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Uniform convergence to equilibrium for granular media

Francois Bolley! Ivan Gentil' and Arnaud Guillin?
April 18, 2012

Abstract

We study the long time asymptotics of a nonlinear, nonlocal equation used in the modelling
of granular media. We prove a uniform exponential convergence to equilibrium for degenerately
convex and non convex interaction or confinement potentials, improving in particular results by
J. A. Carrillo, R. J. McCann and C. Villani. The method is based on studying the dissipation
of the Wasserstein distance between a solution and the steady state.
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Introduction
We consider the problem of convergence to equilibrium for the nonlinear equation
Oy = Apg + V- (ue(VV + VW % 1)) t>0,z € R™ (1)

This equation preserves mass and positivity and we shall be concerned with solutions which
are probability measures on R™ at all times. It is used in the modelling of space-homogeneous
granular media (see [3]), where it governs the evolution of the velocity distribution u:(z) of a
particle under the effects of diffusion, a possible exterior potential V' and a mean field interaction
through the potential W; we shall keep the variable z instead of v (for the velocities) for
notational convenience.

Steady states may exist as a result of a balance between these three effects, and we are
concerned with deriving rates of convergence of solutions towards them. Following [3], this issue
has raised much attention in the last years and has been tackled by a particle approximation
and logarithmic Sobolev inequalities in [15], by an entropy dissipation method in [7, 12] and by
contraction properties in Wasserstein distance in [8, 11, 5] (see also [9, 6] for related works in
dimension one). The entropy method is based on studying the time derivatives of a Lyapunov
function F' of the equation (called entropy or energy), on the interpretation due to F. Otto of (1)
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as a gradient flow of F' (see [8, 1]) and on the notion of convexity for F' due to R. J. McCann
(see [16]).

When V and W are uniformly convex, solutions converge exponentially fast to equilibrium,
but the case of interest of [3] is V =0 and W (x) = |x|3, whose convexity degenerates at 0. For
this case, only a polynomial rate, or exponential but depending on the initial data, was obtained
in [7, 8, 11]. In the present paper we prove a uniform exponential convergence in Wasserstein
distance of all solutions to the steady state. The method, introduced in the linear case in [4], is
based on comparing the Wasserstein distance with its dissipation along the evolution.

In Section 1 we derive the dissipation of the Wasserstein distance between solutions and easily
deduce the classical contraction results. Section 2 is devoted to cases when the convergence is
driven by the interaction potential W, with or without exterior potential V: in particular we
prove the first result of uniform exponential convergence to equilibrium for degenerately convex
interaction potentials and no exterior potential. In Section 3 we give conditions to get an
exponential convergence to equilibrium with both potentials being non convex.

1 Dissipation of the Wasserstein distance

Let P,(R™) be the set of Borel probability measures on R" with [, |z|? du < co. The Wasser-
stein distance between two measures p and v in Py(R"™) is defined as

Walu,v) = int <//RM |~’C—y|2d7r(x,y))1/2

where 7 runs over the set of joint Borel probability measures on R?” with marginals 4 and v.
It defines a distance on P,(R™) which metrizes the narrow convergence, up to a condition on
moments. In the present work, convergence estimates will be given in terms of this distance,
but interpolation estimates can turn such weak convergence estimates into strong convergence
estimates. By the Brenier Theorem, if p is absolutely continuous with respect to the Lebesgue
measure, then there exists a convex function ¢ such that Vo#u = v, that is, fRn gdv =
fRn 9(Vp)dp for every bounded function g; moreover

W) = | [Vela) = af du(o)

and Veo*#v = p for the Legendre transform ¢* of ¢ if also v is absolutely continuous with
respect to the Lebesgue measure. We refer to [10, 1, 19] for instance for these notions.

