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GROUPS OF VIRTUAL AND WELDED LINKS
VALERIY G. BARDAKOV AND PAOLO BELLINGERI

ABSTRACT. We define new notions of groups of virtual and welded knots (or links) and we
study their relations with other invariants, in particular the Kauffman group of a virtual
knot.

1. INTRODUCTION

Virtual knot theory has been introduced by Kauffman [21] as a generalization of classical
knot theory. Virtual knots (and links) are represented as generic immersions of circles
in the plane (virtual link diagrams) where double points can be classical (with the usual
information on overpasses and underpasses) or virtual. Virtual link diagram are equivalent
under ambient isotopy and some types of local moves (generalized Reidemeister moves):
classical Reidemeister moves (Figure 1), virtual Reidemeister moves and mixed Reidemeister
moves (Figures 2 and 3).
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FIGURE 1. Classical Reidemeister moves
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K~ X

FIGURE 2. Virtual Reidemeister moves
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FIGURE 3. Mixed Reidemeister moves
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A Theorem of Goussarov, Polyak and Viro [15, Theorem 1B] states that if two classical
knot diagrams are equivalent under generalized Reidemeister moves, then they are equivalent
under the classical Reidemeister moves. In this sense virtual link theory is a nontrivial
extension of classical theory. This Theorem is a straightforward consequence of the fact
that the knot group (more precisely the group system of a knot, see for instance [11, 18])
is a complete knot invariant which can be naturally extended in the realm of virtual links.
Nevertheless this notion of invariant does not appear satisfactory for virtual objects (see
Section 4): the main goal of this paper is to explore new invariants for virtual links using
braids and their virtual generalizations.

In fact, using virtual generalized Reidemeister moves we can introduce a notion of “virtual”
braids (see for instance [21, 30]). Virtual braids on n strands form a group, usually denoted
by V B,,. The relations between virtual braids and virtual knots (and links) are completely
determined by a generalization of Alexander and Markov Theorems [19].

To the generalized Reidemeister moves on virtual diagrams one could add the following
local moves, called forbidden moves of type F'1 and F2 (Figure 4):

We can include one or both of them to obtain a "quotient" theory of the theory of virtual
links. If we allow the move F'1, then we obtain the theory of Welded links whose interest is
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FIGURE 4. Forbidden moves of type F'1 (on the left) and type F'2 (on the right)

growing up recently, in particular because of the fact that the welded braid counterpart can
be defined in several equivalent ways (for instance in terms of configuration spaces, mapping
classes and automorphisms of free groups). The theory with both forbidden moves added is
called the theory of Fused links but this theory is trivial, at least at the level of knots, since
any knot is equivalent to the trivial knot |20, 27|.

The paper is organized as follows: in Sections 2 and 3 we recall some definitions and
classical results and we construct a representation of V B,, into Aut F,,,1; using this repre-
sentation we define (Section 4) a new notion of group of a virtual knot (or link) and we
compare our invariant to other known invariants. In the case of welded objects (Section 5)
our construction gives an invariant which is a straightforward generalization to welded knots
of Kauffman notion of group of virtual knots. We conclude with some observations on the
analogous of Wada groups in the realm of welded links.
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2. BRAIDS VS VIRTUAL AND WELDED BRAIDS

During last twenty years several generalizations of braid groups were defined and studied,
according to their definition as "diagrams" in the plane: in particular singular braids [1],
virtual braids [21, 30| and welded braids [13].

It is worth to mention that for all of these generalizations it exists an Alexander-like
theorem, stating that any singular (respectively virtual or welded) link can be represented
as the closure of a singular (respectively virtual or welded) braid. Moreover, there are
generalizations of classical Markov’s theorem for braids giving a characterization for two
singular (respectively virtual or welded) braids whose closures represent the same singular
(respectively virtual or welded) link [14, 19].

In the following we introduce virtual and welded braid groups as quotients of free product
of braid groups and corresponding symmetric groups.
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Virtual and welded braid groups have several other definitions, more intrinsic, see for
instance [6, 19| for the virtual case and [9, 13, 19] for the welded one.

The braid group B,, n > 2, on n strings can be defined as the group generated by
01,09, ...,0,_1, with the defining relations:

0i0i410i = 0441001, 1 =1,2,....,n— 2,
0,0 = 0404, ’Z—j| Z 2.
The virtual braid group V' B, can be defined as the group generated by the elements o,
pi, 1t =1,2,...,n— 1 with the defining relations:

0i0i110; = 044100441, 1 =1,2,...,n — 2,
0,0 = 0504, ’Z—]| Z 2.

Pi Pit1 Pi = Pit1PiPit1, L =1,2,...,mn —2,

pip; = p;pi, [P —j| = 2.
pi=1i=12...,n—1;
oipj =pjoi |i—jl =2,

Pi Pit1 O = Ti1 Pi Pit1, ©=1,2,...,m —2.

