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ABSTRACT

This paper presents a new Green's operator (I'-operator) for mixed periodic and stress-free
boundary conditions. The solution is split into a classical periodic solution and a comple-
mentary solution to account for stress-free boundary conditions. This operator is used to
obtain the effective properties of thin heterogeneous plates made of periodic cells, using
the Fast Fourier Transform, the periodic thin plate theory and the computation of the strain
energy within the cell. Numerical applications are provided, including comparisons with
closed-form solutions and finite element solutions.
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1. Introduction
1.1. Effective properties and I'-operators

Theoretical and numerical methods which aim at obtaining the effective elastic properties of multiphase composite mate-
rials have been the subject of numerous studies. If one considers the case of periodic media, it is possible to show that the
effective properties of heterogeneous materials can be obtained if the solution of an elasticity problem (localization problem)
on the volume of a period subjected to periodicity boundary conditions and to “body forces” is solved. These body forces are
computed from the heterogeneous elastic properties and from given macroscopic strains (see Sanchez-Palencia, 1974;
Bakhvalov, 1974; Bensoussan etal., 1978; Auriault and Bonnet, 1985; Bakhvalov and Panasenko, 1989, and further references
therein).

Similarly, if a representative elementary volume (REV) is considered, the effective properties can be obtained if the solu-
tion of an elasticity problem on the REV subjected to homogeneous boundary conditions (displacement null on the boundary
for example) and to body forces is solved (see e.g. Kroner, 1971; Milton, 2002).

In both cases, it is possible to replace the problem on a volume containing heterogeneities by a sequence of problems
characterized by body forces applied to a "homogeneous reference medium” and by homogeneous (or periodic) boundary
conditions similar to those previously defined.

From another point of view, it is well known that the displacement which is solution of an elasticity problem character-
ized by homogeneous (or periodic) boundary conditions and by body forces can be expressed by using a Green's function.
From the Green's function, an operator can be derived, allowing the computation of the strain field induced by a polarization
tensor, the so-called I'-operator (see e.g. Milton, 2002) from the notation of the first authors using this operator (see e.g.
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Kroner, 1971; Willis, 1977), which is also named Green'’s operator by (Suquet, 1990; Moulinec and Suquet, 1994; Moulinec
and Suquet, 1998). In the following, the name I'-operator will be used. There is a close relation between the search of effec-
tive properties and the use of I'-operators.]|

Up to now such a strategy was restricted to the use of known I'-operators: I'-operator for an infinite domain and I'-oper-
ator for periodic boundary conditions in the case of solutions related to a periodic cell. The main reason of such a situation is
that I'-operators for specific boundary conditions are known only for some special situations: infinite and semi-infinite do-
mains, periodicity conditions, mixed boundary conditions... (see e.g. Seremet, 1991; Mura, 1991). In some cases, other spe-
cific boundary conditions must be considered: for example in the case of beams or plates, traction-free boundary conditions
must be taken into account. In this case new I'-operators are needed.

In a first step, this paper presents therefore the method for obtaining the I'-operator which is well adapted to study a
plate made of periodic cells: periodicity conditions along four faces and traction-free conditions along 2 faces for 3D prob-
lems, or periodicity conditions along two sides and traction-free conditions along two sides for 2D problems. This operator
can obviously be used for other applications, for example to study the field generated by defects in elastic solids with given
boundary conditions. This result has been therefore considered as the leading point of the paper.

1.2. Homogenization methods for periodic media

The second part of the paper is devoted to the use of the I'-operator found in part 1 to develop new solutions for obtaining
effective properties of plates made of periodically positioned cells. As explained previously, a rigorous procedure can be de-
scribed in order to obtain the effective properties if a localization problem is solved on a period. Finite Element Method
(FEM) has been used for the analysis of periodic materials. Most of the analyses are limited to simple microstructures. Re-
cently, several authors studied more complex microstructures with inclusions of varying numbers and shapes (see Brockenb-
rough et al., 1991; Bohm et al., 1993; Gusev, 1997; Sab and Nedjar, 2005). The method needs however finite element
meshings which are obviously tedious to implement, especially as soon as 3D computations are in view. To overcome this
problem, several authors (Iwakuma and Nemat-Nasser, 1983; Luciano and Barbero, 1994; Cohen and Bergman, 2003) applied
the method of Fourier series for calculating the effective properties of composites with a periodic microstructure. Kabohm
et al.(2005), KaBbohm et al. (2006) proposed an approximate method of Fourier coefficients for computing the properties of
periodic structures with an arbitrary stiffness distribution. By using the Fast Fourier Transform (FFT), Suquet (1990),
Moulinec and Suquet (1994), Moulinec and Suquet (1998), Michel et al. (1999) proposed an iterative numerical method
to investigate the effective properties of linear and non-linear composites. The method was afterwards extended by Eyre
and Milton (1999), by Michel et al. (2001) and by Moulinec and Suquet (2003). This method makes direct use of digital
images of the microstructure of the composites. It is based on the exact expression of the I'-operator for a linear isotropic
elastic homogeneous material and periodic boundary conditions. A part of the efficiency of this method is due to the use
of FFT packages, which allows to reduce the calculation times and to analyze the plane (2D) or volumic (3D) periodic com-
plex microstructures without FEM meshing. Using discrete Fourier transforms, Neumann et al.(2001), Neumann et al. (2002)
presented also a method for the analysis of heterogeneous bodies. Bonnet (2007) proposed an explicit series solution for the
calculation of the effective properties of composites having periodically positioned heterogeneities by using Neuman series
and exact expressions of the shape factors in Fourier space. Recent studies using the Fourier method and FFT algorithms
showed their efficiency when used for obtaining the effective properties of periodic media.