We shall assume that V and W are C? potentials on R", respectively o and S-convex with
o, € R, in the sense that V2V (z) > a and V2W (z) > B for all x € R", as quadratic forms
on R™. Moreover we assume that the interaction potential W is even and that both V and W
satisfy the doubling condition

V(e +y) <COA+V(z)+V(y)) (2)

for all x,y € R™, and analogously for W.
We shall consider solutions which are gradient flows in the space P>(R™) of the free energy

F(M)Z/nﬂlogudx+/anu+%/R2n Wz —y) du(z) du(y), (3)



as developed as follows in [1]: Let po be an initial datum in P»(R™). Then, by [13, Ths. 4.20
and 4.21] or [1, Th. 11.2.8], there exists a unique curve u = (u¢): € C([0, +00[, P2(R™)), locally
Lipschitz on |0, +o0], satisfying the evolution variational inequality

1d a + min{j,0}
2dt B 2
for almost every ¢ > 0 and all probability measure ¢ in the domain of F. For all ¢ > 0 the
solution py has a density with respect to the Lebesgue measure. Moreover the curve p satisfies
the continuity equation

W3 ke, 0) < F(0) — F(py) W3 (s, 0)

Ope +V - (e ve) =0, t>0,zeR”
in the sense of distributions, where the velocity field v; satisfies
— vy = Vg + e VV A+ g (VW ok pay).
In other words p is a solution to (1), and the curve p = (u¢); will be called the solution with initial

datum pp € Po(R™). Finally t — [ |ve> dus € L2 ([0, +00]) so the curve p :]0, +oo[— Py(R™)

loc
is absolutely continuous (see [1, Th. 8.3.1]); moreover, if v is another such solution with initial

datum v and associated velocity field wy, then by [19, Th. 23.9] or [1, Th. 8.4.7]

5 W == [ (Veia) =) wla) duto) - | (Vi) ~ ) wla) du)

for almost every t > 0; here ¢; is a convex function on R™ such that Vpi#u: = vy and
Vi #vy = . Then one can perform a “weak” integration by parts as in [14, Th. 1.5] or [8,
Lem. 13] to bound from above the right-hand side by

= [ (ei(e) + AGi(Ter@) - 2+ (A(Vir(a). 1) = Ale ) - (Tiu(a) — ) dis(o).

Here Ay is the trace of the Hessian of a convex map ¢ on R™ in the Alexandrov a.e. sense and
Az, u) = VV(x) + VW * py(x). Moreover, since VIV is odd, the term involving W is

/Rn(VW * Vt(vtﬂt($)) — VW % Mt(x)) . (th(x) _ x) dﬂt(x)
= //RQ”(VW(V%(QU) —Voi(y) = VW (x —y)) - (Vi (z) — ) dug(z)dp (y)

= % // (VW (Ve(z) = Vi (y) = VW (z —y)) - (Ver(@) = Veu(y) — (z — y)) dpe(@)dpe ().
R2n
We summarize as follows:

Proposition 1.1 ([1]) If (ut)r and ()¢ are two solutions to (1), then for a.e. t > 0,
1d
2 dt
where, for v =Vo#u (and Ay the trace of the Hessian of ¢ in the Alexandrov sense),

W3 (e, ve) < —Jvw (velpe)

Jvw (v|p) :/

5 (A(@) + A" (V(@)) = 20 + (VV(Ve(@)) = VV (@) - (Vip(a) - o)) dpu(w)

* % // (VW(Ve(z) = Ve(y)) = VW(z —y)) - (Vo(z) = Vely) = (= — y))du(z)du(y). (4)
R2n



For ¢ > 0 we can expect the solutions to have smooth densities, and to have equality in
Proposition 1.1, but we shall be content with the inequality (see [6]).

