N

N

Non-linear viscoelastodynamic equations of
three-dimensional rotating structures in finite
displacement and finite element discretization

Christophe Desceliers, Christian Soize

» To cite this version:

Christophe Desceliers, Christian Soize. Non-linear viscoelastodynamic equations of three-dimensional
rotating structures in finite displacement and finite element discretization. International Journal of
Non-Linear Mechanics, 2004, 39 (3), pp.343-368. 10.1016/S0020-7462(02)00191-9 . hal-00686206

HAL Id: hal-00686206
https://hal.science/hal-00686206

Submitted on 8 Apr 2012

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00686206
https://hal.archives-ouvertes.fr

Nonlinear viscoelastodynamic equations of three-dimensional rotating
structures in finite displacement and finite element discretization.

C. Desceliers, C. Soize

Laboratory of Engineering Mechanics, University of Marne-La-Vallée, France

Full postal address:

Christian Soize

Laboratoire de Mécanique
Université de Marne-la-Vallée

5, boulevard Descartes

77454 Marne-La-Vallée Cedex 2
France

E-mail address : soize@univ-mlv.fr

Abstract

This paper deals with the nonlinear viscoelastodynamics of three-dimensional rotating structure undergoing
finite displacement. In addition, the nonlinear dynamics is studied with respect to geometrical and mechanical
perturbations. On part of the boundary of the structure, a rigid body displacement field is applied which moves the
structure in a rotation motion. A time dependent Dirichlet condition is applied to another part of the boundary. For
instance, this corresponds to the cycle step of a helicopter rotor blade. A surface force field is applied to a third
part of the boundary and depends on the time history of the structural displacement field. For example, this might
corresponds to general unsteady aerodynamics forces applied to the structure. The objective of this paper is to
model the nonlinear dynamic behavior of such a rotating viscoelastic structure undergoing finite displacements, and
to allow small geometrical and mechanical (mass, constitutive equations) perturbations analysis to be performed.
The model is constructed by the introduction of a reference configuration which is deduced from the nonlinear
steady boundary value problem. A constitutive equation deduced from the Coleman and Noll theory concerning
the viscoelasticity in finite displacement is used. Thereafter, the weak formulation of the boundary value problem
is constructed and discretized using the finite element method. In order to simplify the mathematical study of
the equations, multilinear forms are introduced in the algebraic calculation and their mathematical properties are

presented.

Keywords : Nonlinear Structural Dynamics, Rotating Structure, Viscoelasticity in Finite Displacement, Sensitivity Analysis.
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1. Introduction.

Vibration analysis of rotating structures is an important subject in mechanical engineering. This field has
been extensively studied in particular for linear vibration problems (for instance, see the non exhaustive
list of references, [ 3, 16, 19, 21, 24, 28, 44, 45, 46, 48, 49]). Sometimes, nonlinear vibration analysis
of rotating structures has to be performed because of the presence of finite displacement of the structure.
This can be the case for rotating structures constituted of slender parts, such as for certain helicopter rotor
blades. Many publications devoted to nonlinear vibrations of solids are based on the use of nonlinear
beam and plate theories (for instance, see [10, 18, 36, 47]). It should be noted that, if the use of such
approximated theories are very efficient for isotropic materials having no significant viscoelastic effects,
some difficulties can arise for a structure in finite displacement constituted of nonisotropic viscoelastic
material (for instance, this is the case of certain advanced helicopter rotor technology made of composite
materials). This paper is devoted to nonlinear dynamics of rotating structures constituted of nonisotropic
viscoelastic three-dimensional bodies in finite displacement, for which complex loads and complex
Dirichlet boundary conditions are considered, and for which a very little exists in the literature. In the
other hand, it should be noted that many works have been published concerning viscoelastic constitutive
equations (for linearized theory, see for instance [6, 20, 31, 38, 43] and for nonlinear theory with finite
displacement, see [13]) and concerning the use of viscoelastic models in vibration problems (see for
instance [4, 33, 38, 40, 42, 47]). Concerning the constitutive model, physically nonlinear theory should
be mentioned (see for instance [8]). In this theory, a nonlinear relation between the Cauchy stress
tensor and the linearized deformation tensor is constructed, preserving invariance under superposed rigid
body motions by writing the constitutive equations in the local reference frame of a material point of the
structure rather than in a global reference frame. Other invariant theories use this kind of strategy to study
invariant infinitesimal motions of elastic body (see for instance [9], [39]). Such theories could be used
to study small or moderate vibrations around a given finite deformation (see also [22]). Nevertheless,
it should be noted that this paper is not concerned with infinitesimal motion superposed to a given

deformation.