It is easy to verify that p;’s generate the symmetric group .S,, and that the o;’s generate
the braid group B, (see Remark 1).

In [15] it was proved that the relations

Pi Oit+1 0i = Oi+1 04 Pit1;, Pi+10i0it1 = 0i Oit1 Pi
corresponding to the forbidden moves F1 and F2 for virtual link diagram, are not fulfilled
in VB,.

According to [13] the welded braid group W B,, is generated by o, o, i =1,2,...,n — 1.
Elements o; generate the braid group B, and elements «; generate the symmetric group .5,
and the following mixed relations hold

aoj=0oja, |i—jl > 2,
Qi1 QG O] = 03 Q1 0y, 1= 1,2,...,n— 2,
Q0110 = 0i110;Qiy1, 0= 1,2,...,n — 2.

Comparing the defining relations of V' B,, and W B,,, we see that the group presentation
of W B,, can be obtained from the group presentation of V' B,, replacing p; by «; and adding
relations of type «; 0,41 0; = 040105411, @ =1,2,...,n — 2 which are related to F'1 moves.

Notice that if we add to relations of V' B,, the relations related to F'2 moves:

Pit10i0it1 = 0;0ip1 iy 0 =1,2,...,n — 2,
we get a group, W B),, which is isomorphic to W B,,: this isomorphism is given by the map

tn : WB! — W B, that sends p; in «; and o; in ai_l.
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3. BRAIDS AS AUTOMORPHISMS OF FREE GROUPS AND GENERALIZATIONS

As remarked by Artin, the braid group B, may be represented as a subgroup of Aut(F,,)

by associating to any generator o;, for : = 1,2,...,n— 1, of B, the following automorphism
of F,:
T —> T T T;
;. Tit1 — Ty,
T — Xy, I #1404+ 1.

Artin proved a stronger result (see for instance [23, Theorem 5.1]), by giving a character-
ization of braids as automorphisms of free groups. He proved that any automorphism 3 of
Aut(F,) ! corresponds to an element of B, if and only if 3 satisfies the following conditions:

i) Bla) =a; ' wxpa, 1<i<n,
“) 5(5101@ .. '(Lln) =T122...2Ty,

where ™ € S,, and q; € F,,.

The group of conjugating automorphisms C,, consists of automorphisms satisfying the
first condition. In [13] it was proved that W B, is isomorphic to C, and therefore the
group W B,, can be also considered as a subgroup of Aut(F;,). More precisely the generators

01,...,0,_1 of WB, correspond to previous automorphisms of F;, while any generator «,
fori=1,2,...,n — 1 is associated to the following automorphism of F;:
Ti —> Tiy1
Qy Tig1 > Ty,
T — Xy, l#4,0+ 1.

Remark 1. As noticed by Kamada [21], the above representation of W B, as conjugating
automorphisms and the fact W B,, is a quotient of V B,, imply that the o;’s generate the braid
group B, in VB,.

On the other hand the construction of an embedding of V' B,, into Aut(F,,) for some m

remains an open problem.

Theorem 2. |2| There is a representation v of V By, in Aut(F,11), Fri1 = (x1,22, ..., Tn, y)
which is defined by the following actions on the generators of V B,,:

Ty — T; Tit1 x;l, T, — YT yil,
N Tiy1 /> Ty, N . Tit1 yil x;y,
(o) r—xy, L #0041 Wlpi) - T —xy, L F# 0,0+ 1,
y—ry, y—y,

foralli=1,2,...,n—1.

'In the following we will consider the action of (classical, virtual or welded) braids from left to right and

B1B2(xi) will denote ((x)p1)0s.
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This representation was independently considered in [25].
Remark that the group W B,, can be considered as a quotient of ¢(V B,,): in fact a straight-
forward verification shows that:

Proposition 3. Let q, : VB, — W B,, be the projection defined by q,(0;) = o; and q,(p;) =
a; fori=1,...,n. Let F,,\1 = (x1,29,...,2,,y) and F, = (x1,a,...,x,). The projection
P Foor — Fo/{((y)) =~ F, induces a map p¥ : (V B,) — W B, such that p¥ o = g,.

The faithfulness of the representation given in Theorem 2 is evident for n = 2 since in
this case V By >~ (5 ~ 7Z *x Z5. In fact, from the defining relations it follows that V By ~ C5
and if we consider composition of ¥ with py : Fy = (x1,29,y) — Fy = (x1,22) we get the
representation of Cy by automorphisms of F.

For n > 2 we do not know if above representation is faithful: since ¢(VB,) C WB, 1
the faithfulness of ¢ for any n would imply that virtual braid groups can be considered as
subgroup of welded groups, whose structure and applications in finite type invariants theory
is much more advanced (see for instance |6, §|).

