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Abstract

A graph G is arbitrarily partitionable (AP for short) if for every partition (1, ...,7,) of
|V(G)| there exists a partition (Vi,...,V,) of V(G) such that each V; induces a connected
subgraph of G with order 7;. If, additionally, k of these subgraphs (k < p) each contains
an arbitrary vertex of G prescribed beforehand, then G is arbitrarily partitionable under k
prescriptions (AP+Fk for short). Every AP+k-graph on n vertices must be (k4 1)-connected,
and have thus at least [@1 edges. We show that there exist AP+k-graphs on n vertices

and (%] edges for every k > 1 and n > k.

Keywords: arbitrarily partitionable graph, partition under prescriptions, Harary graph.

1 Introduction

We denote by V(G) and E(G) the sets of vertices and edges, respectively, of a graph G. The
order (resp. size) of G is the cardinality of the set V(G) (resp. E(G)). If X is a subset of V(G),
then G[X] denotes the subgraph of G induced by X.

In the late 1970s, Gyori and Lovasz independently proved the following well-known result.

Theorem 1 (Gy6ri [4] and Lovasz [6], independently) If G is a k-connected graph, then,
given k pairwise distinct vertices (v, ...,v;) of G and k positive integers (11, ...,7,) adding up
to |V(G)|, there exists a partition (V1,...,Vx) of V(G) such that v; € V;, the subgraph G[V;] is
connected and |V;| = ; for every i € [1,k].

In this paper, we consider a more general partition problem resulting from the combination
of the notion of arbitrarily partitionable graphs [1] with the constraint of prescribing a set of
vertices from Theorem 1. Let G be a connected graph of order n. A sequence 7 = (71, ..., 7p)
of positive integers is admissible for G if it performs a partition of n, that is if >0 ;7 = n.
If, additionally, we can partition V(G) into p parts (Vi,...,V,) such that each V; induces a
connected subgraph of G' with order 7;, then 7 is realizable in G, and the partition (Vi,...,V})
is a realization of 7 in G. If every admissible sequence for G is also realizable in G, then G is
arbitrarily partitionable (AP for short). The interested reader is referred to [1, 2, 7] for a review
of some results on AP-graphs.

Now suppose that we still want to partition G into an arbitrary number, say p, of connected
subgraphs Gi,...,G) of prescribed orders, but in such a way that each connected subgraph
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G; € {G1,...,Gg}, with k < p, contains some vertex v; of G arbitrarily chosen. To model
this additional requirement, the definition of AP-graphs can be strenghtened as follows [3]. A
k-prescription of G is a subset P = (v1, ..., vy ) of k distinct vertices of G. We say that a sequence
(11, ..., 7p) with p > k elements is realizable in G under P if there exists a realization (V1,...,V})
of 7 in G such that for every i € [1, k], the vertex v; belongs to V;. Notice that we have adopted
the convention that the sizes associated to the prescribed vertices are located at the beginning
of the sequence. We now say that G is (p, k)-partitionable if every sequence admissible for G
consisting of exactly p elements is realizable in G under every k-prescription. Finally, G is
arbitrarily partitionable under k prescriptions (AP+k for short) if G is (p, k)-partitionable for
every p € [k,n].

According to these definitions, an AP+0-graph is an AP-graph. Stated differently, Theorem 1
says that every k-connected graph is (k, k)-partitionable. Hence, throughout this paper, we
mainly consider (p, k)-partitions with p > k. For any k > 1, the set of complete graphs on
at least k vertices is a trivial class of AP+k-graphs, each of them having the largest possible
number of edges. In this work, we will focus on optimal AP-+k-graphs, that is AP+k-graphs
having the least possible number of edges.

This paper is organized as follows. In Section 2, we introduce some notations and prelim-
inary results which are useful to prove, in Sections 3 and 4, respectively, some results on the
partitioning of powers of paths and cycles under many prescriptions. In Section 5, these results
are then used to show that, for every k # 2, every (k+ 1)-connected Harary graph is an optimal
AP+k-graph. We finally show, in Section 6, that 3-connected Harary graphs are not necessarily
AP+2, and provide another class of optimal AP+2-graphs instead.

2 Definitions, notation, and preliminary results

A subgraph H of a graph G is a spanning subgraph of G if V(H) = V(G). We will also say that
G is spanned by H. Given a graph G and an integer k > 1, the k" power of G, denoted by
G*, is the graph with the same vertex set as G, two of its vertices being adjacent if they are at
distance at most k in G. Let P, (resp. C) denote the path (resp. the cycle) on n vertices, and
{vo, ..., un—1} its set of vertices. For convenience, the vertices vy and v,_1 of P, are called the
first vertex and the last vertexr of P, respectively. We use the same terminology to deal with
the vertices of P¥ (resp. C¥) according to its natural spanning path P, (resp. spanning cycle
Cp).

Let kK > 1 and n > k be any two integers. The k-connected Harary graph on n vertices,
denoted by Hj, ,, has vertex set {vp, ..., v,—1} and the following edges:

e if £ = 2r is even, then two vertices v; and v; are linked if and only if ¢t — 7 < 5 <i+1r;

o if Kk = 2r 4 1 is odd and n is even, then H},, is obtained by joining v; and Vit n in Hoyp
for every i € [0, § — 1];

o if £ =2r 4+ 1 and n are odd, then H} , is obtained from Hs,, by first linking vg to both
v|z| and vrzy, and then each vertex v; to v;yrzq for every i € 1,15 —1];

where the subscripts are taken modulo n. Three examples of Harary graphs are given in Figure 1.
When £ is odd, the neighbours of a vertex v of Hy, which are at distance strictly more than k
from v in its spanning C,, are called the antipodal neighbours of v. Clearly, v has at most two
antipodal neighbours in Hy, ,,. In particular, v has exactly two antipodal neighbours if and only
if i = 0, and k and n are both odd. A diagonal edge of Hy, is an edge linking two antipodal
neighbours of Hy, ,,.

