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Torsion of chiral Cosserat elastic rods

D. Tesan

Department of Mathematics, "Al.l. Cuza” University and ”0O. Mayer” Institute of
Mathematics, Romanian Academy, 700506 lasi, Romania

Abstract

This paper is concerned with the torsion of isotropic chiral Cosserat elastic cylin-
ders. First, the generalized plane strain problem is defined and an existence result
is presented. Then, the three-dimensional problem is reduced to the study of some
generalized plane strain problems. In general, the torsion of the cylinder is accom-
panied by bending and extension. The method is applied to study the torsion of a
circular cylinder.
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1 Introduction

In recent years the behaviour of chiral materials has been the object of in-
tensive research. A body which is not isotropic with respect to inversion is
called chiral. Chirality can be observed in some carbon nanotubes, biological
molecules (DNA), bones, honeycomb structures as well as in composites with
inclusions.

It is well-known that chiral effects cannot be described within classical elastic-
ity (see Lakes, 2001). The theory of Cosserat elasticity is adequate to describe
the mechanical behaviour of chiral elastic bodies (Lakes, 2001; Donescu et
al., 2009). The Cosserat theory studies continua with oriented particles which
have the six degrees of freedom of a rigid body. The theory of Cosserat elastic
solids was extensively studied in the last decades. For the historical develop-
ment and the analysis of various results on the subject see Nowacki (1981),
Ciarletta and Iesan (1993), Eringen (1999), Rubin (2000), Dyszlewicz (2004),
Jasiuk and Ostoja-Starzewski (2004). A large number of papers have been de-
voted to the study of chiral Cosserat elastic bodies (Nowacki, 1977; Lakes and
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Benedict, 1982; Dyszlewicz and Kolodziej, 1987). This class of materials con-
tinues to attract attention both from the theoretical and the technical point of
view (Healey, 2002; Dyszlewicz, 2004; Teodorescu et al., 2005; Natroshvili et
al., 2006; Khurana and Tomar, 2009). A Cosserat material is called isotropic
chiral if its symmetry group equals the proper orthogonal group. In the linear
theory an isotropic chiral Cosserat elastic material is characterized by nine
constitutive coefficients.

In this paper we study the deformation of homogeneous and isotropic chiral
Cosserat elastic cylinders subjected to torsion, extension and bending. This
work is motivated by the recent interest in the using of the isotropic chi-
ral Cosserat elastic solid as model for cellular solids and composite materials
(Prall and Lakes, 1997; Lakes, 1998, 2001; Donescu et al., 2009; Chandraseker
et al., 2009) and for bones (Lakes et al., 1983). We note that Lakes and Bene-
dict (1982) studied the problem of a chiral Cosserat elastic rod of circular
cross section, stretched axially and free to twist. In this paper we consider
the problem of extension, bending and torsion of a right cylinder with gen-
eral cross section. First, we introduce the generalized plane strain problem
and present an existence result. In contrast with the case of centrosymmetric
solids, in the generalized plane strain of a chiral Cosserat elastic cylinder, all
components of displacement vector and microrotation vector are different from
zero. We introduce four special generalized plane strain problems character-
ized by external data which depend only on the constitutive coefficients. The
solutions of these problems are used to solve the torsion problem. We show
that, in general, the torsion of an isotropic chiral Cosserat elastic cylinder is
accompanied by extension and bending. The results are applied to study the
torsion of a circular cylinder. We determine the solutions of the auxiliary gen-
eralized plane strain problems for a circular domain. Then, the displacement
and microrotation vector fields in the torsion problem are determined.

2 Basic equations

Throughout this paper B denotes the interior of a right cylinder of length h
with open cross-section 3 and lateral boundary IT (Fig. 1). We call 0B the
boundary of B, and designate by n; the components of the outward unit nor-
mal of B. Throughout this paper a rectangular cartesian coordinate system
Oxy, (k= 1,2,3), is used. The rectangular cartesian coordinate frame is cho-
sen such that the zz-axis is parallel to the generators of B and the x10Ox5 plane
contains one of terminal cross-sections. We denote by »; and X5, respectively,
the cross-section located at x3 = 0 and x3 = h.

