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Abstract

Soundproofing schemes constituted of multilayer systems are used for acoustic insulation in

many area. In the context of the prediction of noise levels in vibroacoustic systems, numerical

models are developed for the low and medium frequency ranges. Concerning models, a three-

dimensional finite elementmodel can be used or a classical approximation consisting inmodeling

the multilayer system by an acoustic impedance can be used. This paper deals with a multilayer

system constituted of a porous medium inserted between two thin plates. An experimental data

basis was carried out from a vibroacoustic experiment performed by ONERA. In this paper, we

present the boundary value problem consisting of 12 coupled partial differential equations with

boundary conditions. We present the analytical method allowing the local acoustic impedance

equivalent to this multilayer system to be constructed. This method consists in introducing

the unbounded medium in the plane directions x1 and x2 associated with the bounded system.

A two-dimensional space Fourier transform introducing the wave vector coordinates k1 and

k2 is used. The third space coordinate x3 relative to the finite thickness is preserved. For a

given frequency and for k1 and k2 fixed, the boundary value problem in x3, constituted of 12

differential equations in x3 whose coefficients depend on , k1 and k2, with boundary conditions,

is solved. By inverse Fourier transform with respect to k1 and k2, the local wall acoustic

impedance is deduced. The method which is proposed is not usual. Finally, a comparison of

the experimental results with theoretical calculations is presented. These experimental results

have also been used to construct an algebraic model of this acoustic impedance.

INTRODUCTION

The noise reduction can be obtained by adding absorptive treatments such as multilayer systems

constituted of one or several porous media. The presence of the added porous media introduces

difficulties in the modeling of the multilayer system. Indeed, the porous media are composed of

a fluid phase coupled with a solid phase. There are several publications which have increased

the understanding of the behavior of porous media (for example, see [1-7]). The methods used

to solve the boundary value problem for the vibroacoustics behavior of a multilayer system are

often based either on the three dimensional finite element methods [8-12] which are limited to

the low frequencies or the analytical methods [13-15] which are limited to medium- and high-

frequency ranges and unfortunately limited to simple systems. In this paper, we present the

construction of an equivalent acoustic impedance of such a multilayer system for the medium-

and high-frequency ranges using an analytical approach. The multilayer considered is a three-

dimensional open porous medium inserted between two thin plates. By hypothesis, this multi-
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layer system is infinite in the (x1, x2) plane direction and is finite in the x3 direction. From the

boundary value problem of this multilayer system [16], a new boundary value problem in x3 is

constructed by using a Fourier transform in x1 and x2. Then, the acoustic impedance matrix is

obtained by inverse Fourier transform. An experiment [17-18] has been developed to validate

the theory. Using this experiment, an algebraic model of the equivalent acoustic impedance was

developed and presented in [18]. In this paper, we present the boundary value problem using an

isotropic model for each medium and we compare the numerical results with the experimental

results.

EQUATIONS OF THE MULTILAYER SYSTEM IN FOURIER SPACE

The modeling of the open porous media is based on the Biot poroelasticity equations [2,4,5].

Concerning the two plates, denoted by P1 and P2, the theory of Love-Kirchhoff with membrane

motions is used. The multilayer system is considered as infinite in (x1, x2) as presented in

figure 1. The coordinates (x1, x2, x3) of a point belonging to the porous medium are given in

the cartesian system whose origin belongs to the reference-plane S of the multilayer system

which is chosen as the coupling interface Σ1. The x3 coordinate of the coupling interface Σ1

(or Σ2) is 0 (or H) (in which H is the thickness of the porous medium). The two-dimensional

Fourier transform in x = (x1, x2) is defined by

g(k, ω) =

∫ 2

ei k.x g(x, ω) dx ,

g(x, ω) =
1

(2 π)2

∫ 2

e−i k.x g(k, ω) dk , (1)

in which the wave vector is k = (k1, k2) and ω is the angular frequency.

