ()(g5) is
bounded.
For g in MyxnyMs, g & N, we set
v(g) = max{re)(91) + -+ + Ve (9) | 9 = 91+~ gk et g € My UMy \ N},

and for g € N, we set v(g) = v1(g) = va(g). It is easily checked that v is a norm. So, Mj*y M,
is atomic. U
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3.3 Amalgamation of preGarside monoids above parabolic submonoids

The following lemma will allow us to apply the results of the previous subsection to parabolic
submonoids in preGarside monoids.

Lemma 3.9. Let M be a preGarside monoid, and let N be a parabolic submonoid of M. Then
N has the confluence property. Moreover, each minimal R n-class (resp. Ln-class) has a unique
representative.

Proof. It is easily checked that the fact that M is atomic and N is special implies that the
rewriting rule <— on the Ry-classes is Noetherian, and that each minimal class has a unique
representative. It remains to show that <— is locally confluent. Let g¢,¢’,¢"” € M such that
¢ N < gN and ¢"N <— gN. Let I/,h" € N such that g = ¢’/ = ¢"h”. We have h/ < ¢ and
' <R g, thus hg = b/ Vi b exists and belongs to N. Let gy € M such that g = gohg. Using the
cancellation property it is then easily shown that goN <— ¢’N and goN <— ¢’N. O

Remark. Let M; and M5 be preGarside monoids, and let N be a common parabolic submonoid.
Then, by Lemma 3.9, left and right amalgam decompositions in Mj *xy My exist, and they are
unique in the sense that there is unique choice of transversals T and T» for defining them.

Lemma 3.10. Let My, Ms be preGarside monoids, and let N be a common parabolic submonoid.
Let g, g belong to M = My*nMs. If there exists gg € My My such that g <r, go and ¢’ =1, go,
then gV, ¢ exists (in MyxyMs), and {n(g Ve ') = max(Un(g),¢n(g"))-

Proof. We argue by induction on m = max(¢x(g),fn(g")). Set M = My M,. Let z, 2’ € M
be such that gz = ¢'z’ = go. Denote by (t,zs,...,z1) and (¢, 2),,...,2]) the right amalgam
decompositions of z and ', respectively. We get gtz ---x1 = ¢'t'a’, --- 2} = go. Consider the
case m = 0. Then g and ¢’ belong to N. By the uniqueness of the right amalgam decomposition,
we get gt = ¢'t' in N. Therefore, gV, ¢’ exists in N. It is easily seen that this element is also the
least element in {y € M | g <1, y and ¢’ <1, y}. Consider now the case m = 1. The uniqueness
of the amalgam decomposition and the existence of a common multiple imply that g and ¢’ both
belong either to Mj, or to M,. By arguments similar to the previous case, g V, ¢’ exists in M;
or My, and this element is the least element in {y € M | g < y and ¢ < y}.

Now, we assume m > 2 plus the induction hypothesis. Set [g]y = (g1,-..,9%,h) and [¢']ny =
(91,594 1'). By Lemma 3.6, the k—1 first terms in [gz]x are g1,...,gx—1, and the &' —1 first
terms in [¢'z]n are ¢i,..., g}, _,. Since gxr = ¢'2’, it follows that g; = g} for i < min(k, k") — 1.

Hence, upon applying cancellation in the left hand side, we may reduce our study to the case
min(k, k") < 1. So, we can assume {n(g) < 1 and [¢'|y = (¢],--.,9}s, h') with ¥ =m > 2. By
the induction hypothesis it follows from the equality gz = ¢} - g},h'z’ that g and ¢| - ¢/,
have a least common multiple ¢ = gV, (¢} - ¢,,_1) in M with {n(¢") = m—1. Write 2 = z129
such that ¢" = gz1 = ¢} -+ ¢},_19. One has /x(g) <1 by Lemma 3.6. By cancellativity, we get
gxra = g, W2’ Applying the case m = 1, we deduce that g and g/, h’ have a least common multiple
d" =gV, (g,,h') in M such that {x(¢g") = 1. Now, ¢} -+~ g,,_19" left divides gy and is the least
element in {y € M | g =r y and ¢ <1 y}. Moreover, {n(¢") =m =Un(g} - g},_19"). O

Now, combining Corollaries 3.7 and 3.8 and Lemmas 3.9 and 3.10, we get the following.
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Proposition 3.11. Let My, Ms be preGarside monoids, and let N be a common parabolic
submonoid. Then the amalgamated product M = My Ms is a preGarside monoid. O

So, the amalgamated product of two preGarside monoids above a common parabolic submonoid
is again preGarside. Moreover, the parabolic submonoids of the amalgamated product are as
follows.

Proposition 3.12. Let My, My be preGarside monoids, and let N be a common parabolic
submonoid. Set M = My Ms.

(1) If M7 and M}, are parabolic submonoids of My and Ma, respectively, such that M] NN =
MiNN, then M{*n'M} is (canonically isomorphic to) a parabolic submonoid of M, where
N'= M{NN. In particular, My, Ms, and N are parabolic submonoids of M.

(2) If M' is a parabolic submonoid of M, then there exist parabolic submonoids My, M}, and
N', of My, My, and N, respectively, such that M{ "N = MSN\ N = N', and M’ is equal
(isomorphic) to Mj* s+ Mj.

Proof. Proof of (1). Let M| and M} be parabolic submonoids of M; and Ma, respectively, such
that M{ NN = MjNN. Set M' = My M}, where N' = M{NN. If g € M/ is such that gN’
is a minimal R yv-class in M/, then gN is a minimal Ry-class in M;. Indeed, if g = g1h with
hin N, then g; € M/ and h € N’ because M] is special. Hence, The canonical morphism from
M’ to M sends amalgam decompositions to amalgam decompositions, thus it is injective.

Now, we prove that M’ is special. Let ¢ € M’ and ¢',g” € M be such that g = ¢'¢”. Set
gln = (91,---,9p, 1), [dIn = (94, .9, B'), and [¢"]n = (¢f,..., g0, h"). Note that, since
the embedding of M’ into M sends amalgam decompositions to amalgam decompositions, we
have g1,...,9p € M{ UM} and h € N'. Assume n > 1, m > 1, and e, ([¢'|n) = €1([¢"]n). By
Lemma 3.6, it follows that ¢} = g1,...,9,,_1 = gm—1, and

[Qinhlgﬂ]N - (gma I9m+1,- - - agpa h) .

In particular, ¢f,..., 9,4 € M{ U M. By Lemma 3.5, there exist hi,...,hn_1 € N such that

9P gU 1IN = (gm,h1), [Ric10! 1N = (gm—14i,hi) for 2 <i<n—1,

and [hnflggh”]N = (gmin-1,h).

