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POTENTIALS AND APPLICATION TO CONCENTRATION FOR RANDOM
MATRICES
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ABSTRACT. Talagrand’s inequalities provide a link between two fundamentals concepts of proba-
bility: transportation and entropy. The study of the counterpart of these inequalities in the context
of free probability has been initiated by Biane and Voiculescu and later extended by Hiai, Petz and
Ueda for convex potentials. In this work, we prove a free analogue of a result of Bobkov and Gotze
in the classical setting, thus providing free transport-entropy inequalities for a very natural class of
measures appearing in random matrix theory. These inequalities are weaker than the ones of Hiai,
Petz and Ueda but still hold beyond the convex case. We then use this result to get a concentration
estimate for 8-ensembles under mild assumptions on the potential.
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1. INTRODUCTION

1.1. Classical transport-entropy inequalities. In transportation theory, an important achieve-
ment was the proof by Talagrand in [Tal96] of the fact that the standard Gaussian measure y in R”
satisfies the transport-entropy inequality T5(2) (named after Talagrand). We say that a probability
measure ;4 on R” satisfies the inequality 7),(C') for some C > 0 if, for any probability measure v on
R,

2
Wy (v, p) < CH(v|p),
where

o Wy(u,v) is the Wassertein distance of order p with respect to the Euclidean distance on R"
between the two probability measures p and v, that is

P
WP(AUJ? V) = inf {/ |,I - y|pdﬂ-(w’y);ﬂ-0 =K, T = V} )
(R™)2

with my and 7 respectively the first and second marginals of .
e H(:|u) is the (classical) relative entropy with respect to u, that is

me:/m<%>w

if v is absolutely continuous with respect to p and +oo otherwise. If p is the Lebesgue
measure on R™, H(-|u) is just called the classical entropy and denoted by H ().

These inequalities give very important informations on measures that satisfy them since they are
related to concentration properties and allow to deduce precise deviation estimates starting from
a large deviation principle (see the work of Gozlan and Léonard [GL10| for a discussion on these
topics as well as an excellent review of the advances during the past decade in this field).

After the result of Talagrand, a lot of attention was devoted to prove similar inequalities beyond
the Gaussian case; we will review only a few of them. It was proved by Otto and Villani in [OV00]
that any probability measure u satisfying a log-Sobolev inequality with constant C also satisfies the
inequality 75(C). In particular, let  be a probability measure of the form du(z) = e~V ®)dz, for
some potential V satisfying Hess V' > kId > 0. In that case, for any probability measures v on R",

W3 (v, ) < SH () (1.1)

as if Hess V' > kld > 0, then the measure du(x) = e~V @) dx satisfies a log-Sobolev inequality with
constant 2/k.

There has been some attempts (e.g. [CG06, CGW10]) to generalise this results to potentials V'
that are no longer strictly convex but the criteria that have been obtained are quite difficult to
handle.

Furthermore, it seems that there is little room for improvements of the result of Otto and Villani
since the inequality 75 implies Poincaré inequality for . Thus it is impossible to hope for a measure
1 that does not have a connected support to satisfy an inequality 75 since such measures does not
satisfy Poincaré inequality. For such measures, one can be interested in the inequality 77. Note that
this inequality 77(C) is weaker than T5(C) by a direct application of Cauchy-Schwarz inequality.
The benefit is that the criteria for T} are much easier to handle. In particular, in [BG99], Bobkov
and Gotze proved that a probability measure p satisfies 77 (2C) if and only if,

2
113,

/ef(m)d,u(x) <et 2
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for all Lipschitz function f such that | fdu = 0 (with || f|| i, denoting the Lipschitz constant of f).
Later, Djellout, Guillin and Wu proved in [DGWO04| that this condition was equivalent to the quite
easy to handle condition that there exists o > 0 and x( such that

/exp(ad(w,mo)Q)du(x) < +00.

One can see on this latter expression that compactly supported measures automatically satisfy a
T inequality. Besides, if p is a measure of density exp(—V (x)) with V(z) ~ |z|¢ for large =, then
w satisfies T if and only if d > 2 (note the similar condition appearing in Hypothesis 1.1 below).

1.2. Free transport-entropy inequalities. We review hereafter some results in the literature
that are the analogues in the free probability context of the inequality 75 previously discussed. We
assume that the reader has some minimal background in free probability, that can be found for
example in [AGZ10].

In the free probability context, the semi-circle law, also called Wigner law, given by do(z) =
%\/4 — 221 [_5 9)(2)dz can for many reasons be seen as the free analogue of the standard Gaussian
distribution. Therefore it is natural to ask whether the semi-circle law satisfies a free analogue
of the transport-entropy inequality 75, with the entropy replaced by the free entropy defined by
Voiculescu (see [Voi02] for a quick review). A positive answer to this question was given by Biane
and Voiculescu in [BVO01] : they showed that for any compactly supported probability measure v,

Wi, 0) < 25(v),
where ¥ is the free entropy with respect to o (called free entropy adapted to the free Ornstein-
Uhlenbeck process in [BVO01]).
The free entropy was introduced in whole generality (even for multivariate tracial states) by

Voiculescu, it is a profound and quite complicated object but luckily in the one dimensional setting,
one can give the following explicit expression for the free entropy with respect to o :

S(v) = %/xQdy(x) - // In |z — yldv(z)dv(y) — Z (1.2)

As we said that the semi-circle law o is the analogue of the Gaussian law, one can now wonder
what are the free analogues py of the classical measures of the form e~V (®)dz. To define those
probability measures py, we need to look at the probability measures defined on the space of N by
N Hermitian matrices by:

dpdy (X) o< exp(=NtrV (X))dN X
where dV X is the Lebesgue measure on the space of Hermitian matrices. In the sequel, we will
assume that the potential V' satisfies

Hypothesis 1.1. V is continuous and liminf ;| % > 0.

