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HYBRID FINITE ELEMENT METHODS
FOR THE SIGNORINI PROBLEM

F. BEN BELGACEM AND Y. RENARD

ABSTRACT. We study three mixed linear finite element methods for the nu-merical simulation of the
two-dimensional Signorini problem. Applying Falk’s Lemma and saddle point theory to the

resulting discrete mixed variational inequality allows us to state the convergence rate of each of
them. Two of these finite elements provide optimal results under reasonable regularity as-sumptions
on the Signorini solution, and the numerical investigation shows that the third method also provides
optimal accuracy.

1. INTRODUCTION AND FUNCTIONAL TOOLS

Linear finite elements are currently used for the approximation of contact prob-
lems with unilateral Signorini boundary conditions. Developing efficient computing
tools for the numerical simulation of such models is of a permanent growing inter-
est in many physical fields: hydrostatics, thermics, solid mechanics, etc., (we refer
to [I7] and to [25] for a large review of the main unilateral contact models). The
particular feature of the unilateral problems is that the mathematical variational
statement leads to variational inequalities set on closed convex functional cones.
The modeling of the nonpenetration condition in the discrete finite element level
is of crucial importance. This condition may be imposed stricto-sensus on the dis-
placement or relaxed and expressed in a weaker sense. On the way it is enforced
depends the well posedness of the discrete inequalities and the accuracy of the
approximation algorithms. This point is addressed in many works especially for
Lagrangian finite element discretizations (see [19], [24], [21], [B3], [22], [3], [20]),
where different modelings are suggested and studied under a variational formula-
tion where the displacement is the only unknown of the problem, or under a mixed
variational formulation where the displacement and the stress on the contact zone
are independent unknowns. Their numerical analysis established more or less satis-
factory asymptotic convergence rates. For instance, when the frictionless Signorini
problem is considered, imposing the nonpenetration in a strong way on the dis-
placement field—assumed to be of class H? (the standard Sobolev space of degree
2)—the convergence rate is known to decay like Chi with respect to the energy
norm, h being the mesh size (see [24], [22]). The convergence can be improved under
some reasonable assumptions, and the error estimate is reduced to Chy/|logh| in
[3]. An alternative consists in enforcing the nonpenetration in some weaker sense,
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as proposed in [23], which leads to a convergence rate of order Chx. Despite the
poor convergence rate proven therein—it can be actually squared to C'h%7 see sec-
tion 4—this approach has the attractive feature that the stress computed on the
contact zone has the good sign; in addition, the numerical error decays like A in
practice (see Section 7). In [20], another weak modeling of the unilateral condi-
tion is proposed which yields a (theoretically) faster decaying of the error, of order
Chi. However, the main drawback is that the approximation method is coherent
only when none of the extremities of the contact zone is subjected to a prescribed
displacement (Dirichlet boundary condition); otherwise the discretization involves
some spurious modes and the problem is then ill-posed. Moreover, it could hardly
be extended to three-dimensional problems, where the number of spurious modes
grows drastically.

In the present work, each of those finite element methods is revisited. They will
all be expressed in a mixed formulation. The asymptotic convergence rates on the
displacement of the first two discretizations are improved, and an error estimate
on the Lagrange multiplier is stated (sections 4 and 5). Section 6 is dedicated to a
stabilization of the third algorithm by bubble functions, which makes it extensible
to general circumstances with a quasi-optimal error estimate and renders it con-
ceptually coherent in three dimensions with an optimal accuracy (see [B]). In the
first sections we lay a mathematical framework for the variational direct and mixed
formulations of the exact Signorini problem (section 2), and we describe the finite
element framework needed here (section 3). A numerical investigation of the three
methods is described in section 7, in order to show the reliability of each of them.

Notation. We need to set some notation and to recall some functional tools nec-
essary to our analysis. Let Q@ C R? be a Lipschitz domain with generic point .
The Lebesgue space LP(Q2) is endowed with the norm: Vi) € LP(),

[ — / ()P d)?

We make constant use of the standard Sobolev space H™(2), m > 1, provided with

the norm
1

Il = (3 107613a))

0<al<m

where a = (a1, ap) is a multi-index in N? and the symbol 9% represents a partial
derivative (H°(Q) = L%(9)). The fractional order Sobolev space H”(Q2),v € R} \N,
is defined by the norm

aa aa 2 %
llar @) = (Il + S / / ﬁm_y|2+;/;< D dway)”.

loe|=m

where v = m—+6, m is the integer part of v and 6 € ]0, 1] is the decimal part (see [1],
[20]). The closure in H”(Q) of 2() is denoted HY(£2), where 2() is the space of
infinitely differentiable functions with support in 2.

For any portion 7 of the boundary 0f2, the Hilbert space H %('y) is associated
with the norm

10,01y = (W) + | M arar)”.



The space H~2(7) is the dual space of H2(7), and the duality pairing is denoted
()1, The special space HZ,)(v) is defined as the set of the restrictions to

of the functions of Hz(8Q) that vanish on dQ \ ~; it is also obtained by Hilbert
interpolation between H} () and L?(y).
Sometimes, we need to use the Holder space €%%(v),0 < a < 1, defined as

() ={ €°(), Ivllgoe < oo},
where

z) —
oy = sup ()| + sup LYW
zcy eycy [T -y

I

2. THE CONTINUOUS SETTING OF SIGNORINI’'S PROBLEM

Let © be a Lipschitz bounded domain in R%2. The boundary 052 is a union of
three nonoverlapping portions I',, I’y and I'c. The vertices of I'c are {c1, c2} and
those of T, are {¢,c5}. The part T';, of nonzero measure is subjected to Dirichlet
conditions, while on I'; a Neumann condition is prescribed, and I'c is the candidate
to be in contact with a rigid obstacle.

For given data f € L*(Q) and g € H*%(Fg), the Signorini problem consists in
finding u such that

(2.1) —Au=f in Q,

(2.2) u=0  only,
ou

(2.3) =Y on I'g,

(2.4) u >0, g—z >0, ug—z =0 on I'c,

where n is the outward unit normal to 9Q2. Most often, the modeling of the contact
condition is formulated using a gap function « defined on I'¢, so that instead of
u > 0 and the saturation condition ug—; =0 we have u — o > 0 and (u — a)g—; =
0 on the contact zone I'c (see [I7]). As the whole subsequent analysis can be
extended straightforwardly to the case where a does not vanish, we choose, only

for conciseness, to take o = 0.

Remark 2.1. Many important applications of Signorini’s problem can be found
in physical or mechanical fields. For instance, in hydrostatics, consider a fluid
contained in a region 2 limited partly by a thin membrane I'c which is semi-
permeable, meaning that it allows the fluid to pass through only in one direction—
only to get in 2. When subjected to an external pressure or, the internal pressure
field p is a solution of equations (Z.1))-(24) Another example comes from the air
conditioning field, the temperature distribution u within a room heated by a wall
device, which injects a heat flux only when u drops below a threshold so that
is permanently maintained higher than a fixed temperature « in the vicinity of
the device, is modeled by equations (ZI)-(Z:4]). The last situation that we shall
consider is taken from deformable solid mechanics. The displacement of a body
supported by a frictionless rigid foundation I'¢, fixed along a part I'y, of the border
and subjected to external forces f|q and g, isa solution to the following problem



contact region

FIGURE 2.1.
(see Figure ZT)):
(2.5) —divo(u)=f in Q,
(2.6) olun=g onTyg,
(2.7) u=0 on I'y,.

