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Campus Scientifique, 73376 Le Bourget du Lac, France.

April 18, 2012

Abstract

We present an algorithm to solve BSDEs based on Wiener Chaos Expansion and Picard’s
iterations. We get a forward scheme where the conditional expectations are easily computed
thanks to chaos decomposition formulas. We use the Malliavin derivative to compute Z.
Concerning the error, we derive explicit bounds with respect to the number of chaos and the
discretization time step. We also present numerical experiments. We obtain very encouraging
results in terms of speed and accuracy.

1 Introduction

In this paper, we are interested in the numerical approximation of solutions (Y, Z) to backward
stochastic differential equations (BSDEs for short in the sequel). BSDEs have been introduced by
J.-M. Bismut in [Bis73] in the linear case, whereas the nonlinear case has been considered later
by E. Pardoux and S. Peng in [PP90]. A BSDE is an equation of the following form

T T
}/t:§+/ f(sa}/S;ZS)dsi/ ZSdBSa OStSTv (1)
t t

where B is a d-dimensional standard Brownian motion, the terminal condition £ is a real-valued
Fr—measurable random variable where {F; }o<¢<7 stands for the augmented filtration of the Brow-
nian motion B and the generator f is a map from [0, 7] x R x R? into R. A solution to this equation
is a pair of processes {(Y;, Z;) }o<i<r which is required to be adapted to the filtration {F;}o<i<7-
We will assume the conditions of Pardoux and Peng to ensure existence and uniqueness of solu-
tions.

Our main objective in this study is the numerical approximation of the solution (Y, Z) to
BSDE () (even though there exists a large literature on this subject). The first two contributions
to this topic are due to D. Chevance [Che97], who considered generators independent of Z, and
V. Bally [Bal97], who used a random time mesh. J. Ma and J. Yong [MY99] proposed numerical
schemes based on the link between Markovian BSDEs and semilinear partial differential equations
(PDEs). Another approach, based on Donsker’s theorem and close to [Che97], was proposed by
F. Coquet, V. Mackevicius and J. Mémin [CMM99] in the case of a generator f independent of
Z; the general case was treated by Ph. Briand, B. Delyon and J. Mémin in [BDMO0I], who later
extended it to a more general framework [BDMO02], including the case of a "stepwise constant
Brownian motion". This extension led to the formulas

Vi =E(Y; +h|F) +hf(t,Ys, Zi), Zi=h"Y2E (Yisn (Brsn — Bi) | Fr)
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known as the dynamic programming algorithm. Even though the convergence was proved in the
case of path-dependent terminal condition &, the rate of convergence was left as an open question
in [BDMO02]. This problem was solved by J. Zhang [Zha04] and B. Bouchard and N. Touzi [BT04]
in the case of Markovian BSDE, namely in the case of a terminal condition £ = g(X7) where X
is the solution to a stochastic differential equation. Their result was generalized by E. Gobet and
C. Labart [GLOT] and also by E. Gobet and A. Makhlouf [GMI0].

From a numerical point of view, the main difficulty in solving BSDEs is to efficiently compute
conditional expectations. Several approaches have been proposed using various tools: the Malliavin
calculus [BT04], regression methods [GLWO05], [GLW06] and quantization technics [BP03].

Finally, let us mention that there exists some works dealing with the discretization of solutions
to BSDEs in a more general framework: forward-backward SDEs [DM06G] and quadratic BSDEs

[RicId].
Let us now describe briefly the main points of our approach in the case of a real-valued Brownian

motion. As already used in several quoted papers, see also [BDOT, [GL10, [BSar], our starting point
is the use of Picard’s iterations: (Y°,Z°) = (0,0) and for q € N,

T T
Ytq+1:£+/ f(s,qu,Zg)ds—/ Z4t.dB,, 0<t<T.
t t

It is well-known that the sequence (Y7, Z9) converges exponentially fast towards the solution
(Y, Z) to BSDE (). We write this Picard scheme in a forward way

T t
}/thrl =E <§+/ f(svifsqug) ds ft) 7/ f(svifsqug) dS,
0 0

ft)v

where D; X stands for the Malliavin derivative of the random variable X.
In order to compute the previous conditional expectation, we use a Wiener chaos expansion of
the random variable

T
Z,?Jrl _ Dthqul = D,E (5 +/ f (s,YS‘J7Z3) ds
0

T
Fq:§+/ f(sﬂ}/sqﬂzg)ds'
0

More precisely, we use the following orthogonal decomposition of the random variable F'¢

T
FE=E[F]+ Zkzl Zm\:k di Hz’Zl Ko, (/0 gi(s)dBS) ’

where K; denotes the Hermite polynomial of degree [, (g;)i>1 is an orthonormal basis of L2(0,T')
and, if n = (n;);>1 is a sequence of integers, |n| = > ;o 1. (d})p>1,n|=k is the sequence of
coefficients ensuing from the decomposition of F'9. Of course, from a practical point of view, we
only keep a finite number of terms in this expansion:

e we work with a finite number of chaos, p;
e we choose a finite number of functions g1, ..., gn.

This leads to the following approximation with n = (n1,...,ny)

T
qd ~ q mn .
Fr=RF+ ZlSkSp Z\nlzk dy HlSiSN fon </o gl(s)st> .

One of the key point in using such a decomposition is that, for choices of simple functions g1, ...
gn, there exist explicit formulas for both

E(F!|F) and Z/™' =DE(F!|F) ; (2)



this plays a crucial role in our algorithm. Using these formulas and starting from M trajectories
of the underlying Brownian motion we are able to construct M trajectories of the solution (Y, Z)
to the BSDE.

In the following, the functions g; are chosen as step functions:

T
9i =1y, ,0(t)/Vh, i=1,...,N, where h = ~

and the previous formulas are really simple (see (I0)-(II) and Proposition Bl). Eventually, the
main advantage of this method is that only one decomposition has to be computed per Picard
iteration: the decomposition of F'?. Therein lies the main difference between our approach and
the approach based on regression technics developed by C. Bender and R. Denk in [BD0O7]. In
their paper, for a given Picard iteration ¢ and for each time ¢; of the mesh grid, two projections
have to be computed, one for ¥, and one for Z{. The second difference comes from the way of
computing Z?. In our method, once the decomposition of F'¢ is computed, Z? is given explicitly
as the Malliavin derivative of Y?. Let us also point out that our algorithm can handle fully path
dependent terminal conditions.

The rest of the paper is organized as follows. Section [2] contains the notations and the prelim-
inary results, Section [B] describes precisely the algorithm, Section His devoted to the study of the
convergence of the algorithm and finally Section [ contains some numerical experiments. Some
technical proofs are post-done to the appendix.

2 Preliminaries

2.1 Definitions and Notations

Given a probability space (©, F,P) and an R%valued Brownian motion B, we consider
o {(Fi);t €[0,T]}, the filtration generated by the Brownian motion B and augmented
e E,(X) denotes E(X|F;) for any X in L1(Q, Fr,P).

o L2(Fr) := L3(Q, Fr,P) the space of all Fp-measurable random variables (r.v. in the follow-
ing) X : Q — R satisfying || X||? = E(|X|?) < .

e S2(R%) the space of all cadlag predictable processes ¢ : Q x [0, T] — R? such that [|¢[|Z, =
E(sup;eqo, 1] |¢e]?) < oo.

e HZ(R?) the space of all predictable processes ¢ : Q x [0,7] — R such that H¢||f{2T =
E [ |62dt < co.

o Cf ! the set of continuously differentiable functions ¢ : (¢, ) € [0,T] x R? with continuous

and uniformly bounded derivatives w.r.t. ¢ (resp. w.r.t. ) up to order k (resp. up to order
7). The function ¢ is also bounded.

e |07, f]|2, the norm of the derivatives of f : (t,2) € [0,T] x R? w.r.t. all the space variables
which sum equals j : |87, f]|%, = 2o ikl= Okt ... 9k f||2, where |k| = ki + -+ kq.