It ensures for example the existence of a normalising constant such that ,u]‘y becomes a probability
measure. Note that this hypothesis is a little more restrictive than the usual growth requirement
for this model but seems necessary for our result. If the matrix X*V is distributed according to the
law ,u]‘y then the joint law of the eigenvalues of XV is the following :

N 2 Y Hﬁvz1 dz;
Pv(d:cl,...,d:cN):H|xi—:cj| exp | —N E V(x;) N

i<j i=1 Vv
with Z‘Jy a normalising constant. This can be seen as the density of a Coulomb gas, that is N

particles in the potential NV with a repulsive electrostatic interaction. Under the law ]P’{\/[ , the
particles z1,...,zx tend to be near the minima of V but due to the Vandermonde determinant
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they can not be too close from each other. The study of how these two effects reach an equilibrium
is a difficult, yet well studied one. We recall hereafter a few facts about their behaviour. First, if
we introduce the empirical measure fiy := % Zfil 0z,, the density of Pg can be written as

Hi\;1 dx;

PY (dz1,...,dvy) = exp(—N2Jy (fin)) 7N
1%

with, for any probability measure u,
Tt = [ Vieu) - [[ e — )i
zFy

One can expect that in the large N limit, the eigenvalues should organise according to the
minimiser of this functional. We recall hereafter a result of the classical theory of logarithmic
potentials which will define the family of measures py, which are the analogues in the free probability
setting to the probability measures of the form e~V (®)dz. This result is Theorem 1.3 in Chapter 1 of
[ST97| simplified by the use of Theorem 4.8 in the same chapter which implies the continuity of the
logarithmic potential. The books [AGZ10| and [Dei99] also give presentation of similar results, in
a perspective closer to random matrix theory but later on we will need some more involved results
of the book of Saff and Totik so we try not to drift too much away from their notations. Let us
denote, for X a Polish space, by P(X) the set of probability measures on X.

Theorem 1.1 (Equilibrium measure of a potential). Let V' be a function satisfying Hypothesis 1.1.
Define for u in P(R),

I = [ Vieuta) = [[ e = yldnte)dnto)

with the convention Jy(u) = +0o as soon as [ Vdu = +oo. Then cy = inf,cpm) Jv(v) is a finite
constant and the minimum of Jy is achieved at a unique probability measure py called equilibrium
measure which has a compact support. Besides, if we define the logarithmic potential of uy as

Upy () = —/ln |z — ylduy (y),

for all x € C then Uy, is finite and continuous on C and py is the unique probability measure on
R for which there exists a constant Cy such that:

—2U,, () + Cy < V(x) for all z in C.
—2U,, () + Cy =V (x) for all x in the support of

Cy is related to cy by the formula Cy = 2cy — [V (z)dpy ().
This allows to define the free entropy relative to the potential V' as follows : for any u € P(R),
Yv(p) = Jv(p) —cv = Jv(p) — Jv(py).

This quantity is always positive and vanishes only at py. One can check that the functional X
introduced in (1.2) coincides with X2 5.

Let us make a few remarks on the functional Xy . First, Theorem 1.1 studies the optimum for the
functional Jy but not how it is related to a typical distribution of x;’s under the law ]P’{\/[ . This is
the goal of the work of Ben Arous and Guionnet [BAG97]| (see also the book [AGZ10] for a slightly
different point of view), from which we want to recall the following result, that will be useful in the
sequel.
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Theorem 1.2 (Large deviations for the empirical measure). Let V' be a function satisfying Hy-
pothesis 1.1. Under the law ,ug, the sequence of random measures [ty satisfies a large deviation
principle in the speed N? with good rate function Ly .

We refer the reader not familiar with the theory of large deviations to [DZ10|. By comparison to
Sanov theorem where the classical relative entropy appears as a good rate function, this result can
be seen as a justification of the name "free relative entropy” for >y .

Another reason is that Xy appears as a limit of classical relative entropy. Indeed, under some
additional assumptions on V' and W, we have

1
lin =5 H iy 17) = S (pw)-

A precise statement and a proof of this convergence will be given within the proof of Proposition
2.4 where it is needed.

We can now state a generalisation of the result of Biane and Voiculescu, which can be seen as a
free analogue of the classical result (1.1). It was first proved by Hiai, Petz and Ueda in [HPU04|
using random matrix approximations and classical inequalities. Let V be a strictly convex function
with V”(x) > k > 0 on R. Then, for any probability measure v

2
W3 (v, i) < ~Bv(u).

The same result was later proved in a very direct way by Ledoux and Popescu [LP09].

Finally, let us finish this quick review by mentioning two interesting directions that could extend
these works. First, in view of this result and the one by Otto and Villani, a natural question is
to ask whether a free analogue of the log-Sobolev inequality (see the work of Biane [Bia03| for the
construction of such an object) is sufficient to obtain a free transport inequality. While the methods
of [BVO01] have some similarities with the ones of [OV00] this remains an open problem.

Another natural extension of these results would be to look at the multivariable case. As pointed
out above, in several variables, the free entropy is a much more difficult object to handle and
the theory of non-commutative transport is still at its beginning. The recent paper of Guionnet
and Shlyakhtenko |[GS12] gives some basis and highlights many pitfalls of this theory. Still, the
Wasserstein distance is still well defined and in some cases such as a n-uple of semi-circular variables
one can define a notion of free relative entropy. In [BD12|, Biane and Dabrowski prove a version of
the free Talagrand inequality for a n-uple of semi-circular variables.

1.3. Statement of the free 7} inequality. The problem we want to address in this work is to
prove a free analogue of the result of Bobkov and Goétze, thus providing free transport-entropy
inequality for measures py beyond the case of convex potentials which was treated in the work
of Hiai, Petz and Ueda. As pointed out above, even in the classical context, there is no reason
for measures coming non-convex potentials to satisfy 75. Thus we will prove an analogue to the
inequality 77. Our main result can be stated as follows

Theorem 1.3 (Free T} inequality). Let V' be a function satisfying Hypothesis 1.1. Then there exists
a constant By such that, for any probability measure v on R,

Wi (v, pv) < ByEv(v).