The bold symbol div denotes the divergence operator of a tensor function and is

ox;
through the constitutive law o(u) = A(x)e(u), where A(z) € (L>(Q))'%; the
Hooke tensor is of fourth order, symmetric and elliptic.
Finally, to close the system, frictionless contact conditions are needed on I'c.
Denoting by o, the normal component of (on) and by oy its tangential component,
the contact conditions are formulated as follows:

u.n <0, on <0, on(un) =0,

O't:O.

defined as div o0 = (8‘7” ) . The stress tensor is obtained from the displacement
K3

(2.8)

In the linear elasticity context, where the body undergoes small displacements the
strain tensor is e(u) = $(Vu+(Vu)T), problem (25)-(238) has the same properties
as the Signorini problem (2))-(24) we intend to study in detail. Then, the whole
numerical analysis is extended also to the unilateral contact elastic problem.

The functional framework well suited to solve Signorini’s problem consists in
working with the subspace HJ(2,T,) of H*(2) made of functions that vanish at
T, endowed with the semi-norm which is equivalent, by Poincaré’s inequality, to
the norm of H*(£). Accounting for the unilateral contact condition on I'c in the
weak formulation may be done in two different ways. In the first, the contact
condition enters the variational formulation through the introduction of the closed
convex set

K(Q) = {v € HY (T,  vre >0, a.e.}.

The primal variational principle for Signorini’s problem produces the variational
inequality: find u € K(Q) such that

(2.9) a(u,v —u) > L(v —u), Yo € K(Q).



In (Z3) we have set

a(u,v) /Vqud:z:

/fvda: + (g, )é

Applying Stampacchia’s theorem (see [25], [22]), the weak problem (29) is well
posed and has only one solution in K(£2) that depends continuously on the data

(f,9)-

Remark 2.2. When no more regularity than H'(£2) is available on the solution u,
the normal derivative g—z does exist in H™2 (09) since Au € L*(2), but cannot be
expressed pointwise. A little care should be paid to give a mathematical sense to
conditions (2:3)) and (2:4]), which are then formulated as follows:

Ju 1

(210) <%av>%789 - <Qav>%,rg >0, Vv € H()zo(aﬂaru)a Ure >0,
ou

2.11 — =

@) (20— gy, =0,

1
where H)(0Q,T,) is the subspace of H 2 (09) of the functions that vanish on T',,.
Roughly, I0) says that 8“ =gonTl, and g—z > 0 on I'c, while (ZI1) expresses

the saturation condition ud =0on I‘C

A second weak formulation is obtained from writing the solution u as the min-
imizing argument of the energy functional under the unilateral contact inequality
constraints ujp., > 0. Such a problem can be reformulated as a saddle point prob-
lem, and hence u is the first component of the saddle point (u, ) of the Lagrangian

(2.12) £(0,9) = ga(v,) — L(v) ~ (e, v)
defined on H(9,T,) x M(T'¢), where
M(Te)={ eH #{To), v>0}.

The nonnegativity of a distribution 1 € H~2 (T'¢) is to be understood in the sense
that (¢, x)1 p. = 0 for any x € Hz(T¢),x > 0. In (ZI2) we have denoted

b(?ﬂ, U) = <’¢7 U> 1Te:

The properties of £ allow us to deduce that the saddle point (u, ) is a solution of
the mixed variational system: find (u,¢) € Hg(Q,Ty) x M(T'¢) such that

(2.13) a(u,v) = b(p,v) = L(v), Vv e Hy(QTu),
(2.14) by — p,u) >0, Vi € M(T¢).

A complete analysis of this mixed problem is provided in [24], Theorem 3.14 (see
also [22]), where an existence and uniqueness result is proven. Besides, we have the
following stability:

@15)  Julme + 19l -3, < CUF e + gl )



Remark 2.3. By the Hahn-Banach theorem it can be stated that
K(©) = {ve HY(Q.T.), b(w.v) >0, ¥ € M(To)}.

It is easy to show that if (u, ) is a solution of (ZI3)-([ZId), then v € K(Q) and
satisfies (ZI0) and (ZII)). Therefore, it can be proven that u is also a solution of
(229). Conversely, thanks to the existence and uniqueness results for both problems,
if w is the solution of ([Z9)), then (u, ¢) is the solution of the mixed problem (ZI3))-
(Z14), where ¢ € H~2(I'¢) is such that
ou 1
2 ’U>§,Fc = <%vv>%,an - <9,’U>%,rga Vv € Hg, (092, T,).

When w is sufficiently regular (v € H?(Q2),0 > %), the normal derivative g—fl can
be defined pointwise; hence the function ¢ coincides with g_ZIFc’ and b(p,u) = 0.

3. LINEAR FINITE ELEMENT FRAMEWORK

We shall now describe the finite elements used in the approximation of the mixed
problem (ZI3)-(ZI4) and of the variational inequality (Z3)). The shape of the
domain 2 is assumed polygonal, so that it can be exactly covered by rectilinear
finite elements. For any given discretization parameter h > 0, let .7}, a partition
of Q into triangles (or quadrangles) with a maximum size h, be given

o= (J =
KETh
The set of the vertices of the elements is Z;,. The family (.7},); is assumed to be
% -regular in the classical sense (see [I3], [31]). Moreover, .7, is built in such a way
that the set {1, 2, ¢}, ch} is included in Zj,. For any k € 5, Py(k) stands for the
set of polynomials of total degree < gq. Then we introduce the finite dimensional
subspace X} (Q) of HE(Q,T,),

Xn(Q) = {’Uh S Cg(ﬁ), VK € T, Unlk € P1(k), Up|r, = 0}.

For simplification, in particular when we are involved with fractional Sobolev norms,
the contact portion I'¢ is assumed to be a straight line. More general cases require
higher technicalities, which are beyond the scope of this work.

Due to the €-regularity hypothesis, I'c inherits a regular mesh, denoted ZLC
characterized by the subdivision (z¢)p<;<i+ with § = ¢; and & = ¢2; and
(t; =]z, x¢ 1 [Jo<i<i+—1 are its elements. Furthermore, if (Z;) denotes the standard
Lagrange interpolation operator, then for any (u,v) € [0,1] x ]1,2], the following
error estimate holds (see [13]): Vv € H (),

(31) ||’U —Ih’UHHu,(Q) < Chy7”||’UHHu(Q).

The constant C' depends only on (i, v,Q2). Throughout this section, the approxima-
tion of the Lagrange multipliers space M (I'¢) is made by choosing a closed convex
cone My, (I'¢), which for the two first methods (sections 4 and 5) will be a subset
of the trace space

Wi(Te) = { h = Uple, Vh € Xh(Q)}

- { h € %(FC)v vt € %ch wh|t S Pl(t)}a



containing the “nonnegative” functions. At this level notion of the nonnegativity is
not yet determined. It may have different meanings according to the mixed finite
elements used, and needs to be made more precise later on.

The discrete framework being adopted, the discrete mixed problem is obtained
from (2.13)-(2.14) by a standard Galerkin procedure and consists in finding (up, ¢n)
€ Xn(Q) x Mp(T¢) such that

(32) a(un,vn) = b(pn,vn) = L(vn),  Vup € Xa(9),
(33) b(Yn — on,un) >0, Vb € Mp(To).