Since gmin—1h € M| U M} and the submonoids M| and M} are special in M; and Mo, re-
spectively, the equality Ay, 19/h" = gmin_1h implies that h,_1,h” € N’ and g/ € M. U M.
Then, using the equality h; 197 = gmii_1hi, we prove by induction on n — i that h;_; € N’
and g/ € M/ UM for 2 < i < n— 1. Finally, the equality ¢/,,h'g! = gnh; implies that
Ggry 9y € M UM, and b € N'. So, ¢',g" € M'. Tt is easily proved in the same way that
g,g" € M’ if either n =0, or m =0, or &,,([¢'|n) # e1([¢"]N)-

Now, we take g,¢’ € M’ such that g V, ¢’ exists, and turn to prove that g Vv, ¢ € M’'. Set
k ={tn(g9) and m = ¢n(¢'), and suppose k < m. We argue by induction on m, following the
construction of g V, ¢’ made in the proof of Lemma 3.10. If m < 1, then there exists i € {1,2}
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such that g,¢’ € M/. Then, since M/ is parabolic in M;, we have gV, ¢ € M/. Now, assume
m > 2 plus the inductive hypothesis. Set [g]ny = (g1,..., 9k, h) and [¢']y = (g1, -, 9., h'). Note
that gi,...,0%, 91,9 € M] UM, and h,h' € N'. If k > 2, then g1 = ¢},...,0k-1 = G)._1
and

gVig = g1 ge1((grh) Vi (g5 -+ gmh')) -

By the induction hypothesis we have ((gxh) Vi (g5 - 91,1')) € M, thus g V;, ¢ € M’. Hence,
we may assume that k& < 1. Set ¢ = gV, (¢} ---¢,,_1). By the induction hypothesis we have
g" € M'. Moreover, as pointed out in the proof of Lemma 3.10, there exists g € M; U My such
that ¢" = ¢y---9¢/,_19. Note that § € M’ since M’ is special. Set ¢ = gV, (¢/,h'). Then,
by the case m = 1 treated above, ¢” € M’. On the other hand, it is shown in the proof of
Lemma 3.10 that gV, ¢’ = ¢4+ ¢,,_19". So, gV, ¢ € M'.

Proof of (2). Let M’ be a parabolic submonoid of M. Clearly the monoids M{ = M; N M’,
M) = My N M and N’ = N N M’ are parabolic in Mj, My and N, respectively, and N’ =
M{NN =M,NN. Let M" = M{xy:M}. We claim that M" is isomorphic to M’. Indeed, the
image of M” in M by the canonical morphism is clearly included in M’. Conversely, if g lies
in M’ and (g1,...,9gn,h) is its amalgam decomposition in M, then each term ¢i,...,g, and h
belongs to M’ because M’ is special, thus lies in M{ U MJ. So, g € M". O

4 PreGarside groups of FC type

Now, thanks to the results of the previous section, mainly Proposition 3.11, we are ready to
introduce the main definition of the paper.

Definition. The family of preGarside monoids of FC type is the smallest family of preGarside
monoids that contains all Garside monoids and which is closed under amalgamation above
parabolic submonoids. A preGarside group G(M) is of FC type if M is.

As pointed out in the introduction, our goal in this section is to study preGarside groups of FC
type. But, we need first to understand minimal coset representatives in Garside groups. This is
the objective of the following subsection.

4.1 Minimal coset representatives in Garside groups

Altobelli proved in [1] that, for each parabolic subgroup H of a spherical type Artin-Tits group G,
each left class gH has a distinguished representative element mp(g) that is minimal among the
elements of gH for some partial order <py. Here we extend Altobelli’s results to the wider
context of Garside groups, with some new arguments and simplifications.

Throughout the subsection we assume M is a Garside monoid with a Garside element A, and
N is a parabolic submonoid of M. Recall from Lemma 2.4 that there is a Garside elements Ay
of N such that Div(A) N N = Div(Ay). We start with two technical lemmas.

Lemma 4.1. Let hy, hy belong to N and g lie in M. If ho Ay hy # ha Ay (hag), then Ax AL g # 1.

Proof. Let h3 be in N such that hy V, (he Ap (h1g)) = hihs. Both, (ha Ay (h1g)) and hq, lie in N
and left divide h;g, therefore hg belongs to N and left divides g. If hg = 1, then hy A, (h1g) left
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divides both, hy and hg, therefore it is equal to ho Ay hy. If hg # 1, then hg Ay, Ay is a common
left divisor of g and Ay different from 1, hence Anx Ay g # 1. O

Recall that a A-simple element is a factor of the Garside element A, that is, an element of
Div(A). Throughout the subsection, for g in G(M), we denote by |g| the smallest non-negative
integer k such that ¢ can be decomposed as a product of k£ A-simple elements and their inverses.
Since here A is fixed, this does not induce confusion. We recall that a normal form is geodesic.
In other words, if g = ab™! is in normal form, then |g| = |a| + |b| (see [22]).

Lemma 4.2. Let a and b belong to M.
(1) The increasing sequence (b N\, A )n>o stabilizes for n > |b).

(2) The increasing sequence (a Ag AR b)n>0 stabilizes for n > |al.

Proof. By symmetry between left and right divisibilities, it suffices to prove (2). The sequence
(a Ag A% b)p>0 is bounded by a for right divisibility, therefore it has to stabilize. Let m be
minimal such that (a Az A% b),>0 stabilizes for n > m. We assume m > 1 and a # 1, otherwise
there is nothing to prove. For short, we set k = |a Az ARb|. We are going to prove by induction
on k that m < k. This will prove (2), as k < |al, since a Az AUb right divides a. If k = 0, that is,
a Ar AT = 1, the result follows from the fact that (a Az ARb)n>0 is increasing. Assume k > 1
plus the induction hypothesis. Denote by ¢y - --c¢; the right greedy normal form of a Az ARb.
Then there exists a; in M such that a = a;c¢;. Moreover,

Ccl = A/\R (a /\R A%b) :a/\R (A /\R A%b) :a//\R (A /\R ANb)

The last equality follows from the fact that A Ay cd = A Nz ((A Ng ¢)d) for all ¢,d € M (see
[22]). Therefore, there exists by in M such that Axyb = bicy, and a Ay A"NHb = (a1 Ny A%b1)eq
for every non-negative integer n. In particular, (a; Ax AR b1)n>0 stabilizes for n > m — 1, and
the right greedy normal form of a; Ag A%ilbl is ¢k - - - ca. Applying the induction hypothesis,
we get m — 1 < k — 1 and we are done. O

Definition.

(1) For g in M, we set
Mn(g) = (9 A AF) 9.

(2) We define the binary relation <y on G(M) in the following way. Let g; = a;b; ' and
g2 = agby 1 belong to G(M) and be in normal form. We declare that g1 <y g2 if there
exist hi,ho in IV and a in M such that

az = a1a, h2b2 = hlbla, h2 L h1 = h2 AL (hlbl) .

(3) We define the binary relation < on G(N) setting hy < hg if hghl_l belongs to V.

4) For g in G(M) with normal form ab~!, we define the map ¢, : N — G(M) setting
g

Pg(h) = a(a Aw (h)) ™" (My (hb(a Ag (h)71) .
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Remark.

(1) Let ab~! be the normal form of g. Set ¢ = a(a Ag (hb))~! and d = My (hb(a Ar (hb))~1).
It is easily checked that ¢, d belong to M and ¢ Ay d = 1. So, the formula in (4) provides
the normal form for ¢4 (h).

(2) The defining formula of ¢ is quite ugly, but it is very easy to explain what this map does:
starting with h, put gh™' in normal form ef~!; then remove from f~! the inverse of the
greatest left divisor of f that lies in N. What remains is ¢g4(h).