Let us make a quick remark on the role on Hypothesis 1.1. It is not hard to check that the result
is trivially false if V is negligible with respect to z2. Indeed, if v, is the uniform law on [n;n + 1],
as py is compactly supported, Wi (vp, uy)? is equivalent to n? but Xy (v,) grows like v,(V) which
would be less than quadratic.
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A natural strategy to try to prove this theorem, following the idea [HPUO04], is to look at a finite
dimensional approximation by matrix models. The issue with this approach is that while for the
classical T, inequality the constant in front of the entropy is explicitly related to the potential and
behave nicely when the dimension increases, this is no longer the case for 77. In [BV05], Bolley and
Villani managed to explicitly link the constant to the potential but when applied in this case the
constant deteriorates very quickly with the dimension. Thus we will need some new tools to get our
results. The main ingredients that we will use to adapt the proof of Bobkov and Goétze is potential
theory.

Since Theorem 1.3 is only stated for measures of the form uy/, one may have the false impression
that it is restricted to this particular case. In fact it is relevant for a quite large class of measures. A
difficulty is that one may want to think of the functional 3y as the entropy relative to the measure
uy but we must be careful since different V’s can lead to the same equilibrium measure while
defining different notions of this relative entropy.

The first step is to get rid of this dependence on the potential. Let u be a probability measure
with a compact support S, in R such that its logarithmic potential U, (z) = — [In|z — y|du(y)
exists and is continuous on C. Then the potential V() = —2U,,(z)+ (d(z, S,,))? satisfies Hypothesis
1.1 and using Theorem 1.1 it is easy to see that uy = p.

Now if we look at v a probability measure on S,

/Vdu—// In |z — yldv(z)dv(y) — ey
_2// In 2 — yldu(@)dv(y // In |z — yldv(@)du(y) — ev +Cy

— //]R2 In|z —yld(v — p)(x)d(v — 1) (y)

where we used the Theorem 1.1 on the second line and it is easy to check that there is no constant
in the last line since the expression must be 0 for v = p.

This allows to define a relative free entropy which does not depend on a potential but only on a
measure:

_ //]R2 In|a — yld(v — @) (@)d(v — 1)(y)

if v has a support included in S, and 3,(v) = +o00 otherwise. By construction we have ¥y (v) <
Y,y (v) with equality for all probability measures on S,,,,. Informally, an other way to express the
link between the two is:
Y,= sup Xy =2X_ 2Wu+ool g -
Vipy=n
With this new quantity, Theorem 1.3 can be stated as follows:

Theorem 1.4 (Free T inequality, version for probability measures). For any u € P(R), with com-
pact support such that its logarithmic potential U,(z) = — [In|z — y|du(y) ezists and is continuous
on C, there exists a constant B, such that for any probability measure v

W12(Va p) < Buzu(y)-
But since p is compactly supported the result of Bobkov and Gotze also applies and gives:
W2 (v, 1) < CuH(v]p).

A natural question is to ask whether our free inequality is a direct consequence of the classical
one. This is not the case thanks to the following:
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Proposition 1.5. Let A be the uniform law on [0;1], then

sup H(v|\)
veP(0,1])wr 2A(Y)

Proof.
The proof of the property is essentially a direct calculation. Consider v, the uniform law on

i

~n "n?]’

=0

Then H(v,) = In(n) but ¥,(v,) remains bounded since the double logarithmic part is equivalent

to the convergent Riemann sum
1 i
— In{——=).
n? Z <n n>

1<i#j<n

O

1.4. Concentration property for S-ensembles. As mentioned in our quick review of classical
transport-entropy inequalities at the beginning of the introduction and detailed in [GL10]|, those
inequalities are intimately linked with concentration properties of the measures involved. Bolley,
Guillin and Villani show in [BGV07] how to deduce from Talagrand’s inequalities explicit bounds on
the convergence of the empirical measure of independent variables towards their common measure.
For example if Xi,...,X,,... are independent variables in R¢ of law u satisfying T,(C) with
1<p<2, thenlfor any d < d, any C' < C, there exists Ny > 0 such that for all N > Ny, for all

0 > v(N/Ng) 2+@
N
1 c’
P <W1 <N i 1 5XZ.,,u> > 9) < e~ W T NO?

with 7, an explicit constant depending on p in a very simple way. These results have been extended
in [Boill| and [BLG11].

Similarly, in our context, as we know that, under Pg , the empirical measure fiy converges almost
surely to py, it is natural to ask whether we can control the tail of the distribution of the random
variable W1 (fin, pv).

More generally, we will deduce from Theorem 1.3 a concentration result for the so-called (-
ensembles for 8 > 0, that is for the empirical measure of the z;’s distributed according to the
measure

N 8 al Hé\; dx;
Py s(dry, ..., doy) = 1—[|3:Z — xj|” exp —NZV(CCZ') N
i<j i=1 V.8
This time the x; will asymptotically distribute according to the probability measure p2v .

In comparison with Theorem 1.3, we need here some additional assumptions, for technical reasons
that will appear more clearly along the proofs. Let us define || f Hfip the Lipschitz norm of f on a

compact set A:
f(t) = f(s)

A
Hf”Lip = Sup s

s,tEA,s#t

Hypothesis 1.2.
a. V satisfies Hypothesis 1.1, is locally Lipschitz, differentiable outside a compact set and there
exists o > 0,d > 2 such that, |V’ ()] ~|g—1o0 alz|.
b. V and B8 > 0 are such that the equilibrium measure u% has finite classical entropy.
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The condition b. is not as restrictive as it may seem due to a result by Deift, Kriecherbauer
and McLaughlin. A direct consequence of the main result in [DKM98| is that this is satisfied as
soon as V is C2. Note also that consequently Hypothesis 1.2 is satisfied in the particular case of a
polynomial of even degree with positive leading coefficient.

Our concentration result around the limiting measure is as follows :

Theorem 1.6 (Concentration for S-ensembles). Let V and 5 > 0 satisfy Hypothesis 1.2. Then

there exists u,v > 0 such that for any 6 > v 7111(1;1\7)

)

Py s (Wl(ﬁN,M%) > 9) < e uN,

The result above is stated for potentials which are equivalent to a power at infinity but this
hypothesis can be relaxed if we restrict it to a compact set, as will be stated in Theorem 3.5.