2

P
1

Σ2

Σ1

P

2
F

HPorous material
=S

x1

x3

x

Figure 1. Multilayer system infinite in the (x1, x2) plane direction. The x3 direction is finite.

The two-dimensional spatial Fourier transform of the dynamical equations of the porousmedium

is written as

−ω2 ρ11 us
i − ω2 ρ12 uf

i − i ω b (uf
i − us

i ) − σs
ij,j = 0 ,

−ω2 ρ22 uf
i − ω2 ρ12 us

i + i ω b (uf
i − us

i ) − σf
ij,j = 0 . (2)

The first equation is related to the motion of the solid phase in the porous medium and the

second one to the motion of the fluid phase. Let us,  s and uf ,  f be the Fourier transform

of the displacements and of the stress tensors corresponding to the solid and the fluid phases,

respectively. Since the porous medium is considered as isotropic, the permeability tensor,

corresponding to the viscous effects, is reduced to a scalar denoted by b. The mass densities
ρ11, ρ22 and ρ12 correspond to the solid, to the fluid and to the coupling mass densities. The

Fourier transform of the constitutive equation of the solid phase of the porous medium is given

by
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σs
11 = AF (−i k1 us

1 − i k2 us
2 + us

3,3) + BF (−i k1) us
1 + CF (−i k1 uf

1 − i k2 uf
2 + uf

3,3) ,

σs
22 = AF (−i k1 us

1 − i k2 us
2 + us

3,3) + BF (−i k2) us
2 + CF (−i k1 uf

1 − i k2 uf
2 + uf

3,3) ,

σs
33 = AF (−i k1 us

1 − i k2 us
2 + us

3,3) + BF us
3,3 + CF (−i k1 uf

1 − i k2 uf
2 + uf

3,3) ,

σs
12 = σs

21 =
−i BF

2
(k2 us

1 + k1 us
2) , σs

13 = σs
31 =

BF

2
(us

1,3 − i k1 us
3) ,

σs
23 = σs

32 =
BF

2
(us

2,3 − i k2 us
3) , (3)

in whichAF = (1+i ω a1) ν E/((1+ν) (1−2 ν))+M (B−Φ)2, BF = (1+i ω a1) E/(1+ν)
andCF = Φ M (B−Φ). The physical parameters of the solid phase are the Young modulusE,

the Poisson ratio ν and the damping coefficient η such as η = ω a1. The porosity is denoted by

Φ, andM andB are the Biot modulus and the coupling factor respectively. The Biot modulus is

such that M(ω) = Ke(ω)/Φ in which Ke(ω) is the complex bulk modulus of air in the porous
medium [4]. The Fourier transform of the constitutive equation of the fluid phase of the porous

medium is written as

σf
ii = EF (−i k1 uf

1 − i k2 uf
2 + uf

3,3) + CF (−i k1 us
1 − i k2 us

2 + us
3,3) , i = 1 to 3 , (4)

in which EF is defined by EF = Φ2 M .

For plates P1 and P2, the two-dimensional spatial Fourier transform of the dynamical equations

are written as

−ω2 ρP1
hP1

uP1 + (1 + i ω aP1

1 ) 1 u
P1 = F1 + f(ω) ,

−ω2 ρP2
hP2

uP2 + (1 + i ω aP2

1 ) 2 u
P2 = F2 , (5)

in which uPr = (vPr

1 , vPr

2 , wPr) is the displacement field of plate Pr with r = 1, 2, ρPr
its mass

density, hPr
its thickness, aPr

1 its structural damping. The stiffness matrices  r with r = 1, 2
are given by

 r=



















Dm
Pr
2

[(1+νPr )k2

1
+(1−νPr )(k2

1
+k2

2
)]