In order to prove Theorem 4.4, we need the following.

Lemma 4.3. For g in G(M) and h in N, one has p4(h) = pgp-1(1).

Proof. It is easy to see that, for a,b in M, even when ab~! is not a normal form, we have
G-t () = a (a A (B) ™ (M (hb(a A (hB) )

In particular, for g = ab™! we get ©gn-1(1) = anpy-1(1) = pg(h). O

Theorem 4.4.

(1) The relation <y is a partial order on G(M), and, if g1,92 € G(M) are such that g1 <N g,
then g1G(N) = g2G(N).

(2) The relation < is a partial order on G(N).

(3) For every g, the map @4 is decreasing from (N,<) to (G(M),<n), that is, p4(ha) <n
@g(h1) if hi,ho € N are such that hy < ha. Moreover, for every h in N, ¢4(h) <n gh™ 1.

(4) For every g, the left coset gG(N) has a unique minimal element my(g) for the partial
order <y. Furthermore, my(g) = <pg(A‘]€,‘).

Proof. Proof of (1). The relation <y is clearly reflexive. Assume g; <y g2 <y ¢1, where
g1 = albfl and go = a2b51 are in normal form. There exist hqi,ho in N and a in M such that
az = aya, habs = hibia, and he A, hy = ho A, (h1b1). There exist also A}, h} in N and a’ in
M such that a; = agd’, hiby = hibed’, and b A, By = hl A, (Rb2). We can assume without
restriction that ho A, hy = bl A, B} = 1. We get as = azd’a. By cancellativity and atomicity it
follows that a = @’ = 1 and a; = ag. Therefore hoby = h1by and hy A, (h1b1) = 1, which imposes
he = 1. Similarly, hiby = hiba, bl A, (h)be) = 1, and k), = 1. We get by = hyh}by and, by
cancellativity and atomicity, hj = hy = 1. Hence by = be. So, the relation <y is anti-symmetric.

Now, assume g1 <y g2 and go <y g3, where g1 = albfl, go = agbgl, and g3 = agbgl are
in normal form. There exist hy,ho in N and a in M such that as = aja, hoby = hibja and
ha A, h1 = ha Ay (hib1). There exist also h), hg in N and o' in M such that as = asd’,
hgbs = hbbod', and hs A, hYy = hg A, (hhbs). As above, we assume without restriction that
ha A, by = hsg A, By = 1. We have a3 = ajaa’ and

((hg Vg hé)hé_l)hgbg = (hg Vg hé)bga/ = ((hg Vg hé)hg_l)hlblaa' .

21



Since N is a parabolic submonoid, the elements hy = (ha Vg hé)hgflhg and b} = (haVg h’2)h2_1h1
belong to N. With this notation, we have hjbs = hibjaa’. It remains to show that hf A, b} =
hs A (R)b1). Let ¢ = hf A, (R)b1). Write b = cx and hjb; = cy. By cancellativity, we get
xbs = yaa'. Since we assume hs A, hhbe = 1, we have hzbs = hhboa’ = b3 Vi a’. Therefore, there
exists z in M such that x = zhz and ya = Zhébg. As before, hoby = hibia = by Vi a, because
ha A, hiby = 1, and there exists ¢ in M such that y = th1b;. Hence hiby = cy = cthiby, and ¢
left divides h} by cancellativitiy. So, ks A, By = ki A, (R)b1).

Finally, if g1 <y g¢o, then g9 = gl(hflhg), with the above used notations. Therefore, g1G(N) =
92G(N).

Proof of (2). Left to the reader.

Proof of (3). Assume hy belongs to N. We have ¢4(1) = a My(b)~! and, by definition of
Mp (b), there exists h in N such that b = h My (b). Similarly, there exists A’ in N such that
h' My (hab(a Ag (hab)) ™) = hob(a Ag (heb))~t. Therefore,

B My (hab(a A (hab)) ™) (a Ag (hab)) = hoh My (b) .
Moreover, by Lemma 4.2, for b in M, we have My (b) A, Ay = 1. Applying Lemma 4.1 we get
(hoh) Ay W My (hob(a Ag (hob))™Y) = (hoh) AL B
Hence, ¢4(h2) <n @q(1). Moreover, if we assume h; < hy in N and write hy = hshi, we have

pg(ha) = @g(hshi) = ¢gp-1(h3) SN @g-1(1) = @g(ha) -

Now, the normal form of ¢4(1) is a Mx(b)~'. But, by definition, there exists h in N such that
b= h My (b). This implies that ¢4(1) <y g. Thus, for h € N, we get @g(h) = @ u-1(1) <y gh™".

Proof of (4). The coset gG(N) contains minimal elements for <y by atomicity of M: if (g,)
is a decreasing sequence for <y and a,b;! is the normal form of g,, then a, 1 left-divides a,
and the sequence (a,) has to stabilize. This implies that, for n large enough, the sequence (b,,)
is decreasing for right divisibility. Therefore the sequence b,, has to stabilize, too. Now, assume
gG(N) = ¢G(N). There exists h in G(N) such that gh = ¢’. Let hy, hy lie in N such that
h = hi'hy. Then gh;! = ¢'h;'. By (3), gpghl_l(l) = @g(h1) <N ¢4(1) <y g and gpg,hgl(l) =
g (h2) <N @y (1) <N ¢'. Assume ¢’ is minimal. Then ¢’ = gpghl_l(l) <n ¢g. In particular, if ¢
is also minimal, then g = ¢’. Therefore, gG(N) contains a unique minimal element, my(g), for
<, and there exists hy in N such that my(g) = apg(hl). But, there exists a positive integer k
such that by < Ak, Still by (3) and by minimality of my(g), this implies that ¢, (AK) = mn/(g).
It remains to prove that the decreasing sequence (pg(AK));>q stabilizes at k = |g|. Assume
that g = ab™! is in normal form and denote by akblgl the normal form of gpg(AlfV). It follows
from the definition of the map ¢, that the equality ay = agy; implies @ (AK) = ¢, (A,
Now, by Lemma 4.2, for k > |a|, one has a A, (A D) = a /g (A‘ﬁ,lb), which implies a; = a),|, and
g (Ak) = gog(A‘ﬁ,'). Since |g| > |a|, we conclude that my(g) = gpg(AE\gA). O

Remark.
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(1) It follows from the definition of the function my that, for every g in M, the element
mp(g) isin M, my(g~1) = My(g)~!, and my(g)N is the minimal R y-class in M which
contains g.

(2) For every g in G(M), gG(N) = mn(g9)G(N), thus my(my(g)) = mn(g).

Proposition 4.5. Let g1, g2 belong to G(M), let K be a parabolic submonoid of M, and assume
g2 belongs to G(K). If g1 <n g2, then g1 belongs to G(K). In particular, my(g2) lies in G(K).