1 d

e ()7 the set of smooth functions f : R" — R with partial derivatives of polynomial growth.

[|(-,)||?. the norm on the space S%(R) x H2%(R?) defined by

1Y, Z)]I?- =1E< sup (|Yt|2)+/O IZt|2dt> - (3)

te[0,T)



We also recall some useful definitions related to Malliavin calculus. We use the notations of
[Nuad8].
e S denotes the class of random variables of the form F = f(W(hy),---,W(hy)), where
f € CER™R), (hy, -+, hy) € L0, T R™) and W (ki) = [ hi(t)dW;.

e |[F||2, denotes the following norm on S

T T T 2
171 :=E|F|2+ZZE(/O [ 1D o] dﬁ---d%)

a=1]a|=q
where D represents the multi-index Malliavin derivative operator.

e D™2 denotes the closure of S w.r.t. || - [|,.2 and D°? = N2, D"2.

2.2 Wiener Chaos Expansion
2.2.1 Notations and useful results

We refer to [Nua9§]| for more details on this section. Let us briefly recall the Wiener chaos expansion
in the simple case of a real-valued Brownian motion. It is well known that every random variable
F € L2(Fr) as an expansion of the following form:

F =E[F] + /OT uy (s1)dBs, (4)

T pso T Sn S2
+// u2(52,51)stldBS2+...+/ / / Un(Spy.-.,81)dBs, ...dBs, + ...
0 Jo o Jo 0

where the functions (u,,n > 1) are deterministic functions. There is an ambiguity for the definition
of these functions u,,. We adopt in this paper the following point of view: the function w,, is defined

on the simplex
Sn(T) :={(s1, - ,5n) €10, T]":0< 51 < ... <5, <T}

We define the iterated integral for a deterministic function f € L2(S,(T)) as

Jn(f) = /OT/OSH.../OSZ‘]“(ST“... asl)d351"'stn'

Due to the Ito isometry, ||J.(f)|* = Hinz(Sn(T)) and E[Jn(f)Jm(9)] = onm < f,9 >1r2(5,(1))-
Then, [|F||> = 3,50 lunllf2(s, ()

Definition. Let F be a random variable in L?(Fr) whose chaos expansion is given by (#). We
introduce

e P,(F) := J,(u,) the Wiener chaos of order n of F.

o Cp(F) =3, <, Pu(F) the chaos decomposition of F' up to order p, i.e.

T T rso
CP(F) = E[F] + / ul(sl)stl + / / ’LLQ(SQ, Sl)Cllest2
0 0J0

T Sp So
+...+/ / / Up(Sp, .. .,51)dBs, ...dBs,. (5)
0 0 0

We state two Lemmas useful for the sequel.



Lemma 1 (Nualart). F' € D™2 if and only if ., ~o(n+m—1) x -+ x n x E[|P,(F)[*] < co. In
this case, we have B

S o(ntm—1)x - xnx E[Pu(F)P] < | F[3a.

n>0

From Lemma [Tl we deduce
Lemma 2. Let F € D™2. We have

[FalFEe

E[|[F —Cp(F)’] < prm)---(ptl)

Proof.
1P =CP)P) = 30 BAW] = 3 (ktm— 1)k x G < E[ PP
k>p+1 k>p+1
1
Srm oo+ )k;;m(kij_l L

The following Lemma gives some useful properties of the chaos decomposition.
Lemma 3. Let F be a r.v. in L?(Fr) and H be in H%(R). Then
o Vp > 1, E(ICp(F)]*) <E(IFJ?),

Cy (fy Hads) = J Cp(H,)ds

o Forallt <r DiE,[Cp(F)] =E;[Cp—1(D:F)].

2.2.2 Wiener chaos expansion and Hermite polynomials

Another approach to Wiener chaos expansion uses Hermite polynomials. This approach can be
easily generalized when considering d-dimensional Brownian motions, this is then the one we
consider in the following. We present it for d = 1. Let {g;};>1 be an orthonormal basis of
L2(0,T). The Wiener chaos of order n, P, (F), is the L2-closure of the vector field spanned by

:[I\/ET}C% (Jﬁ )dB ) ﬂ(nﬁizﬂ:::jzzni::n

i>1

where K, is the Hermite polynomial of order n defined by the expansion:

ztt/? ZK

n>0

with the convention K_; = 0. With this normalization, we have K] (z) = K,,_1(x) for any integer
n. It is well-known that (K,,),>0 is a sequence of orthogonal polynomials in L?(R, i), where
denotes the reduced centered Gaussian measure. Moreover, we have

/ K3 (@yu(de) = .
: |

Every square integrable random variable F'; measurable with respect to Fr, admits the follow-
ing orthogonal decomposition

EETES S SRS | Y ( / gz-<s>st> , 0



where n = (n;);>1 is a sequence of positive integers and where |n| stands for )., n;. Taking into
account the normalization of the Hermite polynomials we use, we get

T
F x . K,, (/0 gi(s)st>

where n! = [],5, n;!. Before describing the chaos decomposition formulas we use in the algorithm,
we give a Lemma useful in the sequel.

do = E[F], m = nlE

3

Lemma 4. Let g € L2(0,7T) and let U; = fg g*(s)ds. Forn € N, let us define

My = UKy (Bl VTT) . Bla) = [ 'g(s)dB..

Then {M]*}yo<i<T s a martingale and

dM = g(t) M 'dB,.

2.3 Chaos decomposition formulas

These formulas are based on the decomposition [@). To get tractable formulas, we consider a
finite number of chaos and a finite number of functions (g1,---,gn). The (g;)1<i<n functions
are chosen such that we can quickly compute E(F|Fr) and D;E(F|Fr) (as required in ([2)). We
develop in this Section the case d = 1, we refer to Section [B.2] when d > 1.

The first step consists in considering a finite number of chaos. In order to approximate the
random variable F', we consider its projection C,(F') onto the first p chaos, namely

SURES SUNS SIS | I (TN g

Of course, we still have an infinite number of terms in the previous sum and the second step
consists in working with only the first N functions g1,. .., gn of an orthonormal basis of L2(0,T').

Let us consider a regular mesh grid of N time steps 7 = {t; = i%,i =0,---,N} and the N
step functions

T
gz-:l}tifl,ti](t)/\/ﬁ, i=1,...,N, where h := N (8)
We complete these N functions gi,..., gy into an orthonormal basis of L?(0,T), (gi);>1. For
instance, one can consider the Haar basis on each interval (¢;-1,¢;), ¢ = 1,..., N. We implicitly

assume that N > p. This leads to the following approximation

T
N _ n .
Cp (F) = do + Z1§kgp Z\M:k dy; HlSiSN Ko, (/0 gl(s)st> ’ (9)
where n = (n1,...,ny) and |n| = ny + ... + ny. Due to the simplicity of the functions g;,

i=1,---,N, we can compute explicitly

Bti - Bti—l
vVh o

Roughly speaking this means that Py, the k*" chaos, is generated by

T
/ 9i(8)dBs = Gy, where G; =
0



Thus, the approximation we will use for the random variable F' is
p P
NF)=do+ ) Y diKn, (Gh).. . Kny(Gn)=do+ Y > di [] En(G), (10
k=1|n|=k k=1|n|=k 1<i<N
where the coefficients dy and d}} are given by
do =E[F], d} =nlE[FK,,(G1)...Kny(GnN)]. (11)

From (), we deduce the expressions of E(CY F) and DyE; (C}(F)), useful for the approxi-
mation of (Y, Z) by the chaos decomposition (see ().