If G is a graph with a natural ordering of its vertices (like powers of paths and cycles, or
Harary graphs), then, for any vertex v of G, we denote by v™ (resp. v~) the neighbour of v
following v (resp. preceding v) in this ordering.



Figure 1: The Harary graphs Hgg, Hs 10 and H3 7

One of the first important property of AP-graphs is the following one.

Proposition 2 If a graph G admits a spanning AP-subgraph (resp. a spanning AP+k-subgraph
for some k > 1), then G is AP (resp. AP+k).

Recall that a graph is traceable if it admits a Hamiltonian path. Since every path is obviously
AP, the previous proposition implies that every traceable graph is AP.

We now point out the following property of AP+k-graphs, from which we deduce the size of
an optimal AP+k-graph.

Observation 3 FEvery AP+k-graph is (k + 1)-connected. Therefore, an optimal AP+k-graph
has [%] edges.

Indeed, if there exist p vertices v1, ..., vp, where p < k, such that G —{v1, ...y vp} is disconnected
into ¢ connected components on n1,...,n, vertices, respectively, with n; > ... > ng, then the
sequence (1,...,1,n1+1, (3%, n;) — 1) cannot be realized in G under (vy, ..., vp,). Since an edge-
minimal (k + 1)-connected graph has size [%L this is the size of an optimal AP+k-graph.

Baudon et al. [3] proved that, for every k > 1, there exist non complete AP+k-graphs,

namely the powers of paths and the powers of cycles:

Theorem 4 (Baudon et al. [3]) The graph P! is AP+k for every k > 0 and n > k + 1.
The graph C* is AP+(2k — 1) for every k > 1 and n > 2k.

Since the number of edges of P*+1is (k+1)(n— (k+1))+ Zle i, this graph has more edges
than an optimal AP+k-graph having the same number of vertices. However, C¥ is 2k-regular
and hence is an edge-minimal 2k-connected graph. According to Observation 3, it follows that
the set of k' powers of cycles is a set of optimal AP+ (2k — 1)-graphs.

3 Partitioning P’ under strictly more than k — 1 prescriptions

In this section, we point out, in terms of prescribed vertices location, some situations in which
it is possible to partition the graph P* under strictly more than k — 1 prescriptions.

Lemma 5 ([3]) Let P = (vj,,...,v;,,) be a k-prescription of P with k> 1, n>k and 0 < iy <
o <ip<n-—1 Ifi; =0 oriy =n—1, then every partition T = (11,...,7p) of n with p > k
elements is realizable in P¥ under P.

Lemma 6 Let P = (v;,,...,v;,.,) be a (k+ 1)-prescription of G = P¥ with k > 1, n > k and
0<i <..<igp1 <n—1. Ifi; =0 and i1 = n — 1, then every partition T = (11, ...,7) of n
with p > k + 1 elements is realizable in G under P.



Proof. We prove this claim by induction on k. For k = 1, the result is obvious; thus, we now
suppose that & > 2 and that the claim holds for every k' such that ¥’ < k. If 7y < iy, then
a correct realization of 7 in G under P is (V4,...,V,) where Vi = {v,...,v;,—1} and (V2,...,V})
is a realization of (72,...,7,) in G — V; under the prescription (v;,,...,v;, ). This realization
necessarily exists according to Lemma 5 since v;, ,, is the last vertex of G — Vj.

Suppose now that 71 > i3. Observe that [0,k — 1] — (U?:2 i; mod k) is not empty, and let
us denote by r one of these values. The subset Vi of the realization is constructed as follows.
It first contains all the vertices between vy and v;,_1, that is V4 D {vo, ..., vi,—1}. We then add
the vertex v; to Vi, where j € [ia + 1,43 + k — 1] is such that j = r mod k. Finally, as long
as |Vi| < 7 and we do not reach v,_1, we repeatedly add to V; the vertex at distance k on
the right from the last one added to Vi (vjyk,vj42k, etc.). According to our choice of 7, these
vertices are not prescribed ones and, at any moment of this procedure, the subgraph G — V7 is
spanned by the (k — 1) power of a path and the subgraph G[V;] is connected.

Thus, on the one hand, if V; = 7 holds after the procedure, then (Vi,...,V,) is a correct
realization of 7 under P, where (V5,...,V}) is a realization of (7,...,7,) in G — V; under the
prescription (vi,, ..., v;,,) which necessarily exists by the induction hypothesis since v;, and
iy, are the first and last vertices of G — Vj.

On the other hand, if |V;| < 7 holds once the procedure is achieved, then each vertex from
V(G) — V1 has a neighbour in V;. Hence, we can obtain a correct realization (V; UV, Va, ..., V})
of 7 in G under P, where (Va,...,Vp, V}) is a realization of (72, ..., 7p, 71 — |V4]) in G — V; under
the prescription (vi,, ..., v;,,,). Once again, such a realization necessarily exists in this subgraph
according to the induction hypothesis. [

Lemma 7 Let P = (v, ...,v;, ) be a k-prescription of G = P¥ with k> 1, n >k and 0 < iy <
oo <ip <n—1. Ifiy # i1+ k —1, then every partition T = (71, ..., 7p) of n with p > k elements
is realizable in P¥ under P.