The homogenization of elastic periodic plates has been studied by many authors (Duvaut and Metellus, 1976; Caillerie,
1984; Kohn and Vogelius, 1984; Lewinski and Telega,1999; Cecchi and Sab, 2002a,b, 2004). Two characteristic length scales
coexist: the typical size L of the plate and its thickness t. Moreover, the in-plane periodicity of the structure introduces an
additional characteristic length € which describes the in-plane size of the unit cell that generates the plate by periodicity. For
a fixed value of L, the homogenization problem consists in finding the asymptotic solution when t and ¢ tend to zero. As
shown in Caillerie (1984) and Kohn and Vogelius (1984), the homogenization scheme depends on the relative rate of con-
vergence towards zero of t and e. It is generally assumed that € is a function of t which behaves likes t* with a > 0 when
t is small. Three cases have been considered: a < 1,a =1 and a > 1. If a < 1, the 3D heterogeneous structure is replaced
by a periodic Love-Kirchhoff plate whose elastic properties are periodic (t — 0). The properties of the equivalent homoge-
neous plate are then obtained by a homogenization process applied to plate properties (¢ — 0). First results on the homog-
enization of Love-Kirchhoff plates are due to Duvaut and Metellus (1976). If a > 1, the properties of the 3D heterogeneous
structure are obtained in a first step by a homogenization process (¢ — 0) and the resulting homogeneous 3D-body is then
replaced by a 2D plate (t — 0). Finally, in the case a = 1 (the in-plane size of the unit cell is comparable to the thickness of the
plate: t ~ € — 0), the 3D heterogeneous body is replaced by a homogeneous Love-Kirchhoff plate whose stiffness constants
are computed by solving an auxiliary boundary problem on the 3D unit cell. This approach has been extended to the limit
analysis of periodic plates by Bourgeois et al. (1998), Sab (2003), Dallot and Sab (2008a), Dallot and Sab (2008b).

The objective of this paper is to present a new approach for obtaining the effective elastic properties of periodic thin
plates. The thickness and the period of the plate are assumed to be of the same order and much smaller than the in-plane
typical characteristic size L of the plate (case a = 1). The stiffness constants of the plate can thus be computed by solving a
boundary value problem on a unit cell. The Fast Fourier Transform method is used to solve the problem. The solution is split
into a classical periodic solution and a complementary solution to account for the traction-free boundary conditions. The
effective elastic properties of the plate are finally obtained by the calculation of strain energy in which the strain and stress



fields are obtained by a basic iterative algorithm. The numerical validation of the method is then performed in the case of
two numerical examples.

2. Related I'-operators

This section aims at formulating a new I'-operator for periodic media with traction-free boundary conditions. To do so, the
first two subsections will summarize known operators and can be considered as a review of known results: foraninfinite med-
ium (Kroner, 1971; Willis, 1977, 1980, 1981) and for a periodic medium (Suquet, 1990; Moulinec and Suquet, 1994, 1998).

2.1. T-operator for an infinite medium

Let us consider a homogeneous infinite elastic medium characterized by the stiffness L° and subjected to a pre-stress field
7(X).
The equilibrium equation can be written as:

a(x) - V=0, (1)
where the stress field may be split into an elastic part and a pre-stress part t(X) as:

a(x) = L% : e(x) + 1(x), (2)
where the strain field e(x) is linearly related to the displacement field u(x) by:

e(x) = u(x)@'V, (3)

where the nabla operator V is used to express the gradient and divergence operators (u @V = u;;je; @ e, ¢ - V= gy €;). The
Greek indices are assumed to range within {1,2} while the Latin indices take values {1,2,3}. The e; are the vectors of an
orthogonal basis of the space, u(x) is the displacement field, e(x) the corresponding strain field (the symmetrical part
u(x)2°V of u(x) @ V), ¢(x) the total stress field.
L° is a uniform elasticity tensor given, in the case of an isotropic medium, by:
L’ :e(x) = itr(e(x)) 1+ 2e(x).

The prestressed field or “polarization field" z(x), may come from an eigenstrain due to thermal expansion, plasticity or other
physical phenomena (see e.g. Mura, 1991; Bornert et al., 2001).
Substituting (2) into (1) leads to:

(L°:e(x))- V+1(x)-V=0. (4)
For a given polarization stress field z(x), the solution of Eq. (4) in an infinite medium can be expressed by using a non-local I'-
operator of the linear homogeneous medium L° as:

e(x) = — /F(x —X')r(x)dx/, (5)
where the I'-operator is related to the Green’s function of the infinite homogeneous body G (Kelvin's tensor for an isotropic
medium for example) by:

Fig(X = X') = —Gja(X — X'), (6)

and it is noted that the fourth-order tensor possesses the symmetry on the indices (ij), (kl).
The Green’s function of the infinite homogeneous G(x) is itself the solution of the following differential equation:

Lg'kl Gmk.lj(x) = ‘5mi‘5(x) =0. (7)

It is well known that the Green's function G(x) is characterized by a 1/r singularity for 3D and a logarithmic singularity In(r)
for the 2D case, where r =| X — X’ |. The I'-operator is therefore strongly singular. The convolution product in (5) is very dif-
ficult to estimate in the real space and it is therefore in many cases more suitable to use the Fourier transforms of G and I.

The I'-operator and the corresponding strain defined in (6) and (5) will be therefore obtained by using Fourier transforms.
The Fourier transform of f(x) and its inverse are defined as:

. _ 1 L
fio = [fooetrdx fix) =g [ Foetrdi ®)

where all the integrals are taken on R®. The index i denotes the complex number (i = v=1). k = (k;, ks, ks) is the wave-vec-
tor. k - x is a scalar product. The 3-dimensional Fourier transforms of (6) and (7) lead to:

fi}'k‘(k) - kiklajk(k) and -~ L:’ijl émk(k)k,k,» + (5,,.,' =0. (9)



By setting K}, (k) = L;k,k,k,» which are components of the acoustic tensor of the homogeneous material and by naming N°(k)
the inverse of K°(k), the operator I' can be expressed in the Fourier domain as:

(k) = l(N?k(k)kjkl + Ny (K)kiky + N (K)kiki + Nj(K)kiky). (10)

4
The Fourier components of the I'-operator are explicitly given for different types of anisotropy of the homogeneous medium
(see e.g. Willis, 1977, 1980, 1981; Mura, 1991). For an isotropic material with Lamé coefficients (4, p), it takes the form:

= 1 - - - - A kikikek,
ikl = W(Omkjk, + ()Jkk,kl + ()“k]kk + ()J,k,kk) - m Ikrl .