Proposition 5. Let F be a real random variable in L?(Fr) and let v be an integer in {1,--- ,N}.
For allt,_1 <t <t,., we have

- t—1,— ki B _Br—l
QR a0ty ¥ Zﬂmww( =) (G

k=1 |n(r) =k
np—1
t—tr_1 2 By — By,
DiE, (C) —1/2 _ K (G - Knp, 1 | —L
nr>0
where, if r <N and n = (ny,...,nn), n(r) stands for (n1,...,n,).

The proof of Proposition H is postponed to Section [B.1l
Remark 6. For t = t,., Proposition [ leads to

(CNF *dOﬁLZ Z dy iSTKni (Gi)

k= 1\n(r\ k

Dy K, (CYF) 1/22 S dr ][ Kn (Gi) x Kn,1(Gy).
k=1|n(r)|=k =T
n,.>0

Let us end this subsection by some examples.

Example 7 (Case p = 2). From (I0)-(II), we have

N N 1 N
CY(F)=do+ Y dyKi(Gy) + > > d5? Ki(Gi)Ki(Gy) + Y dy™ Ka(G)
=1 =

Jj=1 =11=1

j7

where e; denotes the unit vector whose j component is one, and e;; = e; +e¢;. For j =1,--- /N
andi=1,---,j — 1, it holds

dy = E(FK1(G))), dy” = E(FK1(G:)K1(Gy)), dy” = 2E(FEK»(G;)).

Remark [6] leads to

r r Jg—1 r
Er, (CYF) =do+ > dy Ki(Gy) + > d” Ki(Gi)K1(Gy) + Y dy” Ka(Gy)
j=1 j=11i=1 j=1

Dy K, (C3'F) =h='/? (d? +d3 K (Gr) + Y dS”Kl(Gi)> .



3 Description of the algorithm

The algorithm is based on three types of approximations : Picard’s iterations, a Wiener chaos
expansion up to a finite order and the truncation of a L2([0,T]) basis in order to apply formulas
of Proposition[Bl We present the different steps of the approximation procedure in Section Bl
The practical implementation is presented in Section

3.1 Approximation procedure
3.1.1 Picard’s iterations

The first step consists in approximating (Y,Z) — solution to (Il — by Picard’s sequence
(Y4,29),, built as follows : (Y? =0,2°=0) and for all ¢ > 1

T T
Yf“=£+/ f(s,Yf,Z@ds—/ ZI.dB,, 0<t<T. (12)
t t

From ([2), under the assumptions that ¢ € D52 and f € Cp'"', we express (Y9+1, Z9+1) as a
function of the processes (Y4, Z?):

T
Y =K, (s+ / f(s,qu,Zg)ds>, Z{ = DY, (13)
t
which can also be written
T t
Yo+ _E, (s o <s,y;1,zz>ds> - [ feveznas zrt =pyets
0 0

As recalled in the introduction, the computation of the conditional expectation is the corner-
stone in the numerical resolution of BSDEs. Chaos decomposition formulas enable to circumvent
this problem.

3.1.2 Wiener Chaos Expansion

Computing the chaos decomposition of the r.v. F =& + ftT f(s,Y4 Z%)ds (appearing in ([3))
in order to compute YZJH is not judicious. F depends on ¢, and then the computation of Y 4+!
on the grid 7 = {t; = i%,i =0,---,N} would require N + 1 calls to the chaos decomposition
function. To build a efficient algorithm, we need to call the chaos decomposition function as less
as possible, since each call is computationally demanding and brings an approximation error due
to the truncation and to the Monte-Carlo approximation (see next Sections). Then, we look for
a r.v. F'Y9 independent of ¢ such that Yt‘”1 and Zf“ can be expressed as functions of E;(F?),
DE(F7) and of Y? and Z9. Equation (I4) gives a more tractable expression of Y91, Let F9 be

defined by F7:= ¢ + [\ f(s, Y9, Z%)ds. Then
t
Y = Ey(F9) —/ fs,Y3,28) ds, ZIT = DiEy(F9). (15)
0

The second type of approximation consists in computing the chaos decomposition of F'¢ up to
order p. Since F'¢ does not depend on ¢, the chaos decomposition function C, is called only once
per Picard’s iteration.

Let (Y%P, Z%P) denote the approximation of (Y%, Z7) built at step ¢ using a chaos decompo-
sition with order p: (Y%? Z%P) = (0,0) and

t
Yo =By (6 (P~ [ f (5. Yon, 280 ds, 2 = DG, (), (10
0

where F'9P = ¢ 4 fOT f(s,Y2P Z2P)ds. In the sequel, we also use the following equality
Z{TIP = By [DyCp(FOP)). (17)



3.1.3 Truncation of the basis

The third type of approximation comes from the truncation of the orthonormal L2([0,7T]) ba-
sis used in the definition of C, (). Instead of considering a basis of L%([0,77]), we only keep
the first N functions (g1,---,gn) defined by (8) to build the chaos decomposition function CIJ,V
@). Proposition [ gives us explicit formulas for E(C}'F) and DyE(C)'F). From (I8), we build
(YerN zapN) in the following way : (Y0P, Z0PN) = (0,0) and

t
Y;Eq—i_Lp’N = Et(CéV(Fq’p’N)) _/0 f (S’Y;q,p,N’Z;],p,N) dSa Z;H—L;D,N = Dt(Et(C;:])V(Fq,p’N)))a (18)

where FOPN = ¢ 4 fOT f(s,YaPN 740Ny,

Equation () is tractable as soon as we know closed formulas for the coefficients dj of the
chaos decomposition of B (CY (F©PN)) and Dy(E(C)Y (F#P™V))) (see Proposition [). When it is
not the case, we need to use a Monte-Carlo method to approximate these coefficients. The next
Section is devoted to the practical implementation. In particular, we give the pseudo-code of the
algorithm.

3.2 Implementation

In this Section, we first explain how to practically compute the chaos decomposition CTJ,V (F)ofa
r.v. F. Then, we give the pseudo-code of the algorithm.

3.2.1 Monte-Carlo simulations of the chaos decomposition

Let F denote a r.v. of L?(Fr). Practically, when we are not able to compute exactly dy and/or
the coefficients d}} of the chaos decomposition (I0)-(II) of F', we use Monte-Carlo simulations to
approximate them. Let (F™)i<m<a be a M iid. sample of F' and (G, - ,G%)1<m<m be a
M ii.d. sample of (Gy,---,Gy). We recall dy and the coefficients (d}})1<k<p,|nj=r are given by
do = E[F] and d}} = n!E[FK,,,(G1)... K,y (GnN)] (see (). Then, they are solutions of

arg min E[[F — (e, G)?], (19)
c=(co,(cP)1<k<p,|n|=k)
where ¢ : (¢, G) — co+ Y 1, > ini=k ¢k Il1<i<n Kn, (Gi). We propose two methods to approx-
imate d := (do, (dz)lﬁkﬁpa\’ﬂ:k)

e the first one consists in approximating the expectations of (1) by empirical means (Tl\; =

7 mn
(do, dy, 1§k§p,\n|:k) where

M M
do ;:MW;F , dy ::M;F Kp (GT) - Ky (G),

e the second one is based on a sample average approximation

M
dy = (do,dzlgkgmn‘:k) = argmin - —- Z |F™ — (e, G™)|?
m=1

co,(Cp)1<k<p,|n|=k

Remark 8. In terms of computation time, the first method is much faster than the second one.

e The first method requires O(M x p) computations per coefficient. Since we are looking for
O(NP) coefficients, its computational cost is O(M x p x NP).



e The second method requires O(M X p x NP) computations to evaluate - 2%21 |F™ —
(e, G™)|? (in fact, it requires the same number of computations as the first method, since
the function 1 contains as much as additions as coefficients, and each addition contains as
much as products as the associated coefficient). We still have to compute the argmin, which
computational cost depends on the method we use.