Proving that this problem has only one solution (up, ¢r) € Xp(Q2) x Mp(T¢) is an
easy matter using tools of convex optimization in finite dimensions. However, in
order to derive optimal stability results with respect to the natural norms, H'(£2)
for v and H ’%(Fc) for ¢, it is necessary to have a uniform inf-sup condition on
the bilinear form b(.,.) set on My, (T'¢) x Xp(2). This inf-sup condition is strongly
connected to the continuity of the L?(I'¢)-orthogonal projection 7, on Wy, (I'¢),

restricted to H2 (I'¢) with ||, ||£(H% o)) independent of h. Such a result is obvious
C

when the one dimensional mesh %C is quasi-uniform, and this allows us to use
the inverse inequality. The quasi-uniformity assumption is particularly stringent
and does not authorize some “interesting” meshing used in adaptive processes for
instance. It has been weakened, thanks to the work of Crouzeix and Thomée (see
[16]), which allows for a larger class of meshes. The triangulation Z,¢ is said to
satisfy the Crouzeix-Thomeée criterion if

It
[¢]
where 1 < § < 4 and C does not depend on h (the number 4 is related to the
finite element degree ¢ = 1, i.e., 3 < (¢+ 1)?). Observe that a wide class of radical

and geometric meshes fulfill this criterion. Under the assumption (3:4) and for any
v € [0,1], the operator 7, has the stability (see [16]): Vi € H”(T'¢)

(3.5) Imn v ey < Clll v re)-

Moreover, the following approximation result holds (see [16]): for any v € [0, 1] and
1t € [0,v+ 1] we have, Vo € H3+"(T¢),

(3.6)  hTE |y — muy + R — |l roy < CRFE ||

(3.4) < cpli-il, Vi, 7(0 <i,j <i* —1),

H™3(T¢) H3 T (Te)

The boundedness of the error with respect to the H~2(I'¢)-norm is obtained by
duality and does not require any additional hypothesis on ﬂhc, while the estimate
in H”(T¢) is a direct consequence of (B.5) and is valid under condition (3.4)).

Lemma 3.1. Under the assumption [B4) on the mesh Z,C the following inf-sup
condition holds:
inf sup b(tn, vn) > 7.
onEWn(Te) vex, (@) I1onll @ 1¥nll -y 1

The constant v > 0 and does not depend on h.
Proof. Let ¢, € Wj(I'c). We are going to construct v, € Xp(£2) satisfying

(3.7) b(tbn, vn) > lUnll® s and  yllonllar ) < vnll -

H™3(Te) 2(Te)’



Let us consider the function v € H'(Q) such that
(3.8) / vw dx +/ VoVw dx = b(p, w) Yw € HY(Q).
Q Q

The following stability inequalities hold:

(3.9) el nllyeg gy < Mol < ccllénl,y
Then we set v, € X;(Q) such that vy, = mn(v)r,,) and
(.10 Jonllmson < ellmavlyy ) < el oy

Such a vy, is built using the stable finite element extension operator studied in [g].
The first statement of ([B37)) is valid because

(3.11) b(¥n,vn) = b(Wn,v) = [[0]F1 () = CQ—H%HZ_%(FC)-

The second is obtained from (BH) and (BI0) together with the trace theorem. O

This lemma implies that the bilinear form b(.,.) fulfills also a uniform inf-sup
on My, (T¢) x X3 (2) which yields existence and uniqueness for the mixed problem

Proposition 3.2. The discrete mized finite element problem (3.2)-B.3) has only
one solution in X, (Q) x My(L¢) such that

el + enll -y ) < COS ey + o3 )
The constant C' does not depend on h.

The numerical modeling of the unilateral contact, while respecting the inclu-
sion Mp(T¢) € Wi(T¢), may be done in two different ways. It is possible to
enforce explicitly either u;, > 0 on I'¢ or ¢, > 0. These choices provide us with
two variational problems and yield different “theoretical” convergence rates of the
corresponding linear finite element approximations.

4. MIXED FINITE ELEMENTS AND “NONCONFORMING”
DISCRETIZATION OF PROBLEM (Z.9)

Sometimes, for practical reasons, it is preferred to enforce strongly the non-

negativity condition on ¢ = g_Z\Fc rather than on wyp.. Then, it is explicitly

incorporated in the Lagrange multipliers space
M{(Te) = { n € Wi(lc), ¥n > 0}-

In order to carry out the numerical analysis of this approximation let us define the
discrete closed convex set

K?(Q) = {vh € Xn(), bt vn) >0, Yo € M;f(rc)}.

It is an external approximation of K (), i.e., K/(Q) ¢ K(Q). We have uj, €
K7 (), and from inequality (B3) we deduce that b(yn,un) = 0. By some easy
manipulations we derive that uy, is also a solution of the discrete Signorini problem:
find up, € K7 (Q) such that

(4.1) a(up, vy —up) > L(vy, — up), Vop € K7 (Q).

It may be viewed as a “nonconforming” approximation of the exact problem (Z3).



An attempt at numerical analysis of this discretization is made in [23] (see also
[15]). Even when the solution u € H2(f), the convergence estimate of order Ch1,
with respect to the energy norm, is not satisfactory. Numerical evidence (see [15]
and section 7) shows that the error should decay faster. The aim is to improve
the numerical analysis, to recover an optimal error estimate for u, and to derive an
error estimate for the Lagrange multiplier ¢. The derivation of the error estimate
for u is based on an adaptation of Falk’s Lemma (see [1§], [24]).

Lemma 4.1. Let u € K(Q) be the solution of the variational Signorini inequality
&3), and let u, € K[ () be the solution of the discrete variational inequality (ET).
Then

Ju
42) lu—up? <c[ inf — o2 G o)t ne — (g,
(4.2) flu—unllz () < vhelélf(m(nu onlly (Q)+<an Un) 100 — (9 Uh>%,1“g)
. Ju
+ (v = g0 = (9.0 = widyr, )|

Remark 4.2. The first infimum of the bound given in Lemma [41] is the approxi-
mation error, and the integral term involved there is specifically generated by the
discretization of variational inequalities. The last infimum is the consistency error;
it is the “variational crime” and is due to the nonconformity of the approximation.

Using Lemma 4] together with the finite element approximation results, we are
in position to provide the convergence rate of our finite element approximation.

Theorem 4.3. Let u € K(Q) be the solution of the continuous Signorini problem
©9), and u, € Kf(Q) the solution of (@1]). Assume u € H*(Y). Then

(4.3) [ — unl| iy < CRE |Jul| g2(q)-

Remark 4.4. If T', and T'y share a common point (as is the case in Figure 2T,
the exact solution u is expected to contain a singular part that does not belong
to H® (see [20]). However, since our goal is only to focus on the approximation
behavior around I'c, we can assume that this singularity is not effective (or in an
equivalent way the singular coefficient is switched off). Besides, notice that the
convergence rate of the integral term depends only on the smoothness of u around
T'c, and unless the domain is cracked near this contact zone, the solution u has
a regularity exponent higher than two (see [28]), and the regularity assumed on
u in the theorem seems to be quiet reasonable as soon as f and g are sufficiently
smooth.

Before giving the proof of the theorem, we need separate bounds for the approx-
imation error and the consistency error.

Lemma 4.5. Let u € K(Q) be the solution of the continuous Signorini problem
23), and up, € K7 () the solution of (@l). Assume u € H?(Q). Then

ou
nf ( —vnllF / = dF)< Ch2||ul?2/0p-
oneRP () v —vnllz (o) + 5 5,V AL ) < l[ullz2 ()

Proof. Choose vy, = Zpu + wy, with wy, € X5, () a stable extension of the trace
function (7, (ur,) — (Zpu)r,). To check that v, € K} (), it is sufficient to observe
that vy, p, = 7n(u|r,), and since ujr, > 0, we have, Vip, € M} (T'c),

b(n,vn) = /r T (upp, )Yn dI' = / (up,)¥n dI' > 0.

e



Furthermore, using (B1]) and (B.6]) produces

lu—=vnllm o) < lu=Znull o) + Cllmn(ur.) = Enw)iel g g < Chllullaze)-
In order to evaluate the integral term we use the saturation condition (u gn)‘r =0

and again the estimate (3.6):

Ju Ju ou
A, dl = —w)dl < || 2= - ,
/Fc an ' 4 e 8 o et =) AU < I3l g Imn = ull ey
< ORI s ol 3 sy < OF e
This proves the lemma. O

