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Abstract

This paper deals with the nonlinear viscoelastodynamics of three-dimensional rotating structure undergoing

finite displacement. In addition, the nonlinear dynamics is studied with respect to geometrical and mechanical

perturbations. On part of the boundary of the structure, a rigid body displacement field is applied which moves the

structure in a rotation motion. A time dependent Dirichlet condition is applied to another part of the boundary. For

instance, this corresponds to the cycle step of a helicopter rotor blade. A surface force field is applied to a third

part of the boundary and depends on the time history of the structural displacement field. For example, this might

corresponds to general unsteady aerodynamics forces applied to the structure. The objective of this paper is to

model the nonlinear dynamic behavior of such a rotating viscoelastic structure undergoingfinite displacements, and

to allow small geometrical and mechanical (mass, constitutive equations) perturbations analysis to be performed.

The model is constructed by the introduction of a reference configuration which is deduced from the nonlinear

steady boundary value problem. A constitutive equation deduced from the Coleman and Noll theory concerning

the viscoelasticity in finite displacement is used. Thereafter, the weak formulation of the boundary value problem

is constructed and discretized using the finite element method. In order to simplify the mathematical study of

the equations, multilinear forms are introduced in the algebraic calculation and their mathematical properties are

presented.

Keywords : Nonlinear Structural Dynamics, Rotating Structure, Viscoelasticity in Finite Displacement, Sensitivity Analysis.
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1. Introduction.

Vibration analysis of rotating structures is an important subject in mechanical engineering. This field has

been extensively studied in particular for linear vibration problems (for instance, see the non exhaustive

list of references, [ 3, 16, 19, 21, 24, 28, 44, 45, 46, 48, 49]). Sometimes, nonlinear vibration analysis

of rotating structures has to be performed because of the presence of finite displacement of the structure.

This can be the case for rotating structures constituted of slender parts, such as for certain helicopter rotor

blades. Many publications devoted to nonlinear vibrations of solids are based on the use of nonlinear

beam and plate theories (for instance, see [10, 18, 36, 47]). It should be noted that, if the use of such

approximated theories are very efficient for isotropic materials having no significant viscoelastic effects,

some difficulties can arise for a structure in finite displacement constituted of nonisotropic viscoelastic

material (for instance, this is the case of certain advanced helicopter rotor technology made of composite

materials). This paper is devoted to nonlinear dynamics of rotating structures constituted of nonisotropic

viscoelastic three-dimensional bodies in finite displacement, for which complex loads and complex

Dirichlet boundary conditions are considered, and for which a very little exists in the literature. In the

other hand, it should be noted that many works have been published concerning viscoelastic constitutive

equations (for linearized theory, see for instance [6, 20, 31, 38, 43] and for nonlinear theory with finite

displacement, see [13]) and concerning the use of viscoelastic models in vibration problems (see for

instance [4, 33, 38, 40, 42, 47]). Concerning the constitutive model, physically nonlinear theory should

be mentioned (see for instance [8]). In this theory, a nonlinear relation between the Cauchy stress

tensor and the linearized deformation tensor is constructed, preserving invariance under superposed rigid

body motions by writing the constitutive equations in the local reference frame of a material point of the

structure rather than in a global reference frame. Other invariant theories use this kind of strategy to study

invariant infinitesimal motions of elastic body (see for instance [9], [39]). Such theories could be used

to study small or moderate vibrations around a given finite deformation (see also [22]). Nevertheless,

it should be noted that this paper is not concerned with infinitesimal motion superposed to a given

deformation.

This paper presents the nonlinear viscoelastodynamic equations of three-dimensional rotating structures

in finite displacement without introducing any approximation in order to allow sensitivity analysis to

be numerically performed. On a first part of the boundary of the structure considered, a rigid body

displacement field operates to move the structure in a rotation motion. A time dependent Dirichlet
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condition concerning the structural displacement field is applied to a second part of the boundary of the

structure (for instance, in the context of helicopter rotor blades, this time dependent Dirichlet condition

corresponds to the cyclic step which allows the aerodynamic loads to be adapted). A surface force

field depending on the time history of the structural displacement field is applied to a third part of

the boundary of the structure (for instance, such a surface force field corresponds to general unsteady

aerodynamics forces). We present the constitutive equations of the viscoelasticity in finite displacement

(deduced from the Coleman and Noll theory [13]) in the rotating frame and with respect to the steady

configuration. The important objective of this paper is to deduce the numerical formulation based on

the use of the finite element method [2, 12, 14, 23, 50] to analyze nonlinear responses of the dynamical

system for small data perturbations to the geometric and themechanical parameters. In this context, weak

formulations [7, 11, 14, 17, 37, 38, 41] of the boundary value problems are systematically introduced in

order to deduce the matrix equations resulting from a finite element discretization. Taking into account

that we are concerned with three-dimensional structures, several formulations could be constructed

(each corresponding to several possible choices of different reference configurations). In this paper, we

present a strategy to analyze such a mechanical system. This consists in constructing a steady problem

corresponding to the structure in equilibrium under prestresses and steady loads in the rotating frame

(for instance, the time average part of unsteady body forces). It should be noted that this configuration

does not correspond to a given motion, but has to be constructed. We choose the deformed structure

associated with the steady equilibrium as the reference configuration. The nonlinear viscoelastodynamic

equations are transported on the reference configuration, because the nonlinear dynamical responses

about the steady configuration in the rotating frame are of prime importance. For instance, such a formu-

lation allows linearization of the dynamics to be performed in order to study linear instabilities of the

structure coupled with unsteady aerodynamic flow but, in the present paper, we are not interested in such

a linearized theory. A treatment by translation of the time dependent Dirichlet conditions is presented

for this kind of nonlinear viscoelastodynamic system. Finally, a complete algebraic developement is

presented which allow sensitivity analysis and random analysis to be numerically performed without

any kinematical approximations. As a result of such a strategy, among others and due to the specific

treatment used for the time dependent Dirichlet condition, nonlinear integrodifferential matrix equations

with periodic coefficients are deduced which can be used for a parametric analysis.
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2. Nonlinear boundary value problem of a rotating structure in a fixed reference frame

Let R0 be the fixed reference frame whose origin is the point O which is assumed to be located on the

axis of rotation of the structure. In R0 and at time t, the deformed configuration occupies a bounded

domain which is denoted by Ω̃(t) ⊂  3 with boundary ∂Ω̃(t). It is assumed that boundary ∂Ω̃(t) is

sufficiently smooth. In R0 and at time s, let X̃(t, s, x̃t) ∈ Ω̃(s) be the position of a particle which is

located inR0 and at time t > s at position x̃t ∈ Ω̃(t). Let s 7→ w̃(t, s, x̃t) be the  3-valued displacement

field time history of domain Ω̃(t) defined on ] −∞, t], such that

w̃(t, s, x̃t) = X̃(t, s, x̃t) − x̃t . (1)

In R0 and at time t, the rotating structure is subject to an external surface force field F̃(t, x̃t) applied

to the part Σ̃(t) of boundary ∂Ω̃(t) and to an external body force field ρ̃(t, x̃t) f̃(t, x̃t) applied in Ω̃(t)

in which ρ̃(t, x̃t) is the mass density of Ω̃(t). In order to model general loads (for instance unsteady

aerodynamic loads which depend on the time history of the structural displacement field), we write

F̃(t, x̃t) =
∫ +∞

0
G̃(τ, t, x̃t, {w̃(t, t − τ, ỹ)}ỹ∈Σ̃(t)) dτ , in which for all x̃t ∈ Σ̃(t) and for any functions

δw̃ from Σ̃(t) into  3, function τ 7→ G̃(τ, t, x̃t, δw̃) with values in  3 is integrable on ]0, +∞[. The

notation {w̃(t, t − τ, ỹ)}ỹ∈Σ̃(t) denotes the mapping ỹ 7→ w̃(t, t− τ, ỹ) from Σ̃(t) into  3. On a second

part Υ̃(t) of the boundary ∂Ω̃(t), we impose a rigid-body displacement field defined by the rotation

associated with a direct orthogonal (3 × 3) real matrix [Q(t)]. On a third part Γ̃(t) of boundary ∂Ω̃(t),

a time dependent Dirichlet condition related to the displacement field w̃(t, s, x̃t) is applied and defined

by w̃(t, s, x̃t) = w̃dir(t, s, x̃t). Let !̃(t, x̃t) be the Cauchy stress tensor related to Ω̃(t). Therefore, inR0

and at time t, the equations of the three-dimensional rotating structure are

∀x̃t ∈ Ω̃(t), divx̃t
!̃(t, x̃t) + ρ̃(t, x̃t) f̃(t, x̃t) = ρ̃(t, x̃t)

{
∂2w̃

∂s2
(t, s, x̃t)

}

s=t

, (2)

∀x̃t ∈ Σ̃(t), !̃(t, x̃t) ñ(t, x̃t) = F̃(t, x̃t) , (3)

∀x̃t ∈ Υ̃(t), w̃(t, s, x̃t) =
{

[Q(s)] [Q(t)]T − [I]
}
x̃t , (4)

∀x̃t ∈ Γ̃(t), w̃(t, s, x̃t) = w̃dir(t, s, x̃t) , (5)

with F̃(t, x̃t) =

∫ +∞

0

G̃(τ, t, x̃t, {w̃(t, t − τ, ỹ)}ỹ∈Σ̃(t)) dτ , (6)

and where ñ(t, x̃t) ∈  3 is the unit outward normal vector to the boundary ∂Ω̃(t), the exponent T means

the transpose of a matrix and [ I ] is the (3 × 3) identity matrix.
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3. Nonlinear dynamical boundary value problem of a rotating structure in a rotating frame.

Let R1 be the rotating reference frame attached to the rotating structure and let (e0,1, e0,2, e0,3) denote

the canonical basis of  3. Rotating frameR1 is defined by the origin O and the direct orthonormal basis

(e1,1(t), e1,2(t), e1,3(t)) which is derived from (e0,1, e0,2, e0,3) by the rotation represented by matrix

[Q(t)] and such that e1,p(t) = [Q(t)] e0,p for any p fixed in {1, 2, 3}. Any particle located at position ỹ

in R0 at time t is located at position y = Xt(ỹ) in R1 where Xt(ỹ) = [Q(t)]T ỹ. In R1 and at time t,

the deformed configuration occupies the bounded domain denoted by Ω(t) ⊂  3 with boundary ∂Ω(t).

It is straightfoward to show that Ω(t) = Xt(Ω̃(t)) and ∂Ω(t) = Xt(∂Ω̃(t)). Let Σ(t), Υ(t) and Γ(t) be

the parts of boundary ∂Ω(t) such that Σ(t) = Xt(Σ̃(t)), Υ(t) = Xt(Υ̃(t)) and Γ(t) = Xt(Γ̃(t)).

InR1 and at time s, letX(t, s, xt) ∈ Ω(s) be the position of a particle which is located inR1 and at time

t > s, at position xt ∈ Ω(t). Let s 7→ w(t, s, xt) be the time history of the  3-valued displacement field

of domain Ω(t), defined on ] −∞, t], such that

w(t, s, xt) = X(t, s, xt) − xt . (7)

It could be shown that [15], for all xt in Υ(t),

w(t, s, xt) = 0 , (8)

which means that reference frameR1 and all the material points belonging on Υ̃(t) move with the same

rigid body motion described by the rotation matrix [Q(t)].

