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Abstract

We present a convergence analysis of the penalty method applied to unilateral contact problems
in two and three space dimensions. We first consider, under various regularity assumptions on
the exact solution to the unilateral contact problem, the convergence of the continuous penalty
solution as the penalty parameter € vanishes. Then, the analysis of the finite element discretized
penalty method is carried out. Denoting by h the discretization parameter, we show that the
error terms we consider give the same estimates as in the case of the constrained problem when
the penalty parameter is such that € = h.

Keywords: unilateral contact, variational inequality, finite elements, penalty method, a priori
error estimates.
AMS Subject Classification: 65N12, 65N30, 35J86, 74M15.

1. Introduction

The penalty method is a classical and widespread method for the numerical treatment of con-
strained problems, in particular the unilateral contact problems arising in mechanics of de-
formable bodies which involve a nonlinear boundary condition written as an inequality (see,
e.g., [17, 19, 25]). Nevertheless, and to the best of our knowledge, the convergence analysis of
the method in the simplest case of linear elastostatics with or without finite element discretiza-
tion has been object of few studies. We may nevertheless quote the earlier, and pioneering works
of Kikuchi, Kim, Oden and Song [18, 22, 23] (see also [17]) and the more recent study dealing
with the boundary element method [8].

In the context of elliptic partial differential equations, the penalty method is also classical for
the treatment of Dirichlet boundary conditions, and has been thoroughly analyzed for instance
in [2, 3]. However, due to the very different nature of Dirichlet boundary conditions and contact
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conditions, and of the resulting penalty methods, the aforementioned analysis can be hardly
adapted to contact problems.

In this paper, we present a convergence analysis of the penalty method for unilateral contact
which use in particular some recent results from [15]. We analyze both the continuous and
discrete problems. We limit the analysis to a conformal discretization with piecewise linear
finite elements. In particular, we show that the same (sub-optimal, quasi-optimal or optimal)
convergence rates as for the constrained problem (governed by a variational inequality) can be
recovered with the choice ¢ = h, where ¢ is the penalty parameter, and h is the mesh size. A
remarkable fact is that this choice is independent of the regularity of the continuous solution.
Let us introduce first some useful notations. In what follows, bold letters like u, v, indicate
vector or tensor valued quantities, while the capital ones (e.g., V,K,...) represent functional
sets involving vector fields. As usual, we denote by (H*(-))?, s € R,d = 1,2,3 the Sobolev
spaces in one, two or three space dimensions (see [1]). The Sobolev norm of (H*(D))¢ (dual
norm if s < 0) is denoted by || - ||s,p and we keep the same notation when d =1, d =2 or d = 3.
The letter C' stands for a generic constant, independent of the discretization parameters.

2. Setting

2.1. The contact problem

We consider an elastic body Q in R? with d = 2 or d = 3. Small strain assumptions are made,
as well as plane strain when d = 2. The boundary 92 of €2 is polygonal or polyhedral and we
suppose that 9€) consists in three nonoverlapping parts I'p, I'y and the contact boundary I'¢,
with meas(I'p) > 0 and meas(I'¢) > 0. The contact boundary is supposed to be a straight line
segment when d = 2 or a polygon when d = 3 to simplify. The normal unit outward vector on
0%} is denoted n. In its initial stage, the body is in contact on I'c with a rigid foundation and
we suppose that the unknown final contact zone after deformation will be included into I'c. The
body is clamped on I'p for the sake of simplicity. It is subjected to volume forces f € (L%(Q))?
and to surface loads g € (L?(I'y)).

The unilateral contact problem in linear elasticity consists in finding the displacement field
u: Q — R? verifying the equations and conditions (1)-(3):

divo(u)+f=0 in €,
o(u) = Ae(u) in Q, )

u=20 on I'p,

oclun=g on 'y,

where o = (045), 1 <4,j < d, stands for the stress tensor field and div denotes the divergence
operator of tensor valued functions. The notation e(v) = (Vv—l—VvT )/2 represents the linearized
strain tensor field and A is the fourth order symmetric elasticity tensor having the usual uniform
ellipticity and boundedness property. For any displacement field v and for any density of surface



forces o(v)n defined on 02 we adopt the following decomposition in normal and tangential
components:
v=uv,n+vy and o(v)n=o,(v)n+ov).

