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ABSTRACT. We describe and study a four parameters deformation of the two products and
the coproduct of the Hopf algebra of plane posets. We obtain a family of braided Hopf algebras,
which are generically self-dual. We also prove that in a particular case (when the second param-
eter goes to zero and the first and third parameters are equal), this deformation is isomorphic,
as a self-dual braided Hopf algebra, to a deformation of the Hopf algebra of free quasi-symmetric

functions FQSym.
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Introduction

A double poset is a finite set with two partial orders. As explained in 8|, the space generated
by the double posets inherits two products and one coproduct, here denoted by m, 4 and A,
making it both a Hopf and an infinitesimal Hopf algebra [6]. Moreover, this Hopf algebra is self
dual. A double poset is plane if its two partial orders satisfy a (in)compatibility condition, see
definition 1. The subspace Hpp generated by plane posets is stable under the two products and
the coproduct, and is self-dual [2, 3|: in particular, two Hopf pairings are defined on it, using
the notion of picture. Moreover, as proved in [3], it is isomorphic to the Hopf algebra of free
quasi-symmetric functions FQSym, also known as the Malvenuto-Reutenauer Hopf algebra of
permutations. An explicit isomorphism © is given by the linear extensions of plane posets, see
definition 11.

We define in this text a four-parameters deformation of the products and the coproduct
of Hpp, together with a deformation of the two pairings and of the morphism from Hpp to
FQSym. If ¢ = (q1,q2,q3,q4) € K%, the product m,(P ® Q) of two plane posets P and @Q is a
linear span of plane posets R such that R = P U @ as a set, P and () being plane subposets of
R. The coefficients are defined with the help of the two partial orders of R, see theorem 14, and
are polynomials in ¢. In particular:

m1,0,00) = &5
mo,1,00 = %,
M,0,1,00 — M,
m0,01 = mP.

We also obtain the product dual to the coproduct A (considering the basis of double posets
as orthonormal) as mj o1,1), and its opposite given by m g 1,1). Dually, we define a family of
coassociative coproducts A,. For any plane poset P, A(P) is a linear span of terms (P \ 1) ® I,
running over the plane subposets I of P, the coefficients being polynomials in ¢. In the particular
cases where at least one of the components of ¢ is zero, only h-ideals, r-ideals or biideals can
appear in this sum (definition 7 and proposition 22). We study the compatibility of A, with
both products m and 4 on Hpp (proposition 23). For example, (Hpp, m,A,) satisfies the axiom

AlAEATA
Ag(zy) = Z ZQ?,% Y Q4xq Y (wgy;) & (wi,'y;’)

If g3 = 1, it is a braided Hopf algebra, with braiding given by ¢,(P ® Q) = q‘4PHQ|Q ® P; in
particular, if g3 = 1 and g4 = 1 this is a Hopf algebra, and if g3 = 1 and ¢4 = 0 it is an
infinitesimal Hopf algebra. If ¢4 = 1, it is the coopposite (or the opposite) of a braided Hopf
algebra. Similar results hold if we consider the second product 4, permuting the roles of (g3, q4)

and (q1, q2)-
We define a symmetric pairing (—, —), such that:

(x @y, Ag(2))q = (xy, 2)q for all z,y,z € Hpp.

If ¢ = (1,0,1,1), we recover the first "classical" pairing of Hpp. We prove that in the case
g2 = 0, this pairing is nondegenerate if, and only if, g1 # 0 (corollary 36). Consequently, this
pairing is generically nondegenerate.

The coproduct of FQSym is finally deformed, in such a way that the algebra morphism ©
from Hpp to FQSym becomes compatible with A, if ¢ has the form ¢ = (¢1,0,¢1,94). De-
forming the second pairing (—, —)" of Hpp and the usual Hopf pairing of FQSym, the map ©
becomes also an isometry (theorem 40). Consequently, the deformation (—, —)7 is nondegenerate
if, and only if, q1q4 # 0.



This text is organized in the following way. The first section contains reminders on the Hopf
algebra of plane posets Hpp, its two products, its coproducts and its two Hopf pairings, and
on the isomorphism © from Hpp to FQSym. The deformation of the products is defined in
section 2, and we also consider the compatibility of these products with several natural bijections
on PP and the stability of certain families of plane posets under these products. We proceed
to the dual construction in the next section, where we also study the compatibility with the
two (undeformed) products. The deformation of the first pairing is described in section 4. The
compatibilities with the bijections on PP or with the second product 4 are also given, and the
nondegeneracy is proved for ¢ = (¢1,0,q3,q4) if g1 # 0. The last section is devoted to the
deformation of the second pairing and of the morphism to FQSym.

1 Recalls and notations

1.1 Double and plane posets

Definition 1 1. [8/ A double poset is a triple (P, <1,<2), where P is a finite set and
<1, <5 are two partial orders on P.

2. A plane poset is a double poset (P, <p,<,) such that for all x,y € P, such that x # vy, x
and y are comparable for <j if, and only if, x and y are not comparable for <,. The set
of (isoclasses of ) plane posets will be denoted by PP. For all n € N, the set of (isoclasses
of ) plane posets of cardinality n will be denoted by PP(n).

Examples. Here are the plane posets of cardinal < 4. They are given by the Hasse graph
of <j; if x and y are two vertices of this graph which are not comparable for <j, then = <, y if
y is more on the right than x.

PP(0) = {1},
,P,P(l) = {‘}7
PP(2) = {..,1},
PPB3) = {.....1,1., V.1 AL,
SUUUUUE U SR SUNIIL VAN VAUNE X SUNNY SN S S
PP(4)

VORIV B U LN B UR VIR IR )

The following proposition is proved in [2| (proposition 11):
Proposition 2 Let P € PP. We define a relation < on P by:

(z<y)if(x<pyorz<,y).

Then < is a total order on P.

As a consequence, substituing < to <,, plane posets are also special posets [8], that is to
say double posets such that the second order is total. For any plane poset P € PP(n), we shall
assume that P = {1,...,n} as a totally ordered set.

The following theorem is proved in [3]:

Theorem 3 Let o be a permutation in the nth symmetric group &,,. We define a plane poset
P, in the following way:

e P,={1,...,n} as a set.



o Ifi,je Py, i<pjifi<jando(i)<o(j).
e Ifi,jEP,, i<, jift <jando(i)>oc(j).

Note that the total order on {1,...,n} induced by this plane poset structure is the usual one.
Then for all n > 0, the following map is a bijection:

v, :{ S, — PP(n)

c — P,
Examples.
Uy((12) = 1, We((2) = ... Ws(123) = L 0y((182) = V,
U3(213)) = A, Ws((231)) = 1., U3(312)) = .1, W3((321)) =

We define several bijections on PP:

Definition 4 Let P = (P,<j,<,) € PP. We put:

L(P) - (P7 <r, Sh)y
OZ(P) = (P,>h,§r),
BP) = (P <p,>r),
W(P) = (P,Zh,Zr)

Remarks.

1. Graphically:

e A Hasse graph of o(P) is obtained from a Hasse graph of P by a horizontal symmetry.
e A Hasse graph of §(P) is obtained from a Hasse graph of P by a vertical symmetry.
e A Hasse graph of v(P) is obtained from a Hasse graph of P by a rotation of angle 7.

2. These bijections generate a group of permutations of PP of cardinality 8. It is described
by the following array:

5 ‘ ) ‘LOOé‘LOﬁ‘LO’}/

1d ~y B |tof|toy| ¢ |to«

a |toa| v |toy|tof

I3 « Id |toy |tof|tLtoa

L toa|tof|toy| Id « 15}

Lo Lt |roy|top| B y 1d

tof{toy| ¢t |toa| « Id 5

toyl|ftofB|litoa| ¢ 5 B @

NSRRI

This is a dihedral group Dj.

1.2 Algebraic structures on plane posets

Two products are defined on PP. The first is called composition in 8] and denoted by ~~ in [2].
We shall shortly denote it by m in this text.

Definition 5 Let P,Q) € PP.
1. The double poset PQ = m(P ® Q) is defined as follows:
e PQ=PUQ as a set, and P,Q are plane subposets of PQ.



o ifxe Pandy € Q, then x <, y in PQ.
2. The double poset P4 Q) is defined as follows:

e PiQ=PUQ as a set, and P,Q are plane subposets of P4 Q).
e ifrePandy € Q, thenx <py in P4iQ.

Examples.