The natural configuration is defined as the structure at rest without any pre-stresses. In R0, the natural

configuration occupies a bounded domain denoted as Ω0 ⊂  3 with boundary ∂Ω0. In R0 at time t, a

particule located at x0 ∈ Ω0 in the natural configuration will occupy the position X̃0(t, x0) ∈ Ω̃(t) in the

deformed configuration. It should be noted that the natural configuration could be defined as the image

of domain Ω0 by the mapping x0 7→ R−1
0 (x0). We then introduce the rotating natural configuration

as the image of domain Ω0 by the mapping x0 7→ R−1
1 (x0). Note that, in R0, the rotating natural

configuration occupies a domain Ω̃0(t) which is the image of Ω0 by the mapping X−1
t justifying the

rotating natural configuration terminology introduced. In R1 at time t, a particle located at position

x0 in the rotating natural configuration will occupy the position denoted by X0(t, x0) ∈ Ω(t) in the

deformed configuration. Let Σ0, Υ0 and Γ0 be the parts of boundary ∂Ω0 such that Σ(t) = X0(t,Σ0),

Υ(t) = X0(t,Υ0) and Γ(t) = X0(t,Γ0). Considering Eq. (8), it could be noted that Υ(t) is a fixed part

of boundary ∂Ω(t) denoted asΥ. Consequently, the domainΩ0 should be chosen such thatΥ0 = Υ. Let
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u0(t, x0) be the  3-valued displacement field of the deformed configuration inR1 and at time t, defined

on domain Ω0, such that

u0(t, x0) = X0(t, x0) − x0 , ∀x0 ∈ Ω0 . (9)

In general, u0(0, x0) is not zero. Let x0 7→ G0(τ, t, x0, δu0) be the  3-valued function defined on Σ0

and such that for any function y0 7→ δu0(y0) from Σ0 into  3, we have

G0(τ, t, x0, δu0) dS0(x0) = [Q(t)]G̃(τ, t, x̃t, δw̃) dS̃t(x̃t) , (10)

where dS̃t(x̃t) is the surface element of the boundary ∂Ω̃(t) and dS0(x0) is the surface element of the

boundary ∂Ω0 with x̃t = X0(t, x0) for all x0 in Ω0 and where

δw(ỹ) = [Q(t)]
{

δu0(y0) − u0(t, y0)
}

+
{

[Q(t − τ)] − [Q(t)]
}
X0(t, y0) , (11)

with ỹt = X̃0(t, y0) for all y0 in Υ0. With respect to the rotating natural configuration in R1, Eqs (2) to

(6) of the three-dimensional rotating structure could be rewritten as (see for instance [15])

∀x0 ∈ Ω0, divx0

(!0(t, x0) 0(t, x0)
)

+ρ0(x0) f0(t, x0) = ρ0(x0) ü0(t, x0)+2ρ0(x0) [R] u̇0(t, x0)

+ ρ0(x0)
{

[Ṙ(t)] + [R(t)]2
} {

x0 + u0(t, x0)
}

, (12)

∀x0 ∈ Σ0, !0(t, x0)  0(t, x0) n0(x0) = F0(t, x0) , (13)

∀x0 ∈ Υ0, u0(t, x0) = 0 , (14)

∀x0 ∈ Γ0, u0(t, x0) = udir
0 (t, x0) , (15)

with F0(t, x0) =

∫ +∞

0

G0(τ, t, x0, {u0(t − τ, y0)}y0∈Σ0
) dτ . (16)

where, in R1 and at time t, the function udir
0 (t, x0) defined on Γ0 with values in  3, is such that

udir
0 (t, y0) = u0(0, y0)− [Q(s)]Tw̃dir(0, t, ỹt) + {[Q(t)T− [Q(s)]T}ỹt with ỹt = X̃0(t, y0) for all y0 in

Γ0, where the unit outward normal vector to boundary ∂Ω0 is denoted by n0(x0) ∈  3, where the tensor-

valued function !0(t, x0) = ∂x0X0(t, x0), defined on Ω0, is the deformation gradient of the rotating

natural configuration,where themass density ρ0(x0) defined on domainΩ0 corresponds to the Lagrangian

transport by X̃0 of ρ̃(t, x̃t), where the  3-valued function f0 = (det!0)
−1[Q(t)]Tf̃ ◦X̃−1

0 is the density of

the applied body forces per unit volume in the rotating natural configuration,where the 3-valued function

F0(t, x0), defined on Σ0, is the density of the applied surface forces per unit area in the rotating natural

configuration such that F0 dS0 = [Q(t)]T(F̃ dS̃t) ◦ X̃0 and where  0 = (det!0) !−1
0 {" ◦ X0} !-T0

denotes the Piola-Kirchhoff stress tensor such that "(t, xt) = [Q(t)]T"̃(t, [Q(t)]xt)[Q(t)] is the Cauchy

stress tensor of the deformed configuration in R1. From Eq. (9), we deduce that !0 = [I] + ∂x0u0. It
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should be noted that if the rotational velocity and the axis of rotation are independant of t, then [Ṙ(t)] = 0

and [R(t)] is a constant matrix denoted as [R]. With this assumption, Eq. (12) is rewritten as

divx0

( 0(t, x0) 0(t, x0)
)

+ ρ0(x0) f0(t, x0) = ρ0(x0)[R]2
{
x0 + u0(t, x0)

}
+ 2ρ0(x0) [R] u̇0(t, x0)

+ ρ0(x0) ü0(t, x0) .(17)

4. Nonlinear steady boundary value problem in the rotating frame

The external loads applied to the structure and the displacement field udir
0 can be decomposed:

f0(t, x0) = fstat
0 (x0) + f

dyn
0 (t, x0) , ∀x0 ∈ Ω0 , (18)

F0(t, x0) = Fstat
0 (x0) + F

dyn
0 (t, x0) , ∀x0 ∈ Σ0 , (19)

udir
0 (t, x0) = ustat

0 (x0) + u
dyn
0 (t, x0) , ∀x0 ∈ Γ0 , (20)

where t 7→ ρ0(x0)f
dyn
0 (t, x0) denotes the time-fluctuation part of body force t 7→ ρ0(x0)f0(t, x0) around

its steady part ρ0(x0)f
stat
0 (x0), where t 7→ F

dyn
0 (t, x0) denotes the time-fluctuation part of surface force

t 7→ F0(t, x0) around its steady part F
stat
0 (x0) and where u

dyn
0 (t, x0) denotes the time-fluctuation part of

applied displacement udir
0 (t, x0) around its steady part u

stat
0 (x0), these steady parts being defined below.

If the structure is only subjected to steady parts ρ0(x0)f
stat
0 , Fstat

0 and ustat
0 of external loads, then the

structure is in equilibrium in a steady configuration which occupies inR1 a bounded domain denoted as

Ωr with boundary ∂Ωr . In R1, a particule which is located at position x0 ∈ Ω0 in the rotating natural

configuration will occupy the position X
ref
0 (x0) ∈ Ωr in the steady configuration. Let Σr , Υr and Γr

be the parts of boundary ∂Ωr such that Σr = X
ref
0 (Σ0), Υr = X

ref
0 (Υ0) and Γr = X

ref
0 (Γ0). Let

u
ref
0 (x0) be the !3-valued displacement field of the steady configuration in R1, defined from Ω0, such

that

u
ref
0 (x0) = X

ref
0 (x0) − x0 , ∀x0 ∈ Ω0 . (21)

Therefore,  ref
0 = ∂x0X

ref
0 is the deformation gradient of the steady configuration defined on domain

Ω0. Using Eq. (21) we deduce that  ref
0 = [I] + ∂x0u

ref
0 . The Cauchy stress tensor of the steady

configuration is denoted as "r(xr) and its Piola-Kirchhoff transport [11] by X
ref
0 is the tensor-valued

function  ref
0 = (det ref

0 ){ ref
0 }−1{"r ◦ Xref

0 }{ ref
0 }-T defined on Ω0. If the functions f0(t, x0),

udir
0 (t, x0) and G0(τ, t, x0, δu0) are T -periodic in t (which is consistent with the constant rotational
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velocity assumption), then fstat
0 (x0), F

stat
0 (x0) and u

stat
0 (x0) are defined by

fstat
0 (x0) =

1

T

∫ T

0

f0(t, x0) dt , ∀x0 ∈ Ω0 , (22)

Fstat
0 (x0) =

1

T

∫ +∞

0

dτ

∫ T

0

G0(τ, t, x0, {u
ref
0 (y0)}y0∈Σ0

) dt , ∀x0 ∈ Υ0 , (23)

ustat
0 (x0) =

1

T

∫ T

0

udir
0 (t, x0) dt , ∀x0 ∈ Σ0 . (24)

InR1, the nonlinear steady boundary value problem is deduced from the nonlinear dynamical boundary

value problem by replacing {f0, F0, u
dir
0 , u0,  0,  0} with {fstat

0 , Fstat
0 , ustat

0 , u
ref
0 ,  ref

0 ,  ref
0 } in

Eqs. (12) to (15) and (17), and is written as (see for instance [15])

∀x0 ∈ Ω0 , divx0

( ref
0 (x0) ref

0 (x0)
)

+ ρ0(x0) f
stat
0 (x0) = ρ0(x0)[R]2

(
x0 + u

ref
0 (x0)

)
(25)

∀x0 ∈ Σ0 ,  ref
0 (x0) ref

0 (x0) n0(x0) = Fstat
0 (x0) , (26)

∀x0 ∈ Υ0 , uref
0 (x0) = 0 , (27)

∀x0 ∈ Γ0 , uref
0 (x0) = ustat

0 (x0) . (28)

5. Nonlinear dynamic boundary value problem in the rotating frame with respect to the reference

configuration

Below, we refer the steady configuration as the reference configuration of the nonlinear dynamical

boundary value problem. Consequently, Eqs. (12) to (17), (25) and (26) have to be transported onto the

domain Ωr. In R1 and at time t, a particule located at position xr in the reference configuration will

occupy the position denoted as Xr(t, xr) ∈ Ω(t) in the deformed configuration. Let ur(t, xr) be the!3-valued displacement field of the deformed configuration, defined on Ωr , such that

ur(t, xr) = Xr(t, xr) − xr . (29)

Let xr 7→ Gr(τ, t, xr, δur) be the mapping from Σr into !3 such that, with x0 = {Xref
0 }−1(xr) in Σ0

and for any function δu0 from Σ0 into !3, we have

Gr(τ, t, xr, δur) dSr(xr) = G0(τ, t, x0, δur ◦ X
ref
0 + u

ref
0 ) dS0(x0) , (30)

where (δur ◦ X
ref
0 )(x0) means δur(X

ref
0 )(x0)) and where dSr(xr) is the surface element of boundary

∂Ωr . Equations (13) to (17) can be rewritten as (for instance, see [15])

∀xr ∈ Ωr, divxr

( r(t, x0)  r(t, xr)
)

+ρr(xr) fr(t, xr) = ρr(xr) ür(t, xr)+2ρr(x0) [R] u̇r(t, xr)

+ ρr(xr)[R(t)]2
{
x0 + u0(t, x0)

}
, (31)
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∀xr ∈ Σr,  r(t, xr)  r(t, xr) nr(xr) = Fr(t, xr) , (32)

∀xr ∈ Υr, ur(t, xr) = 0 , (33)

∀xr ∈ Γr, ur(t, xr) = udir
r (t, xr) , (34)

with Fr(t, xr) =

∫ +∞

0

Gr(τ, t, xr, {ur(t − τ, yr)}yr∈Σr
) dτ . (35)

where, in R1 and at time t, the function udir
r (t, xr) defined on Γr with values in !3, is such that

udir
r (t, xr) = udir

0 (t, {Xref
0 }−1(xr)) − ustat

0 ({Xref
0 }−1(xr)), the unit outward normal vector to the

boundary ∂Ωr is denoted as nr(xr) ∈ !3, the tensor-valued function  r(t, xr) = ∂xr
Xr(t, xr), defined

on Ωr, is the deformation gradient of the rotating natural configuration, the mass density ρr(xr) defined

on domain Ωr corresponds to the Lagrangian transport by X
ref
0 of ρ0(x0), the !3-valued function

fr(t, xr) is the density of the applied body forces per unit volume in the rotating natural configuration

such that ρr(xr)fr(t, xr)dxr = ρ0(x0)f0(t, x0)dx0, the !3-valued function F0(t, x0), defined on Σ0, is

the density of the applied surface forces per unit area in the rotating natural configuration such that

F0 dS0 = (Fr dSr) ◦ X
ref
0 and r = (det r)  −1

r

{" ◦ Xref
0

}  -Tr denotes the Piola-Kirchhoff stress

tensor. From Eq. (29), we deduce that  r = [I] + ∂x0ur.

