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Microscopic origins of shear strength in
packings composed of elongated particles

E. Azéma, F. Radjai

Abstract We investigate the rheology, force transmission and textdirgranular
materials composed of elongated particles by means of codyamamics simula-
tions. The particles have a rounded-cap rectangular (RGR)esdescribed by a
single elongation parameter varying from 0 for a circulartipke to 1 for an in-
finitely thin or long particle. We study the quasi-static aejor, structural and force
anisotropies as a function of the elongation parameterdokings submited to biax-
ial compression. The shear strength is found to increasaiiypwith this parameter
whereas the solid fraction both at the initial isotropidestand in the critical state is
nonmonotonous. We show that for these elongated partidiasraonic decomposi-
tion of the stress tensor provides a fairly good approximatf the internal state.
Our data suggest that the increase of shear strength witttefboth enhanced
friction mobilization and anisotropic particle orientati as the elongation of the
particles increases.

1 Introduction

A wide variety of particle shapes can be found in nature addsiry: elongated and
platy shapes, angular and facetted shapes, and noncorapessi he issue of shape
effect opens actually the door to a vast and substantiahtsiddiedomain given a
multitude of potential particle morphologies. The effefgbarticle shape is mediated
by the specifiogranular texture induced by each particle shape. For example, it
is found that hard ellipses can be jammed even though theyraterconstrained
[1]. In the case of anisometric or elongated particle shagpash as spheroids and
sphero-cylinders, the particles tend to develop oriemtati order affecting force
transmission and frictional behavior [2, 3]. This “nematicdering occurs while
the particles interact only via contact and friction.
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In this paper we focus particularly on the connectivity oftjgdes and we show,
depending on the elongation, how each contact type cotéstio the internal an-
gle of friction [7]. We first introduce our numerical appréeio Section 2. Then,
in Section 3, the stress-strain behavior is presented fterdnt values of]. The
microstructure is analyzed in Section 4.

2 Numerical procedures

The CD method is based on implicit time integration of theattpuns of motion

and a nonsmooth formulation of mutual exclusion and dnytifricbetween parti-
cles [4, 5]. This method requires no elastic repulsive pidéand no smoothing of
the Coulomb friction law for the determination of forcesrfuos reason, the sim-
ulations can be performed with large time steps comparedaiecular dynamics
simulations. We used LMGC90 which is a multipurpose sofenggveloped in our
laboratory, capable of modeling a collection of deformaileindeformable parti-
cles of various shapes by different algorithms [6].

The particles are modeled as a juxtaposition of two hakslisf radiusR’ with
one rectangle of length and width &R to which we will refer as Rounded-Cap
Rectangular (RCR) particles, see Fig. 1. The RCR shape caharacterized by a
single aspect ratior or by anelongation parameten = (R—R)/R=(a —1)/a
varying fromn = 0, for a circle, to 1 corresponding to a line.
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Fig. 1 Shape of a Rounded-Cap Rectangle (RCR) (left). Snapshbe g@idrtion of the packing for
n = 0.4 (right).

We prepared 8 different packings of 13000 RCR particles wyittarying from O
to 0.7 by steps of (L. The radiuk € [Rmin, 3Rmin] Of the circumscribing circle de-
fines the size of a RCR particle. All samples were compactaddiyopic compres-
sion inside a rectangular frame of dimensidng hg in which the left and bottom
walls are fixed, and the right and top walls are subjectedeécstime compressive
stressy. The gravity was set to zero in order to avoid force gradigmnise samples.
The coefficient of friction was set to 0 between grains andsahlring the isotropic
compression. Thus, at equilibrium, all samples were irrégot stress state. Fig. 1
displays snapshot of the packings fpe= 0.4 at the end of isotropic compaction.
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The isotropic samples are then subjected to vertical cosspre by downward dis-
placement of the top wall at a constant veloaifyfor a constant confining stresg
acting on the lateral walls. The friction coefficigmtbetween particles is set to5)
and to zero with the walls.

3 Stress-strain behavior

The stress tensar can be evaluated from the simulation data as an average over
the dyadic product of contact forcE and branch vectot® : g,p = nc<f§€f3>c

[4], wherenc is the number density of contaatsand the averagé..)c run over

all contacts in a control volume. We can extract the mearsspe= (01 + 02)/2

as well as the stress deviatpe= (01 — 02)/2 whereoy and g, are the principal
stresses values. The principal strain valueseare f,ﬁ‘o dh'/h ande; = f|'0dl’/l’.

The control variable is the shear strain givendgy= £ + &».
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Fig. 2 (a) Internal angle of frictiop* as a function elongation. (b) Solid fraction as a function
of particle shape parametgrat different levels of shear strain

During shear, the shear stress jumps initially to a highe/dlefore decreasing
to a nearly constant value in the steady state. The steatly-sttear streqs|/p)*
characterizes the shear strength of the material. Accgridirthe Mohr-Coulomb
model, the internal angle of friction, representing thesslstrength of the material,
is defined by sigp* = (q/p)* [8]. Interestingly, as shown by Fig. 2(b), the shear
strength varies linearly with the elongation parameter.