Proof. If z = Z?:k-s—l 7; < i1, then a correct realization of 7 in G under P is (Vi,...,V})
where (Vjy1,...,Vp) is an arbitrary realization of (7411,...,7,) in the traceable subgraph
G[{vo, ..., vg—1}], and (Vi,...,V}) is a realization of (11,...,7%) in G — {vo,...,vy—1} under P
obtained using Theorem 1.

Suppose now that x > ¢;. On the one hand, if 7 > i1, then a correct realization of 7 in
G under P is (V] UV Vs, ..., V}), where V] = {v, ...,v;,—1} and (V]', Va,...,V},) is a realization
of (11 —i1,72,...,7p) in G — V{ under P obtained via Lemma 5. On the other hand, if 7 < iy,
then let V; be a subset of {vp, ...,v;, } obtained as follows. First, we let Vi = {v;, } and we then
repeatedly add to V; the vertex located at distance 2 on the left of the last vertex added to V; as
long as |Vi| < 7 and vg is not reached. If there is no vertex at distance 2 on the left of the last
vertex added to Vi, then we add to V; every remaining vertex from {vy, ..., v;,—1} — V; from left
to right until V; has size 71. Let X = {vy, ..., v;;—1} — V4. Notice that, at the end of the previous
procedure, G[V1] is connected, G[X] is traceable, and v;, -1 € X. Now, if there exists y € [k+1, p]
such that Zgzk 417 = |X|, then a correct realization of 7 in G under P is (V1,...,V}) where
(Vit1, ..., Vy) is a realization of (741, ...,7y) in G[X] and (Va, ..., Vi, Vy41, ..., V}) is a realization
of (T2, ..., Tk, Ty+1, ..., Tp) in G — {v1, ..., v;, } under {vj,, ..., v;, } obtained using Lemma 5.

Theorem 1. On the contrary, if for some y we have Z?;l}ﬁl 7 <|X[and 330_, 7 > |X],
then let 7, = |X| — Z?;;_H Tj, T, = Ty — Ty, and v, & P be the nearest neighbour of v;, 1
located on the right of v;,. Such a vertex necessarily exists since otherwise this would imply
that our k prescribed vertices are located consecutively along G. Moreover, v, is the first
vertex of G — {vo, ..., v;, } if v;; # vi,. We then obtain a desired realization (V1,...,V,-1,V, U
V), Vys1, - Vp) of 7 in G under P, where (V,), Viy1, ..., Vj—1) is a realization of (7, Tk11, ..., Ty—1)
in G[X] under (v, 1), and (Va, ..., Vi, VJ/, Vi1, ..., V) is arealization of (7o, ..., T, 7)), Tyt 1, -5 Tp)
in G[{vi,+1, ..., Un—1}] under (vi,, ..., v, , o). Those two realizations exist according to Lemma 5.



4 Partitioning C* under 2k prescriptions

We now prove, for any k > 1 and n > 2k, that C¥ can be partitioned under 2k prescriptions
when the prescribed vertices are ”conveniently” located in C*. Since the Harary graph Hopi1n
is spanned by C,’i, these results imply that, in some situations, we can deduce a partitioning of
Hjj. 11, under 2k prescriptions using a spanning subgraph argument.

We first introduce some notations. Suppose that G = C¥ for some k > 1 and n > 2k, and
that we want to realize the sequence 7 = (79,...,7p—1) in G under P = (vj, ..., Vi, ,), With
p > 2k and 0 < iy < ... < dg—1 < n — 1. For every j € [0,2k — 1], we denote by d; the
value 7; — i;_1 — 1. In particular, we have n = 2k + Z% ! d;. Given two distinct integers
x,y € 10,2k — 1] such that x < y, the garden of the prescrzbed vertices vi,, ..., v;, in G is defined

as Gpy = {v L Y +1} and is the maximum subset of consecutive vertices of G containing no

other prescrlbed vertices than v;,, ..., v;,. In particular, |G, 4| = (y—x+1) + Zy+; d;. We say
that the prescribed vertices v;,_, ...,viy are saturated for T in their garden if Z 5 > |Gyl
that is if the parts associated to the prescribed vertices v;,, ..., v;, of a realization of 7 in GG under

P must contain some vertices of V(G) — G .

Lemma 8 Let P = (v, ..., vi,,_,) be a 2k-prescription of G = C¥ with k > 1, n > 2k and
0<ip < ..<igg <n—1, and 7 = (79,....,7p—1) be an admissible sequence for G with
p > 2k. For any x € [0,2k — 1], if the prescribed vertices v;,, ..., v;, ., , are saturated for T in
their garden, then neither the prescribed vertices vi, ..., Vi, , NOT Vi, ..., Vi, are saturated
in their respective garden.

