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❚❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ✐s ❛ ❦❡② ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❡✛❡❝t✐✈❡ ❝♦♥❞✐t✐♦♥s ♠❛❦✐♥❣ ✐t ♣♦ss✐❜❧❡ t♦
❡❛s✐❧② ❛❝❝♦✉♥t ❢♦r t❤❡ tr❛♥s♠✐ss✐♦♥ ❛♥❞ t❤❡ r❡✢❡❝t✐♦♥ ♦❢ ❛♥ ❛❝♦✉st✐❝ ✇❛✈❡ ❜② ❛ ♣❧❛t❡ ✇✐t❤ s♠❛❧❧ ♣❡r❢♦r❛t✐♦♥s
✐♥ ❛♥② ❡❛s② ✇❛②✳ ❚❤✐s ♣❛r❛♠❡t❡r ✐s ✐♥✈♦❧✈❡❞ ✐♥ ♠♦st ♦❢ t❤❡ ♠♦❞❡❧s ❣♦✈❡r♥✐♥❣ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ s♦✉♥❞ ✇✐t❤ ❛
♣❡r❢♦r❛t✐♦♥✿ t❤❡ ♣❧❛✐♥ ❛❝♦✉st✐❝ ❧✐♥❡❛r s②st❡♠ ❬✶✹✱ ✷✺❪✱ ❍♦✇❡ ❬✼✱ ✽✱ ✾❪✱ ❛♥❞ ▼❡❧❧✐♥❣ ♠♦❞❡❧s ❬✶✻❪✳ ❈♦♥tr❛r② t♦ t❤❡
❢♦r♠❡r ♠♦❞❡❧ t❤❛t ❝♦♠♣❧❡t❡❧② ♥❡❣❧❡❝ts t❤❡ ❛❜s♦r♣t✐♦♥ ♦❢ ❛❝♦✉st✐❝ ❡♥❡r❣② ❜② t❤❡ ♣❡r❢♦r❛t✐♦♥✱ t❤❡ t✇♦ ❧❛t❡r ♦♥❡s
❛❝❝♦✉♥t ❢♦r ✐t ❜② ♠❡❛♥s ♦❢ ❛♥ ❛❡r♦❛❝♦✉st✐❝ ❡✛❡❝t ❛♥❞ ❛ ♣✉r❡ ✈✐s❝♦s✐t② ❞✐ss✐♣❛t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ ❍♦✇❡✈❡r✱ ♥✉♠❡r✲
✐❝❛❧❧② ❝♦♠♣✉t✐♥❣ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ✐s ❣❡♥❡r❛❧❧② ❛ ♥♦♥ tr✐✈✐❛❧ t❛s❦✳ ❚❤✐s ♣r♦❜❧❡♠ ✐s t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ✐♥
❣❡♥❡r❛❧✳ ■ts ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ t❤✉s ♠❛② ❜❡❝♦♠❡ r❛♣✐❞❧② ❤❛r❞ t♦ ❝❛rr② ♦✉t ❞✉❡ t♦ t❤❡ ❧❛r❣❡ s✐③❡ ♦❢ t❤❡ ♣r♦❜❧❡♠
t♦ ❜❡ s♦❧✈❡❞✳ ❆♥♦t❤❡r ❞✐✣❝✉❧t② ✐s r❡❧❛t❡❞ t♦ t❤❡ ❢❛❝t t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s s❡t ♦♥ ❛♥ ✉♥❜♦✉❞❡❞ ❞♦♠❛✐♥ s♦ t❤❛t ✐ts
♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥ s❤♦✉❧❞ ❜❡ t❛❝❦❧❡❞ ❡✐t❤❡r ❜② ❛ ❜♦✉♥❞❛r② ❡❧❡♠❡♥t ❝♦❞❡ ❬✷✸❪ ♦r ❜② ❞❡r✐✈✐♥❣ ❛ r❛❞✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥
✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s♦❧✉t✐♦♥ ❛t ✐♥✜♥✐t② ✐♥ ❛♥ ❛❝❝✉r❛t❡ ✇❛② ✭s❡❡✱ ❡✳❣✳✱ ❬✺✱ ✶✶❪✮✳
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❜② ❝❧♦s❡ ❢♦r♠✉❧❛s ❬✶✱ ✼✱ ✶✵✱ ✶✾❪✱ ❞❡r✐✈❡❞ ❡✐t❤❡r ❛♥❛❧②t✐❝❛❧❧② ♦r ❜② ✐♥t✉✐t✐✈❡ ❛♣♣r♦❛❝❤❡s✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ ✐t ✐s ❤❛r❞
t♦ ❞✐st✐♥❣✉✐s❤ ❛♠♦♥❣ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ❤❡✉r✐st✐❝ ❛♥❞ ✇❤✐❝❤ ❝❛♥ ❜❡ s✉❜❥❡❝t ♦❢ ❛ r✐❣♦r♦✉s ❛♣♣r♦❛❝❤✳
❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♣r♦✈✐❞❡ ❛ r✐❣♦r♦✉s ❜❛❝❦❣r♦✉♥❞ ❢♦r t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ s✉❝❤
❛♣♣r♦①✐♠❛t✐♦♥s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♠❛♥② st✉❞✐❡s ✇❡r❡ ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡s❡ ♠♦❞❡❧s t♦ ❛❝♦✉st✐❝
❡①♣❡r✐♠❡♥ts ❬✷✱ ✶✵✱ ✶✷✱ ✶✽✱ ✷✵❪✳ ❍♦✇❡✈❡r✱ ❞✉❡ t♦ t❤❡ ✈❛r✐♦✉s ❛♣♣r♦①✐♠❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t t♦ ❞❡r✐✈❡ t❤❡ ♠♦❞❡❧s✱ ✐t
✐s ❛❧♠♦st ✐♠♣♦ss✐❜❧❡ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ♠♦❞❡❧✐♥❣ ❡rr♦rs ❝♦♠✐♥❣ ❢r♦♠ t❤❡ ❛♣♣r♦①✐♠❛t❡ ❡st✐♠❛t❡s ♦❢ t❤❡ ❘❛②❧❡✐❣❤
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❝♦♥❞✉❝t✐✈✐t② t♦ t❤♦s❡ ✐♥❞✉❝❡❞ ❜② t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ s♣❡❝✐✜❝ ♠♦❞❡❧✳ ❆♥♦t❤❡r ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ♣❛♣❡r ✐s t♦ ♠❛❦❡ t❤✐s
♣♦✐♥t ❛s ❝❧❡❛r ❛s ♣♦ss✐❜❧❡✳

✶✳✷ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②

▲❡t P ❜❡ ❛ str❛✐❣❤t ♣❧❛t❡ ✇✐t❤ ❛ ✜♥✐t❡ t❤✐❝❦♥❡ss h > 0 ✇✐t❤ ♦♥❡ ♣❡r❢♦r❛t✐♦♥ Ω ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❤✉s✱
t❤❡ ♣❧❛t❡ ❝♦✐♥❝✐❞❡s ✇✐t❤

P =
{
x ∈ R

2 × [s−, s+] ❛♥❞ x /∈ Ω
}
, ✭✶✮

✇✐t❤ s+ − s− = h✱ Ω ⊂ R
2 × [s−, s+] ❛ s✐♠♣❧② ❝♦♥♥❡❝t❡❞ ❞♦♠❛✐♥ ❛♥❞ x3 ✐♥ [s−, s+]✳ ❚❤❡ ❞♦♠❛✐♥ ✜❧❧❡❞ ❜② t❤❡

✢✉✐❞ ✐s D = R
3\P✱ ❛♥❞ ❝❛♥ ❤❡♥❝❡ ❜❡ s❡❡♥ ❛s t❤❡ ❞♦♠❛✐♥ ❛❞♠✐tt✐♥❣ ❛s ❛ ♥♦♥ ♦✈❡r❧❛♣♣✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ Ω ❛♥❞

t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❤❛❧❢✲s♣❛❝❡s

D+ = {x ∈ D | x3 > s+} ❛♥❞ D− = {x ∈ D | x3 < s−} . ✭✷✮

❲❡ ❞❡♥♦t❡ ❜② Γ+ ❛♥❞ Γ− t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❛♣❡rt✉r❡s ♦❢ t❤❡ ♣❡r❢♦r❛t✐♦♥ Ω✱ ✐✳❡✳✱

Γ± = {x ∈ ∂Ω | x3 = s±}.

❚❤❡ ❧❛t❡r❛❧ ♣❛rt ♦❢ t❤❡ ❜♦✉♥❞❛r② ♦❢ Ω ✐s Σ = Ω ∩ P✱ ❤❡♥❝❡ ∂Ω ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛❧s♦ ✐♥ t❡r♠s ♦❢ ✐ts ♥♦♥
♦✈❡r❧❛♣♣✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ Γ−✱ Γ+ ❛♥❞ Σ✳

P

Σ

Γ−

Γ+

D−

D+

h

x3

x3 = s−

x3 = s+

❋✐❣✉r❡ ✶✿ ❙❝❤❡♠❛t✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❞♦♠❛✐♥s

❚❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② KR r❡❧❛t❡s t❤❡ ♣r❡ss✉r❡ ❞✐✛❡r❡♥t✐❡❧ ❢r♦♠ ♦♥❡ t♦ t❤❡ ♦t❤❡r s✐❞❡ ♦❢ t❤❡ ♣❡r❢♦r❛t✐♦♥

t♦ t❤❡ ✈♦❧✉♠❡ ✢✉① Q =

∫

Γ−

v3ds =

∫

Γ+

v3ds t❤r♦✉❣❤ t❤❡ ❛♣❡rt✉r❡

KR =
ρ0 ∂tQ

P− − P+
, ✭✸✮

✇✐t❤ ρ0 t❤❡ ❞❡♥s✐t② ♦❢ t❤❡ ✢✉✐❞ ❛t r❡st✱ v3 t❤❡ ❝♦♠♣♦♥❡♥t ❛❧♦♥❣ x3✲❛①✐s ♦❢ t❤❡ ✈❡❧♦❝✐t② v✱ P+ ❛♥❞ P− t❤❡
♣r❡ss✉r❡s ♦♥ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r s✐❞❡ ♦❢ t❤❡ ♣❡r❢♦r❛t❡❞ ♣❧❛t❡✳ ❚❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❤❛s t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢
❧❡♥❣t❤✱ ❛♥❞ ❊q✳ ✭✸✮ ✐s t❤❡ ❛♥❛❧♦❣✉❡ ♦❢ ❖❤♠✬s ❧❛✇✳

■♥ s❡✈❡r❛❧ ♠♦❞❡❧s ✭❝❢✳✱ ❡✳❣✳✱ ❬✽✱ ✾✱ ✶✺✱ ✶✼❪✮✱ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ✐s ✉s❡❞ ❛s ❛♥ ❡✛❡❝t✐✈❡ ❧❡♥❣t❤

l =
A

KR
,

✷



✇❤❡r❡ A ✐s t❤❡ ❛r❡❛ ♦❢ t❤❡ ❛♣❡rt✉r❡✱ ✇❤✐❝❤ ❡①♣r❡ss❡s t❤❡ ♣❛rt ♦❢ t❤❡ ❛❝♦✉st✐❝ ✐♠♣❡❞❛♥❝❡ ✐♥ t❤❡ ✐♥❡rt✐❛❧ ❡✛❡❝t ♦❢
t❤❡ ✢✉✐❞✳ ❚❤❡ ❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ②✐❡❧❞✐♥❣ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣
❜♦✉♥❞❛r②✲✈❛❧✉❡ ♣r♦❜❧❡♠ s❡t ✐♥ t❤❡ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥ D ✭❝❢✳ ❬✾❪✮✿