1. The Hasse graph of P() is the concatenation of the Hasse graphs of P and Q.

2. Here are examples for 4: .41 :I, 14. :I, o=V, 5. = A

The vector space generated by PP is denoted by Hpp. These two products are linearly
extended to Hpp; then (Hpp, m) and (Hpp, §) are two associative, unitary algebras, sharing the
same unit 1, which is the empty plane poset. Moreover, they are both graded by the cardinality
of plane posets. They are free algebras, as implied that the following theorem, proved in [2]:

Theorem 6 1. (a) Let P be a nonempty plane poset. We shall say that P is h-irreducible
if for all Q,€ PP, P = QR implies that Q =1 or R=1.

(b) Any plane poset P can be uniquely written as P = Py... Py, where Py,..., Py are
h-irreducible. We shall say that Py,..., P, are the h-irreducible components of P.

2. (a) Let P be a nonempty plane poset. We shall say that P is r-irreducible if for all
Q,€ PP, P= Q4R implies that Q@ =1 or R = 1.

(b) Any plane poset P can be uniquely written as P = Py4 ... 4 Py, where Py, ..., Py are
r-irreducible. We shall say that Py,..., Py are the r-irreducible components of P.

Remark. The Hasse graphs of the h-irreducible components of H are the connected compo-
nents of the Hasse graph of (P, <j), whereas the Hasse graphs of the r-irreducible components
of H are the connected components of the Hasse graph of (P, <;).

Definition 7 Let P = (P,<j,<,) be a plane poset, and let I C P.

1. We shall say that I is a h-ideal of P, if, for all x,y € P:
(xel, x<py) = (yel).

2. We shall say that I is a r-ideal of P, if, for all x,y € P:
(xel, z<,y) = (yel).

3. We shall say that I is a biideal of P if it both an h-ideal and a r-ideal. Equivalently, I is
a biideal of P if, for all x,y € P:

(zel,z<y)= (yel).
The following proposition is proved in [2] (proposition 29):

Proposition 8 Hpp is given a coassociative, counitary coproduct in the following way: for
any plane poset P,

AP)= > (P\D®I

I h-ideal of P

5



Moreover, (Hpp,m,A) is a Hopf algebra, and (Hpp, §,A) is an infinitesimal Hopf algebra [6],
both graded by the cardinality of the plane posets. In other words, using Sweedler’s notations

Alz) =S 2W @ 2@ for all x,y € Hpp:
Z Wy @ 22y
(:céy) = Zxéy(l 2y® + Zx(l) @zPiy—zoy.
Remarks. The following compatibilities are satisfied:

1. For all P,Q € PP:

UPQ) = uP)uQ), uPIQ) = (P)(Q),
a(PQ) = a(P)a(Q), «a(PiQ) = a(@)ia(P),
B(PQ) = B@Q)B(P), BP1Q) = B(P)1BQ),
Y(PQ) = v(Q(P), (PiQ) = v(Q)iv(P).

2. Moreover, Aoa = (a®@a)oA? AofB=(L®B)oA, and Aoy = (yR) o A%,

1.3 Pairings
We also defined two pairings on Hpp, using the notion of pictures:
Definition 9 Let P,(Q be two elements of PP.
1. We denote by S(P,Q) the set of bijections o : P — Q such that, for alli,j € P:
o (i<pjinP)= (0(i) <r 0(j) in Q).
o (0(i) <ho(j) in Q) = (i<, j in P).

2. We denote by S'(P,Q) the set of bijections o : P — Q such that, for all i,j € P:

e (i<pjinP)= (co(i) <o(j)inQ).
o (0(i) <po(j) in@Q)= (i<jinP)

The following theorem is proved in |2, 3, 8

Theorem 10 We define two pairings:

- o) Hpp @ Hpp — K

s : P®Q — <P’Q> :Card(S(PaQ))7
-y { Hpp @ Hpp — K

) PHQ — (P.Q) = CardS'(P.Q))

They are both homogeneous, symmetric, nondegenerate Hopf pairings on the Hopf algebra Hpp =
(H'Ppa m, A)

1.4 Morphism to free quasi-symmetric functions

We here briefly recall the construction of the Hopf algebra FQSym of free quasi-symmetric
functions, also called the Malvenuto-Reutenauer Hopf algebra [1, 7]. As a vector space, a basis
of FQSym is given by the disjoint union of the symmetric groups &,, for all n > 0. By
convention, the unique element of &y is denoted by 1. The product of FQSym is given, for
o€ G, TE G, by:

oT = Z (c®T)oke,

ceSh(k,l)

6



where Sh(k,1) is the set of (k,l)-shuffles, that is to say permutations € € &; such that e (1) <
co.o<eHk)and e 1 (k+1) < ... < e }(k+1). In other words, the product of o and 7 is given by
shifting the letters of the word representing 7 by k, and then summing all the possible shufflings
of this word and of the word representing . For example:

(123)(21) = (12354) + (12534) + (15234) + (51234) + (12543)
+(15243) + (51243) + (15423) 4 (51423) + (54123).
Let o € 3,. For all 0 < k < n, there exists a unique triple <a§’“),a§k),gk) € G X6, X
Sh(k,n — k) such that o = Ck_l o <a§k) ® aék)). The coproduct of FQSym is then defined by:

Ao) = Z Uyg) ® Uék).
k=0

For example:

A((43125)) = 1® (43125) + (1) ® (3124) + (21) ® (123)
+(321) ® (12) + (4312) ® (1) + (43125) ® 1.

Note that UYC) and O'ék) are obtained by cutting the word representing o between the k-th and
the (k + 1)-th letter, and then standardizing the two obtained words, that is to say applying to
their letters the unique increasing bijection to {1,...,k} or {1,...,n — k}. Moreover, FQSym
has a nondegenerate, homogeneous, Hopf pairing defined by (o, 7) = 4, -1 for all permutations
o and T.

Definition 11 /4, 8/

1. Let P = (P,<p,<,) a plane poset. Let x1 < ... < x, be the elements of P, which is totally
ordered. A linear extension of P is a permutation o € &,, such that, for alli,j € {1,...,n}:

(z; <h aj) = (07'(1) <o '(5))-
The set of linear extensions of P will be denoted by Sp.
2. The following map is an isomorphism of Hopf algebras:

Hpp — FQSym
©:4 PcPP — ZO‘.

oeSp

moreover, for all x,y € Hpp, (O(x),O(y)) = (z,y).

2 Deformation of the products
2.1 Construction
Definition 12 Let P € PP and X,Y C P. We put:
1. b =t{(z,y) €e X xY Jx <, y in P}.
2. r¥ =t{(z,y) € X xY Jx <,y in P}.
Lemma 13 Let X and Y be disjoint parts of a plane poset P. Then:

hY 4+ by + 1% 4+ = | XY



Proof. Indeed, hY + A +r¥ + 7 =#{(z,y) e X xY |z <yorz >y} =|X xY]|. O

Remark. If it more generally possible to prove that for any part X and Y of a plane poset:
R + b 4% + 38 =31 X NY)2 + [ X||]Y].

Theorem 14 Let q = (q1,q2,q3,q1) € K*. We consider the following map:

Hpp @ Hpp — Hpp \
R\T

h%?,\] h?\l rf%\[ Ty
my : PoQ — > o o™ ¢™e' R,

(R,I)ePP?
ICR, R\I=P, I=Q

where P,QQ € PP. Then (Hpp,my) is an associative algebra, and its unit is the empty plane
poset 1.

Proof. Let P,Q), R € PP. We put:

{ P (mq@1d)omy(P®Q® R),
P, = (Id®mg)omy(P®Q®R).

Then:
I I R\ Ro\I I I R\ Ro\ I
P, = th1\1’1—’—}1322\1’2 h111 1+h122 ? TR11\11+TRQ2\12 T111 1+r122 2R
1 = § q1 D) q3 44 2,
(R1,I1,R2,I2)EE"
I I R\ Ro\Iy I I R\ Ro\ I
P, = th1\1’1+hf?22\1’2 h111 1+h122 ? TR11\11+TRQ2\12 T111 1+r122 2R
2 = g q ds qs 4y 25
(R1,11,R2,I2)€E>
With:

Ei = {(R,I;,Ry, ) €PP* /[ C Ry, 1 =Q, Ry\I1 =P, L, C Ry, [y =R, Ry\ I, = Ry},
Ey = {(Ri,I;,Ry, 1) e PP* /I C R, 1 =R, Ri\I, =Q, I C Ry, Iy = Ry, Ry \ I, = P}.