We want to emphasise that very few results are known in this direction. Nevertheless, for matrix
models (8 = 1 or 2) with strictly convex potentials, Proposition 4.4.26 in [AGZ10| shows that if
Vis C*° with V” > k > 0 and V' has a polynomial growth at infinity, then for all 8 > 0, for all
1-Lipschitz function f,

1 1 N2 62
The strength of our result is that it is valid for any S > 0, does not require any convex-
ity assumption and gives a bound simultaneously on all Lipschitz functions since Wi (u,v) =
sups 1_rip |1(f) — v(f)[- On the other hand, our method does not allow to get a bound for all
f > 0 and the constant in the exponential decay is not explicit.

The rest of the paper is divided in two parts, the first one proves the free transport-entropy
inequality Theorem 1.3; the second one deduces from there the concentration estimate Theorem
1.6.

2. FREE T INEQUALITY

This section is devoted to the proof of our main result Theorem 1.3. In the first part, we will
build some useful tools from potential theory. Then, in the second part of this section, we prove the
result restricted to a fixed compact. The third part of this section extends the result on measures
whose support is arbitrary.

2.1. Lipschitz perturbations of the potential. The first ingredient of the proof is to evaluate
the distance between the equilibrium measures corresponding to two potentials obtained from one
another by a Lipschitz perturbation. Propositions 2.2 and 2.3 will be particularly useful in the case
when the perturbation is Lipschitz but we state them in a slightly more general context.

Before giving the statements of these propositions, we first need the following lemma, that uses
crucially the properties of the Hilbert transform. This should be classical but we did not find a
proper reference and we give its proof for the sake of completeness. We denote by L?(R) the set on
functions such that [ f%(x)dz < occ.

Lemma 2.1. Let u be a compactly supported probability measure on R whose logarithmic potential
Uu(z) = — [In|z — y|du(y) is continuous on C. Then if g is a continuously differentiable function
on R with compact support,

/ o(x)dp(z) = / (Hg) (2)Uy (x)da
R

R
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where H is the Hilbert transform: for f € L2( ), Vo € R,

7/ — / 19 4,
- Eio R\[z—e,z+e] T — Y

The proof of the Lemma uses the following properties of the Hilbert transform, that can be found
e.g. in the work of Riesz [Rie28] (in particular in paragraph 20) :

Propert 2.1.
Hyzs an isometry on L*(R), H? = —id.

b If ¥ is analytic in a neighbourhood of R, HSmy = —Rey
c. If f is in L*(R), differentiable and such that f' is in L?>(R), then Hf is differentiable and
(Hf) = H(f"). Moreover, if f is continuously differentiable, so is H f.

We now prove Lemma 2.1.
Proof.
For y > 0 and ¢ continuously differentiable on R with compact support, we define

_ Jm/ / e +1Zy g lt)d

On one hand, if X is of law y and I' is an independent Cauchy variable we can rewrite ¢ as a

convolution:
0 = [ o) dutt)ds = Blg(x + 41)

Therefore, by dominated convergence, ¢(y) = E[g(X)] + (y), with 8( ) going to zero as y goes
to zero. Otherwise stated, when y goes to zero, ¢(y) converges to [ g(t)du(t).

On the other hand, for any y > 0, the function z — Sm [ Ty)d,u( ) is in L?(R) and, by
Property 2.1.a. above,

1
= [(Hg)(x)H | Sm | —————du(t) ) (z)dx.
o) = [(Ha @ (S [ (v (@)

Thus, as z — [ ﬁdﬂ(f) is analytic in a neighbourhood of R, by Property 2.1.b.,

o(0) = e [ (Ho)(z) ( / mdw)) ir.

T'hen, as U, is supposed to be continuous and g continuously differentiable, an integration by parts
gives

o(y) = %e/(Hg)'(x)Uﬂ(x + iy)dx
As ¢ is compactly supported one can easily check that there exists K > 0 such that for x large
enough, |(Hg)'(x)| < £ . As u is compactly supported, for z large enough and any y > 0, |Up(x +

iy)] < Klnzx. Therefore by dominated convergence, ¢(y) converges to [(Hg)' (z)U,(z)dz as y goes
to zero.

O
We can now state the first perturbative estimate.

Proposition 2.2 (Dependancy of the equilibrium measure in the potential). For any L > 0, there
exists a finite constant Ky, such that, for any V,W satisfying Hypothesis 1.1, if uy and pw are
probability measures on [—L; L] then

Wi (py, pw) < Krose (V. —W).
with osc (f) = supg f — infR f.
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Proof.

Our main tool for this proof is the use of the logarithmic potentials of the measures involved. We
have already seen in Theorem 1.1 that they are closely related. Corollary 1.4.2 in [ST97| gives us a
valuable estimate

10y = Uy loe < IV = Wl

We will also crucially use a dual formulation for the distance Wj. Indeed, the Kantorovich-

Rubinstein theorem (see e.g. Theorem 1.14 in [Vil03]) gives that

Wi(py, pw) = sup pv(9) — pw(g)

where the supremum is taken over the set of 1-Lipschitz function on R.
Note that the quantity py (g) — uw(g) does not change if we add a constant to g or if we change
the values of g outside [—L; L]. This observation and a density argument show that

Wi(py, pw) = sup pv(g) — pw(g)
ge

with G the set of C!, compactly supported, 1-Lipschitz function on R, vanishing outside of [~2L; 2L].
Let g be in G, according to Lemma 2.1,

() = v (9) = [ (H9) @)Uy (0) = Uiy (2

Indeed, all the assumptions of Lemma 2.1 are fulfilled, as we know from Theorem 1.4.8 of [ST97|
that U,,, and U, are continuous on C as soon as V' and W are. Now we cut this integral into two.
On one hand, as g € G, [|g]|oc < 2L, we have

