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Abstract

It is rather classical to model multiperforated plates by approxi-
mate impedance boundary conditions. In this article we would like to
compare an instance of such boundary conditions obtained through a
matched asymptotic expansions technique to direct numerical compu-
tations based on a boundary element formulation in the case of linear
acoustic.

Introduction

Multiperforated boundaries are involved in several industrial devices (liners
[11], mufflers [2], combustion chambers [12], noise barriers ...). The occur-
rence of a high density of holes of small size has a significant impact on the
noise generated by the devices.

Until recently, it was almost impossible to predict the effect of a multiperfo-
rated plate by a direct numerical computation. To overcome this bottleneck,
many authors have proposed to replace the perforated wall by an effective
impedance boundary condition of transmission type, see [16] for the case of
linear acoustic. This approach is suitable for numerical computation since
it requires no mesh refinement in the neighborhood of the holes. The rapid
increase of numerical computational abilities allows for the validation of this

∗Toulouse University, INSA-Toulouse, Mathematical Institute of Toulouse (UMR-
CNRS 5219), 135 avenue de Rangueil, F-31077 Toulouse, France.

†Electromagnetism and Acoustics, CERFACS, 42 Avenue Gaspard Coriolis, F-31100
Toulouse.

‡Projet Magique 3D, INRIA Bordeaux Sud-Ouest and LMA - UMR CNRS 5142, Uni-
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method by means of high performance computing. In this article, we would
like to address such an issue using the parallel boundary element library
CESC of CERFACS.

In section 1, we describe the considered geometry and state the boundary-
value problem obtained by assuming that the equations of linearized acous-
tics are valid everywhere. In section 2, we briefly review some effective
boundary conditions previously used for modeling multiperforated plates.
Numerical experiments are presented in section 3.

1 Statement of the Problem

1.1 Description of the propagation domain

We consider an infinite waveguide T with rectangular section

T =
{
x ∈ R

3 : x1 ∈]0, h1[ and x2 ∈]0, h2[
}
.

This domain is split into two parts by a multiperforated plate with zero
thickness

P =
{
x ∈ R

3 : x1 ∈]0, h1[, x2 ∈]0, h2[ and x3 = 0
}
.

The wall P is perforated by a grating of characteristic lengths η1 and η2 of
holes Θm of radius δ > 0





x
m =

(η1
2
,
η2
2
, 0
)
+
((
m1 +m2α

)
η1,m2η2, 0

)
with α ∈ [0, 1[

Θm = {x ∈ R
3: ‖x− x

m‖ < δ and x3 = 0}

with m ∈ S =
{
(m1,m2) ∈ Z

2 : Θm ⊂ P

}
.

(1)
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h1
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Figure 1: The multiperforated plate
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The spacing between two holes is large enough so that short range in-
teractions can be neglected, i.e., δ/min(η1, η2) = o(1). We can thus define
the propagation domain:

Ω = T \ Pperf with Pperf = P \
( ⋃

m∈S

Θm

)
.

1.2 Linear acoustics modeling

The time variable and the speed of sound are respectively denoted by t
and c. Let us recall that in the context of linear acoustic the pressure field
p : Ω× R+ 7→ R is governed by a scalar wave equation

∂2p

∂t2
(x, t)− c2∆p(x, t) = 0 in Ω.

The disturbed velocity vector field v : Ω×R+ 7→ R
3 is linked to the pressure

by linearized Euler’s equations

ρ0
∂v

∂t
(x, t) +∇p(x, t) = 0 in Ω,

where ρ0 is the density of the fluid at rest. The boundary of the physical
domain is supposed to be a perfectly rigid wall

v · n = 0 on ∂Ω = ∂T \
(
P \

( ⋃

m∈S

Θm

))
,

with n the normal unit vector outwardly directed to Ω. Considering a wave
with pulsation ω and wave number k = ω/c, we denote also by p and v the
phasors of respectively the pressure and the velocity

p(x, t) = ℜ
(
p(x) exp(−iωt)

)
and v(x, t) = ℜ

(
v(x) exp(−iωt)

)
.

In the sequel we consider the well-posed boundary-value problem




Find p : Ω −→ C satisfying

χp ∈ H1(Ω) for all χ ∈ D(R3),

∆p(x) + k2p(x) = 0 in Ω,

∂p

∂n
(x) = 0 on ∂Ω,

p(x)− exp(ikx3) is outgoing, see [4] or [10] for example,

(2)

which provides a model for the time-harmonic waves standing in this acoustic
system when it is fed by the propagating mode coming from x3 = −∞.
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Remark 1. For a waveguide with small height and width (kh1 < π and
kh2 < π) the harmonic pressure p can be expressed as





p(x, t) = exp(ikx3) +R exp(−ikx3) + w+(x) for x3 < 0,

p(x, t) = T exp(ikx3) + w−(x) for x3 > 0.