(11)

2.2. Case of periodic boundary conditions

Let us now consider a periodic medium characterized by a basic cell Y. Any periodic function f(x) can be expanded into
the Fourier series:

f ik-x £ 1 —ikx
f = D2 00er, f(k)zm/yf(x)e kx g (12)

where the tips of discrete wave-vectors k are points of the reciprocal lattice.

If one considers now a periodic polarization tensor z, it is possible to define the periodic I'-operator and the corresponding
strains along the same lines as those used for the infinite medium. After Fourier transform of Eqgs. ()(1)-(3) and elimination of
Gij between the equations, the expression of operator I' has finally the same form as (10). The periodic strain field of the
problem can then be obtained in the real space e’ (x) and the Fourier space e”(k) by means of the periodic I'-operator asso-
ciated with the homogeneous elastic medium with stiffness L° (see Suquet, 1990; Moulinec and Suquet, 1994, 1998),

In real space : e (x) = —TI = 1(x). (13)

In Fourier space: e?(k) = —T'(k): #(k) Vk#0, e*(0) = 0.
In this case the strain field given by (13) complies obviously to boundary conditions along the periodic boundaries of Y.
2.3. Periodic boundary conditions mixed with traction-free boundary conditions

Let us now consider a basic cell Y. Mixed conditions are defined along the boundaries of the cell as follows: periodic
boundary conditions are assumed along the boundaries perpendicular to x; and x, while traction-free boundary conditions
are assumed along the boundary perpendicular to x;. The domain Y of the cell is defined by:

tt
Y= {x ER’ X = (X1.X2.X3), X1 €]0, L], X €]0.[, X3 E]_f'f[}' (14)
The domain @ =]0,1;[x]0,k[ is the middle surface of the cell with the boundary 8w and dY, = dw x |- £ £[ is the lateral
boundary of Y. The top and bottom surfaces of the cell are denoted by aY* = @ x {+£}. All formulations are performed under
the assumption of a linear elastic behavior and small deformations of materials.
For a given periodic polarization z, the problem which must be solved on Y is now defined in the following form:
a(X)- V=0, a(Xx)=L":eXx)+1(x),
e(X) = u(x)®*V, (15)
u(x) periodic on @Y;, &(x) - nantiperiodic on Y,

and traction-free boundary conditions on a8Y* are assumed,
c-e3=0 on oY~ (16)

For z(x) € L*(Y), the boundary value problem (15 and 16) can be solved by expanding the polarization stress into the Fourier
series defined in (12),

o(X) = Z (k) e, (17)

where the coefficients of the Fourier series 7(k) can be calculated by the Fast Fourier Transform (FFT) (see e.g. Soize, 1993;
Gasquet and Witomski, 2000; Kafgbohm et al., 2005).

The solution u(x) of the problem (15 and 16) can be split into two terms: the first term can be obtained with the standard
periodicity conditions in the direction x; (as in the previous section) and the second term is the complement which is nec-
essary to comply to the traction-free boundary conditions:

u(x) = u’(x) + u'(x),



with,

w(x) =S wke, u(x) = Zﬁ"(k,x;)e“""’, (18)
k

k

where k — (ky,k2), k = (ky, ka2, ks) are the discrete wave vectors arranged along a discrete lattice having a period 27/l; (I3 = t)
along the direction x;.

u?(x) is the solution of the problem (15) with full periodicity conditions for which the corresponding strain e?(x) is de-
fined in (13) and the stress field is then expressed in the Fourier space as follows:

6" (k) = itr(eP(k)) 1+ 2peP(k) + z(k).

The complementary displacement field u"(x) which is necessary to comply to the traction-free boundary conditions is ob-
tained by using the following system of equations:

o"(x)- V=0, o"(x)=L":ex),

el(x) = u"(x)@*V, (19)
Oy (X1, %, X3 = £4) = —0h(x1,%,X3 = £,
u’(x) periodic on dY,, ¢"(x) - n antiperiodic on Y.

The solution of problem (19), complying to periodic boundary condition along the boundaries which are perpendicular to x,
and x2, may be expanded into the Fourier series as expressed in the second term of (18) where u" (k, x3) has to be obtained.
The corresponding strains and stresses are, respectively:

e'x) = e (kxs) et a(x) = Y 6" (k,xs) e, (20)
P &

The strain field is related to the displacement field by:
" (k,x3) = " (K, X3) &V, (21)

where the operator V' is defined by V' = [ik, ik, &]". The operator @ indicates the partial differentiation with respect to the
coordinate subscript that follows. The stress field is obtained from the constitutive equations:

" (K, x3) = A(0" (K, X3).V') 1 + 2p(a" (k, x3)@°V'). (22)
The equilibrium equation ¢" (x) - V = 0 becomes &" (k,x3) - V' = 0 which leads to:

[+ V&V + (V' - V)1).0" (k. x3) = 0, (23)
where,

I —kky iy s
V&V = | kiky K ke | V-V =% — (ki + kD). (24)
ikios ko Py
The solution of Eq. (23) is (see Appendix A.1):

(K, X3) = (@* +Xx3b")e™ + (@~ + x3b") e, (25)
where: )
a; + % p3
at = a . b = akpE b s /Il 41 (26)
a5k, +azk, —1524b3) b:

The six complex coefficients (ay, a3, by ) are obtained from the six boundary conditions defined in (19) which are rewritten as
follows:

aty (f(. :t%) ==Y ah (ke (27)
k3

The previous relation leads to the explicit expressions of (a7, a3, by) as follows:
by =w*g* +wig~,

. ik, P L kik, sg o s

& ="3¢ sinh(st) (C'b3 - Stb3) a5 sinh(st) (@€~ 4:87%) F 77 sinh(st) (are? —qye),

& kiky . iky + - 1 L8 = &

at=- a; — by +sth; )+ ——  (gTe7 —qieI), 28
! s2 + kf : (82 + kf)sinh(st) ( B 3) 2(s2 + kf)sinh(st) (@ e (28)



where:

N el oa
qi = =3 peeiahy(k),

ks

S . .