Dm
Pr
2

(1+νPr )k1k2 0

Dm
Pr
2

(1+νPr )k1k2

Dm
Pr
2

[(1+νPr )k2

2
+(1−νPr )(k2

1
+k2

2
)] 0

0 0 D
f

Pr
(k2

1
+k2

2
)2



















, (6)

in which Dm
Pr

= EPr hPr
/(1− (νPr)2), Df

Pr
= EPr h3

Pr
/(12 (1− (νPr)2)) and EPr , νPr are

the Young modulus and the Poisson ratio of plate Pr. Vectors F1 and F2, correspond to the

forces induced by the porous medium to plates P1 and P2 respectively, and are such that
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F1 =







σs
13(0)

σs
23(0)

σs
33(0) + σf

33(0) − i
hP1

2
(k1 σs

13(0) + k2 σs
23(0))






,

F2 =







−σs
13(H)

−σs
23(H)

−σs
33(H) − σf

33(H) − i
hP2

2
(k1 σs

13(H) + k2 σs
23(H))






. (7)

The experiment described in [17,18] gives measurements of the acoustic impedance of the

multilayer system. In the experiment, themultilayer system is finite in plane directions, whereas,

for the medium- and high frequencies, the analytical model uses an infinite multilayer system

in plane directions which is associated with the finite multilayer system of the experiment.

Normal point forces are successively applied to the 25 points in plate P1 defined in figure 2.

The measured responses are the normal accelerations at the 25 points in plate P1 and at the

corresponding 25 points in plate P2. The 25 points on plate P2 are directly above the 25 points

on plate P1. The 25 × 25 impedance matrix is deduced for which each term is equal to the

ratio of the normal point force with the difference between the normal velocities to plates P1

and P2. In order to validate the analytical model, normal point forces are used as input instead

of a pressure field. Each medium is homogeneous and isotropic in (x1, x2) plane. Then, the
impedance matrix is constructed by using an analytical approach for which point forces are

successively applied to 25 points of the mesh defined in figure 2, similarly to the experiment.

We then have f(ω) = (0, 0, f(ω)) in equation Eq. (5) in which the modulus f(ω) is such that
p(x, ω) = f(ω) δ0(x) with δ0 the Dirac function.

Figure 2. Position of the 25 measure points in plate P1 and in the corresponding 25 points in

plate P2.

Finally, the two-dimensional spatial Fourier transform of the boundary conditions on the inter-

faces between the two plates and the porous layer are written as
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us
α = vP1

α + i
hP1

2
kα wP1 , us

3 = wP1 , uf
3 = wP1 , on Σ1 , α = 1, 2 ,

us
α = vP2

α − i
hP2

2
kα wP2 , us

3 = wP2 , uf
3 = wP2 , on Σ2 . (8)

Equations Eqs. (2) to (8) define the boundary value problem of the multilayer system formulated

in variables k1, k2 and x3.

EXPRESSION OF THE EQUIVALENT ACOUSTIC IMPEDANCE

The boundary value problem constructed in Section 2 is constituted of 12 coupled differential

equations in x3with boundary conditions,whose coefficients depend onω and k. The impedance

density function z(x− x′, ω) is such that [18]

p(x, ω) =

∫

x′∈S

z(x− x′, ω) ∆v(x′, ω) dSx′ , (9)

in which x and x′ are the position of the normal point force and the measurement point in the

reference-plane S and where dSx′ is the area measure. The difference ∆v(x′, ω) of the normal
velocities at point x′ is given by ∆v(x′, ω) = vP1(x′, ω) − vP2(x′, ω) where, for r = 1, 2 ,

vPr(x′, ω) is the normal velocity to plate Pr. The space Fourier transform of Eq. (9) is written

as

p(k, ω) = i ω z(k, ω) ∆w(k, ω) , (10)

in which ∆w(k, ω) = wP1(k, ω) − wP2(k, ω) is the Fourier transform of the difference

∆w(x, ω) = wP1(x, ω)−wP2(x, ω) of the normal displacements at point x. Solving the bound-
ary value problem in x3 allows an equation relating f(ω) and ∆w(k, ω) to be constructed.