Parameters R and T are respectively the reflection and transmission coef-
ficients. Both functions w− and w+ are evanescent in the x3 direction (ex-
ponential decay):

w−(x) = o
x3→−∞

(1) and w+(x) = o
x3→+∞

(1).

2 The approximate transmission model for multi-

perforated plates

For a large number of holes, even when resorting to high performance com-
puting, the direct numerical solution of problem (2) is generally out of reach.
To overcome this difficulty a solution consists in modeling the multiperfo-
rated plate by an equivalent transmission condition (also called impedance
condition) which requires no mesh refinement.

These approximate conditions have been well-studied by the acoustic
community both from the theoretical and experimental point of view. It can
either be achieved using heuristic approaches based on a physical reasonning
[16] or by means of asymptotic analysis, see [1], [2] or [3] and references
therein. The last approach benefits from a rigorous framework based on the
matching of asymptotic expansions techniques [9].

The conclusion of these studies can be physically interpreted as follows:
the multiperforated plate can be modeled as an impenetrable moving mem-
brane of surface mass ρS . This leads to a system of partial differential
equations posed on the domain

Ω̃ = T \ P

governing the pressure field of the fluid p̃, the flow velocity vector field of
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the fluid ṽ and the surface velocity of the membrane Ṽ = (0, 0, Ṽ3)




Acoustic equations in the fluid:

∂2p̃

∂t2
(x, t)− c2∆p̃(x, t) = 0 in Ω̃,

ρ0
∂ṽ

∂t
(x, t) +∇p̃(x, t) = 0 in Ω̃,

ṽ(x, t) · n = 0 on ∂T.

Impenetrability of the membrane:

ṽ3(x1, x2, 0−, t) = ṽ3(x1, x2, 0+, t) = ṽ3(x1, x2, t).

Second Newton’s law for the membrane:

ρS
∂ṽ1
∂t

(x1, x2, t) = p̃(x1, x2, 0−, t)− p̃(x1, x2, 0+, t).

In the case of an incident harmonic wave coming from x3 = −∞, this system
simplifies into a problem involving only p̃ : Ω̃ −→ C





χp̃ ∈ H1(Ω̃) for all χ ∈ D(R3),

∆p̃(x) + k2p̃(x) = 0 in Ω̃,

∂p̃

∂n
(x) = 0 on ∂T,

∂p̃

∂x3
(x1, x2, 0− or 0+) =

KR

A

(
p̃(x1, x2, 0+)− p̃(x1, x2, 0−)

)
,

p̃(x)− exp(ikx3) is outgoing,

(3)

expressed in terms of the so-called Rayleigh conductivity KR of the hole and
the surface of an unit-cell of the network A = η1η2. These quantities are
related to the surface mass of the membrane by:

ρS =
ρ0A

KR

.

Remark 2 (Physical interpretation of the transmission condition). In the
theory of acoustics, it is well known that the effect of a small perforation in a
rigid plate can be modeled by two acoustic point sources located on each side
of the plate, see [16] for example. The algebraic fluxes of fluid coming from
these sources Φ− and Φ+ are opposite (due to the conservation of mass) and
related to the difference of pressure on the two sides of the plate p̃+ − p̃− by
an analogous relation to the second Newton’s law:

ρ0
dΦ−

dt
= −ρ0

dΦ+

dt
= KR

(
p̃+ − p̃−

)
.
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The multiplicative constant KR is traditionally called the Rayleigh conduc-
tivity, see [13]. It is given by

KR = 2δ

in the case of linear acoustics for a circular hole of radius δ in a plate of
negligible thickness.

A fluid crossing a grating of holes has a complex structure in the neigh-
borhood of the perforations but can be seen as a homogeneous fluid at large
scale. The velocity of fluid is then determined by distributing over one unit
cell of the network the flux coming from one hole :

ṽ3(x1, x2, 0−, t) = −
Φ−

A
and ṽ3(x1, x2, 0+, t) =

Φ+

A
.

This leads to the transmission conditions




ṽ3(x1, x2, 0−, t) = ṽ3(x1, x2, 0+, t),

A
∂ṽ3
∂t

(x1, x2, 0−, t) = ρ0 KR

(
p̃(x1, x2, 0−, t)− p̃(x1, x2, 0+, t)

)
,

A
∂ṽ3
∂t

(x1, x2, 0+, t) = ρ0 KR

(
p̃(x1, x2, 0−, t)− p̃(x1, x2, 0+, t)

)
.