G == peionk),
ks

q§ — ;e:ikﬁ'(ﬂ;;(k)' (29)
3

st - SU
e*Z sinh(st) + ste™? st L st (
w = (st) €= (—7 ! )e“+ (—+ : )e‘s‘.

4p(sinh’(st) — s2t2) 2 it 2 i
+ + ll“ + + £ T
g =q im[(qu, +ka2q3) cosh(st) — (kiq7 + kaq3)].

The derivation of the displacement field (Eqs. (25) and (26)) and the calculation of the coefficients (a7, a3, b;) from the
boundary condition (27) are given in Appendix A.1. The complementary strain field e"(k, xs) is then obtained by (21).
The total strain field is a combination of the two components obtained from (13) and (21):

e(x) = e (x) + ef(x), (30)
where,

e(x) =Y eket, e'x) =" e'(k x)et. (31)
k Kk

Expression (26) shows that the coefficients (a7, a3, by) and the complementary displacement field (k. x3) must be obtained
also for s#0 or |k|>0. As a result, the corresponding strain field e"(k, x;) is obtained. The complete expression of the strains
@"(k,x3) is given in Appendix A.2.

Finally, the strain field is related to the polarization field via a I'-operator which can be considered as a projection of the
polarizations onto the strains. The previous formulations enable to construct a new I'-operator for the mixed boundary con-
ditions. In fact, for a given polarization field, the total strain field is obtained from Eqs. (30) and (31) where the complemen-
tary strain field is calculated by expressions (21), (25) and (28), while the periodic strain field is defined classically by (13).
This step will be used in the following part to obtain the effective elastic properties of a thin plate.

3. Application to thin plate homogenization

Let us consider a Love-Kirchhoff heterogeneous plate having a thickness t which is located within a domain Qx| — £ £/,
t € R*. Q ¢ R? is the middle surface of the plate. The plate exhibits a periodic structure in directions x; and x, so that it is
possible to extract an elementary cell Y given by (14) which contains all the information necessary to completely describe
the plate and more precisely the value of the elasticity tensor L(x) at each point. It is assumed that the thickness of the plate
and the typical length of the cell are of the same order, and that they are very small in comparison with the in-plane typical
length of the plate.

The “homogenization problem” on Y is defined as follows:

a(X)- V=0, a(x)=L(X):e(x),
e(X) = E+ X371 +e(u(x)), (32)
u(x) periodic on dY;, «(X) - n antiperiodic on dY,,

and the free boundary conditions on Y™ are assumed,
c-e3=0 on aY". (33)

This problem allows to obtain the stiffness properties related to the macroscopic kinematics defined by the"in plane” mem-
brane strain E and the curvature y of the middle surface of the plate. The problem (32 and 33) is transformed into the bound-
ary value problem (15 and 16) defined in the previous section by introducing a homogeneous elastic reference medium L°,
leading to the polarization field z(x) given by:

7(X) = L(X) : [E+ X351 + e(u(x))] — L° : e(u(x)). (34)

The strain field e(u(x)), symmetrical part of u(x) @ V, will be denoted simply by e(x) in the following. The “macroscopic”
fields E and y have only the in-plane components: Ej = 0, 7;; = 0 (see Caillerie, 1984).

The boundary value problem (32)-(34) has the same structure as the basic problem (15 and 16). The polarization tensor
is now a function of the unknown strain field. Eqs. (32) and (33) are therefore solved by using a basic iterative procedure. At
each iteration, the polarization field is given by (34).



3.1. Homogenization procedure

The homogenized elastic properties of the plate are obtained from the elastic strain energy per unit area of the plate ex-
pressed by:

1 1
m/a(x) :e(X)dei(NEJer). (35)

N is the membrane stress tensor and M is the flexure moment tensor:
1 1
Nep = / TudY, My= o /x; GapdY. (36)

Eq. (35) can be interpreted as the macro-homogeneity condition of Hill-Mandel which ensures that the macroscopic elastic
strain energy of a given representative volume element is equal to the integral of the microscopic elastic strain energy within
this volume.

Hence, the strain energy per unit area becomes:

1 1
m / a(X) : e(x)dY = E(EAE + 2EBy + ¢Dy). (37)

It can be seen that the homogenized stiffness properties (A, B, D) of the plate will be obtained by using an appropriate choice
of the macroscopic tensors (E,y) and by calculating the elastic strain energy.

The discrete Fourier transform is performed by discretization of the cell Y into a regular grid: (N; x N,) points (pixels - 2D
problems) or (N; x N, x N3) points (voxels - 3D problems). For two-dimensional problems in the space (x;,x3), the coordi-
nates in the real space are defined by:

. I . .t . N; N;
X1 =(;-1)-—, ih=1,....,N; and x3=03 - —, i3=—-——,...,0,...,——1. 38
1= (1 —-1) N 1 1 3=hegs B 5 3 (38)
This discretization is appropriate for using the Fast Fourier Transform (FFT) as soon as N; are powers of 2. The computation of
the FFT corresponds to the wave-number orders n; = [0, ..., %~ 1,-% ... —1]. The components of the wave vectors are
then defined as follows:
ki — 2mn, ks — 2nn3. (39)

L t
This discretization will be used for the analysis of the plane strain problems studied in the following section.