Fig. 1. A general prismatic rod



We assume that the generic cross-section Y is a simply connected regular
region. Let L be the boundary of the region . We shall employ the usual
summation and differentiation conventions: Greek subscripts are understood
to range over the integers (1,2), whereas Latin subscripts (unless otherwise
specified) to the range (1,2, 3); summation over repeated subscripts is implied
and subscripts preceded by a comma denote partial differentiation with respect
to the corresponding cartesian coordinate. Letters in boldface stand for tensors
of an order p > 1, and if v has the order p, we write v;; s (p subscripts) for
the components of v in the cartesian coordinate frame.

Throughout this paper we consider the linear theory of homogeneous and
isotropic chiral Cosserat elastic bodies. Let u be the displacement vector field
on B. We denote by ¢ the microrotation vector field. The strain measures are
given by

€ij = Uji + €jikPr, Kij = Pjis (1)
where g;5; is the alternating symbol. Let t;; be the stress tensor and let my;
be the couple stress tensor. The equilibrium equations, in the absence of body
loads, are

tji,j = 0, myj; j + €ir8tm =0. (2)
The constitutive equations can be presented in the form (Lakes and Benedict,
1982; Dyszlewicz, 2004)

tij = )\ewéij + (,U + /{)e,-j + HEj; -+ Cllﬁlss(;ij + 02/{]'1' + Cg/{ij,
mij = Oélirr(sij -+ B’iji -+ ’)/Iiij —+ Clerréij + CerZ’ -+ Cgeij, (3)

where 6;; is Kronecker’s delta, and v, i1, &, v, 3,7y, Cy, Cy and Cy are consti-
tutive constants. In the case of a centrosymmetric material the coefficients
C1,Cy and C5 are equal to zero. The surface force and the surface moment
acting at a regular point of 0B are given by

ti = tjinj, m; = mjinj.

We assume that the considered cylinder is free of lateral loads. Thus, we have
the following conditions

taifa = 0, maing =0 on II. (4)

We suppose that the cylinder B is subjected to extension, bending and torsion.
Let R = (0,0, R3) and M = (M;, M, M3) be prescribed vectors representing
the resultant force and the resultant moment about O of the tractions acting
on Y;. On X, there are tractions applied so as to satisfy the equilibrium
conditions of the body. Consequently, for 23 = 0 we have the conditions

t3ada' = 07 (5)

1



tszda = —R3, (6)

1

/Z (l’atgg — 830577135)(1& = €a53M5, (7)

/2 (Eaﬁgl’atgg + m33>dCL = —Mg. (8)

1

The problem consists in finding of the functions u; and ¢; of class C%(B) N
CY(B) which satisfy the equations (1)-(3) on B, the conditions (4) on the
lateral surface, and the conditions (5)-(8) on the end ;. We have introduced
the mechanical loads R3 and M, in order to emphasize the torsional effects
on the deformation of the cylinder.

We assume that ¥ is C*°-smooth. We have chosen this hypothesis in order
to best describe the method for the solution of the problem. We consider
only a ”C-theory” but it is possible to get a classical solution for more
general assumptions of regularity. In what follows we suppose that the elastic
potential is a positive definite quadratic form. The restrictions imposed by
this hypothesis on the constitutive coefficients have been presented in various
works (Lakes, 1982; Dyszlewicz, 2004). We note only the following inequalities

k>02u+Kk>0,7+8>0,7v—05>0,A4+2u+k >0,
A +2u+k)(a+ B+7) —(Cr+ Cy+ C3)* > 0. (9)

3 Generalized plane strain

Let us assume now that a body force f and a body couple g are prescribed on
B. Moreover, we consider that on the lateral boundary of the cylinder there
are prescribed the surface force t and the surface moment m. We suppose
that f,g,t and m are all independent of the axial coordinate. We define the
state of generalized plane strain of the cylinder to be that state in which the
displacement vector and microrotation vector are independent of the axial
coordinate,

U; = Ui(llfl,l'g), PYi = Soi(xlalé)) (xlaxZ) € Zl- (10)
The above restrictions, in conjunction with the geometrical equations (1) and

the constitutive equations (2), imply that e;;, k5, t;; and m;; are all indepen-
dent of the axial coordinate. The equations (1) reduce to

Cai = Ui T EiajPjs €3i = €388, Kai = Piar K3 = 0. (11)



The constitutive equations for a generalized plane strain are given by

tap = Nepplap + (1t + K)eap + pesa + Cikppas + Cokiga + Cikag,

taz = (L + K)€a3 + f€30 + C3ka3,

t30 = (04 K)esa + peas + Cakag, T3z = Aeyp + Chkip, (12)
Myy = ORppOuy + Bhiny + Yy + C1€p,0,, + Caeyy, + Cseyy,
M3 = Yhaz + Coe3q + Cse43,
M3a = BRas + Caeas + Cse30, M3z = Ky, + Cley,.

