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1 Introduction

Before 1994, the reasons to discard N=2 Super Yang-Mills (SYM) theory
prevailed over those for studying it. This is testified by the weak occurrence
in the literature before then, of theories with extended supersymmetries.

Concerning phenomenology, the presence of the so called “mirror particles”
eliminates every possible physical interest: fermions of opposite chirality, but
in the same representation of the gauge group, unavoidably appear in the
theory, which hence is not chiral, and consequently not realistic, if one wants
to include the particles of the Standard Model [1].

From the Quantum Field Theory (QFT) point of view, on the other hand,
theories with extended supersymmetry represent a real challenge, as ex-
plained in [2].

In fact, while for N=1 SYM the superspace formalism based on un-
constrained superfields allowed to perform the algebraic quantum
extension of the theory [3], the superfield approach to theories with
extended supersymmetry is troublesome for several reasons. N=2
supersymmetry can be realized by means of of N=1 superfields,
but the necessary additional symmetry involving N=1 superfields
in non-polynomial. On the other hand, the harmonic superspace
approach [4] is possible, but a regularization scheme preserving
both supersymmetry and gauge invariance, to all orders of pertur-
bation theory, is still lacking. Despite this, the most celebrated
results concerning the good renormalization properties of theories
with extended supersymmetry, in particular the vanishing of the (-
function above one loop, have been obtained in a superspace (N=1
and/or N=2) framework [5, 6, 7]. A review of these results, of the
ways employed to get them and also of as the weaknesses of each
of them, can be found in Chapter 18 of [1]'.

The situation doesn’t sound much better in components. The
drawback of adopting the WZ gauge, is that the supersymmetry trans-
formations are nonlinear, and the supersymmetry algebra does not close on
translations, but two kinds of obstructions occur: field dependent gauge
transformations and field equations of motion. This fact has two conse-

quences: the difficulty of defining a gauge fixing term, which is invariant
under both supersymmetry and BRS symmetry, and the need of an infinite

LAt pag 194 of [1], it is pointed out: “Here we have stressed these weaknesses
not because of a mistrust in the arguments for finiteness, but to show that they
are not proofs in a mathematical sense and that there is still room for further
work”.



number of external sources, with increasing negative mass dimensions, in
order to control the algebra [2].

After the appearance of the celebrated Seiberg-Witten papers [8, 9] on the
electric-magnetic duality in N=2 SYM theory, which relates the weak and
strong coupling regimes of that theory, the N=2 susy theories faced a kind of
second youth, becoming extremely popular, and were massively reconsidered
by the community.

Most of the problems described in [2] were solved, and the renormalizability
of N=2 coupled to matter, by means of a non-anomalous Slavnov-Taylor
identity, was rigorously established [10, 11], using a technique which has been
successfully repeated since, and which we are adopting also in this paper for
the classical definition of the theory (see Section 5).

More recently, the method of “shadow fields” has been introduced,
which allowed to write a system of Slavnov-Taylor identities by
means of which supersymmetric gauge field theories can be renor-
malized in a regularization independent way, permitting also to
study the observables which are not scalar under supersymmetric
transformations [12].

Other important goals have been reached exploiting the twist [13, 14]. In-
deed, it was a known fact that N=2 SYM is related to topological field
theories, in particular Topological Yang-Mills (TYM) theory, by means of a
twist, which ultimately reduces to a linear redefinition of the quantum fields,
to which the path integral defining the generating functionals is insensitive
(we shall be more precise in Section 3). Consequently, the twisted-related
theories are completely equivalent.

The bad news driven by this, is that the results concerning N=24 SYM
theories can hardly be extended to the more realistic N=1 SYM theories,
which are definitely not topological QFT's, having local degrees of freedom.

This drawback is partially compensated by the fact that some important facts
concerning N=2 SYM can be proved through their equivalent twisted version:
TYM. This has been the case, for instance, for the theorem concerning the
N=2 SYM p-function, whose finiteness above one loop has been algebraically
demonstrated in [15] exploiting the existence of the twist.

Later, it has also been algebraically proved by means of the shadow
technique that, chosen the matter hypermultiplet in order to have
a vanishing [S-function at one loop, it vanishes at all orders of per-
turbation theory [16].

Moreover, a central role is played by the operator Tr ¢?, which, in the Seiberg-
Witten supersymmetric theory, is the gauge invariant quantity parametrizing
the space of vacua of the theory, and, in the twisted topological theory, is the
finite operator [17] by means of which the pure gauge theory can be defined
(15, 18].



So far the state of the art on which this paper stands. The program is not
yet completely carried out: the non-renormalization theorems concerning
the f-function are algebraically proved for the N=2 SYM, in absence of
matter. We recall that matter is coupled to the pure gauge theory by means
of the hypermultiplet [1], in a generic representation of the gauge group. As
a consequence of the second supersymmetry, the theory, even in presence of
matter, has only one coupling constant. It is natural to ask which is the
fate of the non-renormalization theorem concerning the unique S-function in
presence of matter. Related to this, it is interesting to know if, as in the pure
gauge case, the whole theory can be written in terms of a single operator,
which is finite to all orders of perturbation theory, and, if the answer is
positive, which this operator is. Finally, the inclusion of matter allows also
for taking into account N=4 SYM, which can be reached from N=2 in the
particular case of matter in the adjoint, rather than generic, representation
of the gauge group.

The aim of this paper, is to contribute to answer these questions. The pre-
liminary and necessary step is to give the complete twisted version of N=2
SYM coupled to matter, and to achieve the whole set up for its quantum
extension (gauge fixing, BRS symmetry, Slavnov-Taylor identity, algebraic
structure, etc.) [19].

The paper is organized as follows. In Section 2 we recall the basics of N=2
SYM theories, with and without matter. In Section 3 we introduce the twist
for the pure gauge case. The main results of this paper are contained in
Sections 4 and 5, where the twisted version of the whole theory, including
matter, is given, as well as the basis for the quantum implementation, which
relies on the extended Slavnov-Taylor identity and on the off shell closed
algebra. Conclusions and perspectives are summarized in Section 6.