3.2. Iterative algorithm

The boundary value problem (32 and 33) is solved by using the method proposed in Section 2.3 with a given polarization
field in (34). The iterative algorithm necessary to compute the strain and stress fields of the problem (32), (33) comprises the
steps described below for the 3D case:

Initialization:

e’(x) =0, 6¢°(x) =L(X): [E+x3z+e’(x)],

Iterate i + 1: ef(x) and ¢'(x) being known

)

= -T(k):7(k) vks0, e '(0)=0 and & (kxs).

(
(
( )
(d) ei'(x)= 75" (e (k)] and e'(x) = ;" (el (k.xs)], (40)
(e) e"'(x)

(

(

1(x) + €7 (%),
6" 1(X) = L(X) : [E + X37 + e (x)],

g) Convergence test,

Q__

LA

*
[
()

where 7, and #; "' denote the Fourier transform and its inverse. Subscript [ denotes the number of dimensions needed for the
Fourier transform. Additionally, the periodic strain fields (e?(x),e"(k)) are computed by the FFT algorithm in the 3 directions
(#3) while the complementary fields (e"(x), e"(k, x3)) need only the Fourier transformations along the 2 periodic directions
of the plate (#,). The explicit calculation of the strains e"(k,x3) is given in the Appendix A.2.

For the convergence test, Moulinec and Suquet (1998) proposed a convergence criterion which ensures that all local equa-
tions (and more specifically the equilibrium equations) are accurately satisfied. In practice, this requirement is stronger than
the convergence of the elastic energy. However, due to the fact that the effective elastic properties of the plate in this paper



are directly obtained by the consideration of the elastic strain energy as described in Section 3.1, it is logical to choose the
energy criterion for the convergence of the algorithm (40). The iterative procedure is stopped at step i + 1 when the relative
increment between step i and step i + 1 of strain energy is smaller than a prescribed value ¢ (typically ¢ = 10~ in our cal-
culations. This value ensures the convergence of the effectives elastic properties of the plate).

4. Numerical applications

Numerical applications of the previous theory are performed for two examples. The first example is the study of a lam-
inate problem. The comparison is made with the closed-form solution. In the second example, we consider a plane problem
related to an inclusion which is periodic along one direction of the horizontal plane of the plate. The homogenized stiffnesses
obtained are compared to those of a finite element model.

4.1. Laminate

Let us consider a symmetrical laminate which is made of four homogeneous layers having the same thickness. This lam-
inate may be considered as having a periodic structure along direction x (problem 2D) so that it is possible to extract a unit
cell presented in Fig. 1. The following parameters are used for numerical computations, t = 0.1, I; = 0.1 and E; = 46 GPa,
v; = 0.3, E; = 10GPa, v, = 0.3 (Young's modulus, Poisson’s ratio of the phases 1 and 2, respectively).

The effective properties of the plate are obtained by consideration of the strain energy defined in (37). It can be computed
by an equivalent way in the Fourier space (see e.g.Soize, 1993). Due to the symmetry with respect to the middle surface, the
coupling stiffness of the plate B is null. It is thus sufficient to identify the homogenized stiffnesses (A, D). The macroscopic
fields used for the computation are: (E= 1,7 =0), (E= 0,7 = 1). They allow to calculate the homogenized membrane and
bending stiffnesses of the plate, respectively. The solution is compared to classical closed-form solutions of the effective stiff-
nesses of the Love-Kirchhoff plate given by the following relations:

3 E; 1,2 2 E; 13 3 E;
A=Y (hi- h)—7 B=3 > (i - hii—7 D=3 > (hi - W1 (41)
i=1 i i=1 i i=1 i
where h; (i=1,...,5) are the vertical positions of the bottom face, interfaces between the layers, and the top face of the plate,
respectively (see Fig. 1).

Table 1 presents the homogenized stiffnesses obtained from the present theory and from the closed-form solution. The
values noted in parentheses represent the CPU times when using a standard PC. The results obtained in Table 1 are calculated
by using a low number of discretized points along x-direction (N; = 2*). That can be explained by the fact that the material
properties are uniform in the horizontal plane of the plate. In addition, the results showed that the convergence of the solu-
tion toward the closed-form solution is fast so that a good approximation can be reached for a low number of discretization
points along the z-direction (N5 = 2°). The iterative algorithm is stopped after 10 iterations for ¢ = 10~*. Fig. 2 presents the
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Fig. 1. Elementary cell of 4-layer plate.

Table 1
Effective stiffnesses of the symmetrical 4-layer plate, N; = 2°
Analytical solution Present solution
N3 =2* N3 =2° N; =2° No. itera.
A 3.0769 3.077 (0.4s) 3.077 (0.7s) 3.077 (1.2s) 10

D 0.0038 0.00382 (0.5s) 0.003805 (0.8s) 0.003802 (1.2s) 10
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Fig. 2. Convergence of the elastic strain energy.

variation profile of the average of elastic strain energy for the calculation of the membrane stiffness given in Table 1. It can be
observed that the strain energy converges rapidly after less than 10 iterations and that the value obtained for ¢ = 107" is
stable when the iterative process is continued (up to 10~'°).

The rate of convergence of the algorithm depends on the following parameters: the wave number N used in the Fourier
transforms, the number of iterations during the iterative process, the elastic properties of the reference medium and of the
phases. The studies of the convergence of the basic iterative algorithm can be found in Moulinec and Suquet(1994), Moulinec
and Suquet (1998), Michel et al. (1999). Improved algorithms for an arbitrary phase contrast are described by Michel et al.
(2001) and Moulinec and Suquet (2003). These authors used a convergence criterium based on the vanishing of the local
equilibrium equations. In the case of the plate, the local equilibrium does not suffice to insure the equilibrium, because it
must be completed by the traction-free boundary condition on the faces of the plate. It is shown above that the energy com-
puted with an accuracy of 1e—4 remains stationary when the convergence process is continued and that the possible occu-
rence of a”plateau” is excluded. Bonnet (2007) considered also the convergence of the basic algorithm for the sum of the
Neuman series. For a two-phase composite medium, the Lamé coefficients (4, 1) of the homogeneous reference medium
are related to the properties of the phases by:

Jo= hm + (1 — o) 44,

o= oy, + (1 — o), (42)

where the subscripts m, i denote matrix and inclusion, respectively. For the properties of the reference medium, Michel et al.
(1999), Moulinec and Suquet (1994, 1998) used « = 0.5 to ensure the convergence of the local fields in the calculations of the
basic algorithm. This value has been also used for the computations in the above laminate problem.