/ (HgY () (Uny — Uy )(2)
|z|>2L+1

dxdy
<IV = Wikelglle |

s <KLV - W]
|| >2L+1,|y|<2L |z — y

. 1 _ —2
with K] = 2L f\x\>2L+1 f\y|<2L |z —y| 7=

On the other hand, by Cauchy-Schwarz inequality and using Properties 2.1.a. and c. of the
Hilbert transform

/ (Hg)'(2)(Upy = Uy ) (@)| < IV = Wlloo(4L +2) 2| H(g")]12
lz|<2L+1

= (4L +2)2||g/ 2|V = W|oe
<AL +2)|V =Wl
Finally, it is easy to check that py depends on V' only up to an additive constant, thus we can
always translate V' such that ||V — W/{|s = 20sc (V — W). Thus we have proved
v (g) — pw(g) < Kpose (V —W)

with K = 2(Ki +4L+2). As K, does not depend on g € G, taking the supremum for g in G gives
the result.
O
The next step is to show that given a Lipschitz function f on a given interval [—L; L] we can extend
the function outside this interval while keeping a control on the support of p1/4 y independently of f.
This property is rather technical but crucial since we will need to consider functions f of arbitrary
Lipschitz constant and a priori there is no way to control uniformly the support of py 4 ;.
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Proposition 2.3 (Conﬁnement Lemma). Let V' be a function satisfying Hypothesis 1.1. For any
L > 0, there exists L>L depending only on L and the potential V' such that for any u > 0, for any
u-Lipschitz function f on [—L, L] one can find a function f such that

(1) f is a bounded u-Lipschitz function on R

(2) for all [z] < L, f(x) = f(x) .
(3) the support of fy 4 7 15 included in [—L, L]
)

(4) osc (f) < 2uL.

Proof.
Let V and L be fixed and let f be a u-Lipschitz function defined on [—L, L]. Again, since py
depends on V only up to an additive constant, one can always assume that f(0) = uL (so that f

and the function f we are going to define both stay positive).
Let L > L be a constant to be defined later. Let us define f as the biggest u-Lipschitz function
which extends f and is constant on components of [— L, L] . More explicitly, we have

f(x) si o <L
f(L)+u(z—L) ifL<x<L
fl@)y=< fL)+ul-L) ifx>L
f(=L)—u(L+z) if —L<ax<—L
f(=L)—u(L —L) ifz<—L.

Our goal will be to find a constant Z, independent of f and wu, such that f (which depends on E)
fulfils the requirements of Proposition 2.3.

Since V + fsatisﬁes Hypothesis 1.1, the equilibrium measure p,, AT is well defined. Let us have a
look at the value of the minimiser of the entropy functional .J;, , # (as defined in the introduction):
if A denotes the Lebesgue measure on [0; 1],

e 7= inf J  A(v)<J, #A).

VHE T L epm) VAT V4]
Besides,
3
J, 7(A) = AV // In |x — y|dxdy < maxV+ L+1Du—-
vir ) = e ey <V (L
Thus
ML(l +u)

Cvif s

with M a constant only depending on L and the potential V.
This estimate will allow us to find a bound on the support SMV - of py, LT Indeed, define
b= sup{]w\ eR/x € Shiy 7

that b > L leads to contradiction.
Let us first assume that L is chosen and b > L. From Theorem 1. 1, for any z in the support of

} Now we prove that a good choice of L (depending only on V') such

Py B
Vi(z)+ f(z) = 2Uv+f( ) + Cv+f

and replacing C by its expression given in Theorem 1.1,

V+f

V(@) + f(@) + nyy 7V + ) = =20y 5(2) + 2, 5
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For any z € R, — Vﬂfg(ac) < In(Jz|] + b). On the other side, according to Hypothesis 1.1, there
exists & > 0 and 8 € R (depending on V) such that for any # € R, V(x) > ax? + 3. Besides, as
£(0) = uL, f(x) > u|min(|z|,L) — LI, thus Mv+f(v + f) > B. Putting these facts together, one
gets for |z| > L in the support of Iy 7

ax? + B+ u|min(|z|,L) — L| + 8 < 2In(|z| + b) + 2M7 (1 + ).
Now take a sequence of points in the support of 1, AT converging in absolute value to b. We get at
the limit that:
ab® 4+ 28 +u(L — L) < 21In(2b) + 2Mp(1 + u).
There exists some 7y > 1 such that the function ax? — 21In(2x) + 28 — 2M, is strictly positive for
|z| > . Now choose L> Yv, since b > L> 1, we get:

w(L — L) < (ab? 4 28 — 21In(2b) — 2M1) + u(L — L) < 2Mpu.

Then if we also choose L>L+2M 1, large enough, this leads a contradiction. To sum up,
for this choice of L, we have proven that it is absurd to suppose that the support of 1, +F is not

n [—E; E] Otherwise stated, f satisfies the third point of the proposition. The other points are
trivially satisfied by construction.

O

2.2. Derivation of the theorem for measures on a given compact. The next step is to
show a weak version of our main theorem, in the sense that the constant in the inequality between
Wiasserstein distance and free entropy depends on the support of the measures under consideration.

Proposition 2.4 (Free T} inequality on a compact). Let V' be a function satisfying Hypothesis 1.1.
For all L > 0, there exists a constant By, 1,, depending only on L and V, such that, for any probability
measure v with support in [—L, L],

Wi(v,uv)? < By,iSv (v).

Proof.
We can assume without loss of generality that L is large enough for the support of uy to be
inside [—L; L]. We are going to use a duality argument. We first recall that

Wi(v,pv) = sup pv (o) — v(e).
¢ 1—Lip

We will first show Proposition 2.4 for v of the form py, with support in [—L, L] and with W
continuous and which coincides with V' outside a large compact set, so that it satisfies Hypothesis
1.1.