We shall also consider:
E = {(R,Jl,JQ,J3) EPP4/R: JUuJUuds, J1=P Jo=0Q, J3 :R}.

First step. Let us consider the following maps:

. E1 — F
¢ ) { (Rl,fl,RQ,IQ) — (RQ,Rl\Il,Il,IQ),
¢, . { EFE — E1

' (R, Jl,J2,J3) — (Jl U Jo, Jo, R, Jg).

By definition of E and E7, these maps are well-defined, and an easy computation shows that
¢po¢ = Idg and ¢/ o ¢ = Idg,, so ¢ is a bijection. Let (Ry,I1,Re,I2) € E;. We put
¢(R15 Ila RQ, 12) = (R’ Jla J2, J3) Then:

I P _ pJ2 J3 _ pd2 J3 J3
Weon T P, = 10+ 0ing, = By + R +hi
Similar computations finally give:
J: J: J: J J J: J J: J J J J
P o= h.l?"—h.l?"'h.lg h(é"'h(é"'hlig TJ?"‘TJ?"'TJS 7’(1;"’7"]31, +7"J§R
1= a1 d9 a3 4y :

(R,J1,J2,J3)€E



Second step. Let us consider the following maps:

' (R17[17R2712) — (R27R1 \R17R1\Il711)7

T,Z),' rF — E2
' (R, J1,J2,J3) — (JaU J3,J3, R, Jo U J3).

By definition of F and Es, these maps are well-defined, and a simple computation shows that
Yoy = Idg and ¢ o) = Idg,, so ¢ is a bijection. Let (Ry,I1,Ra,I2) € Ey. We put
Y(Ry, I, Ry, I2) = (R, J1, J2, J3). Then:

Rl

fovn g = R = B b+

Similar computations finally give:

J J J: J J J J J J J J
p= Y qiz(,f+h(,§+h‘,§ q;.,;+h.,;+h.,§ qg‘ff“.r?ﬂré‘ qz.ré“‘ W p
(R,J1,J2,J3)€E
So my is associative.
Last step. Let P € PP. Then:
hL R\ L R\I Al
Pi= Y ¢Ma ¢4l R=q dlidrd P=P.
(R,1)ePP?
ICR, R\I=P, I=1
Similarly, for all @ € PP, 1.0) = Q. O
Examples.
mg(« @) = @3q-- + 121,
me(-®1) = G+@t+a@ta)V +alas+a) A+ (@ +ae+a)l
me(. ®@..) = GV +@3 AN+ (@1 +a@)gt + (@ +a)asl. + (65 + 391+ q3)- -
my(l®.) = @Gl +qite+a(+a)V +aela+aa) N+ (¢ +Q1qQ+q2)I7
Mmoo ®@.) = GV +ai A+ (@1 +@)gut + (@ +a)asl. + (a5 + 391+ G3)- -

The following result is immediate:

Proposition 15 Let (q1,q2,q3,q1) € K*. Then:

op

(91,92,93,94) = M(g2,q1,q4,q3)
Mgy, g2,q392) © (L QL) = L0 M(g3.0491,0)5
M(q1.q2.q3,04) © (@ Q) = QO Mg.01 45.04)
M(q1,q2,q3,q4) © (B®pB) = Bo M (q1,92,q4,q3)
L (q1,92,03,94) © (7 ® '7) = 7 O°M(g2,q1,94,q3) -

2.2 Particular cases

Lemma 16 Let P € PP and X C P.

1. X is a h-ideal of P if, and only if, hP\X



2. X is a r-ideal of P if, and only if, ri\x =0.

3. The h-irreducible components of P are the h-irreducible components of X and P\ X if,
P\X _
and only if, hP\X =hy" =0.

4. The r-irreducible components of P are the r-irreducible components of X and P\ X if, and

only if, ’I“});.(\X = Ti\X 0.
5. P=X(P\ X) if, and only if, h P\X hP\X = r])D(\X =0

6. P=X4(P\ X) if, and only if, T])_—,(\X = ri\x = hl).f\X

Proof. We give the proofs of points 1, 3 and 5. The others are similar.

1. <. Let x € X, y € P, such that z <p y. Ashi\X:(),ygéP\X,soyEX: X is a
h-ideal.

=—. Then, for all x € X, y € P\ X, z <}, y is not possible. So hP\X

0.

3. =. Let us put P = P, ... P, where Pj,..., P, are the h-irreducible components of P.
By hypothesis, X is the disjoint union of certain P;’s, and P\ X is the disjoint union of the other
Pys. So Xy = hi™ =

<=. Let I beah- 1rreducible component of P. If INX and IN(P\X), then for any x € INX
and any y € I N (P \ X), x and y are not comparable for <j: contradiction. So [ is included in

I orin P\ X, sois a h-irreducible component of X or P\ X.

5, =. Ifz € X and y € P\ X, then = <, y, so hl).f\X hP\X ])J(\X—O
<. Ifz € X and y € P\ X, by hypothesis we do not have x <, y, © >p y nor x >, y, so
x <, y. Hence, P = X(P \ X). O

Proposition 17 1. Let us assume that g3 = q4 = 0. Let P = P14 ...4P, and P =
Pyy14 ... 45 Pyyg be two plane posets, decomposed into their r-connected components. Then:

mg(P@P)= ) II Q@ HlP,0 4 4 P,

oeSh(k,l) 1<i<k<j<k+l
where Q; j(0) = q1 if o1({) < o7Y(y) and g if o7 (i) > o7 1(j).

2. Let us assume that ¢ = qo = 0. Let P = Py... P, and P' = Pyy1... Pyy; be two plane
posets, decomposed into their r-connected components. Then:

(PaP)= 3 II Q)" 5P, . Pogey,

oeSh(k,l) 1<i<k<j<k+l
where Q; ;(0) = g3 if o71(3) < o7 Y(j) and q4 if o7(3) > o7 L(5).

Proof. Let us prove the first point; the proof of the second point is similar. Let us consider
a plane poset R such that the coefficient of R in my(P ® P’) is not zero. So there exists I C R
such that R\ I = P and I = P’. Moreover, as g3 = q4 = 0, T’]I%\I = ’I“ﬁ\ = 0. By lemma
16-4, the r-connected components of R are the r-components of R\ I and I. As a consequence,
there exists a (k,1)-shuffle o, such that R = P, 1) .../ Py(4y)- Then hR\I is the sum of |P;|| P},

where 1 < i < k < j < k+1, such that o71(i) < o7 1(j); hl\ is the sum of |P;||P;|, where
1 <i<k<j<k+1 such that 0=!(i) > o71(j). This immediately implies the announced
result. O

Remarks.

10



1. The first point implies that:

® Mg,,000) (P @ P

® 11(0,g2,0,0)
hd m(0707q370)

® 1M0,0,0,41) (P ® P’

(
(P® P
(

|PHP/|Pé P’. In particular, m(1,0,0,0) = 4 -

IPHP|pp/ In particular, m g,0,0) = m.

) =

P®P’) |PHP/|P/éP In particular, M(0,1,00) = 40P,
)
)

JPIF

P. In particular, m g0,0) = m®.

2. It is possible to define m, on the space of double posets. The same arguments prove that it
is still associative. However, mq g 0) is not equal to 4 on Hpp and mg 1,0y is not equal
to m; for example, if we denote by s the double poset with two elements z,y, = and y
being not comparable for <; and <,.:

m(1,0,0,0)(+ ®+) =1+ 202, m(0,0,1,0)(+ ®+) =+ + 2p0.

2.3 Subalgebras and quotients

These two particular families of plane posets are used in |2, 3|:

Definition 18 Let P € PP.

1. We shall say that P is a plane forest if it does not contain N as a plane subposet. The
set of plane forests is denoted by PF.

2. We shall say that P is WN ("without N") if it does not contain V! nor N. The set of
WN posets is denoted by WNP.

Examples. A plane poset is a plane forest if, and only if, its Hasse graph is a rooted forest.

{1},

...... vLvLLBL DAL AL

WK/\}Y{A\f\/\kMQ

Definition 19 We denote by:

o Hywnp the subspace of Hpp generated by WN plane posets.

o Hpr the subspace of Hpp generated by plane forests.

o lyynp the subspace of Hpp generated by plane posets which are not WN.

o [pr the subspace of Hpp generated by plane posets which are not plane forests.