Proof. We keep the notations of the definition of <p. We can assume without restriction that
h1 A, ho = 1. The elements as and by have to lie in K. Therefore, a1 and a lie in K, too. But
hoby = (h1b1)a = ba Vi a. This implies that hi, he and by lie in K. Thus ¢; = albl_1 belongs to
G(K). O

Proposition 4.6. Assume M is finitely generated, and denote by w — w the canonical map from
(Div(A)%)* onto G(M). There is an algorithm that associates a word m’(w) in (Div(A)F)* to
every word w in (Div(A)F)* such that

(a) my(W) = mp(w);
(b) if WG(N) =0G(N), then my(w) = miy(v);

(c) if w is an element of (Div(A)®)*, K is a parabolic submonoid, and Ak is the Garside
element of K satisfying Div(A) N K = Div(Ag), and if G(K) NwG(N) # 0, then m’y(w)
belongs to (Div(Ax)T)*;

(d) if w belongs to Div(A)*, then my(w) belongs to Div(A)* and m} (w) represents the min-
imal R -class which contains .

Proof. As recalled in Proposition 2.2, every element g in G(M) has a unique normal form ab™?,
and the elements ¢ and b have unique right greedy normal forms (ap,...,a;) and (by,...,b1),
respectively, where the terms belong to Div(A). So, to each element g in G(M) is associated a
unique expression a,, - - - albfl e b;l on Div(A)*. Moreover, there is an algorithm that, given
w such that w = g, computes the words v1 = a,---a; and vy = by--- by [18, 30]. For w in
(Div(A)*)*, we denote by m’ (w) the unique above expression ay,---ayb;'--- b, associated
with m N(@)

There are algorithms that, given two words wy,wy on Div(A), compute representing words on
Div(A) of the elements wy Vi We and Wy Az We. Starting from w, one can compute two words
a,b on Div(A) such that w = ab ' and@ Ar b= 1. One can then compute a representing word
c of @ N (AR,U‘E), and compute representing words d, e of @¢ !, AR,U'EE_l, respectively. Then
one can compute a representing word f of € A, Aljf,l and a representing word g of f_lé. Finally,
the word dg~! is a representing word of my(w) and can therefore be used to compute miy(w).
Now, (b) follows from Theorem 4.4 (4), (c) follows from Proposition 4.5, and (d) follows from
the remark given after Theorem 4.4. O
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4.2 Algebraic properties of preGarside groups of FC type

The aim of this subsection is to extend Proposition 2.5 to preGarside groups of FC type (see
Theorem 4.10). We will also extend Proposition 4.6 in the sense that, given a preGarside group
G of FC type, and given a parabolic subgroup H of GG, every coset gH admits some “special”
representative (see Theorem 4.11). We start with some technical results that will be useful in
the remainder. The following is classical in the subject (see [45] for instance).

Proposition 4.7. Let G = G1xgGo be the amalgamated product of two groups G and Gy over
H. Let Cy and Cy be transversals of G1/H and Go/H, respectively, that contain 1. For all g in
G there exists a unique sequence (g1,...,Ggn,h) such that

(a) g=g1-gnh;
(b) he€ H and g; € (C1 U Ca) \ {1} for alli e {1,--- ,n};

(c) gi € Cy < giv1 € Cy foralli e {1,--- ,n—1}. [

As in the case of the amalgamated product of monoids considered in Section 3, the above
sequence (g1,...,gn,h) is called the amalgam normal form of g relative to the amalgamated
product of groups.

Lemma 4.8. Let My, My be two preGarside monoids, and assume N is a parabolic submonoid
of both, My and My. Set M = MyxnMs. If the morphisms G(N) — G(M,) and G(N) — G(My)
are into, then the group G(M) is equal (isomorphic) to G(My)*qnyG(M2).

Proof. By Theorem 2.6, G(M) and G(M;)*qg(n)G(Mz) have the same group presentation. [
Now, recall Properties (P1), (P2), and (P3) given in the statement of Proposition 2.5.

Lemma 4.9. Let My, My be two preGarside monoids that satisfy Properties (P1), (P2), and
(P3). Assume N is a parabolic submonoid of both, My and My. Set M = Myxn Ms. Assume
M’ is a parabolic submonoid of M. Set M{ = M'N My, My = M'NMs and N' = M'NN. Then
the subgroup of G(M) generated by M' is isomorphic to G(M])xqnG(My), that is, to G(M').

Proof. By Proposition 3.12 and Lemma 4.8, we know that G(M’) is isomorphic to G(M{)*(nr)
G(M}). Since M; and My satisfy (P1) and (P2), N also satisfies (P1) and (P2), and G(M]),
G(M)), and G(N') inject in G(M;), G(Ma), and G(N), respectively. Moreover, by (P3), one
has G(N) N G(M]) = G(N') in G(M;) and G(N) N G(M}) = G(N') in G(Ms). This implies
that the canonical morphism from G(M7)*gn) G(M3) to G(My)*gnyG(Mz) is injective. Tts
image is clearly the subgroup of G(M) generated by M’. O

Definition. Let M be a preGarside monoid. We say that a finite labelled binary rooted tree is
a FC tree for M if

(a) each node is labelled by a FC type preGarside monoid;

(b) the root is labelled by M, and each leaf is labelled by a Garside monoid;
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(¢) each monoid attached to an inner node is the amalgam product above a common parabolic
monoid of the monoids attached to the two child of the node.

Note that, by definition, there exists a FC tree T for M if and only if M is of FC type. Moreover,
in this case, for each monoid N associated with a node of T, there is an injective morphism
L(T,N) N — M.

The following two theorems will be proved together.

Theorem 4.10. Let M be a preGarside monoid of FC type.
(P1) The natural morphism v : M — G(M) is injective.

(P2) Let N be a parabolic submonoid of M. The parabolic subgroup of G(M) generated by N is
isomorphic to G(N), and we have G(IN)NM = N.

(P3) Let N,N' be parabolic submonoids of M. Then N N N’ is a parabolic submonoid, and
G(N)NG(N')=G(NNN').

(P4) G(M) is torsion free.

Theorem 4.11. Let M be a preGarside monoid of FC type, let P be a parabolic submonoid of
M, and let T be a FC tree for M. Then there exists a map mr p : G(M) — G(M) satisfying
the following properties.

(a) mr p(9) G(P) = gG(P) for all g € G(M), and, if ¢ G(P) = gG(P), then mt p(g9) =
mr p(q'), for all g, ¢ € G(M).

(b) Let g be an element of M. Then mt p(g) lies in M and represents the minimal Rp-class
containing g.

(¢) Let M be a parabolic submonoid of M, and let g € G(M). If gG(P)NG(M') # 0, then
mr,p(g) € G(M').

Proof. We choose a FC tree T for M, we denote by n the number of leafs of T, and we argue
by induction on n.

Assume n = 1, thus M is a Garside monoid. Then M satisfies Properties (P1)-(P4) of Theo-
rem 4.10 by Proposition 2.5. Let P be a parabolic submonoid of M. Set mt p = mp. Then
mr,p satisfies Property (a) of Theorem 4.11 by Theorem 4.4, it satisfies Property (b) by the
definition itself of mp (see the remark before Proposition 4.5), and it satisfies Property (c) by
Proposition 4.5.

Now, we assume n > 2, plus the induction hypothesis. Let Mj, Ms be the children of M
relatively to the tree T, and let N = My N My. So, M = My*xn M. For ¢ = 1,2, we denote by
T; the full subtree of T rooted at M;. Clearly, T; is a FC tree for M;, and the number of leafs
of T; is strictly less than n. Hence, we may apply the induction hypothesis to M; and T;. On
the other hand, the FC tree T; y, obtained from T; by replacing each monoid M’ attached to a
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node by M’ N N, is a FC tree for N. So, we may also apply the induction hypothesis to N and
T n.