4.2. Plate with periodic inclusions

We consider in this section a panel with a periodic repartition of parallelipedic fibers. Fig. 3 presents the 2D section of the
panel structure and the corresponding unit cell. The following parameters are used for numerical calculations, t; = 0.025,
I, =0.1,v; =03, t, = 0.025, t = 0.1, v;, = 0.3.

As for the case of the laminate, the calculation of the homogenized membrane stiffness of the plate is performed by using
the uniform macroscopic strain condition (E = 1), while the computation of the effective bending stiffness is obtained by the
condition (7 = 1). The cell is symmetrical in this example which leads obviously to null coupling stiffness. The approximate
solution of the present model is validated by comparison with that of a finite element model. The finite element calculation
is performed with a meshing which ensures the convergence of the elastic strain energy. The solution is obtained by using
ABAQUS software and linear quadrilateral elements CPE4R (plane strain). Additionally, it can be seen that the periodic cell
presents two axes of symmetry. As a consequence, it is sufficient to consider a quarter of the periodic cell (2D problem). Figs.
4 and 5 present the displacement boundary conditions for the calculation of the homogenized stiffnesses A and D, respec-
tively. The boundary conditions taking into account the symmetries of the period are obtained from the developments re-
ported in Appendix B. The measurement of a “relative error” is defined by the relationship:
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where M. is the solution obtained from the present model, and M,, is the one obtained from the FEM model.

Tables 2 and 3 provide the comparison between the homogenized stiffnesses A and D obtained, respectively, by the pres-
ent theory and by the finite element model. The space discretization defined in (38) is performed by using the same number
of points along two directions, i.e. Ny = N3 = N. It can be seen that the homogenized properties are near to those obtained
from the finite element model even for a low number of pixels. The variation profile of the solution in comparison with the
FEM solution is presented in Figs. 6 and 7 where it can be seen that the bending stiffness and the membrane stiffness display
an opposite variation with the spatial resolution of the image: the bending stiffness decreases with the spatial resolution
while the membrane stiffness increases with the spatial resolution. Usually (Moulinec and Suquet,1994, 1998), it is observed
that the elastic energy decreases when increasing the spatial resolution in the case of a problem where a macroscopic strain
is applied at the beginning of the iterative process. Conversely (Bonnet, 2007), the dual method using an applied macroscopic
stress leads to increasing values of the elastic energy. In the present case, a macroscopic strain is applied, but traction-free
boundary conditions are taken into account along the boundaries of the plate. The mixed nature of the problem explains the
different kinds of convergences observed in Figs. 6 and 7.



Table 2
Effective membrane stiffness of the panel plate, E/E,, = 10,E,, = 1,2 = 0.5

N FEM Proposed solution

Value (error %) Times (s) No. itera.
2 0.16288 0.16209 (-0.485%) 0.9 15
2 0.16288 0.16257 (-0.19%) 34 16
2 0.16288 0.16279 (-0.055%) 12 16
2 0.16288 0.16287 (-0.006%) 50 16
Table 3
Effective bending stiffness of the panel plate, E;/E, = 10,E, = 1,2 =0.5
N FEM Proposed solution

Value (error %) Times (s) No. itera.

P 1.0652e-4 1.0701e—-4 (0.460%) 1 18
2 1.0652e-4 1.0659e-4 (0.066%) 4 18
2 1.0652e-4 1.0654e-4 (0.019%) 14 18
27 1.0652e-4 1.0654e-4 (0.019%) 57 18

The reference medium is chosen according to Michel et al. (1999), Moulinec and Suquet (1994, 1998) with « = 0.5. The
CPU times and the number of iterations depend on the contrast between the phases and on the discretized number of points.
As seen in Tables 2 and 3 the calculation time for the problem with contrast E;/E,, = 10 and stiffer inclusions increases with
the number of discretization points. In practice, a difficulty of convergence was observed by other authors when using the
present basic algorithm for composites with very stiff inclusions (Moulinec and Suquet,1994, 1998; Michel et al., 1999; Bon-
net, 2007). The accelerated scheme of Eyre and Milton (1999), the augmented Lagrangian method of Michel et al. (2001) or
the dual solution (stress formulation) described in Bonnet (2007) could be considered to obtain a better convergence in this
case.

Solutions for inclusions softer than the matrix or voids are also reported here, for which the parameter « = 0.65 proposed
by Bonnet (2007) has been used. Tables 4 and 5 present the comparison between the homogenized membrane and bending
stiffnesses of the plate obtained from the present model and from the FEM model. The solutions are obtained for a contrast
Em/E; = 1000. It can be seen that the homogenized stiffnesses obtained from the present solution agree with those of the
FEM even for a low resolution. The iterative procedure is stopped after about 8 iterations for a prescribed value of the relative
error of 10*. Additionally, the CPU times obtained in Tables 4 and 5 show the fastness of computation.
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Table 4
Effective membrane stiffness of the panel plate, E,,/E; = 1000, E; = 1,2 = 0.65
N FEM Present solution
Value (relative error %) Times (s) No. itera.
24 58.495 58.363 (-0.226%) 0.6 8
2 58495 58.472 (-0.039%) 2 9
28 58.495 58.502 (0.0120%) 7 9
27 58.495 58.506 (0.0188%) 28 9
Table 5
Homogenized bending stiffness of the panel plate, E,, /E; = 1000, E; = 1,2 = 0.65
N FEM Present solution
Value (relative error %) Times (s) No. itera.
P 0.08225 0.08244 (0.231%) 0.5 8
2 0.08225 0.08230 (0.060%) 1.7 8
2 0.08225 0.08227 (0.024%) 6 8
27 0.08225 0.08226 (0.012%) 25 8
Table 6
Homogenized membrane stiffness of the panel plate, E; = 0,E,, = 10
N FEM Present solution
Value (relative error %) Times (s) No. itera.
- 0.5840 0.5826 (-0.24%) 06 8
23 0.5840 0.5837 (-0.05%) 2 9
22 0.5840 05839 (-0.017%) 7 9
2Z 0.5840 0.5840 (~ 0.0%) 28 9