The equations of equilibrium can be written as
tgip + fi =0, mpig+ €irstrs + 9: = 0, (13)
on 1. The conditions on the lateral surface become
tging = t;, mging = m; on L. (14)
We assume that f;, ¢g;,f; and m; are functions of class C'*°.

The generalized plane strain problem consists in finding of the displacement
u; and microrotations ¢; which satisfy the equations (11)-(13) on ¥;, and the
boundary conditions (14) on L. In view of (11) and (12), the equations of
equilibrium can be expressed in terms of the functions u; and ; in the form

(1 + K)Aug + (A + p)ug pa + Keapaps,p + C3Apa + (C1 + C2)pp pa + fo =0,
(1 + K)Auz + Kespapas + CsAps + f3 =0,

CsAu, + (C1 + Co)u, o + Keypsus g + AP+ (15)
+ (a + B)‘Pp,pv + 2(03 - 02)51/773903,17 — 2Kp, + g, = 0,

C3Aug + Kesyytin, + 7Aps + 2(Cs — Ca)ezunpn,, — 2kp3 + g3 = 0,

on Y, where A is the two-dimensional Laplacian.
In the case of the generalized plane strain the elastic potential W is given by

2W = Xeppern + (1L + K)eaplas + HEpatas + (1 + K)easCas+
+ 2/1€03€30 + (1t + K)€30€30 + QR ppbivy + Bl kuy+ (16)
+ YEunkun + YEaskas + 201K ppeu 4+ 2C5e05K 50+
+ 205¢e08Ka8 + 20%€30 K03 + 205€03K03-

Let
* * * * * *
Uy = C1 — Caa, Uy = Co F Cay, uy =c3,01 =0, 03 =0, 5 =cq4,  (17)

where ¢, (s = 1,2,3,4), are arbitrary constants. Then U* = (u}, u}, u}, ¢},
5, ©3) is called a plane rigid vector field.



Theorem 1. If the elastic potential W is a positive definite quadratic form,
then any two solutions of the generalized plane strain problem (11) — (14) are
equal modulo a plane rigid vector field.

Proof. In view of (11)-(13) and (16), we get
2W = tgiegi + t3i€3i + megikgi =
= (tgiwi +mpipi) g + fivi + gipi.

With the help of the divergence theorem we obtain

1

Let (u}, ;) and (u/, ¢!) be two solutions of the problem (11)-(14). We denote
u? = u,—u! and ¢ = ¢} — /. The functions u) and ¢! satisfy the generalized
plane strain problem corresponding to null data. Thus, from (18) we find that

Woda = 0, (19)

1

where W0 is the elastic potential corresponding to u{ and Y. Since W is
positive definite, we find e?i =0, and 2, = 0 on ;. These equations imply
that (u,ud, ud, ¥, ¥, ©Y) is a plane rigid vector field.OJ

The six-dimensional vector U* = (uj, uj, ul, o1, ©3, p3) defined by (17) can be
expressed in the form

4
U =3 U,
k=1
where

UM = (1,0,0,0,0,0),U% = (0,1,0,0,0,0),
U(g) N (0,0, 1707070)7 U(4) = (_$27I170?O70’ ]‘) (20)

Let us consider the equations (11)-(13) on ¥; with the boundary conditions
tging =0, mgnz =0on L. (21)
Following Fichera (1972), a C'* solution of the boundary valued problem (11)-
(13), (21) exists if and only if
4
/ S H,UWda =0, (k=1,2,3,4), (22)
¥

j=1

where H = (Hy, Hs, ..., Hg) with H; = f;, Hy.; = ¢;, and U® = (U® U,
LU, Y =1 v =0, (s=1,2,...5), U8 =1, 0P = U8, =0,



(m=1,2,3,4), U =1, U® = U =0, UM = 5, USY =2, U =1,
U2(+k = 0. The conditions (22) reduce to

fia = O, / (LL’lfQ — l’2f1 + gg)da =0.
21 21

It is a simple matter to see that in the case of the boundary value problem
(11)-(14), the above conditions are replaced by

/2 fida + /L tyds = 0, L(Saggxafﬁ + g3)da + /L(saggxafg +m3)ds = 0. (23)

Thus, we have the following existence result.