(4)

Remark 3. The solution of the approximate model can be analytically com-
puted. Its solution depends only on the x3 coordinate and is given by

{
p̃−(x) = exp(ikx3) + R̃ exp(−ikx3) for x3 < 0,

p̃+(x) = T̃ exp(ikx3) for x3 > 0.
(5)

Inserting (5) in the transmission conditions (4) leads to the reflection and
transmission coefficients:

R̃ =
−
ikA

KR

2−
ikA

KR

and T̃ =
2

2−
ikA

KR

.

3 A numerical experiment

We consider two multiperforated plates with almost the same geometrical
characteristic lengths

h1 = 5 cm, h2 = 5 cm, η1 = 5mm, η2 = 5mm, δ = 0.225mm.
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In the first configuration, the grating is straight, α = 0 (see (1) and Figure
1 for the definition of α) and tilted in the second one, α = 1/2, see Figure
2.

Figure 2: Multiperforated plates with α = 0 and α =
1

2

The meshes, see Figures 3, were generated with the proprietary licensed
software Altair HyperMesh library (http://www.hyperworks.fr) and its
scripting language to ensure a local refinement in the neighborhood of each
hole, see Figure 4.

. . . . . .

..

. . . . . .

..

Figure 3: The meshes of the multiperforated plates for α = 0 and α = 1/2
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. . . . . .

..

Figure 4: The local refinement Patch

The outgoing condition is approximated by truncating the domain at
h3 = 2cm from the multiperforated plate, see Figure 5. On the two sec-
tions x3 = −h3 and x3 = h3 is prescribed the following accurate absorbing
boundary conditions :





∂p

∂x3
(x1, x2,−h3) + ikp(x1, x2,−h3) = 2ik exp(ikh3),

∂p

∂x3
(x1, x2, h3)− ikp(x1, x2, h3) = 0.

These conditions are rather accurate since they are obtained by neglecting
the evanescent modes which are exponentially decaying.
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x3 = 0

h2

h1

h3h3

Figure 5: The truncated domain of computation

The numerical experiments have been achieved with the boundary ele-
ment library CESC. We have chosen to use a double layer formulation [15] to
discretize the system of equations (2) and numerically compute its reflection
coefficient R. In order to check the convergence of the method, we have com-
pared the numerical results with approximately 4× 104 degrees of freedom
(d.o.f.) to the results with 1.6 × 105 d.o.f. Both numerical approximations
of the reflection coefficients coincide up to the third digit.

We have considered 26 frequencies (from 500 Hz to 3000 Hz with a 100 Hz
step). The determination of the transmission and reflection coefficients at
each frequency requires to form and invert a linear system with a dense
matrix of approximately 40,000 unknowns. It was carried on a parallel
platform having 400 processors. It required a rather large computational
time (5.2× 106s i.e. 1.3× 104s · cpu−1).

The modulus |R| and the phase angle of the reflection coefficients res-
pectively obtained from the direct numerical solution and the homogenized
approximate model are depicted in Figure 6 for the straight case (α = 0)
and in Figure 7 for the tilted case (α = 1/2).

The conclusions that can be drawn from these plots are the following:

• As predicted by the theory, there is almost no difference between the
straight case and the tilted case.

• Even if the overall behavior of the reflection coefficient is well pre-
dicted, an error of 10% on its modulus and of 5% on its phase angle
can be observed.
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Figure 6: Comparison of the reflection coefficient R = |R| exp(iϕ) of the
direct computations (green) and of the approximate model (blue) for straight
multiperforated plate
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Figure 7: Comparison of the reflection coefficient R = |R| exp(iϕ) of the
direct computations (green) and of the approximate model (blue) for the
tilted multiperforated plate
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4 Conclusion

A numerical validation of the approximate transmission condition modeling
the reflection and the transmission of acoustic waves by a multiperforated
plate has been carried out. The modulus and the phase angle for the reflec-
tion coefficients obtained through a direct numerical solution and the use
of the homogenized transmission condition have exactly the same overall
behavior even if a discrepancy between the two results gives rise to an error
of about 10%. To reduce this discrepancy, it would be interesting in our
opinion to carry out further investigations.

First, the homogenized transmission conditions can be improved by tak-
ing into account the short rang interactions. These objectives can be achieved
by performing a multi-scale in place of a two-scale asymptotic analysis.

Moreover, in most applications (combustion chamber, liners), linear acous-
tics is not generally used for modeling the behavior of the acoustic field in
the proximity of the holes. Reproducing this approach for these more com-
plicated models seem to be rather challenging. One can refer to [14] for
viscosity and to [6, 7, 8] for aeroacoustic effect.

The last issue is the choice of the numerical method. We have chosen
to use a direct solution by a plain boundary element method without accel-
erating it by a Fast Multipole Method (FMM) (see, e.g., [5]). This choice
is motivated by the fact that the problem being considered here is in the
low frequencies range and at the best of authors knowledge no completely
satisfactory FMM is available in this case.
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