The nonlinear conditions describing unilateral contact on I'¢ are:
up, <0, op(u) <0, op(u)u, =0, (2)
and the frictionless condition is
o(u) = 0. (3)
We introduce the Hilbert space:
V= {v € (HI(Q))d :v=0on TD}.

The convex cone of admissible displacements which satisfy the noninterpenetration on the con-
tact zone I'¢ is:
K={veV:vy,=v-n<0onT¢}.

Define

a(u,v) = /Qa(u) e(v) d9,

L(v) := /f-de—i—/ g-vdl,
Q 'y

for any u and v in V. From the previous assumptions, we know that a(-, ) is bilinear, symmetric,
V-elliptic and continuous on V x V. We know also that L(-) is a continuous linear form on V.
The weak formulation of Problem (1)-(3), as a variational inequality (see [12] and also [13, 14,
17)), is:
{ Find u € K such that: (4)
a(u,v—u) > L(v —u), Vv e K.

Stampacchia’s Theorem ensures that Problem (4) admits a unique solution.

2.2. The penalty formulation of the unilateral contact problem

Let us first introduce the notation [-]; for the positive part of a scalar quantity a € R:

la], = a if a >0,
o

otherwise.
In the rest of this paper, we will make an extensive use of the following properties:

a<lay, alds =3, VaeR. (5)



We introduce also:

W:{ :vev},

Un|p,,
and its topological dual space W', endowed with its usual dual norm. Since I'¢ is a straight line
segment or a polygon, we have HY2(I'¢) ¢ W C HY*(I'¢) which implies W’ C (HY?(T'c))
where H 010/ 2(I'¢) is the space of the restrictions on I'c of functions in H'/2(9€) vanishing outside
I'c and H'/?(T¢) is the space of the restrictions on I'¢ of traces on 99 of functions in H'(£2).
We refer to [21] and [1] for a detailed presentation of trace operators and/or trace spaces.

Let € > 0 be a small parameter. The penalty method for unilateral contact problem (4) reads:

Find u. € V such that:

a(ug,v) + é([ugvn]%vnﬁc = L(v), Vvev, ©

where (-, -)p. stands for the duality product between W’ and W. Note that this formulation
(which is an approximation of the exact contact conditions (2)) is obtained by setting the
condition oy, (u.) = —1[u. ] instead of the conditions in (2) on the contact boundary T'c.

Remark 2.1. Note that for Problem (6), it holds : uecn,v, € W C L*(T¢), and so [uz )+ €
L*(T¢). It results that the duality product (-,-)r. can also be understood simply as the inner
product in L?>(T¢). This remark still holds for the remaining part of the paper in which all the
duality products (-,-)r, can be changed with inner products.

We recall that Problem (6) is well-posed using an argument proposed by H. Brezis for M type
and pseudo-monotone operators [7] (see also [20] and [18]):

Theorem 2.2. For all ¢ > 0, Problem (6) admits a unique solution u..

Proof. Using the Riesz representation theorem, we define a (nonlinear) operator B : V.— V
with the following formula:

1
(Bv,w)1 0 :=a(v,w) + g<[vn]+,wn>pc, Vv,w eV,

where (.,.)1.0 denotes the inner product in (H*(Q2))¢. Note that Problem (6) is well-posed if
and only if B is a one-to-one operator.
Let v,w € V, it follows from the definition of B that:

1
(Bv —Bw,v—w)ig=a(v—-w,v—w)+ g([vn]Jr — [wn)+, vn — Wn) e

Due to the properties (5), we observe that, for all a,b € R:
([l — [b1+)(a — b) = alals + B8]+ — blals — alb]+
> [a]} + [0 — 2[a)+ [0)+
= (la]4 — [b]+)* > 0.