11



Note that Hyyap and Hpr are naturally identified with Hpp/Iyynp and Hpp/Ipr.
Proposition 20 Let ¢ = (q1,q2,q3,q4) € K*.

1. Hywarp is a subalgebra of (Hpp, mq) if and only if, g1 = g2 =0 or g3 = g4 = 0.

2. Hpr is a subalgebra of (Hpp, mq) if and only if, g1 = g2 = 0.

3. Iynp and Ipr are ideals of (Hpp, mg).

Proof. 1. —. We use the notations of proposition 17-1. If g3 = g4 = 0, let us consider two
WN posets P and P’. then the P;’s are also WN, so for any o € &y, Poiyd - d Pyt (g 18
WN. As a conclusion, mq(P®P’) € Hyyap. The proof is similar if ¢; = g2 = 0, using proposition
17-2.

1. =>. Let us consider the coefficients of 11 and N in certain products. We obtain:

%! N
me( A @) | add | ag?
my(e ® A) | @243 | 263

If Hyarp is a subalgebra of (Hpp,my), then these four coefficients are zero, so, from the first
row, q1 = 0 or g3 = q4 = 0 and from the second row, g0 = 0 or g3 = ¢4 = 0. As a conclusion,

g1 =q2=0o0r g3 =q4 =0.

2. <—=. We use the notations of proposition 17-2. If ¢ = g2 = 0, let us consider two plane
forests P and P’. Then the P;’s are plane trees, so for any o € Gy, Poiyb - Po1(pqp) 18
a plane forest. As a conclusion, m,(P ® P') € Hpr.

2. =. Let us consider the coefficients of A in certain products. We obtain:

A

mg(s ®..) q2§
mg(e. @) | ¢f-

If Hpr is a subalgebra of (Hpp, my), then ¢ = g2 = 0.

3. Let P and P’ be two plane posets such that P or P’ is not WN. Let us consider a plane
poset R such that the coefficient of R in my(P ® P’) is not zero. There exists I C R, such that

R\I=Pand I =P'. As Por P’ is not WN, I or R\ I contains [l or N, so R contains ]
or N: R is not WN. So my(P ® P') C Iiynp. The proof is similar for Ipr, using A instead
of 'l and N. O

3 Dual coproducts

3.1 Constructions
Dually, we give Hpp a family of coproducts A, for ¢ € K*, defined for all P € PP by:
hL . P\ ol P\I
AgP) = qy™Mgy"t g5yt (PN @
ICP

These coproducts are coassociative; their common counit is given by:

- Hpp — K
’ PePP — 51713.

12



Examples. We put, for all P € PP, nonempty, Aq(P) =AP)-P®1-1®P.

Ag(1) (1 +q2). ®
Aq") = (B+eu®

Al = @raet+d) ot + @ raetd)le.,
AV) = @as+q)- @t +a@a+a)l @+ @ +¢.. @,
AN = q(is+ @)@+ @@+l @ +¢. @ +qi.. @,
At.) = @01 +@31 @+ (@1 +@)g3 @ .o + (@1 + @)qa.. ® -,
AL = G 01 +¢i1 @+ (@ + )@ ® . + (@1 + ¢2)g3.- D+,
Ales) = (B+opatd) @+ (@ +au+d). ..

Dualizing proposition 15:

Proposition 21 Let (q1,q2,q3,q1) € K*. Then:

A((Jghqz,qs,qzl) = Awaas)
(@10 A gaa) = D) b
(@@ )0 Agangsa) = Dlazarasa) © Y
(B&P) o Agragsasa) = Dargzaigs) © P
[ (V®Y) oA 0800 = Dlazaraus) ©7-

3.2 Particular cases

Proposition 22 Let P € PP. Then:

1. A (P) = Z Q|P\IHI|(P \I)®I

cp
2.
hfv\l Tf\l va\l
A(O,Q2,Q3,Q4)(P) = Z 4 a3’ gy TI®(P\I),
I h-ideal of P
hf)\z Tf\l rf)\z
A(q170,¢13,q4) (P) = Z @ e g3 (PN eT
I h-ideal of P
’ W W rhy
A(gr.g2.00)(P) = Z @' g g I (P\I),
I r-ideal of P
hf\l hf)\z 7’{)\1
A(6117612#1370)(13) = Z e q gy (PN ®I.
I r-ideal of P
+ hpy g rfD\I
NogoaP) = Y o"Ma M@ P\D),
I biideal of P
hé\[ rfv\z
A(g1,0,3,0)(FP) = > g (P\I) @1

I biideal of P

5. If P= Py --- Py, where the P;’s are h-connected,

A(0,07q37q4)(P): Z q;P(DqZ{P({l"“’k}\I)P[®P{17...7k}\[,
Ig{l,---,k}
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thh; fOT’U/llJ:{j17,jl},1§j1< P;

Y |Blp

ied,j¢Ji<j

<nu<k P=

If P= P4 --- 4Py, where the P;’s are r-connected,

>

{1k}

qu(I)qu({lr“vk}\I)PIé ® Pé

A(Q17Q2,070)(P) = {1,

U}Zth’; fO’F all‘]:{jla""jl}’ 1 S]l < - <jl Sk; PJé :leé

Ji°

Y. |Blp

i€, i ,i<]

A(q70,070) (P)
A(0,4,0,0)(P)
A(O,O7q,0) (P)

A(0,070,q) (P)

8 No00)(P)=PR1+1® P if P # 1.

> iRan,
P4 Py=P

S Jhinne P,
P14 P=P

S e e,
P1P,=P

> e
P P,=P

- Pj,, and ap(J) =

...714;}\]’

4 Pj,, and Bp(J) =

Proof. We only prove points 1, 2, 5, 7 and 8; the others are proved in the same way.

1. Immediate, as hb, ; + hy " +rb  + 77\ = [I]|P\ I] by lemma 13.
2. By lemma 16:
Mo v M by
A(l11,07l13,¢14)(P) = Z q1 43 " qy (R\I)®I = Z o Mg
ep P\ I h-ideal of P
h;\lzo

As A(0,40,45,00) = A(()g7q27q47q3), we obtain also the first assertion.

5. By lemma 16, point 3:

rfD\I rPN
_ I
A(0707QS7Q4)(P) = § qs 4y
IcP
_pP\I_
hp\=hy =0

Pr

and it is immediate that r PP =

7. By lemma 16:

(R\I)®1 =

ap(I) and TPI\PI

Pr

IC{1, k)

=ap({1,...,k} - I).

A0.04.0)(F) = >
icp P P,=P
hh =hy M =r M =0
8. Let I C P, such that hé\[ = hf\l = 7"][3\] = rf\l = 0. Then:
P\I P\I _

[P\ I| = hipy; +h

—i—rllp\l—l—rl =0,

14

I P\I
rP\IqTI\

5 a (P\I)®1.

P\ Py

"p\p; TP
>, e

P
qré\I(P\I) QI = Z qufPl QR Py = Z qIPIHPQIP1 ® Ps.
Py Po=P



sol=1lorlI=RP. O

Remark. In particular, the coproduct defined in section 1 is A1 1). The coproduct of
deconcatenation, dual of m, is A 1,0) and the coproduct of deconcatenation, dual of 4, is

A1,0,0,0)-

3.3 Compatibilities with the products
Proposition 23 Let x,y € Hpp. We put Ag(x) = Y x, @ xy and Ag(y) = D] Yy @ Yy, with

the x’s, x’s, Yy 's, yy 's homogeneous. Then:

ZZ |‘Tq||y | |$ ||yq\( ;y;)@)( /q/y;/)
2 Agloty) = 303 @ e W a) © ().

Proof. We only prove the first point; the proof of the second point is similar. Let P,Q € PP.
Then:

hiJ h( Q\UIJT) pIJ (PO\(IJ)
APQ) = > qIOIIgT g PN gt (PQ)\ (1)) ® (1J)

IcP, JC@Q

niJ RPN L PQ\IJ
=Y g e T (A 1)(@Q\ ) @ (1),

ICP,JCQ
Moreover, for all I C P, J C Q:
e Forallze P\I,ye€ J, x <, yin PQ, so h‘IID\I = 0. Similarly, hé\J = 0. Hence:

hPQ\IJ = hP\I + hQ\J + hP\I + hI Q\J = hP\I + hé\]'

e In the same way, hPQ\U hf\l + h?\“} + hIJD\I + h?\“] = hf\l + h?\‘].

e Forallz e P\I,ye J, z <, yin PQ, sorI{.\I = |P\I||J]. Forallz €e Q\ J, y € I,
T > Y, SO ré\J:O. Hence:
rEo\Ls = "o\ + T\ T T o = b + hy + 1P\

e In the same way, rfJQ\U = f\l Q\J P\I + TIQ\J Tf\l + T’?\J + [I[|Q \ JI.