Considering the dissipation of the distance between two solutions provides simple alternative
proofs of contraction properties in Wasserstein distance derived in [8, 11]. For that purpose we
first notice that given p and v absolutely continuous with respect to the Lebesgue measure,
and Vo#u = v, then Ap + Ap* (V) —2n > 0 p a.e. (see for example [14, Th. 1.5] and [4,
Lem. 2.5]). This inequality says that the diffusion part of the equation always contracts two
solutions, as it is classical for the pure heat equation. Then:

e Suppose that V and W are respectively a and S-convex with o € R and 8 < 0. Then the
term involving V in (4) is bounded from below by a W2 (u, v) and the term involving W by

2 [ 19601 = Fot0) ~ =) Pau@ants) = w3) — 5| [(Vo—a du| > 8W30.0)

since 5 < 0. Hence, for two solutions (y); and (v4)¢ of (1) and almost all ¢t > 0

1d
> dtW2 (e ve) < — (o + B) W3 (1, 1),

Then by the Gronwall lemma we recover the contraction property of [8, Th. 5]:
Wa (s, vi) < e~ DWW, (1o, 1), t>0. (5)

e Suppose that W is convex and that there exist p,C > 0 such that for all € > 0
(VV(y) = VV(2) - (y—2) > CeP(ly —z[> =),  z,yeR™ (6)

Then, by the same argument,

1d
2dt

We optimize in € and integrate to recover the polynomial contraction of [8, Th. 6]

C
— W3 (pu, 1) < —gﬁp(2W2 (e, ) — €2).

-1/p
Walue, ) < (WyP(uo,vo) +t) ", >0, (7)

e Suppose that V' and W are respectively « and S-convex with a € R and 8 > 0. Then,
again by the same argument, the contraction result (5) holds for any two solutions with
same center of mass, that is, such that in R" fRn xdpy = fRn xdyy for all ¢t > 0. This was
also proved in [8, Th. 5].

e Suppose that V is convex and that (6) holds for W instead of V. If moreover the center of
mass of each solution is conserved, that is, if fR” xdpy = fR" xdpg for all t > 0 (this is the
case for instance if V' = 0) then the polynomial contraction (7) holds for any two solutions
with same (initial) center of mass, recovering [8, Th. 6] and [11, Th. 4.1].

In the first case with a+ 8 > 0 the bound (5) ensures the existence of a unique stationary
solution to (1) in P»(R"™), and the exponential convergence of all solutions to it. In the third
case with o + 8 > 0, and if moreover the center of mass is preserved by the evolution, then for
any m € R™ this ensures the existence of a unique stationary solution to (1) in Py(R™) with
center of mass m, and the exponential convergence to it of all solutions with (initial) center of
mass m.

The following two sections are devoted to the obtention of explicit exponential rates of
convergence of solutions to (1) in non uniformly convex or even non convex cases, having in
mind the degenerately convex potentials of [3] and the double well potentials of [18].



2 Influence of the interaction potential

In this section we study the case when W brings the convergence.

2.1 No exterior potential

We first assume that V' = 0. Then the evolution preserves the center of mass, and a solution
¢ should converge to a stationary solution po, only if the initial datum pg and pe have same
center of mass, since

[ wdn()~ [ wduote) = [ wdunto) - [ i)

should converge to 0: for instance it is bounded by Wa(uy, ieo). We could also assume that
V # 0, but that the center of mass is fixed by the evolution, which is all we use. But to simplify
the statements we assume V' = 0.

When W is degenerately convex, with a pointwise degeneracy, for instance W (z) = |z|>*¢
with € > 0, then the contraction property holds only with polynomial decay rate, see the last
example in Section 1. Then in [7] the authors proved an exponential convergence to equilibrium,
but not with a uniform decay rate, but rather depending on the free energy F' of the initial
datum. In this section we prove a uniform exponential convergence for such potentials.

Theorem 2.1 Let V =0 and W a C? convex map on R" for which there exist R and K > 0
such that

VW (z) > K if |z|>R.
Then for all m € R™ there exists a unique stationary solution ull € Py(R™) to (1) with center
of mass m; moreover there exists a positive constant C' such that all solutions (u); to (1), for
an initial datum with center of mass m, converge to pZ. according to

Wo (e, i) < €= Walpo, ple), >0,

Proof

<1 The existence of a stationary solution ul € Py(R™) with center of mass 0 and a positive
density satisfying p% (z) = Z-le= Wi (@) ig given by Proposition A.1, proof of ¢., with any
b < K/2; here Z is the normalizing constant. Then p™ = p% (- —m) is a stationary solution
with center of mass m. Now Proposition 2.2 and Remark 2.3, i7. below ensure the convergence
estimate to p™ since u. = e~V /Z with U = W * % convex and bounded from below. Unique-
ness follows. >

Proposition 2.2 Let W be a C? convex map on R™ for which there exist R and K > 0 such
that
V*W(z)> K if |z|>R.

