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0ROBABILISTIC MODELS FOR COMPUTATIONAL STOCHASTIC MECHANICS
AND APPLICATIONS

#� 3OIZE

!"342!#4� 4HIS PAPER DEALS WITH THE VALIDATION AND INDUSTRIAL APPLICATIONS OF A NONPARAMETRIC PROBABILISTIC
APPROACH OF MODEL UNCERTAINTIES AND DATA UNCERTAINTIES IN COMPUTATIONAL DYNAMICS FOR LINEAR AND NONLINEAR
DYNAMICAL SYSTEMS� FOR COMPLEX STRUCTURES AND VIBROACOUSTIC SYSTEMS� &IRST� DATA UNCERTAINTIES AND MODEL
UNCERTAINTIES IN A PREDICTIVE MODEL OF A REAL SYSTEM ARE DElNED� 4HEN� THE CONCEPT OF THE NONPARAMETRIC
PROBABABILISTIC APPROACH FOR RANDOM UNCERTAINTIES DUE TO MODEL ERRORS AND DATA ERRORS IS INTRODUCED� ! SHORT
OVERVIEW OF THE MAIN THEORETICAL RESULTS OF THIS NONPARAMETRIC APPROACH BASED ON THE USE OF ENSEMBLES OF RANDOM
MATRICES CONSTRUCTED WITH THE MAXIMUM ENTROPY PRINCIPLE IS GIVEN� 4HE METHODOLOGY OF THIS NONPARAMETRIC
PROBABILISTIC APPROACH IS GIVEN� ! NUMERICAL VALIDATION PROVING THE CAPABILITY OF THE NONPARAMETRIC PROBABILISTIC
APPROACH TO TAKE INTO ACCOUNT MODEL UNCERTAINTIES IS PRESENTED� 4HEN AN EXPERIMENTAL VALIDATION IS GIVEN FOR THE
DYNAMICS OF A COMPOSITE SANDWICH PANEL� &INALLY� FOUR INDUSTRIAL APPLICATIONS OF THE NONPARAMETRIC PROBABILISTIC
MODELING OF RANDOM UNCERTAINTIES IN COMPTATIONAL STOCHASTIC MECHANICS FOR COMPLEX MECHANICAL SYSTEMS ARE
PRESENTED� ��	 4HE LINEAR DYNAMICS OF A BLADED DISK MISTUNED DUE TO MANUFACTURING TOLERANCES UNCERTAINTIES�
��	 4HE IDENTIlCATION AND QUANTIlCATION OF THE DESIGN MARGINS IN THE NONLINEAR DYNAMICS OF A REACTOR COOLANT
SYSTEM� ��	 4HE ROBUSTNESS OF THE NUMERICAL SIMULATION MODEL WITH RESPECT TO MODEL AND DATA UNCERTAINTIES IN
DYNAMICS OF A SPATIAL STRUCTURE� ��	 4HE ROBUSTNESS OF THE NUMERICAL VIBROACOUSTIC &2& OF CARS WITH RESPECT TO
MODEL AND DATA UNCERTAINTIES�

� ).42/$5#4)/.

4HE TREATMENT OF DATA UNCERTAINTIES IN STRUCTURAL ME

CHANICS HAS RECEIVED A CONSIDERABLE ATTENTION THESE
LAST DECADES� $ATA UNCERTAINTIES AFFECT THE PARAME

TERS OF THE MATHEMATICAL
MECHANICAL MODEL SUCH AS
THE DIMENSIONS PARAMETERS� THE PARAMETERS ALLOWING
THE BOUNDARY CONDITIONS TO BE DESCRIBED� THE CONSTI

TUTIVE EQUATIONS� ETC� $ATA UNCERTAINTIES CAN CLEARLY
BE TAKEN INTO ACCOUNT BY THE PARAMETRIC PROBABILISTIC
APPROACH� 3UCH PROBABILISTIC ANALYSIS OF DATA UNCER

TAINTIES PERFORMED WITH RANDOM VARIABLES MODELING
FOR RELATIVELY SIMPLE MECHANICAL SYSTEM CAN BE FOUND
IN MANY PAPERS SUCH AS 3HINOZUKA � !STILL �����	�
#HEN � 3OROKA �����	� 0RASTHOFER � "EADLE �����	�
(AUG ET AL� �����	� )BRAHIM �����	� +OTULSKI ANS
3OBCZYK �����	� 3HINOZUKA �����	� *ENSEN � )WAN
�����	� )WAN � *ENSEN �����	� ,EE � 3INGH �����	�
0APADIMITRIOU ET AL� �����	� ,IN � #AI �����	� -I

CALETTI ET AL� �����	� 3CHU�ELLER �����	� -IGNOLET ET
AL� �����	� 3UCH A PARAMETRIC PROBABILISTIC APPROACH
HAS ALSO BEEN DEVELOPED WITH RANDOM lELD THEORY
FOR DATA UNCERTAINTIES AND RANDOM MEDIA MODELING�

LEADING TO THE STOCHASTIC lNITE ELEMENT METHOD� SEE
FOR INSTANCE 6ANMARCKE � 'RIGORIU �����	� ,IU ET
AL� �����	� 3HINOZUKA � $EODATIS �����	� 3PANOS �
'HANEM �����	� 'HANEM � 3PANOS �����	� +LEIBER
ET AL� �����	� 3PANOS AND :ELDIN �����	� $ITLEVSEN �
4ARP
*OHANSEN �����	� -ORE RECENTLY� THE PARAMET

RIC PROBABILISTIC APPROACH FOR DATA UNCERTAINTIES AND
FOR RANDOM MEDIA HAS BEEN DEVELOPED AND APPLIED TO
THE COMPUTATIONAL MECHANICS OF LARGE AND COMPLEX
MECHANICAL SYSTEMS� SEE FOR INSTANCE (IEN � +LEIBER
�����	� 'HANEM � $HAM �����	� 'HANEM �����	�
3Z|EKELY � 3CHU�ELLER �����	� ,E -A}�TRE ET AL �����	
AND �����	� 0RADLWARTER ET AL� �����	� 3CHU�ELLER ET AL�
�����	� 3CHENK � 3CHU�ELLER �����	�
4HIS PAPER DOES NOT DEAL WITH THE ABOVE PARAMET

RIC PROBABILISTIC APPROACH FOR DATA UNCERTAINTIES OR
STOCHASTIC lNITE ELEMENT METHOD FOR RANDOM MEDIA�
BUT RATHER WITH A NONPARAMETRIC PROBABILISTIC APPROACH
OF MODEL UNCERTAINTIES AND DATA UNCERTAINTIES FOR COM

PUTATIONAL STOCHASTIC DYNAMICS� 4HIS APPROACH HAS
BEEN INTRODUCED BY 3OIZE �����	 AND DEVELOPED IN
THE LAST lVE YEARS� 4HE MAIN OBJECTIF OF THIS PAPER
IS TO PRESENT NEW VALIDATIONS OF THIS APPROACH AND
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INDUSTRIAL APPLICATIONS IN SEVERAL lELDS FOR COMPLEX
MECHANICAL SYSTEMS IN COMPUTATIONAL STOCHASTIC ME

CHANICS FOR LINEAR AND NONLINEAR DYNAMICAL SYSTEMS�
FOR STRUCTURAL DYNAMICS AND VIBROACOUSTIC PROBLEMS�

� )N THIS PAPER� � AND
ARE THE SET OF ALL REAL MATRICES� THE SET OF
ALL SYMMETRIC REAL MATRICES� AND THE SET OF
ALL POSITIVE
DElNITE SYMMETRIC REAL MATRICES�
RESPECTIVELY� 7E HAVE � )F

BELONGS TO � TR IS THE
&ROBENIUS NORM OF MATRIX � WHERE TR IS THE TRACE
OF THE MATRICES� DET IS THE DETERMINANT OF THE MA

TRICES AND IS THE TRANSPOSE OF MATRIX � 4HE
OPERATOR NORM OF A MATRIX IS DElNED AS

X X X AND IS SUCH THAT
X X X � 4HE INDICATRIX FUNCTION

OF ANY SET IS SUCH THAT IS EQUAL TO � IF
AND IS EQUAL TO ZERO IF � !LL RANDOM VARI


ABLES ARE DElNED ON A PROBABILITY SPACE AND
IS THE MATHEMATICAL EXPECTATION�

� $!4! 5.#%24!).4)%3 !.$ -/$%, 5.#%2

4!).4)%3 ). ! 02%$)#4)6% -/$%, /& !
2%!, 3934%-

���

)N THE CONTEXT OF ENGINEERING MECHANICS� THE DESIGNED
SYSTEM IS THE MECHANICAL SYSTEM CONCEIVED BY THE
DESIGNERS AND ANALYSTS� ! DESIGNED SYSTEM IS DElNED
BY GEOMETRICAL PARAMETERS� BY THE CHOICE OF MATERIALS�
AND BY MANY OTHER PARAMETERS� ! DESIGNED SYSTEM CAN
BE A VERY SIMPLE MECHANICAL SYSTEM E�G� AN ELASTIC
BAR OR A VERY COMPLEX ONE SUCH AS AN AIRCRAFT�

���

! REAL SYSTEM IS A MANUFACTURED VERSION OF A SYSTEM
REALIZED FROM THE DESIGNED SYSTEM� #ONSEQUENTLY� A
REAL SYSTEM IS A MAN
MADE
PHYSICAL SYSTEM WHICH IS
NEVER EXACTLY KNOWN �FOR INSTANCE� THE GEOMETRY DOES
NOT EXACTLY COINCIDE WITH THE GEOMETRY OF THE DESIGNED
SYSTEM	� ! REAL SYSTEM HAS THEN TO BE CONSIDERED AS AN
UNCERTAIN SYSTEM WITH RESPECT TO THE DESIGNED SYSTEM�
5NCERTAINTIES DO NOT ONLY AFFECT THE GEOMETRY� BUT
ALSO THE BOUNDARY CONDITIONS� THE MATERIALS� THE MASS
DENSITY DISTRIBUTION� ETC�

���

4HE OBJECTIVE OF A PREDICTIVE MODEL IS TO PREDICT THE
OUTPUT VEXP OF A REAL SYSTEM TO A GIVEN INPUT FEXP� &OR
INSTANCE� A PREDICTIVE MODEL CAN BE DEVELOPED FOR
THE STATIC DISPLACEMENT lELD OF A SYSTEM SUBJECTED
TO A GIVEN EXTERNAL STATIC LOAD OR� FOR THE TRANSIENT
DISPLACEMENT lELD OF A DYNAMICAL SYSTEM SUBJECTED
TO AN EXTERNAL IMPULSIVE LOAD INDUCED BY A SHOCK�
3UCH PREDICTIVE MODELS ARE CONSTRUCTED BY DEVELOP

ING MATHEMATICAL
MECHANICAL MODEL OF THE DESIGNED
SYSTEM FOR A GIVEN INPUT �SEE &IG� �	� #ONSEQUENTLY�

THE MEAN MODEL HAS AN INPUT F MODELING FEXP� AN OUTPUT
V MODELING VEXP AND EXHIBITS A PARAMETER S FOR WHICH
DATA HAS TO BE GIVEN �IT SHOULD BE NOTED THAT THE PA

RAMETER CAN BE A REAL NUMBER� A REAL VECTOR� A REAL
FUNCTION� A lELD� A VECTOR
VALUED FUNCTION� ETC�	�

&IGURE �� $ESIGNED SYSTEM� REAL SYSTEM AND MEAN MODEL AS THE PREDIC

TIVE MODEL OF THE REAL SYSTEM�

�!	 � 4HE ERRORS ARE RELATED TO THE CONSTRUC

TION OF AN APPROXIMATION V OF THE OUTPUT V OF THE
MEAN MODEL FOR GIVEN INPUT F AND PARAMETER S� &OR IN

STANCE� IF THE MEAN MODEL IS A BOUNDARY VALUE PROBLEM
�"60	 DElNED ON A BOUNDED DOMAIN� THE USE OF THE l

NITE ELEMENT METHOD FOR CONSTRUCTING A 
DIMENSIONAL
APPROXIMATION SPACE OF THE "60 SOLUTION INTRODUCES
AN ERROR V V RELATED TO THE lNITE ELEMENT MESH
SIZE� WHERE IS AN APPROPRIATE NORM� )F A DYNAM

ICAL PROBLEM IS STUDIED� THE USE OF A TIME INTEGRATION
SCHEME INTRODUCES AN ADDITIONAL ERROR RELATED TO THE
TIME SAMPLING AND TO THE TIME STEP� 4HESE ERRORS ARE
RELATED TO THE CONSTRUCTION OF AN APPROXIMATE SOLUTION
OF THE "60 AND CONSEQUENTLY� HAVE TO BE REDUCED AND
CONTROLED USING ADAPTED METHODS DEVELOPED IN APPLIED
MATHEMATICS AND IN NUMERICAL ANALYSIS� )N GENERAL�
THESE ERRORS MUST NOT BE CONSIDERED AS UNCERTAINTIES
�SEE BELOW	�

�"	 � "ELOW� THE INPUT F AND THE PARAM

ETER S OF THE MEAN MODEL WILL BE HEREAFTER REFERRED TO
AS THE DATA OF THE MEAN MODEL� 4HE MATHEMATICAL

MECHANICAL MODELING PROCESS OF THE DESIGNED SYSTEM
INTRODUCES TWO FUNDAMENTAL TYPES OF UNCERTAINTIES�
THE DATA UNCERTAINTIES AND THE MODEL UNCERTAINTIES�
�"��	 � 4HE INPUT F OF THE MEAN
MODEL DOES NOT EXACTLY REPRESENT THE INPUT FEXP OF THE
REAL SYSTEM AND THERE ARE ALSO UNCERTAINTIES ON THE PA

RAMETER S OF THE MEAN MODEL� &OR INSTANCE� A STATIC
LOAD REPRESENTED BY A POINT FORCE IS AN APPROXIMATION
OF THE REALITY� THE USE OF A GIVEN VALUE OF THE 9OUNG
MODULUS FOR A GIVEN ELASTIC MATERIAL IS NOT AN EXACT
VALUE �WHICH IS UNKNOWN	� BUT CORRESPONDS TO AN UN

CERTAIN VALUE� THE ELASTIC CONSTANTS OF A COMPLEX JOINT
BETWEEN TWO SUBSTRUCTURES ARE UNCERTAIN� ETC� $ATA
UNCERTAINTIES HAVE TO BE TAKEN INTO ACCOUNT FOR IM

PROVING THE PREDICTABILITY OF THE MEAN MODEL� 4HE
BEST APPROACH TO TAKE INTO ACCOUNT DATA UNCERTAINTIES
IS THE PARAMETRIC PROBABILISTIC APPROACH CONSISTING IN
MODELING THE DATA OF THE MEAN MODEL BY RANDOM QUAN