Lemma 4.6. Let u € K(Q) be the solution of the continuous Signorini problem
@3), and u, € Kf(Q) the solution of @I). Assume u € H?*(Y). Then the
consistency error is bounded as follows:

veiﬁfm/p g—Z(U —up) dU < O (2 |Jul| g2y + h2 |Ju — w1 o) [l g2 @)

Proof. Choose v = u; then we have, Vi, € M (T¢),
ou Ju
—(u — dl’ = — = - dr - dr.
[ gammyar= [ (S dr [ )

Taking v = rh(g—fl) (rp, is a nonstandard Clément type interpolation operator
preserving nonnegativity, and is defined in Appendix A) and using (A5, the first
integral is easily handled:

ou
(4.4) / (8 — ) (u —up) dU < OB |lul| g2y 1 — wn |l 1 0)-
re oM

Optimality is not reached in ([€.4). To recover the optimal rate (h instead of h2) it
is necessary to construct ¥, > 0 such that ( — 1p,) decays like h with respect to

the norm of H~ (I‘C), which is still an open question.
Working out the remaining term requires some preliminary technical steps. On
account of b(wyp, up) > 0, and of the saturation condition, we derive

(4.5)

/ h(u—uh)dFS/ hudrz/ (wh—%)UdF
T'e T'c FC 8”
Z / h— =—)udl < Z lebn, — ||L2(t)||u||L2(t)

te7e te7e

Then, focussing on each segment ¢, if uj, > 0 then g—:‘lm = 0, and then, from

Remark [A3] 9y, = 0 (see Appendix A for the notation T}); otherwise, u vanishes
at least once in T;. This results in, V& € T},

1
lu(@)| < chi lul (T,
from which we deduce that

||U'||L2(t) S Cht'“lHl(Tt)-

10



Going back to (£5) and using Cauchy-Schwartz inequality, we obtain

Ju 3
4 [ < I | 5] o ol < CBE g
h
Putting together (d]) and (fH) finishes the proof of the lemma. O

Proof of Theorem [[.3 Using Lemma ET] with the results of Lemmas EH and K6
yields the inequality

1 3
[ — unll7r ) < C(R2 lu — unllmr @) + 2wl 2 @) lull 2 9),
from which we derive the final estimate ([3). O

Corollary 4.7. Let (u,p) be the solution of the mized Signorini problem (2.13)-
@14), and (un, ¢n) € Xn(Q)x M7 (Tc) the solution of the discrete mized inequality
B2)-B3). Assume u € H*(Q). Then

(4.7) le = enll 3 gy < C12 llullzaay.
Proof. Let ¢y, € M7 (I'c) and vy € X, (). Then

b(on — Yn,vn) = alun,vp) — L(vp) — b(Wn, vn) = alu — up, vy) + b( — ¥n, vp).
On account of the inf-sup condition of Lemma [3.I]and the triangle inequality,

le —enll, C(lu —unllmey+ = _inf o =dnll -y )

i (re >_ YreMP (Tc)

The estimate is completed by taking ¢y, = r4(p) € M}’ (I'c) and using Theorem E3]
O

Remark 4.8. In the particular case where a Dirichlet boundary condition is applied
to one (or both) of the extreme points of I'c—Tlet us say ¢1, and recall that tg € ¢
is the boundary element containing it—the trace operator maps Hg(£2,T,) onto

HO%O(I‘C, {e1}) which coincides with the interpolated space [Ha (T, {e1}), LQ(I‘C)]%

(see [27]). The construction of the Lagrange multipliers space M}’ (') requires
some modifications. It is chosen to be a convex cone of the space

My (To) = {#Jh € Win(Te), Yy, € Po(t)}
involving all nonnegative functions
M (Te) = { n € My(Te), vy >0},

The proof of the inf-sup condition on b(.,.) restricted to My (I¢) x X3 () is based
on the properties of the projection operator

i Hip(Tes fer}) = WeTe {er)) = { n € WalTe), wnler) =0}

defined as follows:
/ (¢ — Tne)n dL =0, Yoo, € My(D).
Te

Here again under the Crouzeix-Thomée criterion (3.4) on the mesh Z,¢ we have
the uniform stability (see [4], Lemma 2.2, or [30])

uy
(|7 hw” Tedfei)) HwHHOO(Fc,{Cl}))

11



This operator is called the mortar projector, and is used to enforce weak continuity
conditions of finite element functions at the interfaces of nonmatching grids (see
9, [7, [2]). As a consequence, the inf-sup condition given in Lemma B is still
valid when the norm of H ’%(Fc) is replaced by the more appropriate norm of
1
Hz (T, {c1})’. As a corollary, the well posedness for the discrete mixed problem
of Proposition holds true, and the approximation results of Theorem and
Corollary 1 are also valid in the sense that if u € H?(f2), then
1
4.8 u—u + || — 1 < Ch?||ul| gz(q).
(4.8) [ rllme) + lle <Ph||H020(FC’{cl}), llwll 2 (o)
5. MIXED FINITE ELEMENTS AND CONFORMING
DISCRETIZATION OF PROBLEM (29

Enforcing explicitly uyr, > 0 requires that we use the polar convex cone of
M7 (T¢), denoted M} (T'¢) and characterized as the subset of Wj,(I'¢) containing
all “weakly” nonnegative functions,

o) = { wemire), [

Te
If (up,n) is the solution to the discrete mixed finite element problem (B2)-(B3)
set on X,(Q2) x M} (I'c), then up, belongs to

K3:(9) = {on € Xu(Q), b(tn,vn) = 0, ¥ € My (o) |-
By the Hahn-Banach theorem we have explicitly
K3 () = {on € Xn(Q), vare 2 0}.

Besides, uy, is the unique solution of the discrete Signorini variational inequality:
find up, € K} () such that

(5.1) (47) is satisfied , Vo, € K (Q).

The convex set K}'(€2) is an internal approximation of K (), i.e., K,(Q) C K(Q);
the discretization of the Signorini problem (Z9) is then conforming in the Hodge
sense.

The numerical analysis of this problem starts by deriving an error estimate for
u, and then we need another adaptation of Falk’s results to our conforming case.

wn dl 20, Yxn € ME(Te) }.

Lemma 5.1. Let u € K(Q) be the solution to the variational Signorini inequality
€9), and up, € K} () the solution to the discrete variational inequality (5.1I).
Then

ou
_ 2 . _ 2 ou o
[ uh“Hl(Q) < thelg{l;f:(m(ﬂu vh”Hl(Q) + <8nvvh>%,dﬂ <gvvh>%,f‘g)'
Proof. Tt is direct from Lemma EJ], where the consistency error is canceled because
the approximation is conforming. O

Theorem 5.2. Let u € K(Q) be the solution to the continuous variational Signorini
problem (Z3), and u;, € K} () the “conforming” piecewise linear approximation
of u, the solution to (5.1)). Assume u € H*(). Then

(5.2) [ = unl| 10y < CR |Jul| g2(q)-

12



Moreover, if in addition the number of points in I'c where the constraint changes
from binding to nonbinding is finite then

(5.3) lu = unll @y < Chllog(h)| [[ullr2(c-

Proof. The proof is based on the choice v, = Zpu € K (Q) (E2) is shown in a
standard way (see [22], for instance). The estimate (B3)) is slightly better than the
convergence rate of order h|log(h)|z, given in [3], and is proven as follows.