This property combined to the V-ellipticity of a(-,-) imply that there exists a > 0 such that:
(Bv —Bw,v—w); 0 > afv— WHiQ, Vv,w e V. (7)

Let us also show that the operator B is hemicontinuous, which means that for all v,w € V, the
real function
0,1] 5t p(t) := (B(v—tw),w)igeR

is continuous. For s,t¢ € [0, 1], we have:
lp(t) = ¢(s)] = |(B(v —tw) = B(v — sw),w)1 0|

1
< la(v —tw,w) — a(v — sw, W) + —[([vn = twn]1, wn)re = ([ = $Wnl+, wa)rc]

1
~ fa((s ~ tyw,w)| + -

/ ([vn — twy] 4 — [vn, — swy]4) wy dT
Te
1
< |t — sla(w,w) + g/ [vn, — twy] 4+ — [vn — swy] 4| Jwy| dT.
Pe
Using then the inequality |[v,]+ — [wp]+| < |vp — wy|, we obtain:

1
p(t) = (s)] < [t = sla(w, w) + g/ |t = s [wn] |wn| dT

I'e
1 2
=t —s| | a(w,w)+ gHwNHO,Fc :

It follows that ¢ is Lipschitz, so continuous. The operator B is then hemicontinuous. Since
(7) also holds, we can apply the Corollary 15 (p.126) of [7] to conclude that B is a one-to-one
operator from V to V. That concludes the proof of the theorem. O

2.3. Finite element setting and discrete penalty problem

Let V" C V be a family of finite dimensional vector spaces (see [9]) indexed by h coming from
a family 7" of triangulations of the domain Q (h = maxpcyn by where hr is the diameter
of T'). The family of triangulations is supposed regular, i.e., there exists ¢ > 0 such that
VT € Th,hT/ pr < o where pp denotes the radius of the inscribed ball in 7. We choose
standard continuous and piecewise affine functions, i.e.:

Vh = {Vh e (CQ))?: vh|T € (Py(T)4,VT € T", v =0 on FD} .
We introduce W"(I'¢), the space of normal traces on I'¢ for discrete functions in V:

Wh(FC) = {,uh cC(T¢) : vt eV vhon= ,uh}.

To simplify, we suppose that the end points (or the border for d = 3) of I'c belong to I'y.
Moreover we assume that the mesh on I'c induced by 7", on which are defined functions of



WhT¢), is quasi-uniform, which implies in particular that it is locally quasi-uniform, in the
sense of Bramble & al [6].
The discrete version of the penalty method (6) for Problem (4) reads:

Find u’ € V" such that:

1
a(u?,vh) + g<[u?,n]+avz>rc = L(Vh)’ vvh € Vh,

(8)

where € > 0 is still the small penalty parameter. Using exactly the same argument as in Theorem
2.2, we see that this problem admits one unique solution.

3. Convergence analysis of the penalty method

We present in this section the convergence analysis of both continuous and discrete penalty
methods. We first state the two main theorems. Next, we give some necessary technical lemmas,
followed by the proof of each theorem.

3.1. Main results

3.1.1. Convergence when € — 0

The penalty formulation introduces a consistency error. The following theorem gives a bound
for this error as a function of the penalty parameter . In particular, we recover the well-known
result that the solution u. of Problem (6) converges to the solution u of Problem (4) as ¢ — 0.
We suppose that u is more than H 3 regular so that all the duality pairings become L? inner
products.

Theorem 3.1. Suppose that u, the solution of Problem (4), belongs to (H%+”(Q))d with v €
(0,1/2]. Let u. be the solution of Problem (6). We have the a-priori estimates:

1
u— o < Cez™ulls,, 0. 9)
1
on(u) + =[ue )+ < Ce’llulls 0 (10)
€ 0.lc ?
1 2v
on(u) + ~[ten]+ < Ceulls,,q, (11)
—-v,l'c

with C > 0 a constant, independent of € and u.