So:
P/ Q// P// Q/
= S S B o (Pr).

which is the announced formula. O

Examples.

1. If g3 = 1, then (Hpp,m,A,) is a braided Hopf algebra. The braiding is given, for all
P,Q € PP, by:
cwPoQ) =a/ Qe P

In particular, if ¢4 = 1, it is a Hopf algebra; if ¢4 = 0, it is an infinitesimal Hopf algebra.

2. If g4 = 0, the compatibility becomes the following:

qu IIyq xyq ®yg+z |z qlly\x/ ®(x;’y) —q!f”y‘x@y.

In particular, if g3 = 1, then it is an infinitesimal Hopf algebra.
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3. If g9 = q4 =0, then for all z,y € Hpp:

Ag(zy) = (2y) @ 1+1@ (zy) +e(@)(Ag(y) —y@1-1®Y)
+e(y)(Ag(z) —z@1 - 1®@ 1) +e(z)e(y)l ® 1.

In other terms, for all z,y € Hpp, such that e(x) = e(y) = 0, xy is primitive.

4 Self-duality results

4.1 A first pairing on H,
Notations. If P,Q € PP, we denote by Bij(P,Q) the set of bijections from P to Q.

Definition 24 Let P,Q be two double posets and let o € Bij(P,Q). We put:

ho(y)}
>p o
<y o(y)
<n o(y)

((p1(0) = #{(z,y) € p? |z <py and o(x) <
+#{(z,y) € P? |z <, y and o(x
+#{(z,y) € P? |z <p y and o(x

g )}
+#{(z,y) € P? |z <, y and o(x)

) >

) >

}
}

<

<

)

—

ta(0) = #{(z,y) € P2 |z <py and o(x) < o(y)
+#{(z,y) € P? | x <p y and o(x) >} of
+#{(z,y) € P? |z <p y and o(x o
+#{(z,y) € P? |z <, y and o(x) >h a(y)},

#3(0) = #{(z,y) € P? |z <,y and o(x

ds(0) = #{(z,y) € P2 o<,y and o(x

<
~—
——

—

r U(y

) <
) >

)
)}

-

r U(y

Lemma 25 Let P,Q be two double posets and let o € Bij(P,Q). For alli € {1,...

¢i(0™) = ¢i(0).
Proof. Indeed, as o is a bijection:

¢1(07") = H(z,y) €Q’ |z <pyand o' (2) <
+#{(z,y) € P? | z <p y and o Y(z) >, o (y)}
+#{(z,y) € P? | z <j y and o~ }(x)
+#{(z,y) € P? | z <, y and 0 ()
= #{(z,y) € P? |z <, y and o(z) <
+#{(z,y) € P* |z >, y and o(z) < o(y)}
)
)

—~~

+#{(z,y) € P |2 <py and o
+#{(z,y) € P? |2 <,y and &

= ¢1(0’).

x

—~

The other equalities are proved similarly.

Lemma 26 Let P, P>, Q be double posets. There is a bijection:

1CQ

Bij(PiPy, Q) — | Bij(P, R\ 1) x R(P2, 1)
o — (op,01p,), with I = o(P).
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Let o € Bij(P1P3,Q) and let (01,09)

be its image by this bijection. Then:
¢1(0) = o1(01) + ¢1(02) + hiy .
$2(0) = da(on) + Ga(o) + APV,
p3(0) = ¢3(O-1)+¢3(0-2)+T£2\]a
¢a(0) = ¢a(o1) + Pa(o2) ‘H“?\I-

Proof. We put P= P P,. if x € P, and y € P, then x <, y, so:

p3(0) =

t{(x,y) € P} | 2 <, y and o(x) <,
+#{(z,y) € P} |z <, y and o(x) <,
+i{(z,y) € P x Py | 2 <, y and o(x) <,
+i{(z,y) € Po x P} |z <, y and o(x) <,
= 03(0) + @3(02) + #{(2,y) € PLx Py | o(2) <
= ¢3(0) + ¢3(02) + H(z,y) €

o(y)}

o(y)}

o(y)}

o(y)}
o(y)}+0
@\I) xI|z <y}

= ¢3(01) + ¢3(02) +7"£g\1-

The other equalities are proved similarly.

Theorem 27 Let ¢ = (q1,q2,q3,q4) € K*. We define a pairing on Hpp by:

<P7 Q>q =

This pairing is symmetric and for all x,y,z € Hpp, (xy, 2)q

Z q<1¢1(0) qu (o) qga(O) q;’n(o) )

0€Bij(PQ)

= (2 ®y, 8q(2))q-

Proof. Let P,Q be two double posets. Then, by lemma 25:

<P7 Q>q

So this pairing is symmetric.

(PP, Q) =

=Y PO e )

o€Bij(P,Q)

- >

0€Bij(Q,P)

=Y g )
0€Bij(Q,P)

= <Qa P>q

Let Py, P5,(Q be three double posets. By lemma 26:

Z qih( )q;¢2( )q¢3

-1 —1 —1 —1
q<1151(0 )q;b(a )qgﬁ?:(ff )qgﬁzt(a )

4(0)

(o) q§54(0)

c€Bij(P1P2,Q)

)P

¢1(01)+¢1 (o2 )+hé2\1
>

1€Q 01€Bij(P1,Q\I) 02€Bij(P2,I)

Xq¢2(al)+¢2(02)+h?\f ¢3(01)+¢3(U2)+T({?\1q¢4(01)+¢4(02)+r
2

hfz\f h?\l R
Z(h go” Q43 4y

Q\I
I

R\
R\I "1

(P1,Q\ I)q(P2,1)q

IcQ

So (—, —)q is a Hopf pairing.

(P1 ® Po, Ag(Q))g-
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Remark. More generally, adapting this proof, it is possible to show that for all z,y, z € Hpp:

<m(070,q,0) (z®y), A(Z)>(111,112,113#14) = (z®v, A(QQLQQ%QQ&Q(M)(Z)>(q1,q2,q37q4)'

Examples. (.,.); = 1. The pairing of plane posets of degree 2 is given by the following
array:
! .e
V] 212 |+ @
1+ G2 | g3+ q4

Proposition 28 For all double posets P,Q:

(P, Q>(Q1,07Q37Q4) = Z q ¢4( )'
ceS(P,Q)
Consequently, (—, —)(1,0,1,1) i the pairing (—,—) described in section 1.

Proof. Let o € Bij(P,Q), such that the contribution of ¢ in the sum defining <P, Q) (q1,0,g3,41)
is non zero. As go = 0, necessarily ¢o(0) = 0. Hence, if  <j, y in P, then o(x) <, o(y) in Q; if
o(x) <po(y)in @, then z <, y in P. So o € S(P,Q). O

4.2 Properties of the pairing
Lemma 29 Let P, P>, Q be double posets. There is a bijection:

Bij(P14 P, Q) — | Bij(P,R\I) x R(P,1)
IcQ
o — (o)p,0|p,), with I =o(P).

Let o0 € Bij(P1 P2, Q) and let (01,02) be its image by this bijection. Then:

((61(0) = d1(01) + bi(o2) +hby, + AP 41k
p2(0) = Pa(01) + ¢2(02) + Q\I + hQ\I + Q\I,
(o) = a(o1) + 2(o2) + Q\I +h?\17
¢3(0) = ¢3(o1) + ¢3(02),
¢a(0) = ¢a(o1) + Pa(02).