Consider I'p and I'y, the portions of I'c defined respectively by ujp, = 0 and
ujr, > 0; therefore ( )\FN = 0. Then, select, among the triangles k € .7}, having
a complete edge contamed in I'¢, those for which KNT'g # () and EKNT N # 0. Their
number is bounded uniformly in A in view of the additional assumption; the set of
such elements is denoted sj. Looking at the product ( w(Znu))|rnre, We see that
because of the saturation condition it vanishes except for k € sp. Thus,

ou / ou / ou
Thu) dl' = Thu) dl' = Tru—u) dl.
_on —— (Znu) Rezs:} . 8n( ) g;h - an( h )

For any real number p in |1, 2] and p’ € [2, +00] its conjugate number, i.e., ]—1)—1—]—1)' =1,
the Holder inequality produces

/ Ty r < Y H o ooy W = tll o)
KESH
ou 1
< E H_ he | Zhu — ul| LoomAre)-

onllLr’ (®nre)

Having in mind that the cardinality of the set s, is bounded uniformly in A, we get

(5.4) \/ 9 (o) dl“‘ < Ch¥ H =l
1—‘c
In one side, using the Sobolev—Morrey theorem, we obtain
ou
< CVP'||ull 20,

||a—n||Lp/(rc) <
with C independent of p’. In the other side the Gagliardo-Nirenberg inequality
implies that

HH2(1" )

1 1
1Tt~ ull porey < CllTnt — ull gy |1 Zns = ull s oy < Chllullz=(ey.

Inserting these in (3.4) leads to
ou Y
oy Trt) AT < CH3 (™% /1)l
T'c on
Taking p’ = |log h| finishes the proof. d

Remark 5.3. Although the additional assumption in Theorem B2 (that is, the
number of points where the constraints d“ become effective is finite) is most often
valid, it seems to be a working hypothesis currently used and has appeared first
n [11]. In particular, from the solid mechanics point of view, it appears to be
a fair modeling of realistic unilateral situations which engineers are interested in.
Conversely, if this hypothesis is violated, it is not possible to find out, through the
numerical results, that the points where the type of contact condition is changed,

13



are of infinite number. This might be a justification of the loss of optimality, in
this case.

Corollary 5.4. Let (u,p) be the solution to the mixed Signorini problem (213)-
ZI4), and (un, ¢n) € Xp(Q) x M (T'c) the solution to the discrete mized inequality
B2)-B3). Assume u € H*(Q). Then

3
6= @l - ) < O lull2c0)-

Moreover, if in addition the number of points in I'c where the constraint changes
from binding to nonbinding is finite, then

1
llo — <Ph||H7%(FC) < Chllog(h)|*[lull p2(q)-
Proof. Proceeding as in the proof of Corollary BT, we get

B9 Te= el < Ol wmlin + o o=l )

Finally, choose ), = 7, which belongs to M} (I'c:), and use Theorem[5.2 and the
estimate (3.0]). O

Remark 5.5. Handling the particular situation described in Remark [£.8] where a
Dirichlet boundary condition is applied to one or two extreme points of I'c (say
¢1), also requires a change in the construction of the Lagrange multipliers space
M} (T'¢). It is defined to be the convex cone

(5.6)

M (Tc) = { n € My(Tc), /

wxn >0, Vxn € W(Te, {e1}), xn > 0}-
e

Identifying Mj,(Ic) to the dual space of W?(T'c, {c;}) and using the Hahn-Banach
Theorem again, we get

KU (Q) = {vh € Xu(Q), vhre > o}.
The error estimate on w is carried out exactly as in Theorem 5.2, and the con-

vergence results given there still hold true. However, studying the accuracy of the

method on ¢ is based on an optimal approximation estimate, in the HZ(Lc, {e1})'-
norm, of some projection operator 7, : L?(I'c) — Wy,(I¢) constructed and ana-
lyzed in Appendix B. Consequently, choosing 15, = #r¢ in (B5) in view of (B.2)
yields the same bound as Corollary 5.4l under the same hypothesis.

6. BUBBLE-STABILIZED MIXED FINITE ELEMENTS

Many authors (see [26], for instance) use piecewise constant Lagrange multipliers,
meaning that they work with the space

Nu(Te) = { ne L*(Te). Vte T, buy € Polt), ¥n > 0.

The numerical analysis of the resulting mixed problem set on X,(Q) x Np(T¢)
allows one to exhibit a satisfactory convergence rate. Actually, if u € H?(f2), it is
proven in [26] that

< Ch'tJul| ().

lu = unllmi) + e = enll -3 ) =

Unfortunately this mixed finite element discretization has an essential drawback.
It works only in the particular situation where neither of the extreme points of I'c

14
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FIGURE 6.1.

is subjected to a Dirichlet condition. Otherwise, the space Nj(I'¢) contains one
(if only one point of {c1,ca} is subjected to a Dirichlet boundary condition) or
two (if both extreme points of ' are subjected to Dirichlet conditions) spurious
modes, and the well posedness of the discrete equations (B.2)-(33)) is definitely lost.
Besides, there is no hope that it could be extended to three-dimensional problems,
as it is well known that the number of triangles in I'¢ is drastically higher than
the number of the degrees of freedom attached to I'c. This results necessarily in a
great number of spurious modes, and the discrete problem is ill-posed.

A possible way to avoid the difficulties of this approach is to stabilize the ap-
proximation by introducing the bubble finite element functions. This approach is
inspired by the work of [T0] and [I2], where it is used in some nonconforming domain
decomposition algorithms and proved to perform well. The discrete space will be
enriched by some bubble functions defined on each t € Z,C. Precisely, let there be
given an element t € ¢ with vertices {z1,z2} and k = k; the (unique!) triangle
of 7, having t as an edge. The vertices of k are (z;)1<i<3, and A;, (1 < < 3) is
the barycentric coordinate associated with x;. The bubble function we need to use
is defined to be (see Figure [6.1] for its shape)

or(x) = %)\1((13))\2((13), YV € K,
and extended by zero elsewhere. The normalization coefficient allows us to have

The function ¢; is continuous and vanishes on the skeleton of the mesh, except
on t, where it is explicitly given by

6
(e)e(x) = W(CL‘ — T, Ty — T)R2.

Then, the finite element space, where uy, is computed, is given by

Yi(@) = Xn(@) @ (D Rer)-

te 7,C

Setting as degrees of freedom

> = {vh(a:),w c Eh, /(’Uh —Ihvh) dF, te %LC},
t
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it is not hard to show that (£, Y4(£2),%) is unisolvent. We also need to introduce
the interpolation operator 7, defined for any v € € () as follows:

Jw=Tw+ 3 (/t(v ~ Tyo) dr)¢t.

te7C
The operator J}, leaves the elements of X},(£2) invariant, and as a consequence, for
any (u,v) € [0,1] x |1,2], the following error estimate holds: Vv € H”(Q),
(61) ||’U—jh’UHHu,(Q) < Chy7”||’UHHu(Q).
We are now in position to pose the discrete stabilized mixed finite element problem:
find (up, on) € Yi(2) X Np(T¢e) such that
(6.2) a(up,vn) — b(en,vn) = L(vp), Yoy, € Yr(Q),
(63) b(i/)h — ©h, uh) >0, Vi/)h € Nh(rc)

Remark 6.1. The range of the space Y3 () under the trace operator on I'¢ is the
quadratic Lagrangian finite element space

Vh(rc) = {Xh S %(fo), YVt € %LC, Xh|t € Pg(t)}.
ou

The idea of approximating u|p. by quadratic finite elements and the flux ¢ = g+
by a piecewise constant function is not new; it was also used in the Py x Py mixed
finite elements discretization of Poisson problem (see [29], [32]).

Remark 6.2. Tt is sufficient for the stabilization to add the bubble functions only to
the external elements ty and t;+ 1 of ', those that contain ¢; or ¢o. The analysis
is carried out following the same arguments as presented below.

The proof of the well posedness of the mixed variational inequality relies on a
uniform inf-sup condition which is provided by

Lemma 6.3. Under the Crouzeiz- Thomée assumption B:4) on the mesh ZLC, the
following inf-sup condition holds:

(wh; vh) /

inf >~

wheNh(Fc)vheYh(Q ||Uh||H1(Q llnl

H™3(Tc)
The constant v > 0 and does not depend on h.