Let i € Py(R™) have a continuous density e~V for which there exists M such that

sup  sup {U(z) —=U(z) = U(y)} < M. (®)
lo—y|<2R z€[r,y]

Then there exists an explicit positive constant C, depending only on K, R and M, such that
CWs (v, 1) < Jow (v|p)

for all measures v with same center of mass as (.



Remark 2.3 Hypothesis (8) on U holds on any of the following two instances:
i. UisCt and U(x) — 2R sup |VU(y)| = —M for all z € R™
lz—y|<R

ii. U is C%, V2U(x) > a(x) with a(x) <0 and U(z) + 2R2‘ in‘f<Ra(y) > —M for all z; for
z—y|<

ezample, U is C*> and bounded from below and VU (z) > « for all x and a constant c.

For ii. for instance, assume that the sup of U on [x,y| is achieved at z = tx + (1 — t)y with
t €]0,1[. Then VU(z) - (y —z) =0, so that

1 2
U(z)—U(z) :/0 (1—=8)V2U(z+s(x—2))(x—2)-(x—2)ds > |Y—g\<Ra(Y) %]w—yﬁ

and similarly
2

¢
>U(y)—U(z) > inf oY) =]z -y
2 Y-23Y|<R 2

Hence, for |x —y| < 2R,

Uz) = U(x) — U(y) “—2)—2R* inf aY)< M.

2 y-2ft<r 0T

Proof of Proposition 2.2
< Let ¢ be a strictly convex function on R™ (with v = V#u) such that [p, Vo du = [p. zdp.
First observe that

// Veo(z) — Voly) — (x — y)|* du(z) du(y) = 2/ V() — z|* dp()
R2n R

since, by assumption on ¢, the difference is
2
2| [ (Vela) - a)duo)| =0,

Then, by [4, Lem. 5.1],
(VIV(2) = TW () - (&~ 9) > Sl — P )
if |z| > 2R or |y| > 2R. In view of this result we let
X = {(z,y) € R |z — y| < 2R, [Vp(z) — Vi(y)| < 2R}.
1. First of all, by convexity of W and (9),
/R%(VW(VSD(BJ) = Vo) = VW(z —y)) - (Ve(r) = Vely) — (& = y)) du(x)dp(y)

> / (VW (Ve(z) = Ve(y)) = VW (z —y)) - (Ve(z) = Vely) — (¢ —y)) du(z)du(y)
RQ”\X

K

>

> IVe(z) — Voly) — (x —y)|? du(z)du(y).
R2n\ X



2. Then for all 2 and ¥, written as y = z + 76 with 7 > 0 and § € S*~!,
1
Vo(y) — Ve(r) — (y—x) = / [(V2p(z +7t0) — I]rédt.
0
We let H = V2p(x +rt8) and write H — [ = [HY? — H-1/2|H'Y/2, 50 that
[H = 10| < |[HY? — HV?| |10,
Hence
1 1
]ch(y) - ch(x) o (y o .%')‘2 < 7n/ HH1/2 - H71/2H2 eU(:errt@)dt/ ‘H1/26‘26U(m+rt9) rdt
0 0

by the Cauchy-Schwarz inequality. On the one hand, letting D = Ap + Ap* (V) — 2n,

IHY2 — H V2|2 = sup (H-21+H "2)-x

FE <trace(H —2I + H™') = D(z +rt0).
xT xr

On the other hand
1 1
/ |HY202  dt = / Vip(z +rt0)(rf) - 0dt = (V(y) — V() -0 < 2R
0 0
if (x,y) € X. Hence