Proof. Let us consider, without loss of generality, that z = 0. If the prescribed vertices
Vjg, ---, Vi, are saturated for 7 in G r—1, then we have:

k—1 k
ZTj >k + Zdj,
=0 =0

and
2k—1 2k—1
ZTJ <k+ Z d;.
j=k+1

If the prescribed vertices vj,, ..., v;, are also saturated for 7 in G g, then

k+1

ZTJ > k—i—Zd],

and
2k—1 2k—1
T0+ZTj<k+do+Zdj,
j=k+1 j=k+2

which implies that both ny —ng41 > di —dgyo and ny —ngy1 < dp — dg1o hold, a contradiction.
If we now suppose that v;, , ,...,v9 are saturated for 7 in G410, then

k k
ZTj < k+ Zdj,
=1 j=2

and
2k—1 2k—1
o+ > m>ktdo+di+ Y dj,
j=k+1 j=k+1



and we thus get that both

k-1 2k—1 k 2k—1
O m) = (D >0 dy)— (> dy)
=1 j=ki1 = j=k—1
and
k—1 2%—1 k 2%k—1
O )= (D ) <O dy)— () dj
j=1 j=k+1 =2 j=k—1
hold, again a contradiction. [

In what follows, a mazimal block B of P in C¥ is a maximal subset B C P of consecutive

vertices of C¥. In particular, if {v;,, ..., v, .} is a maximal block of P in C¥, then neither v,

nor ’l)+
iq

L. are prescribed vertices.

Lemma 9 Let P = (v, ..., vi,,_,) be a 2k-prescription of G = C¥ with k > 1, n > 2k and
0<i <..<ip<n-—1. If there exists exactly one maximal block B of P in G of size at least
k, then every partition T = (19, ..., Tp—1) of n with p > 2k elements is realizable in G under P.

Proof. Let us suppose, without loss of generality, that v;,,...,v;,_, belong to B. We distinguish
two subcases depending on whether v;,,...,v;, , are saturated for 7 in their garden or not.

Case 1: The prescribed vertices vy, ..., v;, _, are not saturated for T in G j_1.

Let X be a subset of Z?;& 7; consecutive vertices of Gg y—1 such that XNP = {vj,, ..., vi,_, }
According to Theorem 1, there exists a realization (g, ..., Vk_1) of (19, ..., 7k—1) in G[X] under
the prescription (v, ..., v;,_, ) since this subgraph is k-connected. Now observe that a realization
(Vs .oy Vp—1) of (7k,...,7p—1) in G — X under the prescription (v;,, ..., vs,, ,) necessarily exists
since G— X is isomorphic to the k*" power of a path and we supposed that the prescribed vertices
perform only one maximal block of size at least k£ in GG. This implies that either v;, is the first
vertex of G — X, v;,, , is the last vertex of G — X, or the prescribed vertices vj,, ..., v;,, , are
not consecutive in G — X. In the first two cases, the realization is obtained thanks to Lemma, 5,
and it follows from Lemma 7 in the third case. Finally, observe that (Vp,...,V,—1) is a correct
realization of 7 in G under P.

Case 2: The prescribed vertices vy, ...,v;, _, are saturated for T in G j—1.
By Lemma 8, we know that neither v;,,...,v;, nor v _,,...,v;, are saturated for 7 in Gy
and G410, respectively. Hence, only two cases may occur.

Case 2.a. If there exists a subset X’ of Z§:1 7; consecutive vertices of Gy j such that PN X' =
{viy, ..., vi, }, then, since v;, is the last vertex of G — X', all the conditions are met to apply
the procedure used in Case 1 with v;,,...,v;, and X’ to get the desired realization. A similar
realization can be obtained analogously if the assumption above holds for v;, ,, ..., v;, and their
garden Gj41,0-

Case 2.b. Suppose now that both Z] 1T < k—l—zj 5 dj and T0+ZJ k+1 T < k+d0+23kki2

hold. Let X = {v;,,...,v;, }. If there exists a x € [2k, p—1] such that (ZJ 1T+ o ) = X
then we can partition G into two graphs G[X] and G — X and obtain a whole realization of 7
in G under P by considering realizations of (71, ..., Tk, Tok, ..., ) in G[X] under (vj,,...,v;, ) and
of (70, Tht1y -y T2k—15 Tat1s -y Tp—1) 0 G — X under (viy, Vi, -+ Viy,_, ) Which necessarily exist
since the conditions of Lemma 5 are satisfied in both cases (v;, is the last vertex of G — X and
v;, is the first vertex of G[X]). Finally, (Vb, ..., Vp—1) is a realization of 7 in G under P.

If such a = does not exist, then let 2 € [2k, p — 1] be such that (ZJ 1T+ (Ef;zlk 7;) < | X|

and (Z] 175) + (Zj:?k 7j) > |X|, and let 7, = |X|— [(EJ 175) +(Zj:2k )] and 7,/ = 75 — 7.
Since we supposed that there is only one maximal block of P in G with size at least k and



v, and v;, are adjacent according to the natural ordering of V(G), there exist a € [i1, ;] and
B € ig+1, i+ k—1] such that v, and vg are adjacent and are not prescribed vertices (otherwise
there would exist a second maximal block of P in G with size at least k since v;,, ..., v;, are not
saturated for 7 in their garden). In particular, let us choose vg in such a way that the distance
between v, and vg is the smallest possible according to the natural ordering of V(G). We get
that either vg or v;,, is the first vertex of G — X.

Finally, we obtain the desired realization of 7 in G under P as follows.  First,
let (Vi,..., Vi, VI, Vag, ..., Vo1) be a realization of (71, ..., Tk, 7o, Tok, -y Te—1) in G[X] un-
der (viy,...,vi,,0q). Then, let (Vo,Vit1,..., Vor—1,V)  Vas1,..., Vp—1) be a realization of
(70, Tk 15 ooy TOk—15 T » Ta 15 -, Tp—1) i G — X under (vig, iy, s -y Vig;,_,, vg). These two realiza-
tions necessarily exist according to Lemma 6. Moreover, the subgraph G[V] U V)] is connected
since vavg € E(G); therefore, we eventually get that (Vp,..., Vo1, VU V) Voyr,...,Vp—1) is a
correct realization of 7 in G under P. [ |

Lemma 10 Let P = (vjy, ..., Viy,_,) be a 2k-prescription of G = Ck with k > 1, n > 2k and
0<i1 <..<ir<n-—1. If there does not exist a maximal block of P in G of size at least k,
then every partition T = (19, ..., Tp—1) of n with p > 2k elements is realizable in G under P.