We remark also that a quite tedious computation shows that image by 1 of the Kishino
braid : Kb = agapoJf1ngpl02_101_1p201agagapoUf102_1p102_101_1,020102 is non trivial while
its Alexander invariant is trivial [7].

Notice that Kb = o, 'b2cy where by = 0201 p207 05 ' proy o7 paory.

4. GROUPS OF VIRTUAL LINKS

In the classical case the group of a link L is defined as the fundamental group 7;(S*\ N (L))
where N (L) is a tubular neighborhood of the link in S3. To find a group presentation of this
group we can use Wirtinger method as follows.

One can consider the oriented diagram of the link as the union of oriented arcs in the
plane. Define a base point for 71(S%\ N(L)) and associate to any arc a loop starting from
the base point, which goes straight to the chosen arc, encircles it with linking number +1
and returns straight to the base point. Let us consider the loops a;, a;, a; around three arcs
in a crossing of the diagram as in Figure 5:

FIGURE 5. Arcs around two types of crossings

One can easily verify that in the first case the loop a; is homotopic to akaia,gl and in the
second case the loop a; is homotopic to a,;laiak.

The group 71(S*\ N(L)) admits the following presentation: Let D be an oriented diagram
of aalink L and Ay,..., A, be the arcs determined by D. The group m(5*\ N(L)), admits
the following group presentation:
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Generators: {a,...a,}, where a; is the loop associated to the arc A;.
Relations: To each crossing corresponds a relation as follows

aja = aga; if a;,a;, a; meet in a crossing like in case a) of figure 5;
apa; = a;a  if a;, a5, ap meet in a crossing like in case b) of figure 5.

We recall that this presentation is usually called upper Wirtinger presentation while the
lower Wirtinger presentation is obtained applying Wirtinger method to the diagram where
all crossings are reversed; these presentations are generally different but the corresponding
groups are evidently isomorphic because of their geometrical meaning.

Another way to obtain a group presentation for 7;(S*\ N(L)) is to consider a braid 8 € B,
such that its Alexander closure is isotopic to L; therefore the group 71(S*\ N(L)) admits
the presentation:

T (SP\N(L)) = (21,29, ..., 2 || i = B(23), i =1,...,n),

where we consider 5 as an automorphism of F,, (this a consequence of van Kampen’s Theo-
rem, see for instance [31]).

Given a virtual link vL, according to [21] the group of the virtual knot vL, denoted
with G, (vL), is the group obtained extending the Wirtinger method to virtual diagrams,
forgetting all virtual crossings. This notion of group of a virtual knot (or link) does not seem
satisfactory: for instance if v7T is the virtual trefoil knot with two classical crossings and
one virtual crossing and U is unknot then G ,(vT) ~ Gk ,(U) ~ Z, although that vT is
not equivalent to U. In addition, as noted Goussarov-Polyak-Viro [15], the upper Wirtinger
group of a virtual knot is not necessary isomorphic to the corresponding lower Wirtinger
group. R

We introduce another notion of group G,(vL) of a virtual link vL. Let vL = (3, be a
closed virtual braid, where 3, € V B, 2. Define

Go(vL) = (x1, 29, ..., Tn,y || @i =0 (By) (i), 1 =1,...,n).
We will consider the action from left to right and for simplicity of notation we will write

x; 8, instead of ¥ (B,)(x;).

Notation. In the following we use the notations [a,b] = a~'b"'ab and a® = b~tab.
The following Theorem was announced in [2].

Theorem 4. The group G,(vL) is an invariant of the virtual link vL.

Proof. According to [19] two virtual braids have equivalent closures as virtual links if and
only if they are related by a finite sequence of the following moves:
1) a braid move (which is a move corresponding to a defining relation of the virtual braid

group),
2) a conjugation in the virtual braid group,

2The indices v and w are given to precise when we are considering virtual or welded braids
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3) a right stabilization of positive, negative or virtual type, and its inverse operation,

4) a right/left virtual exchange move.

Here a right stabilization of positive, negative or virtual type is a replacement of b € VB,
by bo,, bo, ! or bp, € V B,.1, respectively, a right virtual exchange move is a replacement

510;1172071 A blpanpn € VBn—H
and a left virtual exchange mowve is a replacement
s(by)ots(ba)oy < s(by)p15(b2)pr € V By,

where by, by € VB, and s: VB, — V B, is the shift map i.e. s(o;) = 041.

We have to check that under all moves 1) - 4), the group G,(vL) does not change. Let
vL = [, where 3, € VB,.

1) If 5 € VB, is another braid such that 5, = /5, in V B, then ¥(8,) = (5, since ¢
is a homomorphism. Hence G(3,) = G(/3!) and the first move does not change the group of
virtual link.