1
IVo(y) — Vo(z) — (y — z)> < 4R? sup V) / D(z 4 rt0)e”VEtrto) gy
0

2€[z,y]

for all (z,y) € X, so that

/ /X Vo) — Vole) — (v — )2 du(z)du(y)

1
< 4R2/ e~ U(@) dm/ dy sup eV (2) o—U(v) / D(z +t(y — x)) e~ U@+t(y—2)) 1t
n ly—z|<2R z€[z,Y] 0

1
< 4R%eM dw/ dy/ D(z + t(y — x)) e~ U@+t(y—2)) 34
R ly—z|<2R 0

by (8). Now, for fixed ¢ € [0,1], the change of variables (z,y) — (v,u) = (z + t(y — x),y — x)
has unit Jacobian, so this is equal to

1
4R2€M/ dt/ dv/ duD(v)e V) = D(v)du(v)
0 n lu|<2R R”

for a constant ¢ = ¢(R, M,n) = 4R**"eM¢, where c, is the volume of the unit ball in R".

3. Collecting the terms in 1. and 2. concludes the proof with C' = 2(% +dc, RAmeM)~1 >



2.2 In presence of an exterior potential

We saw in Section 1 how an exterior potential V' can induce the convergence of all solutions to
a unique equilibrium, and not only to the unique equilibrium with same center of mass as the
initial datum of the solution to be considered.

If W strictly convex (but at 0), and uniformly at infinity, and if V' is strictly convex (but
at 0), then polynomial convergence holds to a unique equilibrium g, (see Section 1 and [7,
Th. 2.3]), and even exponential convergence, but with a rate depending on the free energy F
of the initial datum (see [7, Th. 2.5]). Following Theorem 2.1 (for V' = 0), one may wonder
whether this convergence is actually uniform in the initial datum, given by

Wa(pts froo) < eictWZ(,UOaMoo% t=0

for all solution (y¢);. But, according to Section 1, this estimate is based on the inequality

CWi(v,p) < Jvw(v|p) (10)

for the measure p = po and all measures v; and this inequality does not hold if V' is only
assumed to be strictly convex. For instance:

Lemma 2.4 Let u € Py(R) and V be a C?> map on R, with V" bounded and V" —, o 0. Then
there is no constant C > 0 such that (10) hold for all v.

< We prove that (10) does not hold for the translations v = ¢'#u where ¢'(z) =z + M
where M — 400, that is, that there is no C' > 0 such that

OM < /R V(& + M) — V'(2)) du(z) (11)

for all M > 0. For that, we let R to be fixed later on, and bound the right-hand side in (11) by

+oo

-R
[ W@ldu@) + [ Ve Mlau@) + [V )] duta).

First of all, since |V”| < A, then |V'(z)] < |V/(0)] + Alz| so the first integral is finite
(uniformly in M), and the second one is bounded by

—R —R
aM/'dmm+/ (V'(O)] + Ale]) dia(z).

(e}

Now, for fixed € > 0, we take R such that this is bounded by (M + 1)e for all M. Then we take
My such that |V”(z)| < e for x > M. For all M > My + R the third integral is bounded by

+00
/ ([V'(Mo)| + e(x + M — My)) du(z) < |V'(Mo)| + 6<M + My +/ || d,u(x)).
R R

Collecting all terms we conclude that the full right-hand side in (11) is < 4e for large M. >

Lemma 2.4 only gives an instance of condition on V for (10) not to hold. For example, the
assumption V" bounded can be replaced by the doubling condition (2) for V' and [ |V’|dp < oo.
Similarly, the assumption V” — 0 can be replaced by f0+°° |[V"|du < oo: in this case we use

[ v =| [T v aaw| <[] violaa<c



Hence we can not expect a uniform rate of convergence to equilibrium for degenerately
convex potentials. Our method is however able to recover an exponential convergence with a
rate depending on the initial datum, as in [7, Th. 2.5]:

Theorem 2.5 Assume that V is conver on R™ with V2V (x) definite positive on |x| > R and
[eVidx < oo, and that W is convez with V2W (z) > K for |x| > R. Then there exists a unique
stationary solution e, € Po(R™) to (1). Moreover for all M there exists a positive constant C
such that for all solutions (p1)¢ with [g, |z|*dpo(z) < M

Wapt, proo) < € Walpao, pioo), ¢ 2 0.