Proof. We can suppose, without loss of generality, that neither v;,, ..., v;,_, nor v;, ,...,v;,, , are
saturated for 7 in G p—1 and Gy, 21—1, respectively. Indeed, if one of these conditions holds, then
this cannot be simultaneously the case for v;,,...,v;, nor v, _ ..., vy, _,,v;, in their respective
garden according to Lemma 8; we could thus easily relabel our prescribed vertices and part sizes
so that the above assertion holds.

We distinguish the following two subcases.

Case 1. If we can find a subset X of Z v 0 7j consecutive vertices of G j—1 such that PN X =
{vig, ..., vi,_, }, then we can obtain a correct realization of 7 in G under P in a same way as what
we did in Case 2.a of Lemma 9. A similar argument holds if there exists a satisfying subset X

included in the garden of v;,, ..., Vi, ;-

Case 2. The last case which may happen is the one where both Zj 0T < k+ Zk ! d; and

Z?ikl T < k+ Z?k ki_l d; hold, and neither v;, and v;,, , nor v;,_, and v;, are consecutive
vertices of G (otherwise, we could use the arguments of Case 2.b of Lemma 9 to deduce a
realization of 7 in G under P). We can suppose that there does not exist x € [2k,p — 1] such
that Z] 0Tt D e Ti =kt E;‘:ll dj or Z?i}l T+ D ok T =kt Zfiﬁrl d; for otherwise
we could find a realization of 7 in G under P using Lemma 7 since there is no maximal block of
P in G with size at least k. We explain below how to deduce a realization of 7 in G under P.

If 79 + 7op_1 > do + 2, then we can obtain a correct realization of 7 in G un-
der P as follows. Let Vj = {vij—1,%i—2,-sVa} and Vi, | = {Viy 1+1:Vigs 14251 Vg }
where |Vj| < 79, |V3p_q| < Tox—1, and a € [igg—1 + 1,49 — 1]. Then, consider a real-
ization (Vb”, Vi, Voo, ‘/2/,/671, Voky oer, Vp,1) of the sequence (79 — |V0/|, Tly ey TOh—2, TOho1 —
IVor_ 1|, T2k s Tp—1) in the subgraph G[{vj, ..., iy, , }] under P obtained in the same way as
what we did for Case 2.b (that is by doing as if v;, and v;,, , were consecutive vertices of G).
Such a realization necessarily exists since we supposed that there is no maximal block of P
in G with size at least k. Finally, observe that the realization (Vy U Vy', Vi, ..., Vag—2, V5, U

o—15 Vaks .o, Vp—1) is a correct realization of 7 in G under P.

Now, if 79 + Top—1 < dg + 2, then 79 — 1 > LMJ and o1 — 1 >
hold simultaneously since otherwise we would get a contradiction. Let Z = {v;

Ld(’ (k=1) J cannot

o1+ Vi b and
suppose that 7p — 1 < L%DJ; thus, there exists a subset Vp of Z U {v;,} such that G[V}] is
connected on 7y vertices, Vj contains the vertex v;, but does not contain neither U;; ., hor v, ,
and the subgraph G[Z — Vp] is traceable.

Once again, we can suppose that there does not exist € [2k,p — 1] such that Z?;ll T +
Y j=ok Tj = |G1k-1] since otherwise we could easily deduce a realization of 7 in G under P using



Lemmas 5 and 6 (recall that Uik, vy Vigp are not saturated for 7 in their garden). Thus, let
k— k—

x € [2k,p — 1] be such that Z]- Tj + Z] o Ti < |G1,k—1] and ijll Tj + Z,f:zk 7 > |Gl g-1]
and let 7, = |Gy p—1] — Zf;ll Tj — Zf:Qlk 7; and 7)) = 7, — 7,. For the sake of the proof, let us
also denote 7, instead of 7. Since G ;—1 only includes k — 1 prescribed vertices, then we can
obtain a realization (Vi,...,Vi_1, V], Vak, ..., Va—1) of (T1, .o, Th—1, Th, Toks ooy Ta—1) 0 G[G1 f—1]
under (vj, ..., v, _,,Va) Where v, is a non-prescribed vertex of Gy —1 neighbouring Vg, Such
a vertex necessarily exists since there are no maximal block of P of size at least k in G; in
particular, choose v, = v if vy, # v . The previous realization exists by Lemma 5.

For the same reasons as above, let us suppose that there does not exist y € [z + 1,p| such
that Z?Zﬁ T+ i Tj =k+ Z?k i1 d;. Then denote by y € [z + 1,p] the least integer

2k—1 2k 1 2k—1 2k—1

such that Y 52" 7 4+ >4 x_HT] < k‘+2j k+1d and Y550 T AT > kY d
Next, let us split 7, into two elements Ty and Ty as above, and use the arguments above once
again to obtain a realization (Vi, ..., Var—1, Vyj, Ver1, oo, Vy—1) of (T, s Tok—1, Ty Tat 1, -+, Ty—1) 0
Gl{viy, --s Viy, , }] under (vs,, ..., viy, ,,vg) where vg is a non-prescribed Vertex of {viy, ..oy Vig, 4 }
neighbouring v;; ._,- This realization exists by Lemma 6 since v;, and v;,, , are the first and
last vertices of G[{vj,, ..., vi,, , }], respectively.