Proof. We put P = P14 P,. Let x,y € P. If ¢ <, y, then z,y € P, or z,y € Py, or
r € PL,ye P Ifx <, y, then x,y € P, or z,y € P,. Moreover, if xt € P, and = € P,, then
T <py. So:

p1(0) = ¢1(01) + ¢1(02)
+{(x,y) € P X Py | (x <p y) and o(x) <, o(y))}
+i{(z,y) € P x Py | (z <p y) and o(z) >p, 0(y))}
+H{(z,y) € P x P2 | (z <p y) and o(z) <, o(y))}
= ¢1(01) + ¢1(02)
+H{(z,y) € L x P2 [ o(z) <p o(y))}
+H{(z,y) € L x P2 [ o(x) >p 0(y))}
+H{(z,y) € L x P2 | o(x) <, 0o(y))}

= ¢1(01) + ¢1(02) + hip + BV + rou-

The other equalities are proved similarly. O
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Proposition 30 For all z,y,2z € Hpp, (T4Y,2)q = (T @ Y, Ag1q2.9102,01,02) (2)) -

Proof. Let P;, P>, @ be three double posets. By lemma 29:

PR, S O

q;
0€Bij(P14P2,Q)

= > > Y @ D11 +or(o2) iy, 741

IcQ UleBij(Pva\I) JQeBij(P27 )

(Ao Fea) b thE (GO Hos(02) a(o) o)
2

Bl R\I 7l R\
- Z((h(h) R\I(qmz)h’ qu\Iq;I <P17Q\ D) (P2, I)g
1CQ

= <P1 ® PQ’ A(QlQQ,(I1(I2,(I1,(I2)(Q)>q7

which is the announced formula. O

Remarks.

1. In particular, if ¢ = (1,0, 1,1), for all P,Q, R € PP:

(P4Q,R) = (P®Q,Apo10)(R) = > (PRQ,R & Ry).
R=R1R2

this formula is already proved in [2].

2. More generally, it is possible to show that for all x,y,z € Hpp:
(M(4,0,0,0)( @ Y); A(2)) (1,42,5.00) = (T © Y D(gq102,00102,0a1,002) () (a1,02,08,94)

Proposition 31 For all x,y € HPP:

(@, 8) (@r,a20800 = (&Y (a1,02,0000) @YW aasa) = (T Y)(a2,1,00.09)
(@), 2(W)) (q1,2.080) = (T Y)(a2,01,08,00) (@), BW)(@qra205.0) = (T Y)(a1,a2.00,09)
(@), YW)) (g1,a2.03.00) = <x7y>(q2,q1,q4,q3 (B(2): B (@r.a2a5.00) = (T Y)(a2.01,08.00)
V@) YW @rg2.3.0) = T Y) (1,02,98.00)

Proof. Let P,Q be two double posets. We put P’ = a(P) and Q" = «(Q). Note that
Bij(P,Q) = Bij(P',Q"). Let o € Bij(P,Q). We denote it by ¢’ is we consider it as an element
of Bij(P',Q’). By definition of P’ and @', it is clear that ¢1(c’) = ¢2(0), ¢2(c’) = ¢2(0),
¢3(c’) = ¢3(0), and ¢4(0’) = ¢p4(c). Hence:

<P/,Ql>q1,q2,q37q4) = Z ?1(0) 52( 7 :?3( i 2?4(0)
o’ €Bij(P,Q’)
= Z qf&( )qgn( o) ¢>3(0)qf4(0)
0€BIj(P,Q)

= <P, Q>(q27q17q3,q4)'

The other assertions are proved in the same way. O

Remark. In general, the pairing defined by z ® y — (2, a(Y)) (g1 g2,43,44) 15 DOt a pairing
(=, —)q- However, when ¢; = gy, it is possible to prove that for all z,y € Hpp, (7, a(y))(

<x7y>(QI,Q1,QS,q4)' Similarly, </8(x)’7(y)>(€h ,41,43,94) <x’y>(€I1,ql,Q4,Q3)'

q1,q1,93,94)
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4.3 Comparison of pairings with colinear parameters

Proposition 32 Let ¢ € K. We define the following map:

v - Hpp — Hpp
"\ PePP — 0P,

where h(P) = #{(z,y) € P |  <p y}. Then vy is an algebra and coalgebra morphism from
(HPp, 1, Adgar,gg3,05.00)) 10 (HPP, 1 Ag g3.05.00)) - Moreover, for all z,y € Hpp:

(Vg(2), g (¥)) (g1,02005,04) = T+ Y) (ga1,002.03,04)-

Proof. Let Py, P, € PP. Then h(P1P) = h(P1) + h(P), so vg(P1P2) = vg(P1)vg(P2), and
v, is an algebra morphism. Let P € PP. For any I C P, as P2 = I? U (P\ 1)U (I x (P\I))U
(P\1I)x1I):

hW(P) = h(I) + h(P\ I) + kb + by .
Consequently:
A Py — hi s RPN Tev rp h(P\I p ST
(anamasan) © VaP) = > (qq)" " (q@)" g5V g (P\I)®

ICP
= (v ®vg) © A(gq,q02,a3.0) (P)-
So vy is a coalgebra morphism. Let P,Q € PP and let o € Bij(P, Q). We define:

ar = t{(z,y) € P? |z <py,o(x) <po(y)}
az = t{(z,y) € P? |z <py,o(x) >p0(y)}
az = t{(w,y) € P? |z <py,0(x) <, o(y)}
as = t{(z,y) € P* |z <py,0(x) > o(y)}
as = t{(z,y) € P? |z <, y.0(z) <p U(y)}
as = t{(z,y) € P? |z <, y,0(x) >4 o(y)}
a; = t{(z,y) € P? |z <, y,0(z) <, o(y)}
as = t{(z,y) € P* |z <, y,0(x) >, U(y)}-
In order to sum up the notations, we give a following array:

Hx,y)e PPl ... lz<py,...|lz>hy,... |le<,y,... | 2> y,...
o(z) <po(y)} ay az as ae
o(z) >po(y)} ag ay ag as
o(z) <ro(y)} as aq az as
o(z) > o(y)} aq as asg az

So ¢1(0') = a1 +as + a3 + as, (bQ(O') = a1 + a2 + aq + ag, (bg(O’) = a7 and (b4(0’) = asg; h(P) =
a1 + az + az + a4 and h(Q) = a1 + az + a5 + ag. Then:

P g(h(@) g 21(9) (2209 195(9) (94(0) (1201 40V (P q1g2)™ (q91)™ (q2)™ (qq1)™ (qq2) " g4 ¢
@3 (
3

= (qq1)? () (qgo)?2(7) g3 940,

Finally:

<Uq(P)7UQ(Q)>(q1,q2,q3,q4) = Z qh(P)q(h(Q)Qfl(0)(152(0)(1?3(0)(124(0)
0€Bij(P,Q)

- Z (QQ1)¢1(U)(qq2)¢2(0)q§53(0)q;¢4(0)
o€Bij(P,Q)

= (P, Q>(qq1,qq2,q3,q4)'
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So vy is an isometry. O
Remark. It is easy to prove that for P,Q € PP, vy(P4Q) = ve(P)4v4(Q).

Similarly, one can prove:

Proposition 33 Let g € K. We define the following map:

(¥

, Hpp —> Hpp
i\ PePP — PP,
/

x <, y}. Then vy 8 an algebra and coalgebra morphism from

where r(P) = t{(x,y) € P |
t (’pr, 4, A(ql,qz,qs,q4))' Moreover, for all x,y € Hpp:

(%7’7” 7 A(‘]LQ%QQSH‘M)) 0

<U¢,1(x)7 U;(y)>(q17q27q37q4) = (T, Y) (q1,42,443,941) -

4.4 Non-degeneracy of the pairing
Lemma 34 For all P € PP(n), S(P,t(P)) is reduced to a single element and:

n(n—1)

(P, L(P)>(Q170,q3,q4) =q °

Proof. Clearly, Idp : P — P belongs to S(P,¢(P)). Let ¢ : P — P be a bijection. Then
o € S(P,(P)) if, and only if, for all i,5 € P:

o (i<pjin P) = (0(i) < 0(j) in P).
o (0(i) <, 0(j)) in P => (i <, j in P).