Theorem 2. The boundary value problem (11) — (14) has solutions if and only
if the relations (23) hold.

In the next section we will have occasion to use four generalized plane strain
problems P*) (k = 1,2,3,4). The problem P corresponds to the body loads

fi(l) = A\014, 9'(1) = (Cl +Cs — C2)51i’ (24)

2

and to the boundary data

E(l) >\$1na,i§’ Cg’n,g, m;l) = —Clxlnp,ﬁigl) = ﬁn2. (25)

In the problem P® the body loads and the boundary data are

112 = Noai, 9P = (Ci Cs = Co)bai,
) = _)\x2na7£§2) = —Cyny, m{) = —Chagna, m3 = —Pn. (26)

The problem P®) corresponds to the following loading
=0, =019 = —an., & = 0,my) = ~Cing,m$’ =0. (27

We denote by P® the problem characterized by the following body loads and
boundary tractions

fY =068 = —kaa, g5 =0,

1?(4 = _Clnaai( ) — —HE3paLpNa, m;‘l) = _anﬁvmi(;l) = C2€3PVanP‘ (28>

We note that the necessary and sufficient conditions (23) for the existence of
the solution are satisfied for each boundary Value problem P®) (k= 1,2,3,4).

We denote by ulk , gogk), Ef), Ef), tg“ and m ) the displacement, microrota-

tion, strain measures, stress tensor and couple stress tensor in the problem



P®)respectively. Clearly, the problems P*) are characterized by the geomet-
rical equations

k k k k k
e((:n) - ( ) ot 6“1)%05 )7 6:(3@) = 623590(5 )7 ((Jzz) 905027 (29>

the constitutive equations

>\ pp 5(15 —|— (/J, + Ii) gxﬁ) -+ /J@Ba + Clli 5(15 + Cgliﬁa + Cgliaﬁ,

(/J“ + '%) a3 + /J“e _l_ 03'%(13 )

tga) (e + H)ega) + pe®) 4 o) 1) = Ae(k + Cmpp : (30)
m) = ar®)s,, + BEE) + &%) + Crels,, + Coell) + Caelk),
mz(xk3) - ’W{'a3 + C126304 + 036113 ) m3a 5“(13 + C26a3 + C363a )
mg;) = a/-c ) + C’lepp ,
and the equations of equilibrium
tﬁlg + f(k =0, m B + 5lrst£s) + g(k) 0, (31)
on X1, and the following boundary conditions
t(ﬁz)ng = it?, m(ﬁi)ng —m" on L, (32)

(k=1,2,3,4). Here, FBg® 7R and m* are defined by (24)-(28).

4 Solution of the problem

In this section we reduce the three-dimensional problem to the study of four
generalized plane strain problems. Following lesan (1986) we seek the solution
of the problem formulated in Section 2 in the form

1 4
Uy = —iaaxg + €38004%3T3 + Z aku((lk)a
k=1
! k
Uz = (alxl + a9x9 + ag)xg + Z akué )7 (33)
k=1

4
Po = E30pa5T3 + D arp®),
k=1

4
3 = asTs + Y arpy”, (21,22, 73) € B,
=1



where ugk) and gogk) are the displacements and microrotations from the prob-
lems P%*) introduced in Section 3, and a, (k = 1,2,3,4), are unknown con-
stants. It follows from (1) and (30) that

4 4
_ ® (k)
Cai = D ey, €30 = E36aTp04 + P UCse
k=1

k=1
4
€33 = Q1T + ATy + A3, Kog = 3 QRKY s Ko = Eaplp, Kaz = as,  (34)
k=1
where el(-?) and mgf) are given by (29). By (34) and the constitutive equations

(3) we obtain

4
taﬁ = >\(CL1£L’1 “+ agxo + a3)5a5 -+ 015a5a4 + Z akt(%),
k=1

4
k
tag = UE3BaTBA4 + Cgfgagag + E akt,(lg),
k=1

4
k
tga = (,U + K)Eggal’ga4 + Cgfgagag + E aktéa),
k=1

4
tss = (A + o+ &) (@121 + agws + ag) + (Cy + Cy + Co)ag + 3 axtsy, (35)
k=1

4
k

My, = [aas + Cr(arz1 + asxs + as)]0uy + akml(m)7
k=1

- (k)

M3 = Be3upa, + CozpTpay + Z agm,s,
k=1

- (k)

M3y = YE3uplp + Cgé?gp,,l’pa4 + Z agms, ,
k=1

4
mas = (. + B4 7)as + (C1 + Cy + C3)(a121 + agwy + ag) + Z akmg?v
k=1

where tl(-f) and mg-f) are the stress tensor and the couple stress tensor from the
problem P (k= 1,23, 4).