2) Evidently it is enough to consider only conjugations by the generators of V' B,,. Let

G = G(,é;) = (T1, T2, .., T,y || i = 2P0, 1 =1,2,...,m)
and o
Gy = G(opByor ') = (21,29, .., Ty y || 7 = 24(0nBuort), i =1,2,...,n),
where k € {1,2,...,n — 1}. To prove that G5 ~ G; we rewrite the defining relations of G5
in the form

o = xi(okfy), 1=1,2,...,n.
If i # k,k — 1 then this relation is equivalent to
T; = ;B

since x;0, = x;. But it is a relation in ;. Hence, we have to consider only two relations:

2ok = Tx(015), Thi10k = Trp1(0nSy).
By the definition of v these relations are equivalent to

weety, | = (T ) Bo, Tk = Tk
The second relation is a relation from ;. Rewrite the first relation:

et @y = (2efB) (T Bo) (' Bu)
and using the second relation we get
Thi1 = Thi1Po,

which is a relation from G;. Hence we proved that any relation from (G is true in G5 and
analogously one can prove that any relation from G, is true in Gj.
Consider the conjugation by element pi. In this case we have

GQ = G(pkﬁvpk) = <[L‘1,LE2, s Ty Y || Ty = xz(pkﬂvpk)a 1= 1727 s 7n>'
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Rewrite the relations of (G5 in the form

zipr = zi(prPo), i =1,2,...,n.
If i # k,k — 1 then we have
T = iy,
since x;p, = x; But it is a relation in G;. Hence, we have to consider only two relations:
Tepe = Tk(prBo), Thr1Pk = Thg1(PrBo)-

By the definition of v these relations are equivalent to

Yoy = ey DB, v my = (Y zey) Be
or

Yoy =y Bo)y ™ v ey =y (@B)y.
These relations are equivalent to

Th1 = T 1Bo, Tk = Ty

which are relations from ;. Hence we proved that the set of relations from G is equivalent
to the set of relations from (.

3) Consider the move from a braid g, = B,(01,09,...,00_1, 1, P2, - - - Pn—1) € V B, to the
braid $,0,' € VB,1. We have two groups:

Gl :G(/é;) = <x1a$27-"7xnay || o :"L‘iﬁ’uv 1= 1,2,...,7’L>
and
GQ = G(ﬁvggl) = <x17x2a"'7$n7xn+17y || T :Ii(ﬁvagl)a 1= 1a2a"'7n+ 1>

and we need to prove that they are isomorphic.
Rewrite the relations of G5 in the form

X0, = X0y, 1 =1,2,...,n+ 1.
Ife=1,2,...,n— 1 then we have
T; = T,
which is a relation in GG;. Hence, we have to consider only two relations:
TpOp = xnﬂva Tp410n = xn+1ﬁva
these relations are equivalent to
TpTpi1Z, " = TSy Ty = Tni1.
Using the second relation rewrite the first in the form
Ty = xn@va

which is a relation from G;. Also we can remove x,, 1 from the set of generators of G5. Hence
we proved that the set of relations from G5 is equivalent to the set of relations from Gj.
The move from a braid 3, € VB, to the braid (5,0, is similar.
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Consider the move from a braid 3, € VB, to the braid f,p, € VB,.;. We have two
groups:

G =G(B) = (x1,29, ..., T,y || xi = 200, i =1,2,...,n)
and
Go = G(Bupn) = (x1,22, ..., Tpy Ty, Y || T = 2i(Bopn), 1 =1,2,...,n+ 1).

For : = n and i = n + 1 we have the following relations in Gj:

TnPn = Ty Tni1Pn = Tnti1Bo,
which are equivalent to
-1 -1
YTn41Y = xnﬂm Yy TpY = Tp4i-

Rewrite the second relation in the form x,, = yz,,1y ' and substituting in the first relation
we have

Tn = xnﬁw

which is a relation from G;. Also we can remove x,,,1 from the set of generators of G5. Hence
we proved that the set of relations from G is equivalent to the set of relations from Gj.
4) Finally, consider the exchange move *

b10';152_10'n — blpnbglpn, b1, bg € VBn

We have two groups:

—

Gl = G(blarjlbglgn) = <"L‘17$27 s Tt Y || Ti = xi(blo-'r:lbglo-n)? 1= 1a27 R (e 1)

and

o —

Gy = G(blpnbglpn) = (T1,%2, .., Tps1, Y || T = xi(blpnbg_lpn), i=1,2...,n+1)

and we need to prove that they are isomorphic.
Rewrite the defining relations from G in the form

xi(0, b)) = xi(byo ), i=1,2,...,n+1,
and defining relations from G5 in the form

zi(pnb2) = xi(bipn), 1=1,2,...,n+ 1.