ρ0∂tv +∇p = 0, ✐♥ D,

∇ · v = 0, ✐♥ D,

∂np = 0, ♦♥ ∂P,

lim
|x|→+∞

p(x) = P±,

✭✹✮

s♦ t❤❛t

KR =
1

P+ − P−

∫

Γ+

∂3p(x) dsx. ✭✺✮

❚♦ ❝♦♠♣✉t❡ KR✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❝❤❛♥❣❡ ♦❢ ✉♥❦♥♦✇♥s u =
(
p−

(
P+ + P−

)
/2
)
/
(
P+ − P−

)
t❤❛t ②✐❡❧❞s t❤❡

❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r KR

KR =

∫

Γ+

∂x3
u ds. ✭✻✮

❆♥♦t❤❡r ❢❡❛t✉r❡ ♦❢ t❤✐s ❝❤❛♥❣❡ ♦❢ ✉♥❦♥♦✇♥ ✐s t❤❛t t❤❡ t✐♠❡ ❞❡r✐✈❛t✐✈❡ ✐♥ ♣r♦❜❧❡♠ ✭✹✮ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❧❡❛❞✐♥❣
t♦✿ 




∆u(x) = 0 ✐♥ D,

∂nu(x) = 0 ♦♥ ∂P,

lim
|x|→+∞

u(x) = ±1/2 ♦♥ D±.
✭✼✮

✶✳✸ ❈♦♥t❡♥ts ♦❢ t❤❡ ♣❛♣❡r

❚❤❡ ♣r❡s❡♥t ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ s❡❝t✐♦♥ ✷✱ s♦♠❡ ❧✐♥❦s ❜❡t✇❡❡♥ ❇❡♣♣♦ ▲❡✈✐ ❢✉♥❝t✐♦♥ s♣❛❝❡s ❛♥❞
t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❣r❛❞✐❡♥ts ❛r❡ ❜r♦✉❣❤t ♦✉t ❛♥❞ ♠❛❞❡ ❝❧❡❛r❡r✳ ■♥ s❡❝t✐♦♥ ✸✱ ✇❡
✐♥tr♦❞✉❝❡ t❤❡ ❉✐r✐❝❤❧❡t ❛♥❞ ❑❡❧✈✐♥ ❞✉❛❧ ♣r✐♥❝✐♣❧❡s ✇❤✐❝❤ ❛r❡ t❤❡ ♠❛✐♥ ✐♥❣r❡❞✐❡♥ts ❢♦r ❞❡r✐✈✐♥❣ ❜♦✉♥❞s ♦❢ t❤❡
❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②✳ ❙❡❝t✐♦♥ ✹ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ ❝❧♦s❡❞ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❜♦✉♥❞s
❢♦r ❝②❧✐♥❞r✐❝❛❧✱ ❝♦♥✐❝❛❧ ❛♥❞ ✐♥❝❧✐♥❡❞ ❛♣❡rt✉r❡s✳ ■♥ ❙❡❝t✐♦♥ ✺✱ t❤❡ ♦❜t❛✐♥❡❞ ❢♦r♠✉❧❛s ❛r❡ ✐❧❧✉str❛t❡❞ ❜② ♥✉♠❡r✐❝❛❧
❡①♣❡r✐♠❡♥ts✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥s ❛r❡ ❝❛rr✐❡❞ ♦✉t ❢♦r t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ ❢♦r ❛♥ ❛①✐✲s②♠♠❡tr✐❝ ♣❡r❢♦r❛t✐♦♥
❛♥❞ ✇✐t❤ t❤❡ ❢✉❧❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❧✐❜r❛r② ❈❊❙❈ ♦❢ ❈❊❘❋❆❈❙ ❢♦r ❛ ❣❡♥❡r❛❧ s❤❛♣❡✳

✷ ❋✉♥❝t✐♦♥s ✇✐t❤ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❣r❛❞✐❡♥t

❚❤❡ ❝❧❛ss✐❝❛❧ ❢✉♥❝t✐♦♥❛❧ s❡tt✐♥❣ ❢♦r s♦❧✈✐♥❣ ▲❛♣❧❛❝❡ ♣r♦❜❧❡♠s ♣♦s❡❞ ♦♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s
✐s t❤❡ ❇❡♣♣♦✲▲❡✈✐ s♣❛❝❡✱ t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s t❤❛t ✑✇❡❛❦❧② t❡♥❞ t♦ ③❡r♦ ❛t ✐♥✜♥✐t②✑ ✇❤♦s❡ ❣r❛❞✐❡♥t ✐s sq✉❛r❡
✐♥t❡❣r❛❜❧❡✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤✐s s♣❛❝❡ ✐s ♥♦t ❛❞❛♣t❡❞ ❢♦r t❤❡ s♦❧✉t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✼✮ ✇❤♦s❡ s♦❧✉t✐♦♥ ❤❛s t♦ ❜❡
s♦✉❣❤t ✐♥

H(D) =
{
v ∈ H1

loc(D) | ∇v ∈ L2(D)
}
,

✇❤❡r❡ H1
loc(D) ✐s t❤❡ s♣❛❝❡ ♦❢ ❢✉♥❝t✐♦♥s v ❞❡✜♥❡❞ ❛❧♠♦st ❡✈❡r②✇❤❡r❡ ✐♥ D s✉❝❤ ❛s ϕv ∈ H1(D) ❢♦r ❛❧❧ ϕ ∈ D(R3)✳

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝❧❛r✐❢② t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ H ❛♥❞ t❤❡ ❇❡♣♣♦✲▲❡✈✐ s♣❛❝❡ ✐♥ ❞✐♠❡♥s✐♦♥ 3✳ ❚♦ ♣r♦✈❡ t❤❛t ♣r♦❜❧❡♠
✭✼✮ ✐s ✇❡❧❧✲♣♦s❡❞✱ ✇❡ ✜rst ❞❡r✐✈❡ ❛ ●r❡❡♥ ❢♦r♠✉❧❛ ✐♥✈♦❧✈✐♥❣ ❡❧❡♠❡♥ts ✐♥ H ❛♥❞ ✈❡❝t♦r ✜❡❧❞s ✐♥

W(D) =
{
q ∈ L2(D) | div q = 0 ✐♥ D ❛♥❞ q · n = 0 ♦♥ ∂D

}
. ✭✽✮

✸



❉♦♠❛✐♥ A r❡❢❡rs ❡✐t❤❡r D✱ D− ♦r t♦ D+✳ ❚❤❡ ❇❡♣♣♦✲▲❡✈✐ s♣❛❝❡ BL(A) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝❧♦s✉r❡ ♦❢ D(A) =
{u|A | u ∈ D(R3)} ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ H1 s❡♠✐✲♥♦r♠

|v|BL(A) =

(∫

A

|∇v(x)|2 dx

) 1
2

.

■t ✐s s❤♦✇♥ ✐♥ ❬✻❪ t❤❛t BL(A) ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s ❛ ❍✐❧❜❡rt s♣❛❝❡ ❛♥❞ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈
s♣❛❝❡

BL(A) =
{
v ∈ H1

loc(A) | ∇v ∈ L2(A) ❛♥❞
v

(1 + |x|2) 1
2

∈ L2(A)
}
. ✭✾✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ❝♦❧❧❡❝ts s♦♠❡ ✉s❡❢✉❧❧ ♣r♦♣❡rt✐❡s ♦❢ ❢✉♥❝t✐♦♥s ✇✐t❤ sq✉❛r❡ ✐♥t❡❣r❛❜❧❡ ❣r❛❞✐❡♥ts✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ▲❡t v ∈ H✳

✭✐✮ ❚❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ v r❡s♣❡❝t✐✈❡❧② ♦♥ t❤❡ ❤❡♠✐s♣❤❡r❡ ΓR
+ = {x ∈ R

3 | x3 > s+ ❛♥❞ |x − c+| = R} ❛♥❞
ΓR
− = {x ∈ R

3 | x3 < s− ❛♥❞ |x− c−| = R}✱ ✇✐t❤ c± = (0, 0, s±)✱ ❝♦♥✈❡r❣❡ ❛s R → +∞✱ ✐✳❡✳✱

v± := lim
R→+∞

1

2πR2

∫

ΓR
±

v(x)dsx.

✭✐✐✮ ❚❤❡ r❡str✐❝t✐♦♥s ♦❢ v t♦ D− ❛♥❞ D+ s❛t✐s❢② v|D±
− v± ∈ BL(D±)✳

✭✐✐✐✮ ❚❤❡ ✉s✉❛❧ ❇❡♣♣♦✲▲❡✈✐ s♣❛❝❡ BL(D) ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛s BL(D) =
{
v ∈ H | v− = 0 ❛♥❞ v+ = 0

}
✳

✭✐✈✮ ❚❤❡ s♣❛❝❡ H ✐s ❛ ❍✐❧❜❡rt s♣❛❝❡ ✇❤❡♥ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ✐♥♥❡r ♣r♦❞✉❝t

(u, v)H =

∫

D

∇u(x) · ∇v(x)dx + u+ v+ + u− v−. ✭✶✵✮

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ ♣♦✐♥t ✭✐✮✱ ✇❡ st❛rt ❜② ❞❡♥♦t✐♥❣ (r+, θ+, ϕ+) t❤❡ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ✇✐t❤ ♦r✐❣✐♥ ❛t s+ =
(0, 0, s+)

x1 = r+ sin θ+ cosϕ+, x2 = r+ sin θ+ sinϕ+ ❛♥❞ x3 = s+ + r+ cos θ+,

❛♥❞ t❤❡ ❛ss♦❝✐❛t❡❞ ♠❡tr✐❝s

dσx = sin θ+ dθ+dϕ+ ❛♥❞ dvx = sin θ+ dθ+dϕ+dr+.

❲❡ ❞❡♥♦t❡ ❜② v(R) t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ v ♦✈❡r t❤❡ ❤❛❧❢✲s♣❤❡r❡ ΓR
+

v(R) =
1

2π

∫

ΓR
+

v(x)dσx =
1

2π

∫ π/2

0

∫ 2π

0

v (R, θ+, ϕ+) sin θ+ dθ+dϕ+. ✭✶✶✮

▲❡t ✉s ♣r♦✈❡ t❤❛t v(R) s❛t✐s✜❡s t❤❡ ❈❛✉❝❤② ❝r✐t❡r✐♦♥ ❢♦r ❝♦♥✈❡r❣❡♥❝❡ ❛s R t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❲❡ ❤❛✈❡

∣∣∣v(R′)− v(R)
∣∣∣ = 1

2π

∣∣∣∣∣

∫

ΓR
+

(
v (R′)− v (R)

)
dσx

∣∣∣∣∣ ≤
1

2π

∣∣∣∣∣

∫

ΓR
+
×[R,R′]

∂r+v (r+, θ+, ϕ+) dvx

∣∣∣∣∣ .

❆♣♣❧②✐♥❣ t❤❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③ ✐♥❡q✉❛❧✐t②✱ ✇❡ ❣❡t

|v(R′)− v(R)| ≤ 1

2π

(∫

ΓR
+
×[R,R′]

∣∣∂r+v (r+, θ+, ϕ+)
∣∣2 r2+dvx

)1/2(∫

ΓR
+
×[R,R′]

1

r2+
dvx

)1/2

.