By the above, for i = 1,2, there exists a map mr, v : G(M;) — G(M;) satisfying Properties
(a), (b), (c) of Theorem 4.11. Set C; = {m, n(g) | g € G(M;)}, and denote by T; the set of
representatives of minimal R y-classes in M;. Then, by (a), C; is a transversal of G(M;)/G(N)
and, by (b), T; is a subset of C; (and therefore 1 € C;). It follows that the natural map
M = My*xy My — G(M) = G(My)*q(n)G(Mz) sends amalgam normal forms to amalgam
normal forms, thus it is injective. In particular, this shows that M satisfies Property (P1) of
Theorem 4.10. This also shows the following.

(x) If g € M and (g1, ...,gs, h) is the amalgam normal form of g relative to the decomposition
G(M) = G(My)*q(n)G(Mz), then g; € My U M, for all 4 € {1,...,¢}, and h € N.

Let M’ be a parabolic submonoid of M. Set M{ = M'NM;, Mj = M'NM,, and N' = M'NN.
Then M' = M{xy' M} (see Proposition 3.12), and the parabolic subgroup of G(M) generated by
M"is G(M') = G(M7)*q(nG(Mj) (see Proposition 4.9). Let g € G(M'), and let (g1, ..., g¢, )
be the amalgam normal form of g. For i € {1,...,¢}, we denote by (i) the element of {1,2}
such that g; € G(M,(;)). Since g € G(M') = G(M{)*gn)G(My), g can be written in the form
g=4gy---g,with g} € G(Ms’(i)) for alli € {1,...,¢}. Moreover, there exist hg, hy,...,hs € G(N)
such that
gihi = hi_lg; for i € {1,...,@}, ho=1, and hy = h.

We have g1h1 = ¢ € G(Ma’(l)). By (c) applied to mr_,, N, it follows that g1 € G(Mé(l)). Then,
we also have

€ GIN) N G(M ) = GIN N ML) = GIN') by (P3)).
It is easily proved in the same way, with an induction on i, that g; € G(M! (Z.)) and h; € G(N')

for all i € {1,...,¢}. In particular, h = hy € G(N’). Finally, we have the following.

(xx) If g € G(M') and (g1, ..., gs, h) is the amalgam normal form of g relative to the decompo-
sition G(M) = G(M1)*qn)G(Ma), then g; € G(M7) U G(Mj) for all i € {1,...,¢}, and
h € G(N').

Let g € G(M'YN M. Let (g1,---,9¢, h) be the amalgam normal form of g. For i € {1,...,¢}, we
denote by e(i) the element of {1,2} such that g; € G(M.(;)). By (x) we have g; € M, for all
i€{l,...,0}, and h € N. By (xx) we have g; € G(Mé(i)) for all i € {1,...,¢}, and h € G(N').
By (P2) applied to M, Ms, and N, we have G(Ma,(i)) N M. = Ma,(i) for all : € {1,...,/¢}, and
G(N')N N = N'. So, g € M'. This shows that M satisfies Property (P2) of Theorem 4.10.

Let M', M" be parabolic submonoids of M. First, note that M’ N M" is parabolic by definition.
Set M| = M’ N My, My = M' N\ My, N' = M' AN, M!' = M" 0 My, M! = M" O My, and
N'" = M"NN. Let g € GIM')nG(M"). Let (g1,...,9e, h) be the amalgam normal form
of g. For i € {1,...,¢}, we denote by (i) the element of {1,2} such that g; € G(Mc)).
By (**) we have g; € G(Mé(i)) NGMZ,) for all i € {1,...,¢}, and h € G(N') N G(N").

()
By (P3) applied to M;, M, and N, we have G(Mé(l.)) NGM” )) = G(Mé(l.) N Mé’(l)) for all

e(i
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i€ {l,...,4}, and G(N')NG(N") = G(N'n N”). This implies that g € G(M' N M"). The
inclusion G(M'NM") C G(M'")NG(M") being trivial, this shows that M satisfies Property (P3)
of Theorem 4.10.

Let g be a finite order element of G(M). Since G = G(M)*gn)G(Mz), g is conjugate to an
element of either G(M;) or G(Ma) (see [45, p. 54]). But, by the induction hypothesis, G(M)
and G(Ms) are torsion free, thus g = 1. This shows that M satisfies (P4).

Now, we take a parabolic submonoid P of M. We set P, = M1 NP and P, = My N P. Let
g € G(M), and let (g1,...,9¢, h) be the amalgam normal form of g. For i € {1,..., ¢}, we denote
by e(i) the element of {1,2} such that g; € G(M,(;)). We define mr p(g) by induction on £ as
follows. Suppose £ = 0. Then g € G(N), and we set

mT7P(9) = MT, N, PINP, (g) .

Suppose £ = 1. Then g € G(M,(y)), and we set

mT,P(g) = st(l)yps(l) (g) *

Suppose £ > 2. If mr_, P, (9eh) & G(N), we set

mr,p(9) = g1+ ge—1 - MT, 4, P (92h) -

If TT, (), Pe(o) (geh) € G(N), we set

g =91 g1 -mr P (geh) and mrp(g) =mrr(g).

Let g € G(M), and let (g1,...,9¢,h) be the amalgam normal form of g. For i € {1,...,¢},
we denote by (i) the element of {1,2} such that g; € G(M,(;)). The number ¢ will be called
amalgam length of g, and it will be denoted by |g|,. It is easily proved by induction on |g|, that

mr,p(9) G(P) = gG(P).

We turn now to show that |mrt p(g)|, is minimal among the amalgam lengths of the elements
of the coset g G(P). Since mt p(g9) G(P) = gG(P), we can assume that ¢ = mr p(g). If
mr,.p(g9) € G(N), then |mt p(g)ls = 0 is obviously minimal. We can therefore assume that
mr,p(g) € G(N), thus, by construction, geh = mr,, P, (9ch) € G(N). Let u be in G(P), and
let (uq,...,ug,v) be the amalgam normal form of u. If we had |gu|, < |g|s, then we would
have k > 1, uy € G(P.(g)) (by (¥)) and gehuy € G(N), thus (g¢h)G(P.p) N G(N) # 0, thus,
by (c) of Theorem 4.11 applied to mr_, we would have g/h = mr_, P, (9ch) € G(N): a
contradiction.