3n this formula we take b, ! instead by for convenience.
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Let b; and b, are the following automorphisms

(
T —> xfrl(l), T, — :L‘f_l(l),
To —> xff(z), To — xf(z),

bl : b2 : >

Ty —> xfrr(‘n), Ty — x?(bn),
Tpt1 V> Tpyi, Tn+l V" Tn+1,

LYY, LYY,

where 7,7 € S, and a;, ¢; € (x1, T, ..., T,,y). Then the automorphism o, *by has the form

-1 .
0, b2 . Tp1 —> T
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and the automorphism byo,, ! has the form

T —> (xw(l)a_l)‘”“;l

n Y

Ty — (:L’W(Q)U_l)azggl

n Y

-1
blo—n : l‘n-l — (xﬂ(nil)o.*l)anflgn

n )

—1
T, > (Tp(myoy, 1) o

-1
Tp+1 ? xn+1$n$n+l>

\ Y+—> 1.

Hence the first group has the following presentation

—1 —1
Gl = <$1,[E2, sy Tpg1, Y || :L'—Crl(l) - (xw(l)o-qzl)alan 5 JZT(Q) = (31’71'(2)0-;1)(1207L

Cn—1

rn—1) = (Tr(n-107")

—1
Anp—10n

T fl)anarfl c

y Tpyl = (xw(n)an > :CTT(Ln) = xn>
Analogously, construct the presentation for G5. Calculate the automorphism

4 Cc1
L1 Tr(ay

Ty —> If_2(2),
. Cn—1
pan . Tp—1 —> xT(nfl)a
-1
Tp = YTnt1yY

1,.tn

Tpt1 V> Y L)Y

\ Y—Y,
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and the automorphism by p,, has the form

( T — (Iﬂ.(l)pn)alpn7
Ty > (Tr(2)Pn) """,
bipn =\ Tn-1 = (Ta(n-1)Pn) 1",
Ty — (‘Tﬂ-(n)pn)anpn’

\ -1
Tnt+1 Yy "Iy,

\ Yyr—1y.

Hence the second group has the following presentation

Gy = <$17 L2553 Tn4+1,Y || xf—l(l) = (xﬂ'(l)pn)alpna 1.70-2(2) = (xfr(Q)pn)(mpna SRR
250701 = @)™, Yy = (an) 7, 25 = 20).
Compare G and Gy: since a; = a;(r1, %2, ..., %y, y), let us denote
a, = a;0;, " = a;(T1, T2, .., Tne1, Tny1, Y)
and
al = aipp = a;(T1, T2, ..., Tne1, YTpi1y 5 Y).

Then

Gl = <.Z'1, L2y, Tpt1, Y H xf-l(l) = ($W(I)U;1)al> .Z'f_2(2) - ('Tﬂ(2)0—;1)a2> ceey

Tl = @ra-1)00 )" Tt = (Tr0, )™ 25 = Ta)-

and

Gy = <l’1, L2+ Tp41,Y || $f-1(1) = (l‘w(l)Pn)allla 1.70_2(2) = ($n(2)Pn)a/2/7 R

Cn—1 " Cn

2ty = @rom)pn) Y Y1y T = (T )™ Ty = Ta)-

Denote by 2,41 = yz,+1y~'; the group G5 has therefore the following presentation

GQ = <5C17 L2y ...y Ty 2n41,Y H xqc—l(l) = (xw(l)pn)alla 513'70_2(2) - (xw(2)pn)al27 SR
Tty = (Zr-1)Pn) ™5 zZpst = (T )™, ) = T,
where a} = a;0,' = a;(x1,%2,...,Tn_1, 2n11,y). We will assume that n = 7(1) (other cases

consider analogously). Then our groups have presentations:

/!
Gl = <$1,I’2, ey T, Y H ‘1:70—1(1) = ‘1:21«}17 x?(g) = ('TW(Q)) )ty

Trlnln) = (@rn) ™15 T = (Tr(u) ™5 25 = ),
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Go = (x1,T2, .., Ty Zna1, Y || le(l) = (znﬂ)“/l, x?@) = (Tr2))", .-,
Tty = @r-n) ™0 Zna1 = (Tam)™, 27, = Tn).
and therefore they are isomorphic. U

Example 0. For the unknot U we have
GU(U) = (x,y) = FQ'

—

Example 1. For the virtual trefoil vT" we have that vT = 0?p; and then
G,(vT) = (w,y || 2 (yrywy) = (yryay)x) # P
Hence, we obtain a new proof of the fact that T a non-trivial virtual knot.

Example 2. The group G,(K) is not a complete invariant for virtual knots. Let ¢ =
p1010201p10f102_101_1 € V Bs; the closure ¢ is equivalent to the Kishino knot (see Figure 6).
The Kishino knot is a non trivial virtual knot [10] with trivial J ones polynomial and trivial
fundamental group (G ,(¢) = Z). For this knot we have that G,(

@ ]

FIGURE 6. The Kishino knot: usual diagram and as the closure of a virtual braid.