Substituting the Fourier transform of the constitutive equations into the Fourier transform of

the dynamical equations of the plates yields an equation between the plate displacements, the

porous-medium displacements and the normal point force. Substituting the Fourier transform

of the constitutive equations of the porous medium into the Fourier transform of its dynamical

equations and using the Fourier transform of the boundary conditions, allows the displacements

of the porous medium to be eliminated in x3 = 0 and x3 = H [16]. Such a method is not self

evident due to the conditioning problems, and special developments have been carried out [16].

The matrix of the porous medium has eight eigenvalues and the conditioning problems are due

to four eigenvalues whose real part are positive. Finally, the Fourier transform of the dynamical

equations of the two plates can be rewritten as P uP = F+ Fe , (11)

in which  P , F and Fe are defined below. The matrix  P is defined by  P =

[ P2 0
0  P1

]

in

which  P1 and  P2 are given by P1 = −ω2 ρP1
hP1

uP1 + (1 + i ω aP1

1 )!1 u
P1 , P2 = −ω2 ρP2

hP2
uP2 + (1 + i ω aP2

1 )!2 u
P2 . (12)
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The external normal point force is denoted by Fe such that Fe = (0, f). From the eliminating

process described above, the force F = (F2,F1) induced by the porous medium to the two plates

is written as

F =  (k, ω) uP , (13)

in which  (k, ω) is a complicated expression detailed in reference [16]. Substituting Eq. (13)
into Eq. (11), yields

uP (k, ω) = !−1(k, ω)Fe(ω) with !(k, ω) = "P (k, ω) − (k, ω) , (14)

which can be rewritten as

∆w(k, ω) = h(k, ω) f(ω) with h(k, ω) = [!−1(k, ω)]66 − [!−1(k, ω)]36 . (15)

From Eq. (15), we deduce that

∆w(x, ω) =

∫ 2

h(x− x′, ω) p(x′, ω) dx′ . (16)

Since p(x, ω) = f(ω) δ0(x) and f(ω) = 1 (experimental value), we obtain

∆w(x, ω) = h(x, ω) with h(x, ω) =
1

(2 π)2

∫ 2

e−i k.x h(k, ω) dk . (17)

Since the media are isotropic in (x1, x2) plane, we have

h(k, ω) = h(k, ω) , ∆w(k, ω) = ∆w(k, ω) , in which k = ||k|| ,

h(x, ω) = h(r, ω) , ∆w(x, ω) = ∆w(r, ω) , in which r = ||x|| , (18)

and consequently,

∆w(r, ω) =
1

2 π

∫ +∞

0

k J0(kr) h(k, ω) dk , (19)

in which J0(kr) is the zero-order Bessel function. This equation gives a continuous expression
of the normal displacement due to a normal point excitation located at origin 0. Since the

experimental impedance matrix is constructed for 25 point forces, in order to validate the

analytical model, we use a similar construction. Let [∆W (ω)] be the complex matrix whose
elements are such that [∆W (ω)]jk = ∆w(rjk, ω) in which rjk = ||MjMk|| is the distance
between the driving point Mk and the receiving point Mj located at the nodes of the mesh

defined in figure 2, and where ∆w(r, ω) is calculated with Eq. (19). The associated impedance
matrix is then written as

[Zmod(ω)] =
1

i ω
[∆W (ω)]−1 . (20)

In Eq. (19), the integral is calculated numerically using adapted approximation.
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NUMERICAL RESULTS AND EXPERIMENTAL COMPARISONS

Physical parameters of the materials. The multilayer system is constituted of two isotropic

aluminium plates P1 and P2, whose thickness are hP1
= 1 mm and hP2

= 3 mm, and of a

polyurethan foam which is modeled by an isotropic viscoelastic open porous medium saturated

in air. Physical parameters of both plates are given in table 1.

Parameter Value

Young modulus EP (Pa) 7.4 1010

Poisson ratio νP 0.33

Damping factor ηP 10−4

Mass density ρP (kg.m−3) 2800

Table 1. Physical parameters for plates P1 and P2.

Since the fluid phase of the porous medium is air, we use the usual parametric values for air.