This paper presents the nonlinear viscoelastodynamic equations of three-dimensional rotating structures
in finite displacement without introducing any approximation in order to allow sensitivity analysis to
be numerically performed. On a first part of the boundary of the structure considered, a rigid body

displacement field operates to move the structure in a rotation motion. A time dependent Dirichlet
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condition concerning the structural displacement field is applied to a second part of the boundary of the
structure (for instance, in the context of helicopter rotor blades, this time dependent Dirichlet condition
corresponds to the cyclic step which allows the aerodynamic loads to be adapted). A surface force
field depending on the time history of the structural displacement field is applied to a third part of
the boundary of the structure (for instance, such a surface force field corresponds to general unsteady
aerodynamics forces). We present the constitutive equations of the viscoelasticity in finite displacement
(deduced from the Coleman and Noll theory [13]) in the rotating frame and with respect to the steady
configuration. The important objective of this paper is to deduce the numerical formulation based on
the use of the finite element method [2, 12, 14, 23, 50] to analyze nonlinear responses of the dynamical
system for small data perturbations to the geometric and the mechanical parameters. In this context, weak
formulations [7, 11, 14, 17, 37, 38, 41] of the boundary value problems are systematically introduced in
order to deduce the matrix equations resulting from a finite element discretization. Taking into account
that we are concerned with three-dimensional structures, several formulations could be constructed
(each corresponding to several possible choices of different reference configurations). In this paper, we
present a strategy to analyze such a mechanical system. This consists in constructing a steady problem
corresponding to the structure in equilibrium under prestresses and steady loads in the rotating frame
(for instance, the time average part of unsteady body forces). It should be noted that this configuration
does not correspond to a given motion, but has to be constructed. We choose the deformed structure
associated with the steady equilibrium as the reference configuration. The nonlinear viscoelastodynamic
equations are transported on the reference configuration, because the nonlinear dynamical responses
about the steady configuration in the rotating frame are of prime importance. For instance, such a formu-
lation allows linearization of the dynamics to be performed in order to study linear instabilities of the
structure coupled with unsteady acrodynamic flow but, in the present paper, we are not interested in such
a linearized theory. A treatment by translation of the time dependent Dirichlet conditions is presented
for this kind of nonlinear viscoelastodynamic system. Finally, a complete algebraic developement is
presented which allow sensitivity analysis and random analysis to be numerically performed without
any kinematical approximations. As a result of such a strategy, among others and due to the specific
treatment used for the time dependent Dirichlet condition, nonlinear integrodifferential matrix equations

with periodic coefficients are deduced which can be used for a parametric analysis.
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2. Nonlinear boundary value problem of a rotating structure in a fixed reference frame

Let Ry be the fixed reference frame whose origin is the point O which is assumed to be located on the
axis of rotation of the structure. In Ry and at time ¢, the deformed configuration occupies a bounded
domain which is denoted by Q(t) C R? with boundary 9Q(t). It is assumed that boundary 9(t) is
sufficiently smooth. In Ry and at time s, let X(¢,s,X;) € Q(s) be the position of a particle which is
located in R and at time ¢ > s at position X; € Q(¢). Let s — W(t, s, X;) be the R3-valued displacement

field time history of domain Q(t) defined on ] — oo, ¢], such that

W(t,s,it) = X(t,S,it) —it . (1)