InR1 and at time t, the nonlinear dynamical boundary value problemof the rotating structureswith respect

to the reference configuration (the steady configuration) is given by Eqs. (31) to (35). Consequently, the

transport of Eq. (25) on domain Ωr and the transport of Eq. (26) on Σr give

divxr
"r(xr) + ρr(xr) f

stat
r (xr) = ρr(xr) [R]2xr , ∀xr ∈ Ωr , (36)"r(xr) nr = Fstat

r (xr) , ∀xr ∈ Σr , (37)

where ρr(xr) f
stat
r (xr) defined on Ωr, is the external body forces applied to the reference configuration

(the steady configuration) and corresponds to the Lagrangian transport by X
ref
0 of external body forces

ρ0(x0) f
stat
0 (x0) defined on domain Ω0 and where Fstat

r (xr) is the external surface forces applied to

boundaryΣr corresponding to the Lagrangian transport by X
ref
0 of surface forces Fstat

0 (x0) definedΣ0.

It should be noted that

Fstat
r (xr) =

1

T

∫ +∞

0

dτ

∫ T

0

Gr(τ, t, xr, 0) dt , ∀xr ∈ Σr . (38)
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6. Viscoelasticity in finite displacement.

In this paper, we consider viscoelastic materials and we refer the reader to the theory of linear

viscoelasticity in finite displacement developed by B.D. Coleman and W. Noll [13]. In order to deduce

a total Lagrangian formulation of the constitutive equation, it is necessary to present a short review of

this theory. It is assumed that det  ̃0(t, x0) > 0, where  ̃0(t, x0) = ∂x0 X̃0(t, x0) is the deformation

gradient of the natural configuration in R0, at time t. For s ≤ t, let !̃(t, s, x̃t) = 1
2
( ̃T  ̃ − [I]) be the

Green-Lagrange strain tensor defined on domain Ω̃(t) in which  ̃(t, s, x̃t) = ∂x̃t
X̃(t, s, x̃t). From Eq.

(2), we deduce that  ̃ = [I] + ∂x̃t
w̃. The theory of linear viscoelaticity in finite displacement states that

Cauchy stress tensor "̃(t, x̃t) is such that#̃0(t, x0)
−1"̃(t, X̃0(t, x0))#̃0(t, x0) = $0(x0, !̃0(t, x0))

+

∫ +∞

0

Γ0(τ, x0, !̃0(t, x0)) : {#̃0(t, x0)
T !̃(t, t − τ, X̃0(t, x0))#̃0(t, x0)} dτ , (39)

where !̃0 = 1
2
{ ̃T0  ̃0 − [I]} is the Green-Lagrange strain tensor of the deformed configuration in R0

with respect to domain Ω0 and where the orthogonal tensor #̃0(t, x0) is constructed using the polar

decomposition of positive-definite tensor  ̃0(t, x0) and is written as #̃0 =  ̃0 { ̃T0  ̃0}
−

1
2 .

In Eq. (39), x0 7→ $0(x0, !̃0(t, x0)) is a function from Ω0 into the set of all symmetric second-order

tensors and t 7→ Γ0(t, x0,%) is a function from &+ into the set of all symmetric fourth-order tensors.

Futhermore, for all symmetric second-order tensors %, for all x0 in Ω0 and for all i, j, k, h fixed in

{1, 2, 3}, functions t 7→ {Γ0(t, x0,%)}ijkh belongs to L2(&+, γ−2dτ) where γ is a positive real-value

function defined on &+ such that, for a given positive integer r, limτ 7→+∞ τr γ(τ) = 0.

In a first step, the constitutive equation (39) could be rewritten in rotating reference frameR1 in which a

Lagrangian formulation on domain Ω0 for the linear viscoelasticity in finite displacement theory could

be deduced. In a last step, this Lagrangian formulation is transported onto domain Ωr.

Thus, Eq. (39) could be rewritten as (see for instance [15]) 0(t, x0) = '0(x0,!0(t, x0)) + Φ0(0, x0,!0(t, x0)) : !0(t, x0)

+

∫ +∞

0

Φ̇0(τ, x0,!0(t, x0)) : !0(t − τ, x0) dτ , (40)

in which !0 = 1
2
{ T0  0 − [I]} is the Green-Lagrange strain tensor of the deformed configuration inR0

with respect to domain Ω0, and where the derivative of function Φ0(τ, x0,%) with respect to τ is written
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as

{
Φ0(s, x0, )

}

ijkh
= det

(
2 + [I]

) 1
2

3∑

a,b,p,q=1

{(
2 + [I]

)− 1
2

}

ai

{(
2 + [I]

)− 1
2

}

bj

×

{(
2 + [I]

)− 1
2

}

pk

{(
2 + [I]

)− 1
2

}

qh

{
Γ0(s, x0, )

}

abpq
, (41)

where !0(x0, ) is such that, for all symmetric second-order tensors  ,!0(x0, ) = det
(
2 + [I]

) 1
2
(
2 + [I]

)− 1
2 "0(x0, )

(
2 + [I]

)− 1
2

. (42)

In addition, we have limτ→+∞ Φ0(τ, x0, ) = 0. If #0(τ, x0) is a bounded function in τ and if

τ 7→ Φ0(τ, x0, ) belongs to L1($+, dτ) then  0(t, x0) exists. With these assumptions and because

τ 7→ Γ0(τ, x0, )) belongs to L2($+, γ−2dτ), we deduce that function τ 7→ Φ0(τ, x0, ) belongs to

L2($+, γ−2dτ) ∩ L1($+, dτ).

In this paper, only finite displacements are taken into account and material nonlinearities are not

considered. Consequently, substituting !0(x0,#0(t, x0)) = %0(x0) : #0(t, x0) into Eq. (40) and

introducing the &0(τ, x0) = Φ0(τ, x0, 0) + %0(x0) yield 0(t, x0) = &0(0, x0) : #0(t, x0) +

∫ +∞

0

&̇0(τ, x0) : #0(t − τ, x0) dτ . (43)

It can be proven that

{&0(t, x0)}ijkh = {&0(t, x0)}khij = {&0(t, x0)}ijhk = {&0(t, x0)}jikh , (44)

and that there exists c > 0 such that, for all symmetric second-order tensors ',
{&0(0, x0)

}

ijkh
{'}kh {'}ij ≥ c {'}ij {'}ij . (45)

It should be noted that the linearization of Eq. (43) with respect to u0 yields the usual linear viscoelasticity

theory [20, 31, 43]((t,X0(t, x0)) = &0(0, x0) : )0(t, x0) +

∫ +∞

0

&̇0(τ, x0) : )0(t − τ, x0) dτ , (46)

where )0 = 1
2{∂x0u0 + ∂x0u

T
0} denotes the linearized strain tensor. Substituting &0(τ, x0) dτ =%0(x0)1 +(τ) dτ + *0(x0) δ0(τ) into the right-hand side of Eq. (43) yields the constitutive equation of

instantaneous viscoelasticity in finite displacement which is written as 0(t, x0) = %0(x0) : #0(t, x0) + *0(0, x0) : #̇0(t, x0) . (47)
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Let  ref
0 = 1

2(!ref
0

T !ref
0 − [I]) be the Green-Lagrange strain tensor of the reference configuration

defined on Ω0. Substituting  0(t, x0) =  ref
0 (x0) into Eq. (43) yields ref

0 (x0) = "0(x0) :  ref
0 (x0) , ∀x0 ∈ Ω0 . (48)

In section 4, we introduced ref
0 as the Piola-Kirchhoff transport by X

ref
0 of tensor-valued function #r .

Consequently, we deduce from Eq. (48)#r(xr) =
1

det!ref
0 (x0)

!ref
0 (x0)

{"0(x0) :  ref
0 (x0)

} !ref
0 (x0)

T , (49)

with x0 = {Xref
0 }−1(xr). Let  r(t, xr) = 1

2
(!Tr !r − [I]) be the Green-Lagrange strain tensor of

the deformed configuration defined on Ωr . In section 5, we have introduced  r as the Piola-Kirchhoff

transport byXr of Cauchy stress tensor #. In section 3, 0 is also defined as the Piola-Kirchhoff transport

by X0 of Cauchy stress tensor #. Therefore, it could be proved [15] that  r is also the Piola-Kirchhoff

transport by Xref
o of tensor-valued function 0. Consequently, Eq. (47) could be rewritten as r(t, xr) = #r(xr) + $r(0, xr) :  r(t, xr) +

∫ +∞

0

$̇r(τ, xr) :  r(t − τ, xr) dτ , (50)

where $r(τ, xr) is such that

{$r(τ, xr)}abpq=
{$0(τ, x0)}klmn

det!ref
0 (x0)

{!ref
0 (x0)}ak{!ref

0 (x0)}bl {!ref
0 (x0)}pm{!ref

0 (x0)}qn , (51)

in which x0 = {Xref
0 }−1(xr). It is easy to prove that, for any {a, b, p, q} fixed in {1, 2, 3}, functions

τ 7→ {$r(τ, xr)}abpq belong to L2(%+, γ−2dτ) ∩ L1(%+, dτ) with

{$r(t, xr)}abpq = {$r(t, xr)}pqab = {$r(t, xr)}abqp = {$r(t, xr)}bapq . (52)

Tensor $0(0, x0) is positive-definite but concerning tensor $r(0, xr), we have only proved that there is

a positive constant c such that

{$r(0, xr)}abpq {&}ab {&}pq ≥ c {&ref(x0)}ab {&ref(x0)}ab , (53)

in which x0 = {Xref
0 }−1(xr), &ref = 1√

det ref

0

!ref
0

T & !ref
0 and where & is any real symmetric

second-order tensor. Equation (53) does not mean that tensor $r(0, xr) is positive-definite.

7. Weak formulation of the nonlinear steady boundary value problem.

Let C(Ω0) be the set of sufficiently differentiable functions v from Ω0 into %3. Let Cad(Ω0) be the

admissible function space constituted of all functions v in C(Ω0) such that v = 0 onΥ0 and let Cad,0(Ω0)
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be the subset of all the functions in C(Ω0) such that v = 0 on Υ0 ∪ Γ0. The weak formulation of the

nonlinear steady boundary value problem defined in Section 4 is written as follows : find the displacement

field u
ref
0 ∈ Cad(Ω0) with u

ref
0 = ustat

0 on Γ0 such that, for all v in Cad,0(Ω0),

ke,0(u
ref
0 , v) + kc,0(u

ref
0 , v) + k2,0(u

ref
0 , v) + k3,0(u

ref
0 , v) − la,0(u

ref
0 , v) = l0(v) , (54)

where the symmetric positive-definite bilinear form ke,0, skew symmetric negative bilinear form kc,0,

nonlinear forms k2,0, k3,0, la,0, defined on Cad(Ω0) × Cad(Ω0), and linear form l0 defined on Cad(Ω0),

are such that

ke,0(u, v) =

∫

Ω0

{ 0 :
∂u

∂x0

}
:

∂v

∂x0
dx0 , (55)

kc,0(u, v) =

∫

Ω0

ρ0

{
[R]2 u

}
· v dx0 , (56)

k2,0(u, v) =
1

2

∫

Ω0

{ 0 :

(
∂u

∂x0

T ∂u

∂x0

)}
:

∂v

∂x0
dx0 +

∫

Ω0

{ 0 :
∂u

∂x0

}
:

{
∂u

∂x0

T ∂v

∂x0

}
dx0 , (57)

k3,0(u, v) =
1

2

∫

Ω0

{ 0 :

(
∂u

∂x0

T ∂u

∂x0

)}
:

{
∂u

∂x0

T ∂v

∂x0

}
dx0 , (58)

la,0(u, v) =
1

T

∫ +∞

0

dτ

∫ T

0

ds

∫

Σ0

G0(τ, s, x0,u) · v dS0(x0) , (59)

l0(v) =

∫

Ω0

ρ0 f
stat
0 · v dx0 −

∫

Ω0

ρ0

{
[R]2 x0

}
· v dx0 . (60)

8. Finite element discretization of the nonlinear steady boundary value problem.

Let Cad,h(Ω0) be the subset of Cad(Ω0) corresponding to a finite element discretization of domain Ω0.