From a theoretical point of view, the second method gives better convergence results than
the first one. For the first method, we only know that dpy converges to d a.s.. Concerning the
second method, we know that dyg converges to d a.s. and under regularity assumptions on 1, the
uniform strong law of large numbers gives the a.s. convergence of ﬁ 2%21 [F™ — p(dm, G™))?
to E[|F — v¢(d, G)|?].

In the following, CIJ,V M(F) denotes the approximation of the chaos decomposition of order p of
F when using the first method to approximate the coefficients d}:

P

CYME) =do+ > Y- dy [ KniGa).

k=1|n|=k 1<i<N

E(CVM(F)) and Dy(E,(C)M(F))) denote the conditional expectations obtained in Proposition

B when (do, d}!)1<k<p,n|—k) are replaced by (do, df})1<k<p,jn/—t) *

" & — t—t,_1\ 2 By — B,
Et (CIJJV’MF) = dO =+ Z Z d’g i<y Knl (Gz) X <T1> Knr (ﬁ) s

k=1 |n(r)|=k

p ny—1
— t—t,_ z B, - B
N = p 12 n , ol 2t Dtea
DEGE) =Y S R KulG> (=) 7w (B2,
n,.>0

Remark 9. When M samples of CIJ,V M(F) are needed, we can either use the same samples as the
ones used to compute do and E}z : (@V(F))m = dy + S, Z|n\:k@H1gi§N K,,(G"), or use
new ones. In the first case, we only require M samples of F' and (G1,---,Gy). The coefficients
3}:‘ and dg are not independent of [Ti<i<n Kn,(G}"). The notation E,(C,\"" (F)) introduced above

cannot be linked to [E (Cév M p |.7:t). In the second case, the coeflicients d}} and dAO are independent
of [Ti<i<y Kn,(G}") and we have E, (C)"MF) = E (C)"™F|F;). This second approach requires
2M samples of F' and (G, -+ ,Gx) and its variance increases with N. Practically, we use the
first technique.

3.2.2 Pseudo-code of the Algorithm

In this Section, we describe in details the algorithm. We aim at computing M trajectories of an
approximation of (Y, Z) on the grid T = {t; =i%,i=0,--- , N}. Starting from (Y 0PN, Z0PN) =
(0,0), (I8) enables to get (Y¢P-N Z%PN) for each Picard’s iteration ¢ on 7. However, if we
only know the values of (YN 7Z4P-N) on a grid and if we use a Monte Carlo procedure to
compute the coefficients dj}, we are note able to compute (YatbtpN_ 7za+Lp.N) on T exactly. Then,
to take into account the different approximations presented before, we introduce FP:N:M .—

6 + hzz]igl f(t“ }/;537P7N7M’ Z;]i,p,N,]\/I) and

i—1
Y;tf-i-LﬂN,M _ Eti (CIZJV,I\/[(Fq,p,N,M)) _ hz f (tja YZ’F7N7M, Zgj,p,N,]\/I) ’
7=0
ZZ-FLEN,M _ Dti (Etl (Cé\f,]\/l(Fq,p,N,]\/I)))- (20)

Here are the notations we use in the algorithm.
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gets one sample of £ from one sample of (Gy,---,Gy) (where G; represents E

d: dimension of the Brownian motion

q: index of Picard’s iteration

K;;: number of Picard’s iterations

M: number of Monte—Carlo samples

N: number of time steps used for the discretization of Y and Z

p: order of the chaos decomposition

Y9 € Mpyi1.(R) represents M paths of Y47 N:M computed on the grid 7.

Foralll € {1,---,d}, (Z%); € My41,m(R) represents M paths of (Z4PN:M); computed on
the grid 7.

Since ¢ € L2(Fr), € can be written as a measurable function of the Brownian path. Then, one

By,

tl

B,

For the sake of clearness, we detail the algorithm for d = 1.

Algorithm 1 Iterative algorithm

1: Pick at random N x M values of standard Gaussian r.v. stored in G.
2: Using G, compute (fm)lgmgﬂ/j.

3: Y0O=0, Z° =0.

4: forg=0:K; —1do

5: for m=1:M do

6: Compute (F9)™ =™+ h Zf;l e, (Y im, (Z9)im)

7 end for s

8: Compute the vector d = (do, (d}})1<r<p,|n|=t) Of the chaos decomposition of F'¢
0 do= 5 Y (FO™, di = 4§ Sy (FO K, (GT) -+ Koy (GR)
10: for j=0:N—-1do

11: for m=1:M do
12: Compute ([, (CéV’MFq))m7 (D, (Etj (CIJ)V7MF‘1)))"L
13: (Yq—H)j,m = (Etj (C;éV’MFq))m + 2521 f(ti, (Y )im: (Z9)i,m)
L (Z0)j0n = (D1 (Er, (€ F0))
15: end for
16: end for
17: end for

Let us now deal with the complexity of the algorithm :

For each ¢:

the computation of the vector F¢ (loop line [l requires O(M x N) computations,

the computation of the vector d (line B)) requires O(M x p x (N x d)?) computations, (in
dimension d we have O((N xd)P) coefficients, and the computation of each coefficient requires
O(M x p) computations (see Remark {])),

for each N and M (lines [[OHITI)

— the computation of (E¢, (C;"" F?))™ and of (Dj, (E¢, (C;"M F7)))7 <, (line[[2) requires
O(d x p x (N x d)P) computations

— the computation of (Y'9*1), ,, (loop line[[3) requires O(N) computations and the com-
putation of ((Z9t')} )1<i<4 requires O(d) computations.

The complexity of the algorithm is then O(K;; x M x p x (N x d)PT1).

11



4 Convergence results

We aim at bounding the error between (Y,Z) — the solution of () — and (Y%P:N Zap.N)
defined by ([20). Before stating the main result of the paper, we introduce some hypotheses.

Hypothesis 10. Let F denote a r.v. in D"™? such that for all integer r < m the function

(Spy- -+, 81) »—>IE(D§:) F)

is Holder of order ap, i.e. kL s.t. |E(D§:) s ) — E(Dt(:) L)< EF(|sy —t1]F + -+ |5, —
t|*"). In the following, Kf, denotes sup,<,, kf .
The following Hypothesis is the generalization of Hypothesis [I0] to the case m = oco.

Hypothesis 11. Let F denote a r.v. in D2 such that for all integer v the function

(Spy-++,81) »—>IE(D§:) F)

is Hélder of order ap, i.e. Ik s.t. |E(D§:) s F) — E(Dg? G <EE (s —ta|*F -+ |5 —
|2,

Theorem 12. Let k be an integer s.t. k < p. Assume that f € Cg’p’p and & satisfies Hypothesis
when m = p. We have

A A (q k) T 20 N1
vy _yer Nz gapNy2 20 AN, 4 il
||( ) )”L2 = 9q + (p+1)k + 2(q7p> N )

where Ag is given in Section [{.1], A1 is given in Proposition [10, and As is given in Proposition
20).
If f e Cg’oo’oo and & satisfies Hypothesis[I1l, we get

lim lim lim [[(Y —Y%PN 7z — zaPN)|12, = .

q—00 p—00 N —00
Proof. We split the error in 3 terms :
1. Picard’s iterations : €9 = [|(Y — Y, Z — Z%)||{., where (Y7, Z%) is defined by ([I2),

2. the truncation of the chaos decomposition : £%P = (Y4 — Y%P, Z9 — Z9P)||2,, where
(YoP Z2P) is defined by (I6),

3. the truncation of the L%([0,77]) basis : £2PN = ||(Y9P — YOPN Zop — 74P N)|12,  where
(YaorN 74N is defined by (IX).