TITIES �SEE 3ECTION �	�
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�"��	 � 4HE MATHEMATICAL
MECH

ANICAL MODELING PROCESS USED FOR CONSTRUCTING THE
MEAN MODEL INDUCES MODEL UNCERTAINTIES WITH RESPECT
TO THE DESIGNED SYSTEM� 4HIS TYPE OF UNCERTAINTIES IS
MAINLY DUE TO THE INTRODUCTION OF SIMPLIlCATIONS IN
ORDER TO DECREASE THE COMPLEXITY OF THE MEAN MODEL
WHICH IS CONSTRUCTED� &OR INSTANCE� A SLENDER CYLINDRI

CAL ELASTIC MEDIUM WILL BE MODELED BY USING THE BEAM
THEORY �SUCH AS AN %ULER OR A 4IMOSHENKO BEAM	� A
THICK RECTANGULAR PLATE ELASTIC MEDIUM WILL BE MOD

ELED BY A THICK PLATE THEORY �SUCH AS THE -IDLIN PLATE
THEORY	� A COMPLEX JOINT CONSTITUTED OF AN ASSEMBLAGE
OF SEVERAL PLATES ATTACHED TOGETHER BY LINES OF BOLTS
WILL BE MODELED BY AN EQUIVALENT HOMOGENEOUS OR

THOTROPIC PLATE� ETC� )T IS CLEAR THAT THE INTRODUCTION OF
SUCH SIMPLIlED MODELS YIELDS A MEAN MODEL WHOSE
VARIATIONS OF PARAMETER S DO NOT ALLOW THE MODEL UN

CERTAINTIES TO BE REDUCED� -ODEL UNCERTAINTIES HAVE TO
BE TAKEN INTO ACCOUNT TO IMPROVE THE PREDICTABILITY OF
THE MEAN MODEL� !S EXPLAINED ABOVE� THE PARAMETRIC
PROBABILISTIC APPROACH CANNOT BE USED �THIS POINT WILL
BE REVISITED IN 3ECTION �	� 4HIS IS THE REASON WHY A
NONPARAMETRIC PROBABILISTIC APPROACH IS PROPOSED�

�#	 � 4HE ERROR BE

TWEEN THE PREDICTION V CALCULATED WITH THE MEAN
MODEL AND THE RESPONSE VEXP OF THE REAL SYSTEM CAN
BE MEASURED BY VEXP V � #LEARLY� THE MEAN MODEL
CAN BE CONSIDERED AS A PREDICTIVE MODEL IF THIS ERROR IS
SUFlCIENTLY SMALL� )N GENERAL� DUE TO DATA UNCERTAINTIES
AND MODEL UNCERTAINTIES� THIS ERROR IS NOT SUFlCIENTLY
SMALL AND HAS TO BE REDUCED BY TAKING INTO ACCOUNT
DATA UNCERTAINTIES AND MODEL UNCERTAINTIES�

� ./.0!2!-%42)# 02/"!"),)34)#
!002/!#( /& 2!.$/- 5.#%24!).4)%3

���

0OOR PREDICTIONS FROM PREDICTIVE MODELS OF COMPLEX
SYSTEMS ARE MAINLY DUE TO MODEL UNCERTAINTIES� 4O RE

DUCE MODEL UNCERTAINTIES� A SMALLER SPATIAL SCALE CAN
BE ADDED TO THE PREDICTIVE MODEL� 4HIS EFFORT HOW

EVER INCREASES DATA UNCERTAINTIES� 4ODAY� IT IS WELL
UNDERSTOOD THAT THE PARAMETRIC PROBABILISTIC APPROACH
ALLOWS DATA UNCERTAINTIES TO BE TAKEN INTO ACCOUNT IN
PREDICTIVE MODELS BUT NOT MODEL UNCERTAINTIES� 4HIS
IS THE REASON WHY A NONPARAMETRIC PROBABILISTIC AP

PROACH IS PROPOSED HERE TO TAKE MODEL UNCERTAINTIES
INTO ACCOUNT�

���

4HE FOLLOWING EXAMPLE WILL BE USED TO CLARIFY THE CON

CEPTS OF THE NONPARAMETRIC APPROACH THAT PERMITS THE
CONSIDERATION OF MODEL UNCERTAINTY� ,ET S S BE
A LINEAR MAPPING FROM A SPACE INTO A SPACE OF
LINEAR OPERATORS� 4HE SPACE REPRESENTS THE SET OF
ALL POSSIBLE VALUES OF THE VECTOR
VALUED PARAMETER S OF

THE BOUNDARY VALUE PROBLEM �FOR INSTANCE� GEOMETRIC
PARAMETERS� ELASTIC PROPERTIES� BOUNDARY CONDITIONS�
ETC	� &OR S lXED IN � OPERATOR S REPRESENTS ONE
OPERATOR OF THE BOUNDARY VALUE PROBLEM �FOR INSTANCE�
THE STIFFNESS OPERATOR WHICH IS ASSUMED TO BE SYMMET

RIC AND POSITIVE� AND IN THIS CASE� ANY OPERATOR IN
WILL BE SYMMETRIC AND POSITIVE	� ,ET PAR BE THE
RANGE OF THE MAPPING S S � I�E� THE SUBSET OF
SPANNED BY S WHEN S RUNS THROUGH �

�!	 � )T IS ASSUMED
THAT THE OPERATOR CORRESPONDING TO THE REAL SYSTEM IS
!EXP BELONGING TO �

�"	 � )F S S IS THE
NOMINAL VALUE� THEN S PAR IS THE OPERATOR OF
THE MEAN MODEL�

�#	 �
4HE PARAMETRIC PROBABILISTIC APPROACH FOR THE OPERA

TOR CONSISTS IN MODELING THE PARAMETER S BY A VECTOR
VALUED RANDOM VARIABLE 3 WHOSE PROBABILITY DISTRIBU

TION 3 S HAS A SUPPORT WHICH IS � 4HEN THE OPERATOR

OF THE MEAN MODEL IS REPLACED IN THE THE "60 BY
THE RANDOM OPERATOR !PAR SUCH THAT !PAR 3 � 4HE
PROBABILITY DISTRIBUTION !PAR OF THE RANDOM OPERATOR
!PAR IS !PAR 3 AND ITS SUPPORT IS THE SET PAR
�SEE &IG� �	� #LEARLY� THE PROBABILITY !PAR ON PAR AL

LOWS DATA UNCERTAINTIES TO BE TAKEN INTO ACCOUNT� BUT
!EXP MAY NOT BE IN PAR DUE TO MODEL UNCERTAINTIES�

!
EXPER

NONPAR

PAR

&IGURE �� 0ARAMETRIC AND NONPARAMETRIC PROBABILISTIC APPROACHES OF
RANDOM UNCERTAINTIES�

�$	
� 4HE NONPARAMETRIC PROBABILISTIC APPROACH FOR THE

OPERATOR CONSISTS IN REPLACING THE OPERATOR OF THE
MEAN MODEL BY A RANDOM OPERATOR !NONPAR WHOSE PROB

ABILITY DISTRIBUTION !NONPAR HAS A SUPPORT NONPAR �
3INCE !EXP BELONGS TO AND SINCE THE SUPPORT OF !NONPAR

IS ALSO � MODEL UNCERTAINTIES CAN BE TAKEN INTO AC

COUNT BY THE PROPOSED NONPARAMETRIC APPROACH �SEE
&IG� �	� /F COURSE� !NONPAR CANNOT BE ARBITRARY CHOSEN
WITH SUPPORT NONPAR� BUT HAS TO BE CONSTRUCTED USING
THE AVAILABLE INFORMATION� 3UCH A METHODOLOGY HAS
BEEN DEVELOPED �3OIZE ����� ����� ����A AND ����B	
BY USING THE MAXIMUM ENTROPY PRINCIPLE �3HANNON
����	 AND �*AYNES ����	�
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���

4HE FUNDAMENTALS OF THE NONPARAMETRIC APPROACH FOR
RANDOM UNCERTAINTIES AND THE DEVELOPMENTS OF THE
lRST ENSEMBLE OF RANDOM MATRICES ADAPTED TO MODEL

ING RANDOM UNCERTAINTIES IN LINEAR DYNAMICAL SYSTEMS
HAVE BEEN INTRODUCED BY 3OIZE �����	 AND �����	�
4HE ALGEBRAIC CLOSURE OF THIS THEORY AND ITS CONVER

GENCE ANALYSIS AS THE DIMENSION GOES TO INlNITY HAVE
STUDIED BY 3OIZE �����A	 AND �����B	 IN THE CONTEXT
OF TRANSIENT LINEAR ELASTODYNAMICS OF STOCHASTIC SYS

TEMS� /THERS ENSEMBLES OF RANDOM MATRICES ADAPTED
TO MODELING RANDOM UNCERTAINTIES FOR COUPLED SYSTEMS
ENCOUNTERING VIBROACOUSTICS PROBLEMS� HAVE BEEN IN

TRODUCED BY 3OIZE �����B	�
4HE EXTENSION OF THE THEORY TO NON HOMOGENEOUS UN

CERTAINTIES IN COMPLEX DYNAMICAL SYSTEMS USING SUB

STRUCTURING TECHNIQUES CAN BE FOUND� WITH EXPERIMEN

TAL VALIDATIONS� IN #HEBLI � 3OIZE �����	� $UCHEREAU
� 3OIZE �����	�
4HE IDENTIlCATION OF THE PARAMETERS OF THE NONPARA

METRIC PROBABILISTIC MODEL FROM EXPERIMENTS IS DEVEL

OPED IN 3OIZE �����A	 AND �����B	 AND AN EXPERIMEN

TAL VALIDATION IS GIVEN IN #HEN ET AL� �����	�
4HE EXTENSION OF THE THEORY TO LINEAR DYNAMICAL SYS

TEMS IN THE MEDIUM FREQUENCY RANGE WAS ACHIEVED
BY 3OIZE �����B	� 4HE RANDOM EIGENVALUES FOR LIN

EAR DYNAMICAL SYSTEMS AND THE NON ADAPTATION OF THE
'AUSSIAN /RTHOGONAL %NSEMBLE �'/%	 FOR LOW
 AND
MEDIUM
FREQUENCY DYNAMICS ARE ANALYZED IN 3OIZE
�����A	�
4HE APPLICATION OF THIS NONPARAMETRIC PROBABILISTIC
APPROACH FOR MODEL UNCERTAINTIES IN NONLINEAR DY

NAMICAL SYSTEMS AND TRANSIENT NONLINEAR DYNAMICS OF
STOCHASTIC SYSTEMS HAVE BEEN STUDIED IN 3OIZE �����C	�
$ESCELIERS ET AL� �����	�
-ODEL UNCERTAINTIES IN DYNAMICAL SYSTEMS WITH CYCLIC
SYMMETRY AND APPLICATIONS TO MISTUNED BLADED DISKS
HAVE BEEN DEVELOPPED IN #APIEZ
,ERNOUT � 3OIZE
�����	 AND #APIEZ
,ERNOUT ET AL� �����B	�
!DDITIONAL VALIDATIONS DEVOTED TO THE CAPABILITY OF
THE NONPARAMETRIC PROBABILISTIC APPROACH TO TAKE INTO
ACCOUNT MODEL UNCERTAINTIES IS GIVEN IN 3OIZE �����A	
AND #APIEZ
,ERNOUT ET AL� �����B	� 4HE EXTENSION OF
THE THEORY TO VIBROACOUSTIC PROBLEMS IS PRESENTED IN
$URAND ET AL� �����	�

� -%4(/$/,/'9 /& 4(% ./.0!2!-%42)#
02/"!"),)34)# !002/!#( &/2 2!.$/-
5.#%24!).4)%3

4HE METHODOLOGY OF THE NONPARAMETRIC PROBABILISTIC
APPROACH OF UNCERTAINTIES IN DYNAMICAL SYSTEMS IS AS
FOLLOWS�
��	 $EVELOPEMENT OF A MECHANICAL
MATHEMATICAL
MODEL� GENERALLY A lNITE ELEMENT MODEL� OF THE DE

SIGNED SYSTEM� 3UCH A MODEL WILL BE CALL THE MEAN
MODEL �OR THE NOMINAL MODEL	�

��	 #ONSTRUCTION OF A REDUCED MEAN MODEL FROM THE
MEAN MODEL�
��	 #ONSTRUCTION OF A STOCHASTIC REDUCED MODEL FROM
THE REDUCED MEAN MODEL USING THE NONPARAMETRIC CON

CEPT AND THE MAXIMUM ENTROPY PRINCIPLE� )N THIS
FASHION� THE PROBABILITY DISTRIBUTION OF EACH RANDOM
GENERALIZED MATRIX IS CONSTRUCTED�
��	 #ONSTRUCTION AND CONVERGENCE ANALYSIS OF THE STO

CHASTIC SOLUTION�

���

4HE FOLLOWING PRESENTATION IS LIMITED TO THE NONLINEAR
STRUCTURAL DYNAMICS OF A LINEAR STRUCTURE WITH LOCAL

IZED NONLINEARITIES BUT IT CAN BE EXTENTED TO OTHER MORE
COMPLEX SYSTEMS SUCH AS VIBROACOUSTIC SYSTEMS �SEE
3ECTION ���	� 7E CONSIDER A NONLINEAR DYNAMIC SYS

TEM CONSTITUTED OF A THREE
DIMENSIONAL� DAMPED� lXED
STRUCTURE VIBRATING AROUND A STATIC EQUILIBRIUM CON

lGURATION CONSIDERED AS A NATURAL STATE WITHOUT PRE

STRESSES� 4HE STRUVTURE IS SUBJECTED TO AN EXTERNAL LOAD
AND DOES NOT DISPLAY RIGID BODY DISPLACEMENT� 4HE
BASIC lNITE ELEMENT MODEL OF THIS NONLINEAR DYNAMIC
SYSTEM IS CALLED THE hMEAN lNITE ELEMENT MODELv �THE
UNDERLINED QUANTITIES REFER TO THIS hMEAN lNITE ELE

MENT MODELv	 AND LEADS TO THE FOLLOWING NONLINEAR
DIFFERENTIAL EQUATION�

Y Y Y F., Y Y F

IN WHICH Y IS THE UNKNOWN TIME RE

SPONSE VECTOR OF THE DEGREES OF FREEDOM �$/&	
�DISPLACEMENTS AND�OR ROTATIONS	� Y AND Y ARE THE VE

LOCITY AND ACCELERATION VECTORS RESPECTIVELY� F

IS THE KNOWN EXTERNAL LOAD VECTOR OF
THE INPUTS �FORCES AND�OR MOMENTS	� � AND

ARE THE MASS� DAMPING AND STIFFNESS MATRICES OF THE
LINEAR PART OF THE MODEL� WHICH ARE POSITIVE
DElNITE
SYMMETRIC REAL MATRICES� Y Z F., Y Z IS A
NONLINEAR MAPPING FROM INTO MODELING AD