Let [N0(x0)] be the 3×Nh real interpolation matrix such that the corresponding approximation of u
ref
0

and v (always denoted as u
ref
0 and v) are written as [N0(x0)] U and [N0(x0)] V, in which U =

[
Ud

stat

Uf

]

and V =

[0

Vf

]
belong to !Nh , where Ud

stat is the vector of the degrees-of-freedom related to the mesh

of Γ0. The finite element approximation of Eq. (54) is written as

VT
[
[Ke,0] + [Kc,0] + [K2,0(U)] + [K3,0(U)]

]
U = VT L0 + VT La(U) , (61)

where the symmetric positive-definite matrices [Ke,0], [K3,0(U)], the symmetric negative-definitematrix

[Kc,0], the nonsymmetric matrix [K2,0(U)] and the vectors La,0(U), L0 are defined in Appendix A.

Introducing the matrices




[Add

0 (Ud
stat,U

f )] [Adf
0 (Ud

stat,U
f )]

[Afd
0 (Ud

stat,U
f )] [Aff

0 (Ud
stat,U

f )]



 = [Ke,0] + [Kc,0] + [K2,0(U)] + [K3,0(U)] , (62)

C. Desceliers, C. Soize, Submitted to International Journal of Non-Linear Mechanics, October, 2002, Second revised version 13






[F d
0 (Ud

stat,U
f )]

[F f
0 (Ud

stat,U
f )]


 = La,0(U) + L0 , (63)

equation (61) yields

[Afd
0 (Ud

stat,U
f )] Ud

stat + [Aff
0 (Ud

stat,U
f )] Uf = F

f
0 (Ud

stat,U
f ) . (64)

Moreover, a method based on Lagrange multipliers could be used in order to take into account the

Dirichlet condition u
ref
0 = ustat

0 on Γ0 [15].

9. Weak formulation of the nonlinear dynamic boundary value problem in the rotating frame with

respect to the reference configuration.

Let C(Ωr) be the set of sufficiently differentiable functions v from Ωr into  3. Let Cad(Ωr) be the

admissible function space constituted of all functions v in C(Ωr) such that v = 0 onΥr and let Cad,0(Ωr)

be the subset of all the functions in C(Ωr) such that v = 0 on Υr ∪ Γr. The weak formulation

of the nonlinear dynamic boundary value problem defined in Section 5 is written as follows : find

the displacement field ur(t, xr) ∈ Cad(Ωr) with ur(t, xr) = udir
r (t, xr) on Γr such that, for all v in

Cad,0(Ωr),

mr(ür, v)+ cr(u̇r, v)+kg,r(ur, v)+kc,r(ur, v)+ke,r(ur, v)+
1

2
k2,r(ur, ur, v)+k2,r(v, ur, ur)

+k3,r(ur, ur, ur, v)+

∫ +∞

0

gr(τ, ur(t− τ), v) dτ +

∫ +∞

0

g2,r(τ, v, ur(t), ur(t− τ)) dτ

+
1

2

∫ +∞

0

g2,r(τ, ur(t−τ), ur(t−τ), v) dτ +

∫ +∞

0

g3,r(τ, ur(t−τ), ur(t−τ), ur(t), v) dτ

−

∫ +∞

0

la,r(τ, t,ur(t − τ), v) dτ = lr(t, v) , (65)

where, for all u, v, w and r in Cad(Ωr), we have

kg,r(u, v) =

∫

Ωr

!r :

{
∂uT

∂xr

∂v

∂xr

}
dxr , (66)

ke,r(u, v) =

∫

Ωr

{"r(0, xr) :
∂u

∂xr

}
:

∂v

∂xr

dxr , (67)

kc,r(u, v) =

∫

Ωr

ρr

{
[R]2 u

}
· v dxr , (68)

gr(t, u, v) =

∫

Ωr

{"̇r(t, xr) :
∂u

∂xr

}
:

∂v

∂xr

dxr , (69)

cr(u, v) = 2

∫

Ωr

ρr

{
[R] u

}
· v dxr , (70)

mr(u, v) =

∫

Ωr

ρr u · v dxr , (71)
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g2,r(t,u, v, w) =

∫

Ωr

{ ̇r(t, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:

∂w

∂xr

dxr , (72)

g3,r(t,u, v, w, r) =
1

2

∫

Ωr

{ ̇r(t, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:

{
∂wT

∂xr

∂r

∂xr

}
dxr , (73)

k2,r(u, v, w) =

∫

Ωr

{ r(0, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:
∂w

∂xr

dxr , (74)

k3,r(u, v, w, r) =
1

2

∫

Ωr

{ r(0, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:

{
∂wT

∂xr

∂r

∂xr

}
dxr , (75)

la,r(τ, t,u, v) =

∫

Σr

Gdyn
r (τ, t, xr, {u(yr)}yr∈Σr

) · v dSr , (76)

lr(t, v) =

∫

Ωr

ρr(xr) f
dyn
r (t, xr) · v dxr , (77)

where

Gdyn
r (τ, t, xr, δur) = Gr(τ, t, xr, δur) −

1

T

∫ T

0

Gr(τ, t, xr, 0) dt , (78)

fdyn
r (t, xr) = fr(t, xr) − fstat

r (xr) . (79)

10. Treatment of the time dependent Dirichlet boundary condition applied to the structure in the

rotating frame

In order to obtain an homogenous Dirichlet condition on Γr , the functions u
tran
r (t, xr) and u

hom
r (t, xr)

belonging to Cad(Ωr) are introduced such that ur = utran
r + uhom

r . The function utran
r (t, xr) is a

translation which is defined such that utran
r (t, xr) = udir

r (t, xr) on Γr and such that, for all v in

Cad,0(Ωr),

kg,r(u
tran
r , v) + kc,r(u

tran
r , v) + ke,r(u

tran
r , v) = 0 . (80)

It is assumed that Eq. (80) has a unique solution. Substituting ur = utran
r + uhom

r into Eq. (65), we

deduce that uhom
r (t, xr) belongs to Cad,0(Ωr) is such that, for all v in Cad,0(Ωr),

mr(ü
hom
r , v)+cr(u̇

hom
r , v)+kg,r(u

hom
r , v)+kc,r(u

hom
r , v)+ke,r(u

hom
r , v)+

1

2
k2,r(u

hom
r , uhom

r , v)

+k2,r(v, u
hom
r , uhom

r )+k3,r(u
hom
r , uhom

r , uhom
r , v)+k̂g,r(t,u

hom
r , v)+k̂e,r(t,u

hom
r , v)

+ k̂2,r(t,u
hom
r ,uhom

r , v) + 2 k̂2,r(t, v,u
hom
r , uhom

r ) +

∫ +∞

0

gr(τ, u
hom
r (t − τ), v) dτ

+

∫ +∞

0

g2,r(τ, v, u
hom
r (t), uhom

r (t−τ)) dτ+
1

2

∫ +∞

0

g2,r(τ, u
hom
r (t−τ), uhom

r (t−τ), v) dτ

+

∫ +∞

0

g3,r(τ, u
hom
r (t−τ), uhom

r (t−τ), uhom
r (t), v) dτ+

∫ +∞

0

ĝr(τ, t, u
hom
r (t−τ), v) dτ

+

∫ +∞

0

ĝ2,r(τ, t,u
hom
r (t−τ),uhom

r (t−τ), v)dτ +

∫ +∞

0

b̂2,r(τ, t,u
hom
r (t−τ),uhom

r (t), v)dτ
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−

∫ +∞

0

l̂a,r(τ, t,u
hom
r (t − τ), v) dτ = lr(t, v) − l̂r(t, v) , (81)

where multilinear forms k̂g,r, k̂e,r, ĝr, ĝ2,r, k̂2,r, nonlinear form l̂a,r and linear form l̂r (defined in

Appendix B) correspond to the treatment of the time dependent boundary condition. Equation (81) is

the translated weak formulation of the nonlinear dynamical boundary value problem.

11. Finite element discretization of the nonlinear dynamic boundary value problem

Let Cad,h(Ωr) be the subset of Cad(Ωr) corresponding to a finite element discretization of domain

Ωr. Let [Nr(xr)] be the 3 × Nh real interpolation matrix such that the corresponding approximation

of utran
r (t, xr), u

hom
r (t, xr) and v (always denoted as utran

r (t, xr), u
hom
r (t, xr) and v) are written as

[Nr(xr)] U
tran(t), [Nr(xr)] U

hom(t) and [Nr(xr)] V, in which U
tran(t) =

[
Udir

d (t)

Utran
f (t)

]
, Uhom(t) =

[
0

Uhom
f

]
and V =

[0

Vf

]
belong to  Nh , where Udir

d (t) is the vector of the degrees-of-freedom related

to the mesh of Γr. The finite element approximation of Eqs. (80) and (81) is written as

VT{[Kg,r] + [Kc,r] + [Ke,r]} U
tran(t) = 0 , (82)

VT [Mr] Ü
hom
t + VT [Cr] U̇

hom
t + VT

{
[Kg,r] + [Kc,r] + [Ke,r] + [K2,r(U

hom
t )]T +

1

2
[K2,r(U

hom
t )]

+ [K3,r(U
hom
t ,Uhom

t )] + [K̂e,r(t)] + [K̂g,r(t)] + [K̂2,r(t,U
hom
t )] + 2 [K̂2,r(t,U

hom
t )]T

}
Uhom

t

+

∫ +∞

0

VT
{

[Gr(τ)] + [Ĝr(τ, t)] +
1

2
[G2,r(τ, t,U

hom
t−τ )] + [G2,r(τ, t,U

hom
t )]T + [B̂2,r(τ, t,U

hom
t )]

+ [Ĝ2,r(τ, t,U
hom
t−τ )] + [Ĝ3,r(τ, t,U

hom
t ,Uhom

t−τ )
}
Uhom

t−τ dτ −

∫ +∞

0

VT L̂a,h(τ, t,Uhom
t−τ ) dτ

= VT Lr,h(t) − VT L̂r,h(t) , (83)

with Uhom
t = Uhom(t), Utran

t = Utran(t) and where, for all U,V and W in  Nh , the matrices of

Eq. (83) are defined in Appendix C. In a first step, Eq. (82) is solved and allows vector Utran(t) to

be constructed. In a second step, Utran(t) being known, Eq. (83) is solved and gives Uhom(t). The

nonlinear dynamical responses of the rotating structure is then given by [Nr(xr)]{U
hom(t)+Utran(t)}.

12. Sensitivity analysis of the nonlinear dynamical problem for small data perturbation

This section deals with small perturbations of the geometry, mass density and constitutive equation

parameters. The nonlinear dynamical equations are written with respect to the reference configuration

defined by the domain Ωr . However, perturbations of the geometry, mass density and constitutive

equations cannot be defined on Ωr because this domain is obtained by solving the nonlinear steady

boundary value problem defined on Section 4, and written with respect to domain Ω0. Consequently,
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perturbations have to be defined on the domain Ω0 and rewritten with respect to the domain Ωr . In the

sequel, small perturbations of the data is assumed.

For perturbations applied to the geometry, mass density and constitutive equation parameters, the

deformed configuration occupies the domain Ω′(t) with boundary ∂Ω′(t) inR1 and at time t.

LetΩ0 be the domain occupied by the perturbed rotating natural configuration and letX00 be the mapping

from Ω0 on Ω0 such that det∂x0X00 be a positive real-valued function. The geometry perturbation of

the rotating natural configuration is represented by the  3-valued displacement field u00 defined on Ω0

such that

u00(x0) = X00(x0) − x0 . (84)

Let !00 = ∂x0X00 be defined on domain Ω0. Let X
′

0
(t, x0) be the position in rotating frame R1 and

at time t of the particule located at position x0 ∈ Ω0 in the perturbed rotating natural configuration

observed in R1. Let X
ref

0
= X

ref
0 ◦ {X00}

−1 defined from Ω0 into Ωr and let X
′

r = X′

0
◦ {Xref

0
}−1 be

the mapping fromΩr intoΩ′(t). Let us consider the Green-Lagrange strain tensors"′

0
= 1

2 (!′

0

T !′

0
−[I])

and "ref

0
= 1

2
(!ref

0

T !ref

0
− [I]), both defined on Ω0 and "′

r = 1
2
(!′

r
T !′

r − [I]) defined on Ωr in which!′

0
= ∂x0X

′

0
, !ref

0
= ∂x

0
X

ref

0
and !′

r = ∂xr
X′

r.