In R and at time ¢, the rotating structure is subject to an external surface force field F(t,it) applied
to the part 2(¢) of boundary d(¢) and to an external body force field p(t,X;) f(¢,X;) applied in Q(t)
in which p(t,X;) is the mass density of ()(t) In order to model general loads (for instance unsteady
aerodynamic loads which depend on the time history of the structural displacement field), we write
F(t,X;) = f0+°° G(7,t, Xy, {W(t, t — T, ¥)}yessry) d7, in which for all X; € 5:(¢) and for any functions
5w from $(t) into R3, function 7 — G(7,¢,X;, 0W) with values in R? is integrable on ]0, +oo[. The
notation {w(t,t — 7, y)}yem denotes the mapping ¥ — W(t,¢ — 7,¥) from 3(¢) into R3. On a second
part T(t) of the boundary 8§(t), we impose a rigid-body displacement field defined by the rotation
associated with a direct orthogonal (3 x 3) real matrix [Q(t)]. On a third part I'(¢) of boundary 9(t),
a time dependent Dirichlet condition related to the displacement field w(t, s, X;) is applied and defined
by W(t, s,X;) = Wh" (¢, 5,%;). Let&(£,X;) be the Cauchy stress tensor related to €2(t). Therefore, in Ry

and at time ¢, the equations of the three-dimensional rotating structure are

VX, € Qt),  divg,8(t,%;) + p(t,X:) £, %) = p(t, %) {‘?%V(t, s,szt)}s_t : )
VX, € (), &(,%) Rt %) = F(£,X,) | 3)
Ve T,  WitsX) = {[Q() [RWI" ~ 1} %, (4)
VX, e D(t), Wt s,X) = wi(t,5,X,), 5)
with F(L%) = /0 T G % (W — 7o) byes) dr ©)

and where i(£,X;) € R? is the unit outward normal vector to the boundary (t), the exponent 7' means

the transpose of a matrix and [ ] is the (3 x 3) identity matrix.
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3. Nonlinear dynamical boundary value problem of a rotating structure in a rotating frame.

Let R4 be the rotating reference frame attached to the rotating structure and let (eg 1, €9 2, €o,3) denote
the canonical basis of R3. Rotating frame R, is defined by the origin O and the direct orthonormal basis
(e1,1(t),e1,2(t), e1,3(t)) which is derived from (eq 1,ep 2, €0 3) by the rotation represented by matrix
[Q(t)] and such that e; ,(t) = [Q(t)] e , for any p fixed in {1, 2,3}. Any particle located at position'y
in R at time ¢ is located at position y = X;(y) in Ry where X;(y) = [Q(#)]7 ¥. In R, and at time ¢,
the deformed configuration occupies the bounded domain denoted by Q(t) C R? with boundary 9(t).
It is straightfoward to show that () = X,(Q(t)) and 0Q(t) = X, (8Q(t)). Let 2(¢), Y (¢) and I'(t) be

the parts of boundary 9€2(t) such that ¥(t) = X;(2(¢)), Y(t) = X¢(Y(t)) and T'(t) = X4 (I'(2)).

In R and at time s, let X(¢, s,x;) € €(s) be the position of a particle which is located in R; and at time
t > s, at position x; € Q(t). Let s — w(t, s, x;) be the time history of the R*-valued displacement field

of domain Q(t), defined on | — oo, t], such that
w(t,s,x¢) = X(t, 8,X¢) — X¢ . 7
It could be shown that [15], for all x; in Y(¢),
w(t,s,x;) =0, (8)

which means that reference frame R, and all the material points belonging on T(t) move with the same

rigid body motion described by the rotation matrix [Q(t)].

The natural configuration is defined as the structure at rest without any pre-stresses. In R, the natural
configuration occupies a bounded domain denoted as o C R? with boundary 9. In R at time ¢, a
particule located at x; € €2y in the natural configuration will occupy the position X, (t,xg) € Q(t) in the
deformed configuration. It should be noted that the natural configuration could be defined as the image
of domain €2y by the mapping xo — R, 1(xo). We then introduce the rotating natural configuration
as the image of domain {2y by the mapping xg +— Rfl(xo). Note that, in Ry, the rotating natural
configuration occupies a domain Qo (t) which is the image of )y by the mapping X, ! justifying the
rotating natural configuration terminology introduced. In R; at time ¢, a particle located at position
X( in the rotating natural configuration will occupy the position denoted by Xq(t,xg) € €2(¢) in the
deformed configuration. Let ¥y, T and I'y be the parts of boundary 0€2 such that ¥(¢) = Xo(t, Xo),
Y (t) = Xo(t, To) and I'(¢) = Xo(¢,g). Considering Eq. (8), it could be noted that Y (¢) is a fixed part
of boundary 0€2(t) denoted as Y. Consequently, the domain €2 should be chosen such that Yo = Y. Let
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uo(t, xo) be the R3-valued displacement field of the deformed configuration in R and at time ¢, defined

on domain €2, such that
uU(t7X0) - XO(t7X0) — X0, VX0 € QO . (9)