Proof. We follow the same lines as for Lemma Bl For any v, € Ny (T'¢) we intend
to construct vy, € Y5 (Q) satisfying (B.7).

Let v € H'(Q) be the solution to the Laplace problem (). By a stable finite
element extension as in [§], it is possible to construct vy € Y3 (£2) such that

VpTe = ThUre + Z /v — TRv) df)got and o g1(0) < cl|vnll

H2 (Te)’
te ¢

7, being the standard Clément regularizing operator defined in Appendix A. The
constant ¢ is independent of h. Then, computing b(vy, vy) and using BII)) yields

b = 3 v [odt= [ dt =) 2 el

te 7,¢

In order to show that

(6.4) [[on]| < cf|nll

H? (T )— HU”H2(I‘ y = H™ 5 (Te)
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we first need to bound

H Z (/v—rhv ar) |

2 B 2 9
ey = 2 ([o=rw)ar) e,
te 7,C

gg > |t|—1(/t(v—fhv) dl“)2

te7,C

6 -
<3 Z [ = 7ol 2

te 7,C

Using ([A) with v = 0 produces
H Z (/v—rhv df)cpt

In the other 51de,

‘ tezﬂzhc (/t(v ~ ) dF) %E“(Fc) - t;:hc (/t(v = Th) dF)2|50t|%—Il(t)
<123 1 3(/ v — Fav) dr)2

te7C

<e > oliam) < cllvliare
te g,c

h

L*(To)

<12 ) 7o = ollFag-

te7c

By (A.3) we have
‘ Z (/U—Thv dF)SOt‘Hl(F : <c Z 0|3 (1) < clvlin ey

Finally, again on account of (A4]) with v = 0 and v = 1, we obtain
lonll2re) < cllvllzeey  and  flonllar ey < cllvllar@e)-
The stability (6.4) is derived by Hilbert interpolation. O

Proposition 6.4. The discrete mized finite element problem (E2)-(B3) has only
one solution in Y, () x N,(T¢) such that

el + onll -3 ) < COS ey + ol -3, )
The constant C' does not depend on h.

As in the previous sections, we begin the numerical analysis by proving an error
estimate for u. Then, we introduce the following convex cone:

Kn(Q) = {vh € Y3 (Q), b(tn,vn) =0, Vb, € Nh(rc)}
- {vh € Yi(Q), /tvh r > o}.

The function uy, belongs to K,(€2) and is the unique solution to the discrete Sig-
norini problem: find un € Kp(Q) such that

(6.5) () is satisfied, Yoy, € Kp(92).
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As we have K,(Q) ¢ K(Q), K,(Q) is then an external approximation K (). The
discretization of the formulation (29)) of Signorini’s problem by the finite element
variational inequality (G.3]) is nonconforming. Nevertheless, the convergence rate of
this algorithm is “quasi-optimal”.

Theorem 6.5. Let u € K () be the solution to the continuous variational Signorini
problem 29), and uy, € K,(Q) the “nonconforming” stabilized linear finite element
approzimation of u, the solution to ([6.5). Assume u € H*(Q2). Then

(6.6) [ = w10y < CPE |Jul| gr2(q)-

Moreover, if in addition the number of points in I'c where the constraint changes
from binding to nonbinding is finite, then

(6.7) lu — wnll sz ) < Chllog()] [lull 2.

The proof is based on Lemma [£T] and needs two intermediary results. The first
is the bound for the approximation error.

Lemma 6.6. Let u € K(Q) be the solution of the continuous Signorini problem
Z3), and up, € Kn(Q) the solution to ([65). Assume u € H*(Q). Then

ou
inf — o2 —uwyp, dU) < Ch2|Jul| 320y -
U;L61£}L(Q)(||u ’UhHHl(Q) +/1"C 8nvh )7 ||u||H2(Q)

Proof. Choose vy, = Jpu. It is easily checked that Vi, € Np,(T'¢),
bu ) = bnyw) = [ pudr 20,
I'c

Then vy, € Kj,(Q). Bounding [[u — vp|| g1 (q) is direct from (6.1]). The integral term
is treated in the following way, using the saturation condition:

ou ou
—up dl = — —u) dr.
I'c 3nvh T'c an (jhu U)

The properties of 7, allow to write, Vi, € Np(T'¢),

ou ou ou
— = —_— — — < ||=— — 2 — 2 .
/rc e /rc(an Yn)(Jhu —u) dI' < ||an rllL2 ey | Tnu — ullL2(re)

n
We conclude by using the standard approximation. O
Lemma 6.7. Let v € K(Q) be the solution to the continuous Signorini problem

@3), and up, € Kp(Q) the solution to [65). Assume u € H%*(Q). Then the
consistency error is bounded as follows:

veigfﬂ) /Fc g—:’(?) - uh) dl’ < C(h%”u”Hz(Q) + h||u — Uh”Hl(Q))HuHHZ(Q).

Moreover, if in addition the number of points in I'c where the constraint changes
from binding to nonbinding is finite, then

)
] a—;i(v —wp) dT < C (B[ log b |ull () + hllw — wn i o) el 20 -
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Proof. Tt is similar to that of Lemma [£.6. Choose v = u; then we have, Vi, €
Nip(Te),

ou ou
—(u — dl’ = — = - dr - dr.
[ ntnmmydr= [ (G v my s [ -
The first part is handled as follows:
ou ou
_— — - <||l=— — - 1 .
/Fc(an ¥n)(w —un) dl' < Han hHH—%(rc)Hu uhHHf(Fc)

If we take by, = [t| -1 ft g—z dl’ > 0, then ¥y, € Np,(T'¢); it is actually the orthogonal

projection of g—; on piecewise constant functions. By duality we obtain

|25 < chlju]
on "Ma-3re) = H2()

Therefore

ou

68 [ G ) U< chllllu =l

Next, focussing on the remaining part, observe that, due to the unilateral condition,

/ h(u—uh) dr’ § / rlU dl.
T'c e

By the saturation we have

ou
udF:/ Y — — )u dl.
/1“c " Fc(h 371)

Or equivalently, Vx5, € N,(T'¢),

ou
= [ - G ) ar

Choosing the appropriate x| = [t| 71 ft u dI' leads to

reo)

3 8’(1,
6.9 —uy) dl < Ch} —H ) .
(69) s wyar<end|[ZH] e

Assembling together (G8) and (G3) gives the first estimate of the lemma.

In the case of the additional assumption this last term is worked out as in the
proof of Lemma .6 modulo some slight modifications, which yields the second
estimate of the lemma. O

Proof of Theorem Using Lemmas (1], [66] and [6.71] we deduce that
3
lu—unllFr (@) < C(h2|lullm2(9) + hllu — unll @) ull #2(0)-
Hence the result follows by Cauchy-Schwarz. O

The error estimate for the Lagrange multiplier ¢ follows from the inf-sup condi-
tion of Lemma and Theorem B3,

Corollary 6.8. Let (u,p) be the solution to the mized Signorini problem (213)-
B34, and (up,on) € Ya(Q) x Nip(Te) the solution to the discrete mized inequality
€B2)-6.3). Assume u € H*(Q). Then

3
le = enll -3 0y < Ch*lullm2g).
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Moreover, if in addition the number of points in I'c where the constraint changes
from binding to nonbinding is finite, then

1
lo = enll -4 .y < Chllog(R)[*[[ull 20y

Remark 6.9. When the contact zone I'c has one (or two) common extreme point
with ', (say ¢1), meaning that a Dirichlet boundary condition is enforced on ¢1, the
construction of both spaces Y}, (2) and Ny, (I'¢) does not change and the numerical
analysis remains valid as is. The only modification to be taken into account is the
norm used on the Lagrange multipliers, which is in this case ||.|| 1 instead
Hgo(Te,{er})

Of ||’||H*%(1—\C)'

7. NUMERICAL DISCUSSION

To illustrate the finite element solutions computed by the three approaches we
consider the Signorini problem on the squared domain Q = [0,1]%. For both expe-
riences examined below, the unilateral side is the lower edge I'c = [0, 1] x {0} and
the volume data is fixed as f = sin(27x). The different simulations are run using
a C++ linear triangular finite element code developed by our team. The discrete
solution is obtained as the argument of a convex minimization problem using the
conjugate gradient algorithm.