We have
(Y — qu,N’ 7 Zq,p,N)Hi2 < 3(E1 4 E£9P + gq,p,N).
It remains to combine (2I]), Proposition [I6 and Proposition 20 to get the first result. O

4.1 Picard’s iterations
The first type of error has already been studied in [PP92] and [EPQ97], we only recall the main

result.
Hypothesis 13. We assume

o the generator f : R x R — R 4s Lipschitz continuous: there exists a constant Ly such that
forallt € RY, y,z € R and p,q € R¢

12



o E[l€]? + [ |f(s,0,0)|ds] < co.

From [EPQ97, Corollary 2.1], we know that under Hypothesis [[3] the sequence (Y'9,Z29),
defined by (I2)) converges to (Y, Z) dP x dt a.s. and in S2(R) x H2(R?). Moreover, we have

A
(Y -v"Z2- 293 < 3.

1=

(21)
where Ay depends on T, [|£]|? and on ||f(-,0, 0)||i[20 .

For the following, we also need

Lemma 14. ([EPQY97, Proof of Proposition 5.3]) Let m € N*. Assume that f € Cg’m’m and
§eD™2. Forallq €N, (Y9,Z29) belongs to L2([0,T],D™? x (D™2)%).

In [EPQ97], the proof of Lemma [T4] is done for m = 1, but it can be easily generalized for any
integer m > 1.

4.2 Error due to the truncation of the chaos decomposition

We assume that the integrals are computed exactly, as well as expectations. The error is only due
to the truncation of the chaos decomposition C, introduced in (H).

Lemma 15. Assume that f € C)"™™ and &€ € D™2. For all ¢ € N, (Y9?, Z9P) belongs to
L2([0,T],D™2 x (D™2)d),

Proof of LemmalId. Assume that (Y9P, Z9P) belongs to L2([0,7];D™2 x (D™2)4). and let us
show that (Y4+1P Z4+1P) belongs to L2([0,7]; D™2 x (D™?)4). Since F4P € L2(Fr), C,(F9P) €
D™?2 (in fact, we have C,(F%?) € D°*?). Then, E;[C,(F?P)] € D™2. We deduce from (6] that
ya+tlr ¢ 1.2([0,T];D™2). It remains to prove that Z¢+%P ¢ 1.2([0,T]; (D™2)%). From (I7) and
the Clark-Ocone formula, we get fot ZITLPdB, = E4[Cy(F9P)] — E[C,(F9P)]. The r.h.s. belongs
to D™2. We get the result by using [PP92, Lemma 2.3], which proves that if an It6 integral is
differentiable in the Malliavin sense, its integrand is so. O

Proposition 16. Let m € N*. Assume that f € Cl?’m’m and & € D™2. We recall £9P =
(Y9 —Y®P, 29— Z9P)|2,. We get

Kl(m)
(p+1)---(p+m)

where K1(m) depends on supk<m(||3 fHoo) [[€||pm.2, T and on SUP, e [(Ye, z4 )||L2(OT D2 (D 2) )
and C1 1s a scalar.

ETTIP < O\T(T + 1) L3ETP +

(22)

m O T(T+1)L3)7—1
Since 9P = 0, we deduce from [22) that £9P < ’? J(rql’)m) where A1 (q,m) == K3 (m)%

Then, (YP4, ZP9) converges to (Y9, Z%) when p tends to oo in ||(+,-)||Lz (see B) for the Definition
of the norm).

Remark 17. We deduce from Proposition[IGlthat for all 7" and Ly, we have limg—oolimy oo 9P =
0. When C1T(T + l)Lfc < 1, i.e. for T small enough, we also get limp_oolimgocETP = 0.

Proof of Proposition[I8. For the sake of clearness, we assume d = 1 and m = 1. In the following,
one notes AV, PP := VP — V1 AZIP .= ZPP — Z1 and AfPP = f(t,YIP, ZPP) — f(t, Y1, Z]).
Firstly, we deal with E[supg<;<r |IAYT1P12]. From (IH) and (1) we get

t
AV =B, [, (Fo?) — F7) — / Afovds,

</ f(s,YIP ZIP)d ) /stq Z%)ds

t
_E[C,(6) — €] +E: |C _ /0 Ao,

13



We introduce £C, ( fOT f(s, Y3, Zg)ds) in the second conditional expectation. This leads to

T
C, ( /0 A fgvpds>

AT =Ey[Cp (€) — €] + Es

t
- / AfoPds,
0

where we have used the second property of Lemma [3] to rewrite the third term.

From the previous equation, we bound E[supg<;<r |AY,2T1P12] by using Doob’s inequality and

the Lipschitz property of f
T
Cp / AfIPds
0

T T
+167 / E[lcy(f(s, Y21, 20) = f(s, Y3, Z0)] ds + 8TL3 / E[J A7 +[AZE7 2 ds.

T
+Et / Cp(f(S,qu,Zg))7f(5,YSq,Z§)ds
0

2

E[ sup |AYHP|?) < 16E[|C,(€) — &[*] + 16E
0<t<T

To bound the second expectation of the previous inequality, we use the first property of Lemma Bl
and the Lispchitz property of f. Then, we bring together this term with the last one to get

T
Bl sup |AYHP) SI6B(C,(€) €]+ 16T | B [iey(r(s. v, 20) — 5. v2, 20) "] ds
0<t<T 0

T
+ 24TL§/ E[|AY P2 + |AZ2P*]ds. (23)
0

Let us now upper bound E[fOT |AZ3+1P|12ds]. To do so, we use the Itd isometry E[fOT |AZa+LP|12ds] =

E[(fOT AZ1t12dB,)?]. Using the Definitions (IH)-(I7) of Z¢t" and Z™"* and the Clark-Ocone
Theorem leads to

/ " AZIFRAB, = P B(FY) — (C,(FOP) — E(C, (7)),
0

T T
=Yi / fls, Y4, Z8ds — YT - (Yﬁ“’p + / s, Y0P, Z2P)ds — Yo‘”l*p>
0 0

Rearranging this summation makes appear AYZ™? and (AYZ™P). Young’s inequality gives

T T
1
E / |AZIH1P|2 s < SB[ sup |AY§+LP|2]+32TL§/ E[|AY2P 2 + |AZ2P[)lds.  (24)
0 0

0<t<T

Since fOTEHAYSq’pP +|AZ3P|?]ds < (T + 1)E%P, by combining ([23) and Z4) we obtain
1 T
S0 < ARG, ) — €] + 16T [ (10,05, 20)) — 105,V ZDF] ds 4 5OT(T + )L
0

Since € € D12, f € C)"! and (Y9, 29) € L2([0,T],D"? x D'?) (see Lemma [[4), Lemma 2 gives

32 32T 012 "
garir SmHDéﬂiz(Qx[o,T]) + pi—ypl /o ID:Y 22 x0.79) + 1P 27172 (2 0,7 A1
+ 1127 (T + 1) L3EYP.
Since (D;Y'9, D;Z%) converges to (D:Y, D;:Z) in L2([0, T]; H%(R) x HZ(R)) (see Proof of
Proposition 5.3]), 22) follows. O
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4.3 Error due to the truncation of the basis

We are now interested in bounding the error between (Y 47, Z49P) defined by (I8]) and (Y 4PN Z4:r:N)

defined by (IJ]).
Before giving an upper bound for the error, we measure the error between C, and Cév for ar.v.
in D™2, when m > p.