It is clear S(P,¢(P)) is a submonoid of Sp. As the group Gp is finite, S(P, ¢(P)) is a subgroup
of &p. So if o € S(P,1(P)), then 0=t € S(P,(P)). So, if o € S(P,.(P)):

o (i <pjin P) <= (0(i) < o(j) in P).
o (i<, jin P) <= (c(i) <, o(j) in P).
So o is the unique increasing bijection from P to P, that is to say Idp. Moreover:

p1(Idp) = #{(z,y) € P? |z <pyand z <, y} +4#{(z,y) € P? |z <j y and = >, y}
+i{(z,y) € P? |2 <py and & <p y} + £{(z,y) € P* |z <, y and z <, y}
= 0+0+4{(z,y) € P |z <py} + #{(z,y) € P* |z <, y}
= H(x,y) e PPz <y}

_ n(n —1)
2 )
¢3(Idp) = #{(x,y) € P* | (x <, y) and (z <p y)}
= 0,
¢a(Idp) = t{(z,y) € P | (z >, y) and (z >} y)}
= 0.
n(n=1)
So <P’ L(P)>(Q1,O7Q27(I3) =q S O

For all n € N, we give G,, the lexicographic order. For example, if n = 3:

(123) < (132) < (213) < (231) < (312) < (321).
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We then define a total order < on PP (n) by P < Q if, and only if, ¥, (P) < ¥,,(Q) in &,,. For
example, if n = 3:

l« Ve A<l <. 1 <.

For all P € PP(n), we put:
m(P) = min{@ € PP(n) / S(P,Q) # 0}.
Lemma 35 For all P € PP, m(P) = «(P).

Proof. By lemma 34, m(P) < «(P). Let Q € PP, such that S(P,Q) # 0. Let us prove
that «(P) < Q. We denote 0 = ¥,,(P) and 7 = ¥,,(Q); we can suppose that P = ®,(0) and
Q = ®,(7). Moreover, it is not difficult to prove that ¥,,(¢«(P)) = (n---1) o o.

First step. Let us prove that 7(1) > n—o0(1) + 1. In P = ¥,(0), 1 <p j if, and only if,
o(1) < o(j). So there are exactly n — o(1) + 1 elements of P which satisfy 1 <j j in P. Let
a € S(P,Q) (which is non-empty by hypothesis). Then if 1 <j j, a(1) <, a(j): there are at least
n—o(1)+1 elements of Q which satisfy a(1) <, j. Let us put a~*(1) = 4. Then a(i) = 1 < (1)
in @, that is tosay 1 <j (1) or 1 <, a(1) in Q. If 1 = (i) <p, (1) in Q, then ¢ <, 1 in P,
so i = 1: in both cases, 1 <, a(1) in P. So there are at least n — o(1) + 1 elements of @ which
satisfy 1 <, 5. In Q, 1 <, j if, and only if, 7(j) < 7(1), so there are exactly 7(1) such elements.
As a consequence, 7(1) > n — o(1) + 1. Moreover, if there is equality, necessarily 1 = «(1) for

all a € S(P,Q).

Second step. We consider the assertion H;: if 7(1) = n—o(1)+1, -+, 7(i—1) = n—0c(i—1)+1,
then 7(i) > n—o(i) + 1 and, if there is equality, then (1) =1, - -+, a(i) =i for all « € S(P, Q).
We proved H in the first step. Let us prove H; by induction on . Let us assume H; 1, 1 <1 < n,
and let us prove H;. Let a € S(P,Q) (non empty by hypothesis). By H;_1, as the equality is
satisfied, a(1) =1, -+, a(i — 1) =i — 1.

In P, the number N; of elements j such that i <j j is the cardinality of o ~!({o(i),--- ,n})N
{i,--,n},so Ny =n—o0()+1—|{k <i/o(k) > o(i)}|. Using a, there exists at least NV;
elements j of @ such that «(i) <, j in Q.

Let usput a'(i) =j. Asa(l) =1, ---,ai—1)=i—1,j>iand i < a(i). If i <j, a(i) in
@, then j <, iin P, so j = i. So we always have i <, a(i) in @, so at least N; elements k of Q
satisfy ¢ <, j in ). Hence:

N < ML @D - )
n—o@)+1-[{k<i/o(k)>c@)} < 7()—-Kk<i/7(k) <7(i)}|
< 7)) —-Hk<i/n—0ok)+1<n—0o(i)+ 1}
< i)~ k< /o) > o)},

so 7(i) > n — o(i) + 1. If there is equality, then necessarily i = (i) for all @ € S(P, Q).

Conclusion. The hypothesis H; is true for all 0 < i < n. So7 > (n---1) oo in &, so
((P) < Q in PP(n). As a conclusion, ((P) < m(P). O

Corollary 36 Let us assume that go = 0. Then the pairing (—, —)q is non-degenerate if, and
only if, q # 0.

Proof. Let us fix an integer n € N. We consider the basis PP(n) of H(n), totally ordered by
<. In this basis, the matrix of (—, —), restricted to #(n) has the following form, coming from
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lemmas 34 and 35:

n(n—1)
0 0 q >
n(n2—1)
4 *
a . )
n(n271)
0 Qq
n(n—1)
q * *
nin(n—1)
so its determinant is +¢; 2 . Hence, (—, —)4 is non-degenerate if, and only if, ¢; # 0. O

Remark. With the help of the isometry a (proposition 31), it is possible to prove that if
q1 =0, (—, —)q is non-degenerate if, and only if, g2 # 0.

Corollary 37 If q1,q2,q3,q4 are algebraically independent over Z, then the pairing (—, —)q
s non-degenerate.

Proof. For all n, let us consider the matrix of the pairing restricted to Hpp(n) in the basis
formed by the plane posets of degree n. Its determinant D, is clearly an element of Z[q1, g2, ¢3, q4].
Moreover, D, (1,0, qs,q4) # 0 by corollary 36, so D, is a non-zero polynomial. As a consequence,
if q1, g2, g3, q4 are algebraically independent over Z, D,,(¢1, g2, q3,q4) # 0. O

5 Morphism to free quasi-symmetric functions
5.1 A second Hopf pairing on H 4, 0,4,,,41)
We here assume that ¢o = 0 and g; = ¢g3. For all double poset P,

h%\ﬂ”fa\] rf\l
A(QI,OJIL(M)(P) = Z qq qy (P \ I) Q1.
I h-ideal of P

For any h-ideal I of P, hf\l =0, so:

hipg +reg = H@y) € (PN x|z <y},

Y
= H(z,y) € (P\I) x|z >y}
Hence:
x, P\I)xI|x T, P\I)xI|x
A(ql,07q17q4)(p) — Z qtli{( y)E(P\I) x| <y}qi{( y)E(P\I)xI| <y}(P\[) 1.
I h-ideal of P

Notations. Let P,Q € P(n) and let o € Bij(P,Q). As totally ordered sets, P = @ =
{1,...,n}, so o can be seen as an element of the symmetric group &,,. Its length (o) is then
its length in the Coxeter group &,, [5].

Theorem 38 We define a pairing (—, =)y : Hqe @ Hqg — K by:

n(n—1) s .
Q= > a7,
oS (P,Q)

for all P,Q € PP, with n = deg(P). Then (—,—), is an homogeneous symmetric Hopf pairing
on the braided Hopf algebra Hy = (H,m, ).
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Proof. This pairing is clearly homogeneous. For any double posets P and @, the map from
S'(P,Q) to S'(Q, P) sending o to its inverse is a bijection and conserves the length: this implies
that the (P,Q); = (Q, P);.

Let P,Q, R be three double posets. There is a bijection:

Bij(PQ,R) — | Bij(P,R\I) x Bij(Q,I)
ICR
o — (O’|p,0"Q),

with I = o(Q). Let us first prove that o € S’'(PQ, R) if, and only if, I is a h-ideal of R and
(0'1,0'2) € S/(P,R\I) X SI(Q,I)

=. Let 2/ € I and let ¢ € R such that 2/ <, 3. We put 2’/ = o(z) and ¢ = o(y).
Aso € S(PQ,R), x <y. Asz € Q,y € Q,soy €1I: Iisa h-ideal of R. By restriction,
o|p S S/(P,R\I) and 01Q S SI(Q,I)

<. Let us assume that z <; y in PQ. Then z,y € P or z,y € Q. As opp € S'(P,R\ I)
and 0 € §'(Q, 1), o(z) < 0(Q) in R. Let us assume that o(z) <, o(y) in R. As I is a h-ideal,
there are two possibilities:

e o(z),0(y) € R\ I or o(x),0(y) € I. Hence, z,y € P orz,y € Q. As op € S"(P,R\ I)
and 0)g € §'(Q, 1), x <y in PQ.

e o(x) € R\ I and o(y) € I. Hence, x € P and y € Q, so x <y in PQ.