Since an explicit solution of Signorini’s problem is not available to us, the
methodology followed for our purpose consists in calculating the discrete solution by
the quadratic triangular finite elements with sufficiently high resolution (h = %56),
which is then taken as the reference solution u. Next, we compute up, the ap-
proximated solution of Signorini’s problem, by the conforming, nonconforming and
stabilized linear finite element methods using structured meshes for mesh sizes
h € {%, %, %, %, 6—14}, and we compare it with the reference solution. The exami-
nation of the convergence curves gives us a pertinent insight on the performances
of each of the approximations, and we can draw some reliable conclusions.

In the first experiment we carried out, both vertical edges are subjected to ho-
mogeneous Neumann conditions while on the upper edge a homogeneous Dirichlet
condition is prescribed. In Figure [Tl we plotted the reference solution—actually,

.S
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03 N R ‘V‘%‘#%AX?:X?
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FiGURE 7.1.
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TABLE 7.1.

L?-error
h = 0.0625 0.03125 0.015625
CFE | 0.005074 | 0.00122 | 0.00030241
NCFE | 0.005078 | 0.00123 | 0.00030246
SFE | 0.005023 | 0.00124 | 0.00030325
H'-error
CFE 0.0843 0.04169 0.02035
NCFE | 0.0844 0.04170 0.02036
SFE 0.0842 0.04172 0.02034
L®°-error
CFE 0.01025 | 0.0027969 | 0.0009717
NCFE | 0.01136 | 0.0027963 | 0.0009716
SFE 0.01020 | 0.0025073 | 0.0007983

the curve represents the interpolant of the reference solution on the coarser grid de-
termined by h = 35. The hypothesis made in Theorem 52 to obtain estimate (52)
and in Theorem for estimate (67) is clearly fulfilled: there is a single point
where the constraint changes from binding to nonbinding.

Table [Tl provides, for all the approximations (CFE, NCFE and SFE indicate
the conforming, the nonconforming and the stabilized finite elements respectively)

10 ¢

errors

10 ¢

10° ¢

G—oOL%norm
5 E—=& H-norm

10 4 1 1 1 1 1
/64 132 116 18 14

FIGURE 7.2.
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the variation of the L2-, H'- and L*>-errors respectively with respect to the mesh
1

sizes h = 1—16, 55 and &. The first conclusion that comes to mind is that the three
methods give almost the same results with a satisfactory accuracy.

We are also interested in the convergence rate of these discretizations, mainly
for the L?- and H'-errors, so as to figure out whether the numerical results are
in agreement with the theoretical predictions. To cope with this we choose to
plot in Figure [.2) in a logarithmic scale for both axes, the curves of these errors
as functions of the mesh size h only for the conforming finite elements. This is
motivated by our desire not to have superposed curves, because, based on the
results of Table[71] the nonconforming and the stabilized methods are expected to
provide almost the same curves.

The evaluation of the linear regression of each curve leads to the following ob-

servations:

e The slope of the L2-error curve is approximately 1.98, which indicates that
this error decays like h2. This behavior is expected, although the corre-
sponding mathematical analysis is not available.

e The slope of the H'-error curve is calculated to 1.02, meaning that the error
decreases approximately like h. This is proven for the conforming ((5.3]) of
Theorem [5.2]) and for the stabilized method ((61) of Theorem [6.5).

It is important to emphasize that the nonconforming method behaves, for this
test and for the next one, in an optimal way. This makes us feel that the reason
why we failed to prove optimality in this case is only of a technical origin.

The second phase of our numerical investigation is to find out whether the trends
observed in the first experiment are confirmed when the extreme points of I'c are
fixed to Dirichlet data. We consider the case where the whole complementary part of
T'¢ is subjected to a homogeneous Dirichlet condition. Of course, the modifications
detailed in Remarks 8] B.5] and have to be introduced in the construction of
the discrete convex cones K}*, K} and K.

The reference solution is depicted in Figure [[.3, where it appears that here
also the constraint changes from binding to nonbinding, through only one point.
Table [T.2illustrates the equivalence of all the approaches where the approximated
solution is computed using the grid corresponding to h = % Finally, the plots of
Figure T4 allow us to evaluate the different convergence rates: for the L2-error the
slope is close to 1.90 (quadratic convergence) and for the H'-norm it is equal to
0.98 (linear convergence), which is in accordance with the theory.

TABLE 7.2.

L2-error Hl-error | L*-error

CFE 0.00068126 | 0.040533 | 0.0023162

NCFE | 0.00068119 | 0.040557 | 0.0023148

SFE 0.00068926 | 0.040606 | 0.0027593
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8. CONCLUDING REMARKS

This work is a review of the most important—to our knowledge—linear finite
element approximations of the Signorini problem set in a mixed variational for-
mulation. We develop appropriate tools to improve the convergence rates on the
displacement for two discretizations (sections 4 and 5). We also derive an error
estimate on the Lagrange multiplier which is the stress field on the contact region.

For the third technique a stabilization based on bubble functions is proposed and
analyzed which makes it coherent for different boundary condition configurations.
Conceptually this stabilized method is generalized as well to the three-dimensional
problems, and the numerical analyses give similar convergence results (see [5]).
Besides, it is possible to extend such an approach to consider nonmatching grids
when approximation of the unilateral contact problem between two deformable
solids, using the mortar concept following the ideas developed in [6] (see also [4],

[21)).
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APPENDIX A. SOME REGULARIZED
INTERPOLATION OPERATOR PRESERVING SIGNS

Our purpose is the construction of a regularization interpolation operator ry, :
L?(T'¢) — Wi(T¢) preserving the nonnegativity, i.e., if ¢ > 0, then (r,9) > 0,
and having optimal approximation estimates for ¢ € H*(I'¢) (0 < s < 3),¢ >
0. To alleviate the presentation and avoid parametrization, we identify I'c with
the segment [0,1], the nodes being denoted (x;)o<i<i+ increasingly ordered, t; =
[, Tiy1], with h; = |z;41 — ;| being the elements of the mesh ZLC and h = max; h;.
The mesh Z,C satisfies the assumption (4). The notation used in the sequel
follows, in a large extent, that introduced in [8]. For any i (0 < i < ¢*), let T;
denote the macro segment which is the union t;_1 Ut; = (§_1,&;+1), while T+ = t;«
and Ty = tg—+the index i in T; refers to the node z;, and T; is then related to z;.
to the first kind of segments we associate the reference macro-interval T= (-1,1),
which is a union of the reference intervals t+ = (0,1) and £~ = (—1,0), and the
invertible piecewise linear mapping F; defined by

o Jlialére ifcei,
() = {|ti|é+£i if ¢ € 7.

On the other hand, if ¢ € {0,7*}, the mapping F; is the classical invertible linear
transformation from 7' = (0, 1) on T;. Moreover, we need to define the interval T for
any t = t;: it is the union of ¢ and its neighbors, for instance T3, = toUt1 = (zg, 22)
and Ty, = to Uty Uty = (x0,x3). We begin by defining some local operators. Then,
consider the local finite element spaces

W (T) = {w ee(T), VieT, d;e Pl(f)},
Wi(T;) = { WEL(T), VEET,  pp € Pl(t)},
and the local finite element convex cones
M(T) = {d e W(T), & >0},
My(T;) = { h € Wa(Ty), thn 2 0}.