3.1.2. Convergence when € — 0,h — 0
Next, the following theorem provides the convergence rates for the discrete penalty problem, as
a function of both discretization parameters € and h.



Theorem 3.2. Suppose that the solution u of Problem (4) belongs to (H%J”’(Q))d with v €

(0,1/2]. The solution u? of the discrete penalty problem (8) satisfies the following error estimates
i two space dimensions:

1 1
lu —u?flio +e2 |on(u) + = [ul, ]+
€ 0.l'c
( l+g+y2 v L v—1 . 1
<h2 2T 4+ hVez 4+ h 28) alls 1, q if 0 <v <3, (12)
2 ’
<C
(Al AIE + (he)? +¢) Jull2g ifv=1,
\
Lo
O'n(ll) + _[ue,n]+
€ -l
<h%+37u+”25_% NI R S S h2”*18) lulls,, o #O0<v< 1, (13)
2 ’
< C
3 11 1 1 . 1
<h2\lnhl2a 2+ hlInh|2 + (he)2 —|—5> lull2,0 ifv =3,

with C' >0 a ?onstant, independent of €, h and u. In three space dz’mensz’ogns, the terms h3 T5+7°
(resp. h|Inh|2) in (12) and (13) have to be replaced with h2*= (resp. hi).

One interesting fact is that the choice ¢ = h in the previous theorem, leads to the same error
estimates as for the finite element approximation of the variational inequality (see [15]). With
this choice, the error estimates are straightforward and are given next.

Corollary 3.3. Suppose that the solution u of Problem (4) belongs to (H%J”’(Q))d with v €
(0,1/2]. Suppose also that the penalty parameter is chosen as € = h. The solution ug of the
discrete penalty problem (8) satisfies the following error estimates in two space dimensions:

1 1 1_ 1
[lu—ullli0+h2|jon(u) + g[UQ,n]+ +h2™ |lon(u) + g[UQ,n]+
07FC 7V7FC
h%+%+y2HuH%+y,Q z'fO <u< %’ (14)
<C
Bl b 0 ifv=1,

with C' > 0 alconstant, independent of h and u. Irlz three space 3dimensions, the terms haT5+7°
(resp. h|Inh|2) in (14) have to be replaced with h=+z (resp. hi).

Remark 3.4. Note that the quasi-optimality is only due to the estimation of the contact term,
and is also present for standard finite element discretization [15]. This is not an intrinsic



property of the penalty method. Note that optimality could be recovered in both 2D and 3D cases
(and for any 0 < v < 1/2) if additional assumptions on the transition area between contact and
non contact are made (see [16]).

Remark 3.5. If u belongs to (H*(Q))? with s > 2 (Q C R?) then it is easy to show (by using
the result in [24]) that the error term in (14) is bounded by Chljul|sq.

Remark 3.6. To ensure convergence of the term |ju — ul||1q + ez |on(u) + %[u?7n]+HOFC,

we need to choose at least ¢ < Chz™" (see (12)). As stated previously, to recover optimal
convergence rate of the terms (12) and (13), the best choice is € = h.

3.2. Preliminary technical lemmas

Let P": L?(I'c) — W"('¢) denote the L?(I'¢)-projection operator onto W"(I'c). We recall in
this lemma the stability and interpolation properties of P":

Lemma 3.7. Suppose that the mesh associated to WH(T'¢) is locally quasi-uniform. For all
s €10,1] and allv € H*(T'¢), we have the stability estimate:
IP*0lls,re < Cllolls,re- (15)

The following interpolation estimate also holds:
lo = P"vllore < Ch2|[olls,re (16)
for allv e H¥(T'¢). The constant C > 0 is in both cases independent of v and h.