It is a simple matter to see that the equations of equilibrium (2) and the
boundary conditions (4) are satisfied on the basis of equations (31) and the
boundary conditions (32). Let us study the end conditions (5). With the help
of equilibrium equations (2) and boundary conditions (4) we can write

tglda = /Z (tlg — mp27p)da = /E [($ltp3),p — mag,a]da =

= / (Iltagna - magna)ds =0.
L

1

Similarly we can prove that the second condition from (5) is satisfied.



The functions ¢;; and m;; from (35) can be expressed in the form

4 4
=X a sy my =3 apml)), (36)
k=1 k=1

where

6—>\l’y(5ﬁ+t(y) 6_)\5 +taﬁ)7 aﬁ_Céﬁ—i_tag’

aﬁ’ «Q
5((13 = (o300 + tt(x3)7 (3) = t((133)7

8(43) = HE3palp + tgz43)’ S3a 0353061/ + ti(ia)> (?;z) = t§27

sﬁ (1t + K)Espay + toe, (37)
333 = (A 420+ K)z, + 5,

533 SN+ 2u -+t s =+ Co+ Oy + D,

= C12,00p + M), 1) = Cidag +mig, 7 = ad,, +m{

V?? Y
7r§l,) = Y3y + m;(),,,), Wé,?j) = mgi), Wéﬁ Csesp T, + m:()f,),

78 = (Cy + Cy 4 Cs)x, +m$f), w5y = Cy + Co+ Cy +mly,

7r§?-a+5+7+m(4)

In view of (36), the conditions (6)-(8) reduce to the following system for the
constants aq, as, az and ay,

4 4 4
Z Dqpay, = 50{53M57 Z Dsay, = —Ra, Z Dyrap = —Ms, (38)
k=1 k=1 k=1

where we have introduced the notations

D :/z (Iasz(ag) a 530467T§?)da'7 D3y, Z/2 Sé?d%
1 1

Dy = /2 [eapTashy + i3 ]da. (39)

We note that the constants D,, (r,s = 1,2,3,4), depend only on the cross
section and the constitutive coefficients. As in classical theory (Iesan, 2009)
we can prove that

det(D,s) >0, D, = Dq,. (40)
The inequality from (40) follows from (36) and the positive definiteness of
the elastic potential. The symmetry of D, is a direct consequence of the
reciprocal theorem. The system (38) uniquely determines the constants ay,
(k=1,2,3,4).

We conclude that the solution of the problem has the form (33), where the

10



constants a, are given by (38) and (u *), <p§ )) are the solutions of the two-

dimensional problems P, (k = 1,2, 3, 4). Generally, the torsion of an isotropic
chiral Cosserat elastic cylinder is accompanied by bending and extension.

5 Torsion of a circular cylinder

In this section we use the solution given in Section 4 in order to study the
torsion of a circular cylinder made of an isotropic chiral Cosserat elastic ma-
terial. We assume that the cylinder B is defined by B = {z : 22 + 23 < da?,
0 < x3 < h}, (a > 0), and suppose that M; = M2 = 0. The solution has

the form (33) where the functions u(k and gpz are the displacements and
microrotations in the problem P®*) (k = 1,2,3,4) defined by (29)-(32), and
the constants ay are given by the system (38).

First, we study the generalized plane strain problem P®) characterized by the
external loading (27). We seek the solution of this problem in the form

u® = 2,6(0r), 0 =0, o = 2,8(), o =0, (a1)

«

1/2

where r = (22 + 22)/2, and G and ® are unknown functions. Clearly,

S’)ﬁ = 0apG + T0r5m G, ug’/)) =2G + G,
ppa = Au® = 2, (G" +r71@"), (42)
goa 3 = 0ap® + Q1T Lo Ap®) = (D" + 371D,

where f' = df /dr. It follows from (29) and (42) that

B _ B @) 6 B B _

€af = €8 = U 53 = E3ppTpP = —e5,, €53 =0,
K,S;) = 2(13 —|— T(I)/ &35) = K(g) 90(()4)57 ((13) - 07 i(’n) - O (43)