For the plate with a periodic rectangular void, Tables 6 and 7 present the comparison of the effective stiffnesses with
those obtained by FEM. Elastic moduli E; = 0, E,, = 10GPa are chosen for the computations. As previously, the results provide
a good precision even for a low resolution. The CPU time increases with the number of discretization points, but it can be
seen that in spite of the infinite contrast between voids and matrix, the iterations are stopped rapidly when the iterative
scheme is stopped for a prescribed relative error of 10~ (see Tables 6 and 7).



Table 7
Homogenized bending stiffness of the panel plate, E; = 0,E,, = 10

N FEM Present solution
Value (relative error %) Times (s) No. itera.
25 8224e-4 8.242e-4(0.219%) 0.6 8
2 8224e-4 8.228e-4 (0.049%) 2 8
2 8224e-4 8.225e-4(0.012%) 6 8
2 8224e-4 8.224e-4 (~ 0.0%) 25 8
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Fig. 8. Variation of the membrane stiffness according to the volume fraction of inclusion.

To check the validity of the present solution for different volume fractions of voids, Figs. 8 and 9 present the homogenized
stiffnesses of the plate in terms of the concentration of voids (the volume fraction of voids varies within [1/64,49/64]) and of
the number of discretized points in one direction N. As for the results obtained in Tables 6 and 7 it can be seen that a number
of wave-numbers of N = 2° in each direction is convenient to reach the convergence.

5. Conclusion

This paper has presented a I'-operator for the media with mixed boundary conditions: periodicity conditions and trac-
tion-free boundary conditions. This operator computed from the properties of a "reference medium” has been used to obtain
the solution on the cell period needed to obtain the effective properties of plates made of periodically distributed inhomo-
geneous cells. Applications were performed and the comparison of the results obtained here with those obtained from
closed-form solutions and with finite element results have shown the accuracy and the speed of convergence of the series
solution. The convergence is slow for very stiff inclusions. The solution could be improved by using the accelerated scheme of
Eyre and Milton (1999), the augmented Lagrangian method of Michel et al. (2001) or the dual solution (stress formulation)
described in Bonnet (2007). The numerical computations reported in this paper have been performed for 2D-case. The appli-
cation of the method described in this paper to 3D problems increases the quantity of wave numbers by N*2. However, the
high speed of the Fourier method can allow this increase of computational cost.

Appendix A. Solution of the complementary problem
A.1. Displacement field

The complementary solution @" (k, xs) is obtained from a second order differential equation system with 3 degrees of free-
dom which was described in (23) and (24). To solve this problem, the solution field is chosen of the form:

u'(k,x;) =de™, d-#0. (A1)
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Fig. 9. Variation of the bending stiffness according to the volume fraction of inclusion.

Substituting this field into the system (23) leads to the following condition, deduced from the null value of the determinant
of the system of equations:

(r—s2 =0 where s = /K + . (A2)

Generally, this relation leads a priori to the fact that d is a second-order polynomial of x; and that the solution is of
the form:

U'(k,X3) = (@ + b x3 + €X2)e™ 4+ (@~ + b X3+ x2) e, (A.3)

However, the values of (a*,b™,¢*) are not independent, because the solution of the system of Eq. (23) must be described by
using only 6 independent constants. Introducing expression (A.3) into Eq. (23) allows to express u" by using 6 independent
constants aj,a;,a;,a;, by . b; and to show that ¢* =¢ = 0.

More precisely, the three boundary conditions at the top face (x3 = t/2) and the three boundary conditions at the bottom
face (x3 = —t/2) of the unit cell enable the construction of a system of six equations for determining six coefficients of the
vector & = (af,a;,a;,a;,b; . by),

Ké=q (A4)
where:
[ (s?+ kf)e‘i —(s% + kf)e“i kiko e’ —kikye~% 2ik; (s% = r‘“)e‘% 2ik, (s% + %) =1
(2 + ket —(s2+ ket kike st —kykoest  —2ik, (s§—+ Ao)est 2k (s% -~ ﬁ)e‘i
o kikoet kikoe (2 Ig)et (s kpet  2iky(sho)et 2iky(sh+ et |
kikoe ™% —kike$ (2 + KB)e st (2 K2)et 2k, (s!2=+ A{%)e“f ~2ik, (s% - —{T)e’r
“2uikes  —2puiket  -2uiket  2pik,er 2 (s% - ‘;f“‘)e‘% —2U(s s+ Het
| 2uikiet -2pikiet  2puike”i  2piket  -2p (s§+ %zl{i) et 2;1(5‘5 - %Zﬂﬂ)e‘% ]

(A.5)

and the components of the vector q = (q,,9;7,45.45,q5, g3 ) are defined in (29). The closed-form solution of (A.4) is given by
(28) and (29).



A.2. Strain field

The calculation of the strain field é"(k, x3) for |R\#0 is performed owing to the compatibility condition (21) which may be
expressed as follows:

€"(k,x3) = P(k.x3) - &(k), V|ki#0(s#0), (A6)
where:
[ X: H —SX K 5 —SX |
ik ikje~ 0 0 —Lx3€% Lxze ™
0 0 ke ikye s ~Byge M xpe-ss
—ikies  —ikem ke —ik,e~su (x;s -~ %) e (x;s 4+ 2 )e*"3
P- (A7)
blogss  _kk e-sy Sz_i:‘zzem _ %e—m 2 (Xss — 7L)em & (xss + T’L)e—m
2 4 2 4| i
§ kz] e S k2, p— KzLit;esx; _ K%t;e—sx; (x s — —"7) e %L (X3S . ;“,7) (S
i %Ze“] _Ze—5x3 &esxz &e—sxl ,_LLX e _LZX e %3

For |k| = 0, the membrane strains e';,, are null due to the periodicity on dY, of the displacement field, i.e. &" (k 0,x3) = 0.