Then, for any function ¢ € L'(T) we define respectively 7w (¢) € W(T) and

Far() € M(T) by
view®). [ (=)=
Vi e M@, [ (G-in@)@ - in(e) d <0
Next, let i (0 < i < i*) be fixed. Then for any function ¢ € L!(T;) we define
iy (@) = fw (g o ) € Wi(Ty),

ri(p) = Pa(p o Fi) € My(Ty).

Of course there are two kinds of reference macro-elements, and the one associated
with T; should be denoted T; , but we choose to drop the index i of T; for a while.
The definition of the interpolation operator r};, is due to Clément (see [I4]) and
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is analyzed in detail in [8], and we recall the approximation result proven therein:
Vte T, Vo € H*(T¢),s < 2,

(A1) le = riwellra < Chilelu:(z,).

The particular feature of the operator r%, is the nonnegativity preservation, and
we have

Lemma A.1. For any real number s € [0,2], there exists a constant C = C(s)
independent of h such that for any T; (0 < i < i*) and any t € T; the following
inequality holds: Yo € H*(T¢), ¢ > 0,

(A.2) le = rirellrz) < Chilelas (r,)-
Proof. Let t, be an interval of the macro-interval T;. Then we have
i 1. ~ ~ 1. ~ ~
o = rharellze.) = 16210 — Fudll 2y < 1612116 — Prdll paopy-
Asiy M (T) invariant, and by the equivalence of all the norms in the finite dimen-
sional space W(T'), we derive that for any 6 € M (T')
16 = Pa@ll 2y = 1@ = 0) = Far (@ — O)ll 2y < €D — Ol 2y
By the Bramble-Hilbert theorem we deduce that
Going back to T; by a variable change, we have
lo = rhpllzae < et (3 Mol )
teT;

Using assumption () on the mesh 7, yields the result. O

1
2

For i (0 < i < i*) let ¢; denote the basis function of Wj(I'¢) that takes the
value 1 at the point z; and vanishes at all other nodes. Next, for any given function
¢ € L?(T'¢) we define the regularized interpolants

- -
e =Y [rv(@l@)ei  and  rae =Y [ri(@)](xi)pi.
i=0 1=0
The operator 7, is studied in [8], and the following error estimate holds true for
any s € [0,2]: Vo € H*(T¢),Vt € FC,
(A.3) o = Frell2y < Chil@l s (1)

Besides, we have uniform stability in H”(I'¢) for any v € [0, 1], meaning that for
any t € Z,¢ and any ¢ € H"(T¢),

(A4) 17npllae ) < Cllell e (1)

The regularizing operator r, preserves the nonnegativity, and we have the following
result

Proposition A.2. Assume that the triangulation F,C fulfills the Crouzeiz-Thomée
criterion ([3:4)). Then there exists a constant C, independent of h, such that for any
te ¢ and any s € 0,2], Vo € H*(Tc),p > 0,

(A.5) o —rrnpllzy < Ch°J@lms (1)
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Proof. Let t = t;; then Ty = (z;-1, %;42). Following [8], we write

(o = (@) = (o = rar (@)ie + [Fir () = Phs (0)) (@) pige-
Estimating the first part is direct from Lemma A.1, while the second requires a
technical preparation:

15t () = T ()] (i) @il 2 sy
=t 3 (0) = rha (@)l = 117 (0) = 7 (D)l
< ltZ IR () = s ()l 2y < Ellri (9) = rar(@)ll 2 )-
Using Lemma [A 1] leads to the result. O
Remark A.3. It is immediate that if o7, = 0, then (rpp); = 0.

Corollary A.4. Assume that the triangulation ZLC fulfills the Crouzeiz-Thomée
criterion (34l). Then there exists a constant C, independent of h, such that for any
s€[0,2], Vo e H*(T'¢),9 2 0,

(A.6) o = rrellL2re) < CR%lolus(re)
Proof. This is directly obtained from ([AZF) of the previous proposition. O

Remark A.5. For s > %, it is possible to construct an interpolation operator 772 :
H§ (o, {e1}) = W2(T'c,{e1}) by restricting the sum on the shape functions to the

indices i (1 <14 <4*):
-
e =Y [y () (i)
i=1

This operator satisfies similar stability conditions as ([AZ)) and the approximation
estimate (AZ5).
1

Remark A.6. Obviously when s > 5, the Lagrangain interpolation operator cur-
rently denoted i, preserves the sign and satisfies the desired error estimates. How-
ever, when less regular functions (of H*(I'c),s < 1) are dealt with, we fail to
define their Lagrangian interpolants. Then, the use of the regularization operators
becomes necessary.

The results of Proposition [A-2lmay be extended to higher dimensions, in partic-

ular to two and three dimensions, following the arguments of [8].

APPENDIX B. ANALYSIS OF A ONE-DIMENSIONAL
FINITE ELEMENT PROJECTION OPERATOR

The aim is to define a projection operator 7, : L*(I'¢c) — Mh(f‘c) satisfying

1
optimal approximation results with respect to the HZ,(I'c, {€1})’-norm and so that
7he is in the convex cone M} (I'c) ((E6)) if ¢ > 0, which means that

/ Thexn dU >0, Vxp € Wi (Te,{e1}), xn = 0.
Te
Such an operator is used to derive an error estimate on the Lagrange multiplier ¢
in Remark
Consider the following definition: Vi € L*(T'¢),

(B.1) /F (o — 7np)Yp dl = 0, Vb, € W(Te, {e1}).
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Obviously, as soon as ¢ > 0 the 7,¢ belongs to M} (I'c). Furthermore, we have

Lemma B.1. The following approximation holds: Yo € H%(I‘c),

B.2 - Ch
(B.2) o=l g o o, < Chlell gy o

Proof. As in Appendix A, we identify I'c with the segment [0, 1], with the same
notation introduced there. Let us define the function
r — X

ap, (z) = p—— and ap,(z) =1, Vi>2.

Then, for any ¢ € L?(I'¢), choosing x5, = a(fnp) € WP (Lc,{e1}) in (BI) pro-
duces

[Va(mho)ll2re) < Vel ey < lell2re),
from which we deduce the preliminary result: Vo € Hz(I'¢)

(B3)  IVale - mne)llrzre) < 2w inf o —tnll2re) < Ch2|lg|

hEMp(T'c) H2(1" )
By duality it can be written
1 y
B4 lo=nell g = s [ (= mr.
C1 1 1
x€Hgo (T {e1}) Hg(To{e1})
Then, as allowed by the definition of 7, we have, Vx;, € W2(T'¢c, {e1}),
/ (o = Tnp)x dl' = / (o = Tne) (X — xn) dT
(B.5) fe Fe Yy
y — Xh
< — .
< IVate = ol “ 22 e
Handling the term on x, we get
X~ Xh ‘ _ H X~ Xh ‘
’ va e z; e = el + | 775 | ey
2 X~ Xh ||?
ST S
Z 1B% XhHL?(t,,) +h VT — 20 1L2(1h)
<D I = xnll Tz +hallx = xnll®
; r Hoo(tl,{cl})
Then, constructing x, = 7 x as in Remark [A23] we obtain
(B.6)
X — Xh 2 2
X2 gy < O BillxIacry,) + Pallxl ) < Chil
Voo e ; F 1, (11 fer)) 1o der))
Going back to (B)) and using (B3) and (BX) yields
- dl' < Ch .
[ o= mondr < Chlgl Iy
The duality (B-) ends the proof. O
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