< First, Proposition A.1l, 7i. ensures the existence of a stationary measure pio € Po(R"™)
which has a density satisfying pioo () = Z~le~V(#) =W+t (2): here Z is the normalizing constant.
We just mention that the assumptions on V' are satisfied by [2, Lem. 2.2] for instance.

Then, by direct estimates on the propagation of the second moment, for all solutions ()¢
with [, [|?dpo(z) < M there is a constant N, depending only on V, W and M such that

sup/ |z|2dps (z) < N.
]Rn

t=20

Moreover, for v = Vp#ps with [p, [z|?dv(z) < N, we first write

[[Vipta) =l dpoe = [ (Vi) =) | +5 [ | 19000) = D) = (2= )P dhtoc()ton )

By Proposition 2.6 below, applied with the constant N and the measure fio,

(Ve -] <5 [ 9ela) =2l duoc(o) + C ol

Then, by the proof of Proposition 2.2, there exists C7, depending only on V' and W, such that

J L 196 = 9600) = (2 = 9P dis(a) die ) < CuTogy (vl
Hence there exists a new positive constant C', depending only on V, W and M, such that

CW3 (s proo) < Jvw (bt ftoo)

for all £. This proves the estimate on the convergence to 1, again by Proposition 1.1 and the
Gronwall lemma. Uniqueness of the stationary solution in P»(R") follows. ©>

Proposition 2.6 Let V be a C? convex map on R"™ with V2V (z) definite positive on |x| > R,
and du(z) = e~U@) dx be a probability measure on R™ with U continuous. Then for all N there
exists a constant C' such that for all C? strictly convex map @ on R™ with fRn]Vgo(x)]z du < N

[ Vet duta) ~ [rau] <3 [ Vet - Pduto) + € drofetale).



< Let S > 3R to be fixed later on. Since V is C? and V2V (x) is definite positive on the
compact set R < |z| < S, there exists K = K(S) > 0such that V2V (z) > K forall R < |z| < S.
Then, following [4, Lem. 5.1],

(VW) = VV(@) - (g~ 2) > e — P

if [z] < S, |y| < S and if |x| > 2R or |y| > 2R; indeed one only need to take into account the
values of V2V on the ball of radius S.
Then we let ¢ be a given C? strictly convex map on R™ and let

Xy =A{z e R",[z| < 5,|Vp(x)] < S, [z] = 2R or [p(z)] = 2R}
1. First of all, by convexity of V', the above remark and the Cauchy-Schwarz inequality,

[ VT -9V (Ve-nin > [ (FV(Te) - IV) - (V- )i

X3

K
> Ve —a|?dp >

(Vo —2x) du‘
3l 31/,

2. Then, on R™\ X, and letting Xo = {z € R", |z| < 2R, |Vy(x)| < 2R},

‘ /Rn\va@—x)du(z : 3</a:|25’ |V¢_x|du>2+3(/|w(x)>s WSD_IMN)QH(/XJVSD_”T"Z“)2

|
By the Cauchy-Schwarz and Markov inequalities, the first term is bounded from above by

1
[ Ve-aPdn plolal > S1< [ Ve aPdu g [ jaPdua)
|z|>S R Rn
and the second one by
1
[ IVo-aPdu g [ Vo) Pduto)

Then, following the proof of [4, Prop. 3.5], there exists a constant C', depending on V' and
w1 only on the ball of radius 3R, such that

[ 1Ve—aPauzc [ (Ap+ A(Te) - 20+ (VV(Ve) - TV) - (Vi - ) dp
X2 |z|<3R

This is in turn bounded by the corresponding integral on R", which is Jyo(Vp#u|p), since
both terms in the integrand are nonnegative.