The calculation of e, (k = 0,x3) is also performed by using the boundary condition (27) and the dxfferentlal system of Eq.
(23). This gives the components of the out-of-plane strain field as follows:

ek =0,x3) = — 2633 (k = 0,ks) e

A+ 2,u
(A8)

el (k=0,x3) = 7—2 P(k=0,ks)e®t o =1,2.

Appendix B. Modelling a periodic symmetrical cell

The symmetries enable to obtain simplifications, more specifically concerning the boundary conditions. The symmetries
lead indeed to the use of "Dirichlet” boundary conditions instead of “periodicity” conditions, the former ones being easier to
account for within finite element computations (see Cecchi and Sab, 2002b). Let us consider a symmetrical periodic cell Y
which is subjected to the boundary conditions (33). The symmetrical domain Y is defined as follows:

L

vo] b ]1212 i

[x]-

In a general way, if X — u*(x) is the image of the displacement field x — u(x) by a symmetry S, we have:
u(x) =S u('S-x),
while the image of a second order tensor by the symmetry S is expressed as follows:
M'(x) =S - M(‘S-x).'S.
These calculations imply that the image by S of the solution (s, €, u) of the problem (32) and (33) complies to the following
system:
¢ -V=0, o (x)=L(X):e(x),
€(x)=S - E('S-X)-'S+(S-Xx);S - 2('S-x)'S +S - e('S- x)-S,
05 =0 on oY~
u*(x) periodic on dY;,, ¢*(x) antiperiodic on dY,,

(B.1)

where the elastic coefficients of L(x) are assumed to be left invariant by the symmetry S. It can be seen that if a symmetry S
and macroscopic tensors (E, x) are chosen so that,

{E(x) —~S . E('S-x)S,

B.2
X32(X) = (S - X);S - 2('S-x)S, (B.2)

the star and non-star variables will comply to the same system of equations. It remains to check that these variables are sub-
jected to the same boundary conditions. In this appendix, it will be shown how to take into account the symmetry for two
cases of the plane problem: (E=1,x =0)and (E=0, y = 1).



For the first case (E = 1, y = 0), the matrix S corresponding to the symmetry with respect to the z-axis is of the form:

-1 0
s:(0 ]). (B.3)

By using the symmetry properties, the images of the fields (s,e,u) by the symmetry S are obtained by the following
expressions:

w(x,z) = { LU’E(::Z?) } e'(x,z) = (f:‘ ;e” )(7x.z), (B.4)
o'(x,2) = (_a;” _:“)(—x,z). (B.5)

It can be seen in this case that the symmetry relative to the z-axis complies to the relationship (B.2). It means that u* and u
comply to the same field equations and to the same boundary conditions. The images u* and ¢* are therefore also a solution
of the problem. Taking into account the periodicity conditions of the displacement field and the antiperiodicity conditions of
the stress field on aY; leads to:

Uy (0,z) = u,‘(%.z) . ux<—’2—'.z) =0,
| | (B.6)
0y(0,2) = axz(il,z) = axz(fil,z> =0.

If the symmetry with respect to the x-axis is considered, the symmetrical matrix S is given by:

1 0
S:(O _1). (B.7)
The images of the fields (g, €, u) are then obtained:
Uy (X, ~2) } ( exx —e‘xz>
u(x,z :{ , e (x,z) = (x,~2), (B.8
) —Uz(X, ~2) ) —Cxz €z ) )
O-XX _GXZ
¢'(X,z) = X, ~Z). B.9
wa)= (% (8.9)

It can be observed that the relation (B.2) is always verified, leading to the following boundary conditions:

t t
0(X,0) = 0y (X. —§> =0y (x.f) =0,
u;(x,0) =0 xft =0 xt =0
'z ] o 2z ] i o zz °i o N

If the quarter Y, /4 of the domain Y is considered, with Y, 4 = O.LZL[ x ]0.%[, the local boundary value problem for the first case
can be solved under the following boundary conditions:

uel(0,2) = 6,,(0,2) = a'xz(ﬁz-,z) =0, ulew (LZL-Z) _ LzL‘
UP(x,0) = 0(x,0) = O (X,5) = 0z(x,5) = 0.

(B.10)

(B.11)

For the second case (E = 0,y = 1), if we consider the symmetry relative to the z-axis, the expression (B.2) is verified. As a
result, the boundary conditions defined in (B.6) are used. On the contrary, if we analyze the symmetry relative to the x-axis,
the image of the out-of-plane macroscopic strain is defined by y* = —SxS. As a consequence, it can be observed that the fields
—u* and —¢* are also the solution fields of the problem. It can therefore be deduced that:

Ux(X, O) - (sz(xv *é‘) - (sz(X,-%) =0,

(B.12)
022(x,0) = 0(x,—§) = 02(x.%) = 0.
Using (B.6) and (B.12), the boundary conditions on the Y, ;4 can be written by the following expressions:
total _ _ k _ total [ & L
u®?(0,z) = 0¢(0,2) = 0y (~2L,z) =0, uf (%,z) =%z (B.13)
ul?(x,0) = 0z(X,0) = O:(X. %) = 0z (x,5) = 0.

By applying the boundary conditions on the total displacement field u*®' defined in(B.11 and B.13) (for the plane problems),
the boundary value problem (32 and 33) can be solved by using a standard finite element package, because it involves now
only Dirichlet boundary conditions and no more periodicity conditions. The homogenized properties of the plate can there-
fore be determined from the strain energy as described in Section 3.1.
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