In view of (42), the equations of equilibrium (15) for the problem P®) reduce
to

A+ 2u+K)(G" +3r7'G") + (O + Co + C3) (@ + 3r7'®') =0,  (44)
(CL + Oy 4+ C3)(G" +3r'G) + (a + B+ 4)(P" +3r 710 — s°®) =0,

where
9 2K

T (45)

11



If we eliminate the function G, from (44) we find that ® satisfies the equation
" 4 3r71d — ¢’ =0, (46)

where
¢ =2c(A+2p+r)Q,Q = A+2u+r)(a+B+7)— (Cr+Co+C3)*. (47)

Clearly, from (9) we find that s* > 0, @ > 0 and ¢*> > 0. We introduce the
function €2 by
Q=rd. (48)

Then, the equation (46) becomes

| |
-0 - (ﬁ + q2> Q=0 (49)

In what follows we denote by I,, and K,, the modified Bessel functions of order
n. The general solution of the equation (49) is

Q = Bi1i(qr) + B2 Ky (qr),

where B, and B, are arbitrary constants. Since the functions ¢(*) must be
bounded for r = 0, we have By = 0. Thus, we find that

d =r'B 1 (qr). (50)

It follows from (44) that the function G satisfies the equation

d? 3d d? 3d 2
(Gt ) G+ et o -0 oy

We can write G = GG1+ G5 where the functions GG; and G5 satisfy the equations
G +3r7'GL =0, Gy +3r7'GYy — ¢*Gy = 0.

Clearly,

G1 = Al + AQT_2, G2 = r_l[lel(qr) + D2K1(qr)],
where A, and D,, are arbitrary constants. Since the functions ug’) are bounded
for » = 0 we must take As = 0 and Dy = 0. Thus the function G has the form

G = Al + Dl’l"_lll(q’l"). (52)

We note that the functions G' and @, given by (50) and (52), must satisfy the
system of second-order (44). Substituting G and ® into the equations (44) we
obtain the relations

(A+2u+£K)Dy + (Cr + Co + C3) By =0,
(Cl + 02 + Cg)q2D1 + (Oé + 5 + ’7)(]231 — 2/€Bl =0. (53)

12



The first equation from (53) implies that
Dl = _UB17 (54>

where

0= (C1+Cy+C)(AN+2u+r)" (55)
It is a simple matter to see that the second equation from (53) is identically
satisfied on the basis of the relations (47) and (55). We conclude that

G=A — Ur_lBlll(qr), b = r_lBlll(qr). (56)

Let us impose the boundary conditions (32) for £ = 3. It follows from (43)
and the constitutive equations (30) that

t%) = MN2G + 1G")dugs + (20 + K)(Gag + Tazsr ™ G')+
+ C1(20 4 1) 50p + (Cy + C3) (P + zarsr™ '),
t8) = Kegaprs® = —t59) 1) = A2G + rG') + C1 (20 + rd), (57)
m$) = a(2® + r®)s,, + (8 + 1) (P, + vya,r @)+

+ C1(2G +rG') + (Cy + C3) (G, + wyayr ' G,
m) = —m$) = (O3 — Cy)esp15P, M) = a (20 + rd') + C1(2G + Q).

14

On the boundary L we have r = a and n, = x,/a. From (57) we obtain

t&i’gna = a w2\ + 21 + K)G(a) + (A + 2u + k)aG' (a)+
+ (2C1 + Cy + C3)®(a) + (C1 + Cy + C3)ad’(a)],
tg’g)na = ka 'e305T075® (a) = 0, (58)
mine =a"'zs((20 + B +7)®(a) + (o + B+ 7)aP (a)+
+ (2C1 + Cy + C3)G(a) + (C1 + Cy + C3)aG' (a)],
miang = (C3 — Cy)esaprarsa ®(a) =0 on L.

In view of (58), the boundary conditions (32), for k£ = 3, reduce to

(2A 4 2u + k)G(a) + (N +2p + K)aG'(a) +

+(2C1 + Co 4 C5)®(a) + (Cy + Co + C3)ad’(a) = —A,

20+ B+7)®(a) + (a4 S+ 7)ad'(a) + (2C1 + Co + (59)
+C5)G(a) + (C1 + Cy + C3)aG'(a) = —Ch.