In fact, it is not difficult to prove that ¢ defines the following automorphism of Fj
(11— yPay warsy Pwsytey g sy

-1 -2 -1,.-1 -1,.-1,2 -1_-1
T l—)$3 XoX3Y “T3YTLg Lo T1X2X3Y T3 Y~ Tg Ty T3,

-1 -1
T3 > YTy T2X3Y °,

L vy—,

and therefore the image of ¢ as automorphism of F} is non trivial: nevertheless we have that
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Go(0) = (w1, 2,3,y || 1 = Yy’ wowsy “way’ay wy ey 2,
To = xglxgzvgy’ngyxglx;1x1x2x3y’1x§1y2x§1x2’1x3, Ty = ya:glxgxgy’l)
Using the first relation we can remove x; and using the third relation we can remove x5. We
get
Go(©) = (x,y || vy tayz ™! = xytayz ) ~ Fy,

where ¢ = 3

Example 3. Let b, = b;l = o1p101 and b = bypabaps. It is easy to check that for this
virtual braid its group

Go(b) = (w1, 00,y || yory ™ = o)

is an HNN-extension of the free group (xi, z5) with cyclic associated subgroups. Therefore

the closure of b is a non trivial virtual link.

The following Propositions establish the relations between the different notions of groups
of (virtual) knots.

Proposition 5. Let K be a classical knot then
Gy(K) =Z*m(S°\ N(K)), Z= (y).
Proof. As previously recalled, if 5 € B, is a braid such that its Alexander closure is isotopic
to K, the group m(S® \ N(K)) admits the presentation (z1,zs,...,z, || z; = B(z;), i =
1,...,n).
The claim follows therefore from the remark that the representation ¢ of V' B,, in Aut(F, 1)

restraint to B, coincides with the usual Artin representation composed with the natural
inclusion ¢ : Aut(F,) — Aut(F,41). O

The Proposition below will be proved at the end of Section 5.

Proposition 6. Let vK be a virtual knot.

(1) The group G,(vK)/{{y)) is isomorphic to Gk ,(vK);
(2) The abelianization of G,(vK) is isomorphic to Z?.

We recall that a group G is residually finite if for any nontrivial element g € G there exists
a finite-index subgroup of G which does not contain g.

According to [17] every knot group of a classical knot is residually finite, while the virtual
knot groups defined by Kauffman does not need to have this property (see [29]).

Proposition 7. Let K be a classical knot then G,(K) is residually finite.
Proof. The free product of two residually finite groups is residually finite [16]. U

We do not know whether G, (vK) is residually finite for any virtual knot v K.
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Remark 8. We can modify Wirtinger method to virtual links using previous representation
of VB,. Let us now consider each virtual crossing as the common endpoint of four different
arcs and mark the obtained arcs with labels x4, . .., x,, and add an element y of this set. Now
consider the group Gy,(vK) generated by elements x1,..., %,y under the usual Wirtinger
relations for classical crossings plus the following relations for virtual crossing: the labeling of
arcs Ty, Ty, T, T meeting in a virtual crossing as in Figure 7 respect the relations x; = y oy
and x; = yxpy~'. One can easily check that G,(vK) is actually invariant under virtual
and mized Reidemeister moves and hence is an invariant for virtual knots. Arguments in
Proposition 11 can be therefore easily adapted to this case to prove that G, (vK) is isomorphic

G,(vK).

Remark 9. Using the "Wirtinger like” labeling proposed in previous Remark it is also pos-
sible to extend the notion of group system to G,(vK). We recall that the group system of a
classical knot K s given by the knot group, a meridian and its corresponding longitude: in
the case of G,(vVK) we can call meridian the generator corresponding to any arc. The longi-
tude corresponding to this meridian is defined as follows: we go along the diagram starting
from this arc (say a;) and we write a,;l when passing under ay, as in Figure 5 a) and ay when
passing under ay as in Figure 5 b). On the other hand if we encounter a virtual crossing
according Figure 7 we write y when we pass from x; to x; and we write y~' when we pass
from xy to x;. Finally we write a;™ where m is the length (the sum of exponents) of the
word that we wrote following the diagram. It is easy to verify that such an element belongs to
the commutator subgroup of G,(vK) and that meridian and longitude are well defined under
generalized Reidemeister moves.

5. GROUPS OF WELDED LINKS

As in the case of virtual links, Wirtinger method can be naturally adapted also to welded
links: it suffices to check that also the forbidden relation F'1 is preserved by Wirtinger
labeling. Given a welded link wL we can therefore define the group of the welded link
wL, Gg»(wL), as the group obtained extending the Wirtinger method to welded diagrams,
forgetting all welded crossings. This fact has been already remarked: see for instance [32],
where the notion of group system is extended to welded knot diagrams.

Notice that the forbidden move F2 is not preserved by above method and then that the
lower Wirtinger presentation does not extend to welded link diagrams.