2 The untwisted theory: N=2 SYM coupled to matter

2.1 Pure N=2 SYM

The N=2 susy algebra reads

{94, Qja} = 05(0")aa0y

{onu ]ﬂ} - {Qio’m Qjﬁ} =0 > (21)
where (Q!, Q;s) are the supersymmetry charges, indexed by ¢ = 1,2 and
Weyl spinor indices a, & = 1, 2. The total number of supercharges is therefore
eight.

The pure N=2 SYM theory is based on the Yang-Mills (YM) multiplet [1],
which belongs to the adjoint representation of the gauge group, and whose
field components are (A, A" X\, ®,¢), where A,(z) is the gauge field,

Mo (), Nig(z) are two pairs of Weyl spinors, and ¢(x), ¢(z) are two scalars.
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The corresponding pure N=2 SYM action reads
. e 1
Syn = —Tr / d'a( F S — ANl DN = S3D, D"

—¢{A 7)\1;a}+¢{>\m,)\z'a}—312{¢7¢} 6.3]). (2

where the Trace Tr is done over the adjoint representation group.

The global symmetry group of the theory is

where SU(2); x SU(2)g represents the Lorentz group, SU(2); x U(1) is
the internal symmetry group, SU(2); referring to the supersymmetry index
i =1,2 and U(1) being the rigid R-symmetry.

Correspondingly, the fields belonging to the N=2 YM multiplet are assigned
the following H—group quantum numbers:

11
A, ==
o5 (559
, 1 1\t
A (=0, =
(2%3)
- 11 +1
)\id . (0, 5, 2) (24)
¢ = (0,0,0)"
¢+ (0,0,0)7,
where we adopted the notation
(SU(2)1, SU(2)r, SU(2)1)" " . (2.5)

For what concerns the supersymmetry generators, the quantum numbers are:

1 1\t — 1 1\ !
iao — |5 5 3 i sy Ay~ . 2.
@ (2 0 2) @ (0 2 2) (2.6)

The supersymmetry transformations of the pure N=2 SYM fields are:

0A, = —V29(0,)aah; — VZEY (0,)0a\?
6¢ = _4\/_£aj)\jd

06 = —4V2EY N, (2.7)
2 . — 1 - 1 —aj —
i = \é_gajgangij [¢7 ¢} + ﬁgajgij<o'“y>naFuu + 75 €ij(0u)va D" @
_ 1 V2—4j

5)\m = ﬁgajgzj(o-/t)aﬁD ¢+ 75 5na5]z [¢ QS} \/—g 6]1(7MV),‘€O£F[AI/ )



where the operator § collects the supercharges Q;, and Q4 through
6 =EY9Q 0 + Ea@jd. Notice that in the Wess-Zumino gauge the supersym-
metry transformations (2.7) are nonlinear.

The action (2.2) is susy invariant :

5Syn =0 . (2.8)

2.2 N=2 SYM coupled to matter

To couple pure N=2 SYM to matter, we need the matter hypermultiplet
(G, Gis Vg> ¥y 104, 10g) (1], formed by two pairs of scalar fields ¢;(x) and ¢;(x),
two Weyl fermions v,(x) and 1;(z) and their complex conjugates, all in a
generic complex representation of the gauge group. The matter H—quantum
numbers (2.5) are:

¢ : (0,0,5)"
i : (0.0,3)
W)+ (50,07 (29
(@)s = (0.5,0)"
(Wa)a : (5,0,0)""
_ 1

: -1
(V7)a = (0, 2 0)~.
The complete N=2 SYM action is:
S = SYM + Smatter y (210)

where Sy is given by (2.2), and

1 _ . o
Smatter = ZTrm/ d4 q D D#Ql + 2q )\za(wq>a - 2ql>\id(w~)a

g
ST NaW)" — 50N 0)* + ($0)" (0")aa D)’

- wq) () D) + 5 () Bt — 2 6(0, )

+ {cb Oai— . 337 Gdq;) - (2.11)

In the previous expression, Tr,, is the Trace over the matter representation
of the gauge group.



The (nonlinear) supersymmetry transformations of the matter fields are:
0qi = \/§5ji§aj(¢q>a + \/Egjigaj @q)a
0G; = \/§5jz‘£aj<¢é)a + \/56]‘2‘5&] (%q)d

5(¢Q)’Y = \/ég'yagajngj—F\}Egdj<o_y)7dDVQj

— I V2 s
0(y)y = —Eﬁ (0")asDuaj — {8408 "4 (2.12)
. L —aj, -
0(tg)y = —V22,a7; + ﬁf '(0")1aDu;
0(Yg)s = —Eﬁ 7(0")asDug; + 16 E1eb "4
and the matter action (2.11) is susy invariant:
6Smatter =0 y (213)
so that, finally, one has
63 == 6(SYM + Smatter) = O . (214)

3 Introducing the twist: the pure N=2 SYM theory

As we said, the global symmetry group for N=2 SYM in four dimensions is
given by H (2.3), and the total number of generators, including supersym-
metry, are:

generators | P,(4), M,,(6) Qia(4), Q,s(4) T;(3) R(1)

The nonvanishing algebraic relations are

(M, Mps] = —i(upMoo — Mo Mup — MupMpuo + Mo Mp)
[M,uuv Pp] = i(nuppu - nuppu)
(Mo, QL) = (o) Q)
{Qu. @3} = 200,P.6" (3.1)
4 1 . 1 .
j . _tysin. i
7. Qra) = —5(01Qia — 56/Qa)
. 1 A .
T = ST -6t

[Rina] = Qia,



and their hermitian conjugates. Remember that the SU(2); generators are
traceless: T} = 0, hence only three of them are independent.