❚❤✐s ❤❡♥❝❡ ❡st❛❜❧✐s❤❡s t❤❡ ❡①✐st❡♥❝❡ ♦❢ v+ s✐♥❝❡

|v(R′)− v(R)| ≤ 1√
2π

|∇v|L2(D+)

∣∣∣∣
1

R
− 1

R′

∣∣∣∣ −→
R,R′→+∞

0. ✭✶✷✮

✹



❚❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ v− ✐s ♦❜t❛✐♥❡❞ ✐♥ ❡①❛❝t❧② t❤❡ s❛♠❡ ✇❛②✳

◆♦✇✱ ✇❡ ❝❛rr② ♦✉t t❤❡ ♣r♦♦❢ ♦❢ ♣♦✐♥t ✭✐✐✮✳ ■♥ ✈✐❡✇ ♦❢ ❞❡✜♥✐t✐♦♥ ✭✾✮ ♦❢ BL(D+)✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t
(
v|D+

− v+
)
/
√

1 + r2+ ∈ L2(D+) ♦r ❡q✉✐✈❛❧❡♥t❧②
(
v|D+

− v+
)
/
√
1 + r2+ ∈ L2(D+,1) ✇✐t❤

D+,1 =
{
x ∈ D+ | r+ > 1

}
.

❚❤✐s ❛♠♦✉♥ts t♦ ♣r♦✈❡ t❤❛t
(
v|D+

(x)− v(r+)
)
/
√

1 + r2+ ∈ L2(D+,1) ❛♥❞ (v(r+)− v+) /
√
1 + r2+ ∈ L2(D+,1)✳

❚♦ ♣r♦✈❡ t❤❛t
(
v|D+

− v(r+)
)
/
√

1 + r2+ ∈ L2(D+,1)✱ ✇❡ ♦❜s❡r✈❡ t❤❛t

∣∣∣∣∣
v|D+

− v(r+)

(1 + r2+)
1
2

∣∣∣∣∣

2

L2(D+,1)

=

∫

S+

(
v|D+

− v(r+)
)2

1 + r2+
r2+ dvx ≤

∫

S+

(
v (r+, θ+, ϕ+)− v(r+)

)2
dvx,

✇✐t❤ S+ t❤❡ ♣❛rt ♦❢ t❤❡ ✉♥✐t s♣❤❡r❡ S s✉❝❤ t❤❛t x3 > 0✳ ❯s✐♥❣ P♦✐♥❝❛r❡ ✐♥❡q✉❛❧✐t② ♦♥ t❤❡ ✉♥✐t s♣❤❡r❡✱ ✇❡ ❣❡t

∣∣∣∣∣
v|D+

− v(r+)

(1 + r2+)
1
2

∣∣∣∣∣

2

L2(D+,1)

≤ C

∫

S+

(
(
∂θ+v

)2
+

(
∂ϕ+

v

sin θ+

)2
)
dvx.

❙✐♥❝❡ |∇v|2 = (∂r+v)
2 +

(
1

r+
∂θ+v

)2

+

(
1

r+ sin θ+
∂ϕ+

v

)2

✱ ✇❡ ♦❜t❛✐♥

∣∣∣∣∣
v|D+

− v(r+)

(1 + r2+)
1
2

∣∣∣∣∣

2

L2(S+)

≤ C

∫

S+

|∇v|2 r2+ dvx ≤ C|∇v|2L2(S+) < +∞.

❚❤❡♥✱ ✇❡ s❡❡❦ t♦ ♣r♦✈❡ t❤❛t (v(r+)− v+) /
√
1 + r2+ ∈ L2(S+)✳ ❙✐♥❝❡

∣∣∣∣∣
v(r+)− v+

(1 + r2+)
1
2

∣∣∣∣∣

2

L2(D+,1)

=

∫

S+

(v(r+)− v+)
2

1 + r2+
r2+ dvx,

t❛❦✐♥❣ R = r+ ❛♥❞ ❧❡tt✐♥❣ R′ t❡♥❞ t♦ ✐♥✜♥✐t② ✐♥ ❊q✳ ✭✶✷✮✱ ✇❡ ❣❡t

|v(r+)− v+| ≤
1√
2π

|∇v|L2(D+)
1

r+
,

❛♥❞ t❤✉s ∣∣∣∣∣
v(r+)− v+

(1 + r2+)
1
2

∣∣∣∣∣

2

L2(D+,1)

≤ 1

2π
|∇v|2L2(D+)

∫

S+

1

1 + r2+
dvx ≤ 1

8
|∇v|2L2(D+) < +∞.

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡ v|D−
− v− ∈ BL(D−)✳

❚♦ ♣r♦✈❡ ♣♦✐♥t ✭✐✐✐✮✱ ✇❡ ✜rst ❡st❛❜❧✐s❤ t❤❛t
{
v ∈ H | v− = 0 ❛♥❞ v+ = 0

}
⊂ BL(D)✳ ▲❡t v ∈ H s✉❝❤ ❛s

v− = v+ = 0✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ✭✐✐✮ t❤❛t v ∈ BL(D−) ❛♥❞ v ∈ BL(D+)✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ✭✾✮ ♦❢ BL ✐♥ t❡r♠s ♦❢
✇❡✐❣❤t❡❞ ❙♦❜♦❧❡✈ s♣❛❝❡ ②✐❡❧❞s v ∈ BL(D)✳

❈♦♥✈❡rs❡❧②✱ ✇❡ ♣r♦✈❡ t❤❛t BL(D) ⊂
{
v ∈ H | v− = 0 ❛♥❞ v+ = 0

}
✳ ■❢ u ∈ BL(D)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ✭✐✐✮ t❤❛t

u − u+ ∈ BL(D+) ❛♥❞ t❤❛t u − u− ∈ BL(D−)✳ ❚❤❡r❡❢♦r❡✱ u± ❜❡❧♦♥❣s t♦ BL(D±)✳ ❚❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ❡①❝❡♣t ✐❢

✺



u± = 0 s✐♥❝❡

∫

D±

1 /
(
1 + |x|2

)
dx = +∞✳

❚❤✐s ❜r✐♥❣s ✉s t♦ ♣♦✐♥t ✭✐✈✮✳ ❈❧❡❛r❧②✱ (u, v) 7→ (u, v)H ✐s ❛ s❝❛❧❛r ♣r♦❞✉❝t ♦♥ H✳ ■t ✜rst r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤
t❤❛t ✐t ✐s ❛♥ ❍✐❧❜❡rt s♣❛❝❡✳ ▲❡t (vn) ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ H✳ ❉❡♥♦t✐♥❣ ❜② ξ± t✇♦ ❝✉t✲♦✛ ❢✉♥❝t✐♦♥s s✉❝❤ ❛s
ξ±(x) = 1 ✐♥ D± ❛♥❞ ξ±(x) = 0 ✐♥ D∓✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥

wn = vn − (vn)+ξ+ − (vn)−ξ−,

t❤❛t ❜❡❧♦♥❣s t♦ BL(D) ❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ✭✐✐✮✳ ❲❡ ✜rst r❡♠❛r❦ t❤❛t (wn) ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ♦❢ BL(D) ❡q✉✐♣♣❡❞
✇✐t❤ ✐ts ♥❛t✉r❛❧ ♥♦r♠ |v|BL(D) = |∇v|L2(D) s✐♥❝❡ ∇vn ✐s ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ L2(D) ❛♥❞ (vn)+✱ (vn)− ❛r❡
❝♦♥✈❡r❣❡♥t

(vn)+ −→ v+ ❛♥❞ (vn)− −→ v− ✇✐t❤ v+, v− ∈ R. ✭✶✸✮

■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♠♣❧❡t❡♥❡ss ♦❢ BL(D) t❤❛t wn ❝♦♥✈❡r❣❡s t♦ w ∈ BL(D)

∇wn −→ ∇w ✐♥ L2(D).

❚❤❡ ❢✉♥❝t✐♦♥ v = w+ ξ+v++ ξ−v− ❜❡❧♦♥❣s t♦ H ❛♥❞ s❛t✐s✜❡s v+ = v+✱ v− = v−✳ ❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢✱ ✐t ❥✉st
r❡♠❛✐♥s t♦ ❡st❛❜❧✐s❤ t❤❛t vn ❝♦♥✈❡r❣❡s t♦ v ✐♥ H





|∇(vn − v)|L2(D) ≤ |∇(wn − w) +
(
(vn)+ − v+

)
ξ+ +

(
(vn)− − v−

)
ξ−|L2(D)

≤ |∇(wn − w)|+ |
(
(vn)+ − v+

)
ξ+|+ |

(
(vn)− − v−

)
ξ−| →

n→+∞
0.

|(vn)± − v±| = |(vn)± − v±| → 0 ✇❤❡♥ n → ±∞.

✭✶✹✮

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❡st❛❜❧✐s❤❡s t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ●r❡❡♥✬s ❢♦r♠✉❧❛ ✐♥✈♦❧✈✐♥❣ ❛ ❢✉♥❝t✐♦♥ v ✐♥ H ❛♥❞ ❛ s❝❛❧❛r
✜❡❧❞ q ✐♥ W✳

▲❡♠♠❛ ✷✳✶✳ ❋♦r ❛❧❧ v ∈ H ❛♥❞ q ∈ W✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❤♦❧❞s tr✉❡

∫

D

∇v(x) · q(x)dx = (v+ − v−)

∫

Γ±

q3(x) dsx.

Pr♦♦❢✳ ▲❡t A = D✱ D+ ♦r D−✳ ❋♦r w ∈ BL(A) ❛♥❞ q ∈ W ❞❡✜♥❡❞ ✐♥ ❊q✳ ✭✽✮✱ ●r❡❡♥✬s ❢♦r♠✉❧❛ ②✐❡❧❞s ✭❬✻❪✮

∫

A

∇w(x) · q(x)dx =

∫

∂A

w(x) q(x) · n dsx,

✇❤❡r❡ dsx ✐s t❤❡ ❡❧❡♠❡♥t❛❧ ❛r❡❛ ♦♥ ∂A✳ ❚❤❡ ✐♥t❡❣r❛❧ I =

∫

D

∇v(x) · q(x)dx ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ t❤r❡❡ ♣❛rts

✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❧② ❡①♣r❡ss❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❜❡❝❛✉s❡ v|D±
− v± ∈ BL(D±)✳





∫

D±

∇v(x) · q(x)dx =

∫

D±

∇
(
v(x)− v±

)
· q(x)dx = ∓

∫

Γ±

(
v(x)− v±

)
q3(x)dsx,

∫

Ω

∇v(x) · q(x)dx =

∫

Γ+

v(x)q3(x)dsx −
∫

Γ−

v(x)q3(x)dsx.

✭✶✺✮

❙✐♥❝❡

∫

Γ−

q3(x) dsx =

∫

Γ+

q3(x) dsx✱ ✇❡ s✉♠ t❤❡ ❛❜♦✈❡ ❝♦♥❞✐t✐♦♥s t♦ ♦❜t❛✐♥ I = (v+ − v−)

∫

Γ−

q3(x) dsx✳

▲❡♠♠❛ ✷✳✷✳ ❚❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ s♦❧✉t✐♦♥ u ∈ H t♦ ♣r♦❜❧❡♠ ✭✼✮ ❝❤❛r❛❝t❡r✐③❡❞ ❜② u ∈ H1/2 ❛♥❞ ∇u ∈ W✱
✇❤❡r❡ H1/2 ✐s t❤❡ ❛✣♥❡ s♣❛❝❡

H1/2 =
{
v ∈ H | v+ = 1/2 ❛♥❞ v− = −1/2

}
.