0, Peieys

Now, we take g,¢’ € G(M) such that g G(P) = ¢’ G(P), and we prove that mr p(g) = mr,p(g’).
By the above, we can assume that g = mrt p(g), ¢ = mr p(¢'), and |glq = |¢']a- Let u € G(P)
such that ¢’ = gu, and let (g1,...,9¢,h), (¢1,--.,9;, /'), and (u1,...,ux,v) be the amalgam
normal forms of g, ¢’, and u, respectively. Assume that |g|, = |¢'|s = 0. Then we have g = h,
g =N,and u =v € G(P,NP,), thus gG(Pi N P,) = ¢ G(P, N P,). By the induction hypothesis,
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it follows that g = mrt, v Pinp,(9) = M1, v, PP, (¢') = ¢'. Assume that |g|, = |¢'|s > 0. Tt is
easily shown in the same way as before that gehuy ¢ G(N), thus k£ < 1 and u € G(P)) (by
(%x)). By the uniqueness of the amalgam normal form, it follows that g1 = ¢},...,90-1 = gy_;.
and gyh' = gehu. Since u € G(Psy)), we have goh G(P.p) = g,h' G(P.y)), thus, by (a) of
Theorem 4.11 applied to MT, (), Peey s

geh = m, )P, (9eh) = M P, (901) = gih.
So,g=4¢"

It is easily shown by induction on |g|, that, if ¢ € M, then mr p(g) also belongs to M. We
turn now to prove that, in that case, mt p(g) is the representative of the minimal R p-class
containing g. We assume without loss of generality that g = mt p(g).

Assume first that [g|, = 0, that is, g € N. Then g = mr, y, p,np,(9). Suppose g is written g = g'u
with g € M and v € P. Since N is parabolic, we must have ¢ € N and u € PN N = P, N P,.
Then, by the induction hypothesis (on the number of leaves of the FC tree), v =1 and ¢’ = g.

Assume now that |g|, > 1. Let (g1,...,9¢, h) be the amalgam normal form of g. We have by
construction g¢h = mt_, M., (geh). Suppose g is written g = ¢'u with ¢’ € M and v € P. By
the above, |g|, is minimal among the amalgam lengths of the elements of the coset g G(P). By
Lemma 3.6, it follows that the amalgam normal form of ¢’ is of the form (g1,...,90—1, gy, h'),
that u € M, (namely, u € P.)), and that gsh = gyh'u. By the induction hypothesis, we
conclude that v = 1, thus ¢’ = g. So, mr p satisfies Property (b).

Let M’ be a parabolic submonoid of M. It is easily shown by induction on |g|, that, if g € G(M’),
then mr p(g) € G(M'). It follows that, if gG(P) N G(M') # 0, then mr p(g9) € G(M'),
that is, mr p satisfies Property (c). Indeed, if ¢ € gG(P) N G(M’'), then, by the above,
mr,p(g) = mr,p(g) € G(M'). O

4.3 Combinatorial properties of FC type preGarside groups

In this subsection we assume given a finite set S, two binary graphs I';, and I'g on S, a partial
complement fr, on S based on I'p, and a partial complement fr on S based on I'p, and we
assume that M = Mp(T'r, fr) = Mr(Tr, fr) is a FC type preGarside monoid. Recall that,
thanks to Lemma 2.7, we can and we do assume that S is the set of atoms of M.

Remark. We cannot remove the assumption “M is a preGarside monoid of FC type” because
we do not know how to decide whether a monoid of the form M = My (T'r, fr) = Mr(Tr, fr)
is a preGarside monoid of FC type.

A direct consequence of Theorem 2.8 is the following.

Proposition 4.12. Let X, Xy be two non-empty subsets of S such that S = X1 U Xo, let
My, Ms be the submonoids of M generated by X1, Xo, respectively, and let N = My N Msy. Then
My, Ms are parabolic submonoids of M and M = My Ms if and only if the following two
conditions hold.
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(a) Let i € {1,2}. For all x,y € X;, either {x,y} is not an edge of T'y, or fr(x,y) € X}, and
either {z,y} is not an edge of T'r or fr(z,y) € X}.

(b) Let i€ {1,2}. For allx € X; and all y € S\ X;, the pair {x,y} is an edge of neither 'z,
nor I'g. [l

The next result is easily proved from the above proposition.

Corollary 4.13.
(1) M is a Garside monoid if and only if 'y, = 'r = Kg is the complete graph on S.
(2) There is an algorithm which determines a FC' tree for M.

(3) We have I'r, =T'g. O

Definition. If M is a Garside monoid, we denote by S(M) the set of divisors of the minimal
Garside element § = dp; of M. The elements of S(M) are called simple elements of M. Note
that, if N is a parabolic submonoid of M, then S(N) C S(M). Let M be a finitely generated
preGarside monoid. Then S(M) denotes the union of the simple elements of the spherical
parabolic submonoids of M. Note that, if N is a (spherical) parabolic submonoid of M, then
A(N) = A(M)N N, thus there are finitely many spherical parabolic submonoids of M, therefore
S(M) is finite. As for Garside monoids, the elements of S(M) are called simple elements.

Remark. We do not necessarily have A(M) C S(M) in general. For example, the monoid
{a,b,c | a®> = bc)T is a preGarside monoid whose unique spherical parabolic submonoid is
{1}, hence S(M) = ) for this monoid while A(M) = {a,b,c}. However, it is easily seen that
A(M) C S(M) if M is of FC type because it is so for Garside monoids.

Now, we come back to the hypothesis of the subsection: M is a preGarside monoid of FC type
given by two partial complements f; and fg.

Lemma 4.14. There ezists an algorithm which determines S(M ), where each element x € S(M)
is given by a word a(x) € S*.

Proof. Let X be a subset of S, and let IV be the submonoid of M generated by X. Then,
by Theorem 2.8 and Proposition 4.12, N is a spherical parabolic submonoid if and only if the
following hold.

(a) For all z,y € X, {z,y} is an edge of 'y, =g, fr(z,y) € X*, and fr(z,y) € X*.

(b) For all x € X and y € S\ X, if {z,y} is an edge of I';, = T'g, then fr(z,y) ¢ X* and
fR(yax) ¢X*

In particular, there is an effective way of determining all spherical parabolic submonoids of M.

Now, suppose that N is a spherical parabolic submonoid. Let w € X*, and let g be the element
of N represented by w. Using any solution to the word problem in N (see [22], [18], for example),
we can determine all left and right factors of g, hence we can decide if ¢ is a Garside element. In
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order to calculate the minimal Garside element dy of N as well as S(N) = Div(dy), we apply
this test to all words of length 1, then to those of length 2, an so on. We increase the length of
the tested words until we obtain a Garside element, which should be the minimal one. [l

Theorem 4.15. Let P be a parabolic submonoid of M, and let T be an FC tree for M. There
exists a function my p : S(M)** — S(M)** satisfying the following properties.

(a) Let w € S(M)**. Then my p(w) = mr p(W).
(b) Let v,w € S(M)**. If wG(P) =vG(P), then my p(w) =mi p(v).

(c) Let w € S(M)**. If M' is a parabolic submonoid of M and G(M') NwWG(P) # 0, then
my p(w) € (S(M) N M")E*,

(d) Let w e S(M)**. Ifw e M, then m% p(w) € S(M)*.
Moreover, there is an algorithm which, given w € S(M)**, determines mi p(w).

Proof. We argue by induction on the number n of leafs of T. If n = 1, then M is a Garside
monoid. In this case we set mj} p = m}, and Properties (a), (b), (c) and (d) are satisfied by
Proposition 4.6. So, we may assume that n > 2 plus the induction hypothesis.