On the other hand, considering welded links as closure of welded braids we can (igduce as
in the virtual case another possible definition of group of a welded link. Let wL = (3, be the
closure of the welded braid 5, € W B,,. Define

Gu(wL) = (x1, 29, ..., 2, || x; = Bu(xi), i =1,...,n).
Theorem 10. The group G, (wL) is an invariant of the virtual link wL.

Proof. We recall that two welded braids have equivalent closures as welded links if and only
if they are related by a finite sequence of the following moves [19]:
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1) a braid move (which is a move corresponding to a defining relation of the welded braid
group),

2) a conjugation in the welded braid group,

3) a right stabilization of positive, negative or welded type, and its inverse operation,

We have to check that under all moves 1) - 3), the group G,(wL) does not change:
the move 1) is evident and for the moves 2) and 3) we can repeat verbatim the proof of
Theorem 4. U

Proposition 11. Let wK be a welded knot. The groups G, (wK) and G ,(wK) are iso-
morphic.

Proof. Any generator of W B,, acts trivially on generators of F), except a pair of generators:
more precisely we have respectively that

_ -1 .+
Ti* 0 = TiTi41Z; =u (ffi, $z’+1) )
Tig1 03 =T 1= U+($z‘,$z‘+1) )
Tj-0; =X jFi,i+1,
—1 _ e —
Ti0; =Tip1 = U ($i7$i+1) )
R LT TP ‘——<.‘)
le Ui = $i+1x1x2+1 = xz,.’]:H,l s
-1 . ..
xTj-0; = jFLT+1,
.- [}
Ti- O = Tip1 = U («'Uz‘, $i+1) )
— .— [¢]
Tip1 -0 =2 = 0°(T, Tig)
Ij'a/i:l‘j j%z,l—f-l

Let B, a welded braid with c/lgsure equivalent to wK. Let us regard to the d/iggram
representing the closure of [, (., as a directed graph and denote the edges of f,, the
generators of G, (wK) by labels xq,...,z,: according to Wirtinger method recalled in
Section 4, for each crossing of B; (see Figure 7) we have the following relations:

(1) If the crossing is positive ; = z; and z; = x;lxkazl;

(2) If the crossing is negative z; = z,z;7, " and x; = x5, where the word u™ (7, 7;) and
vT(xg, ;) are the words defined above;

(3) If the crossing is welded z; = x; and x; = z;, are the words defined above.

Now let us remark that we have that x; = u™(zy, ;) xflxkxl = v (zg, 11), xkxlx,gl =
ut(zg, ), xp = v (2, 2)), 1, = u®(xg, ;) and zp = v°(xy, 2;) and let us recall that the
action of welded braids is from left to right (8152(z;) denotes ((x;)531)P2). Therefore if we
label x; (for i = 1,...,n) the arcs on the top of the braid f,, the arcs on the bottom will be
labelled by 8, (x;) (fori =1,...,n). Since we are considering the closure of 3,,, we identify



18 BARDAKOV AND BELLINGERI

labels on the bottom with corresponding labels on the top and we deduce that a possible
presentation of G ., (wK) is :

Gruw(WK) = (1,29, ..., 2, || ; = 5;1(351-), i=1,...,n).

and therefore G ,,(wK) is clearly isomorphic to G, (wK). O

FI1GURE 7. Wirtinger-like labelling

Let D be a diagram representing the immersion of a circle in the plane, where double
points can be presented with two different labelings:

e with the usual overpasses/underpasses information;
e as "singular" points.

Clearly D will represent a virtual knot diagram if we allow virtual local moves or respectively
a welded knot diagram if we allow welded local moves.

In the following we will write G, (D) and G (D) when we consider D as a virtual knot
diagram, while we will set G,(D) and Gk (D) when we see D as a welded knot diagram.
The following Proposition is a consequence of the fact that Wirtinger labeling is preserved
by F'1 moves.

Proposition 12. Let D be a diagram as above. Then G (D) = Gk (D).

Remark also that if D; and D, are equivalent as welded diagrams then Gg,(D;) =
Gk (D7) even if Dy and D, are not equivalent as virtual diagrams.

Proof of Proposition 6. Let 3, be a virtual braid with closure equivalent to vK. Let F,, 1 =
(x1,29,...,xn,y) and F,, = (x1,29,...,2,). As in recalled in Proposition 3, the projection
P Fnpr — Fu/{({y)) ~ F, induces a surjective map p# : ¢(V B,) — W B,, and therefore
that G,(vK)/((y)) is isomorphic to G, (WK) = (x1, 29, ...z, || ©; = Bu(x;), i =1,...,n),
where Bw = P#W(ﬁu))

The first claim is therefore a straightforward consequence of Proposition 12.
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The second claim of the Proposition follows easily from the fact that any generator of type
x; is a conjugated of x.;) where m € S, is of order n. Therefore in the abelianization all
generators of type x; have the same image. Il

From Propositions 6 and 11 therefore it follows that:

Proposition 13. Let D be a diagram as above. Then G,(D)/{{y)) = G(D).