DITIONAL NONLINEAR DAMPING AND RESTORING FORCES SUCH
THAT F., � 4HE LINEAR CASE CAN BE DERIVED FROM
%Q� ��	 BY TAKING F., �

���

,ET BE AN ALGEBRAIC BASIS OF � 4HE RE

DUCED MEAN MODEL OF THE DYNAMIC SYSTEM WITH MEAN
lNITE ELEMENT MODEL GIVEN BY %Q� ��	 IS OBTAINED BY
PROJECTION OF %Q� ��	 ON THE SUBSPACE OF SPANNED
BY WITH �
4HE CONSTRUCTION OF SUCH AN ALGEBRAIC BASIS CAN BE
PERFORMED AS FOLLOWS�
��	 "Y USING ELASTIC MODES OF THE UNDERLYING LINEAR
DYNAMICAL SYSTEM� 4HIS CHOICE IS WARRANTED FOR LIN

EAR DYNAMICAL SYSTEMS OR FOR NONLINEAR DYNAMICAL
SYSTEMS WITH LOCALIZED NONLINEARITIES� WHEN THEIR RE

SPONSES ARE IN THE LOW
FREQUENCY RANGE�
��	 "Y USING EIGENVECTORS OF THE MECHANICAL ENERGY
OPERATOR� 4HIS SOLUTION IS APPROPRIATE FOR A LINEAR
DYNAMICAL SYSTEM IN THE MEDIUM
FREQUENCY RANGE
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�3OIZE ����A�����B����������B	� �3OIZE � -ZIOU
����	� �'HANEM � 3ARKAR ����	�
��	 "Y USING ADAPTED �NONLINEAR MODES� FOR NONLINEAR
DYNAMICAL SYSTEMS WITH DISTRIBUTED NONLINEARITIES�
,ET BE THE REAL MATRIX WHOSE COLUMNS ARE
THE VECTORS � 4HE GENERALIZED FORCE &
IS THE 
VECTOR & F � 4HE GENERALIZED
MASS� DAMPING AND STIFFNESS MATRICES � AND

ARE THE POSITIVE
DElNITE SYMMETRIC REAL
MATRICES � �
AND WHICH� IN GENERAL� ARE FULL
MATRICES� #ONSEQUENTLY� THE REDUCED MEAN MODEL OF
THE NONLINEAR DYNAMIC SYSTEM� WRITTEN AS THE PROJEC

TION Y OF Y ON � CAN BE WRITTEN AS

Y Q

IN WHICH THE VECTOR Q OF THE GENERALIZED COOR

DINATES SATISlES THE MEAN NONLINEAR DIFFERENTIAL EQUA

TION�

Q Q Q

&., Q Q &

WHERE� FOR ALL Q AND P IN �

&., Q P F., Q P

���

4HE PRINCIPLE OF CONSTRUCTION OF THE NONPARAMETRIC
MODEL OF RANDOM UNCERTAINTIES FOR THE DYNAMICAL SYS

TEM WHOSE MEAN lNITE ELEMENT MODEL IS DElNED BY
%Q� ��	� CONSISTS IN MODELING THE GENERALIZED MASS�
DAMPING AND STIFFNESS MATRICES OF THE REDUCED MEAN
MODEL �SEE %Q� ��		 BY RANDOM MATRICES - � $
AND + � )F THE NONLINEAR FORCES ARE UNCERTAIN� A
USUAL PARAMETRIC MODEL CAN BE USED FOR THESE NON

LINEAR FORCES� )N THIS CASE� A MIXED NONPARAMETRIC

PARAMETRIC FORMULATION CAN EASILY BE CONSTRUCTED�
4HE STOCHASTIC TRANSIENT RESPONSE OF THE NONLINEAR
DYNAMIC SYSTEM WITH A NONPARAMETRIC PROBABILISTIC
MODEL OF RANDOM UNCERTAINTIES� WITH REDUCED MEAN
MODEL DElNED BY %QS� ��	
��	� IS THE STOCHASTIC PRO

CESS 9 � INDEXED BY � WITH VALUES IN � SUCH
THAT

9 1

)N THIS EQUATION� THE STOCHASTIC PROCESS 1 � INDEXED
BY � WITH VALUES IN � IS SUCH THAT

- 1 $ 1 + 1

&., 1 1 &

WITH THE INITIAL CONDITIONS� 1 AND 1 �

���
- $ +

4HE CONSTRUCTION OF THE PROBABILITY MODEL OF RAN

DOM MATRICES - � $ AND + CONSISTS IN TAK

ING THESE RANDOM MATRICES IN ENSEMBLE 3% �3OIZE�

��������������A�����C	 WHOSE CONSTRUCTION IS RE

CALLED BELOW�

��	 4HE RANDOM MATRICES - � $ AND + ARE DE

lNED ON THE PROBABILITY SPACE � WITH VALUES
IN �

��	 4HE MEAN VALUES OF THESE RANDOM MATRICES ARE
- � $ AND + �

��	 4HESE RANDOM MATRICES VERIFY THE FOLLOWING IN

EQUALITIES ENSURING THAT %Q� ��	 HAS A SECOND
ORDER
STOCHASTIC SOLUTION� - �

$ AND + �

��	 4HE RANDOM MATRICES - � $ AND + ARE IN

DEPENDENT �BECAUSE NO AVAILABLE INFORMATION IS GIVEN
CONCERNING THE CORRELATION BETWEEN THESE RANDOM MA

TRICES	�

��	 4HESE RANDOM MATRICES CAN BE NORMALIZED WITH
RESPECT TO THEIR MEAN VALUES AS FOLLOWS�

- '

$ '

+ '

IN WHICH � AND ARE THE UPPER TRIANGULAR
REAL MATRICES IN SUCH THAT �

AND � 4HE RAN

DOM MATRICES ' � ' AND ' ARE IN THE ENSEM

BLE 3' WHICH IS DElNED IN 3ECTION ����

��	 4HE OF ENSEMBLE 3' OF RANDOM MATRICES IS DE

lNED AS FOLLOWS�

��� 3'

�!	 3' � 4HIS ENSEMBLE IS
DElNED AND CONSTRUCTED �3OIZE ��������������A	 AS
THE SET OF RANDOM MATRICES ' � DElNED ON THE PROB

ABILITY SPACE � WITH VALUES IN � WHOSE
PROBABILITY DISTRIBUTION IS CONSTRUCTED BY USING THE EN

TROPY OPTIMIZATION PRINCIPLE �3HANNON ����	� �*AYNES
����	� UNDER THE CONSTRAINTS �AVAILABLE INFORMATION	�

��	 !NY MATRIX ' IS SYMMETRIC POSITIVE
DElNITE REAL
RANDOM MATRIX� I�E�

' A�S

��	 !NY MATRIX ' IS A SECOND
ORDER RANDOM VARIABLE�
' ' AND ITS MEAN VALUE
IS THE IDENTITY MATRIX �

'

��	 !NY RANDOM MATRIX ' IS SUCH THAT

DET ' WITH

4HE CONSTRAINT DElNED BY %Q� ���	 IMPLIES THE FOL

LOWING FUNDAMENTAL PROPERTY FOR RANDOM MATRICES IN
ENSEMBLE 3' �

'
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�"	
3' � ,ET BE THE REAL DISPERSION PARAMETER

DElNED BY

'

'

)T CONTROLS THE DISPERSION OF THE PROBABILITY MODEL OF
RANDOM MATRIX ' PROVIDED THAT IS INDEPENDENT OF

AND SUCH THAT

�#	
3' � 4HE PROBABILITY DISTRIBUTION '

OF RANDOM MATRIX ' IS DElNED BY A PROBABILITY
DENSITY FUNCTION ' FROM INTO

� WITH RESPECT TO THE MEASURE �VOLUME
ELEMENT	

ON THE SET � 7E THEN HAVE

' '

WITH THE NORMALIZATION CONDITION

'

4HE PROBABILITY DENSITY FUNCTION ' IS THEN
WRITTEN AS

' ' DET

TR

IN WHICH IS EQUAL TO � IF AND
IS EQUAL TO ZERO IF � &URTHER� THE POSITIVE
CONSTANT ' IS SUCH THAT

'

WHERE IS THE GAMMA FUNCTION DElNED FOR
BY � %QUATION ���	 SHOWS THAT

ARE DEPENDENT RANDOM VARI

ABLES�

�$	
3' � 4HE FOLLOWING ALGEBRAIC REPRESENTA


TION OF A RANDOM MATRIX ' OF 3' ALLOWS THE FORMU

LATION OF A PROCEDURE FOR THE -ONTE #ARLO NUMERICAL
SIMULATION OF RANDOM MATRIX ' � 7ITH THIS PROCE

DURE� THE NUMERICAL COST INDUCED BY THE SIMULATION IS
A CONSTANT THAT DEPENDS ON DIMENSION BUT THAT IS IN

DEPENDENT OF THE DISPERSION PARAMETER � !NY RANDOM
MATRIX ' CAN BE WRITTEN AS

' , ,

IN WHICH , IS AN UPPER TRIANGULAR RANDOM MATRIX
WITH VALUES IN SUCH THAT�
��	 4HE RANDOM VARIABLES , ARE INDEPEN

DENT�

��	 &OR � REAL
VALUED RANDOM VARIABLE , CAN
BE WRITTEN AS , IN WHICH
AND IS A REAL
VALUED 'AUSSIAN RANDOM VARIABLE
WITH ZERO MEAN AND UNIT VARIANCE�
��	 &OR � THE POSITIVE
VALUED RANDOM VARIABLE
, CAN BE WRITTEN AS , IN WHICH IS
DElNED ABOVE AND IS A POSITIVE
VALUED GAMMA RAN

DOM VARIABLE WITH PROBABILITY DENSITY FUNCTION
WITH RESPECT TO

�%	
3' � )T CAN

BE SHOWN THAT

'

IN WHICH IS A POSITIVE lNITE CONSTANT THAT IS INDE

PENDENT OF BUT THAT DEPENDS ON � %QUATION ���	
IMPLIES THAT ' IS A BOUNDED FUNCTION
FROM INTO �

���

&IVE ENSEMBLES OF RANDOM MATRICES HAVE BEEN DEVEL

OPPED WHICH ARE USEFUL FOR MODELING DATA AND MODEL
UNCERTAINTIES IN COMPUTATIONAL MECHANICS � 4HESE EN

SEMBLES DIFFER FROM THE KNOWN ENSEMBLE OF RANDOM
MATRICES� E�G� FOUND IN -EHTA �����	�
��	 4HE lRST ENSEMBLE� 3' � OF RANDOM MATRICES HAS
BEEN PRESENTED IN 3ECTION ��� AND IS CALLED THE

� 4HEN� A RAN

DOM MATRIX BELONGING TO 3' IS POSITIVE DElNITE AL

MOST SURELY AND ITS MEAN VALUE IS THE IDENTITY MATRIX�
4HIS ENSEMBLE CONSTITUTES THE MAIN ENSEMBLE USED FOR
CONSTRUCTING THE FOUR OTHER ENSEMBLES INTRODUCED BE

LOW� %NSEMBLE 3' DIFFERS FROM THE '/% AND FROM
THE OTHER KNOWN ENSEMBLES OF RANDOM MATRIX THEORY
�3OIZE ����A	�
��	 4HE SECOND ENSEMBLE� 3% � OF RANDOM MATRICES�
HEREIN CALLED THE � HAS BEEN
CONSTRUCTED SIMULTANEOUSLY WITH 3' AND IS USED IN
3ECTION ���� ! RANDOM MATRIX BELONGING TO 3% IS
POSITIVE DElNITE ALMOST SURELY AND ITS MEAN VALUE IS
A GIVEN POSITIVE
DElNITE MATRIX� &OR INSTANCE� THIS
ENSEMBLE IS USED FOR CONSTRUCTING PROBABILITY MODEL
OF POSITIVE OPERATORS SUCH AS THE MASS� DAMPING OR
STIFFNESS OPERATORS OF A DYNAMICAL SYSTEM�
��	 4HE CONSTRUCTION OF THE THIRD ENSEMBLE� 3% � HAS
BEEN INTRODUCED IN 3OIZE �����	 AND IS SIMILAR TO THE
CONSTRUCTION OF ENSEMBLE 3% � ! RANDOM MATRIX BE

LONGING TO THIS ENSEMBLE IS SEMIPOSITIVE DElNITE AL

MOST SURELY INSTEAD OF BEING POSITIVE DElNITE ALMOST
SURELY� &OR INSTANCE� SUCH AN ENSEMBLE IS USEFUL FOR
MODELING UNCERTAINTIES OF THE STIFFNESS OPERATOR OF DY

NAMICAL SYSTEMS FOR WHICH THERE ARE RIGID BODY DIS

PLACEMENT lELDS�
��	 4HE FOURTH ENSEMBLE OF RANDOM MATRICES IS THE
SUBSET 3%LF OF 3% INTRODUCED IN 3OIZE �����B	� CON

STITUTED OF RANDOM MATRICES IN 3% FOR WHICH A LINEAR
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FORM ON 3% IS GIVEN� ! PARTICULAR CASE IS THE EN

SEMBLE 3%TR FOR WHICH THE TRACE OF THE RANDOM MATRIX
IS GIVEN� &OR INSTANCE� SUCH AN ENSEMBLE IS USEFUL
FOR MODELING UNCERTAINTIES OF THE MASS OPERATOR OF A
DYNAMICAL SYSTEM FOR WHICH THE SPATIAL DISTIBUTION OF
THE MASS IS UNCERTAIN BUT FOR WHICH THE TOTAL MASS IS
KNOWN�
��	 4HE lFTH ENSEMBLE� 3%INV � OF RANDOM MATRICES�
HEREIN CALLED THE � IS A
NEW ENSEMBLE INTRODUCED IN 3OIZE �����B	� CONSTI

TUTED OF RECTANGULAR RANDOM MATRICES HAVING A MEAN

SQUARE PSEUDO
INVERSE� &OR INSTANCE� SUCH AN ENSEM

BLE IS USEFUL FOR MODELING UNCERTAINTIES IN THE COUPLING
OPERATOR BETWEEN AN ELASTIC SOLID AND AN ACOUSTIC mUID
�STRUCTURAL
ACOUSTIC SYSTEM	 AND IS USED IN THE APPLI