✻



Pr♦♦❢✳ ▲❡t ✉s ✜rst r❡❝❛❧❧ ❛ s✐♠✐❧❛r r❡s✉❧t ✐♥ BL(D) ❬✻❪✳ ❋♦r f ∈ D(D) ❛♥❞ g ∈ D(∂D)✱ t❤❡r❡ ❡①✐sts ♦♥❡ ❛♥❞ ♦♥❧②
♦♥❡ u ∈ BL(D) s✉❝❤ t❤❛t

∆u = f ✐♥ D ❛♥❞ ∂nu = g ♦♥ ∂D. ✭✶✻✮

❲❡ ✜rst st❛rt ❡st❛❜❧✐s❤✐♥❣ t❤❡ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ■❢ u1 ∈ H ❛♥❞ u2 ∈ H ❛r❡ t✇♦ s♦❧✉t✐♦♥s t♦ ✭✼✮✱
w = u1 − u2 ❜❡❧♦♥❣s t♦ BL(D) ❛♥❞ s❛t✐s✜❡s ∆w = 0 ✐♥ D ❛♥❞ ∂nw = 0 ♦♥ ∂D✳ Pr♦♣❡rt② ✭✶✻✮ ❞✐r❡❝t❧② ②✐❡❧❞s
t❤❛t w = 0✳
❲❡ ♥♦✇ ♠♦✈❡ ♦♥ t♦ s❡❡❦✐♥❣ ❛ s♦❧✉t✐♦♥✳ ▲❡t ✉s ❞❡✜♥❡ w ∈ BL(D) ❜②

∆w = −∆ξ+
2

+
∆ξ−
2

❛♥❞ ∂nw = −∂nξ+
2

+
∂nξ−
2

.

❋✉♥❝t✐♦♥ u = w + ξ+ / 2− ξ− / 2 ∈ H1/2 ❛♥❞ s❛t✐s✜❡s

∆u(x) = 0 ✐♥ D ❛♥❞ ∂nu(x) = 0 ♦♥ ∂D.

■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t lim
|x|→+∞

u(x) = 1/2 ♦♥ D+ ❛♥❞ lim
|x|→+∞

u(x) = −1/2 ♦♥ D−✳ ❚❤✐s ❧❛st ♣♦✐♥t ✐s ❡❛s✐❧②

♦❜t❛✐♥❡❞ ❜② ❛ s❡♣❛r❛t✐♦♥ ♦❢ ✈❛r✐❛❜❧❡s✳ ⊠

✸ ❚❤❡ ❉✐r✐❝❤❧❡t ❛♥❞ ❑❡❧✈✐♥ ♣r✐♥❝✐♣❧❡s

❚❤❡ ❉✐r✐❝❤❧❡t ❛♥❞ ❑❡❧✈✐♥ ♣r✐♥❝✐♣❧❡s✶ ❛r❡ t✇♦ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s✱ ❞✉❛❧ ❡❛❝❤ t♦ t❤❡ ♦t❤❡r✳ ❚❤✐s t❤❡♦r②✱ ✇❤✐❝❤
t❛❦❡s ✐ts r♦♦ts ✐♥ ▲❛❣r❛♥❣✐❛♥ ❛♥❞ ❍❛♠✐❧t♦♥✐❛♥ ♠❡❝❤❛♥✐❝s✱ ✐s ♦❢ ❣r❡❛t ✐♠♣♦rt❛♥❝❡ ✐♥ s❡✈❡r❛❧ ❛r❡❛s✱ ♣❛rt✐❝✉❧❛r❧② ✐♥
♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧✐♥❣ ❬✹✱ ❈❤❛♣ ✹✱ ❙❡❝t ✾❪ t♦ ♦❜t❛✐♥ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r ♣♦t❡♥t✐❛❧ ❛♥❞ ❦✐♥❡t✐❝ ❡♥❡r❣✐❡s✱
✐♥ ♦♣t✐♠✐③❛t✐♦♥ ❬✶✸❪ t♦ ❞❡r✐✈❡ t❤❡ ❞✉❛❧ ❢♦r♠✉❧❛t✐♦♥s✱ ❛♥❞ ✐♥ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ❬✷✷✱ ❈❤❛♣ ✶❪ ❢♦r ❛ss❡ss✐♥❣ t❤❡
✈❛❧✐❞✐t② ♦r t❤❡ ❛❝❝✉r❛❝② ♦❢ ❛ ♥✉♠❡r✐❝❛❧ s♦❧✉t✐♦♥✳

■♥ t❤✐s ♣❛♣❡r✱ t❤❡s❡ ❞✉❛❧ ✈❛r✐❛t✐♦♥❛❧ ♣r✐♥❝✐♣❧❡s ♦✛❡r ❛♥ ❛❞✲❤♦❝ ❢r❛♠❡✇♦r❦ t♦ ❞❡r✐✈❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s
♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② KR✳

Pr♦♣♦s✐t✐♦♥ ✸✳✶✳ ❚❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② KR ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❡q✉✐✈❛❧❡♥t❧② ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②s✿





❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡✿ KR = min
v∈H1/2

J1(v) ✇✐t❤ J1(v) =

∫

D

∣∣∣∇v(x)
∣∣∣
2

dx

❑❡❧✈✐♥ ♣r✐♥❝✐♣❧❡✿ KR = max
q∈W

J2(q) ✇✐t❤ J2(q) = 2

∫

Γ−

q3(x) dsx −
∫

D

|q(x)|2 dx.
✭✶✼✮

Pr♦♦❢✳ ▲❡t J : H× L2(D) −→ R
+ ❜❡ t❤❡ ❢✉♥❝t✐♦♥❛❧

J(v,q) =

∫

D

|q(x)−∇v(x)|2 dx.

❲❡ ✜rst ♣r♦✈❡ t❤❛t (u,∇u) ✐s t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t ♦❢ H1/2 ×W ✇❤❡r❡ J r❡❛❝❤s ✐ts ♠✐♥✐♠✉♠✳ ▲❡♠♠❛ ✷✳✷ ❣✐✈❡s
t❤❛t t❤❡ s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ ✭✼✮ s❛t✐s✜❡s

J(u,∇u) = 0, u ∈ H1/2, ∇u ∈ W.

❚❤✉s (u,∇u) ✐s ❛ ♣♦✐♥t ✇❤❡r❡ J r❡❛❝❤❡s ✐ts ♠✐♥✐♠✉♠ ♦♥ H1/2 ×W✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❡✈❡r② (v,q) ∈ H1/2 ×W

s❛t✐s❢②✐♥❣ J(v,q) = 0 ✐s s✉❝❤ t❤❛t ∇v = q✳ ▲❡♠♠❛ ✷✳✷ ❞✐r❡❝t❧② ②✐❡❧❞s v = u ❛♥❞ q = ∇u✳ ❚❤❡ ❛❜♦✈❡ ❝❧❛✐♠ ✐s
t❤✉s ♣r♦✈❡❞✳

✶■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❡❧❡❝tr♦st❛t✐❝s✱ t❤❡ ❑❡❧✈✐♥ ♣r✐♥❝✐♣❧❡ ✐s ❛❧s♦ ❝❛❧❧❡❞ t❤❡ ❚❤♦♠♣s♦♥ ♣r✐♥❝✐♣❧❡✳ ❲✐❧❧✐❛♠ ❚❤♦♠♣s♦♥ ✐s t❤❡ ♥❛♠❡ ❛t

❜✐rt❤ ♦❢ ▲♦r❞ ❑❡❧✈✐♥✳

✼



❲❡ ♥♦✇ s❤♦✇ t❤❛t J1 r❡❛❝❤s ✐ts ♠✐♥✐♠✉♠ ❛t u ❛♥❞ J2 ✐ts ♠❛①✐♠✉♠ ❛t ∇u✳ ▲❡♠♠❛ ✭✷✳✶✮ ❣✐✈❡s t❤❛t✱ ❢♦r ❛❧❧
v ∈ H1/2 ❛♥❞ q ∈ W

∫

D

∇v(x) · q(x)dx = (v+ − v−)

∫

Γ−

q3(x) dsx =

∫

Γ−

q3(x) dsx. ✭✶✽✮

■t ❢♦❧❧♦✇s t❤❛t J(v,q) = J1(v)− J2(q) t❤✉s ❡st❛❜❧✐s❤✐♥❣ t❤❛t J1(u) ≤ J1(v) ❢♦r ❛❧❧ v ∈ H1/2 ❛♥❞ J1(q) ≤ J1(∇u)
❢♦r ❛❧❧ q ∈ W✳

❋✐♥❛❧❧② ✇❡ ♣r♦✈❡ t❤❛t KR = J1(u) = J2(∇u)✳ ❙✐♥❝❡ J(u,∇u) = J1(u)−J2(∇u) = 0✱ ✇❡ ❤❛✈❡ J1(u) = J2(∇u)✳
❚♦ ❝♦♥❝❧✉❞❡✱ ✐t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t J1(u) = KR✳ ❙✉❜st✐t✉t✐♥❣ u ❢♦r v ❛♥❞ ∇u ❢♦r q ✐♥ ✭✶✽✮✱ ✇❡ r❡❛❞✐❧② ❣❡t

J1(u) =

∫

D

|∇u(x)|2 dx =

∫

Γ−

∂x3
u(x) dsx = KR✳ ⊠

✹ ❇♦✉♥❞s ❢♦r t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ♦❢ s♦♠❡ ✉s✉❛❧ ♣❡r❢♦r❛t✐♦♥s

Pr♦♣♦s✐t✐♦♥ ✸✳✶ ✐s ✉s❡❞ t♦ ❣❡t ✉♣♣❡r ❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❢♦r ✉s✉❛❧ ♣❡r❢♦r❛t✐♦♥s✳ ❲❡
❝♦♥s✐❞❡r ❛①✐✲s②♠♠❡tr✐❝ ❣❡♦♠❡tr✐❡s✱ r❡❧❛t❡❞ t♦ ❝②❧✐♥❞r✐❝❛❧ ❛♥❞ ❝♦♥✐❝❛❧ ❛♣❡rt✉r❡s✱ ❛s ✇❡❧❧ ❛s ♣❡r❢♦r❛t✐♦♥s ✇❤✐❝❤
❣✐✈❡ r✐s❡ t♦ ❛ ❢✉❧❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦❜❧❡♠✳

✹✳✶ ❈②❧✐♥❞r✐❝❛❧ ❛♣❡rt✉r❡s

❍❡r❡✱ ✇❡ ❝♦♥s✐❞❡r ❛ ❝②❧✐♥❞r✐❝❛❧ ♣❡r❢♦r❛t✐♦♥ Ω =
{
(x1, x2, x3) ∈ R

3 | (x1, x2) ∈ SR ❛♥❞ x3 ∈ [s−, s+]
}

✇✐t❤

❝✐r❝✉❧❛r s❡❝t✐♦♥ SR =
{
(x1, x2) ∈ R

2 | x2
1 + x2

2 < R
}
✭s❡❡ ❋✐❣✉r❡ ✷ ❜❡❧♦✇✮✳

R

x3 = s+x3 = s−

x3

x1

x2

❋✐❣✉r❡ ✷✿ ❈②❧✐♥❞r✐❝❛❧ ❛♣❡rt✉r❡ ♦❢ r❛❞✐✉s R

❚❤❡♦r❡♠ ✹✳✶✳ ❋♦r ❛ ❝②❧✐♥❞r✐❝❛❧ ♣❡r❢♦r❛t✐♦♥✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ❢♦r ✐ts ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②✿

K−
R,cyl ≤ KR,cyl ≤ K+

R,cyl ✇✐t❤ K−
R,cyl =

πR2

h+ 16R / 3π
❛♥❞ K+

R,cyl =
πR2

h+ πR/2
. ✭✶✾✮

Pr♦♦❢✳ ❆s ❡st❛❜❧✐s❤❡❞ ❛❜♦✈❡✱ t❤❡ ❉✐r✐❝❤❧❡t ♣r✐♥❝✐♣❧❡ ❛❧❧♦✇s ✉s t♦ ♦❜t❛✐♥ t❤❡ ✉♣♣❡r ❜♦✉♥❞

KR,cyl ≤ J1(v) ❢♦r ❛❧❧ v ∈ H1/2. ✭✷✵✮

❲❡ ✜rst ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠





∆wR(x) = 0 ❢♦r x3 6= 0,

∂x3
wR(x1, x2, 0) = 0 ❢♦r x2

1 + x2
2 > R2,

wR(x1, x2, 0) = 1/2 ❢♦r x2
1 + x2

2 < R2,

✭✷✶✮

✽



✇❤♦s❡ s♦❧✉t✐♦♥ wR ∈ BL(R3) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛♥❛❧②t✐❝❛❧❧② ❜② ✭❬✷✹✱ §3.4✱ ♣♣ 72❪✮

wR(x) =
1

2π2

∫

BR

1√
R2 − |y|2

dsy
|x− y| ❢♦r x3 6= 0, ✭✷✷✮

✇✐t❤ BR = {(y1, y2, y3) ∈ R
3 | y21 + y22 < R2 ❛♥❞ y3 = 0}✳ ❋♦r α = (α+, α−) ∈ R

2 ❛ ♣❛✐r ♦❢ r❡❛❧ ♥✉♠❜❡rs✱ ✇❡
❞❡♥♦t❡ ❜② vα : D −→ C t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜②

vα(x) =





1/2− (1− 2α+)wR(x1, x2, x3 − s+) ❢♦r x3 > s+,

α− + (α+ − α−) (x3 − s−) / h ❢♦r s− < x3 < s+,

−1/2 + (1 + 2α−)wR(x1, x2, x3 − s−) ❢♦r x3 < s−.