6. WADA GROUPS FOR VIRTUAL AND WELDED LINKS

In [31] Wada found several representations of B, in Aut(F,) which, by the usual braid
closure, provide group invariants of links. These representation are of the following special
form: any generator (and therefore its inverse) of B,, acts trivially on generators of F}, except
a pair of generators:

;- 0; = U+(ZEZ',ZL‘Z‘+1) s

Tijp1 03 = U+(371'736i+1) )

Tj-0;=21Tj ‘]7&2724—1
-1 _
-0, =u (T, Tit1)
-1 —
Tiy1 0, =0 (i, Tig1),
-1 _ . .o
xj- 0, =1xj jFLI+1.

where u and v are now words in the generators a, b, with (a,b) ~ F,. In [31] Wada found
four families of representations providing group invariants of links (they are types 4 — 7 in
Wada’s paper):

e Type 1: ut(x;, 2i41) = 2l xlﬂaj hand vt (z;, 2ig) = 2

e Type 2: u™(x;, 241) = x; xlﬂxl and vt (z;, i) = x5;

e Type 3: u™(x;,x41) = x; xzﬂxl and vt (x;, xig1) = ]

e Type 4: u+(:vz, Tiv1) = 22wy and v (2, 2441) = x;rlla:;lxiﬂ.

As in the case of Artin representation we can ask if these representations extend to welded
braids providing group invariants for welded links. More precisely, let xx : Gwp, — Aut(F,)

(for k =1,...,4) be the set map from the set of generators Gy g, := {01,...,0n_1,Q1, ..., @1}

of WB,, to Aut(F,) which associates to any generators o; the Wada representation of type
k and to any generators «; the usual automorphism

.- o]
Ti- O = Tip1 = U (xz‘, l’z‘+1)
— - — [¢]
Tit1 ;g =T; =V (351‘, xi+1)
xj-ai:xj j%’b,l—f-l

Proposition 14. The set map x : Gwp, — Aut(F,) (for k =1,...,4) induces a homo-
morphism xy : W B, — Aut(F,,) if and only if k =1, 2.
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Proof. For k = 1,2 the proof is a straightforward verification that relations of W B,, hold in
Aut(F,): for k = 3,4 it suffices to remark that relation of type o;0;410; = 0,110,041 is not
preserved. Il

When k£ = 1,2 we can therefore define for any 3, € W B,, the group

Wk(ﬁw) = <x17$27 sy Ty H €Ty = (Xk(ﬁw))(-rz), 1= 1, . ,7’L>
that we will call Wada group of type k for g, € WB,.

Theorem 15. The Wada group Wy is a link invariant for k =1, 2.

Proof. One can repeat almost verbatim the arguments from [31] for classical braids. Notice
that Wy(5,) is the group of co-invariants of 3, i.e. the maximal quotient of F,, on which
Xk(Bw) acts trivially. Since the group of co-invariants is invariant up to conjugation by an
automorphism, we deduce that conjugated welded braids have isomorphic Wada groups. To
prove the statement it is therefore sufficient to verify that Wy(8,) = (1,22, ..., 2, || ;5 =
(xk(Bu)) (@), i =1,...,n) and Wi (B,) = (21,29, ..., Xpni1 || 75 = (Xe(Bwon)) (@), i@ =
1,...,n + 1) are isomorphic: this a straightforward computation similar to the case 3) in
Theorem 4, the key point being that (xx(5won))(@ni1) = @, for k= 1,2 (see also Section 2
of [31)). O

In [10] Wada representations of type 2,3,4 have been extended to group invariants for
virtual links using a Wirtinger like presentation of virtual link diagrams: contrarily to the
classical case these groups are not necessarily isomorphic.

Analogously it would be interesting to understand the geometrical meaning of Wada groups
of welded links. In this perspective, Proposition 16 shows that Wada representations of type
1 and 2 are not equivalent.

We will say that two representations wy : W B, — Aut(F,,) and ws : WB,, — Aut(F,,) are
equivalent, if there exist automorphisms ¢ € Aut(F,,) and u: WB, — W B,, such that

¢_1 wl(ﬁw) ¢ = wQ(:u(ﬁw)):
for any 8, € Gwg,-

Proposition 16. Wada representations of type 1 and 2 are not equivalent.

Proof. The proof is the same as in Proposition A.1 of [12]: the claim follows from considering
the induced action on H;(F),). Under Wada representations of type 1 a welded braid has
evidently finite order as automorphism of H;(F},) while we have that xo(o})[z;] = (t+1)[z;] —
t[zo] for all t € N, where [u] denote the equivalence class in Hy(F,,) of an element u € F,,. O
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