CATION PRESENTED IN 3ECTION ����

���

�!	
� &OR ANY � IT IS PROVED IN 3OIZE

�����A�����C	 THAT� FOR ALL IN � WE HAVE
9 AND 9

UNDER REASONABLE ASSUMPTIONS CONCERNING THE NONLIN

EAR DAMPING AND RESTORING FORCES AND IF F

� &URTHER� AND ARE POSITIVE CONSTANTS THAT ARE
INDEPENDENT OF AND �

�"	 � 4HE
STOCHASTIC SOLUTION OF %Q� ��	 IS CONSTRUCTED USING THE
-ONTE #ARLO NUMERICAL SIMULATION WITH REALIZA

TIONS� &OR EACH REALIZATION� AN IMPLICIT STEP
BY
STEP
INTEGRATION METHOD �.EWMARK METHOD	 IS USED FOR
SOLVING %Q� ��	� 4HE REALIZATIONS OF THE RANDOM MA

TRIX ! � IN WHICH ! REPRESENTS - � $ OR + � ARE
CONSTRUCTED USING 3ECTION ����$	� )T SHOULD BE NOTED
THAT THE NUMERICAL COST IS LOW WITH SUCH A METHOD
BECAUSE %Q� ��	 CORRESPONDS TO A STOCHASTIC REDUCED
MODEL WITH �

�#	 � 5SING THE USUAL ESTIMATION
OF THE MATHEMATICAL EXPECTATION OPERATOR � THE CON

VERGENCE WITH RESPECT TO DIMENSION OF THE STOCHASTIC
REDUCED MODEL AND TO THE NUMBER OF REALIZATIONS
USED IN THE -ONTE #ARLO NUMERICAL METHOD� IS STUD

IED BY CONSTRUCTING THE FUNCTION #ONV
DElNED BY

#ONV 1

IN WHICH 1 1 ARE REALIZATIONS OF
1 �

� .5-%2)#!, 6!,)$!4)/.� #!0!"),)49 /&
4(% ./.0!2!-%42)# 02/"!"),)34)# !0

02/!#( 4/ 4!+% ).4/ !##/5.4 -/$%,
5.#%24!).4)%3

���

4HE DESIGNED SYSTEM IS A SLENDER CYLINDRICAL ELASTIC
MEDIUM DElNED IN A CARTESIAN CO
ORDINATE SYSTEM

�SEE &IG� �	� 4HE CYLINDER HAS A RECTANGULAR
SECTION AND DIMENSIONS � AND

� 4HE ELASTIC MEDIUM IS MADE OF A COMPOSITE
MATERIAL� 4HIS STRUCTURE IS SIMPLY SUPPORTED AS SHOWN
IN &IG� �� 4HE OTHER PARTS OF THE BOUNDARY OF
DOMAIN ARE FREE�

�

�

�

&IGURE �� $ESIGNED SYSTEM� LINEAR ELASTODYNAMICS OF A SLENDER THREE

DIMENSIONAL ELASTIC MEDIUM�

���

&IGURE � SHOWS THE REAL SYSTEM CORRESPONDING TO THE
DESIGNED SYSTEM DElNED IN &IG� �� 4HERE ARE UNCER

TAINTIES ON THE GEOMETRY DUE TO MANUFACTURING TOLER

ANCES� 4HE DOMAIN OF THE REAL SYSTEM IS 23 WHICH
DIFFERS FROM � 4HE SIMPLY SUPPORTED CONDITIONS ARE
NOT EXACTLY REALIZED AND THE COMPOSITE MATERIAL DOES
NOT EXACTLY CORRESPOND TO THE GIVEN SPECIlCATIONS OF
THE DESIGNED SYSTEM� 4HIS REAL SYSTEM IS EXCITED BY
A FREQUENCY
DEPENDENT PRESSURE lELD EXP WHICH IS
CONSTANT IN SPACE ON THE PART 23 OF THE BOUNDARY 23�

-ANUFACTURED฀COMPOSITE฀MATERIAL
DIFFERING฀FROM฀THE฀DESIGNED฀COMPOSITE฀MATERIAL

WITH฀RESPECT฀TO฀THE฀DESIGNED฀SYSTEM
5NCERTAIN฀BOUNDARY฀CONDITIONS

MANUFACTURING฀TOLERANCES
5NCERTAIN฀GEOMETRY฀DUE฀TO

0RESSURE฀FIELD
EXP

APPLIED฀ON฀SURFACE฀
23

฀'

&IGURE �� -ANUFACTURED SYSTEM FROM THE DESIGNED SYSTEM DElNED IN
&IG� ��

7E ARE INTERESTED IN THE DYNAMICS OF THE REAL SYSTEM
IN THE FREQUENCY BAND SUBJECTED TO
A PRESSURE lELD EXCITATION WHICH IS CONSTANT IN SPACE
OVER 23 AND CONSTANT IN FREQUENCY BAND � 4HE DETAILS
OF DATA CAN BE FOUND IN �3OIZE� ����A	�
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���

4HE MEAN MODEL� AS A PREDICTIVE MODEL OF THE REAL
SYSTEM DElNED IN &IG� �� IS CONSTRUCTED FROM THE DE

SIGNED SYSTEM DElNED IN &IG� �� 4HIS MEAN MODEL
IS CONSTITUTED OF A DAMPED HOMOGENEOUS %ULER ELAS

TIC BEAM WITH LENGTH � SIMPLY SUPPORTED AT
AND �SEE &IG� �	� 4HE MEAN MODEL INPUT IS
THE POINT FORCE LOCATED AT WITH AN IN

TENSITY � 4HE COMPOSITE MATERIAL OF
THE DESIGNED SYSTEM IS MODELED BY A HOMOGENEOUS
ISOTROPIC ELASTIC MATERIAL WHOSE NOMINAL PARAMETERS
ARE �9OUNG�S MODULUS	�
�MASS DENSITY	 AND �DAMPING RATES	� 4HE COM

PUTED EIGENFREQUENCIES OF THE MEAN SYSTEM ARE

�
&OR IN � THIS EXTERNAL FORCE INDUCES mEXURAL VIBRA

TIONS IN THE PLANE �

�

W� 	 � W	

�

&IGURE �� -EAN MODEL AS THE PREDICTIVE MODEL OF THE REAL SYSTEM
RESULTING FROM THE DESIGNED SYSTEM DElNED IN &IG� ��

���

! vNUMERICAL EXPERIMENTALv RESPONSE OF THE REAL SYS

TEM IS OBTAINED BY ��	 CONSTRUCTING A �$ ELASTIC MODEL
OF THE REAL SYSTEM� ��	 DISCRETIZING THE REAL SYSTEM
BY THE lNITE ELEMENT METHOD� AND ��	 SOLVING THE
EQUATION BY MODAL ANALYSIS� 4HE MATERIAL IS TAKEN
AS HOMOGENEOUS AND ISOTROPIC WITH A 9OUNG MODU

LUS OF � A 0OISSON COEFlCIENT OF � A MASS
DENSITY EQUAL TO � 4HE MODAL DAMPING RA

TIOS ARE THE REALIZATIONS OF A UNIFORM RANDOM VARIABLE
ON OF MEAN VALUE � 4HE lNITE ELE

MENT MESH IS CONSTITUTED OF THREE

DIMENSIONAL �
NODES SOLID ELEMENTS� 4HERE ARE
NODES AND A TOTAL OF DEGREES OF FREEDOM �DUE TO
THE BOUNDARY CONDITIONS� THE DISPLACEMENT IS ZERO FOR

NODES	� ! POINT FORCE IS APPLIED
TO THE NODE OF CO
ORDINATES � 4HE l

NITE ELEMENT APPROXIMATION OF THE DISPLACEMENT lELD

EXP EXP EXP IS COMPUTED ON FREQUENCY BAND BY
USING MODAL ANALYSIS WITH THE lRST ELASTIC MODES�
4HERE ARE EIGENFREQUENCIES IN BAND AND EIGEN

FREQUENCIES IN FREQUENCY BAND � 4HE
FUNDAMENTAL EIGENFREQUENCY IS EXP � 4HERE
ARE EIGENFREQUENCIES IN FREQUENCY BAND �
4HE EIGENFREQUENCIES OF THE lRST mEXURAL MODES COR

RESPONDING TO THE lRST ELASTIC MODES OF THE MEAN
MODEL �%ULER BEAM	 AND HAVING RESPECTIVELY TO
NODES �ZERO 
DISPLACEMENT	 ON THE NEUTRAL lBER ARE

EXP EXP EXP EXP EXP

WITH �

���

5SING THE �NUMERICAL EXPERIMENT� OF THE REAL SYSTEM�
AN ESTIMATION OF THE DISPERSION PARAMETERS �
AND OF THE RANDOM GENERALIZED MASS� DAMPING AND
STIFFNESS MATRICES IS PERFORMED BY USING THE METHOD
PRESENTED IN 3OIZE �����A	� 3UCH AN ESTIMATION YIELDS

� AND �

���

)N THIS SECTION� WE PRESENT ��	 PREDICTION WITH THE
NONPARAMETRIC PROBABILISTIC MODEL OF RANDOM UNCER

TAINTIES AND ��	 COMPARISONS WITH THE MEAN MODEL PRE

DICTION AND WITH THE vEXPERIMENTALv RESPONSE OF THE
REAL SYSTEM� 4HE CONVERGENCE WITH RESPECT TO AND
�DIMENSION OF THE STOCHASTIC REDUCED MODEL AND NUM

BER OF REALIZATIONS USED IN THE -ONTE #ARLO NUMERICAL
SIMULATION METHOD	 IS lRST STUDIED IN 3ECTION ���� &IG

URE � DISPLAYS THE GRAPH OF FUNCTION #ONV
DElNED BY %Q� ���	 FOR DIFFERENT VALUES OF � 4HIS lG

URE SHOWS THAT A REASONABLE CONVERGENCE IS REACHED
FOR AND �

0 500 1000 1500
−11.5

−11

−10.5

−10

&IGURE �� 3TATISTICAL CONVERGENCE� GRAPHS OF THE FUNCTION
#ONV FOR ��� �� AND �� �THREE LOWER THIN

SOLID LINES� FOR ��� ��� AND ��� �THREE UPPER LINES�
�� �THIN SOLID LINE	� ��� �MID SOLID LINE	 AND ��� �THICK SOLID
LINE	� (ORIZONTAL AXIS �

,ET AND BE THE OBSERVATION POINTS ON THE LINE
�NEUTRAL lBER	 AND LOCATED AT

AND RESPECTIVELY� 4HE CONlDENCE
REGION OF THE MODULUS OF THE FREQUENCY RESPONSE FUNC

TION AT EACH OBSERVATION POINT OR IS CALCULATED
BY USING THE METHOD PRESENTED IN 3ECTION �� 4HE
CONlDENCE REGION FOR FREQUENCY RESPONSE AT A GIVEN
OBSERVATION POINT IS CARRIED OUT WITH A PROBABILITY LEVEL

AND FOR AND � &OR OBSERVA

TION POINTS AND � &IGS� �
A AND �
B� RESPECTIVELY�
DISPLAY THE COMPARISONS BETWEEN THE MEAN MODEL RE

SPONSE PREDICTIONS� THE vEXPERIMENTALv RESPONSES OF
THE REAL SYSTEM AND THE CONlDENCE REGION PREDICTIONS
OF THE STOCHASTIC SYSTEM RESULTING FROM THE USE OF THE
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NONPARAMETRIC PROBABILISTIC APPROACH FOR RANDOM UN

CERTAINTIES�

0 200 400 600 800 1000
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&IGURE �
A� #ONlDENCE REGION PREDICTION OF THE STOCHASTIC SYSTEM WITH
NONPARAMETRIC APPROACH AT OBSERVATION POINT �GREY REGION	� -EAN
MODEL RESPONSE �THIN SOLID LINE	� �.UMERICAL EXPERIMENT� OF THE REAL
SYSTEM �THICK SOLID LINE	�
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&IGURE �
B� #ONlDENCE REGION PREDICTION OF THE STOCHASTIC SYSTEM WITH
NONPARAMETRIC APPROACH AT OBSERVATION POINT �GREY REGION	� -EAN
MODEL RESPONSE �THIN SOLID LINE	� �.UMERICAL EXPERIMENT� OF THE REAL
SYSTEM �THICK SOLID LINE	�

���

)N THIS SECTION� WE PRESENTS THE RESULTS OBTAINED FROM
THE USUAL PARAMETRIC PROBABILISTIC APPROACH �DATA UN

CERTAINTIES	� &OR SUCH AN APPROACH� THE RANDOM VARI

ABLES ARE THE MASS DENSITY � THE GEOMETRIC PARAMETERS

� AND � THE 9OUNG MODULUS AND THE DAMPING
RATIO � 4HESE � RANDOM VARIABLES ARE ASSUMED TO BE
MUTUALLY INDEPENDENT� 0OSITIVE
VALUED RANDOM VARI

ABLES � AND ARE UNIFORMELY DISTRIBUTED WITH
KNOWN MEAN VALUES � AND AND COEFlCIENTS OF
VARIATION � AND TO BE IDENTIlED �SEE BELOW	
�THE COEFlCIENT OF VARIATION IS THE STANDARD DEVIATION
DIVIDED BY THE MEAN VALUE	� )N ADDITION� IT IS ASSUMED
THAT � 0OSITIVE
VALUED RANDOM VARIABLES
� AND ARE 'AMMA RANDOM VARIABLES WITH KNOWN

MEAN VALUES � AND AND FOR COEFlCIENTS OF VARIATION
� AND TO BE IDENTIlED �SEE BELOW	�

,ET PAR AND NONPAR BE THE LOWEST RANDOM EIGENFRE

QUENCIES OF THE STOCHASTIC SYSTEMS CONSTRUCTED WITH
THE PARAMETRIC AND NONPARAMETRIC APPROACH RESPEC

TIVELY� ,ET PAR AND NONPAR BE THE COEFlCIENTS OF VARI

ATION OF RANDOM VARIABLES PAR AND NONPAR� )N ORDER TO

COMPARE COMPARABLE THINGS� THE COEFlCIENTS OF VARI

ATION � AND OF RANDOM VARIABLES

� � � AND FOR THE PARAMETRIC PROBABILISTIC AP

PROACH� WERE CALCULATED TO YIELD PAR NONPAR

IN WHICH NONPAR IS KNOWN� ! SOLUTION IS
� � CORRESPOND


ING TO PAR � 4HE COEFlCIENT OF VARIATION
IS CALCULATED BY THE EQUATION WHICH YIELDS

�

&OR OBSERVATION POINTS AND � &IGS� �
A AND �

B DISPLAY RESPECTIVELY THE COMPARISONS BETWEEN THE
MEAN MODEL RESPONSE PREDICTIONS� THE vEXPERIMENTALv
RESPONSES OF THE REAL SYSTEM AND THE CONlDENCE REGION
PREDICTIONS OF THE STOCHASTIC SYSTEM RESULTING FROM
THE USE OF THE PARAMETRIC PROBABILISTIC APPROACH OF
RANDOM UNCERTAINTIES�
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&IGURE �
A� #ONlDENCE REGION PREDICTION OF THE STOCHASTIC SYSTEM WITH
PARAMETRIC APPROACH AT OBSERVATION POINT �GREY REGION	� -EAN MODEL
RESPONSE �THIN SOLID LINE	� �.UMERICAL EXPERIMENT� OF THE REAL SYSTEM
�THICK SOLID LINE	�
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&IGURE �
B� #ONlDENCE REGION PREDICTION OF THE STOCHASTIC SYSTEM WITH
PARAMETRIC APPROACH AT OBSERVATION POINT �GREY REGION	� -EAN MODEL
RESPONSE �THIN SOLID LINE	� �.UMERICAL EXPERIMENT� OF THE REAL SYSTEM
�THICK SOLID LINE	�

���

4HE COMPARAISONS OF &IG� �
A WITH �
A AND �
B WITH
�
B SHOW THAT THE TWO APPROACHES YIELD SIMILAR RESULTS
IN THE LOW
FREQUENCY RANGE (Z �THIS BAND IS
RELATIVELY ROBUST WITH RESPECT TO MODEL UNCERTAINTIES	
ARE VERY DIFFERENT IN THE FREQUENCY BAND (Z�
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4HE PARAMETRIC PROBABILISTIC APPROACH ALLOWS DATA UN

CERTAINTIES TO BE TAKEN INTO ACCOUNT BUT CANNOT ADDRESS
MODEL UNCERTAINTIES WHICH BECOME MORE SIGNIlCANT
FOR FREQUENCY INCREASES� /N THE CONTRARY� THE NON

PARAMETRIC PROBABILISTIC APPROACH ALLOWS MODEL UN

CERTAINTIES TO BE TAKEN INTO ACCOUNT�

� %80%2)-%.4!, 6!,)$!4)/.�
./.0!2!-%42)# 02/"!"),)34)# -/$%,
&/2 5.#%24!).4)%3 ). 4(% $9.!-)#3 /&
! #/-0/3)4% 3!.$7)#( 0!.%,

4WO EXPERIMENTAL VALIDATIONS OF THE PROPOSED THEORY
HAVE BEEN PUBLISHED BY #HEBLI � 3OIZE �����	 AND
$UCHEREAU � 3OIZE �����	 IN THE CONTEXT OF HETEROGE

NEOUS MODEL UNCERTAINTIES IN VIBRATION AND TRANSIENT
DYNAMICS OF STRUCTURES� )N THIS SECTION� WE PRESENT AN
EXPERIMENTAL VALIDATION IN ANOTHER CONTEXT� I�E� THE
VIBRATION OF MULTILAYER COMPOSITES� )N ADDITION THE
EXPERIMENTAL IDENTIlCATION OF THE DISPERSION PARAME

TERS CONTROLLING MODEL UNCERTAINTIES IS PRESENTED� 4HE
DETAILS OF THE RESULTS SUMMARIZED IN THIS SECTION CAN
BE FOUND IN #HEN ET AL� �����	�

���

4HE DESIGNED PANEL IS A SANDWICH PANEL CONSTITUTED
OF lVE LAYERS FOUR OF WHICH ARE THIN CARBON
RESIN UNI

DIRECTIONAL PLIES AND ONE IS A HIGH STIFFNESS CLOSED

CELL FOAM CORE �SEE &IG� �	� 4HIS PANEL IS DElNED
WITH RESPECT TO A #ARTESIAN COORDINATE SYSTEM
AND IS LONG� AXIS	� WIDE � AXIS	
AND THICK � AXIS	� 4HE MIDDLE PLANE OF
THE SANDWICH PANEL IS AND THE ORIGINE IS LO

CATED IN ONE CORNER� %ACH CARBON LAYER IS MADE OF
A THIN CARBON
RESIN PLY WITH A THICKNESS OF �
A MASS DENSITY AND WHOSE ELASTICITY
CONSTANTS ARE� � � �

� 4HE lRST TWO LAYERS
ARE TWO CARBON
RESIN UNIDIRECTIONAL PLIES IN A ;
�����=
LAYUP� 4HE THIRD LAYER IS THE CLOSED
CELL FOAM CORE
WITH A THICKNESS OF � A MASS DENSITY OF
AND ELASTICITY CONSTANTS� � �

� 4HE FOURTH AND lFTH
LAYERS ARE TWO CARBON
RESIN UNIDIRECTIONAL PLIES IN A
;���
��= LAYUP�

����฀M

����฀M

�������฀M
����฀M

�������฀M

�������฀M
�������฀M ; ��฀�฀�� =

;฀ ��฀�฀ �� =

/UTPUT
�$ISPLACEMENT	

)NPUT
�&ORCE	

&IGURE �� #OMPOSITE SANDWICH PANEL�

���

�!	 � %IGHT SANDWICH PANELS
WERE MANUFACTURED FROM THE DESIGNED PANEL USING THE
SAME PROCESS AND THE SAME MATERIALS� !LL SANDWICH
PANELS WERE BAKED IN THE SAME BATCH TO SUPPRESS THE
INmUENCE OF VARIATIONS IN THE BAKING CONDITIONS� E�G�
TIME AND TEMPERATURE�

�"	 � 4HE
DYNAMICAL TESTING OF THE EIGHT SANDWICH PANELS WAS
REALIZED IN THE FREE
FREE CONDITION� 4HE MIDDLE PLANE
OF THE SANDWICH PANEL WAS VERTICAL AND THE PANEL
WAS SUSPENDED WITH A VERY LOW EIGENFREQUENCY� 4HE
MEASUREMENTS WERE PERFORMED ON THE FREQUENCY BAND

� 4HE INPUT 
FORCE WAS A POINT LOAD
APPLIED TO POINT OF COORDINATES �
!N ELECTRODYNAMIC SHAKER DELIVERED A BROAD BAND SIG

NAL� 4HE OUTPUT 
ACCELERATIONS WERE MEASURED AT ��
POINTS BY ACCELEROMETERS� &OR THE SAKE OF BREVITY� THE
PRESENTATION IS LIMITED TO THE POINT WITH COORDINATES

� 4HE EXPERIMENTAL CROSS
FREQUENCY
RESPONSE FUNCTIONS WERE IDENTIlED ON FREQUENCY BAND

USING THE USUAL SPECTRAL ANALYSIS METHODS AND SIGNAL
PROCESSING�

�#	 � !N EXPERIMEN

TAL MODAL ANALYSIS WAS PERFORMED IN THE FREQUENCY
BAND USING THE IDENTIlED EXPERIMENTAL
FREQUENCY RESPONSE FUNCTIONS� &OR EACH SANDWICH
PANEL � ELEVEN ELASTIC MODES WERE IDENTIlED
IN THIS FREQUENCY BAND� &OR SANDWICH PANEL � THE FOL

LOWING USUAL MODAL PARAMETERS OF EACH EXPERIMENTAL
ELASTIC MODE WERE IDENTIlED� ��	 THE EIGENFREQUENCY

EXP � ��	 THE DAMPING RATIO EXP � ��	 THE ELASTIC
MODE SHAPE EXP AND THE CORRESPONDING GENERAL

IZED MASS EXP � ,ET EXP EXP BE
THE AVERAGE EXPERIMENTAL EIGENFREQUENCY � )NTRO

DUCING EXP EXP � THE RESULTS ARE EXP �

EXP � EXP AND EXP �
&OR � LET EXP EXP BE THE
AVERAGE EXPERIMENTAL DAMPING RATIO AND LET EXP

EXP BE THE GLOBAL AVERAGE EXPERIMENTAL
DAMPING RATIO� 4HE RESULT IS EXP �

���

4HE DESIGNED PANEL IS MODELED AS A LAMINATED COM

POSITE THIN PLATE FOR WHICH EACH LAYER IS AN ORTHOTROPIC
ELASTIC MATERIAL IN PLANE STRESS� 3INCE WE ARE ONLY IN

TERESTED IN THE 
DISPLACEMENT OF THE MIDDLE PLANE OF
THE SANDWICH PANEL IN THE BENDING MODE AND SINCE
THE PANEL IS A FREE STRUCTURE� THERE ARE � RIGID BODY
MODES� 7E ARE INTERESTED IN THE CONSTRUCTION OF THE
RESPONSES IN THE FREQUENCY DOMAIN OVER THE FREQUENCY
BAND OF ANALYSIS � 4HE DESIGNED PANEL IS MODELED
BY USING A REGULAR lNITE ELEMENT MESH CONSTITUTED OF

FOUR
NODES lNITE ELEMENTS FOR LAMINATED PLATE
BENDING� 4HE NUMBER OF $/& IS � 4HE DAMPING
OF THE STRUCTURE IS INTRODUCED BY AN ARBITRARY USUAL
MODEL CONTROLLED BY THE MODAL DAMPING RATIOS DE

DUCED FROM THE MEASUREMENTS� 4HE MEAN MODEL HAS
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BEEN UPDATED IN AVERAGE USING THE lRST � EXPERIMENTAL
EIGENFREQUENCIES FOR EACH PANEL �� PANELS	�

���

4HE REDUCED MEAN MODEL WAS CONSTRUCTED BY USING THE
lRST ELASTIC MODES OF THE UPDATED MEAN MODEL
INCLUDING THE � RIGID BODY MODES� #ONVERGENCE WAS
FOUND TO BE REACHED FOR THIS NUMBER OF MODES�

���

4HE CROSS
FREQUENCY RESPONSE FUNCTION CORRESPOND

ING TO THE OBSERVATION POINT IS CALCULTATED WITH THE RE

DUCED MEAN MODEL� &IGURE �� DISPLAYS� IN LOG SCALE�
THE GRAPHS OF THE MODULUS OF THE EXPERIMENTAL AND NU

MERICAL CROSS
FREQUENCY RESPONSE FUNCTIONS FOR WHICH
THE INPUT IS THE DRIVEN POINT AND THE OUTPUT IS THE 

ACCELERATION AT THE OBSERVATION POINT� .OTE THAT THERE
ARE � CURVES IN THE lGURE� � CURVES CORRESPOND TO
THE EXPERIMENTAL CROSS
FREQUENCY RESPONSE FUNCTIONS
OF THE � SANDWICH PANELS AND � CURVE CORRESPONDS
TO THE NUMERICAL CROSS
FREQUENCY RESPONSE FUNCTION
COMPUTED WITH THE REDUCED MEAN MODEL� 4HE COM

PARISON OF THE EXPERIMENTAL CROSS
FREQUENCY RESPONSE
FUNCTIONS WITH THE ONE CONSTRUCTED WITH THE REDUCED
MEAN MODEL IS REASONABLY GOOD IN THE FREQUENCY BAND

AND RELATIVELY POOR IN � )N
THE FREQUENCY BAND � THE LACK OF PRE

DICTABILITY IS INCREASING WITH THE FREQUENCY AND IS
MAINLY DUE TO MODEL UNCERTAINTIES �MODELING THE SAND

WICH PANEL BY USING THE LAMINATED COMPOSITE THIN
PLATE THEORY	 AND TO A LESSER DEGREE TO DATA UNCERTAIN

TIES �MECHANICAL PARAMETERS	�
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&IGURE ��� 'RAPHS OF THE CROSS
&2& BETWEEN DRIVEN POINT AND OBSERVA

TION POINT� (ORIZONTAL AXIS� FREQUENCY IN (ERTZ� 6ERTICAL AXIS�
OF THE MODULUS OF THE ACCELERATION IN � %XPERIMENTAL CROSS
&2&
CORRESPONDING TO THE � PANELS �� THIN SOLID LINES	� .UMERICAL CROSS
&2&
CALULATED WITH THE REDUCED MEAN MODEL �THICK SOLID LINE	

���

,ET � AND BE THE DISPERSION PARAMETERS OF
THE RANDOM GENERALIZED MASS� DAMPING AND STIFFNESS

MATRICES� 4HEY WERE ESTIMATED BY USING THE EXPER

IMENTAL GENERALIZED MATRICES CORRESPONDING TO THE
EXPERIMENTAL SANDWICH PANELS� AND FOR A DIMENSION

� 4HE DISPERSION PARAMETERS � AND WERE
ESTIMATED BY �#HEN ET AL� ����	 USING THE METHOD
PRESENTED IN 3OIZE �����A AND ����B	 AND YIELDS

� AND FOR RANDOM MATRI

CES - � $ AND + �THESE VALUES ARE INDEPENDENT
OF DIMENSION OF THE STOCHASTIC REDUCED MODEL	�

���

&IGURE �� DISPLAYS THE CONlDENCE REGION PREDICTION
FOR THE RANDOM CROSS
FREQUENCY RESPONSE FUNCTIONS
BETWEEN THE DRIVEN POINT AND THE OBSERVATION POINT�
COMPUTED WITH REALIZATIONS FOR THE -ONTE
#ARLO NUMERICAL SIMULATION AND �MEAN
SQUARE
CONVERGENCE IS REACHED FOR THESE VALUES	�
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&IGURE ��� #ONlDENCE REGION PREDICTION FOR THE RANDOM CROSS
&2&� (OR

IZONTAL AXIS� FREQUENCY IN (ERTZ� 6ERTICAL AXIS� OF THE MODULUS OF
THE ACCELERATION IN � %XPERIMENTAL CROSS
&2& CORRESPONDING TO
THE � PANELS �� THIN SOLID LINES	� .UMERICAL CROSS
&2& CALCULATED WITH
THE REDUCED MEAN MODEL �THICK SOLID LINE	� -EAN VALUE OF THE RANDOM
CROSS
&2& CALCULATED WITH THE NONPARAMETRIC PROBABILISTIC MODEL �THIN
DASHED LINE	� #ONlDENCE REGION OF THE RANDOM CROSS
&2& CALCULATED
WITH THE NONPARAMETRIC PROBABILISTIC MODEL �GREY REGION	�

���

%XPERIMENTAL RESULTS OBTAINED FOR A SET OF � LIGHT SAND

WICH PANELS SHOW THE SENSITIVITY OF THE DYNAMICAL RE

SPONSE OF THE PANELS IN THE MEDIUM
FREQUENCY RANGE�
4HE USE OF THE CLASSICAL LAMINATED COMPOSITE THIN PLATE
THEORY TO CONSTRUCT THE PREDICTIVE MEAN MODEL INTRO