In general, ug(0, xg) is not zero. Let xq — Gq(7,1,Xq, dug) be the R3-valued function defined on %

and such that for any function yo — dug(yo) from g into R3, we have
GO(T7 tv X0, 5“0) dSU (XO) = [Q(t)]é(7—7 tv it, 6‘;’) dgt(it) ) (10)

where dS;(X;) is the surface element of the boundary 9€(t) and d.So(xo) is the surface element of the

boundary 99 with x; = X (¢, xq) for all xq in €y and where

ow(¥) = [Q(1)] {ouo(vo) = wolt,¥o) } + {1Q(t = )] = [Q(O)] } Xo(t, ¥o) , (an

with y; = io(t, yo) for all yq in Y. With respect to the rotating natural configuration in Ry, Egs (2) to

(6) of the three-dimensional rotating structure could be rewritten as (see for instance [15])

VXO S Qo, diVXO (ﬂ‘_o(t, Xo) ]]T[)(t, X())) +,0()(X0) f[) (t7 X[)) = po(Xg) ﬁg (t7 X[)) +2,0[)(X0) [R] ﬁg(t, Xo)

+ po(xo) { [RO] + [ROP } {xo+woltxo)} . (12)

Vxg € o,  Fo(t,x0) Mo(t,x0) no(x0) = Fo(t,x0) , (13)
Vxg € Yo, wg(t,xo) =0, (14)
Vxo € I, uo(t,x0) = ud™ (¢, x0) , (15)
with Fo(t,x0) = +OO Go(7,t, X0, {uo(t — 7, ¥0) byes,) d7 - (16)

0

where, in R; and at time ¢, the function ug"(t,xo) defined on I'y with values in R3, is such that

ug’™ (t,y0) = wo(0,y0) — [Q(s)] "W (0,4,3,) +{[Q(1)" — [Q(5)]"}¥ with ¥ = X (£, ¥o) for all y in
"y, where the unit outward normal vector to boundary € is denoted by ng(xo) € R*, where the tensor-
valued function Fg(¢,x9) = Jx,Xo(t,X0), defined on €, is the deformation gradient of the rotating
natural configuration, where the mass density po(x() defined on domain 2y corresponds to the Lagrangian
transport by Xo of (¢, X;), where the R3-valued function fy = (det Fy)~*[Q(t)]"fo ia ! is the density of
the applied body forces per unit volume in the rotating natural configuration, where the R3-valued function
F(t,xo), defined on X, is the density of the applied surface forces per unit area in the rotating natural
configuration such that Fy dSy = [Q(t)]"(F dS;) o X, and where My = (det Fy) Fo' {o0Xo} Fy'
denotes the Piola-Kirchhoff stress tensor such that o(¢, x;) = [Q(t)]To (¢, [Q(t)]x¢)[Q(t)] is the Cauchy

stress tensor of the deformed configuration in R;. From Eq. (9), we deduce that [y = [I] 4 Ox,up. It
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should be noted that if the rotational velocity and the axis of rotation are independant of ¢, then [R(¢)] = 0

and [R(t)] is a constant matrix denoted as [R]. With this assumption, Eq. (12) is rewritten as

diVXO (ﬂ‘_o(t,XO) mg(t7X[))> + ,OO(X()) fo(t,Xo) = ,OO(XO)[R]2 {XO + ll[)(t,X())} + 2p0(X0) [R] ﬁg(t,Xo)

+ po(XU) ﬁo(t, Xo) .(17)