Remark 18. Let m € N*, £ satisfies Hypothesis [0 and f € Cg’m’m. Then, for all integers p and
q, 1gp = fOT f(s,Y2P ZTP)ds satisfies Hypothe/siswhere ag,, = % A ag and Kher depends on
K5y supy< (105, lloo), T and on supg <, (Y9 P, Z9P) |20, 13:mm -2 x (mm:2)a) -

We refer to Section [A ] for the proof of Remark

Lemma 19. Let F denote a r.v. in L?(Fr) satisfying Hypothesis [IQ for any integer m > p. We
have

sy — e < g () Z—, <upr (B) o

where Kf is defined in Hypothesis [I01

We refer to Section [A2] for the proof of the Lemma.

Proposition 20. Let m be an integer s.t. m > p. Assume that f € Cg’m’m and & satisfies
Hypothesis 0. We recall E¥PN = ||(Y4P — YN Zap — 7a2.N)|12, - We get

T 20 N1
gat+l.p,N < C2T(T+1)L?EQ»P,N +K2(q,p) (N) (25)
where Cy is a scalar and Ky(q,p) depends on K5, suppc, (105 fl2), T and on
supy <, [[(YP, 21 7p)Hi?([O,T],]D)Pv?x(DPvZ)d)'

Since E9PN = 0, we deduce from [@H) that ETPN < Ay(q,p) (T

N
2yq _
Ko(q,p)T(T + 1)6T%. Then, (YP@N ZPaN) converges to (Y4P, Z9P) when N
¥

tends to oo in ||(+,*)||L2 (see @) for the Definition of the norm).

)2a£A1, where As(q,p) =

Proof of Proposition [20. For the sake of clearness, we assume d = 1. In the following, one notes
N N , N N i N 2N q,p,N
AYPPE = YT AP AZPPT = PPN — 7P and AfEPT = f(4 Y IR 2P —

FEY,2P ZPP). Firstly, we deal with E[supy<,<q [AYT7 2], From (I6) and (I8) we get

t
AYthanN =, [C}],V(Fq’p’N) — Cp(F®P)] + / Afg’p’Nds.
0
Following the same steps as in the proof of Proposition [I6, one gets

2

E[ sup |AYHHPN] <16E[CY (€) — C,(€)[*] + 16E
0<t<T

T
€ -c,) ( / f(s,xfsqvp,zzﬁfﬂ)ds)

T
+ 24T > E[|AY 2PN |12 L |AZ2PN |2 ds. 26
f s s
0

Let us now upper bound E[fOT |AZa+t1.PN|24s). Following the same steps as in the proof of
Proposition [I6 one gets

T
E / |AZITLPN 25

1 T
<ZE[ sup |AY, PN 2] 4 30T L% / E[AY 2PN |2 + |AZ2PN 2 ds.
0 0

0<t<T

(27)
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Combining ([26) and (27) we obtain

2
1
SETTIPN <I6E[|(C) — Cp)(€)I°] + 16E

(CIJJV B CP) </OT f(Saquma Z;Lp)dS)

+ 56T (T + 1) L3EPN.

Since ¢ and I, 1= fOT f(s,Y2P Z2P)ds satisfy Hypothesis [I0 (see Remark [I8), Lemma [[9] gives

20 N1
grrtrN <16 (N) T(T+1)e" (K5)? + (K[o?)?) + 112T(T + 1) L3N,

and (2H) follows.

5 Numerical Examples

The computations have been done on a PC INTEL Core 2 Duo P9600 2.53 GHz with 4Gb of
RAM.

5.1 Non linear driver and path-dependent terminal condition
We consider the case d = 1, f(t,y,2) = cos(y) and & = supg<;<r Bt
e Convergence in p. Table [ represents the evolution of Yoq’p"N"M and Zg’p’N"M w.r.t g

(Picard’s iteration index), when p = 2 and p = 3. We fix M = 10° and N = 20. The seed
of the generator is also fixed.

| iterations | 1 | 2 | 3 | 4 | 5 | 6 || CPU time |
p=2 1.656357 | 1.017117 | 1.237135 | 1.186691 | 1.195462 | 1.194256 14.06
p=3 1.656357 | 1.012091 | 1.234398 | 1.183544 | 1.192367 | 1.191173 174.09

Table 1: Evolution of YN w rt. Picard’s iterations, M = 10°, N = 20 and CPU time

| iterations | 1 | 2 | 3 | 4 | 5 | 6 || CPU time |
p=2 0.969128 | 0.249148 | 0.525273 | 0.459326 | 0.470069 | 0.469117 14.06
p=3 0.969128 | 0.242977 | 0.523846 | 0.455827 | 0.466903 | 0.465939 174.09

Table 2: Evolution of Zg’p’N’M w.r.t. Picard’s iterations, M = 10°, N = 20 and CPU time

2,N,M Yoq,s,N,M ( Zg,z,N,M

One notes that the difference between the values of Yy and resp.
and Zg’3’N’M) doesn’t exceed 0.2% (resp. 0.6%). This is due to the fast convergence of the
algorithm in p. The CPU time is 12 times higher when p = 3 than when p = 2. Then, the
use of order 3 in the chaos decomposition is not necessary. In the following, we take p = 2.

Y0q7p7N7M ngJ\ﬂM

e Convergence in M. Figure [1 illustrates the evolution of and w.r.t. ¢
when p = 2 and N = 20 for different values of M. The seed of the generator is random. When
M equals 10* and 10° the algorithm stabilizes after very few iterations. When M = 103,
there is no convergence.

e Convergence in N. Figure [ illustrates the evolution of Yoq’p’N’M and Zg’p’N’M w.r.t. g
when p = 2 and M = 10° for different values of N. The seed of the generator is random.
The algorithm converges even when N = 5, but Yoﬁ’p’5’M is quite below YOG’I’AO’M.
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1.6

1.5

1.4

1.3

1.2

1.1

1.0

0.9

Evolution of Y~q_O

—+ M=10"3
—= M=10"4
—F M=10"5

iterations

Evolution of Z~q_0O

—+ M=10"3

iterations

Figure 1: Evolution of Yoq’p’N"M and Zg’p’N"M wot. gand M when N = 20, p = 2 - & =
supg<i<7 B, f(t,y, 2) = cos(y).

Evolution of Y~q_O

iterations

Evolution of Z~q_0O

iterations

Figure 2: Evolution of Yoq’p’N"M and Zg’p’N"M w.rt. N when M =10%, p=2-¢ = SUpg< < Br,
f(t,y, z) = cos(y)
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5.2 Linear Driver - Financial Benchmark

We consider the case of pricing and hedging a Discrete Down and Out Barrier Call option, i.e.
flt,y,2z) = —ry and £ := (St fK)Jrlvne[O,N]SthL, where S represents the Black-Scholes diffusion

S, = Spe(r=2o )t Wiyt ¢ [0, T,

The option parameters are r = 0.01,c =02, T=1, K =0.9, L =0.85, Sy =1 and N = 20
(N is also the number of time discretizations of the chaos decomposition).

Evolution of Y_O Evolution of delta_O

134e—3

133e—3F

132e—3

131le—3

— ref
—= delta__app
T T

L L L L L
7 8 9 io0 i1 iz 13 14 7 8 9 10 i1 iz i3 14

T R B 0.60 T B

log(M) log(M)

79PN, M
0

. . 2, N, M -
Figure 3: Evolution of Y’ and dp 1= o

-Discrete Down and Out Barrier Call option

w.r.t. log(M) when N =20, p=2,¢=5

We can get a benchmark for Yy and Zy by using a variance reduction Monte Carlo method.