The mass density perturbation of the rotating natural configuration is given by the real-valued mapping

x0 7→ ∆ρ0(x0) defined onΩ0 such that ρ
′

0
= ρ0 ◦{X00}

−1 +∆ρ0 be a positive real-valued function. Let

ρ′r be the perturbed mass density defined on domain Ωr and corresponding to the Lagrangian transport

by X
ref

0
of the mapping ρ′

0
defined on Ω0. We then have

ρ′r(xr) ◦ X
ref

0
=

1

det!ref

0
(x0)

(
ρ0(x0) ◦ {X00}

−1 + ∆ρ0(x0)
)

, (85)

where x0 = {Xref
0 }−1(xr), x0 = {Xref

0
}−1(xr).

The constitutive equation perturbation is represented by∆#0(τ, x0) defined onΩ0 such that, for all i, j, k

and h fixed in {1, 2, 3}, functions τ 7→ {#̇0(τ, x0)}ijkh belong to L2( +, γ−2dτ) ∩ L1( +, dτ) and

such that

∆$0(x0) = lim
τ→+∞

|{∆#0(τ, x0)}ijkh| < +∞ , (86)

{∆#0}ijkh = {∆#0}khij = {∆#0}jikh = {∆#0}ijhk , (87)

3∑

i,j,k,h

(
{#0(0, x0)}ijkh + {∆#0(0, x0)}ijkh

)
{%}ij{%}kh ≥ c′ {%}ij{%}ij , (88)
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in which x0 = {X00}
−1(x0), where c′ is a positive real number and where  is any real symmetric

second-order tensor.

Let !′(t, x′t) be the perturbed Cauchy stress tensors defined onΩ′(t) for the deformed configuration with

perturbation of the geometry, the mass density and the constitutive equation. Let ′

0
(t, x0) be defined on

Ω0 as the Piola-Kirchhoff transport byX
′

0
of !′(t, x′t). Substituting "0(t, x0) by "0(τ, x0)+∆"0(τ, x0), 0(t, x0) by ′

0
(t, x0) and #0(t, x0) by #0(t, x0) into Eq. (43) yields ′

0
(t, x0) =

["0(0, x0) + ∆"′

0
(0, x0)

]
: #′

0
(t, x0) +

∫ +∞

0

∆"̇0(τ, x0) : #′

0
(t − τ, x0) dτ

+

∫ +∞

0

"̇0(τ, x0) : #′

0
(t − τ, x0) dτ , (89)

with x0 = X00(x0). Let  ref

0
be the mapping defined on domain Ω0 suh that ref

0
(x0) =

["0(0, x0) + ∆"0(0, x0)
]

: #ref

0
. (90)

with x0 = X00(x0). Let !′r and  ′

r be defined on domain Ωr as the Piola-Kirchhoff transports by X
ref

0

of mappings ref

0
and  ′

0
defined on domain Ω0. Substituting #ref

0 by #ref

0
, $ref

0 by $ref

0
, %0(x0) by%0(x0) + ∆%0(x0) and X

ref
0 by X

ref

0
into Eq. (49) yields!′r(xr) =

1

det$ref

0
(x0)

$ref

0
(x0)

{
[%0(x0) + %0(x0)] : #ref

0
(x0)

} $ref

0
(x0)

T , (91)

in which x0 = {Xref
0 }−1(xr), x0 = {Xref

0
}−1(xr). Substituting  r by  ′

r, !r by !′r, $ref
0 by $ref

0
,"0(τ, x0) by "0(τ, x0) + ∆"0(τ, x0) and #r by #′

r into Eqs. (50) and (51) yields ′

r(t, xr) = !′r(xr) + "′

r(0, xr) : #′

r(t, xr) +

∫ +∞

0

"̇′

r(τ, xr) : #′

r(t − τ, xr) dτ , (92)

{"′

r(τ, xr)}abpq=
1

det$ref

0
(x0)

{$ref

0
(x0)}ak{$ref

0
(x0)}bl {$ref

0
(x0)}pm{$ref

0
(x0)}qn

×
(
{"0(τ, x0)}klmn + ∆"0(τ, x0)}klmn

)
, (93)

with x0 = {Xref
0 }−1(xr) and x0 = {Xref

0
}−1(xr). The perturbation of the mass density and the

constitutive equation induced by perturbations u00, ∆ρ0 and ∆"0 are represented by functions ∆ρr ,

∆"r and ∆!r defined on domain Ωr. For small perturbations, Eqs (85), (91) and (93) can be linearized

with respect to mappings u00, ∆ρ0 and ∆"0. Since ∂x
0
{X00}

−1 ≃ [I] − ∂x
0
u00, we then have$ref

0
≃ $ref

0 − $ref
0 {∂x

0
u00} and det$ref

0
≃ det$ref

0 (1 − divx0u00). Consequently, from Eqs. (85),

(91) and (93), we deduce that

∆ρr(xr) = ρr(xr)divx0 u00(x0) +
1

det$ref
0 (x0)

∆ρ0(x0) , (94)
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∆ r(xr) = !1(xr) :: ∆"0(x0) + #1(xr) :
∂u00(x0)

∂x0
+ (divx0 u00(x0))  r(xr) , (95)

∆$′

r(xr) = !2(xr) :: ∆$0(x0) + #2(xr) :
∂u00(x0)

∂x0
+ (divx0 u00(x0)) $r(xr) , (96)

where !1, !2, #1, #2 are tensor-valued functions defined in Apendix D and where x0 = {Xref
0 }−1(xr),

x0 = {Xref

0
}−1(xr).

13. Weak formulation of the perturbed nonlinear boundary value problem

The weak formulation of the nonlinear dynamical boundary value problem with small data perturbations

is constructed by substituting ur by u′r, ρr by ρ′r,  r by  ′

r,  r by  ′

r into Eq. (31) and Eq. (92).

The weak formulation of the perturbation of the nonlinear dynamic boundary value problem defined in

Section 5, is written as follows : find displacement field u′r(t, xr) ∈ Cad(Ωr)with u
′

r(t, xr) = udir
r (t, xr)

on Γr such that, for all v in Cad,0(Ωr),

∫

Ωr

ρ′r

{
ü′r

}
· vdxr + 2

∫

Ωr

{
ρ′r [R] u̇′r

}
· vdxr

+

∫

Ωr

!′r :

{ ′

r
T ∂v

∂xr

}
dxr +

∫

Ωr

{"′

r(0, xr) : #′

r

}
:

{ ′

r
T ∂v

∂xr

}
dxr

+

∫

Ωr

∫ +∞

0

{"̇′

r(τ, xr) : #′

r(t − τ, xr)

}
:

{ ′

r
T ∂v

∂xr

}
dxr dτ −

∫

Ωr

!′r :
∂v

∂xr

dxr

+

∫

Ωr

ρ′r

{
[R]2 u′r

}
· v dxr =

∫

Ωr

ρ′r f
dyn′
r · v dxr +

∫

Σr

Fdyn′
r · v dSr , (97)

where fdyn′
r (t, xr) defined on Ωr and F

dyn′
r (t, xr) defined on Σr are such that

fdyn′
r (t, xr) = fr − [R]2xr + ρ′r(xr)

−1divxr
!′r(xr) , (98)

Fdyn′
r (t, xr) =

∫ +∞

0

Gdyn
r (τ, t, xr, {u

′

r(t − τ, yr)}yr∈Σr
) dτ − ∆!r(xr) nr(xr) .

14. Treatment of the time dependent Dirichlet boundary condition applied to the perturbed

structure in the rotating frame

In order to obtain a homogeneous Dirichlet condition on Γr , we substitute u
′

r = uhom′ + utran
r into Eq.

(97) where uhom′ ∈ Cad,0(Ωr) is the new unknown of the perturbed nonlinear dynamical problem. We

then have

{Mr + ∆Mr} ü
hom′

r (t) + {Cr + ∆Cr} u̇
hom′

r (t) + {Kg,r + ∆Kg,r +Kc,r + ∆Kc,r +Ke,r + ∆Ke,r

+
1

2
K2,r(u

hom′

r (t)) +
1

2
∆K2,r(u

hom′

r (t)) +
t
K2,r(u

hom′

r (t)) +
t
∆K2,r(u

hom′

r (t))

+K3,r(u
hom′

r (t),uhom′

r (t))+∆K3,r(u
hom′

r (t),uhom′

r (t))+ K̂g,r(t)+∆K̂g,r(t)+ K̂e,r(t)+∆K̂e,r(t)

+ K̂2,r(t,u
hom′

r (t)) + ∆K̂2,r(t,u
hom′

r (t)) + 2
t
K̂2,r(t,u

hom′

r (t)) + 2
t
∆K̂2,r(t,u

hom′

r (t))} uhom′

r (t)
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+

∫ +∞

0

{Gr(τ) + ∆Gr(τ) + Ĝr(τ, t) + ∆Ĝr(τ, t) + B̂2,r(t,u
hom′

r (t)) + ∆B̂2,r(τ, t,u
hom′

r (t))

+
1

2
G2,r(τ,u

hom′

r (t − τ)) +
1

2
∆G2,r(τ,u

hom′

r (t − τ)) +
t
G2,r(τ,u

hom′

r (t)) +
t
∆G2,r(τ,u

hom′

r (t))

+ Ĝ2,r(τ, t,u
hom′

r (t − τ)) + ∆Ĝ2,r(τ, t,u
hom′

r (t − τ)) + G3,r(τ,u
hom′

r (t),uhom′

r (t − τ))

+∆G3,r(τ,u
hom′

r (t),uhom′

r (t − τ))} uhom′

r (t − τ)dτ −

∫
∞

0

La,r(τ, t,u
hom′

r (t − τ)) dτ

= ∆La,r + Lr(t) + ∆Lr(t) − L̂r(t) − ∆L̂r(t) , (99)

where all multilinear operators in Eq. (99) are defined in Appendix E by their associated multilinear

forms.

15. Formal perturbations methods for solving nonlinear dynamical problem with perturbed data

Operatorial equation (99) could be rewritten as

Mr ü
hom′

r (t) + Cr u̇
hom′

r (t) + Ar(t,u
hom′

r ) + Âr(t,u
hom′

r )

+ ε{∆Mr ü
hom′

r (t) + ∆Cr u̇
hom′

r (t) + ∆Ar(t,u
hom′

r ) + ∆Âr(t,u
hom′

r )} = 0 , (100)

where operators Ar , Âr , ∆Ar and ∆Âr are defined in Appendix F and where ε is a nondimensional

parameter introduced in order to use a perturbation method [1, 5, 27, 29, 34, 35, 36] for Eq. (100). It

should be noted that operators Âr and ∆Âr correspond to the treatment of the time dependent Dirichlet

condition for the perturbed nonlinear dynamical system. The perturbation method considered in this

paper is formal and consists in using the asymptotic approximation uhom′

r ≃
∑+∞

n=0 εnun
r . It is also

well known that secular terms could occur due to solution u0
r of the unperturbed problem. Other more

advanced methods (such as the normal form method) can be used to avoid secular terms [25, 26, 27, 29,

30, 32, 33, 34], but such an application for the present problem is really tricky due to the dimension of

the problem which is infinite. It is also assumed that the following expansion can be written,

L̂a,r(τ, t,u
0
r + u) = L̂a,r(τ, t,u

0
r) + L̂1

a,r(τ, t) u+ L̂2
a,r(τ, t,u,u) + L̂3

a,r(τ, t,u,u,u) + . . . (101)

Substituting uhom′

r =
∑+∞

n=0 εnun
r into Eq. (100) with u0

r = uhom
r and identifying terms in εn, for each

integer n > 0, we then obtain

Mrü
n
r (t) + Cru̇

n
r (t) +

{
Kr +K0

r(t) + K̂0
r(t)

}
un

r (t) +

∫ +∞

0

{
G0

r(τ, t) + Ĝ0
r(τ, t)

}
un

r (t − τ)dτ

−

∫
∞

0

L̂1
a,r(τ, t) u

n
r (t − τ) dτ = −Fn

r (t) − F̂n
r (t) , (102)

where for n fixed into {1, 2}, Kr , K
0
r(t), K̂

0
r(t), G

0
r(τ, t), Ĝ

0
r(τ, t), F

n
r (t) and F̂n

r (t) are defined in

Appendix F. The finite element approximation of un
r with n > 0 is defined as [Nr(xr)] U

n(t) with
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Un(t) =

[
0

Un
f (t)

]
and belongs to Cad,h(Ωr). Moreover, the finite element discretization of operators

L̂1
a,r(τ, t), Kr, K

0
r(t), K̂

0
r(t), G

0
r(τ, t), Ĝ

0
r(τ, t), F

n
r (t) and F̂n

r (t) with n in {1, 2} are denoted as

L̂1
a,h(τ, t), [Kr], [K

0
r (t)], [K̂0

r (t)], [G0
r(τ, t)], [Ĝ

0
r(τ, t)], F

n
r,h(t) and F̂n

r,h(t) and are defined in Appendix

G. Consequently, the finite element discretization of Eq. (102) is

[Mr]Ü
n
t + [Cr]U̇

n
t +

{
[Kr] + [K0

r (t)] + [K̂0
r (t)]

}
Un

t +

∫ +∞

0

{
[G0

r(τ, t)] + [Ĝ0
r(τ, t)]

}
Un

t−τdτ

−

∫
∞

0

L̂1
a,h(τ, t) Un

t−τ dτ = −Fn
r,h(t) − F̂n

r,h(t) , (103)

with Un
t = Un(t).