DUCES SIGNIlCANT MODEL UNCERTAINTIES IN THE MEDIUM

FREQUENCY RANGE� 3INCE SUCH DYNAMICAL SYSTEMS ARE
VERY SENSITIVE TO UNCERTAINTIES� THE INTRODUCTION OF A
PROBABILISTIC MODEL OF BOTH DATA AND MODEL UNCERTAIN

TIES IS NECESSARY TO IMPROVE THE PREDICTABILITY OF THE
MEAN MODEL� 4HE PREDICTION FROM THE NONPARAMETRIC
MODEL COMPARED WITH THE EXPERIMENTS IS GOOD�
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4HE DESCRIPTION OF A BLADED DISK USING ITS CYCLIC SYM

METRY PROPERTIES �4HOMAS� ���� � /HAYON � 3OIZE�
����	 IS NOT SUFlCIENT TO PREDICT ACCURATELY ITS DY

NAMIC FORCED RESPONSE� )N SUCH A MECHANICAL SYSTEM�
THERE ARE RANDOM UNCERTAINTIES DUE TO THE MANUFACTUR

ING PROCESS OF THE BLADES� "LADE MISTUNING THEN REFERS
TO THE FACT THAT THE BLADES OF A BLADED DISK ARE SLIGHTLY
DIFFERENT FROM ONE TO ANOTHER ONE� 3UCH A MISTUN

ING HAS SIGNIlCANT EFFECTS WHEN ANALYZING THE FORCED
RESPONSE OF THE BLADED DISK� )T IS OBSERVED THAT THE VI

BRATORY ENERGY OF THE MISTUNED BLADED DISK IS LOCALIZED
INDUCING LARGE DYNAMIC AMPLIlCATION FACTOR �7HITE

HEAD �����	� %WINS �����	� $YE � (ENRY �����		�
6ARIOUS STUDIES HAVE BEEN CARRIED OUT TO UNDERSTAND
AND CONTROL THIS PHENOMENON �SEE FOR INSTANCE 'RIF

lN � (OOSAC �����	� 3INHA � #HEN �����	� ,IN �
-IGNOLET �����	� #ASTANIER ET AL� �����	� -IGNOLET �
(U �����	� "LADH ET AL� �����	� -IGNOLET ET AL� �����	�
9OUNG � 'RIFlN �����	� 0ETROV ET AL� �����	� 3EIN

TURIER ET AL� �����		� !N EXACT PARAMETRIC PROBABILIS

TIC APPROACH WOULD REQUIRE SETTING UP EXPERIMENTAL
MEANS TO CONSTRUCT A COMPLETE PROBABILISTIC MODEL OF
ALL THE PARAMETERS RELATED TO THE RANDOM GEOMETRY AND
PROPERTIES OF THE BLADES� 4HEN� FUNCTIONS MAPPING THE
DOMAIN OF UNCERTAIN PARAMETERS INTO THE MASS� DAMP

ING AND STIFFNESS lNITE ELEMENT MATRICES SHOULD BE
CONSTRUCTED� &INALLY� EFlCIENT REDUCED ORDER MODELS
�"LADH ET AL� �����	� 3EINTURIER ET AL� �����		 SHOULD
BE USED TO ANALYZE THE FORCED RESPONSE STATISTICS OF
THE BLADED DISK� )T SHOULD BE NOTED THAT SUCH A PARA

METRIC PROBABILISTIC APPROACH WOULD REQUIRE A LARGE
NUMBER OF UNCERTAIN PARAMETERS TO BE EXPERIMENTALLY
IDENTIlED IN PARTICULAR FOR MODELING THE STOCHASTIC
lELDS REPRESENTING THE GEOMETRICAL AND MATERIAL RAN

DOM UNCERTAINTIES� !N ALTERNATIVE APPROACH BASED ON
THE USE OF THE NONPARAMETRIC PROBABILISTIC MODEL IS
PROPOSED AND HAS BEEN USED ��	 TO ANALYZE THE DIRECT
PROBLEM �#APIEZ
,ERNOUT � 3OIZE� ����	 AND ��	 TO
SOLVE THE INVERSE PROBLEM CONSISTING IN ESTIMATING THE
MANUFACTURING TOLERANCES REQUIRED SO THAT THE RANDOM
AMPLIlCATION FACTOR OF THE MISTUNED DISK HAS A PROBA

BILITY LEVEL LOWER THAN A GIVEN VALUE �#APIEZ
,ERNOUT
ET AL� ����A	� "ELOW� IT IS SHOWN HOW THE NONPARA

METRIC PROBABILISTIC APPROACH OF UNCERTAINTIES CAN BE
USED FOR CONSTRUCTING THE PROBABILITY DENSITY FUNCTION
OF THE AMPLIlCATION FACTOR DUE TO THE MISTUNING� 4HE
DETAILS CONCERNING THIS APPLICATION CAN BE FOUND IN
#APIEZ
,ERNOUT ET AL� �����A	�

�!	 � 4HE STRUCTURE UNDER CONSIDERATION
IS A WIDE CHORD SUPERSONIC FAN GEOMETRY� 4HE FAN
HAS BLADES� 4HE lNITE ELEMENT MODEL OF THE BLADED
DISK SHOWN IN &IG� �� IS CONSTITUTED OF SOLID ELE

MENTS AND THE MEAN MODEL HAS DEGREES OF
FREEDOM� %ACH SECTOR CONTAINS NODES WHICH COR

RESPONDS TO DEGREES OF FREEDOM� 4HE STRUCTURE

IS IN ROTATION AROUND ITS REVOLUTION AXIS WITH A CONSTANT
VELOCITY � 4HE FREQUENCY BAND OF ANALYSIS
FOR WHICH MISTUNING EFFECTS OCCUR IS �

�"	 � 4HE MEAN MODEL OF THE
STRUCTURE IS REDUCED BY THE SUBSTRUCTURING METHOD IN

TRODUCED BY "ENlELD � (RUDA �����	� 4HE EFlCIENCY
OF THIS METHOD HAS BEEN PROVED FOR MISTUNED INDUSTRIAL
BLADED DISKS WITH EACH BLADE CONSTITUTING A BRANCH
COMPONENT OF THE DISK SUBSTRUCTURE� %ACH BLADE IS RE

DUCED BY USING THE #RAIG � "AMPTON METHOD �#RAIG
� "AMPTON ����	� ! REDUCED MEAN MODEL OF THE
DISK WITH LOADED COUPLING INTERFACES IS CONSTRUCTED BY
MODAL ANALYSIS� )N ORDER TO CONNECT THE SUBSTRUCTURES�
THE DISPLACEMENT OF EACH BLADE ON THE COUPLING INTER

FACE IS PROJECTED ON THE DISK MODES BY USING THE CONTI

NUITY OF DISPLACEMENTS AT THE COUPLING INTERFACE� 4HE
REDUCED MEAN MODEL IS CONSTRUCTED WITH MODES
CONSTITUTED OF BLADE MODES PER EACH OF THE BLADES
�#RAIG "AMPTON	 AND MODES FOR THE LOADED DISK
�"ENlELD (RUDA	�

&IGURE ��� &INITE ELEMENT MESH FOR THE �� BLADES FAN STAGE

�#	

� "LADES UNCERTAINTIES ARE
DUE TO THE BLADE MANUFACTURING TOLERANCES� 4HE DIS

PERSION PARAMETER OF THE STIFFNESS MATRIX FOR EACH
BLADE IS AND HAS BEEN ESTIMATED FROM THE
TOLERANCES VALUES �#APIEZ
,ERNOUT ET AL�� ����	� 4HE
STOCHASTIC EQUATIONS ARE SOLVED WITH THE -ONTE #ARLO
NUMERICAL SIMULATION METHOD WITH REALIZATIONS
AND USING A HETERODYNE STRATEGY FOR COMPUTING THE
RANDOM VARIABLES IN ORDER TO ACCELERATE THE STOCHASTIC
CONVERGENCE� (ERE� THE AMPLIlCATION FACTOR OF A BLADE
IS RELATIVE TO ITS ELASTIC ENERGY� &OR A GIVEN FREQUENCY
IN � THE DYNAMICAL AMPLIlCATION FACTOR IS DElNED AS
THE MAXIMUM OVER THE BLADES OF THE ELASTIC ENERGY
OF THE FORCED RESPONSE OF EACH BLADE FOR THE MISTUNED
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SYSTEM� NORMALIZED WITH RESPECT TO THE TUNED SYSTEM�
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&IGURE ��� ��	 $YNAMICAL AMPLIlCATION FACTOR FOR THE TUNED SYSTEM
�DASHED LINE	� ��	 REALIZATION OF THE RANDOM DYNAMICAL AMPLIlCATION
FACTOR FOR THE MISTUNED SYSTEM AND FOR THE �� BLADES �THIN SOLID LINES	
AND ��	 REALIZATION OF THE MAXIMUM OVER THE �� BLADES OF THE RANDOM
DYNAMICAL AMPLIlCATION FACTOR FOR THE MISTUNED SYSTEM �THICK SOLID LINE	

&IGURE �� DISPLAYS� VERSUS THE FREQUENCY IN � THE
DYNAMICAL AMPLIlCATION FACTOR FOR THE TUNED SYSTEM�
A REALIZATION OF THE RANDOM DYNAMICAL AMPLIlCATION
FACTOR FOR EACH OF THE BLADES �FOR THE MISTUNED SYS

TEM	 AND THE REALIZATION CORRESPONDING TO THE MAXI

MUM OVER THE �� BLADES� &IGURE ��� WHICH IS ASSOCI

ATED WITH &IG� ��� SHOWS THE CORRESPONDING SPATIAL LO

CALIZATION OF THE VIBRATIONS INDUCED BY THE MISTUNING�
&IGURE �� DISPLAYS THE PROBABILITY DENSITY FUNCTION OF
THE MAXIMUM OVER BAND OF THE RANDOM DYNAMIC
AMPLIlCATION FACTOR FOR THE MISTUNED SYSTEM�

�$	 � 4HE PROPOSED APPROACH ALLOWS THE
ESTIMATION PROBABILITY DENSITY FUNCTION OF THE MAXI

MUM OF THE RANDOM AMPLIlCATION FACTOR DUE TO MIS

TUNING� I�E� INDUCED BY MANUFACTURING TOLERANCES�
4HE INVERSE PROBLEM WHICH CONSISTS IN lNDING THE
TOLERANCES IN ORDER THAT THE MAXIMUM OF THE RANDOM
DYNAMICAL AMPLIlCATION FACTOR BE LARGE THAN A GIVEN
VALUE WITH A GIVEN PROBABILITY LEVEL IS ANALYZED IN
�#APIEZ
,ERNOUT ET AL� ����	�
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&IGURE ��� ,OCALIZED VIBRATIONS OF THE MISTUNED SYSTEM� (ORIZONTAL
AXIS� BLADE NUMBER� 6ERTICAL AXIS� REALIZATION OF THE RANDOM DYNAMIC
AMPLIlCATION FACTOR FOR EACH BLADE FOR THE MISTUNED SYSTEM AND FOR THE
FREQUENCY FOR WHICH THE MAXIMUM IS REACHED�
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&IGURE ��� 0ROBABILITY DENSITY FUNCTION OF THE MAXIMUM OF THE RANDOM
DYNAMIC AMPLIlCATION FACTOR FOR THE MISTUNED SYSTEM�

���

4HIS APPLICATION DEALS WITH MODEL UNCERTAINTIES FOR A
PREDICTIVE MODEL IN TRANSIENT NONLINEAR DYNAMICS OF A
REACTOR COOLANT SYSTEM �072	 TO IDENTIFY AND QUAN

TIFY THE DESIGN MARGINS� 4HE NONLINEAR DYNAMICAL
SYSTEM IS COMPOSED OF A LINEAR DAMPED ELASTIC STRUC

TURE REPRESENTING THE REACTOR COOLING SYSTEM� 4HE
NONLINEARITIES ARE DUE TO RESTORING FORCES INDUCED BY
ELASTIC STOPS MODELING SUPPORTS OF THE REACTOR COOLING
SYSTEM� &OR GIVEN GAPS� THESE ELASTIC STOPS LIMIT THE
VIBRATION AMPLITUDES OF THE STEAM GENERATOR SYSTEM�
4HE DISPLACEMENT lELD OF THIS STRUCTURE IS CONSTRAINED
BY SEVERAL TIME
DEPENDENT $IRICHLET CONDITIONS CORRE

SPONDING TO SEISMIC LOADS OPERATING ON THE ANCHORS
OF THE REACTOR COOLING SYSTEM AND ELASTIC STOPS� 4HE
DETAILS OF THIS APPLICATION CAN BE FOUND IN $ESCELIERS
ET AL� �����	�

�!	 � 4HE REAL SYSTEM IS A MULTISUPPORTED
REACTOR COOLANT SYSTEM INSIDE A BUILDING �SEE &IG� ��	
SUBJECTED TO SEISMIC LOADS� 4HE STRUCTURE UNDER CON

SIDERATION �SEE &IG� ��	 IS A FOUR
LOOP REACTOR COOLANT
SYSTEM �$UVAL ET AL� ����	� %ACH LOOP IS CONSTITUTED
OF A REACTOR� A REACTOR COOLANT PUMP AND A STEAM GENER

ATOR �SEE &IG� ��	� 4HESE THREE ELEMENTS ARE CONNECTED
TO EACH OTHER BY THREE PRIMARY COOLANT PIPES� A HOT
LEG WHICH LINKS THE REACTOR WITH THE STEAM GENERATOR� A
COLD LEG WHICH LINKS THE REACTOR WITH A REACTOR COOLANT
PUMP AND AN INTERMEDIATE LEG WHICH LINKS THE REACTOR
COOLANT AND THE STEAM GENERATOR� )TS SUPPORTS CONSIST
IN ANCHORS LOCATED UNDER THE REACTOR COOLANT PUMPS�
THE STEAM GENERATORS AND THE COLD LEGS� $UE TO SEIS

MIC LOADS� THE DISPLACEMENTS OF ALL �� SUPPORTS ARE
CONSTRAINED BY TIME
DEPENDENT $IRICHLET CONDITIONS�
4HE VIBRATIONS OF EACH STEAM GENERATOR ARE LIMITED BY
THREE ELASTIC STOPS LOCATED AT THEIR CONNECTION POINT
WITH THE INTERMEDIATE LEG AND THE HOT LEG AND LOCATED
AT THE MIDDLE OF EACH STEAM GENERATOR� 4HESE ELASTIC
STOPS INDUCE NONLINEAR RESTORING FORCES� )N ADDITION�
THE SEVEN ELASTIC STOPS ARE SUBJECTED TO SEISMIC LOAD
AND CONSEQUENTLY� AT EACH STOP� THE DISPLACEMENTS ARE
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CONSTRAINED BY TIME
DEPENDENT $IRICHLET CONDITIONS�
%XCITATION IS THE GROUND MOTION DUE TO EARTHQUAKE
WHICH INDUCES ACCELERATIONS AT THE SUPPORTS OF THE
STRUCTURE CONSTITUTED OF THE REACTOR COOLANT SYSTEM�

&IGURE ��� 4HREE
DIMENSIONAL MODEL OF THE BUILDING CONTAINING THE
REACTOR COOLANT SYSTEM� WITH SOIL STRUCTURE INTERACTION�

&IGURE ��� &OUR LOOPS REACTOR COOLANT SYSTEM�

&IGURE ��� /NE LOOP CONSTITUTED OF THE REACTOR� A REACTOR COOLANT PUMP
AND A STEAM GENERATOR�

�"	 � 4HE MEAN lNITE ELEMENT MODEL OF
THE FOUR
LOOP REACTOR COOLANT SYSTEM IS CONSTITUTED OF

A CURVILINEAR lNITE ELEMENT MESH OF A STEAM GENERA

TOR� OF ONE LOOP AND OF THE FOUR
LOOP REACTOR COOLANT
SYSTEM AS SHOWN IN &IG� ��� 4HE STRUCTURE IS MULTI

SUPPORTED WITH �� SUPPORTS� 4HE lRST EIGENFREQUENCY
OF THE LINEAR SYSTEM �WITHOUT STOPS	 IS ��� (Z AND THE
EIGENFREQUENCY OF RANK ��� IS ��� (Z�

&IGURE ��� -EAN lNITE ELEMENT MODEL OF THE FOUR LOOPS REACTOR COOLANT
SYSTEM� CONSTITUTED OF A CURVILINEAR lNITE ELEMENT MESHES�

4HE MODEL UNCERTAINTIES ARE INDUCED BY THE INTRODUC

TION OF REDUCED KINETIC IN THE CONSTRUCTION OF THE MEAN
lNITE ELEMENT MODEL� &OR INSTANCE� THE STEAM GENER

ATOR �SEE &IG� ��	 IS MODELED BY THE CURVILINEAR lNITE
ELEMENT MODEL SHOWN IN THE lGURE�

&IGURE ��� %XAMPLE OF MODEL UNCERTAINTIES INDUCED BY THE INTRODUCTION
OF A REDUCED KINEMATIC�

�#	 � 4HE STRUCTURE WITH lXED
SUPPORTS HAS NO RIGID BODY MODES� 4HE TRANSIENT NON

LINEAR DYNAMICAL EQUATION IS USUALLY REDUCED BY USING
THE lRST STRUCTURAL MODES OF THE ASSOCIATED LINEAR DY

NAMICAL SYSTEM WITH lXED SUPPORTS AND WITHOUT STOPS�

�$	

� -ODEL UNCERTAINTIES AND DATA
UNCERTAINTIES FOR THE LINEAR PART OF THE DYNAMICAL SYS

TEM ARE TAKEN INTO ACCOUNT WITH THE NONPARAMETRIC
APPROACH FOR WHICH THE DISPERSIONS OF RANDOM GEN

ERALIZED MASS� DAMPING AND STIFFNESS MATRICES ARE

� $ATA UNCERTAINTIES FOR THE
NONLINEAR PART �ELASTIC STOPS	 ARE TAKEN INTO ACCOUNT
WITH THE PARAMETRIC APPROACH CONSISTING IN MODEL

ING THE STIFFNESS OF EACH STOP BY A 'AMMA RANDOM
VARIABLE WHOSE MEAN VALUE IS THE VALUE OF THE MEAN
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SYSTEM AND FOR WHICH THE DISPERSION IS �ALL ��
ELASTIC STOPS HAVE THE SAME DISPERSION	� 4HE -ONTE
#ARLO NUMERICAL SIMULATION IS USED FOR OBTAINING THE
RESPONSE OF THE NONLINEAR STOCHASTIC DYNAMICAL SYS

TEM� 3INCE THE STRUCTURE IS MULTISUPPORTED AND THE
NUMBER OF NONLINEAR ELASTIC STOPS IS LARGE� THE SOLU

TION IS VERY SENSITIVE TO THE VALUE OF THE INTEGRATION
TIME
STEP SIZE� &OR THE PRESENT COMPUTATIONS� THE
TIME
STEP WAS CHOSEN AS A CONSTANT INDEPENDENT
OF THE DIMENSION OF THE STOCHASTIC REDUCED MODEL�
&OR EACH REALIZATIONS OF THE -ONTE #ARLO NUMERICAL
SIMULATION � THE NONLINEAR DYNAMIC EQUATIONS WERE
SOLVED USING THE %ULER EXPLICIT STEP
BY
STEP INTEGRA

TION SCHEME WITH AND FOR A TOTAL TIME

� ! MEAN
SQUARE STOCHASTIC CONVERGENCE ANAL

YSIS HAS BEEN PERFOMED WITH RESPECT TO THE DIMENSION

OF THE STOCHASTIC REDUCED MODEL AND TO THE NUMBER
OF REALIZATIONS USED IN THE -ONTE #ARLO NUMERICAL

METHOD� -EAN
SQUARE CONVERGENCE WITH RESPECT TO
AND IS OBTAINED FOR AND � 4HE

RESULTS SHOWN IN &IG� �� CORRESPOND TO AND
� 4HIS lGURE DISPLAYS THE CONlDENCE REGION

OF THE 3HOCK 2ESPONSE 3PECTRUM �323	 AT THE MIDDLE
POINT OF ONE HOT LEG IN THE DIRECTION�

&IGURE ��� (ORIZONTAL AXIS IS THE FREQUENCY IN (ERTZ� 4HE VERTICAL
AXIS IS THE PSEUDO
ACCELERATION SPECTRUM NORMALIZED WITH RESPECT TO THE
GRAVITY ACCELERATION � 	� 4HE THICK SOLID LINE IS THE 323 OF
THE MEAN MODEL AND THE TWO THIN SOLID LINES ARE THE UPPER AND LOWER
ENVELOPES DElNING THE CONlDENCE REGION FOR A GIVEN PROBABILITY LEVEL
EQUAL TO �����

�%	 � 4HE CONSTRUCTION OF THE CONlDENCE
REGION OF THE RANDOM 323 PERMITS THE ANALYSIS OF
THE DESIGN MARGINS WITH MODEL UNCERTAINTIES AND DATA
UNCERTAINTIES� &OR INSTANCE� &IG� �� SHOWS THAT THE
MEAN MODEL IS VERY ROBUST FOR THE MAXIMUM OF THE
RESPONSE IN THE FREQUENCY BAND (Z AND LESS
ROBUST IN THE OTHER PART OF THE FREQUENCY BAND�

���

)N THIS SECTION� THE ROBUSTNESS OF THE NUMERICAL SIMULA

TION MODEL OF THE DYNAMICS OF AN AEROSPACE STRUCTURE
OF &IG� �� WITH RESPECT TO MODEL AND DATA UNCERTAINTIES

IS PRESENTED� $ATA UNCERTAINTIES ARE INTRODUCED USING
THE PARAMETRIC PROBABILISTIC APPROACH� -ODEL AND
DATA UNCERTAINTIES ARE ALSO ANALYZED WITH THE NONPARA

METRIC PROBABILISTIC APPROACH PROPOSED IN THIS PAPER�
! SUMMARY OF THE RESULTS IS PRESENTED BELOW� DETAIL
CAN BE FOUND IN #APIEZ
,ERNOUT ET AL� �����B	 AND IN
0ELLISSETTI �����	�

�!	 � 4HE MEAN lNITE ELEMENT MODEL IS
CONSTRUCTED BY SUBDOMAINS WITH � SUBDOMAINS� THE
SATELLITE HAVING ��� ��� $/&� THE � SOLID PROPELLANT
BOOSTERS �� ��� $/& EACH� THE MAIN STAGE � ��� $/&
AND lNALLY� THE UPPER COMPOSITE �� ��� $/&� 4HE
TOTAL lNITE ELEMENT MODEL OF THE AEROSPACE STRUCTURE
HAS THUS ��� ��� $/&� 4HE EXTERNAL EXCITATION OF THE
MECHANICAL SYSTEM IS A HARMONIC DRIVEN FORCE APPLIED
IN THE TRANSVERSAL DIRECTION � 
AXIS	 TO THE LAUNCHER
AXIS� 4HE FREQUENCY BAND OF ANALYSIS IS (Z� 4HE
OBSERVATION IS THE DISPLACEMENT AT THE END SECTION OF
THE BEAM CONNECTED TO THE SOLAR PANEL AND IS DENOTED
BY �OBS� IN &IG� ���

�"	 � 4HE DYNAMIC SUBSTRUCTUR

ING TECHNIQUE �#RAIG � "AMPTON� ����	 IS USED TO
CONSTRUCT THE REDUCED MEAN MODEL� EACH SUBDOMAIN
BEING A SUBSTRUCTURE �� SUBSTRUCTURES	�

�#	
� )N THIS APPLICATION� ONLY THE SATELLITE IS

CONCERNED BY DATA UNCERTAINTIES� 4HERE ARE ���� UN

CERTAIN PARAMETERS WHICH ARE MODELED BY MUTUALLY
INDEPENDENT REAL
VALUED RANDOM VARIABLES� 4HE MEAN
VALUE OF EACH RANDOM VARIABLE IS EQUAL TO THE VALUE
OF THE CORRESPONDING PARAMETER OF THE MEAN MODEL�
4HE COEFlCIENT OF VARIATION OF EACH RANDOM VARIABLE
BELONGS TO THE RANGE � %ACH PROBABILITY DIS

TRIBUTION IS LOG
NORMAL OR NORMAL DEPENDING ON THE
NATURE OF THE RANDOM PARAMETER WHICH IS MODELED�

�$	
� 4HE NONPARAMETRIC APPROACH

PRESENTED IN 3ECTION � IS APPLIED TO THE REDUCED MEAN
MODEL OF THE SATELLITE WHICH IS CONSIDERED AS A SUB

STRUCTURE� -ODEL UNCERTAINTIES ARE TAKEN INTO AC

COUNT FOR THE MASS� DAMPING AND STIFFNESS OPERATORS�
4HE DISPERSION PARAMETERS OF THE RANDOM GENERALIZED
MASS� DAMPING AND STIFFNESS MATRICES RELATED TO THE
SATELLITE SUBSTRUCTURE ARE IDENTIlED USING THE DISPER

SION OF THE PARAMETRIC PROBABILISTIC MODEL AS FOLLOWS�
,ET PAR AND NONPAR BE THE LOWEST RANDOM EIGENFRE

QUENCIES OF THE STOCHASTIC SYSTEM �THE SATELLITE IN THE
FREE
FREE CONDITION	 CONSTRUCTED WITH THE PARAMETRIC
APPROACH AND THE NONPARAMETRIC ONE RESPECTIVELY� 4HE
DISPERSION PARAMETERS NONPAR AND NONPAR OF THE GENER

ALIZED MASS AND STIFFNESS RANDOM MATRICES ARE IDENTI

lED FOR MINIMIZING THE DISTANCE BETWEEN THE PROBABIL

ITY DENSITY FUNCTION OF PAR AND THE PROBABILITY DENSITY
FUNCTION OF NONPAR� 4HE IDENTIlCATION OF THE DISPERSION
PARAMETER NONPAR FOR THE RANDOM GENERALIZED DAMP

ING MATRIX IS PERFORMED BY MINIMIZING THE DISTANCE
BETWEEN THIS RANDOM MATRIX AND THE CORRESPONDING
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RANDOM MATRIX CONSTRUCTED WITH THE PARAMETRIC PROB

ABILISTIC APPROACH� 4HE RESULTS OF THIS IDENTIlCATION
ARE NONPAR � NONPAR AND NONPAR

�5#	

�%!0-	
�%0#	

�%!00	

3ATELLITE

�5#	

�%!0-	
�%0#	
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&IGURE ��� -EAN lNITE ELEMENT MODEL OF THE AEROSPACE STRUCTURE CON

STITUTED OF THE STATELLITE COUPLED WITH THE LAUNCHER�

X

Y

Z

obs

X

Y

Z

&IGURE ��� &INITE ELEMENT MODEL OF THE SATELLITE�

�%	
� &IG


URE �� DISPLAYS THE CONlDENCE REGION OF THE RANDOM
DISPLACEMENT FOR THE OBSERVATION COMPUTED WITH THE
NONPARAMETRIC PROBABILISTIC APPROACH OF MODEL UNCER

TAINTIES AND DATA UNCERTAINTIES� )T CAN BE CONCLUDED
THAT THE NUMERICAL MODEL IS ROBUST WITH RESPECT TO
MODEL UNCERTAINTIES AND DATA UNCERTAINTIES IN THE LOW

FREQUENCY BAND ;� � ��= (ERTZ� 4HE SENSITIVITY OF THE
MODEL TO UNCERTAINTIES INCREASES WITH THE FREQUENCY�
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&IGURE ��� 2ANDOM DISPLACEMENT FOR THE OBSERVATION �IN D"	 CALCULATED
WITH THE NONPARAMETRIC PROBABILISTIC APPROACH OF MODEL UNCERTAINTIES

AND DATA UNCERTAINTIES� 2ESPONSE OF THE MEAN MODEL �THICK SOLID LINE	�
-EAN VALUE OF THE RANDOM RESPONSE�THIN SOLID LINE	� #ONlDENCE REGION
FOR PROBABILITY LEVEL ���� �GRAY REGION	�

4HE ROBUSTNESS OF THE NUMERICAL MODEL WITH RESPECT
TO DATA UNCERTAINTIES AND MODEL UNCERTAINTIES CAN BE
ANALYZED FROM &IGS� �� AND ��� &IGURE �� DISPLAYS
THE DISPLACEMENT FOR THE OBSERVATION �IN D"	 WHICH IS
CALCULATED WITH THE PARAMETRIC PROBABILISTIC APPROACH�
)T CAN BE SEEN THAT THE ROBUSTNESS WITH RESPECT TO DATA
UNCERTAINTIES IS NOT CONSTANT IN THE FREQUENCY BAND
;��� ��= (ERTZ �SEE &IG� ��	� IS SMALL IN THE FREQUENCY
BANDS ;��� ��= AND ;�� � ��= (ERTZ AND IS LARGER IN THE
FREQUENCY BAND ;�� � ��= (ERTZ� &IGURE �� �WHICH IS
A ZOOM OF &IG� �� IN THE FREQUENCY BAND ;�� � �� =
(ERTZ	 SHOWS THE ROBUSTNESS OF THE NUMERICAL MODEL
WITH RESPECT TO MODEL UNCERTAINTIES AND DATA UNCER