Concerning the solid phase, its physical parameters and the coupling parameters between the

two phases are given in table 2.

Parameter Value

Mass density ρ1 (kg.m−3) 34.2

Young modulus E (Pa) 110000

Shear modulus G (Pa) E
2(1+ν)

Damping factor ηs 0.09

Poisson ratio ν 0.35

Porosity Φ 0.96

Tortuosity α 1.27

Resistivity σ (N.s.m−4) 10867

Viscous characteristic length Λ (µm) 96

Thermal characteristic length Λ′ (µm) 288

Table 2. Solid phase parameters and fluid-solid coupling parameters for the porous medium.
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Local acoustic impedance. The local acoustic impedance corresponds to the impedance from

one point on P1 to another point on P2, directly over the point in P1 and is given by the diagonal

terms multiplied by an adapted elementary surface of the impedance matrix defined by Eq. (20)

[18]. For two points 8 and 16, figures 3 and 4 display the analytical model of the local impedance

(solid line) as a function of the frequency and compared with the experimental results (dash

line).
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Figure 3. Local acoustic impedance at point 8. Real part on the left, imaginary part on the

right. Analytical model (solid line), experimental results (dash line).
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Figure 4. Local acoustic impedance at point 16. Real part on the left, imaginary part on the

right. Analytical model (solid line), experimental results (dash line).

For these two points, the analytical model is very close to the experimental results. For the

other points, the quality of the comparisons is similar. In addition, since the diagonal terms are

similar, an averaging over the diagonal terms is performed. Figure 5 shows this averaging for

the analytical local impedance and for the experiment local impedance. There is again a good

agreement between analytical and experimental results.
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Figure 5. Average local acoustic impedance. Real part on the left, imaginary part on the

right. Analytical model (solid line), experimental results (dash line).

Cross acoustic impedance. The acoustic impedance of the multilayer system is local for

frequencies larger than 300 Hz [16,18]. The cross acoustic impedance corresponds to the

transfert impedance from one point on P1 to another point on P2, not directly over the point in

P1. The aspect of these transfert impedances, given by the off-diagonal terms of the impedance

matrix, as a function of the distance r is an exponential decreasing function with r, as it can
been seen in figures 6 to 9. Figures 6 and 7 correspond to frequency 500 Hz and figures 8

and 9 to frequency 1400 Hz. Figures 6 and 8 display all the off-diagonal terms of the real part

and imaginary part of the impedance matrix (circles correspond to the analytical model and

crosses to the experimental data), as functions of the distance r. It should be noted that, for

the imaginary part, there is an additional phase for r = 0 depending on the frequency [16,18].

Figures 7 and 9 display the average values of these off-diagonal terms at the same distance r.

0 0.1 0.2 0.3 0.4

−20

0

20

40

[Z
R
(ω
)]

(a)

0 0.1 0.2 0.3 0.4

−20

0

20

40

[Z
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Figure 6. Off-diagonal terms of the acoustic impedance matrix as a function of distance r at

500 Hz. Analytical model (circle), experimental results (cross). Real part on the left, imaginary

part on the right.
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distance r, function of distance r, at 500 Hz. Analytical model (circle), experimental results

(cross). Real part on the left, imaginary part on the right.
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r at 1400 Hz. Analytical model (circle), experimental results (cross). Real part on the left,

imaginary part on the right.
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Figure 9. Average of all the off-diagonal terms of the acoustic impedance matrix at the same

distance r, function of distance r, at 1400 Hz. Analytical model (circle), experimental results

(cross). Real part on the left, imaginary part on the right.

CONCLUSIONS

This paper presents the construction of an equivalent acoustic impedance for a multilayer sys-

tem constituted of a porous medium inserted between two thin plates. The boundary value

problem is solved by using a spectral approach. Validation is obtained by comparing theoretical

predictions with experimental results in the medium- and high-frequency ranges. The experi-

mental comparisons are satisfactory for both the local acoustic impedance and the cross acoustic

impedance.
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