Pr♦♣♦s✐t✐♦♥ ✷✳✶ ❣✐✈❡s t❤❛t vα ∈ H1/2✳ ▲❡♠♠❛ ❆✳✶ ✐♥ ❆♣♣❡♥❞✐① ❆ t❤❡♥ ②✐❡❧❞s

∫

D±

|∇wR(x1, x2, x3 − s±)|2dx = R.

❍❡♥❝❡✱

J1(vα) =

∫

D

|∇vα(x)|2 dx =

∫

D+

|∇vα(x)|2 dx+

∫

Ω

|∇vα(x)|2 dx+

∫

D−

|∇vα(x)|2 dx

= R
(
1− 2α+

)2
+ (α+ − α−)

2
πR2/h+R (1 + 2α−)

2
. ✭✷✸✮

❙♦❧✈✐♥❣ t❤✐s ❡❧❡♠❡♥t❛r② ♠✐♥✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❡ ❣❡t α− = α+ = h/ (πR+ 2h) ❛♥❞ J1(vα) = πR2/ (h+ πR/2)✳

❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❑❡❧✈✐♥ ♣r✐♥❝✐♣❧❡

KR,cyl ≥ J2(q) ❢♦r ❛❧❧ q ✐♥ W. ✭✷✹✮

❲❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ 



∆zR(x) = 0 ❢♦r x3 6= 0,

∂x3
zR(x1, x2, 0) = 0 ❢♦r x2

1 + x2
2 > R2,

∂x3
zR(x1, x2, 0±) = ±1/2 ❢♦r x2

1 + x2
2 < R2,

✭✷✺✮

✇❤♦s❡ s♦❧✉t✐♦♥ zR ∈ BL(R3) ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥t❡❣r❛❧ ❬✷✸❪

zR(x) =
1

2π

∫

BR

1

|x− y|dsy ❢♦r x3 6= 0. ✭✷✻✮

❚❤✐s ❞❡✜♥❡s qβ ∈ W✱ ✉♣ t♦ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t β ∈ R✱ s✉❝❤ t❤❛t

qβ(x) =





β ∇zR(x1, x2, x3 − s+) / πR
2 ❢♦r x3 > s+,

β e3 / πR
2 ❢♦r s− < x3 < s+,

−β ∇zR(x1, x2, x3 − s−) / πR
2 ❢♦r x3 < s−.

❯s✐♥❣ t❤❡ ♥♦♥ ♦✈❡r❧❛♣♣✐♥❣ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢ D ✐♥ D+✱ D− ❛♥❞ Ω✱ ✇❡ ❝❛♥ ❡①♣r❡ss J2(qβ) ❛s ❢♦❧❧♦✇s

J2(qβ) = 2

∫

Γ−

qβ(x) · e3dsx −
∫

D

|qβ |2dx = 2β −
(∫

D+

|qβ |2dx+

∫

D−

|qβ |2dx+

∫

Ω

|qβ |2dx
)

= 2β − β2

π2 R4

(∫

x3>0

|∇zR|2dx+

∫

x3<0

|∇zR|2dx+ πR2h

)
= 2β −

(
16R

3π
+ h

)
β2

πR2
.

✾



■♥t❡❣r❛❧

∫

±x3>0

∣∣∇zR(x)
∣∣2 dx = 8R3/3 ✐s ❝❛❧❝✉❧❛t❡❞ ✐♥ ❆♣♣❡♥❞✐① ❆ ✭▲❡♠♠❛ ❆✳✶✮✳ ▼❛①✐♠✐③✐♥❣ t❤✐s ❡①♣r❡ss✐♦♥

✐♥ β✱ ✇❡ ♦❜t❛✐♥ β =
πR2

h+ 16R/3π
✱ ❤❡♥❝❡ J2(qβ) =

πR2

h+ 16R/3π
✳ ⊠

❘❡♠❛r❦ ✹✳✶✳ ❊st✐♠❛t❡ ✭✶✾✮ ✇❛s st❛t❡❞ ❜② ❘❛②❧❡✐❣❤ ❬✷✶❪✱ t❤❡♥ ❍♦✇❡ ❬✾✱ s❡❝t✐♦♥ 5.3❪ ❛♥❞ ♠♦st❧② ♦❜t❛✐♥❡❞ ❜②
♣❤②s✐❝❛❧ r❡❛s♦♥✐♥❣✳ ❍❡r❡✱ t❤❡ ❛❝t✉❛❧ ♥❡✇ ❢❡❛t✉r❡ ♦❢ t❤✐s ❛♣♣r♦❛❝❤ ✐s t♦ r❡❧② ♦♥ r✐❣♦r♦✉s ❛r❣✉♠❡♥ts ♦♥❧②✳

✹✳✷ ❈♦♥✐❝❛❧ ❛♣❡rt✉r❡s

❲❡ ❝♦♥s✐❞❡r ♥♦✇ ❛ ❝♦♥✐❝❛❧ ❛♣❡rt✉r❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠

Ω =
{
x ∈ R

3 | (x1, x2) ∈ SR(x3) ❛♥❞ x3 ∈ [s−, s+]
}

✇❤❡r❡ t❤❡ r❛❞✐✉s R(s) ✐s ❧✐♥❡❛r❧② ✈❛r②✐♥❣ ❢r♦♠ R− t♦ R+✭s❡❡ ❋✐❣✉r❡ ✸ ❜❡❧♦✇✮

R(s) = R− +
s− s−

h
(R+ −R−) = R− + (s− s−) tanϕ ✇✐t❤ R+ > R−. ✭✷✼✮

R+R− R(x3)

x3 = s+x3 = s−

ϕ

x3

x1

x2

❋✐❣✉r❡ ✸✿ ❈♦♥✐❝❛❧ ❛♣❡rt✉r❡ ♦❢ r❛❞✐✉s R(x3)✳

❚❤❡♦r❡♠ ✹✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ♦❢ ❛ ❝♦♥✐❝❛❧ ❛♣❡rt✉r❡ ❤♦❧❞s tr✉❡

K−
R,con ≤ KR,con ≤ K+

R,con, ✭✷✽✮

✇✐t❤

K−
R,con =

πR−R+

h+
8

3π
(R− +R+) +

1

2h
(R− −R+)2

❛♥❞ K+
R,con =

πR−R+

h+
π

4
(R− +R+)

,

♦r ❡q✉✐✈❛❧❡♥t❧②

K−
R,con =

πR−(R− + h tanϕ)
16R−

3π
+ h
(
1 +

8

3π
tanϕ +

1

2
tan2 ϕ

) ❛♥❞ K+
R,con =

πR−(R− + h tanϕ)
πR−

2
+ h
(
1 +

π

4
tanϕ

) .

Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ t❤❡ s❛♠❡ ❛♣♣r♦❛❝❤ ❛s ✐♥ t❤❡♦r❡♠ ✹✳✶✳
❚♦ ❡st❛❜❧✐s❤ t❤❡ ✉♣♣❡r ❜♦✉♥❞✱ ✇❡ ❝♦♥s✐❞❡r vα ∈ H1/2 ❞❡♣❡♥❞✐♥❣ ♦♥ t✇♦ r❡❛❧ ❝♦♥st❛♥ts α− ❛♥❞ α+✿

vα(x) =





1/2− (1− 2α+)wR+
(x1, x2, x3 − s+) ❢♦r x3 > s+,

α− +
(
α+ − α−

)
∫ x3

s−

dx3

πR2(x3)∫ s+

s−

dx3

πR2(x3)

❢♦r s− < x3 < s+,

−1/2 + (1 + 2α−)wR−
(x1, x2, x3 − s−) ❢♦r x3 < s−,

✶✵



✇❤❡r❡ wR±
✐s t❤❡ ❢✉♥❝t✐♦♥ wR ❞❡✜♥❡❞ ✐♥ ✭✷✶✮ ✇✐t❤ R = R±✳ ❙✐♠✐❧❛r✐❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❣❡t

J1(vα) =

∫

D+∪D−

|∇vα(x)|2 dx+

∫

Ω

|∇vα(x)|2 dx

= R− (1 + 2α−)
2
+R+ (1− 2α+)

2
+ (α+ − α−)

2 πR+R−/h.

❆s ❛❜♦✈❡✱ ✇❡ ♠✐♥✐♠✐③❡ J1(vα) ✐♥ α t♦ ❣❡t

α± = ±1

2
∓ R∓π

π(R+ +R−) + 4h
❛♥❞ s♦ J1(vα) =

4πR+R−

π(R+ +R−) + 4h
.

❚♦ ♦❜t❛✐♥ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r ✜❡❧❞ qβ ∈ W✱ ✇✐t❤ β ∈ R✱ ❣✐✈❡♥ ❜②

qβ(x) =





β

π R2
+

∇zR+
(x1, x2, x3 − s+) ❢♦r x3 > s+,

β

π R2(x3)

(
e3 +

r

R(x3)

R+ −R−

h
er

)
❢♦r s− < x3 < s+,

− β

π R2
−

∇zR−
(x1, x2, x3 − s−) ❢♦r x3 < s−,

✇✐t❤ zR t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭✷✺✮✳ Pr♦❝❡❡❞✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡♦r❡♠ ✹✳✶✱ ✇❡ ❣❡t

J2(qβ) = 2

∫

Γ−

qβ(x) · e3dsx −
(∫

D+

|qβ |2dx+

∫

D−

|qβ |2dx+

∫

Ω

|qβ |2dx
)

= 2β − β2

π2 R4
±

∫

Ω

|∇zR±
|2dx+

β2

π2

∫

Ω

(
1 +

r2

R2(x3)

(
R+ −R−

h

)2
)

dx3

R4(x3)

= 2β − β2

(
8

3π2

R+ +R−

R+R−
+

h

πR−R+

(
1 +

1

2

(
R+ −R−

h

)2
))

.

■t ✐s t❤❡♥ ❡❛s② t♦ ♠❛①✐♠✐③❡ J2(qβ) ✐♥ β t♦ ❣❡t J2(qβ) = πR−R+ /

(
h+

8

3π
(R+ +R−) +

1

2h
(R+ −R−)

2

)
✳ ⊠

❘❡♠❛r❦ ✹✳✷✳ ❇♦✉♥❞s ✭✷✽✮ ♦❢ ❚❤❡♦r❡♠ ✹✳✷ ❤❛✈❡ t♦ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡st✐♠❛t❡s ♦❜t❛✐♥❡❞ ❜② ❍♦✇❡
❬✾✱ ♣❛❣❡ ✸✺✾✱ s❡❝t✐♦♥ 5.3❪✿

h

π R− R+
+

1

4

(
1

R−
+

1

R+

)
≤ 1

KR
≤ h

π R− R+
+

(R+ −R−)
2

π R− R+ h
+

8

3π2

(
1

R−
+

1

R+

)
.