Let f be a u-Lipschitz function and g = —f, with f defined as in Proposition 2.3.

pw(g) — v (9) — Xv(pw) < sup (v(g9) — pv(g) —Xv(v))
veP(R)

Note that since g is equal to —f on [—L; L], the left hand side is just py (f) — pw (f) — Zv (uw).
Let us control the right hand side: for any v € P(R),

v(g) —pv(g) — Ev(v) = —Jv—g(v) + Jv(pv) — pv(9).
But since Jy_4 is minimal at py_g and Jy is minimal in py, for any v € P(R), we have

v(g) —uv(g) — Sv(v) < Jv(pv—g) — Jv—g(tv—g) — pv(9)
= w—g(9) = v (9) < |FlLapWipy > ).
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By construction the support of y, AT is inside [—E; E], with L as defined in Proposition 2.3, we can
then apply Proposition 2.2:

v (f) — pw (f) — Sv(pw) < | flripKzose(f) < u’LK;.

Thus, there exists a constant Ay, 7, such that for any ¢ 1-Lipschitz and u > 0, taking f = u¢, we
have

u(py () — pw (f)) — Av,pu® < Sy (pw).

We can take the supremum of this expression in ¢ and then in v to get:

Wi (uw, pv)? < 4Av. LSy (uw)-

We now conclude the proof by extending it to general probability measures p supported on [—L, L]
(not just those of the form pyy for W continuous and which coincides with V' outside a compact set).
The idea, following [HP00| p.216, is that for any p compactly supported there exists a sequence of
potential Wy such that pyw, is sufficiently good approximation of y. Indeed, we approximate p by
the sequence of probability measures p * A\; where \; is the uniform law on [0;¢] and * is the usual
convolution of measures. As the function —2U.\_(x) grows logarithmically with x whereas V' (x)
grows at least quadratically, one can choose R. > 2L such that if [z| > R, V(z) > —2U .\ ().

We now define

—2Up. (), if |z| < Re,
W.(z) = (2 - %) (—2U,n. () + (% - 1) V(z), if R <|z| <2R.,
V(z), if |z > 2R..

The result of the convolution is sufficiently smooth so that Uy, is well defined and continuous on
C. Thus for all € > 0, W, is continuous and coincides with V' outside [-2R., 2R.]. Besides, using
Theorem 1.1 we see that puw. = p* A.. Since p * A is the equilibrium measures of the potential
We, we can apply the first part of the proof: for all £ > 0,

Wi * Ae, ) < 4AV LSy (1 Ae).

Using the convexity, it is easy to check that lim._,o Xy (u x A\s) < Xy (u). As we know that Wy is
lower semi-continuous, we now take the limit when € goes to O:

Wi (ks pv)? < 44y, LSy (w).
]

2.3. Extension to non-compactly supported measure. To deduce Theorem 1.3 from Propo-
sition 2.4, we have to control what happens far from the support of uy. The idea is that, since
V grows faster than some ax?, if the support of y is far from the support of uy, ¥y (1), which is
growing like V should be much larger than Wi (u, py)? which is growing rather like 2. Therefore,
it is enough to control what happens in a vicinity of the support of py and this case was treated in
Proposition 2.4.

More precisely we have the following,

Lemma 2.5. Let V be a function satisfying Hypothesis 1.1. There exists vy > 0 and Ry depending
only on' V' such that for any p € P(R), there exists i supported in [— Ry, Ry| such that

Yv(p) < v (p)

WWilp, 7)* < Zv ().
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We postpone the proof of the lemma to the end of this section and we first check that we can
now get our main result (Theorem 1.3).

Proof.

Let 1 € P(R) and i corresponding to p as in Lemma 2.5. Then, using the triangular inequality
and Proposition 2.4

Wi, pv)? < 2W (1, pv)® + 2W (i, )

- 2
< 2Byry Xv () + 'Y_VEV(M)

1
2 <BV,RV + —> Yy ().
4%

Finally, we prove Lemma 2.5.

Proof.

Let Ry be a constant to be chosen later. There exists a € [0,1] such that p = (1 — a)u1 + ape,
with p; € P([—Rv, Ry]) and p2 € P([—Ry, Rv]®). Then our definition for p is:

fi=(1-a)u +ar

with A the Lebesgue measure! on [0;1].
We now want to show the following statement, which implies both inequalities stated in the
Lemma : there exists Ry and 7y such that

Sv(p) = Sy (i) — wWilp, i)* > 0.
Let us first bound the Wasserstein distance. In order to transport p onto i one can always choose
to transport pe to A, this may not be optimal but gives the bound:

2
Wil < (o [ (el + D)) < a1+ 1P)
We then bound the difference between entropies:
v(p) = Zv () 2 a(pe = A)(V)

_gﬁmwﬂwxmx>wmwm
—2a(1 — a) // In |z — yldus (z)d(p2 — A)(y)

Now we can get rid of the two double integrals by using that for all z,y, In |z —y| < In(1+ |z|) +
In(1 + |y|) and that | [ In|z — y|d\(y) — In(1 + |z|)| < C for some C' independent of . Thus,
Sy (p) —Zv(n) 2 alpe(V —2(1+a)In(1 +|-))
=2 (In(IT+1]-1) =AMV =201+a)In(1+]-]) —20).
Finally, with Cy = A(V —41In(1 +|-])) + 2C, and the inequality p1(In(1+|-])) < In(1+ Ry) <
p2(In(1+|-1)),
Sv(p) = Zv (@) = wWilp, 1) = ap(V = 6In(1+] - ) —aw (1 +]-)* = Cv).

We want this last expression to be positive. We first choose vy > 0 such that lim inf|;
1.

V(:v% >
W

IThis precise choice of the Lebesgue measure here is not important, we just need a compactly supported measure
of finite free entropy
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Then V (z)—61n(1+|z|) —yv (1+]z])? — Cy goes to infinity when |z| goes to infinity. In particular
we can choose Ry > 0 such that for all || > Ry, it is positive. Since pg has its support inside
[—Ry; Ry, the above expression is positive. Since the choices of vy and Ry depend on V' ounly,
this conclude the proof.

O

3. CONCENTRATION INEQUALITY FOR RANDOM MATRICES

In this section we present an application of the free T inequality to a result of concentration for
the empirical measure of a matrix model. The concentration result holds not only on usual matrix
models as defined in the introduction but also on the slightly more general family measures, usually
called B-ensembles. We recall the definition of these models in the next section before proving our
concentration estimates.