By using the relations (56) and (59) we find that the constants A; and B
must satisfy the equations

(2A +2u + K)aA; + 1 By = —)a,
(201 + Cg + Cg)aAl + lgBl = —Cla, (60)
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where

li = (Cy — o\ (qa) + a[Cy + Cy + C5 — a(A + 2u + k)|I1(qa),
ly = (o — 0Cy)I1(qa) + ala+ B+ v — o(Cy + Cy + C3)] 11 (ga). (61)

We introduce the notation
A=[2 N+ 2u+ r)ly — (2C) + Cy + Cs)l4]a. (62)
From (60) we get
Ay = (Cily — Np)aA™, By = [(Cy + C3)\ — (21 + k)Cy]a* A1 (63)
Let us study now the problem P®. We seek the solution of this problem in
the form

ud

4 1 4
- IaF(T)v ui(i ) - 07 Spgl) [‘II(T) W _]a ()02(3 ) - Oa (64)
where F' and ¥ are unknown functions. We note that in this case we have

4) (4) 4 4) _

€ap = €ha T ua)ﬁ F5a5 + Talpr F 33 =0,
4 1 4
T PR T )
1
8 2 ol (0= Dy .

The equations of equilibrium (15) with the body loads f; = 0, g, = —kZa,
g3 = 0, reduce to

A +2u+ K)(F" +3r 'F) + (C, + Cy + C3) (9" +3r710') =0,  (66)
(Cy 4+ Coy + C)F" 4+ 3r ' F) + (a + B+ ) (9" 4 3r W — s20) = 0,

where s is given by (45). From these equations we find that F' and ¥ satisfy
the equations

> 3d ? 3d 1 9

where ¢? is defined in (47). The functions F' and ¥ which are bounded at the
origin are given by

F=E +Nir'Lqr), V=Hr L),
where Ey, Ny and H, are arbitrary constants. It is easy to see that F' and ¥

satisfy the equations (66) only if Ny = —o Hy, where o is given by (55). Thus,

14



the displacements u{Y) and the microrotations ¢(*) have the form

e «

1
ul = 2 [By — o Hir M (qr)], o = ao[Hyr M (qr) — 5] (67)
It follows from (65), (29) and (30) that
t((jﬁ) = AN2F +1F)6ap + (21 + 8)(FSap + xorsr "F')+
1
+ Cl (2\11 + T\If/ - 1)5a6 + (CQ + Cg)(\I/(Saﬁ — 5(5&5 + SL’axﬁ’/’_l\If/),
1
t8) = 13 = kegapra( — 5) 89 = N2F +1F') + C1 (20 + 70’ — 1),
1
miy) = a2V + r¥ — 1)8,, + (8 + ) (¥, — 50+ z,2,r W)+ (68)
+ C1(2F + rF")d,, + (C3 + Cy) (Fdap + l’al’g’l“_lF,),
1
l(/? = _m3u (Cs — C)eguprs(V — §)>
my = (20 + 7V — 1) + C1(2F + rF’).

Taking into account (68) and the form of F' and V¥, we find that on the
boundary L the following relations hold

_ 1
tina = a 2p[(2A + 2p + K)aBy + LH — 50(2C1 + Gy + )],

tz(j%)na = O> me(143)na = O> (69)

1
m((jp)na = a""z,[(2C) + Co + C3)aEy + LH, — 5“(204 + B8+,

where [; and [y are defined in (61). Thus, the boundary conditions (32), for
k = 4, reduce to the following system for the constants E; and Hj,

1
2N+ 2u + K)aBy + 1 H, = 5(02 + C3)a,

1
(2C1 + 02 + Cg)CLEl + lng = 5(6 + ’7)(1, (70)
We obtain
1
E1 = §CLA_1[(CQ + 03)12 — (ﬁ + ’}/)ll], (71)

o, = —%A‘laz[(QCl 4 Cy + C)(Co+ Cs) — (2A+ 21+ 1)(B+ )],

where the constant A is given by (62).

As the functions u'?, ©® 4™ and ! are known, from (39) we can determine

the constants Dy3 and Dy, (k= 1,2,3,4). It follows from (37), (39) and (57)
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that
Doy = /21 TalA+ 20+ K+ 159 + (Cy — Cs)®|da,
Dy = /21 A+ 20+ & + £ da, (72)
D = /Z [2aCr+ Cat Ca + £8) — e305(Caesppz, + mS))dal,
Dy = /21(01 + Cy + Cy + t58)da,

Dy = /2 (14 K)Tata + 63(1/336(175;(),? +a+ B+ 7+ migda.
1

With the help of (56), (57), (67) and (68), the relations (72) reduce to
D,s =0, Dy =0,
D33 = m(A +2u + K)a* + 27 /Oa{2>\A1r+
+(C1 = Ao)[Li(qr) + r1i(qr)|Bi }dr, (73)
Dy = (Co + Cy)a? + 27Aa2Ey + 27 (Cy — Ao)Hy /0 U (qr) + L (gr)]dr,

1 a
Dy =7(B+7)a* + 1(2u + Kk)mat + 27?/ r[rr? U4
0

+ a2V 4+ r¥') + C1(2F + rF')]dr.