Proof. The stability estimate (15) is proven in [6]. The interpolation estimate comes from e.g.
[4]. O
We need another lemma which concerns the existence of a discrete bounded lifting from I'¢ to

Q:

Lemma 3.8. Suppose that the mesh on the contact boundary U'c is quasi-uniform. There exists
RM:WHTe) = VP and C > 0, such that:

RMW" e -n=2" [RMW")lhe < Cllv" |1 r., (17)
for all vh € WM ¢).

Proof. The existence of such an operator is proven in [5] (see also [10]). O
The proof of each theorem relies strongly on appropriate estimates for the approximate contact
condition on I'c in dual norm. We give these estimates in the following lemma:



Lemma 3.9. Suppose that u, the solution of Problem (4), belongs to (H%+”(Q))d with v €
(0,1/2]. Let u. be the solution of Problem (6). We have the bound:

1

(1) + e+ 1

on(u) + - [te ]+

< C|e
—-v,l'c

with C > 0 a constant, independent of €, u and u..
Let u? be the solution of Problem (8). We have also the bound:

1
+e" 2 lu—ufio),  (18)
0,l'c

on(u) + 2]

on(u) + B

<C|n
—-vl'c

with C' > 0 a constant, independent of €, h, u and u?.

+h T lu—ut o), (19)
0,I'¢

Proof. We first prove the bound (19) for the discrete solution. The bound (18) for the continuous
solution will be derived in a quite similar manner. By definition of the norm |- ||-, r, and using
the projection operator Ph.

1
on () + —[ul ]+
€ —-v,l'c
—  sup <0n(u) + %[u?,n]-l—a U>FC
veH" (Ie) [vllv,re
c oy (T 0P (o) ) PR
 weHY(Te) [v]l,re veH" (T'¢) [vll,re
1 — ph on(u) + L[ul 1., P
o bt L B Pllore o () ) Phr
e 0l vEH"(T¢) [v]l,re veHY (T'¢) |Prolly,re
1 on(u) + L[ul 14, Pro
<C | n|on(a) + =[ul,)+ +  sup {onl) 7;[ e Pholre ) (20)
2 0Tc veHY(T'¢) |Prollv,re

In the fourth line, we used the Cauchy-Schwarz inequality and the stability property (15). The
last line is a direct consequence of the interpolation property (16). Now, with help of the
relationship a(u —u, v?) = (o, (u) + %[u?n]+, v, for all vh € V! of the discrete lifting (17)
and using the continuity of a(-,-), it results that:



(on(u) + Z[ul \]+, P v)re (on(w) + 2[ul ]+, R"(P")Ire - mre
sup = sup

veHY (o) [Pholl,re veHY (Ie) [P o]l re
— s a(u — ug,Rh(th))
veHY(I'¢) HP UHV,FC
[R"(P"0) |10

gCHu—uhng sup
S venvirg) PRl

1P )1 p
<Cllu—ulfio sup T2
veHY(I'¢) [P0l re
Since the discrete trace space Wh(FC) has the quasi-uniform mesh property, we make use of the
inverse inequality

1
1P lly ., < CR 2P ollure,

so that we finally get:

<Un(u) + % [u?,n]-f—? PhU>FC

sup < Ch' 3 flu—ul 0.

veHY (T'¢) thva,rc

This, together with (20) leads to:

<C| hn
—v,I'c

which is the desired bound (19).

For the continuous problem, we introduce V¢, a fictitious finite element space, defined identically
as VP and with the choice of mesh size h = e. We define also a fictitious discrete trace space
We(T¢), in the same manner as W"(T'¢), and with also the mesh size h = . We note simply
P . L*(T¢) — We(¢) the L?(I'¢)-projection operator on W¢(TI'¢). We again obtain an
analogous estimate as in (20) :

1
on(u) + g[u?,nh

Un(u) + 1 [us,n]-f—

+h7E lu—ulfia |,
0,I'¢

) + = [+

-l
1 n l n 5736
<C | e |lon(u) + —[uenl+ + sup (on(w) + aa[ue’ L+, PPoire .
€ 0re  vel*(Te) IP=vlly,re
With help of the relationship
1
a(u—u.,v) = (o, (u) + g[u&n]Jr,vn)pc, vev, (21)