P✉tt✐♥❣ t❤❡♠ ✐♥ t❤❡ s❛♠❡ ❢♦r♠ ❛s ✭✷✽✮✱ ✇❡ ❣❡t

K−
R,Howe =

πR−R+

h+
8

3π
(R− +R+) +

1

h
(R− −R+)2

❛♥❞ K+
R,Howe =

πR−R+

h+
π

4
(R− +R+)

.

❚❤❡r❡ ✐s ❛ ♠✐ss❡❞ ❢❛❝t♦r 2 ✐♥ t❤❡ ❧❛st t❡r♠ ✐♥ t❤❡ ❞❡♥♦♠✐♥❛t♦r ♦❢ t❤❡ ❢r❛❝t✐♦♥ ❡①♣r❡ss✐♥❣ K−
R,Howe ✇❤✐❝❤ s❡❡♠s

t♦ ❜❡ ❛ ♠✐st②♣✐♥❣✳

✹✳✸ ■♥❝❧✐♥❡❞ ❝②❧✐♥❞❡r

❲❡ ❛r❡ ♥♦✇ ✐♥✈❡st✐❣❛t✐♥❣ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❛♣❡rt✉r❡ ✐s ❝②❧✐♥❞r✐❝❛❧ ❛♥❞ ✐♥❝❧✐♥❡❞ ✇✐t❤ ❛♥ ❛♥❣❧❡ θ ✿

Ω =
{
x ∈ R

3 | (x̂1(x), x2) ∈ SR ❛♥❞ x3 ∈ [s−, s+] ✇✐t❤ x̂1(x) = x1 − (x3 − s−) tan θ
}
.

✶✶



❚❤❡ ♣❡r❢♦r❛t✐♦♥ ✇❛s ❝❤♦s❡♥ ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐ts s❡❝t✐♦♥ ❛❧♦♥❣ t❤❡ ♥♦r♠❛❧ t♦ t❤❡ ♣❧❛t❡ ✐s ❝✐r❝✉❧❛r ✇✐t❤ ❛ r❛❞✐✉s
❧✐♥❡❛r❧② ✈❛r②✐♥❣ ❢r♦♠ R− = R(s−) t♦ R+ = R(s+) ✭s❡❡ ❋✐❣✉r❡ ✹ ❜❡❧♦✇✮✳

R

x3 = s+

(s− s−) tan(θ)

x3 = s−

θ x3

x1

x2

❋✐❣✉r❡ ✹✿ ❈②❧✐♥❞r✐❝❛❧ ❛♣❡rt✉r❡ ✐♥❝❧✐♥❡❞ ✇✐t❤ ❛♥❣❧❡ θ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ x3 ❛①✐s

❚❤❡♦r❡♠ ✹✳✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❜♦✉♥❞s ❤♦❧❞ tr✉❡ ❢♦r ❛♥ ✐♥❝❧✐♥❡❞ ♣❡r❢♦r❛t✐♦♥

K−
R,inc ≤ KR,inc ≤ K+

R,inc, ✭✷✾✮

✇✐t❤

K−
R,inc =

πR2

16R

3π
+

h

cos2 θ

❛♥❞ K+
R,inc =

πR2

πR

2
+

h

cos2 θ

(
1 +

16R

3πh
sin2 θ

)−1
.

Pr♦♦❢✳ ❆s ❛❜♦✈❡✱ ✇❡ st❛rt ✇✐t❤ t❤❡ ✉♣♣❡r ❜♦✉♥❞✳ ❲❡ ❝♦♥s✐❞❡r vα ∈ H1/2 ❞❡♣❡♥❞✐♥❣✱ ❤❡r❡ t♦♦✱ ♦♥ t✇♦ r❡❛❧
❝♦♥st❛♥ts α− ❛♥❞ α+✿

vα(x) =





1/2− (1− 2α) wR(x̂1, x2, x3 − s+) +
µα sin θ

h
tR(x̂1, x2, x3 − s+) ❢♦r x3 > s+,

−α+
µα

h

(
(x3 − s−) cos θ + x1 sin θ

)
❢♦r s− < x3 < s+,

−1/2 + (1− 2α) wR(x̂1, x2, x3 − s−) +
µα sin θ

h
tR(x̂1, x2, x3 − s−) ❢♦r x3 < s−,

✇✐t❤ µα = 2α cos θ✱ wR ❣✐✈❡♥ ✐♥ ✭✷✷✮ ❛♥❞ tR ∈ BL(R3) ❞❡✜♥❡❞ ❜②





∆tR(x) = 0, ❢♦r x3 6= 0,

∂x3
tR(x1, x2, 0) = 0, ❢♦r x2

1 + x2
2 > R2,

tR(x1, x2, 0) = x1, ❢♦r x2
1 + x2

2 < R2.

✭✸✵✮

❯s✐♥❣ ❈♦♣s♦♥✬s ♠❡t❤♦❞ ❬✷✹✱ §3.4✱ ♣♣ 72❪✱ ❛♥ ❡①♣❧✐❝✐t ✐♥t❡❣r❛❧ ❡①♣r❡ss✐♦♥ ❝❛♥ ❜❡ ❣✐✈❡♥ ❢♦r tR✿

tR(x) =
2

π2

∫

SR

y1√
R2 − |y|2

dsy
|x− y| ❢♦r x3 6= 0. ✭✸✶✮

▼❛❦✐♥❣ ✉s❡ ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥s ❝❛rr✐❡❞ ♦✉t ✐♥ ❆♣♣❡♥❞✐① ❆✱ ✐t ❢♦❧❧♦✇s✿

J1(vα) =

∫

D

|∇vα(x)|2 dx =

∫

D+

|∇vα(x)|2 dx+

∫

Ω

|∇vα(x)|2 dx+

∫

D−

|∇vα(x)|2 dx

= 2

(
R
(
1− 2α

)2
+

µ2
α sin2 θ

h2

8R3

3

)
+

µ2
α

h2
πR2h. ✭✸✷✮

✶✷



❆s ❛❜♦✈❡✱ ✇❡ ♠❛①✐♠✐③❡ J1(vα) ✐♥ α ❛♥❞ ♦❜t❛✐♥ α = 4R/
(
8R+ 4 cos2 θ/h2

(
16R3 sin2 θ/3 + πR2h

) )
✱

J1(vα) =
πR2

(
1 +

16R

3πh
sin2 θ

)

h

cos2 θ
+

πR

2

(
1 +

16R

3πh
sin2 θ

) .

❲❡ ♥♦✇ ❡st❛❜❧✐s❤ t❤❡ ❧♦✇❡r ❜♦✉♥❞✳ ▲❡t ✉s ❝♦♥s✐❞❡r t❤❡ ✈❡❝t♦r ✜❡❧❞ qβ ∈ W✱ ✇✐t❤ β ∈ R✱ ❣✐✈❡♥ ❜②

qβ(x) =





β

π R2
∇zR(x̂1, x2, x3 − s+) ❢♦r x3 > s+,

β

π R2

(
e3 + tan θ e1

)
❢♦r s− < x3 < s+,

− β

π R2
∇zR(x̂1, x2, x3 − s−) ❢♦r x3 < s−.

✇✐t❤ zR t❤❡ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭✷✺✮✳ ❲❡ ❤❛✈❡

J2(qβ) = 2

∫

Γ−

qβ(x) · e3dsx −
∫

D+∪D−∪Ω

|qβ |2dx = 2β − β2

π2R4

(
16R3

3
+ πR2h

(
1 + tan2 θ

))
.

❲❡ ♠❛①✐♠✐③❡ J2(qβ) ✐♥ β t♦ ❣❡t J2(qβ) = πR2 /
(
h/ cos2 θ + 16R / 3π

)
✳ ⊠

❘❡♠❛r❦ ✹✳✸✳ ❇♦✉♥❞s ✭✷✾✮ ♦❢ ❚❤❡♦r❡♠ ✹✳✸ s❡❡♠ t♦ ❜❡ ❝♦♠♣❧❡t❡❧② ♥❡✇✳ ❚❤❡② ❤❛✈❡ ♥♦t ❜❡❡♥ ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞
❡✈❡♥ ❤❡✉r✐st✐❝❛❧❧② ❜② ♣❤②s✐❝❛❧ r❡❛s♦♥✐♥❣✳ ❚❤✐s r❡s✉❧t ✐s ❡s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ✐♥ ❛♣♣❧✐❝❛t✐♦♥s r❡❧❛t❡❞ t♦ ❝♦♠❜✉st✐♦♥
✐♥ t✉r❜♦❡♥❣✐♥❡s✳ ■♥❞❡❡❞✱ ✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❡ ❝♦♦❧✐♥❣ ♦❢ t❤❡ ❝♦♠❜✉st✐♦♥ ❝❤❛♠❜❡r✱ ✐ts ✇❛❧❧ ✐s ♣❡r❢♦r❛t❡❞ ❜②
✐♥❝❧✐♥❡❞ ❤♦❧❡s✳ ❆s s❡❡♥ ❛❜♦✈❡✱ t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ ♣❡r❢♦r❛t✐♦♥ ❛①✐s ✇✐t❤ t❤❡ ♣❧❛t❡ ❤❛s ❛ ❣r❡❛t ✐♥✢✉❡♥❝❡ ♦♥ ✐ts
❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❤❡♥❝❡ ♦♥ ✐ts ❛❝♦✉st✐❝ ♣r♦♣❡rt✐❡s✳

✹✳✹ ◆✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts

❚❤✐s s❡❝t✐♦♥ ✐s ❞❡✈♦t❡❞ t♦ ❛ ♥✉♠❡r✐❝❛❧ ❝♦♥s♦❧✐❞❛t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ t❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞s ♦❜t❛✐♥❡❞ ❢♦r t❤❡ ❘❛②❧❡✐❣❤
❝♦♥❞✉❝t✐✈✐t② ✐♥ t❤❡♦r❡♠s ✹✳✶✱ ✹✳✷ ❛♥❞ ✹✳✸✳ ❆ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ Knum

R,∗ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②

♦❜t❛✐♥❡❞ ❜② ❛ ❞✐r❡❝t ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✼✮ ✐s ❝♦♠♣❛r❡❞ ✇✐t❤ K−
R,∗ ❛♥❞ K+

R,∗ ❢♦r h/R ∈ [0, 10]✳
❲❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t✇♦ ❛♥❣❧❡s ϕ = 5o ❛♥❞ ϕ = 10o ❢♦r ❛ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥ ❛♥❞ θ = 15o ❛♥❞ θ = 30o ❢♦r ❛♥
✐♥❝❧✐♥❡❞ ♦♥❡✳ ❚❤❡ r❡s✉❧ts ❢♦r str❛✐❣❤t ❝②❧✐♥❞r✐❝❛❧ ♣❡r❢♦r❛t✐♦♥s✱ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥s✱ ❛♥❞ ✐♥❝❧✐♥❡❞ ♣❡r❢♦r❛t✐♦♥s ❛r❡
❝♦❧❧❡❝t❡❞ ✐♥ ❋✐❣✉r❡s ✺✱ ✻ ❛♥❞ ✼✳ ■t ✐s ✇♦rt❤ ♠❡♥t✐♦♥♥✐♥❣ t❤❛t K−

R,∗ ≤ Knum
R,∗ ≤ K+

R,∗ ✐♥ ❛❧❧ ❝❛s❡s✳

h/R

KR

R

❋✐❣✉r❡ ✺✿ ▲♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❢♦r ❛ ❝②❧✐♥❞r✐❝❛❧

♣❡r❢♦r❛t✐♦♥

✶✸



h/R

KR

R

h/R

KR

R

❋✐❣✉r❡ ✻✿ ▲♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❢♦r ❛ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥

✇✐t❤ ϕ = 5o ❛♥❞ ϕ = 15o

h/R

KR

R

h/R

KR

R

❋✐❣✉r❡ ✼✿ ▲♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❛♥❞ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❢♦r ❛♥ ✐♥❝❧✐♥❡❞

♣❡r❢♦r❛t✐♦♥ ✇✐t❤ θ = 15o ❛♥❞ θ = 30o

✺ ❆♣♣r♦①✐♠❛t❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ❡rr♦r

✺✳✶ ❆♣♣r♦①✐♠❛t❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②

■t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ t❛❦❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❛❜♦✈❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r ❛♣♣r♦①✐♠❛t✐♥❣ t❤❡ ❘❛②❧❡✐❣❤
❝♦♥❞✉❝t✐✈✐t②✿

Kapp
R =

K+
R +K−

R

2
. ✭✸✸✮

❚❤❡ r❡❧❛t✐✈❡ ❡rr♦r ✐♥❞✉❝❡❞ ❜② t❤✐s ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

ε =

∣∣∣∣
KR −Kapp

R

KR

∣∣∣∣ .