3. Collecting all terms we obtain

( thpdu /xdu( 52/ Vo—a|*dpu /\w! d/Hr/ Vo|? du ( +6C)Jvo(V<p#Mu)-

Then we let S = max {3R, \/ﬁ[/ |lz|2dp + N]} so that

6 ) 1
g [ taPdu+ [ 1ViePdu] <3

if [|Ve|?du < N, concluding the proof with a C' depending on V, u and M through K(S). >

10



3 Non convex examples

In this section we deal with potentials V and W for which the convergence rate to equilibrium
is driven by V rather than by W. Our first result is more qualitative rather than quantitative.

Theorem 3.1 Assume that V and W are C? convex maps and that there exist R > 0 and K > 0
such that for all |z| > R,
ViV (z) > K.

Then there ezists a unique stationary solution i € P2(R™) to (1), and a constant C' such that
for all solution () of (1),

W (e phoo) < €~ Wa (1o, o), t>0.

In the first section (second example) we saw that only polynomial decay in contraction is
known in this context, and only when the convexity degenerates at some points, for instance for

V(z) = |z%

Proof

< Existence of a stationary solution g, in P>(R™) which has a positive density satisfying
oo = Z teV=Wrheo ig given by Proposition A.1, iii, with any a < K and —a < b < 0. Then,
by [4, Prop. 3.5], there exists C' > 0 such that

C W3 (e, fioo) < Jvio(pe o)

for all solution (g);. Moreover W is convex, so Jy,o < Jy,w. This proves the convergence bound
by Proposition 1.1. Uniqueness of the stationary solution in P(R™) follows. >

Remark 3.2 The case of a double well potential for V is considered by J. Tugaut in [17, 18],
where the long time behavior is studied by a compactness argument, hence without rate. Let
us now explain how Theorem 3.1 extends to this case, for instance for V&(x) = x* — ex? and
W(z) = |z|® in R.

First of all, a stationary solution, solution of pus, = e~V ~H*W /72 exists by Proposi-
tion A.1, iii. Then one can then easily build a cut-off function 1 such that Vi is C2, conver,
satisfies (VE)" = K > 0 outside a centered ball, uniformly in ¢ € [0,1], and is such that
|(VE(1 —))"||eo converges to 0 as e — 0. Then, by [4, Prop. 3.5], the measure 1, satisfies
a W Jyey,o inequality with a constant C' > 0 uniformly in € € [0,1] (here we use that [ Wdus,
and Z¢ are bounded uniformly in €). Now the perturbation proposition [4, Prop. 3.8] ensures
that ps, satisfies a W Jye o inequality, for sufficiently small €, hence a W Jye w inequality since
W is convex. Here we say that a measure j satisfies a W Jyw inequality is the inequality (10)
holds for a positive constant C' and all v.

The smallness condition on € is necessary since, according to [17, 18], there exist several
stationary solutions for large €.

The following theorem provides the first examples of exponential convergence to equilibrium
for the granular media equation, with both potentials non convex.
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Theorem 3.3 Assume that
e ¢V € Py(R™) and there exist a € R and C > 0 such that V2V > «, and for all v

1
Wi(v,e™V) < ol Jvo(vle™V); (12)

e there exist K > 0 and B < 0 such that sup |W| < K and V*W > j3.

Then there exists a unique stationary solution pio € P2(R™) to (1). Moreover, for all solution
(o) of (1), and with C = (C — a)e 2K + a + 3,

Wolpie, fioo) < €~ Wa(pio, fioo), t 0.

Assumption (12) on the measure e~V has been studied in [4] under the name of W.J(C)
inequality; there practical criteria have been given for the inequality to hold. Observe that we
can always assume that C' > « since, if a > 0, then u satisfies a W.J(«) inequality.