On the one hand, if y = p, then it means that the element 7, was split into three elements
7y, T, and 7. In this case, the realization (Vp,..., Vo—1,V; UV U Z, Vy41, ..., V1) is a correct
realization of 7 in G under P. On the other hand, if y < p, then, since G[Z — V}] is spanned by

a path whose first and last vertices are v;; - and v, , respectively, by Lemma 6 there exists a

realization (V,', V,/, Vyy1,..., V1) of (7, 7/, Ty41, ...,Tp_l) in G[Z — Vb under (v;o,vgk_l). By
construction, G[V;UV,'] and G[V,UV}/] both induce a connected subgraph of G. It follows that
Vo, ooy Va1, VR U VY Vi, o, Vg, Vy U VY Vg, o, V1) s a realization of 7 in G under P.

5 Partitioning Harary graphs under prescriptions

Harary graphs are known to be graphs having the smallest possible size regarding their connec-
tivity [5]. They trivially have the property of being AP since they are Hamiltonian; thus, one
could wonder about the maximum number of prescribed vertices we can allow while partitioning
them. In particular, can we always prescribe k vertices when partitioning a (k + 1)-connected
Harary graph? If this is the case, then such a graph will also be an optimal AP+k-graph.

We investigate, in this section, the question for the three different constructions of Harary
graphs, according to the parities of both n and k.

5.1 Construction 1: k is even

E
For every k > 2 and n > 2k such that k is even, Hy,,, is isomorphic to C;7 which is AP+(k — 1)
according to Theorem 4. Thus, the following result derives directly.

Corollary 11 For every even k > 2 and n > 2k, the Harary graph Hyp, is AP+(k —1).

5.2 Construction 2: k£ is odd and n is even

Let £ > 2 and n > 2 be two integers such that k is odd and n is even. By construction,
Hyj41 5, is spanned by Hay, , and thus is AP+(2k — 1) according to Corollary 11. Although this
number of prescribed vertices is good since Hopi14, is (2k 4+ 1)-connected, the connectivity of
this graph suggests that we could up to one more prescribed vertex while partitioning it (see
Observation 3).

Before proving that Ho 1y is actually AP+2k, we first introduce the following lemma which
deals with the traceability of a graph composed by two linked squares of paths.



Lemma 12 If G is a graph such that V(G) = V1 U Va, the subgraphs G[Vi]| and G[Va] are both
spanned by the square of a path, and there exists an edge joining one vertex of Vi and one of Va,
then G is traceable.

Proof. Let vy,...,v,, and uy, ..., u,, denote the vertices of G[V1] and G[V2], from left to right,
and v, and ug be two vertices of G such that voug € E(G). Consider the following subpaths
of G:

- P=vv2..04_1;

Q= Va4 1Va+3-+-Ung—1Un; Uny —2Vn, —4...Va+2 if N1 — o is even,
Va41Va+3-+-Uny Ung—1VUn; —3.--Vat2 Otherwise;

R UB42UB 44 UpyUny—1Uny—3...Uug41 if o — B is even,
UBL2UB44- - Upy—1UnyUny—2Uny—4...Ug41 Otherwise;

- S =ug_1ug_z...ux.
It is then easy to check that PQu,ugRS is a Hamiltonian path of G. [ |

We now prove the main result of this section.
Theorem 13 For every odd k > 2 and even n > 2k + 1, the Harary graph Hop11 5 is AP+2k.

Proof. Let G = Hopi1,, be the (2k + 1)-connected Harary graph on n vertices. We prove
that every partition 7 = (79,...,7p—1) of n with p > 2k 4 1 elements is realizable in G under
every prescription P = (vjg, ..., iy, _,) With 0 <ip < ... < idgp_; < n — 1. We distinguish three
cases depending on whether there exists a realization of 7 in C¥ under P or not. Since C¥ is a
spanning subgraph of GG, such a realization would also be a realization of 7 in G under P.

Cuase 1. First observe that if there exists exactly one maximal block of P in G with size at
least k, then we can obtain a correct realization of 7 in G under P by considering a realization
of 7 in C’ﬁ under P. Such a realization necessarily exists according to Lemma 9.

Case 2. Similarly, if there does not exist a maximal block of P in G with size at least k,
then we can use Lemma 10 to deduce a realization of 7 in C¥ under P. This realization is also
a realization of 7 in G under P.

Case 3. The last case we have to consider is the one where there exist two maximal blocks
B; and By of P in G with size exactly k. In this case, the prescribed vertices disconnect the
graph into two components linked by some diagonal edges. Indeed, without loss of generality,
let us suppose that By = {vj,,...,v;,_,} and By = {v;,,...,vi,, _, }; necessarily, the antipodal
neighbours of v; and v;:il do not both belong to P since otherwise there would exist a maximal
block of P in G with size at least £ + 2. Let us denote by v, and vg two antipodal neighbours
of G such that vy, vg & B1 U Ba, o € [ip—1 + 1,4 — 1] and 8 € [igg—1 + 1,ip — 1]. Besides, let
a1 =a—1ig_1—1l,ao =14 —a—1,a3 =1 —F —1and ag = — i9_1 — 1 denote the number
of consecutive vertices between Bi, By and the two vertices v, and vg according to the natural
ordering of V(G).