We note that

/a r3dr = H, /a r21,(qr)dr,

0 0
a2V + V) + C1(2F +rF') = 2C, E; +
+(a — Cro)Hy[r I (qr) + I} (qr)], (74)

[2°I5(z)]" = 2°I,(z), 1,(0) = 0.
By using the relations (73) and (74) we find

D3 = m(A + 2 + Kk)a* + 2w Aa* Ay + 27(Cy — Ao)aBi 1, (qa),
D3y = 7(Cy + C3)a’® + 2w \a*Ey + 27(Cy — Ao)aH, I, (qa), (75)

1
Dy = (B +7)a* + Z(2u + k)ma* + 2ma*CLE +

+ 2rkq a*H,Iy(qa) + 27 (a — Cyo)aH, I (qa).
Sice D,s = Dy, from (73) we obtain Dy3 = D34, and
D3y =Dn3 =0, Dy, = Doy =0. (76)
The system (38) becomes

DQBCI,B = O, D33a3 + D34CL4 = —Rg, D34CL3 + D44a4 = —Mg. (77)
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Thus, for a right circular cylinder the system (38) reduces to two uncoupled
systems: one for the unknowns a; and as and the other for the constants as
and ay. It follows from (76) that in this case the problem of bending can be
treated independently. From (77) we obtain

ap =az =0, a3 = d_l(D34M3 — Dy R3), a4 = d_l(D34R3 — D33M3), (78)

where d = D33D,4 — D3,. Tt follows from (33), (41), (56), (64) and (78) that
the solution of the problem of torsion and extension is

Uy = 535Qa4x5:173 + T [0,3141 + a4E1 — 0'7“_1(&331 + a4H1)[1 (q’l“)],
Uz = a3x3, P3 = 4T3, (79)

1
Vo = xa[r_l(agBl +asHy ) (qr) — 5&4],

where Ay, Fy, By and H; are defined in (63), (71), and the constants a3 and ay
are given by (78). We conclude that the torsion of a right circular cylinder made
of an isotropic chiral Cosserat elastic material is accompanied by extension.
Clearly, if M3 = 0 then we obtain the solution of the extension problem.

The torsion problem for an isotropic centrosymmetric Cosserat elastic cylinder
has been studied by Iesan (1971). In the case of centrosymmetric materials we
have C; = 0, and the relations (53), (61) and (70) imply that

0':0, l1:0, E1:0 (80)

It follows from (75) and (80) that for an isotropic and centrosymmetric circular
cylinder we have
D34 = 07

so that in this case the torsion is not accompanied by extension. Moreover,
it is a simple matter to see from (75) and (80) that the constant Dy re-
duces to the torsional rigidity calculated by Usidus and Sokolovski (1973).
The extension, bending and flexure of a circular cylinder made of an isotropic
centrosymmetric Cosserat elastic material have been investigated by Reddy
and Venkatasubramanian (1976).

6 Conclusions

The original results established in this paper can be summarized as follows:

(a) We present a solution of the torsion, bending and extension problem for a
right cylinder made of an isotropic chiral Cosserat elastic material. The three-
dimensional problem is reduced to the study of two-dimensional problems.
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(b) We study the generalized plane strain problem in the case of chiral materi-
als and present an existence result. We introduce four generalized plane strain
problems characterized by external data which depend only on the constitu-
tive coefficients. The solution of the torsion problem is expressed in terms of
solutions of these problems.

(c¢) We prove that, in general, the torsion of an isotropic chiral Cosserat elastic
cylinder is accompanied by bending and extension.

(d) We apply the method to study the torsion of a circular cylinder. We estab-
lish the solutions of the auxiliary generalized plane strain problems for a cir-
cular domain. The displacement and microrotation vector fields in the torsion
problem are determined. We show that in this case the torsion is accompanied
by extension and a plane deformation. The solution established in the case of
a circular cylinder could be of interest for experimental investigations.
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