It is now convenient to rearrange the Lorentz and translations generators
M, and P, as follows:

1 _ 1.
Jag 1= 50" )apMyuw 5 Jo5:= 50 )apMuw 5 Fog = (0")asbu s (3:2)

«,

exploiting the isomorphism p between the Minkowski space M, and the space
H(2,C) of 2 x 2 hermitian matrices:

p: My—H , p(z,)=az,0" (3.3)
1
pt H—-M, , plh)= 5 Ir [ho*] . (3.4)

The twisting procedure, introduced by Witten in [13, 14], simply consists into
a redefinition of the internal group indices ¢ as lefthanded spinorial indices a:

R (3.5)

This is possible thanks to the fact that both the spinorial indices {«, &} and
the susy index 7 run from 1 to 2. The Lorentz group generators J,p are
correspondingly redefined through a linear combination J/ 5 with the SU (2)r
internal group generators, which, after the twist, are written as T/:

J;,B = Jaﬁ + k’Taﬁ , (36)

where k is a constant to be fixed by requiring that [J', J'] = [J, J]. Since
both J and T are symmetric in («, 3), the same holds also for J'. Notice that
lefthandedness is a possibility, the twist defined through the identification of
1 and & being equally legitimate.

If SU(2) is the group associated to the generators .J, 4, the redefinition (3.6

corresponds to twisting the Lorentz group SU(2), x SU(2)g into SU(2)} x
SU(2)g, where SU(2)} is the diagonal sum of SU(2);, and SU(2);.

The new, twisted, global symmetry group H' is
H™S H' = SU(2), x SU(2)r x U(1) . (3.7)
The supersymmetry charges become:

Qia ™% Qpo and Q™% Qg - (3.8)

The twisted supercharges under H' transform as Qg, = (0,0)™ & (1,0)*!
and @Bd = (%, %)*1 , or, more explicitly, the four supercharges ()3, under
the twist can be rearranged into a scalar dy and an anti-selfdual tensor o

while the other four @)z, become a vector operator 9,,:

Iz

WIS, 1 o 1 ¢
Qoo "™ G = 5 Qo ® = (o) Qe
— wis L = = \¢&
Qpa =3 Op 1= ﬁQﬂa(Uu)ﬂ ’ (39)

8



and 0, is selfdual

.
O = O = 5€urps0” - (3.10)

The subalgebra formed by the eight twisted supercharges dw, d,,, 9,,, and the
R symmetry, reads:

(6w, 0w} = 262, =0

{5W? 5u} = aﬂ
{5,“51,} =0 (3.11)
{04000t = — (€upor9” + GupOs — 9o 0p)
{5W7 5;“/} =0
R,ow] = +ow
[Rv 6#] = _5u
[R, 5uu] = +5/u/ ’

where g, = diag(+, +, +, +) is the euclidean flat space metric.

A few remarks are in order:

1. The operator dy,, which coincides with the “fermionic symmetry” in-
troduced by Witten in [13, 14], is nilpotent

6y =0 . (3.12)

In the Wess Zumino gauge its realization is nonlinear, as we shall see,
and 0y will turn out to be nilpotent modulo (field-dependent) gauge
transformations and field equations, as usual in supersymmetry alge-
bras.

2. The operators dy and 9, form a subalgebra which closes on transla-
tions. This is a common, and somehow defining, feature of topological
models [20], and remarkably suggests that the twist has deeply to do
with topological quantum field theories and their algebraic structure.
In fact the common feature of all topological field theories, is the exis-
tence of three operators 6,0, 0, satisfying the following algebra [19]

=0, {8§6)=0, , {6,6,}=0. (3.13)

In other words, it is not surprising at all that, twisting N=2 SYM, a
topological quantum field theory is recovered.

3. The twist does not change the mass dimensions of the supersymmetry

charges, which is % The R-charge is +1 for dy and J,,, and —1 for

the vector symmetry 9.



4. The following table summarizes the effect of the twist on the global
group, its generators and on the supersymmetry charges:

UNTWISTED TWISTED
group SU2)L | SU2)r | SU(2); SU2); | SU(2)g
generators | Jos(3) | J45(3) | Ti(3) ws(3) | Js5(3)
O 1/2 0 1/2 Sw 0 0
S |1 0
Qw | 0 [ 12 | 12 3, | 1/2 1/2

3.1 Twisted fields

The fields belonging to the YM multiplet concerned by the twist are the
fermionic fields A (z) and A\ (), i.e. those carrying the internal supersym-
metry index 4, which, like the supercharges Q;, and Q,,, are twisted as
follows

[1e'2]

A 1 1. B _
Am—mﬁa(?o,i) Y= 000,07 @ x(1,0)71 (3.14)
_ _ 11 11

)\z’d — )\5@(0, 5, §)+1 — ¢#(§, §)+1 . (315)

The field A(z) is twisted into a scalar field n(x) and an antiselfdual antisym-
metric tensor y,, (), while A(z) yields a vector field ¥, (x):

(0% 1 «
Mo = 1= Nga) ® Xpw = a2 A
Asa = Y= Asal@4)§ (3.16)

with

o1 ,
Xpv = Xuv = ig,uupaxp . (317)

The bi-spinor Ag,(z) is thus decomposed into its symmetric and antisym-
metric part: Ag, = %(A[Ba} + Aga))-

Summarizing, the effect of the twist on the fields of the YM multiplet is

(A;u )\z‘omxio'm Cb,a) twi; (A;m ¢u7 Xuva m, gbva) ) (318)

which, not by chance, coincides with the field content of the Donaldson-
Witten topological QFT [13, 21].

3.2 Twisted action

The twisting procedure changes the action (2.2) accordingly. It is important
to stress that the twist, as far as quantum fields are concerned, is simply a

10



linear rearrangement, which does not modify the path integral defining the
functional generators. The partition function is not affected by the twist,
hence the two theories, the untwisted and the twisted one, are completely
equivalent. This means, in particular, that the physical observables should be
the same in the two theories, that the finiteness properties must be preserved,
and that the susy invariance should reflect into invariance under the twisted
operators dyy, 0, and J,,,.