16. Conclusions

In general, for nonlinear elastodynamic equations of rotating structures in finite displacement, approxi-

mated theories are used. In such a model, it is difficult to introduce viscoelasticity for nonisotropic

materials. In this paper, we have presented the details of a complete and exact three-dimensional

formulation for nonlinear dynamics in finite displacement of rotating structures constituted of viscoelastic

nonisotropic and nonhomogenous materials. In addition, time dependent boundary conditions are

considered and the rotating structure is subjected to a complex loading depending on the time history of

the structural displacement field (for instance, unsteady aerodynamic forces). A strategy for analyzing

such a problem is proposed and nonlinear dynamical matrix equations resulting from the finite element

discretization are given. Finally, all the equations concerning sensitivity analysis of the nonlinear

dynamical problem system with respect to the perturbed data are given.

Appendix A. Definition of the finite element matrices for the nonlinear steady boundary value

problem

[Kc,0] =

∫

Ω0

ρ0 [N0(x0)]
T [R]2 [N0(x0)] dx0 , [Ke,0] =

∫

Ω0

[B0(x0)]
T [Ce,0(x0)] [B0(x0)] dx0 , (104)

[K2,0(U)] =
1

2

∫

Ω0

[B0(x0)]
T [Ce,0(x0)] [BNL

0 (x0,U)] dx0

+

∫

Ω0

[BNL
0 (x0,U)]T [Ce,0(x0)] [B0(x0)] dx0 , (105)

[K3,0(U)] =
1

2

∫

Ω0

[BNL
0 (x0,U)]T [Ce,0(x0)] [BNL

0 (x0,U)] dx0 , (106)

La,0(U) =
1

T

∫ +∞

0

dτ

∫ T

0

ds

∫

Σ0

[N0(x0)]
T G0(τ, s, x0, [N0(x0)] U) dS0 , (107)
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L0 =

∫

Ω0

ρ0(x0) [N0(x0)]
T fstat

0 dx0 −

∫

Ω0

ρ(x0) [N0(x0)]
T {[R]2 x0} dx0 , (108)

where

[d] =




1 4 6
5 2 8
7 9 3


 , [B0(x0)]dijp =

∂[N0(x0)]ip
∂{x0}j

, (109)

[BNL
0 (x0, a)]dijp =

∂[N0(x0)]kp

∂{x0}j

∂[N0(x0)]kq

∂{x0}i

{a}q , [Ce,0(x0)]dijdkh
= { 0(x0)}ijkh . (110)

AppendixB.Definition of themultilinear forms for the translatedweak formulation of the nonlinear

dynamic boundary value problem

k̂g,r(t, u, v) =

∫

Ωr

∫ +∞

0

{!̇r(τ, xr) : "tran
r (t − τ, xr)

}
:

{
∂uT

∂xr

∂v

∂xr

}
dxr dτ

+

∫

Ωr

{!r(0, xr) : "tran
r (t, xr)

}
:

{
∂uT

∂xr

∂v

∂xr

}
dxr , (111)

k̂e,r(t,u, v) = k2,r(u, utran
r (t), v) + k2,r(v, u

tran
r (t), u) + 2 k3,r(u, utran

r (t), utran
r (t), v) , (112)

ĝr(τ, t, u, v) = g2,r(τ, v, u
tran
r (t), u) + g2,r(τ, u, utran

r (t − τ), v)

+ 2 g3,r(τ, u
tran
r (t − τ), u, utran

r (t), v) , (113)

b̂2,r(τ, t, u, v,w) = 2 g3,r(τ, u
tran
r (t − τ), u, v,w) , (114)

k̂2,r(t,u, v,w) = k3,r(u, v, utran
r (t),w) , (115)

ĝ2,r(τ, t, u, v,w) = g3,r(τ, u, v, utran
r (t),w) , (116)

l̂a,r(τ, t,u, v) = la,r(τ, t,u
tran
r (t − τ) + u, v) , (117)

l̂r(t, v) =
1

2
k2,r(u

tran
r ,utran

r , v) + k2,r(v,u
tran
r ,utran

r ) + k3,r(u
tran
r ,utran

r ,utran
r , v) + cr(u̇

tran
r , v)

+ mr(ü
tran
r , v) +

∫ +∞

0

gr(τ, u
tran
r (t− τ), v) dτ +

∫ +∞

0

g2,r(τ, v, u
tran
r (t), utran

r (t− τ)) dτ

+
1

2

∫ +∞

0

g2,r(τ, u
tran
r (t − τ), utran

r (t − τ), v) dτ

+

∫ +∞

0

g3,r(τ, u
tran
r (t − τ), utran

r (t − τ), utran
r (t), v) dτ , (118)

and with "tran
r (t, xr) = 1

2{
∂utran

r (t,xr)
∂xr

T

+
∂utran

r (t,xr)
∂xr

+
∂utran

r (t,xr)
∂xr

T
∂utran

r (t,xr)
∂xr

} and for all w in

Cad(Ωr), k̂g,r(t, ·), k̂e,r(t, ·), ĝr(τ, t, ·), (u, v) 7→ b̂2,r(τ, t,w,u, v), (u, v) 7→ ĝ2,r(τ, t,u, v,w) and

(u, v) 7→ k̂2,r(t,u, v,w) are symmetric bilinear forms.
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Appendix C. Definition of the finite element matrices for the nonlinear dynamical boundary value

problem

[Kc,r] =

∫

Ωr

ρr [Nr(xr)]
T [R]2 [Nr(xr)] dxr , (119)

[Kg,r] =

∫

Ωr

[Br(xr)]
T [Cg,r(xr)] [Br(xr)] dxr (120)

[Ke,r] =

∫

Ωr

[Br(xr)]
T [Ce,r(0, xr)] [Br(xr)] dxr , (121)

[K2,r(V)] =

∫

Ωr

[Br(xr)]
T [Ce,r(0, xr)] [BNL

r (xr,V)] dxr , (122)

[K3,r(W,V)] =
1

2

∫

Ωr

[BNL
r (xr,W)]T[Ce,r(0, xr)] [BNL

r (xr,V)] dxr , (123)

[Mr] =

∫

Ωr

ρr [Nr(xr)]
T [Nr(xr)] dxr , (124)

[Cr] = 2

∫

Ωr

ρr [Nr(xr)]
T [R] [Nr(xr)] dxr , (125)

[Gr(t)] =

∫

Ωr

[Br(xr)]
T [Ċe,r(t, xr)] [Br(xr)] dxr , (126)

[G2,r(t,V)] =

∫

Ωr

[Br(xr)]
T [Ċe,r(t, xr)] [BNL

r (xr,V)] dxr , (127)

[G3,r(t,W,V)] =
1

2

∫

Ωr

[BNL
r (xr,W)]T[Ċe,r(t, xr)] [BNL

r (xr,V)] dxr , (128)

[K̂g,r(t)] =

∫

Ωr

[Br(xr)]
T[Ĉg,r(t, xr)] [Br(xr)] dxr , (129)

[K̂e,r(t)] = [K2,r(U
tran
t )] + [K2,r(U

tran
t )]T + 2 [K3,r(U

tran
t ,Utran

t )] , (130)

[K̂2,r(t,V)] = [K3,r(U
tran
t ,V)] , (131)

[Ĝr(τ, t)] = [G2,r(τ,U
tran
t )]T + [G2,r(τ,U

tran
t−τ ) + 2 [G3,r(τ,U

tran
t ,Utran

t−τ )] , (132)

[B̂2,r(τ, t,V)] = 2 [G3,r(τ,V,Utran
t−τ )] , (133)

[Ĝ2,r(τ, t,V)] = [G3,r(τ,U
tran
t ,V)] . (134)

L̂a,h(τ, t,U) = l̂a,r(τ, t, [Nr ] U) , (135)

Lr,h(t) =

∫

Ωr

ρr [Nr(xr)]
T fdyn

r (t, xr) dxr , (136)

L̂r,h(t) = [Mr] Ü
tran
t + [Cr] U̇

tran
t

+
{ 1

2
[K2,r(U

tran(t − τ))]+[K2,r(U
tran
t )]T+[K3,r(U

tran
t ,Utran

t )]
}
Utran

t

+

∫ +∞

0

{
[Gr(τ)] + [G2,r(τ,U

tran
t )]T +

1

2
[G2,r(τ,U

tran
t−τ )]

+ [G3,r(τ,U
tran
t ,Utran

t−τ )]
}
Utran

t−τ dτ , (137)
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where, for all U in  Nh , we have

[Br(xr)]dijp =
∂[Nr(xr)]ip

∂{xr}j

, (138)

[BNL
r (xr,U)]dijp =

∂[Nr(xr)]kp

∂{xr}j

∂[Nr(xr)]kq

∂{xr}i

{U}q , (139)

[Ce,r(τ, xr)]dijdkh
= {!r(τ, xr)}ijkh , (140)

[Cg,r(xr)]daidbj
= δab {"r(xr)}ij , (141)

[Ĉg,r(t, xr)]daidbj
=

1

2
δab

{
[Ce,r(0, xr)] [BNL

r (xr,U
tran
t )] Utran

t

}

dij

+ δab

{
[Ce,r(0, xr)] [Br(xr)] U

tran
t

}

dij

+
δab

2

∫ +∞

0

{
[Ċe,r(τ, xr)][B

NL
r (xr,U

tran
t−τ )]Utran

t−τ

}

dij

dτ

+

∫ +∞

0

δab

{
[Ċe,r(τ, xr)] [Br(xr)] U

tran
t−τ

}

dij

dτ . (142)

Appendix D. Definition of tensors introduced in the sensitivity analysis

{#1 ◦ X
ref
0

}

abcd
= −

1

det$ref
0

{$ref
0 }ad{$ref

0 }bl{%ref
0 }pq{&0}clpq

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bd{%ref
0 }pq{&0}kcpq

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bl{%ref
0 }qd{&0}klcq

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bl{%ref
0 }pd{&0}klpc

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bl{&0}kldc , (143)

{#2 ◦ X
ref
0

}

abpqij
= −

1

det$ref
0

{$ref
0 }aj{$ref

0 }bl{$ref
0 }pm{$ref

0 }qn{!0}ilmn

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bj{$ref
0 }pm{$ref

0 }qn{!0}kimn

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bl{$ref
0 }pj{$ref

0 }qn{!0}klin

−
1

det$ref
0

{$ref
0 }ak{$ref

0 }bl{$ref
0 }pm{$ref

0 }qj{!0}klmi ,

(144)

{'1 ◦ X
ref
0

}

abcdpq
=

1

det$ref
0

{$ref
0 }aq{$ref

0 }bp{%ref
0 }dc , (145)

{'2 ◦ X
ref
0

}

abpqijkh
=

1

det$ref
0

{$ref
0 }ah{$ref

0 }bk{$ref
0 }pj{$ref

0 }qi . (146)
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It is straightfoward to show that

lim
τ→+∞

|{ 2

(
X

ref
0 (x0)