Let My, M5 be the children of M relative to T, and let N = M, N Ms. For i = 1,2 we denote
by T; the full subtree of T rooted at M;. On the other hand, we denote by T; x the FC tree for
N obtained from T; by replacing each monoid M’ attached to a node by M’ N N. We go back
to the constructions and notations given in the proof of Theorems 4.10 and 4.11.

Suppose M’ is a preGarside monoid of FC type, P’ is a parabolic submonoid, and T’ is a
FC tree for M’, and suppose that the number of leafs of T’ is strictly less than n. Then, by
the induction hypothesis, for all g € G(M’), there exists a unique word wr pr(g) such that
wrr pr(g9) = My pi(w) for all w € S(M')** such that w = g. This word wy pr(g) will be used
throughout the whole proof for T = Ty or Ty or Ty x and M" = M; or M or N, respectively.

Let g € G(M). Let (g1,-..,g¢,h) be the amalgam normal form of mr p(g). For ¢ € {1,...,¢},
we denote by e(i) the element of {1,2} such that g; € M.;). We set u; = wr, ;) n(g;) for all
ie{l,....0l},v= le’N,{l}(h), and

For w € S(M)** we set

The fact that the function mj p satisfies Properties (a) and (b) follows from the construction
of the function itself. Let w € S(M)**, and let M’ be a parabolic submonoid of M such that
G(M')NTG(P) £ 0. Set M! = My M', M, = Myn M', and N' = N N\ M’. Let (g1, ..., g0 h)
be the amalgam normal form of mt p(w). By Theorem 4.11, we have mr p(w) € G(M') and,
by Property () proved in the proof of Theorems 4.10 and 4.11, we have g; € G(M! (Z.)) for all

i €{l,...,£}, and h € G(N’). Then, by the induction hypothesis, wr_, p. (9i) € (S(Mc)) N
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Mé(i))i* for all i € {1,..., ¢}, and wr, . (13(h) € (S(N) N N')**. This implies that my p(w) €
(S(M) N M")**.

Let w € S(M)** be such that w € M. Let (g1,...,9¢,h) be the amalgam normal form of
mr,p(w). By Theorem 4.11, we have mr p(w) € M and, by Property (x) proved in the proof
of Theorems 4.10 and 4.11, we have g; € M,(;) for all i € {1,...,£}, and h € N. Then, by the
induction hypothesis, wr,_, P, (gi) € S(M))* for all i € {1,..., ¢}, and wr  (13(h) € S(NV)*.
This implies that my p(w) € S(M)*.

It remains to show that there is an algorithm which, given w € S(M)**, determines my p(w).
Recall that, by hypothesis, the given generating set for M is S = A(M), and every element x
in S(M) is given by a word a(z) € A(M)*. The map a : S(M) — A(M)* induces a morphism
a*: S(M)** — A(M)** which will be useful in our construction.

Define a pre-expression of length £ to be a pair of sequences
W = ((uy,...,upv),(e(1),...,e(£)))
such that £(i) € {1,2} and u; € S(M_(;))** for all i € {1,...,¢}, and v € S(N)**.
Let W be a pre-expression. Suppose that £(i) = e(i + 1) for some ¢ € {1,...,£ —1}. Set
W' = ((ug, ..., uitlis1, Uiz, - .- ug), (e(1),...,e(i),e(i +2),...,e(F))).
Then W' is called an elementary reduction of type I of W.

Suppose mk  (u;) = 1, that is, u; € N, for some 7 € {1,...,¢}. Set u/ = mk u;) €
Ts(z)vN 7 Ts(l),{l}
(S(M) N N)**, and set u! = a*(u}) € A(N)**. Set

W - { (w1, ey e, W U1, -y ug,0), (€(L), .o e(@ —1),e(i + 1), ...,e(0))) ifi<t
(w1, ... w1, ujv), (e(1),...,e(f = 1))) ifi=1¢

Then W’ is called an elementary reduction of type II of W.

Suppose mﬁ}i(i)7N(u,~) # 1 and ma}s(i),N(ui) # wu;, for some i € {1,...,¢}. Set u; = mﬁ}i(i)7N(u,~)
and v; = ma}s(i)’N(ui)*l u;. Note that 7; € G(N). Set v = m;‘rs(i)’{l}(vi) € (S(M.;)) N N)*,
and set v/ = a*(v}) € A(N)**. Set

),e(i+1),...,e(0))) ifi<?

P B (7S T VA 0/ TH R B ) 1
v ‘{ ),2(0))) =

l
((’LLl, sy Up—1, u%a Ugv)a (8(

), (e(1),...,&(
1),...,e(f—1

Then W' is called an elementary reduction of type III of W.
Suppose m%l’N{l}(v) #v. Set v = ma}l’N’{l}(v). Set
W' = ((u1,...,up,v"), (e(1),...,e(0))).

Then W’ is called an elementary reduction of type IV of W.
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! * } * / * I —
Set uy = MT_ ) P (upv), and suppose mTE(Z)7{1}(u€) # mT6(£)7{1}(uw), that is, u, # ugv. Set

W' = ((u1,. ., up_1,up, 1), (e(1),...,e(£))).
Then W’ is called an elementary reduction of type V of W.

A pre-expression W is called a reduction of W if there is a finite sequence Wy = W, Wq,..., W, =
W' of pre-expressions such that W; is an elementary reduction of W;_; for all ¢ € {1,...,p}.
We say that a pre-expression W is reduced if it has no elementary reductions. Observe that any
sequence of elementary reductions is finite. Moreover, if W = ((uy,...,uzv),(e(1),...,e(£))) is
reduced, then mj p(u1 -+ upv) = ug -+ - upv.

Now, let w = st ---sp € AM)**. For all i € {1,...,¢} choose (i) € {1,2} such that
S; € A(Me(i))- Let
Wo = ((s7',...,s75,1),(e(1),...,e(£))) .

Then a reduced reduction W = ((uy,...,uk,v), (u(1),...,u(k))) of Wy can be effectively calcu-
lated from the above and the induction hypothesis, and

my p(w) = uy - upv.

Corollary 4.16.
(1) G(M) has a solution to the word problem.
(2) There exists an algorithm which, given w € A(M)**, decides whether w € M.

(3) Let P be a parabolic submonoid of M. There exists an algorithm which, givenw € A(M)**,
decides whether w € G(P).

Proof. As pointed out in Corollary 4.13, a FC tree T for M can be effectively calculated. Let
w € A(M)**. Then we have w = 1 if and only if m%},{l}(w) = 1, and we have w € M if and
only if ma{l}(w) € S(M)*. Let P be a parabolic submonoid of M. Then w € G(P) if and only
if my p(w) = 1. O

References

[1] J. A. Altobelli. The word problem for Artin groups of FC type. J. Pure Appl. Algebra 129 (1998),
no. 1, 1-22.

[2] J. Altobelli, R. Charney. A geometric rational form for Artin groups of FC type. Geom. Dedicata
79 (2000), no. 3, 277-289.

[3] V.I. Arnol’d. Braids of algebraic functions and cohomologies of swallowtails. (Russian) Uspehi
Mat. Nauk 23 (1968), no. 4, 247-248.

[4] V.I. Arnol’d. The cohomology classes of algebraic functions that are preserved under Tschirn-
hausen transformations. (Russian) Funkcional. Anal. i Prilozen. 4 (1970), no. 1, 84-85.