10



using the continuity of a(-,-) and a discrete lifting operator R, we come to the conclusion that:

1 1 _1
on(u) + = [uenl+ <O\ e ||on(u) + —[uen]+ +e" 2 lu—uc10
€ AN € 0.lc
which is the desired result (18). O

Remark 3.10. When v = 1/2 the previous result can be improved, by using simply estimate
(21) to obtain

1
() + [t < Cllu =iz,

71/27FC

3.3. Proof of Theorem 3.1

We first use the V-ellipticity of a(-,-) and the fact that u (resp. u.) is the solution of Problem
(4) (resp. (6)) to obtain:

aflu— ua”iﬂ <a(u—u,u—u)
=a(u,u—u.) —a(u.,u—u.)
1
= <0n(u) + g[u&n]Jﬂ Un — ue,n>Fc

= (on(w) wn)re + (<ltenl s tn)re — (on(0)s b = (Zluenl s vendre,

where a > 0 denotes the ellipticity constant. Contact conditions (2) on I'c yield:

1
<0n(u)7un>f‘c =0, <g[ua,n]+7un>f‘c <0.

Once again conditions (2) associated to properties (5) provide:
—(on(0), uen)re < —(on(0), [tenl4)re,

(luenlts temdre = (= [enls el e

We then get:
1

aflu—uc|fg < —(on(w) + —[uenlt, [uenl4re-

So we continue bounding:

11



allu— ue”%,ﬂ

< (=(on(w) + el ), ltenls +on(w) ~ ou(w)rc

1 2 1
= e |lonw) el elonw) + b i on(wire
0o
1 2 S 1 1-9
< —ellon(u) + =[ue ]+ + &% |lon(u) + —[uen]+ e lon(a)llvre
€ OIC € 7V7FC
1 2 525 1 2 582725
< e ol b tlueale| oz ow@ t luenls| I o
€ 0.lc g € v Te

with 6 € [0,1], 8 > 0. Note that since we supposed u € (H%‘H’(Q))z, we have o,(u) € H”(I'¢).
We combine this result with estimation (18):

) 62(5—1—1/) -1
T

1 2
op(u) + E[Ue,nh

0,l'c
82(54’1/)71

FOT——uufg ¢

582725
2

lon (W17 re.»

which can be transformed into:

g2(6+v)—1 ) g2(6+v)-1
3 lu —uellig 5

lon (@7 r..-

1 2

on(u) + - [ue,n] +

0,l'c

Taking § = 1/2 — v, 8 = 2Cmax(1, ') and using the estimate |lo,(u)l,r. < Cllulls,, o
2 ’
proves the bounds (9) and (10) of the theorem. The bound (11) of the theorem is then a direct

consequence of this last result and the estimation in norm of the negative exponent Sobolev
space (18). O

8.4. Proof of Theorem 3.2

We denote by Z" the Lagrange interpolation operator mapping onto V. We first use the
V-ellipticity and the continuity of a(-,-), as well as Young’s inequality, to obtain:

12



alfu— w2 g < alu - ulu - u?)

= a(u—u (u—7"a) + (Z"u — uh))

< Olu—uflliolu - "l 0 + a(u - uZ, 7"a - ul)

« C?
< glu- ul|f g+ ool = "a|} g + a(u, T"u — ul) — a(ul, 7"u — ul),

with o > 0 the ellipticity constant. Since u is solution of (4) and u” is solution of (8), we can
transform the term a(u, Z"u — u?) — a(u?,Z"u — u’). So we obtain:

«Q C? 1
Slu— ul|f o < oo lla = "l o + (on(u) + g[u?,n]+7 (T")n —ul )re

Because of conditions (3) and since the 1D-Lagrange interpolation with piecewise-linear poly-
nomials preserves the positivity, we have that (Z"u),, < 0 on I'¢. This implies:

) (Tw)re <0

Once again condition (3) associated to properties (5) yield:

—(on(w),ul y)re < —(on(u), [ul \J+)re,

1 1
(o, tare = ol [
This results into:
a hy2 C? hoo 112 h Loy h
Slu—wlio < o-llu=T1ulio + {on(w), T Wn)re — {on(w) + Z[ucpl+, [uepl+)re.  (22)
We bound the last term (o, (u) + %[u?n]+, [u? ]+ )r as follows:
Loy h
- <Un(u) + g[ua,n]-f-? [ue,n]+>Fc
1 1
= (ealw) [ ) L o) — ()
1o, P 1,
=~ eflon 4 Tl elon(w) + Rl o)
07FC
1o, |7 1,
< —¢|lon(u) + =[ul,]+ + e ||on(u) + =[ug ]+ [on()]lv,re-
€ 0.T¢c € —vlc

13



The last inequality has been made possible due to the assumption on the regularity of u, which
implies that o, (u) € H”(I'¢). Treating the last term with Young’s inequality, and with 8 > 0,
we obtain finally:

Loy h
- <Un(u) + g[ue,n]-f-? [ue,n]+>Fc
23)
1 2 g2 1 2 B (
< —ellon(w) + —[unle||  +og lon(w) + —ful)e + 5 lon ()3 re-
€ 0.T¢c g € e

We now combine this last inequality (23) with (22) and then insert the estimation (19) into the
resulting inequality:

=i o
< O ju— Tl o + (o). (TP )
2 N i
0,l'¢c 25

C2
< oo lu- M|l g + (on(w), (Z"0)n)re

€h21/
~<(1-c%)

We rearrange the terms:

2 s

1
' + Sl

Un(u) + g[ue,n]-f—

1
on(u) + E[U?,nh

— &

-vlc

1o, P

on(w) + [l ]+

2
e
B A S

|on(u)
0T 23 g

v,lce

2 h21/
<% —Ch2”16—> Hu—u?”iﬂ—i—a <1—C’6 ) on(u) +

23 243

0lc (24)
< CQ Zh 2 Zh 5 2

< ol =T g + (on(u), (T*w)n)re + S llon ()7 r,-
We choose 3 as follows:

B=C (K 'a™t + 1),

with C' > 0 a constant sufficiently large so that the two left terms in (24) are positive irrespec-
tively of the values of € and h. It results that:

Blon ()|} r. = C (B ~1e? + h*¢) llon(u)l[}r,.- (25)
The estimation of the Lagrange interpolation error in L? and H' norms on a domain D is
classical (see e.g., [11]):

14



hYlu = Z"ullo,p + u—T"u|l1,p < Ch*Hulls,p, (26)

for s € (1,2]. The contact term (o,(u),(Z"u),)r. can be estimated in two space dimensions
using results from [15]:

R 112 ifo<v<i
on(u), (Z"a), <C PRRSL z 27
(on(w), (T wh)re < { h2[In h[|ul3 g ify =1 (27)

In three space dimensions the bound is obtained in a straightforward way using (26) for any
0<v<1/2:

(o (W), (Z"Wn)re < CHHal3 o (28)

In two space dimensions, we combine finally the estimations (24)—(27) to prove that:

1 2
a— B o + e lonw + 2,
07FC
1% V2 vV— 1% 3
(h1+ +2 + h2 152 + h2 5) ||1.1H2%_’_V7Q Hfo<v< %,
<C
(R?|Inh| + €% + he) HuH%Q if v=1,

which is the first required estimate. This, together with the estimate (19), yields additionally
the bound in two space dimensions:

1
o) + <[l )

-vI'c

<(h”g—% bR e dh ey h%la) alls,,q #0<v<,
2 )

<C
<(h%a’% +1)h|Inh|? + hie +h+5> [ull2.0 ify =1,
Using h? < hE and h < h|1ln h]% ends the proof of (13). The bounds in three space
dimensions are obtained as before using estimate (28) instead of (27). O
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