)
:: ∆!0

(
τ,X00(x0)

)
}abpq| < +∞ , (147)

lim
τ→+∞

|"2

(
τ,Xref

0 (x0)
)

:
∂u00

∂x0
(x0)}abpq| < +∞ , (148)

{ 1 :: ∆#0}ij = { 1 :: ∆#0}ji , (149)

{"1 :
∂u00

∂x0
}ij = {"1 :

∂u00

∂x0
}ji , (150)

{ 2 :: ∆!0}ijkh = { 2 :: ∆!0}khij = { 2 :: ∆!0}jikh , (151)

{"2 :
∂u00

∂x0
}ijkh = {"2 :

∂u00

∂x0
}khij = {"2 :

∂u00

∂x0
}jikh , (152)

where, in order to simplify notations we note 1 :: ∆#0 ≡  1

(
X

ref
0 (x0)

)
:: ∆#0

(
X00(x0)

)
, (153)"1 :

∂u00

∂x0
≡ "1

(
X

ref
0 (x0)

)
:

∂u00

∂x0
(x0) , (154) 2 :: ∆!0 ≡  2

(
X

ref
0 (x0)

)
:: ∆!0

(
τ,X00(x0)

)
, (155)"2 :

∂u00

∂x0
≡ "2

(
τ,Xref

0 (x0)
)

:
∂u00

∂x0
(x0) . (156)

From Eqs. (143) to (156), we deduce the symmetric properties of ∆$r and ∆!r

{∆$r(xr)}ij = {∆$r(xr)}ji , (157)

{∆!r(t, xr)}ijkh = {∆!r(t, xr)}khij = {∆!r(t, xr)}jikh . (158)

Appendix E. Definition of the multilinear forms for the perturbed problem

∆kg,r(u, v) =

∫

Ωr

∆$r :

{
∂uT

∂xr

∂v

∂xr

}
dxr , (159)

∆ke,r(u, v) =

∫

Ωr

{
∆!r(0, xr) :

∂u

∂xr

}
:

∂v

∂xr

dxr , (160)

∆kc,r(u, v) =

∫

Ωr

∆ρr

{
[R]2 u

}
· v dxr , (161)

∆gr(t, u, v) =

∫

Ωr

{
∆!̇r(t, xr) :

∂u

∂xr

}
:

∂v

∂xr

dxr , (162)

∆cr(u, v) = 2

∫

Ωr

∆ρr

{
[R] u

}
· v dxr , (163)

∆mr(u, v) =

∫

Ωr

∆ρr u · v dxr , (164)
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∆g2,r(t,u, v, w) =

∫

Ωr

{
∆ ̇r(t, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:
∂w

∂xr

dxr , (165)

∆g3,r(t,u, v, w, r) =
1

2

∫

Ωr

{
∆ ̇r(t, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:

{
∂wT

∂xr

∂r

∂xr

}
dxr , (166)

∆k2,r(u, v, w) =

∫

Ωr

{
∆ r(0, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:
∂w

∂xr

dxr , (167)

∆k3,r(u, v, w, r) =
1

2

∫

Ωr

{
∆ r(0, xr) :

(
∂uT

∂xr

∂v

∂xr

)}
:

{
∂w

∂xr

T ∂r

∂xr

}
dxr , (168)

∆la,r(v) = −

∫

Σr

{∆!r nr} · v dxr , ∆lr(t, v) =

∫

Ωr

∆ρr f
dyn′
r (t, xr) · v dxr , (169)

∆k̂g,r(t, u, v) =

∫

Ωr

∫ +∞

0

{
∆ ̇r(τ, xr) : "tran

r (t − τ, xr)
}

:

{
∂uT

∂xr

∂v

∂xr

}
dxr dτ

+

∫

Ωr

{
∆ r(0, xr) : "tran

r (t, xr)
}

:

{
∂uT

∂xr

∂v

∂xr

}
dxr , (170)

∆k̂e,r(t,u, v) = ∆k2,r(u, utran
r (t), v) + ∆k2,r(v, u

tran
r (t), u)

+2 ∆k3,r(u, utran
r (t), utran

r (t), v) , (171)

∆ĝr(τ, t, u, v) = ∆g2,r(τ, v, u
tran
r (t), u) + ∆g2,r(τ, u, utran

r (t − τ), v)

+2 ∆g3,r(τ, u
tran
r (t − τ), u, utran

r (t), v) , (172)

∆b̂2,r(τ, t, u, v,w) = 2 ∆g3,r(τ, u
tran
r (t − τ), u, v,w) , (173)

∆k̂2,r(t,u, v,w) = ∆k3,r(u, v, utran
r (t),w) , (174)

∆ĝ2,r(τ, t, u, v,w) = ∆g3,r(τ, u, v, utran
r (t),w) , (175)

∆l̂r(t, v) = ∆mr(ü
tran
r , v) + ∆cr(u̇

tran
r , v)

+ ∆kg,r(u
tran
r , v) + ∆kc,r(u

tran
r , v) + ∆ke,r(u

tran
r , v) + ∆k2,r(v, u

tran
r , utran

r )

+
1

2
∆k2,r(u

tran
r , utran

r , v) + ∆k3,r(u
tran
r , utran

r , utran
r , v)

+

∫ +∞

0

∆gr(τ, u
tran
r (t − τ), v) dτ +

∫ +∞

0

∆g2,r(τ, v, u
tran
r (t), utran

r (t − τ))dτ

+
1

2

∫ +∞

0

∆g2,r(τ, u
tran
r (t − τ), utran

r (t − τ), v) dτ

+

∫ +∞

0

∆g3,r(τ, u
tran
r (t − τ), utran

r (t − τ), utran
r (t), v) dτ , (176)

where "tran
r = 1/2{∂xr

utran
r

T+∂xr
utran

r +∂xr
utran

r
T∂xr

utran
r }. From Eqs. (157), (158) and because

matric [R] is skew-symmetric, we deduce that for all w ∈ Cad(Ωr), ∆kc,r, ∆mr , ∆ke,r, ∆gr(t, ·),

(u, v) 7→ ∆k2,r(u, v, w), (u, v) 7→ ∆g2,r(t, u, v, w) are symmetric bilinear forms, ∆cr is a skew-

symmetric bilinear form and, for all w, r ∈ Cad(Ωr), we have

∆g3,r(t, u, v, w, r) = ∆g3,r(t, u, v, r, w) = ∆g3,r(t, w, r, u, v) , (177)
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∆k3,r(u, v, w, r) = ∆k3,r(u, v, r, w) = ∆k3,r(w, r, u, v) . (178)

From Eq. (158), for all w fixed in Cad(Ωr), we deduce that , ∆k̂g,r(t, ·), ∆k̂e,r(t, ·), (u, v) 7→

∆b̂2,r(τ, t,w,u, v), (u, v) 7→ ∆ĝ2,r(τ, t,u, v,w) and (u, v) 7→ ∆k̂2,r(t,u, v,w) are symmetric bilinear

forms.

Appendix F.Definition of themultilinear operators introduced by the use of the formal perturbation

method

Ar(t,u
hom′

r ) =
{
Ke,r + Kg,r +Kc,r +

1

2
K2,r(u

hom′

r (t)) + t
K2,r(u

hom′

r (t))

+K3,r(u
hom′

r (t),uhom′

r (t))
}
uhom′

r (t)

+

∫ +∞

0

{ 1

2
G2,r(τ,u

hom′

r (t − τ)) +
t
G2,r(τ,u

hom′

r (t))

+G3,r(τ,u
hom′

r (t),uhom′

r (t − τ)) + Gr(τ)
}
uhom′

r (t − τ) dτ

−

∫
∞

0

L̂a,r(τ, t,u
hom′

r (t − τ)) dτ − Lr(t) , (179)

Âr(t,u
hom′

r ) =
{
K̂g,r(t) + K̂e,r(t) + K̂2,r(t,u

hom′

r (t)) + 2 t
K̂2,r(t,u

hom′

r (t))
}
uhom′

r (t)

+

∫ +∞

0

{
B̂2,r(τ, t,u

hom′

r (t)) + Ĝ2,r(τ, t,u
hom′

r (t − τ) + Ĝr(τ, t)
}
uhom′

r (t − τ)dτ

+ L̂r(t) , (180)

∆Ar(t,u
hom′

r ) =
{

∆Ke,r + ∆Kc,r + ∆Kg,r +
1

2
∆K2,r(u

hom′

r (t)) +
t
∆K2,r(u

hom′

r (t))

+ ∆K3,r(u
hom′

r (t),uhom′

r (t))
}
uhom′

r (t)

+

∫ +∞

0

{ 1

2
∆G2,r(τ,u

hom′

r (t − τ)) +
t
∆G2,r(τ,u

hom′

r (t))

+ ∆G3,r(τ,u
hom′

r (t),uhom′

r (t − τ)) + ∆Gr(τ)
}
uhom′

r (t − τ) dτ

− ∆L̂a,r − ∆Lr(t) , (181)

∆Âr(t,u
hom′

r ) =
{

∆K̂g,r(t) + ∆K̂e,r(t) + ∆K̂2,r(t,u
hom′

r (t))

+ 2
t
∆K̂2,r(t,u

hom′

r (t))
}
uhom′

r (t)

+

∫ +∞

0

{
∆Ĝ2,r(τ, t,u

hom′

r (t − τ)) + ∆Ĝr(τ, t)

+ ∆B̂2,r(τ, t,u
hom′

r (t))
}
uhom′

r (t − τ) dτ + ∆L̂r(t) , (182)

K0
g,r(t) u =

{
K3,r(u,u0

r(t)) +
t
K2,r(u)

}
u0

r(t) +

∫ +∞

0

{
G3,r(τ,u,u0

r(t − τ))
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+
t
G2,r(τ,u)

}
u0

r(t − τ) dτ , (183)

K̂0
g,r(t) u = 2 t

K̂2,r(t,u) u0
r(t) +

∫ +∞

0

B̂2,r(τ, t,u) u0
r(t − τ) dτ , (184)

K0
r(t) u =

{
K0

g,r(t) +K2,r(u
0
r(t)) +

t
K2,r(u

0
r(t)) + 2 K3,r(u

0
r(t),u

0
r(t))

}
u , (185)

K̂0
r(t) u =

{
K̂e,r(t) + K̂g,r(t) + 2 K̂2,r(t,u

0
r(t)) + 2 tK̂2,r(t,u

0
r(t)) + K̂0

g,r(t)
}
u , (186)

G0
r(τ, t) u =

{
Gr(τ) + 2 G2,r(τ,u

0
r(t − τ)) + 2 G3,r(τ,u

0
r(t),u

0
r(t − τ))

}
u , (187)

Ĝ0
r(τ, t) u =

{
Ĝr(τ, t) + 2 Ĝ2,r(τ, t,u

0
r(t − τ)) + B̂2,r(τ, t,u

0
r(t))

}
u , (188)

Kr = Ke,r +Kg,r + Kc,r (189)

F1
r(t) = ∆Mr ü

0
r(t) + ∆Cr u̇

0
r(t) + ∆Ar(t, u

0
r) , (190)

F̂1
r(t) = ∆Âr(t, u0) , (191)

F2
r(t) = ∆Mrü

1
r(t) + ∆Cru̇

1
r(t)

+
{ 1

2
K2,r(u

1
r(t)) + t

K2,r(u
1
r(t)) + 2 K3,r(u

1
r(t),u

0
r(t)) +K3,r(u

0
r(t),u

1
r(t))

+ ∆Ke,r + ∆Kg,r + ∆Kc,r +K2,r(u
0
r(t)) + t∆K2,r(u

0
r(t))

+ 2 ∆K3,r(u
0
r(t),u

0
r(t))

}
u1

r(t) +
{

∆K3,r(u
1
r(t),u

0
r(t)) + t∆K2,r(u

1
r(t))

}
u0

r(t)

+

∫ +∞

0

{ 1

2
G2,r(τ,u

1
r(t − τ)) +

t
G2,r(τ,u

1
r(t)) + 2 G3,r(τ,u

1
r(t),u

0
r(t − τ))

+G3,r(τ,u
0
r(t),u

1
r(t − τ)) + 2 ∆G2,r(τ,u

0
r(t − τ))