32



[5]

[6]

[7]

[16]
[17]
[18]

[19]

[23]

[24]

[25]
[26]

V.I1. Arnol’d. Certain topological invariants of algebrac functions. (Russian) Trudy Moskov. Mat.
Obse. 21 (1970), 27-46.

V.I. Arnol’d. Topological invariants of algebraic functions. II. (Russian) Funkcional. Anal. i
Prilozen. 4 (1970), no. 2, 1-9. Translation in Functional Anal. Appl. 4 (1970), 91-98.

J.-C. Birget, S. W. Margolis, J. Meakin. On the word problem for tensor products and amal-
gams of monoids. Internat. J. Algebra Comput. 9 (1999), no. 3-4, 271-294.

E. Brieskorn. Singular elements of semi-simple algebraic groups. Actes du Congres International
des Mathématiciens (Nice, 1970), Tome 2, pp. 279-284. Gauthier-Villars, Paris, 1971.

E. Brieskorn. Die Fundamentalgruppe des Raumes der reguliren Orbits einer endlichen komplexen
Spiegelungsgruppe. Invent. Math. 12 (1971), 57-61.

E. Brieskorn. Sur les groupes de tresses [d’aprés V. I. Arnol’d]. Séminaire Bourbaki, 24éme année
(1971/1972), Exp. No. 401, pp. 21-44. Lecture Notes in Math., Vol. 317, Springer, Berlin, 1973.

E. Brieskorn, K. Saito. Artin-Gruppen und Coxeter-Gruppen. Invent. Math. 17 (1972), 245-271.
R. Charney. Artin groups of finite type are biautomatic. Math. Ann. 292 (1992), no. 4, 671-683.

R. Charney. Geodesic automation and growth functions for Artin groups of finite type. Math. Ann.
301 (1995), no. 2, 307-324.

R. Charney, M. W. Davis., The K(m,1)-problem for hyperplane complements associated to infi-
nite reflection groups. J. Amer. Math. Soc. 8 (1995), no. 3, 597-627.

R. Charney, M. W. Davis. Finite K(m,1)’s for Artin groups. Prospects in topology (Princeton,
NJ, 1994), 110-124, Ann. of Math. Stud., 138, Princeton Univ. Press, Princeton, NJ, 1995.

A. Chermak. Locally non-spherical Artin groups. J. Algebra 200 (1998), no. 1, 56-98.
P. Dehornoy. Gaussian groups are torsion free. J. Algebra 210 (1998), 291-297.
P. Dehornoy. Groupes de Garside. Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 2, 267-306.

P. Dehornoy. Alternating normal forms for braids and locally Garside monoids. J. Pure Appl.
Algebra 212 (2008), no. 11, 2413-2439.

P. Dehornoy. Left-Garside categories, self-distributivity, and braids. Ann. Math. Blaise Pascal 16
(2009), no. 2, 189-244.

P. Dehornoy, F. Digne, E. Godelle, D. Krammer, J. Michel. Garside theory. Book in
preparation. Avaible at http://www.math.unicaen.fr/ garside/Garside.pdf

P. Dehornoy, L. Paris. Gaussian groups and Garside groups, two generalisations of Artin groups.
Proc. London Math Soc. (3) 79 (1999), 569-604.

P. Deligne. Les immeubles des groupes de tresses généralisées. Invent. Math. 17 (1972), 273-302.

F. Digne. Présentations duales des groupes de tresses de type affine A. Comment. Math. Helv. 81
(2006), no. 1, 23-47.

F. Digne. A Garside presentation for Artin-Tits groups of type C,. Preprint, arXiv: 1002.4320.

F. Digne, J. Michel. Garside and locally Garside categories. Preprint, arXiv: math/0612652.

33



[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

D. B. A. Epstein. A result on free products with amalgamation. J. London Math. Soc. 37 (1962),
130-132.

D.B.A. Epstein, J.W. Cannon, D.F. Holt, S.V.F. Levy, M.S. Paterson, W.P.
Thurston. Word processing in groups. Jones and Bartlett Publishers, Boston, MA, 1992.

F.A. Garside. The braid group and other groups. Quart. J. Math. Oxford Ser. (2) 20 (1969),
235—-254.

V. Gebhardt, J. Gonzalez-Meneses. Solving the conjugacy problem in Garside groups by cyclic
sliding. J. Symbolic Comput. 45 (2010), no. 6, 629-656.

E. Godelle. Parabolic subgroups of Artin groups of type FC. Pacific J. Math. 208 (2003), no. 2,
243-254.

E. Godelle. Artin-Tits groups with CAT(0) Deligne complez. J. Pure Appl. Algebra 208 (2007),
no. 1, 39-52.

E. Godelle. Parabolic subgroups of Garside groups. J. of Algebra 317 (2007), 1-16.

E. Godelle. Parabolic subgroups of Garside groups II: ribbons. J. Pure Appl. Algebra 214 (2010),
no. 11, 2044-2062.

E. Godelle, L. Paris. K(m,1) and word problems for infinite type Artin-Tits groups, and applica-
tions to virtual braid groups. Math. Z., to appear.

V. V. Gorjunov. The cohomology of braid groups of series C and D and certain stratifications.
Funktsional. Anal. i Prilozhen. 12 (1978), no. 2, 76-77. Translation in: Functional Anal. Appl. 12
(1978), no. 2, 139-149.

J. Green. On the structure of semigroups. Ann. of Math. (2) 54 (1951), 163-172.

J. M. Howie. Embedding theorems with amalgamation for semigroups. Proc. London Math. Soc.
(3) 12 (1962), 511-534.

J. M. Howie. An introduction to semigroup theory. L.M.S. Monographs, No. 7. Academic Press,
London — New York, 1976.

V.Y. Lin. Artin braids and the groups and spaces connected with them. Itogi Nauki i Tekhniki,
Algebra, Topologiya, Geometriya 17, VINITI, Moscow, 1979, pp. 159-227. Translation in: Journal
of Soviet Math. 18 (1982), 736-788.

J. Michel. A note on words in braid monoids. J. Algebra 215 (1999), 366-377.

L. Paris. Universal cover of Salvetti’s complex and topology of simplicial arrangements of hyper-
planes. Trans. Amer. Math. Soc. 340 (1993), no. 1, 149-178.

L. Paris. Artin monoids inject in their groups. Comment. Math. Helv. 77 (2002), 609-637.

O. Schreier. Die Untergruppen der Freien Gruppen. Abh. Math. Sem. Univ. of Hamb. 5 (1927),
161-183.

J.-P. Serre. Arbres, amalgames, SLo. Astérisque 46, SMF, Paris, 1977.

H. Van der Lek. The homotopy type of complex hyperplane complements. Ph. D. thesis, Nijmegen,
1983.

34



Eddy Godelle,

Université de Caen, Laboratoire LMNO, UMR 6139 du CNRS, Campus II, 14032 Caen cedex,
France.

FE-mail: eddy.godelle@unicaen.fr

Luis Paris,

Université de Bourgogne, Institut de Mathématiques de Bourgogne, UMR 5584 du CNRS, B.P.
47870, 21078 Dijon cedex, France.

E-mail: lparis@u-bourgogne.fr

35