3.1. p-ensembles. For g > 0, and V a function satisfying Hypothesis 1.1, the S-ensemble with
potential V is the family of laws on RY, for N > 0, given by

N B al H@']L da;
Py s(dry,...,dzN) ZZH’%‘—%‘\ exp —NZV(%‘) Z_T
i<j i=1 V.8

with Z‘J/V g @ normalising constant which always exists under Hypothesis 1.1. For 8 = 1,2,4 this
corresponds to the law of the eigenvalues of a matrix model (corresponding to the measure u{\/[ when

g =2).
Some of the results stated in the introduction still holds for these models. In particular, we can
still express nicely P{}fﬁ in terms of the empirical measure of the x;’s. If iy := % Zfil 0, then

N
T ~ . dmz
Py g(dzy, ... doy) = exp (—N2§J% (sz)) Hz—i}v
V.8

with the functional jv whose definition we recall
Ty (n) = /V(w)du(w) - //7& In |z — yldp(x)dp(y).
T#£Y

Similarly to the definition of Xy, we also define

ijv(#) = jV(M) —Cv.

One can expect that in the large N limit, the eigenvalues should organise this time according
to the measure p2v. This is indeed the case and we have a result analogous to Theorem 1.2, also

B
proved in [BAGI7].

Theorem 3.1 (Large deviation principle for S-ensembles). Let V' be a function satisfying Hypothesis
1.1. Under the law Pgﬁ the sequence of random measures [y satisfies a large deviation principle

in the speed N? with good rate function ¥ v .
B

3.2. Approximate free 77 inequalities for empirical measures. At fixed N we have to work
with probability measure iy which have the drawback of being discrete. This prevents us of
applying the transport-entropy inequality since Xy (in) = +o0o. We settle for an approximate
inequality where Yy, is replaced by iv.
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Proposition 3.2 (Approximate free T} inequality). Let V' be a locally Lipschitz function satisfying
Hypothesis 1.1. Then, for any K compact of R, any N € N* and any (z1,...,zy) € KV,
VI, + B+ ()

N
where By is the same constant as in Theorem 1.3, B some universal finite constant and IC,, the set
of reals at distance less than u from K.

W2(in, pv) < 2BvEv (in) +

Proof.

Let I be a compact set of R and 21, ...,zy be in K. The idea is to replace iy by a measure Uy
such that W1 (fix, D) is small and Sy (D) is close to Sy (fin).-

We first spread each z; such that they are at least N~2 apart. Let the z(;)’s be the z;’s rearranged
by increasing order : z(;) < Z(g) < ... < Z(y), then define the y; by:

{ vy = r) )
Yir1 = Yi +max(zi1) — @), v2)
Then we define
1 N
PN = N 2;5%. and Uy = pn * Ay-3
P
where \y-s is the uniform measure on [0, N 73] and * is the usual convolution of measures.

Let us see how the Wasserstein distance and the entropy change when we replace iy by V.
Note that since |y; — x| < (i — 1)N 2,

N
o~ A 1 1
Wik, vn) < N;wi—x(iﬂ S oN

but
PN 1
Wl(PNﬂ/N) < m
so that
2

Wiiin. 7v) < +

Moreover, for any i # j, In|y; — y;| > In |z — 2¢;)], and y; € Ky C K,

- - 2
Ev(pn) = Bv(on) = = VI Wiy, o) 2 =V IE, -

Let (Z;)i>1 and (Z;)i»1 be two independent families of independent variables uniformly dis-
tributed on [0, 1]. We can express the difference of entropies using this variables:

Sv(pn) — Sv(Dn) > /V(Sﬂ)d(ﬁN —Un) ()

1 W Zi— 2, 1 & L ~

i# Yi— Y i1

Since for i # j, |y; — y;| = N2, for N > 2,

E <ln <1+N3M>> > In (1 — 3) .
Yi — Yj N
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Thus,

B+3InN

~ K
By (pn) = Sv(on) > ~ VLN - ==

with B > 0 a finite constant.
This leads to,

Sv(iin) = (Ev(in) — Zv(pn)) + (Ev(py) — Zv(On)) + Sy (Dy)
\|V||sz + B +In(N)
- N

+ EV(ﬁN)

Then by applying our the free transport inequality of Theorem 1.3 for the potential V on vy, we
obtain:

_ _ 2\?
Wi(fin, pv)?* < <W1(VN,/~LV) + N)

< 2Wi (D, v ) +

N2
. 8
< 2BvEv(Un) + 12
- 8 _VIIEL + B +In(N)
< 2ByYy(pn )+W+3 Lip =

O

3.3. Tightness. The next step is to get a lower bound on the normalising constant ZN v From
large deviation results (Theorem 3.1), it is easy to check that 1 7 In Z v 5 has a finite limit —cy g and
that cy g = QCﬂ. But hereafter, we are seeking a lower bound which is not asymptotic in N. This

is the only place where the condition b. of Hypothesis 1.2 is needed.

Lemma 3.3. For any V a function satisfying Hypothesis 1.1 and 8 > 0 such that the equilibrium
measure pzy such that H(,u%) is finite, there ewists a constant Ay g such that for any N € N*,

1 N Avp
man‘/ﬁ + CV7B 2 T

Proof.
We follow closely a proof by Johansson in [Joh98].
We denote by py the density of uy. Note that if H(u2v) is finite, it implies in particular that pav
5 5

is well defined and we introduce the following ensemble:

N
En = {(1‘1,...,.%’]\7) GRN‘Hp%(.%'Z’) > 0}.

i=1

Then,

Zdl
pay (wi)dx

:ﬁ

Inpo
Z‘]/VB>/ exp(—N l )He 7‘/
) EN B

i=1 i=1
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and using Jensen inequality we get:
N o8 (5 -
InZyz>-—-N 5 Jav (,uN)szv (z;)dz; — N lnpﬂ(x)p%(x)dx

— _N(N-1)

We conclude by recalling that by definition: J2

w2
—
=
[ V)
<
N—
|
o
[ V)
<

O
We then need to control the behaviour of the largest eigenvalue. The proof follows the ideas of
the proof of Proposition 2.1 in [BG11].