In order to verify this latter property, let us twist the pure N=2 SYM ac-
tion (2.2):

wis 1 1
Syn X% Sryn = gQTr/ d4x(§F$/F+W = X" (Duthy, — DV¢#)+

1— 1—
+ D" = 50DD 6 + S o{d", Y (3.19)
1 5 1 1 o
= 00" xw} = glonln = 55 6.0 [0.9]) -
It is evident that the twisted N=2 SYM theory coincides with the Topological

Yang-Mills (TYM) theory, as expected [13, 14].

Of course, under the gauge transformations

894, = —Dye (3.20)
669)\ = [67)\] 9 A:X7w7777¢7¢7

¢(x) being the local infinitesimal gauge parameter, the action Sty is invari-
ant
039Sty n = 0. (3.21)

As we already said, we expect that Sty keeps memory of susy invariance
through its invariance under the twisted operators oy, 6, and d,,. Notice
that it would have been a very difficult task to identify a priori the symme-
tries of the TYM action (3.19). This, on the contrary, turns out to be quite
natural thanks to the twisting procedure. Before verifying that the twisted
operators are indeed symmetries of the TYM action, we have to write down
their action on the twisted fields.

3.3 Twisted supersymmetry transformations on twisted fields

Recalling the definition of the twisted operators (3.9) and of the twisted fields
(3.16), after a little algebra, one gets

ow transformations on twisted fields

5WAu = %
5W¢u = _D,u(b
Swé = 0

11



Swxw = FI (3.22)

5W5 = 27
1 _
own = B) {¢, ¢}
0, transformations on twisted fields
1 1
5},LAV - §X/u/ + ggm/n
11 _
6#1/}1/ = F;U'V - §F/‘“/ - TGg/J,ZI |:¢7 ¢i|
1 _
Sun = 2D (3.23)
1 V* _ _
5,uXch = g (5,ua7'uD ¢ + gMUDT¢ - guTDa¢)
5u¢ = _¢u
6.0 = 0
0, transformations on twisted fields
5uVAa = - (Eul/aer + g,uawl/ - gua,[vbu)
6,lLl/¢O' = - (g,uucr’rDTqb + guaDl/¢ - guaDu¢>
o = 0
Sw® = 8Xuw (3.24)
dwn = —4F:;
1 _
5}LVXO’T = g (gul/O'T + GuoGur — g;m‘gua) [¢7 gb}
+ (e = Foour = Ffr9uo + Frguo)
+ (8;1,1/an:;¢ - guuTaF;_a + 507-#ansz - €chVaF/j_a) .

The following tables summarize the quantum numbers of the twisted
fields

twisted fields | A, | xw | Y. | 7 o I2)
dim. 1 3/2(3/2|3)/2 1 1
R — charge. 0 1] 1 | -1 2 -2
statistics comm | ant | ant | ant | comm | comm

and of the twisted operators

twisted operators | dw | 0, | O
dim. /2 11/2|1/2

R — charge. 1 1 | -1
statistics ant | ant | ant

12



where comm and ant stand for commuting and anticommuting respectively.

Long but straightforward calculations confirm that, indeed, the twisted op-
erators are symmetries of the twisted action:

owStym = 0,51y m = 0 STy =0 . (3.25)

It is important to stress that the fermionic, nilpotent, Witten’s dy symmetry
does not completely fix the coefficients of every term appearing in Sryjs. In
other words, Sty @s not the most general action invariant under dy,. In
order to fix completely all the terms by means of a unique coupling constant,
the role of the vector d,, symmetry is crucial. On the other hand, the three ¢,
twisted symmetries are automatically satisfied, therefore, under this respect,
they seem to be redundant.

3.4 Twisted algebra

Let us see what becomes the twisted supersymmetry algebra in the Wess-
Zumino gauge, where the symmetries are nonlinearly realized. The following
algebraic relations hold:

Oy = 0% + (field equations) (3.26)
where 5; is a gauge transformation whose gauge parameter is the field ¢(z).
The operator oy, is therefore on shell nilpotent in the space of gauge invari-
ant local functionals. The cohomology in this constrained functional space
defines the so called Witten observables [13, 14];

1 9 :
{0,,0,} = _gguu% + (field equations), (3.27)

where 5% is a field dependent gauge transformation, with the field ¢(x) as
gauge parameter;

{ow,6,} = 0, + &%, + (field equations), (3.28)
where (5% is a field dependent gauge transformation, with the field A,(x) as
gauge parameter.

Finally, the algebraic relations involving d,, are:

{6w, 0, } = (gauge transformation) + (field equations); (3.29)

{0, 6,0} = (gauge transformation) + (field equations); (3.30)

13



{01000t = —(Epov0” + GupOs — Guo0p) (3.31)
+(gauge transformation) + (field equations).

The above algebraic structure is typical of the supersymmetry in the Wess-
Zumino gauge. Two kind of obstructions to the closure of the algebra on
translations occur: field equations and field dependent gauge transformations.
The canonical way to proceed (see, for instance, [1]), is to take care of the first
type of obstructions, namely the field equations, introducing auxiliary fields,
whose transformations coincide with the field equations. Still, the other kind
of obstruction, namely the field dependent gauge transformations, remains,
and the algebra is open, needing an infinite number of external fields. This
problem has been exhaustively treated in [2], where the non-renormalizability
of theories with extended supersymmetry is discussed. The problem has
nonetheless been solved, turning the situation the other way around [10, 11],
as we shall see.

4 The twisted theory: N=2 SYM coupled to matter

Let us now apply the twisting procedure, described in the previous section,
to the complete N=2 SYM theory, coupled to matter. Besides the pure YM
multiplet, belonging to the adjoint representation of the gauge group, the
field content of the theory is completed by the hypermultiplet, in a generic
representation of the gauge group. The global symmetry group does not
change, and the twist goes the same way:

H™S g (4.1)
where H and H' are defined in (2.3) and (3.7) respectively.

In this section, we shall find out the twisted matter fields, the complete
twisted action, the twisted operators and the corresponding twisted algebra.
We shall moreover verify that the twisted operators are still symmetries of
the twisted theory. The result should not be taken for granted, since the
topological character of the twist is spoiled by the introduction of matter,
and therefore we do not expect that the twisted theory is topological. Hence,
the algebraic topological structure, which we shall find for a non-topological
field theory, comes somehow as a surprise.