If Z;‘:& 7; < al + a3+ k and E?i;l 7; < az + as + k, then we can find two subsets X
and Y of consecutive vertices of G such that | X| = Z?;é 7, Y| = E?i;l 7j, {Vigs s Vi, } C
X, {vip, ., Vip, .} C Y, and ve,v3 € X UY. Since G[X]| and G[Y] are both isomorphic to
the k" power of a path, then using Theorem 1 we can deduce two realizations (Vj, ..., Vi_1)
and (Vi, ..., Vag_1) of (70, ..., 7k—1) and (7g, ..., 7ox—1) in G[X]| and G[Y] under the prescriptions
(Vigy -y Vip—1) and (vj,, ..., Vi, ,). Moreover, since k > 2, G — (X,Y) is traceable according
to Lemma 12, there exists a realization (Vag, ..., Vp—1) of (7o, ..., 7p—1) in G — (X,Y"). Finally,
(Vo, ..., Vp—1) is a correct realization of 7 in G under P.



Let us now suppose that, without loss of generality, Z = 0 7j > a1 + a3+ k and E% kl T <

as+aqg+ k. If Z% 01 Tj > a1+ az + 2k + 1, then we can find two subsets of consecutive vertices
X,Y C V(G) such that, for some v € [if—1 + 1,7 — 1], vy € X, v7 €Y, {vi,....,v,_,} C X,
{Vip, s Vig,_,} C Y, |X| = Z] o7 and |Y| = Z?i;l 7;. By Theorem 1, we know that there
exists a realization (Vp, ..., Vi—1) of (70, ..., 7k—1) in G[X] under the prescription (vj, ..., vi, ),
and a realization (Vj, ..., Vog—1) of (g, ..., Tag—1) in G[Y] under (v;, , ..., vi,,_, ). Finally, G—(X,Y)
is isomorphic to the k" power of a path, and thus there exists a realization (Vag, ..., V) of the
remaining sequence (7o, ..., Tp—1) in it. We get that (Vp, ..., V,—1) is a realization of 7 in G under
P.

If it is not possible to choose the subsets X and Y in such a way that they have two
neighbouring consecutive vertices along the arc of size a1 4+ a2 + 1 of G, then we can necessarily
find two such subsets along the arc of size az + a4 + 1 of G. Indeed, in such a situation we have
Z;:é 7j > a1 + ag + k by hypothesis, but Z?;& 7j < a1 + a2 + k + 1. This implies that az > as,
and, since aj; + ag = ag + a4, that a; > a4. Hence, we get Z?;é Tj > a4 + a3 + k and it is
therefore possible to choose the two subsets X and Y along the arc of size a3 + a4 + 1 of G to
deduce a realization of 7 in G under P. [ |

5.3 Construction 3: k£ and n are odd

The Harary graph G = Hop11 41, where k > 2 and n + 1 > 2k 4 1 are odd, is spanned by C’ffL.
Thus, it follows, according to Lemmas 9 and 10, that there always exists a realization of 7 in
G under a 2k-prescription which admits at most one maximal block in G with size at least k.
Moreover, Hoj11,, and Hopy1 41 differ by their diagonal edges, but the arguments we used to
prove Case 3 of Theorem 13 also hold when considering Hoj 41,41 instead of Hop i1 5.

Thus, we can directly derive the following result.

Theorem 14 For every odd k > 2 and odd n > 2k 4 1, the Harary graph Hopiq p is AP+2k.

6 On the existence of optimal AP+ 2-graphs

The proof of Theorems 13 and 14 relies on the fact that some particular subgraphs of a Harary
graph H}, ,, necessarily satisfy the conditions of Lemma 12 when k # 3. Although, one can easily
check that this lemma cannot be used when Hjy,, is not connected enough, in particular when
k = 3. Hence, our proof cannot be used directly to prove that a Harary graph H3, is AP+2 for
some n.

Besides, these graphs are not all AP+2 anyway:

Observation 15 For every n =2 mod 4, the Harary graph Hz,, is not AP+2.

Indeed, let n =2 mod 4 and G = Hs,,. One can check that the subgraph G — {vg, v2} does
not admit a perfect matching. Therefore, the sequence (1,1,2;...,2) is not realizable in G under
(vo, v2).

In order to prove that there actually exist optimal AP+2-graphs, we introduce a new class
of 3-connected graphs.

Definition 16 Let n > 4. The graph Pr, is constructed as follows:

e If n is even, Pr, is obtained frorn the cycle C),, whose vertices are successively denoted

by wu, w%, ...,w}l;g, v, w%;g, .. wl, by adding it the edge uv and all edges w w , for every
2 2

i€ (1,2
e If n is odd, Pry, is obtained by first removing the edges wiw} and wl_;w?%_; from Pr,_1,
2 2
and then adding it a new vertex o linked to wi, w?, wl_5, and w?_;.
2 2
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Figure 2: The graphs Prig and Prg

The two graphs Prg and Prig are drawn in Figure 2.

For every n > 4, the graph Pr;, is 3-connected and has the least possible number of edges,
that is [37”] To now prove that such a graph is AP+2, we consider the following sufficient
condition for a graph to be AP+2 which is easier to determine for Pr graphs. Recall that a
graph G is Hamiltonian-connected if, for every two distinct vertices u and v of G, there exists a
Hamiltonian path in G with endvertices v and v.

Lemma 17 If a graph G is Hamiltonian-connected, then G is AP+2.

This lemma obviously holds since, by Lemma 6, we can partition P, under every 2-
prescription (u,v) as long as u and v are the endvertices of P,.