For this set of parameters, the reference values are Yy = 0.134267 with a confidence interval
Zq,p,N,Z\/I

7.9468¢ — 05 and &y = & = 0.8327. We compare them with YN M and =0 g— when N = 20,
p=2,q=75 (we choose the first value of ¢ from which the algorithm has converged) for different
values of M. Figure B represents the evolution of Yy "™ and 657 wr.t. log(M). One

notices that for M = 10° the computed values are very close to the reference ones.

5.3 Non linear driver in dimension 5 - Financial Benchmark

We consider the pricing and hedging of a Put Basket option in dimension 5, i.e. § = (K —
5 .
3.1 S%)+, where

Vi=1,---,5 Si = Sée(ui—(“;)Z)tJraBi_
u® (vesp. o) represents the trend (resp. the volatility) of the i" asset. B = (B',---,B®)is a 5-
dimensional Brownian motion such that (B, BY); = pt1;4; + t1,—;. We suppose that p € (—1,1),
which ensures that the matrix C' = (pl;x; + 1i=j)1<i,j<5 is positive definite. We also assume
that the borrowing rate R is higher than the bond one r. In such a case, pricing and hedging
the Put Basket option is equivalent to solving a BSDE with terminal condition ¢ and with driver
f defined by f(t,y,z) = —ry — 0 -2+ (R —7)(y — o0 (X7'2);)", where 6 := %71 (u — 71)
(1 is the vector whose every component is one) and ¥ is the matrix defined by %;; = o'L;; (L
denote the lower triangular matrix involved in the Cholesky decomposition C' = LL*). We refer
to [EPQ97][Example 1.1] for more details. Figure [ represents the evolution of Y05’p NMhe
E—1Z5,p,N,M 1
asset 1 to possess at time 0 — w.r.t. log(M). We compare our results with the ones obtained

approximated price at time 0, and the relative error on 3 := — the quantity of
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Evolution of Y_O Evolution of the relative error on delta_0(1)

log(M) log(M)

Figure 4: Evolution of Yoq’p’N’M and dp(1) w.r.t. log(M) when N =20, p=2,¢q=5,d=5 -
Basket Put option with different interest and borrowing rates

using the Algorithm proposed in [GLI0] (cited here as reference values). The CPU time needed to
compute price and delta when M = 50000 and N = 20 is 161s. One notices that the convergence
is very fast and quite accurate for M = 50000.

A Technical results of Section

A.1 Proof of Remark I8

We prove the result for m = 1, i.e. we show that if ¢ satisfies Kypothesis for m = 1 and
f e Cg’l’l, then ® : t — E[D; fOTf(s,qu’p,Zg’p)ds] is Holder of order a := £ A a¢ with a
constant K depending on K%, ||0spf|lse, T and on SUp, <, (v, Zq/’p)|‘L2([07T];D1,2X(D1,2)d). Let
us first prove the following Lemma.

Lemma 21. Assume that & satisfies Hypothesis IQ for m = 1 and f € Cbo’l’l. For all s,t such
that 0 < s <t and |t — s| < 1, we have

T
AIT :=E[ sup (DY, P — DY, ") +/ E[(D;Z%P — D, Z@P)?]dr < Cy(q,p)(t — s)*"2°¢.
t<r<T t

where Cy(q,p) depends on K5, T, ||0spflloe and on sup, <, [[(Y?P, Z4 ’p)”iZ([O,T],DleX(DL?)d)'
Proof of Lemma[ZIl. Let s,t,7 be such that 0 < s <t < r and |t — s| < 1. Let us introduce some

notations: Ay Y, 2P := DY, 2P — DY, 0P N Z9P := Dy Z3P — D Z2P and f(02) := f(r,Y, 2P, ZTP).
From (I6)) and Lemma B, we get D;Y,?? = E,.[Cp,—1 (D F?P)] f D, f(0971)du. Then,

T t
Ay Y PP =E [Cp1 (D FPP — DyFIP)] — / D f(0Y) — D, f(09 N du +/ D, f(09 Y du
t s
By using Doob’s inequality, LemmaBland the previous equation, we bound E[suptSTST(AtSYTq=p)2]:

E[ sup (AgsY,P)%] <12E[|DyF*P — Dy FO7|7]
t<r<T

T t
37 / E[|Dof(09") — Do f(62")2)du + 3(t — 5) / E[|D. £(62)[*)du.
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Using the definition of F%P (see (I8)), we get Dy F9P — DF9P = D& — D& + ftT D f(0a~1) —
D f (0971 du — f D f(0971)du. Plugging this result in the previous inequality yields
E[ sup (A, Y,?7)*] <36E[|Dig — D]
t<r<T
t

T
+39T/t E[|D, (62 stf((?Z*l)IQ]du+39(t*S)/ E[|Ds f (05~ 1)[*)du.

S

Since Dy f(0271) = 0, f (021 ) DY I~ + 9, f(09~1) D Z3~ 1P and 8, f and 9, f are bounded, we
obtain

T
E[ sup (A, Y,#7)?] <36E[|Di§ — Dyl +78T|\5yf||§o/ E[| A Yy~ du
t

t<r<T

T
+TST0.f2 [ EIALZI PPl + TSCalap)(t - 5), (29)
t

where Ca(q,p) = [0, flI% supg< <7 [|Ds Yq’p||22 + 10 f1I% supg< <7 || Ds Zq’p”2 . Let us now

upper bound ft [|AsZ22P|2]dr. Using (1) and the Clark-Ocone formula gives fo Z3PdB, =
Cp(F1=1P) —E(Cp(F9~1P)). Hence, we havef Z3PdB, = Cp(F171P) —E(Cp(FI71P)) = Y 1P +
ft f(0971)du — VPP, Then, since s <t < r, we get

T T
/ AtsZgﬂder = Atsyvj?p - Atsy;tqm + / (th(egil) - Dsf(egil))du
t t

Young’s inequality gives

T 1 T
[ BlALZ2Plar < S sup 1Ay 327 [ BDS 657 - Daf(67 )P
t t

t<r<T

As above, we develop the Malliavin derivatives of f(627!) and we use that 9,f and 9, f are
bounded. We obtain

T T
1
/ E[| Az ldr <SE[ sup |Atqu’p|2]+64TH5ny§o/ E[|An Y7 P Pldu (29)
t t

t<r<T
T
+oa70.f2 [ EllAwzy 7P
t
Combining [28) and ([29) and using the Hypothesis [[0 satisfied by ¢ yields
1 _
S ALY < (78Ca(q,p) + 36(KT)%)(t — 5)"2%¢ + 284T |0,y f 2 AL

Since Ag’f = 0, we get Lemma [21] by induction. O

We are now able to prove that ® is Holder. Let s,t be such that 0 < s <t and [t —s| <1, we
have

T t
B(t) - B(s) = / E[D,f(6) — D, f(6))dr — / E[D./(0%))dr

As above, we develop the Malliavin derivatives of f(64)
T T
B(t) - 0(s) = [ B0, FODALYIdr + [ B0 6D AL 20
t t

t
- / E[, f(62)D.Y? + 0. f(02)D, Z27]dr.

20



Cauchy-Schwarz inequality gives E[0, f(02)AysY,2P] < ||0yf |l oo VE[(AtsY:"P)?]. Using the same
argument to bound E[0, f(0%) A Z2P] leads to

(1) — @(5)]* < 67|05 f 2. AFE + 6C2(a. p)(t — 5), (30)

where A{Y (resp. Ca(q,p)) has been introduced in Lemma 211 (resp. in the proof of Lemma 2.
Combining [B0l) and Lemma 2] ends the proof.