4.1 Twisted hypermultiplet

The matter hypermultiplet is (g;, c]i,wq,ﬂq,wq,ﬂq). Only the bosonic fields
¢i(x) and §;(x), which have a nonvanishing SU(2); quantum number, will be

14



twisted, the other fields remaining unchanged. The action of the twist is as
follows, and we rename the fields in order to simplify notations:

qi“’ﬂqa(o,o,;)o — Ha(;,o)0
di“”ﬂqa(o,o,;)o — Ha(;,o)o
(a)aly 0.0 = ua(5,0)" (1)
(%)a(o,;,o)_l — vd(o,;)—l
(W)a(5. 0.0/ = Ta(3,0)"
a0, 5,07 > 1a(0,5)7

Notice that, while in the pure N=2 SYM the twist gets rid of the spinorial
fields, this does not happen for the hypermultiplet, whose twisted version,
on the contrary, is entirely formed by spinors.

4.2 Twisted matter action

Twisting the matter N=2 SYM action (2.11), we get

Smatter tw_w; STmatte’r ’ (4?))
with
1 1 .
STmatter = g2Trm/ d4x<§HWD,uD#H'y _'_ HV<O'M>’y"yw,u'U’y (44>

) 1 I v ]-f

—5(0") Py + SH iy + ZH (0") g X0 + ST H,
1 . A

_gﬁy(aw)'yﬁXWHﬂ + ﬂfy(au)wD/ﬂﬂ — Uy (5M)WDMUV

1 . 1 _ 1y s
+ 5T Gy — 207 ¢v; + {6, 0, — SH'HH H;)

4.3 Twisted supersymmetry transformations on twisted fields

The action of the twisted operators (dw, d,, d,,,) on the twisted matter fields,
is as follows

ow transformations on twisted matter fields

1 1
owH, = ﬁgaﬁQﬁaHv = ﬁgaﬁ(ﬁua?@v) = Uy
owH, = u,
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1
Owty = ﬁgaﬁ(\/ﬁ&/agﬂ{ﬁ) = +oH,
dwu, = —¢H, (4.5)
1 af 1 v 1 v «
(SWU;Y = ﬁé‘ _E(U )afyDl,Hﬁ = —5(0' )a’yDuH
1 —a
5W@ = —§(O'V)OWDVH
0, transformations on twisted matter fields
o.H, = ﬁ(gu) g (\/Evc’vgﬁa> = (04)yav
0,y = (0,)a0"
L a1 5 1 1 8
Optly = %(Uu) %(Uu)vdD Hg | = §Dun_ i(o-ul’)'y D"Hg
_ 1 — 1 e
0,y = §DNH7 — 5( )L D"Hg (4.6)
1 s (V2  — 1 -
Ouvy = ﬁ(au) ’ (166W¢H5> = —E(Uu)wﬂ?Hﬁ
_ 1 —=58
0,y = 16(Tu)yp0H
0, transformations on twisted matter fields
1 « «
o, = \/ﬁ(aw) g (\/Eua567> = _(O-/U’)'y Ug
5NVH’Y = _(Uuy)»yaﬂa
1 «
Oty = \/i(UW) g <\/§5W¢Hﬁ> = (Uul/)w%ﬁHﬁ
Oty = _(UuV)wﬁ(bHﬁ (4.7)
1 N 1 1 N
U \/ﬁ(aw) g <_\/§(0A)aﬂDkHﬁ> = 5 ()" (03)ay D'H
1 1 1 .
= §(Uu)6ﬁDvHﬁ - i(gu)ﬁwDuHﬁ - igul/)w'(o- )BﬁD/\Hﬂ
1 +
= 5@ D = (00)55 D, 17|

_ 1 —ﬁ 713 —+
Oy = 5{(%)MDVH — (o) D H |

The following table summarizes the quantum number and the statistics of
the twisted matter fields:

twisted hypermultiplet H H U u v v
dim. 1 1 3/2 | 3/2|3/2 | 3/2

R — charge. 0 0 +1 | +1 | -1 | —1
statistics comm. | comm. | ant. | ant. | ant. | ant.
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4.4 Twisted algebra

Once we have the twisted action (4.4) and the twisted field transformations
(4.5) and (4.6), we can verify that the algebra formed by the twisted opera-
tors (dw, 0, d,) is the same of the pure gauge case, i.e. it is a topological,
supersymmetric algebra which closes on translations, modulo gauge depen-
dent field transformations and equations of motion. Notice that the fields on
which the gauge transformations depend, are the same as in the pure gauge
case.

The complete N=2 SYM theory contains interactions terms between the two
supermultiplets, the pure gauge and the matter one. Hence, the field equa-
tions of motion for the vector supermultiplet change. In order to preserve the
algebra, which depends on the field equations, we must modify the transfor-
mations of the gauge multiplet. Let us see how this can be done. The field
equations appearing in the algebra as obstructions, are those concerning the
fields n(z), x(x) and ¥ (x), which appear in the interaction terms of the com-
plete action. Their transformations under the twisted operators are those to
be changed. Let us see in detail how, for example, the transformation dyyx .
must be modified.

Since
0STy M
2 . 2
5Wx;w - [‘b? X;w] g 5X#V
[¢7 X,uu] - [¢7 X,uu] + (Duwu - Du¢u)+ (48)
1 1
_§T<Uuy)wﬁuﬁ - gﬂv(alw)wﬁHﬂ )
it must be

1
5WXMV = Flj; - éw(guu)yﬁHy . (49)

Analogously, by analyzing the whole set of algebraic relations, from (3.26) to
(3.31), we can infer the modified transformations of the fields belonging to
the YM multiplet, when coupled to the matter hypermultiplet:

1
5WX[,LV = F:;/ - 7H’Y(O-MV)’YBH7

8
_ 1 — j Q—_
Ouths = Fpy = 10m [6:0] + o1 (0)asll’
1
Suwn = —4F% + §H”(%)75H5 (4.10)
1 _
5;LVchr = g (6/.1,110'7' + uoeGur — g,u,rguo—) |:¢7 ¢:|

+ (Flj;;gm‘ - szc_rgl“' - Flj;gl’a + F,j;—g,ua)
+ (5 “Fl, — guuTaF;a te “F, - €UTVQF:0‘)

pvo T OTI vo
1

- TG [gua (O-pu>7ﬂ - gup<0-0y)’yﬂ
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+gPV(UJV)'yB + gm/(O-Mp),yﬁ] (Hﬁ}l7 + H’YHB) s

all the other transformations remaining unchanged.