Lemma 3.4. Assume that V is a continuous function such that for some o« > 0 and d > 1,
V(z) — az? is bounded from below on R. Then for any 8> 0 and 0 < a < /2, there exists My > 0
such that for any M > My and N € N*,

_ d
P]‘Xﬁ ( 1a>jcv|xi| >M> L e aNMT,
1=1..

Proof.
First, we need to control Zﬁgl/Z‘]Xﬁ. For all L > 0,

N N-1
e / /eXP <—(N —DV(zn) + > Inzy — 2’ - V(%’))
Zv,g len|<L

i=1

dP]‘Xgl(azl, en_1)Yyrdpyr(zn)

with py,z the probability measure of density (Yv,) ' exp(=V(:))1j_1,;) and Yy,p its normalising
constant.
By Jensen inequality we get

N

ZV
In Nf >InYyy

V?/B

N-1
+/ (—(N - 1)V (zn) + Z In|zy — xi\ﬁ — V(wz)>

i=1

dﬂbagl(:ﬂl, .. ,:CNfl)d,OV,L(xN)
By Chebychev inequality, for any R > 0,
1 N 12 Z‘]/\'T/Q B
PYs <N > Viwi) > R) St
i=1 ’

ZN
Now, from Theorem 3.1, we know that ﬁln( g}/vw ) converges so that it is bounded. From
V.5

there, we can easily deduce that [ + Zfil V (;)dPYY g is uniformly bounded in N. Since z +—

[ In|y — z|dpy,1.(z) is bounded from below, we immediately see that there exists a finite constant
Dy g such that for all N,

1.z
N In ZNfl 2 DV7ﬁ'

V7ﬁ
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With this bound, we can complete the proof of the Lemma. We integrate separately on x and
on xi,...,rN—1 to get:

ZN-1 N-1
P$5(|$N| > M) = ZV—,NB/ eNV(mN)/ (H lxn — $@'|56V($i)>
v,3 lzn|>M i1

dPJ\XEl(xl’ - ,.%'N_l)d.%'N.
There exists by,g > 0 such that
lz —y|Pe™VW) < bvﬁe‘/(ﬂc)/?.
Therefore,

)

—ND N—-1 _N+1
PY y(|an| > M) < e NPvspl / e Ve gy
TN|>

Let vy > 0 be such that for all z, V(z) — aaz? > —yy. If M > 1,

—N41 o ppd
N ~NDy g3 N—1 N+1 e 2
Py (Jen| = M) <e V’/Bbvﬁ e 2 2 S

2

For any 0 < a < a/2, M > My, we obtain
Pgﬂ(maxmi‘ P M) < N]P’g(‘xN’ > M) < KefaNMd

with
e~ (N(a—$)+5) Mg

N+1
2

_ 1 N+
K = sup Ne NDVvagﬁle 2 V2
NeN* ’ «Q

Now, a being fixed, we can clearly choose My such that K is finite and less than 1.
O

3.4. Concentration results. Our goal is now to show Theorem 1.6. As an intermediate result, we
will first show the following result, which deals with concentration when restricted to a compact set.
Then, the proof of Theorem 1.6 will combine this result and the tightness shown in the preceding
subsection.

Theorem 3.5 (Concentration inequality on a compact set). Let V' be a locally Lipschitz function
satisfying Hypothesis 1.1 and B > 0, such that the equilibrium measure pav has a finite classical
]

entropy. Then, for all M > 0, there exists u,v > 0 such that for all 8 > v W,
PV s (Wl(ﬁNaM%) > 0,Vi, || < M) < e N
Proof.
We can rewrite our measure ]P’{\/{ 5 as follows
“Nevs N85, ()
Pg,ﬁ(dl“l,---,dﬁﬂN):eie 2RV dri...dzy.

N
Zvs
Thus, using Lemma 3.3, we get

< e NAvs(2M)N exp (—N2§ inf {i%v(ﬁ]\/)

Vi, x; € [—M; M|,
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Next we apply the approximate free T} inequality of Proposition 3.2 to obtain for any u > 0,

“NAvs N BN [~ M-1;M+1] 2

< e MY e (1 (30VIIG, + B (V) - N9*)
K(N,0,u) exp (—uN?¢?)

with

K(N,0,u)

3 )
— exp (N (—Aw +n(2an) + - (VI 4 B+ ()

g 2
——— | N6 .
+ <“ 4By
Let us choose u < % so that K (N, 6,u) is a decreasing function in 6. It is then easy to check that
. . In(1+N
for a good choice of v (which may depend on M, V' and ), for all 6 > v,/ %,

In(1+ N
K(N,e,u)<K<N,v %,OgL

We can now complete the proof of Theorem 1.6.
Proof.
Following the same steps as above, we get that for any M, 6 > 0,

Py (Wl(ﬂNaM%) > 9)

<M exp (L (30VIEY T 4 B+ () - N6?)

+PVB (max |z;| > M) .

Now, from Lemma 3.4 above, under Hypothesis 1.2, we have that, for any 0 < a < 55 and M
large enough,

P]\\/[ﬁ (max |z;| > M) < e aNM?,

Thus, if we choose 6 > v4/ w with v > MO% and M = (\/NH)3 > My, we get, for any u > 0,
Pg’ﬁ (Wl(ﬁN,p%) > x) < K(N,0,u) exp (—uNQHZ)
with
K(N,0,u) = exp <N <—Av,5 +1In (2(\/N9ﬁ>

2 2
+ 3<HV||LZ(\/_€ Yd —1;(v/NO)d +1] —|—B—{—ln(N)> + (u— %) (\/NH)2>>
Vv

+ exp (—(a — u)N292) .
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Again the result follows easily if we choose © < min <%, a) since

2 2 _
V|| YNOTHNDTA _ o((VNO) ") = o(N6?).

O
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