+ 2 ∆G3,r(τ,u
0
r(t),u

0
r(t − τ)) + ∆Gr(τ)

}
u1

r(t − τ) dτ

+

∫ +∞

0

{
t
∆G2,r(τ,u

1
r(t)) + ∆G3,r(τ,u

1
r(t),u

0
r(t − τ))

}
u0

r(t − τ) dτ

+

∫ +∞

0

L̂2
a,r(τ, t,u

1
r(t − τ),u1

r(t − τ)) dτ , (192)

F̂2
r(t) =

{
K̂2,r(t,u

1
r(t)) + 2

t
K̂2,r(t,u

1
r(t)) + ∆K̂e,r(t) + ∆K̂g,r(t) + 2 ∆K̂2,r(t,u

0
r(t))

+ 2
t
∆K̂2,r(t,u

0
r(t))

}
u1

r(t) + ∆K̂2,r(t,u
1
r(t)) u

0
r(t)

+

∫ +∞

0

{
Ĝ2,r(τ, t,u

1
r(t − τ)) + t

B̂2,r(τ, t,u
1
r(t)) + ∆Ĝr(τ, t) + ∆Ĝ2,r(τ,u

0
r(t − τ))

+ ∆B̂2,r(τ, t,u
0
r(t))

}
u1

r(t − τ) dτ +

∫ +∞

0

∆B̂2,r(τ, t,u
1
r(t)) u

0
r(t − τ) dτ . (193)
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Appendix G. Definition of the matrices for the perturbed nonlinear dynamical boundary value

problem

[K1(∆ 0)]daidbj
◦ Xref

0 = δab

{(!1 ◦ X
ref
0

)
::
(
∆ 0 ◦X00

)}

ij

, (194)

[K2(∆"0)]dabdcd
◦ Xref

0 =

{(!2 ◦ X
ref
0

)
::
(
∆"0 ◦ X00

)}

abcd

, (195)

with for all x0 ∈ Ω0 , we note ∆ 0(x0) = limτ→+∞ ∆"0(τ, x0).

[T1(
∂u00

∂x0
)]daidbj

◦ Xref
0 = δab

{(#1 ◦ X
ref
0

)
:

∂u00

∂x0

}

ij

, (196)

[T2(τ,
∂u00

∂x0
)]dabdcd

◦ Xref
0 =

{(#2 ◦ X
ref
0

)
:

∂u00

∂x0

}

abcd

. (197)

[∆Ce,r(τ, xr)] = [T2(τ,
∂u00

∂x0
)] + [K2(∆"0)] + [Ce,r(τ, xr)] (divx0u00) ◦ {X

ref
0 }−1 ,

(198)

[∆Cg,r(xr)] = [T1(
∂u00

∂x0
)] + [K1(∆"0)] + [Cg,r(xr)] (divx0u00) ◦ {X

ref
0 }−1 , (199)

[∆Ĉg,r(t, xr)]daidbj
=

1

2
δab

{
[∆Ce,r(0, xr)] [BNL

r (xr,U
tran(t))] Utran(t)

}

dij

+ δab

{
[∆Ce,r(0, xr)] [Br(xr)] U

tran(t)
}

dij

+

∫ +∞

0

δab

{
[∆Ċe,r(τ, xr)] [Br(xr)] {U

tran(t − τ)}
}

dij

dτ

+
δab

2

∫ +∞

0

{
[∆Ċe,r(τ, xr)][B

NL
r (xr,U

tran(t − τ))]Utran(t − τ)
}

dij

dτ .

(200)

[C0
g,r(τ, xr)]daidbj

=
1

2
δab

{
[Ce,r(0, xr)] [BNL

r (xr,U
0(t))] U0(t)

}

dij

+ δab

{
[Ce,r(0, xr)] [Br(xr)] U

0(t)
}

dij

+

∫ +∞

0

δab

{
[Ċe,r(τ, xr)] [Br(xr)] {U

0(t − τ)}
}

dij

dτ

+
δab

2

∫ +∞

0

{
[Ċe,r(τ, xr)][B

NL
r (xr,U

0(t − τ))]U0(t − τ)
}

dij

dτ ,

(201)

[Ĉ0
g,r(τ, xr)]daidbj

= δab

{
[Ce,r(0, xr)] [BNL

r (xr,U
tran(t))] U0(t)

}

dij

+ δab

∫ +∞

0

{
[Ċe,r(τ, xr)]

[
BNL

r (xr,U
tran(t − τ))

]
U0(t − τ)

}

dij

dτ ,

(202)
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[K0
g,r(t)] =

∫

Ωr

[Br(xr)]
T [C0

g,r(xr)] [Br(xr)] dxr , (203)

[K̂0
g,r(t)] =

∫

Ωr

[Br(xr)]
T [Ĉ0

g,r(xr)] [Br(xr)] dxr , (204)

[K0
r (t)] = [K0

g,r(t)] + [K2,r(U
0(t))] + [K2,r(U

0(t))]T + 2 [K3,r(U
0(t),U0(t))] , (205)

[K̂0
r (t)] = [K̂0

g,r(t)] + [K̂e,r(t)] + [K̂g,r(t)] + 2 [K̂2,r(t,U
0(t))] + 2 [K̂2,r(t,U

0(t))]T , (206)

[G0
r(τ, t)] = [Gr(τ)] + 2 [G2,r(τ,U

0(t − τ))] + 2 [G3,r(τ,U
0(t),U0(t − τ))] , (207)

[Ĝ0
r(τ, t)] = [Ĝr(τ, t)] + 2 [Ĝ2,r(τ, t,U

0(t − τ))] + [B̂2,r(τ, t,U
0(t))] , (208)

[∆Kc,r] =

∫

Ωr

∆ρr [Nr(xr)]
T [R]2 [Nr(xr)] dxr , (209)

[∆Kg,r] =

∫

Ωr

[Br(xr)]
T [∆Cg,r(xr)] [Br(xr)] dxr (210)

[∆Ke,r] =

∫

Ωr

[Br(xr)]
T [∆Ce,r(0, xr)] [Br(xr)] dxr , (211)

[∆K2,r(V)] =

∫

Ωr

[Br(xr)]
T [∆Ce,r(0, xr)] [BNL

r (xr,V)] dxr , (212)

[∆K3,r(W,V)] =
1

2

∫

Ωr

[BNL
r (xr,W)]T[∆Ce,r(0, xr)] [BNL

r (xr,V)] dxr , (213)

[∆Mr] =

∫

Ωr

∆ρr [Nr(xr)]
T [Nr(xr)] dxr , (214)

[∆Cr ] = 2

∫

Ωr

∆ρr [Nr(xr)]
T [R] [Nr(xr)] dxr , (215)

[∆Gr(t)] =

∫

Ωr

[Br(xr)]
T [∆Ċe,r(t, xr)] [Br(xr)] dxr , (216)

[∆G2,r(t,V)] =

∫

Ωr

[Br(xr)]
T [∆Ċe,r(t, xr)] [BNL

r (xr,V)] dxr , (217)

[∆G3,r(t,W,V)] =
1

2

∫

Ωr

[BNL
r (xr,W)]T[∆Ċe,r(t, xr)] [BNL

r (xr,V)] dxr , (218)

[∆K̂g,r(t)] =

∫

Ωr

[Br(xr)]
T[∆Ĉg,r(t, xr)] [Br(xr)] dxr , (219)

[∆K̂e,r(t)] = [∆K2,r(U
tran(t))] + [∆K2,r(U

tran(t))]T

+ 2 [∆K3,r(U
tran(t),Utran(t))] , (220)

[∆K̂2,r(t,V)] = [∆K3,r(U
tran(t),V)] , (221)

[∆Ĝr(τ, t)] = [∆G2,r(τ,U
tran(t))]T + [∆G2,r(τ,U

tran(t − τ))]

+ 2 [∆G3,r(τ,U
tran(t),Utran(t − τ))] , (222)

[∆B̂2,r(τ, t,V) = 2 [∆G3,r(τ,V,Utran(t − τ))] , (223)

[∆Ĝ2,r(τ, t,V)] = [∆G3,r(τ,U
tran(t),V)] , (224)

[L̂1
a,h(τ, t)]ij =< L̂1

a,r gi, gj > , (225)

[Kr] = [Ke,r] + [Kg,r] + [Kc,r] , (226)
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{∆L̂a,h}j =< ∆L̂a,r, gj > , (227)

{∆L̂r,h(t)}j =< ∆L̂r(t), gj > , (228)

{∆Lr,h(t)}j =< ∆Lr(t), gj > , (229)

{L̂2
a,h(τ, t,U,V)}j =< L̂2

a,h(τ, t, [Nr(xr)]U, [Nr(xr)]V), gj > , (230)

and

F1
r,h(t) = [∆Mr] Ü

0
t + [∆Cr] U̇

0
t +

{
[∆Ke,r] + [∆Kg,r] + [∆Kc,r] +

1

2
[∆K2,r(U

0
t )]

+ [∆K2,r(U
0
t )]

T + [∆K3,r(U
0
t ,U

0
t )]
}
U0

t

+

∫ +∞

0

{ 1

2
[∆G2,r(τ,U

0
t−τ )] + [∆G2,r(τ,U

0
t )]

T + [∆G3,r(τ,U
0
t ,U

0
t−τ )]

+ [∆Gr(τ)]
}
U0

t−τ dτ − ∆L̂a,h − ∆Lr,h(t) , (231)

F̂1
r,h(t) =

{
[∆K̂g,r(t)] + [∆K̂e,r(t)] + [∆K̂2,r(t,U

0
t )] + 2 [∆K̂2,r(t,U

0
t )]

T
}
U0

t

+

∫ +∞

0

{
[∆Ĝ2,r(τ, t,U

0
t−τ )] + [∆Ĝr(τ, t)] + [∆B̂2,r(τ, t,U

0
t )]
}
U0

t−τ dτ + ∆L̂r,h(t) ,

(232)

F2
r,h(t) = [∆Mr]Ü

1
t + [∆Cr]U̇

1
t +

{
[∆K3,r(U

1
t ,U

0
t )] + [∆K2,r(U

1
t )]

T
}
U0

t

+
{ 1

2
[K2,r(U

1
t )] + [K2,r(U

1
t )]

T + 2 [K3,r(U
1
t ,U

0
t )] + [K3,r(U

0
t ,U

1
t )] + [∆Ke,r]

+ [∆Kg,r] + [∆Kc,r] + [K2,r(U
0
t )] + [∆K2,r(U

0
t )]

T + 2 [∆K3,r(U
0
t ,U

0
t )]
}
U1

t

+

∫ +∞

0

{ 1

2
[G2,r(τ,U

1
t−τ )] + [G2,r(τ,U

1
t )]

T + 2[G3,r(τ,U
1
t ,U

0
t−τ )]+[∆Gr(τ)]

+ [G3,r(τ,U
0
t ,U

1
t−τ )] + 2[∆G2,r(τ,U

0
t−τ )] + 2[∆G3,r(τ,U

0
t ,U

0
t−τ )]

}
U1

t−τdτ

+

∫ +∞

0

{
[∆G2,r(τ,U

1
t )]

T + [∆G3,r(τ,U
1
t ,U

0
t−τ )]

}
U0

t−τ dτ

+

∫ +∞

0

L̂2
a,h(τ, t,U1

t−τ ,U1
t−τ ) dτ , (233)

F̂2
r,h(t) =

{
[K̂2,r(t,U

1
t )] + 2[K̂2,r(t,U

1
t )]

T + [∆K̂e,r(t)] + [∆K̂g,r(t)]

+ 2 [∆K̂2,r(t,U
0
t )] + 2[∆K̂2,r(t,U

0
t )]

T
}
U1

t + [∆K̂2,r(t,U
1
t )] U

0
t

+

∫ +∞

0

{
[Ĝ2,r(τ, t,U

1
t−τ )] + [B̂2,r(τ, t,U

1
t )]

T + [∆Ĝr(τ, t)] + [∆Ĝ2,r(τ,U
0
t−τ )]

+ [∆B̂2,r(τ, t,U
0
t )]
}
U1

t−τ +

∫ +∞

0

[∆B̂2,r(τ, t,U
0
t−τ )] U0

t−τ dτ . (234)
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