Proof

< Existence of a stationary solution s in P>(R™) which has a positive density satisfying
oo = Zte=V=Wrhe i5 given by Proposition A.1, iv; indeed, by [4, Cor. 3.11], assumption (12)
on the measure e~"" implies the Talagrand inequality (13) between the Wasserstein distance and
the relative entropy (also called W H or Ty, see [19, Chap. 22]), with the same C.

Then we let du(z) = e~V (®) dz and use the convexity assumptions on V and W, the bound
on W and the sign conditions on # and C' — « to get, for all v = Vp# s,

JV,W(VLMOO)
efK
> (Mgt Ap* (V) — 2n)dpi + / (VV(Vg) = VV) - (Ve — ) — o]V — %] doe

+a/|w—x| i+ 5 [ [ 1V012) = Vo) = (0 = )P dioe() die (1)

> Z (A¢+Awt(v¢)—2n)du+7 [(VV(Vg) = VV)- (Ve —z) — a|Ve — x| du
Ha+8) [ IVo—aPdun =8| [(Vo =) dpoc|

> <c—a>§/|w—x|2du+<a+ﬁ>/|w—:c|2duoo

> O [ 19~ af diicle) = CWF (01 o).

A Existence of stationary solutions

The existence of a minimizer of F' has been proved by R. J. McCann [16] for strictly convex
or radially symmetric convex interaction potentials W (and V' = 0). We adapt his classical
compactness-lower semicontinuity argument to our diverse cases:

Proposition A.1 The map F : P,(R") - RU {400} defined by (3) for absolutely continuous
measures and by +0o otherwise achieve its minimum in each of the following cases:

12



i. V=0, W is conver and W (x) = blz|> — b for b,b' > 0;
ii. V(z) > alz| —d and W(z) = blz|?> =V for a,a’,b,b > 0;
iii. V(z) > alz|?* —d and W(z) = blz|? =V for¥,a,a’ > 0,b> —a;
. W is bounded from below and e~V € Py(R") satisfies a Talagrand transportation inequality

Wi(v,e V) < %(/y log Vdm—l—/le/), v € P(R™). (13)

Then, as in [7], a minimizer po, of F' has a positive density on R" satisfying
log ptioo +V 4+ W s tigo = A € R.

Proof

< First of all, infp,gny F' < +00 since F(u) < +oo for u the Lebesgue measure on [0, 1]"
for instance. Let then (), € P(R™) be a minimizing sequence, and assume for a while that
[ |z*dp, is bounded. Then (u,), is tight, so up to a subsequence admits a limit ps for the
narrow convergence by the Prohorov Theorem. Moreover [ |z|2dpuo < liminf, [ |z|?du, < o0
SO fico € Po(R™). Finally oo minimizes F' on P»(R™) by lower semicontinuity.

It remains now to bound [ |z|?du, by F(u,) in each case:

For i., as in [16], let V,, transport p,, onto pp,(—.) and let fi, = %#up for I the identity
map. Now W is convex, so F is displacement convex, so that F'(fi,) < (F(pp)+F(pp(—.)))/2 =
F(pp) and (fip) is also a minimizing sequence. Moreover [ zdji, = 0 so

[P, =3 [[ e = vPanytering) < 5 [[ 500G+ ¥y o) < 22 2

2

For ii. we observe that

2 o o
F(un) > a [ lalduy ~ o 0] [ lolduy | [y ] =5 > a [ laldy, —a' = 5

hence [ |x|dp, is bounded by the second inequality, and then [ |z|?du, by the first one.
For iii. we similarly observe, and by discussing on the sign of b, that

/

F) > a [ loPdiy—a+5 [ [ [ Glo=sP =)y ()01 (0)] > (atmin(d,0)) [ [oPy—a'~5:

For iv. we notice that

IN
Qlw= Q&

(/Mp log ,updac—i-/Vdup) +2/!m\ze_v

1
(F(,up) ~3 inf W> + 2/ lz2e”V.

[ ey < 203 ey 2 [ lafe

IN
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