TAINTIES� )T CAN BE SEEN THAT THIS ROBUSTNESS DECREASES
WITH THE FREQUENCY IN THE BAND ;��� ��= (ERTZ� #OM

PARING &IGS� �� AND ��� IT CAN BE CONCLUDED THAT THE
NUMERICAL MODEL IS LESS ROBUST WITH RESPECT TO MODEL
UNCERTAINTIES THAN WITH RESPECT TO DATA UNCERTAINTIES IN
THE FREQUENCY BAND ;��� ��=� (ERTZ�
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TAINTIES AND DATA UNCERTAINTIES� 2ESPONSE OF THE MEAN MODEL �THICK SOLID
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���

4HE OBJECTIVE OF THIS APPLICATION IS TO ANALYZE ROBUST

NESS OF NUMERICAL VIBROACOUSTIC FREQUENCY RESPONSE
FUNCTIONS �&2&	 OF A CAR WITH RESPECT TO MODEL AND DATA
UNCERTAINTIES� 4HE DETAILS CONCERNING THE METHODOL

OGY OF THIS APPLICATION CAN BE FOUND IN $URAND ET AL�
�����	�

�!	 � 4HE
MEAN lNITE ELEMENT MODEL IS CONSTRUCTED WITH � SUB

DOMAINS� 4HE lRST SUBDOMAIN IS THE STRUCTURE �CAR
BODY	 AND ITS lNITE ELEMENT MODEL �SEE &IG� ��	 HAS

DEGREES OF FREEDON DISCRETIZING THE DISPLACE

MENT lELD �DISPLACEMENTS AND ROTATIONS	� 4HE SECOND
SUBDOMAIN IS THE INTERNAL ACOUSTIC CAVITY AND ITS lNITE
ELEMENT MODEL �SEE &IG� ��	 HAS DEGREES OF FREE

DOM �PRESSURE	� 4HE TWO MESHES ARE NOT COMPATIBLE
ON THE VIBROACOUSTIC COUPLING INTERFACE� 4HE EXCITA

TION IS CONSTITUTED OF FORCES APPLIED TO ENGINE SUPPORTS
�BOOMING NOISE EXCITATION	� 4HE FREQUENCY BAND OF
ANALYSIS IS RPM �ROTATION PER MINUTE	�

&IGURE ��� -EAN lNITE ELEMENT OF THE STRUCTURE �CAR BODY	�

&IGURE ��� -EAN lNITE ELEMENT MODEL OF THE INTERNAL ACOUSTIC CAVITY
WITH INCOMPATIBLE MESH ON THE ACOUSTIC
STRUCTURE COUPLING INTERFACE�

�"	 � 4HE VIBROACOUSTIC EQUA

TIONS �MEAN MODEL	 ARE REDUCED USING THE STRUCTURAL
MODES OF THE STRUCTURE �CAR BODY	 AND THE
ACOUSTICS MODES OF THE INTERNAL ACOUSTIC CAVITY WITH
lXED VIBROACOUSTIC COUPLING INTERFACE�

�#	
� 4HE NONPARAMETRIC PROBA


BILISTIC APPROACH PRESENTED IN 3ECTION � IS EXTENDED TO
THE REDUCED MEAN MODEL OF THE VIBROACOUSTIC SYSTEM�
&OR THE STRUCTURAL UNCERTAINTIES� IT IS ASSUMED THAT THE
LEVELS OF UNCERTAINTIES FOR THE MASS� DAMPING AND STIFF

NESS ARE THE SAME� WHICH MEANS THAT �
&OR THE ACOUSTIC CAVITY UNCERTAINTIES� IT IS ALSO ASSUMED
THAT THE LEVELS OF UNCERTAINTIES FOR THE mUID �MASS��
�DAMPING� AND �STIFFNESS� ARE THE SAME� WHICH MEANS
THAT � &INALLY� FOR THE VIBROACOUSTIC
COUPLING UNCERTAINTIES� THE GENERALIZED COUPLING RAN

DOM MATRIX IS MODELED USING THE ENSEMBLE OF RANDOM
MATRICES DElNED IN 3ECTION �����	 AND FOR WHICH THE
UNCERTAINTY LEVEL IS CONTROLLED BY THE PARAMETER �

�$	
� "E


LOW� THE LEVELS ARE IN � )N EACH lGURE� � GRADUATION
CORRESPONDS TO ON PLOTS� &OR THE STRUCTURE� THE
OBSERVATION IS A DISPLACEMENT WITH
AND FOR THE INTERNAL NOISE� IT IS A PRESSURE WITH

IN WHICH IS A CONSTANT
AND � &OR THE FREQUENCY BAND OF ANAL

YSIS CONSIDERED� STOCHASTIC CONVERGENCE IS REACHED FOR
��� STRUCTURAL MODES� �� ACOUSTICAL MODES� AND ���
REALIZATIONS IN THE -ONTE #ARLO NUMERICAL SIMULATION�

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

&IGURE ��� 2OBUSTNESS WITH RESPECT TO STRUCTURE UNCERTAINTIES� .ORMAL
DISPLACEMENT AT THE CENTER OF A mEXIBLE STRUCTURAL ELEMENT �CAR ROOF	 IN
D"� -EAN MODEL �THICK SOLID LINE	� -EAN VALUE OF THE RANDOM RESPONSE
�THIN SOLID LINE	� #ONlDENCE REGION WITH PROBABILITY LEVEL ���� �GRAY
REGION	� /NE GRADUATION ON THE VERTICAL AXIS CORRESPONDS TO �

&IGURES �� AND �� ARE RELATED TO THE ROBUSTNESS OF
THE STRUCTURAL VIBRATIONS OF THE VIBROACOUSTIC SYSTEM
WITH STRUCTURAL UNCERTAINTIES �MODEL UNCERTAINTIES AND
DATA UNCERTAINTIES	� WITHOUT VIBROACOUSTIC COUPLING
UNCERTAINTIES AND WITHOUT ACOUSTIC CAVITY UNCERTAIN

TIES� &IGURE �� DISPLAYS THE NORMAL DISPLACEMENT AT
THE CENTER OF A mEXIBLE STRUCTURAL ELEMENT �CAR ROOF	
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IN � 4HE ROBUSTNESS WITH RESPECT TO STRUCTURE UN

CERTAINTIES IS SMALL� &IGURE �� DISPLAYS THE NORMAL
DISPLACEMENT AT THE CENTER OF A STIFF STRUCTURAL ELEMENT
LOCATED BETWEEN THE ACOUSTIC CAVITY AND THE ENGINE�
&OR THIS STRUCTURAL ELEMENT� THE ROBUSTNESS WITH RESPECT
TO STRUCTURE UNCERTAINTIES IS HIGHER�

1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

&IGURE ��� 2OBUSTNESS OF THE STRUCTURE RESPONSE WITH RESPECT TO STRUCTURE
UNCERTAINTIES� .ORMAL DISPLACEMENT AT THE CENTER OF A STIFF STRUCTURAL
ELEMENT IN D"� -EAN MODEL �THICK SOLID LINE	� -EAN VALUE OF THE
RANDOM RESPONSE �THIN SOLID LINE	� #ONlDENCE REGION WITH PROBABILITY
LEVEL ���� �GRAY REGION	� /NE GRADUATION ON THE VERTICAL AXIS CORRESPONDS
TO �

&IGURES �� AND �� ARE RELATED TO ROBUSTNESS OF INTER

NAL NOISE FOR THE VIBROACOUSTIC SYSTEM WITH RESPECT TO
UNCERTAINTIES �MODEL UNCERTAINTIES AND DATA UNCERTAIN

TIES	� &IGURE �� AND �� DISPLAY THE ACOUSTIC PRESSURE
AT THE DRIVER EARS IN D"�"	� &IGURE �� IS RELATED TO
STRUCTURE� VIBROACOUSTIC COUPLING AND ACOUSTIC CAVITY
UNCERTAINTIES WHILE &IG� �� IS ONLY RELATED TO STRUCTURE
UNCERTAINTIES�
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&IGURE ��� 2OBUSTNESS OF THE INTERNAL NOISE WITH RESPECT TO STRUCTURE�
VIBROACOUSTIC COUPLING AND ACOUSTIC CAVITY UNCERTAINTIES� !COUSTIC PRES

SURE IN D"�"	 AT THE DRIVER EARS� -EAN MODEL �THICK SOLID LINE	� -EAN
VALUE OF THE RANDOM RESPONSE �THIN SOLID LINE	� #ONlDENCE REGION WITH
PROBABILITY LEVEL ���� �GRAY REGION	� /NE GRADUATION ON THE VERTICAL AXIS
CORRESPONDS TO �
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&IGURE ��� 2OBUSTNESS OF THE INTERNAL NOISE WITH RESPECT TO STRUCTURE
UNCERTAINTIES� !COUSTIC PRESSURE IN D"�"	 AT THE DRIVER EARS� -EAN
MODEL �THICK SOLID LINE	� -EAN VALUE OF THE RANDOM RESPONSE �THIN SOLID
LINE	� #ONlDENCE REGION WITH PROBABILITY LEVEL ���� �GRAY REGION	� /NE
GRADUATION ON THE VERTICAL AXIS CORRESPONDS TO �

� #/.#,53)/.3

)N THIS PAPER� A NONPARAMETRIC PROBABILISTIC APPROACH
HAS BEEN PROPOSED TO TAKE INTO ACCOUNT MODEL UNCER

TAINTIES AND DATA UNCERTAINTIES IN COMPUTATIONAL ME

CHANICS� )T IS SHOWN WITH A SIMPLE EXAMPLE THAT THE
USUAL PARAMETRIC PROBABILISTIC APPROACH ALLOWS DATA
UNCERTAINTIES TO BE ANALYZED BUT DOES NOT ALLOW MODEL
UNCERTAINTIES TO BE TAKEN INTO ACCOUNT� !N ADDI

TIONAL EXPERIMENTAL VALIDATION OF THE APPROACH PRO

POSED IS GIVEN� &OUR INDUSTRIAL APPLICATIONS IN COM

PUTATIONAL MECHANICS HAVE BEEN PRESENTED IN DIFFERENT
lELDS SHOWING THE INTEREST OF SUCH AN APPROACH� LINEAR
DYNAMICS OF A MISTUNED BLADED DISK DUE TO MANUFAC

TURING TOLERANCES� IDENTIlCATION AND QUANTIlCATION OF
THE DESIGN MARGINS IN NONLINEAR DYNAMICS OF A REACTOR
COOLANT SYSTEM� ROBUSTNESS ANALYSIS OF THE NUMERI

CAL SIMULATION MODEL WITH RESPECT TO MODEL AND DATA
UNCERTAINTIES IN DYNAMICS OF A SPATIAL STRUCTURE AND l

NALLY� ROBUSTNESS ANALYSIS OF NUMERICAL VIBROACOUSTIC
&2& OF CARS WITH RESPECT TO MODEL AND DATA UNCERTAIN

TIES�

2%&%2%.#%3

"ENlELD� 7�!� � (RUDA� 2�&� ����� 6IBRATION !NALYSIS OF
3TRUCTURES BY #OMPONENT -ODE 3UBSTITUTION�

6OL� ��.O� �	� ����
�����
"LADH �2�� #ASTANIER� -�0� � 0IERRE�#� ����� #OMPONENT


-ODE
"ASED 2EDUCED ORDER -ODELING 4ECHNIQUES FOR -IS

TUNED "LADED $ISKS
0ART �� 4HEORETICAL -ODELS�

6OL� ����.O�
�	� ��
���

#APIEZ
,ERNOUT� %� � 3OIZE� #� ����� .ONPARAMETRIC MOD

ELING OF RANDOM UNCERTAINTIES FOR DYNAMIC RESPONSE OF
MISTUNED BLADED DISKS�

6OL� ����.O� �	� ���
����
#APIEZ
,ERNOUT� %�� 3OIZE� #�� ,OMBARD� *�
0�� $UPONT� #�

� 3EINTURIER� %� ����A� "LADE MANUFACTURING TOLERANCES
DElNITION FOR A MISTUNED INDUSTRIAL BLADED DISK�

6OL� ����.O�
�	�
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#APIEZ
,ERNOUT� %�� 0ELLISSETTI� -�� 0RADLWARTER� (�� 3CHU�EL

LER� '�)� � 3OIZE� #� ����B� $ATA AND MODEL UNCERTAIN

TIES IN COMPLEX AEROSPACE ENGINEERING SYSTEMS�

�SUBMITTED IN $ECEMBER ����	�
#ASTANIER� -�0�� /TTARSON� '� � 0IERRE� #� ����� ! 2EDUCED

/RDER -ODELING 4ECHNIQUE FOR -ISTUNED "LADED $ISKS�
6OL� ����.O�

�	� ���
����
#HEBLI� (� � 3OIZE� #� ����� %XPERIMENTAL VALIDATION OF A

NONPARAMETRIC PROBABILISTIC MODEL OF NON HOMOGENEOUS
UNCERTAINTIES FOR DYNAMICAL SYSTEMS�
6OL� ����.O� �	� ���
����

#HEN� #�� $UHAMEL� $� � 3OIZE� #� ����� 5NCERTAINTIES IN
STRUCTURAL DYNAMICS FOR COMPOSITE SANDWICH PANELS�

� ����
�����
#HEN� 0� #� 3OROKA� 7� 7� ����� -ULTI
DEGREE DYNAMIC

RESPONSE OF A SYSTEM WITH STATISTICAL PROPERTIES�
6OL� ���.O� �	� ���
����

#RAIG� 2�2� � "AMPTON� -�-� ����� #OUPLING OF SUBSTRUC

TURES FOR DYNAMICAL ANALYSIS� 6OL� ��
����
�����

$ESCELIERS� #�� 3OIZE� #� � #AMBIER� 3� ����� .ON
PARAME

TRIC
PARAMETRIC MODEL FOR RANDOM UNCERTAINTIES IN NONLIN

EAR STRUCTURAL DYNAMICS 
 !PPLICATION TO EARTHQUAKE ENGI

NEERING�

6OL� ���.O� �	� ���
����
$ITLEVSEN� /� 4ARP
*OHANSEN� .� *� ����� #HOICE OF INPUT

lELDS IN STOCHASTIC lNITE ELEMENTS�
6OL� ���.O� �
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���

$UCHEREAU� *� � 3OIZE�#� ����� 4RANSIENT DYNAMICS IN STRUC
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PLEX JOINTS� �
)N PRESS�

$URAND� *�
&�� 'AGLIARDINI� ,� � 3OIZE� #� ����� 2ANDOM
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TIONS OF CARS�

� ����
�����
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��
���
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