Finally, we obtain a bijection:

S'(PQ,R) — ) S(PR\I)x5(Q1T
O: I h-ideal of R
o — (op, Q)

Let o € S'(PQ, R) and we put ©(c) = (01,02). Let R\ I = {i1,...,ix} and I = {j1,...,5}-
Let ¢ € Gyyy defined by ¢~1(1) =d1...,¢( (k) = ir, 1k +1) = j1,...,( Y (k +1) = j;. Then
Cis a (k,l)-shuffle and o = (1o (07 ® 09), s0 £(c) = £(¢) + €(01) + £(02). Moreover:

0¢) = t{(p,q) | jg < ip} = 8{(1.5) € R\ D) x I | j < i} = 4+ BN =1V,

as I is a h-ideal of R. Finally, (o) = £(01) + £(02) + rf”\l. Moreover, if |R| = n and |I| = k, by
lemma 13:

hIR\I‘i‘T]I%\I"‘?”I\ —hR\I+7”R\I+hR\I \I:k(n—k),
SO:

k(k—1) (n—k)(n—k—1)

h%\]‘i‘ré\]‘k 9 + 2

= k(n—k)—i—k(k;l)—i—(n_k)(r;_k_l)—rf\l
n(n—l) R\T

= —a —’I“I\.
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Finally:

n(n—l)iz(o) )
PQ, = > q° a1”
oeS'(PQ,R)
M=) (o) —b(o2) =i l(o1) (o) +rIN
= > > a2 0
I h-ideal of R 01€S5’(P,R\I),02€5"(Q,I)
hfz\f“‘rfz\f"'k(kz_l)+(n_k)(;_k_l) 3(01)+€(02)+r?\1
= ) > @ 0
I h-ideal of R 01€S5’(P,R\I),02€5"(Q,I)
hin gty i ' /
= Z a4 4y <P7R\I>q<Q7I>q
I h-ideal of R
= (PRQ,Ay(R))y
So this pairing is a Hopf pairing on H,,. O
Remark. In particular, (—, —>’(1,071,1) is the pairing (—, —)" of the section 1.
Examples. Here are the matrices of the pairing (—, —); restricted to Hy(n), for n = 1,2,3.
I .e
4’% Ula q1
e |1 | 1+
! v A . .1
P g i i i g ¢
Vg dla+aq) i (a1 + qa) @ (a1 + qa)
Al i & (a1 + q1) g &g+ q1) @ (a1 + qa)
1. gt | di(a + qa) @ i (q1 + qa) a1 (4% + q1) @(q? + g+ @)
2l I Glat+a)|  ald+4d) G (q + q1) (@ + qaa+a)
Gl adla+a) | da+a)|a@+au+d) | al@+au+d) | (@+a)ld+au+d)

Proposition 39 For all x,y,2 € Hy, (x4y,2)y = (£ @Y, D(g1,0,01,0)(2))g-

Proof. Let P,Q, R € PP. We consider the following map:

Bij(P4Q,R) — |J Bij(P,R\1) x Bij(Q,1)
ICR
o — (o1p,01Q);

with T = o(Q). Let us first prove that o € S'(PQ, R) if, and only if, I is a biideal of R and
(0-1,0-2) € S/(PaR\I) X SI(Q’I)

—. Obviously, (o1,02) € S"(P,R\ I) x S'(Q,I). Let 2’ € I, y' € R, such that 2/ <y'. We
put 2’ =o(x) and ¥y =o(y). fy ¢ Q,then y € Pand z € Q,soy <, z. As o € S'(P4Q, R),
y' < a’: contradiction. So y € Q and ¢’ € I.

<. Let z,y € P4Q, such that x <, y. Two cases are possible.

e Ifx,yc Poruz,ye@,as (01,02) € S"(P,R\I) xS(Q,I), o(x) <o(y) in R.

e lfzePandyc@,as=oc(Q)is a biideal, it is not possible to have y < z, so z < y.
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Let x,y € P4Q, such that o(z) <j o(y) in R. As I = o(Q) is a biideal, two cases are
possible.

e lfz,yc Porx,y€eQ,as (01,00) € S'(P,R\I) xS (Q,I), x<yin P§Q.

o [fre Pand y € @, then x <y in P4Q.

Moreover, if I = o(Q) is a biideal of R, then I ={k+1,...,k +1} C R, where k = |P| and
I =1Q|. Then 0 =01 ® g2, 50 £(0) = {(01) + £(02). So, with n = |R|:

=D (o) —b(02) 0(o1)+(c
(PEQ.R)y = Y > g 2 Tl
I biideal of R o1€8’(P,R\I),02€5"(Q,I)

n(n=1) k(k=1) (n—k)(n—k-1) ,
= Z q ° : 2 (PQ,(R\I)® 1),

I biideal of R

= Y {Pe(R\DeI),

I biideal of R

= > g"VMirer\neIy,
I biideal of R

hI + I
= Y q™Pe(R\D)eI),
I biideal of R

= <P & Q’ A((]1,0,(]1,0) (R)>/qa

with the observation that, as I is a biideal, h?\l = Tﬁ\l =0,s0 |[R\I|.|I| = hf%\[ + T’}I%\I. O
Remark. In particular, if ¢ = (1,0,1,1), for all P,Q, R € PP:

(P4Q,R) = (P®Q,Aqo10(R) = > (PRQR\)eI).

I biideal of R

This formula was already proved in [3].

5.2 Quantization of the Hopf algebra of free quasi-symmetric functions

Theorem 40 1. We define a coproduct on FQSym in the following way: for all 0 € G,,,

RPN O NP CO NN ¢ NN )
A (o) = q’f(n k)—L(o)+L(o), " )+L(oy, )qi( )—t(o}, ") —L(oy, )0,(:) ®0,(§2).

k=0
For all ¢ € K, FQSym, = (FQSym, m,A;) is a graded braided Hopf algebra.

n(n—1) - -
2. One defines a Hopf pairing on FQSym,, by (o,7)" =¢q, * “ )qi( )5(”71.

3. The following map is an isomorphism of braided Hopf algebras:

Hy — FQSym,
©:4 PePP — ) o

og€Sp

Moreover, for all x,y € Hy, (O(z),0(y)); = (z,9)5-

Remarks.
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1. Let 0 € 6,. If 0 <k <n, weput o({1,...,k}) = {i1,...,ix} and c({k + 1,...,n}) =
{j1,...,51}. Let ¢ be the (k,1)-shuffle defined by ¢~1(1) =iy ..., (k) = i, (" HEk+1) =
Jioee s (R4 1) = i Then o = (Lo (0 @ oY), and £(o) = £(C) + £o}) + €(a?).
Moreover, 0 < 4(¢) < k(n — k), so:

0< (o) — (o)) —t(c?) < k(n — k).
As a consequence, the coproduct on FQSym, is well-defined, even if g; = 0 or g4 = 0.

2. It is clear that the pairing (—, —); defined on FQSym, is non degenerate if, and only if,
q1 # 0 and ¢z # 0.

Proof. We already know that © is an algebra isomorphism. Moreover, it is also proved there
that S'(P,Q) = S(P) N S(Q)~! for any P,Q € PP, so:

©F).0@); = D, (o)
ceS(P),7eS(Q)
n(n—1) ¢

= Z a =) qi(a) 50’,T*1
c€eS(P),7eS(Q)

n(n—1) . o
= Z q ° ( )qi( :
s€S(P)NS(Q)-1

n(n—l)_zo_ o
— Z Q 2 ( )q4( )

UESI(P7Q)

!/
= (P,Q),
So © is an isometry.
As a consequence, for all x € Hy, y, 2 € FQSym,:

(AoB(2),y®2), = (O(x),y2)

y2))g

Hy)e~ (=)
¢(2),07 (y) @07 (2))
(O®0)o0Ay(x),y @ 2)q-

{
= (x,0"
= (x,0"

(A

{

/

Let us now assume that qi,q4 # 0. Then the pairing (-, —); on FQSym, is non-degenerate,
so Ao® = (0 ®06)oA. Hence, O is an isometric isomorphism of braided Hopf algebras. This
proves the three points immediately.

Up to an extension, we can assume that K is infinite. It is not difficult to show that the set A
of elements (g1, q4) € K? such that the three points are satisfied is given by polynomial equations
with coefficients in Z, As it contains (K — {0})? from the preceding observations, which is dense
in K2, it is is equal to K2, so the result also holds for any (q1,q4). O

!/

Corollary 41 The pairing {—, _>q

is non-degenerate if, and only if, g1 # 0 and qq # 0.

Proof. As the isometric pairing (—, —>; on FQSym, is non-degenerate if, and only if, g1 # 0
and g4 # 0. O
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