Before showing that G = Pr, is Hamiltonian-connected for every n > 4, we first introduce
some notations to deal with the vertices of such a graph. Let ¢ = %‘2 if n is even (resp. ¢ = "T_g
if n is odd); given two distinct integers x and y in [1, ¢] (resp. in [2,¢ — 1]) such that z < y, we

denote by P{;(G) and ng\y(G) the paths of G defined as follows.

w2wl if x =y,

/‘ _ T
Piy(G) = { w{%wipﬁl’y((}) otherwise.

1
i) ={

The paths P;,’}y(G) and Px/,y(G) of G are defined analogously from right to left when z > y.
For every a € {1,2}, we additionally define Py~ (G) for # < y (resp. Pry (G) for x > y)
to be the path wgwg, ;...wy of G (resp. the path wgwg ...wy of G). For convenience, let us
assume that P{,(G) = 0, Pm\,@‘/(G) = 0 and P57 (G) = 0 (resp. Ppy(G) = 0, Pm‘/,y(G) =10
and Pyy (G) = 0) whenever z or y do not belong to the interval above or when > y (resp.
when = < y). Using these notations, we get, for instance, that uPif(Prlo)va”f_(Prlo) and

uPlﬁ(Prlo)v are Hamiltonian paths of Pryg.
We are now ready to prove that every Pr,, graph is Hamiltonian-connected, and thus AP+2
according to Lemma 17.

Proposition 18 For every n > 4, the graph Pr, is Hamiltonian-connected.

Proof. Let G = Pry,, and ¢ = %‘2 if n is even, q = %‘3 otherwise. Table 1 (resp. Table 2)
exhibits, given two distinct vertices s and ¢ of GG, a Hamiltonian path P of G whose endvertices
are s and ¢ when n is even (resp. n is odd). In Table 1 (resp. Table 2), it is assumed that
1 < i < ¢q when j is not defined (resp. 1 < i < q), and 0 < i < j < ¢ otherwise (resp.
1 < i < j < gq). All the Hamiltonian paths which do not appear in these two tables can be
deduced from other Hamiltonian paths using the symmetries of G.

11



t P

v uPd(G)v
! uP{;_(G)w?P.] (G)vP,;(G) if i — 1 s even
‘ uPl\"Z‘ (Gw QPZ%:q(G)qul’f(G) otherwise
o | w P&;i<c;*>5f_z<c§>a§,1<G>uqu}<G> if ¢ - j is even
P (G)P; <L(G)P’}Ll(G)uvP(;/j(G) otherwise
y 2 P2 (G)PH LGP, 1 (G)uwP(G) if g — j is even
/ ]31.173’31(6‘)]3]2 L (G)P\1 1(G)UUP[;\j(G) otherwise

Table 1: Proof that Pr, is Hamiltonian-connected for every n > 4 even

s t ‘ P
0 u oPllf(G)va’(_(G)u
1 owgvw? Pq | owiuwi if ¢ is even
? o ow vwlp‘/l Jwiuw; otherwise
. w! ow%uwlP{Z1 1(G\) zﬂiTq(Ci)vP;’f(Gz if 7 is even
owiuwl Py¥_(G)w QPH?q(G)UPq,’f(G) otherwise
u v UPLq (G)OPL;(G)U
w} wPoy (G)oP, 1 (G)
u w, uvP2 <_(G)OP{’q_}(G)
" w! uPllv’fl(G)fDiTl(G);ni UwIP*/ J(G) if ¢ — i is even
uPy” 1(G)PFL]L(G)Olu UwgPl;\l ;(G) otherwise
wi w? w%uqu{Q(_(G)Piq_’(G)ow%
wi | w Py 1 (G) B (G uvwgow,
w} w? w%ow%uqulZ{_( )PQZ;(G)
lejﬁl(G)P]2 17Z(G)P’\1 2 (G)wiuwiow? vwlP*/ ;(G) ifi and g — j are even
1 . .
! wjl» Pl-ijzl( ) (G)P2 12(G Jwiuwiow; vwlP*/ ( ) 1f1 %s odd and ¢ — jll‘S even
P (G )P? ) Z(G)PZ 12 ( Jwiuwiow, vw2Pr\ ;(G) if i is even and ¢ — j is odd
Piljfl(G)P LGP (G wiuwdow] vwgpq\lj( ) if i and q — j are odd
P%f‘l(G)Pf TZ( )PZ\ 2 (G’)w%uw%ow vsz\ ;(G) if i and g — j are even
1,— 2 e e s ..
w! w? Pij_:(G)PjQEi(G)PizLQ(G)w%uw%owq 2P; ( ) 1f2 %s odd and ¢ — 3.1.5 even
Pm_l(G)Pj;m-(G)Pi_LQ(G)w%uw%owg 1P ;(G) if i is even and ¢ — j is odd
f’i{jjl(G)sz;Ti(G)f’i’}l 5 (G)wiuwiow? quPq/1 ;(G) if i and n — j are odd

Table 2: Proof that Pr, is Hamiltonian-connected for every n > 5 odd

Corollary 19 For every n > 4, the graph Pr, is AP+2.

7 Conclusions
We summarize Corollaries 11 and 19 and Theorems 13 and 14 in this concluding theorem.

Theorem 20 For every k > 1 and n > k, there exist optimal AP+k-graphs on n vertices.

According to Observation 3, we know that the number of optimal AP+k-graphs is upper

bounded by the number of edge-minimal (k + 1)-connected graphs. However, it seems difficult
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to make an estimation on the number of optimal AP+k-graphs in general.
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