❆ ❧♦✇❡r s❝r✐♣t ❛s Kapp
R,inc ♦r εcyl ❝❛♥ ❜❡ ❛❞❞❡❞ ❢♦r ♠❡♥t✐♦♥♥✐♥❣ t❤❡ ❝❛s❡ ❜❡✐♥❣ ❝♦♥s✐❞❡r❡❞✳
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✺✳✷ ❚❤❡♦r❡t✐❝❛❧ ❜♦✉♥❞ ♦♥ t❤❡ ❡rr♦r

❙✐♥❝❡ K−
R ≤ KR ≤ K+

R ✱ t❤❡ ❡rr♦r ❝❛♥ ❜❡ ❜♦✉♥❞❡❞ ❛s ❢♦❧❧♦✇s✿

ε ≤ 1

2

(
K+

R −K−
R

K−
R

)
. ✭✸✹✮

❚❤❡s❡ ✐♥❡q✉❛❧✐t✐❡s ❛r❡ ♥♦t ♦♣t✐♠❛❧ ❜✉t ❣✐✈❡ ❛ ❣♦♦❞ ✐❞❡❛ ♦♥ t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❡rr♦r✳ ❚❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡s ♦❢
✭✸✹✮ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✽ ❢♦r ❛ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥ ❛♥❞ ✐♥ ❋✐❣✉r❡ ✾ ❢♦r ❛♥ ✐♥❝❧✐♥❡❞ ♣❡r❢♦r❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts
❢♦r ❛ str❛✐❣❤t ❝②❧✐♥❞r✐❝❛❧ ♣❡r❢♦r❛t✐♦♥ ❛r❡ r❡♣♦rt❡❞ ✐♥ ❋✐❣✉r❡ ✽ ❢♦r ϕ = 0 ♦r ✐♥ ❋✐❣✉r❡ ✾ ❢♦r θ = 0✳

Values of the angle ϕ in degrees

h

R

1.5%

1%

2%

❋✐❣✉r❡ ✽✿ ❯♣♣❡r ❜♦✉♥❞ ♦❢ εcon =
∣

∣

∣

KR,con−K
app

R,con

KR,con

∣

∣

∣

Values of the angle θ in degrees

h

R

1%

1.5%

2%

❋✐❣✉r❡ ✾✿ ❯♣♣❡r ❜♦✉♥❞ ♦❢ εinc =
∣

∣

∣

KR,inc−K
app

R,inc

KR,inc

∣

∣

∣

❊rr♦rs ❢♦r ϕ ≤ 10o ❛♥❞ θ ≤ 10o ❛r❡ ❧❡ss t❤❛♥ 5%✳ ❋♦r s♠❛❧❧ ✈❛❧✉❡s ♦❢ h t❤❡ ❡rr♦r ✐s ❜❡❧♦✇ 5%✳ ❋♦r ❧❛r❣❡r
✈❛❧✉❡s ♦❢ h✱ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ❡rr♦r ✐s ❧♦✇❡r ❛♥❞ ♠♦st❧② ❧❡ss t❤❛♥ 2%✳

✺✳✸ ◆✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ❡rr♦r

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦♠♣❛r❡ ❛ ♥✉♠❡r✐❝❛❧ ❛♣♣r♦①✐♠❛t✐♦♥ Knum
R ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② t♦ ✐ts ❛♥❛❧②t✐❝❛❧

❛♣♣r♦①✐♠❛t✐♦♥ Kapp
R ✳ ❋♦r ❝②❧✐♥❞r✐❝❛❧ ❛♥❞ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥s✱ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ s❡✈❡r❛❧ ❝♦♥✜❣✉r❛t✐♦♥s ❡❛❝❤

♦❢ t❤❡♠ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ s❡t ♦❢ ✈❛❧✉❡s ❢♦r h ❛♥❞ ϕ ❣✐✈❡♥ ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛ ❣r✐❞ ♦❢ ♣♦✐♥ts ✇✐t❤ st❡♣✲s✐③❡s δϕ ❛♥❞
δh ✭s❡❡ ❋✐❣✉r❡ ✸✮

ϕ ∈ [0, 10], h / R− ∈ [0, 10] ✇✐t❤ st❡♣s δϕ = 0.1 ❛♥❞ δh / R− = .2.

❚❤❡ ✈❛❧✉❡s ♦❢ ϕ ❛♥❞ δϕ ❛r❡ ❣✐✈❡♥ ✐♥ ❞❡❣r❡❡s✳ ❋♦r t❤❡s❡ ❛①✐✲s②♠♠❡tr✐❝ ❝❛s❡s✱ t❤❡ ❞✐s❝r❡t ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ ✐s
♦❢ s♠❛❧❧✲s✐③❡✳ ■t ✇❛s ❤❡♥❝❡ ♣♦ss✐❜❧❡ t♦ ❝❛rr② ♦✉t t❤❡ ❝♦♠♣✉t❛t✐♦♥s r❡❧❛t❡❞ t♦ t❤❡s❡ ❝♦♥✜❣✉r❛t✐♦♥s ♦♥ ❛ ❧❛♣t♦♣✳
❚❤❡ ❣❡♦♠❡tr✐❡s ❢♦r ϕ = 0 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❝❛s❡✳ ❚❤❡ r❡s✉❧ts ❢♦r ❛ ❝♦♥✐❝❛❧ ♣❡r❢♦r❛t✐♦♥ ❛r❡ ❝♦❧❧❡❝t❡❞
✐♥ ❋✐❣✉r❡ ✶✵✳

❋♦r ✐♥❝❧✐♥❡❞ ♣❡r❢♦r❛t✐♦♥s✱ t❤❡ ✈❛r✐♦✉s ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s✐♠✐❧❛r❧② ❞❡s❝r✐❜❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❣r✐❞ ♦❢ ♣♦✐♥ts θ
❛♥❞ h ❣✐✈❡♥ ❜②

θ ∈ [0, 10], h / R ∈ [0, 10] ✇✐t❤ st❡♣s δθ = 0.1 ❛♥❞ δh / R = .5.

❍❡r❡ t♦♦✱ t❤❡ ✈❛❧✉❡s ♦❢ θ ❛♥❞ δθ ❛r❡ ❣✐✈❡♥ ✐♥ ❞❡❣r❡❡s✳ ❚❤❡ ❣❡♦♠❡tr② ✐s ♥♦t ❛①✐✲s②♠♠❡tr✐❝✳ ❆ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
s♦❧✈❡r ✇❛s r❡q✉✐r❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ❝♦♠♣✉t❛t✐♦♥s✳ ❚♦ ❧♦✇❡r t❤❡ ❞✐s❝r❡t✐③❛t✐♦♥ ❡rr♦r ❛t ❛ ❧❡✈❡❧ ✇❤❡r❡ ✐t ❤❛s
♥♦ s✐❣♥✐✜❝❛♥t ✐♥❝✐❞❡♥❝❡ ♦♥ t❤❡ r❡s✉❧t✱ ✇❡ ❤❛✈❡ ✉s❡❞ ✈❡r② r❡✜♥❡❞ ♠❡s❤❡s✳ ❚❤❡ ❧❛r❣❡st ❝♦♠♣✉t❛t✐♦♥s ✐♥✈♦❧✈❡❞

✶✺



Ndof := 1.5 105 ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠ r❡q✉✐r✐♥❣ t♦ s♦❧✈❡ sq✉❛r❡ ❞❡♥s❡ ❧✐♥❡❛r s②st❡♠s ♦❢ Ndof ×Ndof ✉♥❦♥♦✇♥s✳ ❚❤❡
❝♦♠♣✉t❛t✐♦♥s ✇❡r❡ ❝❛rr✐❡❞ ♦✉t ♦♥ ❤✐❣❤ ♣❡r❢♦r♠❡♥❝❡ ♣❧❛t❢♦r♠ ✇✐t❤ 400 ❝♦r❡s✳ ❚❤❡② t♦♦❦ 12 ❤♦✉rs ♦❢ ❡❧❛♣s❡❞
❈P❯ t✐♠❡✳ ❚❤❡ ♥✉♠❡r✐❝❛❧ r❡s✉❧ts ❢♦r ❛♥ ✐♥❝❧✐♥❡❞ ♣❡r❢♦r❛t✐♦♥ ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✶✳

❈♦♠♣❛r✐♥❣ t❤❡s❡ ✜❣✉r❡s ✇✐t❤ ❋✐❣✉r❡s ✽ ❛♥❞ ✾✱ ✇❡ r❡♠❛r❦ t❤❛t✱ ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ h✱ ✐♥❡q✉❛❧✐t✐❡s ✭✸✹✮ ♣r❡❞✐❝t
t♦♦ ❧❛r❣❡ ❡rr♦rs✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❤❡ ❡rr♦r ✐s ❜❡❧♦✇ 1% ❢♦r h/R > 1✳ ❚❤✐s ❝❧❡❛r❧② s❤♦✇s t❤❛t t❤❡ ♣r♦♣♦s❡❞
❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t② ❝❛♥ ❛❞✈❛♥t❛❣❡♦✉s❧② r❡♣❧❛❝❡ t❤❡ ❞✐r❡❝t ❝♦♠♣✉t❛t✐♦♥✳

Values of the angle ϕ in degrees

h

R

0.25%

❋✐❣✉r❡ ✶✵✿ ❚❤❡ ❡rr♦r εcon =
∣

∣

∣

K
app

R,con
−K

num
R,con

K
num
R,con

∣

∣

∣

Values of the angle θ in degrees

h

R

0.25%

0.5%
1%

❋✐❣✉r❡ ✶✶✿ ❚❤❡ ❡rr♦r εinc =
∣

∣

∣

K
app

R,inc
−K

num
R,inc

K
num
R,inc

∣

∣

∣

■♥ ❋✐❣✉r❡s ✶✷ ❛♥❞ ✶✸ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦❡✣❝✐❡♥ts λ∗ ∈ [0, 1] ♦❢ KR,∗ ✇✐t❤ r❡s♣❡❝t t♦ K±
R,∗

KR,con = (1− λcon) K
−
R,con + λcon K+

R,con ❛♥❞ KR,inc = (1− λinc) K
−
R,inc + λinc K

+
R,inc.