Taking into account the above transformations, now the whole algebra formed
by the twisted operators (v, d,,, d,,) is closed, modulo field dependent gauge
transformations and field equations, for the whole theory, including
matter.

4.5 Symmetries of the complete twisted action

Lengthy and uninstructive computations lead us to claim that the complete,
twisted action

St = Sty m + STmatter (4.11)

where Sty and Stparer are given in (3.19) and (4.4) respectively, is invari-
ant under the twisted supercharges:

Sw St = 6,81 = 6,87 =0 . (4.12)

As for the twisted pure gauge N=2 SYM action, the total Sy action is uni-
vocally determined by the two symmetries oy and 0, éw alone being not
sufficient. Only one coupling constant is left, as expected.

Starting from the untwisted N=2 SYM theory coupled to matter, through the
twisting procedure we got an action, gauge invariant, and invariant as well
under two symmetries oy and 0, remnant of five over the eight supercharges,
three of them turning out to be redundant. The resulting action is equivalent
to the starting, untwisted supersymmetric action, and the twist revealed an
algebraic topological structure.

The twisted N=2 sym action coupled to matter appears to be a Witten-type
topological action, since it can be written as the variation of a nilpotent
operator (dy, in our case), modulo field equations:

Sy =owA+ A (4.13)
where
A = Tr / d4a:(1x“”F+ — 1%D“w +in [¢ @]
o T 9 Phet L
1

— R 1
"’TGHg(UW)?/XWHB + TGUWHV + Euvaﬁy) ) (4.14)

and A is a contact term

(4.15)



We recall that oy is nilpotent only on shell, and the above relation is not
yet an exact relation, in the cohomological sense. But, still, this last result
is quite remarkable. It suggests indeed to consider the operator dy, — which,
we stress again, is not sufficient, alone, to completely determine the action —
as the starting point towards the identification of a nilpotent operator under
which the total action is off shell exact.

5 Towards quantum extension

In the previous sections, we managed in order to treat a known, though com-
plex, situation. Namely we are now dealing with the gauge invariant action
St (4.11), invariant also under the scalar operator dy, and the vector operator
d,. The underlying supersymmetry algebra closes on translations, modulo
field equations and gauge dependent field transformations. The situation is
similar to that encountered in topological field theories (like Chern-Simons
theory or BF models) and in supersymmetric field theories (N=1 and N=2
SYM). We shall adopt in this case the same technique successfully used there,
to define the classical theory and to proceed towards the algebraic renormal-
ization.

The study of the divergences of a quantum field theory and of the possible
quantum extension of its classical symmetries requires the usual renormal-
izations tools. In the case of supersymmetric field theories, so far it is not
known a completely satisfactory regularization scheme which preserves at
the same time BRS symmetry and supersymmetry. The algebraic renormal-
ization [19], which does not rely on any regularization scheme, is, hence, a
mandatory choice. The first algebraic study of the renormalizability
of a supersymmetric QFT, has been completely performed, for the
N=1 case, using the superspace formalism (see [3] and references
therein, in particular [22]), and a class of N=1 SYM theories has
been shown to have no coupling constant renormalization at all
[23, 24, 25, 26, 27].

For what concerns N=2 SYM, with and without matter, the first algebraic
approach to the study of counterterms and anomalies has been given
in [10, 11].

In this Section, we set the standard for the quantum extension of the twisted
N=2 TYM, all the results obtained previously thanks to the twist being
valid at the classical level only. The basic steps of the procedure are the
construction of an invariant gauge fixing term, the definition of a classical
action, including gauge fixing and source-dependent terms, which satisfies all
the symmetries of the theory through an extended Slavnov-Taylor identity,
which resumes both gauge symmetries and supersymmetries. The key point
in our reasoning is the closure of the algebra off shell.
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5.1 TYM and the extended BRS operator

Our starting point is the classical action Sy (4.11), equivalent to the
classical N=2 SYM coupled to matter.

Besides being gauge invariant, the action S7 is invariant also under a set of
global transformations, whose generators dy, 0,,, d,,, commute with the gauge
transformations ¢¢ (3.20), and satisfy the following algebra:

[ow, 6] = [5ua(seg] = [5u1/>5g] =0
Sy = 69 + (field eq.)
1
{0,,0,} = _gg;w(% + (field eq.)
{ow, 6.} = 0Ou+ 6%, + (field eq.) (5.1)

{ow,d,,} = (gauge transt.) + (field eq.)
{0,0,6,0} = (gauge transf.) + (field eq.)
{6,000} = —(€1por0” + 91p0s — G100,) + (gauge transf.) + (field eq.) .

The quantum extension of susy, or susy-like, theories presents some serious
difficulties, as explained in [2]:

gauge fixing term: In absence of supersymmetry, the gauge fixing term
is a BRS variation, hence it is BRS invariant by construction, being
the BRS operator nilpotent. In presence of supersymmetry, instead,
because of the algebra, which in the WZ gauge does not simply close
on translations, such a term is not susy invariant. The usual way to
add a gauge fixing term cannot be applied for supersymmetric QFT.

open algebra: In the Wess Zumino gauge, the susy transformations (and
hence their twisted versions) are not linear. The algebra closes only on
shell and modulo field dependent gauge transformations. The standard
way to deal with this kind of algebras is to introduce auxiliary fields
in order to get rid of the field equations, but still the algebra does not
close, and an infinite number of external fields is needed, which renders
the quantum extension of the theory meaningless.