Figure 2 displays the solid fractigmas a function ofy at different levels of shear
deformationgg. It is remarkable that, at all levels of deformation, thedédaction
increases witlm, reaches a maximum &t ~ 0.4 and then declines ag further
increases. We note that solid fractions as large.@6 @re reached fag = 0.4 in
the initial state. A similar nonmonotonous behavior waseobsd for packings of
ellipses or ellipsoidal particles [1]. This is somewhat am@rintuitive finding as
the shear strength (a monotonous functiompfloes not follow the trend of solid
fraction (hnonmonotonous).
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4 Granular texture and force transmission

Remembering that RCR particles are clumps of two disks wite ectangle, a
major effect of elongation is then to allow for multiple caots between two touch-
ing particles: cap-to-camg), cap-to-sideds) and side-to-sides§) contacts in each
packing. The side-to-side or side-to-cap contacts are tabdEcommodate force
lines that are usually unsustainable by cap-to-cap cantaa. 3 (left) shows the
proportionskec, kes andkss of cc, cs andss contacts averaged over the residual state
as a function ofn. We see thak.. declines withn from 1 (for disks) to (2 for
n = 0.7. At the same timek.s andkss increase from 0 to @ and to 0.2, respec-
tively. Interestinglykes =~ Kec for n ~ 0.4, andkss ~ kes for n = 0.7. In this way, as
the particle elongation increases, the packing passesdroomtact network domi-
nated bycc contacts to a contact network dominated bydbeplex contactss and
Ss.
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Fig. 3 (left) Proportions of side-to-sidess), cap-to-side ¢s) and cap-to-capcf) contactsand
(right) shear strengttg/p)* (circle) forcs (square)ss (triangle up) andc (triangle down) contacts
as a function of}, together with the harmonic approximation fits (see below).

An additive decomposition of the stress tensor can be paddrby grouping
the contacts according to their typ@= O + Ocs+ Oss, WhereO e, Ocs andO s
are obtained from the expression of the stress tensor (se8)sky restricting the
summation tac, csandss contacts, respectively. The corresponding stress desiato
Jce, Oes @NdQss are then calculated and normalized by the mean pregsiitete that,
by construction we hav@/ p = (qcc + Ges+ Gss)/ p- Fig. 3 (right) showsjec/ p, ges/ P
andgss/ p averaged in the residual state as a function.0fVe see clearly thai.:/p
follows a trend opposite to that ofs/p. Forn < 0.3, (g/p)* is dominated byc
contacts. Fon ~ 0.3, cc andcs contacts participate equally to the shear stress, and
for n > 0.3, thecs contacts dominatéy/p)*. Remarkablygss/p ~ 0 for n < 0.4.

In this way, the growth of the number of andss contacts is clearly at the origin of
a gradual consolidation of the packingsraBicreases.

The shear strength of a granular material reflects its ghdidevelop force and
fabric anisotropies[9, 2, 10, 7]. The fabric anisotragy, wherey stands alterna-
tively for {cc,cs,ss}, is the anisotropy of the distributid®,(8) of contact orienta-
tion 8. At the lowest order, we have
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whereb, is the major principal stress directiof(= 11/2). Note that, by construc-
tion the whole contact anisotropy is given&y= acss+ accs+ acce- In the same way,
the normal and tangential branch anisotropas,( a;,) and forces anisotropies
(afny, asty) can be defined from the distributions of the angular avecdgermal
and tangential branch length and forces, respectively, by:

(tny)(8) = ((){1+an,cos26 —65)},

(ly)(6) = (H)arysin2A0 — 6y), @)
(fuy)(8) = (F) {1+ arn,COS2B — B)}

(fey)(0) = (f)asy,sin2(6 — 6;),

where(f) and(¢) are the mean force and the mean branch length. By constnayctio
the total normal and tangential branch and force anisamoaie given by the sum
of the corresponding partial anisotropies.

Using the above Fourier approximations together with thpression of the stress
tensor it can be shown that [2, 10, 7]:

q—py o~ %(acy"'alny‘f‘ Aty +atny + Atty) 3)
We can see in Fig.3(right) that this decomposition is niegsified by our numer-
ical data both for the partial shear streggp as well as for the whole shear stress
(a/p)*. The contribution of the normal and tangential branch argges is negli-
gible. Fig.4 shows only the partial critical-state anieptesacy, asn,, andayy, to-
gether with the total critical-state anisotrop&®sas, andas;. The anisotropycss of
sscontacts increases slowly withfrom 0 to Q18. At the same timege.c decreases
and atn = 0.7 we haveacss = acc. Hence, although thes contacts represent at
n = 0.7 nearly 20% of contacts, their contribution to the contas@tropy remains
modest and of the same ordercasontacts. The variation of the contact anisotropy
ac is thus largely governed by that af.s. We see also that, thes contacts carry
most of the normal and tangential force anisotropies. ¥heontacts contribute
modestly to the global force anisotropies only fp> 0.4. The anisotrop®snec de-
clines withn, mainly due to their low number, arad;c Stays nearly constant. The
increase of; with n and a hight value odi;; for the most elongated particle reveal
that (1) particles tend to be aligned orthogonally to the prssive direction and
(2) a strong mobilization of friction due the increase of lide length of particles
[3, 10, 7].

5 Conclusions

In this paper, we applied the contact dynamics method to lsit@mlarge samples
of elongated particles. It was shown that the shear streisgém increasing lin-
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Fig. 4 (left) Partial contact orientation anisotropiag., acs andacss as a function ofp in the
critical state. (right) Partial normal (line) and tangehtidashed line) force anisotropi@sncc,
afncs andasnss, aNdasice, aftes @aNdasiss as a function ofy in the critical state.

ear function of elongation whereas the solid fraction firgtréases and then de-
clines. We find that both force and texture anisotropiesrdmurte to the increase
of shear strength. The increasing mobilization of frictforce (and the associated
anisotropy) as well as a local nematic ordering of the pagi¢reveled by contact
anisotropy), seem to be the key effect of particle elonga@urrently, we work to
extend these results to 3D systems composed with roundedytiaders (sphero-
cylinders).
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