A.2 Proof of Lemma

We prove the result by induction. Lemma [ is true for p = 0, since C¥ (F) = Co(F). Assume
that E(|(CY_; — Cpor)(F)[2) < (KF )% (£)**" 3277221, Since we have

(C) = Cp)(F) = (C)Ly = Cpt)(F) + (B = B)(F),

it remains to show that E(|(P)Y — P,)(F)[*) < (k})? (%)QO‘F QTP . We recall

T S2
:/ / / Up(Sp, -+ ,51)dBs, -+ -dBs,, where uy : sp,--- , 51 »—>E(D§f?”DS F),
0 P

(31)

NF)Y =Y dy T[] Knl(Gi), whered} =nE [ F [ Kn(Gi)]. (32)
In|l=p 1<i<N 1<i<N
Let us rewrite szv (F) as a sum of stochastic integrals. Let r € N. Applying Lemma [ to
g it 1y (1 ) yields M] := h"/?K, (L\fé’l) is a martingale and M; = tiil M!I~tdB;.
Then, M] = ft » tl e ftsil M? dB, ---dBs,. For r = n; and t = t;, we get

K,,(G;) = dBs, - dBs, .
For |n| :=ni + -+ + ny = p, we obtain
1 T S|n(N—1)|+2 ta Sin(n)|+2 [t s2
H Knl(Gz):_g/ / / / / / dBSl"'dBSpa (33)
1<i<N h2 Jey s tN-1 ty t1 0 0
ny integrals n, integrals  n: integrals
ln(N—1)|+2 L) +2 l2
= n'—/ / / / / / Up(lpy -+ 1y)dly -~ dl,.  (34)
tN—1 tN—1
ny integrals n, integrals n. integrals

To compare P,(F) and P (F), we split the integrals in (ZI)

S|n(N—1)|+2 Sln(1)[+2
S [ [ [ [ [t i
|,n‘ tN—1 tN—1

ny integrals n, integrals  n. integrals

(35)
Combining ([B32)-B3)-B4) and [B5) yields E(|(PN — P,)(F))?) =
S|n(N—1)|+2 2 Sin()l+2 [t 2
/ / / / / / ——up(sp,---,sl) dsy---dsp,
In|=p tN—1 tN—1 ty ty
ny integrals n, integrals  n1 integrals

(36)
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n

d
Moreover, h—% — Up(Sp, -+ ,81) =

n! T IN—1+1 to In,+1  pta lo
T P O R S
h? tN-1 tN-1 t1 t1 0 0

ny integrals n, integrals n. integrals

Since u,, satisfies Hypothesis 00, we get [uy(lp, -+ ,11) — up(sp, - ,51)] < kJ (|l — sp|*7 + -+

l1 — $1]%7) < pk[hor. Then % — Up(Sp, - - - ,sl)‘ < pk['h®r. Plugging this result in (B8) ends
2
the proof.

B Wiener chaos expansion formulas

B.1 Proof of Proposition
Firstly, we compute Eq(C}Y (F)) for ¢ €]t,_1,t,]. From (), we get

E(C)F)=do+ > di [T Kni(Gi) x Ey (H2 Ko (G1))

k=1|n|=k

Since Brownian increments are independent, we get Ey, ([ [,~, Kn,(Gi)) = Kn, (G) 1,5, E[Ky, (Gi)],
which is null as soon as n,41 + - -- 4+ ny > 0. Then, nested conditional expectations give

p
E(CYF)=do+Y_ > dy K (G) X By (K, (Gr)) -
k=1|n(r)|=k

By— By

Z° ir—1
\/t—t:fl >’

_ n./2
By applying Lemmalwhen g : ¢ — 13, _, 4 (t), we get E; (K, (G)) = (HTT”) K, <
which yields the first result. Since K/ (z) = K,,—1(z), the second result follows.

B.2 Wiener chaos expansion formulas in R?

We want to approximate F' € L?(Fr) using its chaos decomposition up to order p. We assume
N > dp. We consider the following truncated basis of L2 ([0, T]; ]Rd)

l]ti—l,ti] (t)
Vh

where {t; :=ih,i =0,---, N} is a regular mesh grid and (e;)1<;<q represents the canonical basis
of R?. P, the k*" chaos, is generated by

Il ﬁK ()

T
i, +=1,...,N, j=1,...,d, where h = —
6]7 ? ’ ) ) J ) , @, where N

d
r

j i _ A i_ni_pi
1; k3 \/E ti ti—

j=li=1 j
For j =1,....d, n = (n{,,nﬂv), one notes |n’| = n} 4 ...+ nh, n/! = n)!...n%! and for
r < N,n(r) = (nd,...,nd). n= (.. ...,nH)* |n| = |nt|+ - +|nd], n! = nl.. . n and

n(r) = (n'(r),...,n%(r))*. Since the r.v. (ngjgd [licien K,.s (Gz)) are orthogonal ones, the

projection of F'is given by

P .
CiJ’V(F) = do+ Z Z di H1gjgd ngigN K"“Z (Gi) ’

k=1|n|=k
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where the coefficients d}! are given by

k=nlE [F ngjgd H1gi§N K”Z (GZ)} ’

Proposition 22. Fort,_; <t <t., we have

E/(C F) _do+z > @I I & (¢l) < 11 ($)

k=1|n(r)|=k i<r1<j<d 1<j<d
and forl=1,...,d,
P
N np —1/2 ) J
DiECYF) =Y > dih HKT H1<j<d . (Gz) X

k=1 \n(r |=k
n >0

3
NES

- Bl - Bl |
A\ Vi )

1

n, —1

t—1t,_ 2 Bl B! t—t,_ 7+ BJ BJ
1 Knl . tr—1 H - 1 K ; tr—1 )
h " V=11 J#l h o\ V=1t

Remark 23. In particular, for t =t, and [ =1,...,d,

p )
E;, (C;J)VF) =do+ Z Z Znigr H1§j§d K"i (GZ)

k=1 |n(r)|=k

t ( CNF ;l (% kdn —1/2 HZ<T H1<]<d nl (Gi) X Knlr—l (Gi) Hj;él Kni (Gi) .
n >0

Proof of Proposition[2Z2. We first compute E; (CNF) for t €]t,—1,t,]. We have

Ei(Cy F) = do +Z > d HKT H1<3<d n] (G{) x Ky (Hin H1§j§d G (WZ]))

k=1|n|=k

Since Brownian motions and their increments are independents, we get

Etr (HiZT ngjgd K"] (Gi)) - ngjgd K"j? (Gi) Hi>r ngjsdE {K"J (Gi)} ;

which is null as soon as nl ; + -+ nk +---+nd +---+n% > 0. Then, nested conditional
expectations give

P . .
Fy=do+> > ZHi<T H1§jgd Ky (Gi) . (H1§j§d Ko (Gi)) '

k=1 |n(r)|=k

F . n{« L ni/Q ) BZ*Bfr,l . .

rom Lemma M for j = 1,...,d M, = (t —t,—1) K, (ﬁ) is a martingale and
i nd /2 Bf*Bfr,l . .

1]t7<71,t7-] (t) dBt . Then, HlSJSd (t - t’l‘—l) " an‘ (ﬁ) is also a martin-

gale and the first result follows. Since K|, (v) = K1 _1(x), we get the second result.

n? nd—1
dM]"™ = M

O

Conclusion. In this paper, we use Wiener chaos expansions together with the Picard pro-
cedure to compute the solution to (). Once computed the chaos decomposition of F'?, we get
explicit formulas for both conditional expectations and the Malliavin derivative of conditional
expectations. This enable to easily compute (Y7, Z9). Numerically, we obtain fast and accurate
results, which encourage us to extend these results to other type of BSDEs, like 2-BSDEs. It is
also possible to couple these Wiener chaos expansions together with the dynamic programming
approach. This will be the subject of a forthcoming publication.
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