A solution is to define an extended BRS operator which collects all the sym-
metries of the theory [10, 11], but, before doing that, let us write the usual
BRS operator s, promoting the gauge parameter €(x) to a ghost field c(x),
so that the gauge transformation 69 becomes the BRS operator s:

() = (x) , 07— s. (5.2)

In addition, we introduce an antighost field ¢(x) and a Lagrange multiplier
b(x), always in the adjoint representation of the gauge group, so that the
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BRS operator

sA, = —Dyc

sy = {c ¢}
X = {€ X}

s = {en)

s¢ = |c, 9]

3 = |3

e = 2= ;fabccbcc

sc = b (5.3)
sb = 0

sH = |[c,H]

sH = [c,ﬁ}

su = {c,u}

su = {c,u}

sv = e, v}

sv = {c, v}

is nilpotent
s2=0. (5.4)

Let us now introduce global ghosts w, e* and v*, coupled respectively to oy,
9, and to the translations 0,

w oy, eled,, Va0, (5.5)

in order to define the extended BRS operator as

0
Q =5+ wlyy + "o, + "0, — we“w : (5.6)
The mass dimensions, R-charge, ghost number and the statistics of the ghosts
(both global and local), of the antighost and of the Lagrange multiplier, are

summarized in the following table

w et vH c c b

dim -1/2 | =1/2 | =1 | O 2 2

R—charge —1 1 0 0 0 0

ghost number 1 1 1 1 | -1 0
statistics comm | comm | ant | ant | ant | comm

The extended BRS operator Q has ghost number +1, zero R-charge and
mass dimensions, is a symmetry of the action St and it is nilpotent on shell:

QSr = 0, (5.7)
Q? = field equations .
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The Q-invariance of the action is obvious, since St does not depend on
the ghosts and it is invariant under translations. On the other hand, the
nilpotency of Q is obtained defining the action of the twisted operators oy, 0,
(and hence of Q) on the ghosts (c¢(z),w, ", v*) suitably.

It must be

2
Qc = & —wop—we'A, + %@ + vk,

Qw = 0 (5.8)
Qe = 0
vt = —wet.

The antighost ¢(z) and the Lagrange multiplier b(z) form a Q-doublet:

Qc = b+0v"9,c, (5.9)
Qb = we'd,c+v"0,b,
with
Q%c=0%=0. (5.10)

At this point we are able to define a gauge fixing term, as the Q-variation of
the usual “gauge fermion”:

S;p = QT /d4x A (5.11)
v "
= Tr /d4£B (b(’?"AM +¢o"D,c — wecd"y,, — %E@“XW — ;ca,m) :

Since the extended BRS operator @ is strictly nilpotent on the fields appear-
ing in Sy¢, the gauge fixed action § is Q-invariant by construction:

Q(S) = Q(Sr+ Syy) =0. (5.12)

The gauge fixing procedure takes into account not only the local pure gauge
symmetry, but also the twisted symmetries dy and 4, as can be seen by the
presence in the gauge fixing term (5.11) of the global ghosts w and €*. The
absence of v* is due to the translation invariance.

Therefore, the action of the extended BRS operator Q on the whole set of
fields and ghosts, is:

v

QA, = —Dyctwi,+ %Xw + %‘n 00, A,
Quu = {etut—wDuo+ e (Fu—3F5) - £06,3
+v" 0,1, + ;H’Y(aw)wHﬁe”
or = {6 Xor} +WE, + i(e,my + GuoGvr — GurGuo) D”' 0

8
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with

and

w
+0"0, Xor — gﬁ'y(am)wHﬁ

{e,nt+5 [¢ 3+ Du¢+v” 1)
[c, ] — 5“% + 0¥ u¢
{c, ﬂ + 2wn + 00,6
2
¢ —wi —wehA, + %5 +v"0,¢
0
0
ek
b+v"0,c
wetd,e + v"0,b

e, H,] + wuy, + (0, )yav® + v"9,H,

{c, HW} + Wi, + e"(0,),a0* + v*0,H,

1 1
e, u,] + woH, + (2DMHW/ ~3

— 1 —

[c, W] +woH, + & <2D#HV ~3
1 y o 1

[C7 v'Y] - QW(O' )a'YDVH - 16

[676’?]_?*)( Yoy DH

g° 0S N 0S
g,ua 5¢V gVO' w

9° 5 08
w
2 5XO'T

+g—we

3 + Guo s

Eporv = (577&
QQUW -

2 _
O, =

—e"(,)550H" +

2 0S8 0S8
oY

(Uu)vﬁCbH + 00,5

Q’=0 on (A,qb,a,n,H,H,c,w,a,U,E,b),

0S
29;11/ 5wa. >

oS
- gm&?f

2&)

1 o
V0, vy

(5.13)

(Uuy)gDyHﬁ> + U“@Muw

1 _
(UWﬁDyHﬁ) + "0,

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)



2
2 9 2 0S8 oS
2
20— _ 9 2 08 o h 578
Q v, = 5 (w 5o, we (U”)méuﬁ) : (5.20)

5.2 The Slavnov-Taylor identity

For the functional implementation of the extended BRS operator Q, we must
couple external sources ®*(z) to the nonlinear Q-transformations of the fields
'(x) (5.13):

L—c , X7 — H,
D — ¢ ., X' = H,
WA, U o,
Er =1, , U —a,
p— ¢ , V“j’—)vﬁ
T N Y
B" = X :

so that we can add to § = Sp + S,¢ the “external” term
Sert = Tr /d4x QP! (5.21)

where we collectively denoted with ®%(x) all the fields transforming nonlin-
early under Q, and with ®*(x) the corresponding external sources, whose
quantum numbers and statistics are