❚❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ KR ✐s K−
R ❢♦r λ ∈ [0, 1/4]✱ Kapp

R ❢♦r λ ∈ [1/4, 3/4]✱ ❛♥❞ K+
R ❢♦r λ ∈ [3/4, 1]✳ ■t ❝❛♥

❜❡ ♦❜s❡r✈❡❞ t❤❛t ❢♦r s♠❛❧❧ r❛t✐♦ ♦❢ h/R✱ t❤❡ ❜❡st ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ KR ✐s ❣✐✈❡♥ ❜② K+
R ✱ ✇❤❡r❡❛s ❢♦r ❧❛r❣❡r h/R✱

✐t ✐s ❣✐✈❡♥ ❜② Kapp
R ✳ ❚❤❡s❡ ♠❛♣s ❛❧s♦ ✐♥❞✐❝❛t❡ t❤❛t t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡✜♥❡❞ ✐♥ ✭✸✸✮ ✐s ✈❡r② ❛❝❝✉r❛t❡ ✐♥ ♠♦st

❝♦♥✜❣✉r❛t✐♦♥s✳

✶✻



Values of the angle ϕ in degrees

h

R

❋✐❣✉r❡ ✶✷✿ ❚❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡ λcon

Values of the angle θ in degrees

h

R

❋✐❣✉r❡ ✶✸✿ ❚❤❡ ❜❛r②❝❡♥tr✐❝ ❝♦♦r❞✐♥❛t❡ λcyl

❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❚❤✐s ✇♦r❦ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝② ✉♥❞❡r ❣r❛♥t ♥♦✳ ❆◆❘−08−❙❨❙❈−001✳ ❲❡
✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ t❤❡ ❈❊❆✲❈❈❘❚ ✭❈❡♥tr❡ ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❧❛ r❡❝❤❡r❝❤❡ ❡t ❧❛ t❡❝❤♥♦❧♦❣✐❡✮ ❢♦r ♣r♦✈✐❞✐♥❣ ✉s ✇✐t❤
t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ✉s✐♥❣ t❤❡ ❚✐t❛♥❡ ❝♦♠♣✉t❡r✳

❆ ❆♣♣❡♥❞✐①✿ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ s♦♠❡ ✐♥t❡❣r❛❧s

▲❡t ✉s r❡❝❛❧❧ t❤❛t wR✱ tR✱ zR ❛r❡ ❞❡✜♥❡❞ ✐♥ ✭✷✶✮✱ ✭✸✵✮ ❛♥❞ ✭✷✺✮✱ ❛r❡ ❣✐✈❡♥ ❜②

fR(x) =
1

2π

∫

BR

ρfR(y)
dsy

|x− y| ❢♦r x3 6= 0,

✇✐t❤ fR = wR✱ tR ♦r zR ❛♥❞ t❤❡ s✐♥❣❧❡ ❧❛②❡r ♣♦t❡♥t✐❛❧ ρfR ❞❡✜♥❡❞ ♦♥ BR = {(y1, y2, y3) ∈ R
3 | y21 + y22 <

R2 ❛♥❞ y3 = 0} ❜②

ρwR
(x) =

1

π

1√
R2 − |y|2

, ρtR(x) =
4

π

y1√
R2 − |y|2

, ❛♥❞ ρzR(x) = 1.

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❝♦❧❧❡❝ts t❤r❡❡ ♦❢ t❤❡ ✐♥t❡❣r❛❧s ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ❘❛②❧❡✐❣❤ ❝♦♥❞✉❝t✐✈✐t②✳

▲❡♠♠❛ ❆✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛s ❤♦❧❞ tr✉❡

✭✐✮

∫

x3>0

∣∣∇wR(x)
∣∣2dx =

∫

x3<0

∣∣∇wR(x)
∣∣2dx = R,

✭✐✐✮

∫

x3>0

∣∣∇tR(x)
∣∣2dx =

∫

x3<0

∣∣∇tR(x)
∣∣2dx = 8R3/3,

✭✐✐✐✮

∫

x3>0

∣∣∇zR(x)
∣∣2dx =

∫

x3<0

∣∣∇zR(x)
∣∣2dx = 8R3/3.

Pr♦♦❢✳ ❉✉❡ t♦ s②♠♠❡tr②✱ ✇❡ ❤❛✈❡ ❢♦r fR = wR✱ zR ♦r tR

IfR =

∫

x3<0

∣∣∇fR(x)
∣∣2dx =

∫

x3>0

∣∣∇fR(x)
∣∣2dx.

✶✼



❙✐♥❝❡ fR ∈ BL({x3 > 0}) ❛♥❞ ∆fR = 0✱ ✇❡ ❣❡t✱ ❢r♦♠ ●r❡❡♥✬s ❢♦r♠✉❧❛ ❛♥❞ t❤❡ ✐♥t❡❣r❛❧ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ t❤❡
s♦❧✉t✐♦♥ t♦ t❤❡ r❡❧❛t❡❞ ❜♦✉♥❞❛r② ✈❛❧✉❡ ♣r♦❜❧❡♠s ❬✷✸❪

IfR =

∫

x3>0

∣∣∇fR(x)
∣∣2dx =

∫

x3=0

∂x3
fR(x)fR(x)dsx =

∫

BR

ρfR(x)fR(x)dsx. ✭✸✺✮

✭✐✮ ❋r♦♠ ✭✷✶✮✱ ✇❡ s❡t wR = 1/2 ♦♥ BR✳ ❚❤✐s ❧❡❛❞s t♦

IwR
=

∫

BR

1

π
√
R2 − |y|2

1

2
dsy =

∫ R

0

ρdρ√
R2 − ρ2

=
[√

R2 − ρ2
]R
0
= R.

✭✐✐✮ ❙✐♠✐❧❛r❧②✱ ❢r♦♠ ✭✸✵✮✱ ✇❡ ❤❛✈❡ tR(x) = x1 ♦♥ BR✳ ■♥ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s✱ ✐♥t❡❣r❛❧ ✭✸✺✮ t❛❦❡s t❤❡ ❢♦r♠✱ ✇✐t❤

y1 = ρ cos(θ̂)✱ y2 = ρ sin(θ̂) cos(ϕ̂)✱ ❛♥❞ y3 = ρ sin(θ̂) sin(ϕ̂)✱

ItR =

∫

BR

4

π

y1√
R2 − |y|2

y1dsy =
4

π

∫ R

0

∫ 2π

0

ρ cos(θ̂)√
R2 − ρ2

ρ cos(θ̂) ρ dρdθ̂ ✭✸✻✮

=
4

π

∫ R

0

ρ3√
R2 − ρ2

dρ

∫ 2π

0

cos2(θ̂)dθ̂ = −4

[
ρ2 − 2R2

3

√
R2 − ρ2

]R

ρ=0

=
8R3

3
. ✭✸✼✮

✭✐✐✐✮ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❞♦ ♥♦t ❦♥♦✇ ❡①♣❧✐❝✐t❧② t❤❡ ✈❛❧✉❡ ♦❢ zR ♦♥ BR✳ ❍♦✇❡✈❡r✱ IzR ✐s ❣✐✈❡♥ ❜②

IzR =
1

2π

∫

BR

∫

BR

dsydsx
|y − x| =

R3

2π

∫

B1

∫

B1

dsydsx
|y − x| .

❚♦ ❡✈❛❧✉❛t❡ t❤✐s ✐♥t❡❣r❛❧✱ ✇❡ ✉s❡ ❈♦♣s♦♥✬s ❢♦r♠✉❧❛ ❬✸❪

∫

B1

dsy
|x− y| = 4

∫ 1

ρ=0

∫ min(ρ,r)

t=0

ρ dρ dt√
(ρ2 − t2)(r2 − t2)

.

❙❡♣❛r❛t✐♥❣ t❤❡ ❝❛s❡s r < ρ ❛♥❞ ρ < r✱ t❤✐s ❧❡❛❞s t♦

IzR =
2R3

π

∫

B1

(∫ 1

ρ=0

∫ min(ρ,r)

t=0

ρ dρ dt√
(ρ2 − t2)(r2 − t2)

)
dsx

= 4R3

∫ 1

r=0

∫ 1

ρ=0

∫ min(ρ,r)

0

rρdrdρdt√
(ρ2 − t2)(r2 − t2)

✭✸✽✮

= 4R3

∫ 1

r=0

∫ 1

ρ=r

∫ r

t=0

rρdrdρdt√
(ρ2 − t2)(r2 − t2)

+ 4R3

∫ 1

r=0

∫ r

ρ=0

∫ ρ

t=0

rρdrdρdt√
(ρ2 − t2)(r2 − t2)

.

❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t s②♠♠❡tr② ❛♥❞ ❝♦♠♠✉t✐♥❣ t❤❡ ✐♥t❡❣r❛❧s✱ ✇❡ ❣❡t

IzR = 8R3

∫ 1

r=0

∫ 1

ρ=0

∫ ρ

t=0

rρdrdρdt√
(ρ2 − t2)(r2 − t2)

= 8R3

∫ 1

t=0

∫ r

ρ=t

∫ 1

r=ρ

rρdrdρdt√
(ρ2 − t2)(r2 − t2)

.

❊✈❛❧✉❛t✐♥❣ s✉❝❝❡ss✐✈❡❧② t❤❡ ✐♥t❡❣r❛❧s✱ ✇❡ ❣❡t

IzR = 8R3

∫ 1

t=0

∫ 1

ρ=t

[√
r2 − t2√
ρ2 − t2

]1

r=ρ

ρdρdt = 8R3

∫ 1

t=0

∫ r

ρ=t

( √
1− t2√
ρ2 − t2

− 1

)
ρdρdt,

= 8R3

∫ 1

t=0

[√
1− t2

√
ρ2 − t2 − ρ2

2

]1

ρ=t

dt = 8R3

∫ 1

t=0

(
1

2
− t2

2

)
dt =

8R3

3
. ⊠

✶✽



❘❡❢❡r❡♥❝❡s

❬✶❪ ▼✳ ❆❧st❡r✳ ■♠♣r♦✈❡❞ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ r❡s♦♥❛♥t ❢r❡q✉❡♥❝✐❡s ♦❢ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs✳ ❏♦✉r♥❛❧ ♦❢ ❙♦✉♥❞ ❛♥❞
❱✐❜r❛t✐♦♥✱ ✷✹✭✶✮✿✻✸✕✽✺✱ ✶✾✼✷✳

❬✷❪ ❘✳ ❈✳ ❈❤❛♥❛✉❞✳ ❊✛❡❝ts ♦❢ ❣❡♦♠❡tr② ♦♥ t❤❡ r❡s♦♥❛♥❝❡ ❢r❡q✉❡♥❝② ♦❢ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs✱ ♣❛rt ■■✳ ❏♦✉r♥❛❧
♦❢ s♦✉♥❞ ❛♥❞ ✈✐❜r❛t✐♦♥✱ ✷✵✹✭✺✮✿✽✷✾✕✽✸✹✱ ✶✾✾✼✳

❬✸❪ ❊✳❚✳ ❈♦♣s♦♥✳ ❖♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ❡❧❡❝tr✐✜❡❞ ❞✐s❝✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❊❞✐♥❜✉r❣❤ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②
✭❙❡r✐❡s ✷✮✱ ✽✭✵✶✮✿✶✹✕✶✾✱ ✶✾✹✼✳

❬✹❪ ❘✳ ❈♦✉r❛♥t ❛♥❞ ❉✳ ❍✐❧❜❡rt✳ ▼❡t❤♦❞s ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ ♣❤②s✐❝s✳ ❱♦❧✳ ■✳ ■♥t❡rs❝✐❡♥❝❡ P✉❜❧✐s❤❡rs✱ ■♥❝✳✱ ◆❡✇
❨♦r❦✱ ◆✳❨✳✱ ✶✾✺✸✳
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