L D | Q+ v p T B
dim . 4 3 3 5/2 3 5/2 5/2
R — charge 0 -21 0 -1 2 1 1
ghostnumber | —2 -1 -1 -1 -1 -1 -1
statistics comm | ant | ant | comm | ant | comm | comm
X | X U U % 1%
dim . 3 3 5/2 5/2 5/2 5/2
R — charge 0 0 —1 -1 1 1
ghostnumber | —1 | —1 -1 -1 -1 -1
statistics ant | ant | comm | comm | comm | comm

In order to write a Slavnov-Taylor identity, the last step is to add to the
action St + Sg¢ + Sept a fourth term Sy,4q which takes into account the fact
the the extended BRS operator Q is nilpotent on shell, according to the
Batalin-Vilkokisky procedure [28, 29]. Such a term must be quadratic in the
external sources ®*(x)

Spuad = Tt / d'z (Q,079) (5.22)
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where €;;(z) are coeflicients which, in general, may depend on the quantum
fields and on the global ghosts. They are determined by imposing the validity
of the Slavnov-Taylor identity, which we shall write shortly.

The result is the following:

1 1
Squad = g°Tr /d4 w’B" B, -1 wB"e, &, — 25“’5 £, + —25252
—55 U0 + §w2VﬁV’y — iwg“U (UM)MVV) : (5.23)

With this choice, the complete classical action
Y =857+ Sg5 + Seat + Squad (5.24)
satisfies the Slavnov-Taylor identity
SX)=0, (5.25)

where

= T]f/d4 (52.52 (b+ "0, 0)5(52+(w5”8 c+v@b)62>

I §P? 0b
e I% . 2
we o (5.26)
We can go further, introducing the translation operator
0% 0%
4 ) *1 —
P = Tr/d (a e+ 0,0 5<1>*z> ~ 0 (5.27)

which obviously is a symmetry of the theory.

We observe that, since P, acts linearly on all the fields, the dependence of
the action X on the global ghost for translations v, is fixed by the following
identity

s,

where
Ad = T / d*2( Ld,c — DOup — D0, A, + €0,
—p0up + T0,m + B 0pxwe — X0, H, — X 0,1,
FU Oy + U010, + Vidu0s + V0,05 ) (5.29)

being linear in the quantum fields, is present only at the classical level [19].
We can therefore get rid of the global ghost vy, introducing the “reduced”
classical action X

2 =%+ ovrAd, (5.30)
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with

)y
- 31
Sor 0 (5.31)
It is easily verified that S satisfies the modified ST identity
S(2) = we'AY | (5.32)
where
- 0% 6% 6% 0%
S =t [ara( 200 00 g |
S(X) T dx<5(1>ﬂ§c1)2+b5c+w€ 8“66b> (5.33)

The (classically broken) ST identity (5.32) is the one which must be used to
determine the quantum extension of the theory. The corresponding linearized
ST operator

6L 6 6L 6 )Y 6%
=T / d* 9 A N T Y it 34
Bg=Tr [ dx (5@ 57 T 5o 5ai T Uge TS O 6b> - (5:34)
is not nilpotent. In fact, it holds
BBy = wetP,, (5.35)

that is, Bg is nilpotent modulo a total derivative. It follows that the operator
Bg is nilpotent in the space of integrated local functionals, which, actually,
is the case we are interested in.

Summarizing, we handled the problem in order to be able to deal with the
usual web of symmetries and constraints which constitutes the basis for the
quantum extension of the model and for the study of its algebraic renormal-
izability (determination of local counterterms and study of anomalies) [19]:

e ST identity (5.32) ;

e Landau gauge fixing condition

&%
— =0'A, ; )
e Anti-ghost equation
% 8%
5o " Osq, =0 (5:37)

e Landau gauge ghost equation
8% 5%
4 R C. — = cl
Tr/dx(éc%—lc, 5bD AY (5.38)

with A? linear classical breaking

Ad = Ty / d'z (le, L] = [A,Q] = [¢, D) + [, €] — [, ] + [, 7] (5.39)

+x, B] = [H, X] = [H,X] + [u, U] + [@,0] + [v, V] + [, V]) .
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6 Conclusions

In this paper we studied the twisted version of N=2 SYM theory coupled to
matter.

The twist, being simply a linear redefinition of the quantum fields, does
not affect the partition function, and hence two twisted-related theories
are completely equivalent. This means, in particular, that they
have the same physical content, the same observables and the same
coupling constant(s) S-function(s).

In this paper we included matter into the game. We twisted the
hypermultiplet, which became entirely spinorial, we modified the
(twisted) supersymmetries in order to have a close off-shell algebra,
and we achieved the complete off-shell set up by means of a unique
Slavnov-Taylor identity, which collects both BRS symmetry and
supersymmetries of the theory.

As it is well known [13, 14], pure N=2 SYM is twisted to a topo-
logical quantum field theory: TYM. An interesting and new result
presented in this article is the fact that TYM theory coupled to
matter have the same set of invariances of the same theory with-
out matter. Since the theory with matter is not topological, the
presence of these symmetries contradicts the common belief that

they are peculiar to topological theories.?

The twisted version of the whole theory, including matter, is the
necessary step towards the study of the g-function, for which a well
known non-renormalization theorem holds, and which has been
algebraically proved only in absence of matter [15]. We stress also
that we never specified to which representation of the gauge group
the matter hypermultiplet belongs: in the particular case of matter
in the adjoint representation, N=4 SYM is recovered.

In general, the introduction of matter spoils the topological char-
acter of the theory. In our case, the relation (4.13) suggests that
matter might enter in the theory simply through an extended BRS
variation, and this result strongly induces to suppose that matter
does not alter neither the physical sector of observables nor the
finite, or protected, operators of the theory [17]. In other terms,

the presence of matter should not spoil the AdS/CFT duality be-
tween non-conformal N=2 theories and string theories [30]. It is

2We thank one of the referees for this remark.
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also natural to expect that the whole action can be written, as
in the pure gauge case, in terms of a unique, and probably finite,
operator, which in the pure gauge case is Tr ¢?, whose relevance
for the algebraic proof of the non-renormalization theorem of the
p-function has been discussed in [15].
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