4. Nonlinear steady boundary value problem in the rotating frame

The external loads applied to the structure and the displacement field ud®" can be decomposed:

fO(t7X0) = fgtat(x[)) + f(()iyn(t7X0) ) VXO S QO 5 (18)
Fo(t,Xo) = F(S)tat(XO) + ngn(t,X[)) , Vxp € Y, (19)
ug” (t,%0) = ug*" (x0) + ug"" (t,%0) ,  Vx0 €T, (20)

where t — pg (Xo)fgy" (t,xg) denotes the time-fluctuation part of body force t — po(x¢)fo(t, Xo) around
its steady part po(xo)f5'% (o), where ¢ — F2¥" (£, x,) denotes the time-fluctuation part of surface force
t — Fo(t, Xo) around its steady part F§'@* (x,) and where ul¥" (¢, x,) denotes the time-fluctuation part of
applied displacement ug®" (¢, x¢ ) around its steady part ug’*(x,), these steady parts being defined below.
If the structure is only subjected to steady parts po(xo)f5 ", F&'* and ui'®® of external loads, then the
structure is in equilibrium in a steady configuration which occupies in R; a bounded domain denoted as
), with boundary 0f2,.. In Ry, a particule which is located at position xo € §2g in the rotating natural
configuration will occupy the position Xgef (x0) € Q, in the steady configuration. Let 3., T, and T',.
be the parts of boundary 952, such that X, = Xgef(Zg), T, = Xgef(To) and T, = Xgef(Fo). Let
ugef (xg) be the R3-valued displacement field of the steady configuration in R, defined from €, such

that
ug&f (Xo) = Xgef(Xg) —Xp , VX(] S Qg . (21)

Therefore, [Fgef = 8XOX66f is the deformation gradient of the steady configuration defined on domain
Qo. Using Eq. (21) we deduce that F;*/ = [I] + Ox,ui/. The Cauchy stress tensor of the steady
configuration is denoted as o, (x,.) and its Piola-Kirchhoff transport [11] by Xgef is the tensor-valued
function W)™ = (det Fy* ) {F1*} o, o Xp*/ }{F;*/}"T defined on Q. If the functions fy (£, Xo),

uli"(t,xo) and Go(r,t,x,dug) are T-periodic in ¢ (which is consistent with the constant rotational
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velocity assumption), then £57%*(xq), F&'*(xo) and u§'®*(x() are defined by

1 /7
£ x0) = /0 fo(t,x0) dt, Vxo €, (22)
1 +oo T re
Fétat(XO) = f/o dT/O GO(T,t7X[)7 {uO f(yo)}YOEZo) dt ) VXO S TO ) (23)
1"
uste!(xo) = T/U ug”(t,xo) dt, Vxoep. (24)

In R4, the nonlinear steady boundary value problem is deduced from the nonlinear dynamical boundary
value problem by replacing {fy, Fo, ud’", ug, Fo, Mo} with {f5iel, Fgiet, ugtat, ugef, [Fgef, HTgef} in

Egs. (12) to (15) and (17), and is written as (see for instance [15])

VX0 € Do, divy, (F57 (%) T (x0) ) + po(x0) £ (x0) = po(x0) [RJ? (%o + up/ (xo) (25)
%o € S0, £ (x0) W57/ (x0) mo(xo) = F5'* (xo) 26)
Vxo € Yo, ugef(xo) =0, 27
Vxo € T, up® (x0) = us™(xg) . (28)

5. Nonlinear dynamic boundary value problem in the rotating frame with respect to the reference

configuration

Below, we refer the steady configuration as the reference configuration of the nonlinear dynamical
boundary value problem. Consequently, Egs. (12) to (17), (25) and (26) have to be transported onto the
domain €2,.. In Ry and at time ¢, a particule located at position x,. in the reference configuration will
occupy the position denoted as X,.(¢,x,.) € §(¢) in the deformed configuration. Let u,.(¢,x,) be the

R3-valued displacement field of the deformed configuration, defined on €2,., such that

uw,(t,x.) = X (£, X)) — Xpr . (29)

Let x, — G,(7,t,X,,du,) be the mapping from ¥,. into R? such that, with xq = {Xoef}_l(x,,) in X

and for any function dug from Y, into R?, we have
G, (7,t,X,, 0u,.) dS,(x,-) = Go(7,1t, X0, 6u, o X5 + ulh) dSy(xo) , (30)

where (du, o X{?/)(xo) means du,. (X)) (x0)) and where dS,(x,) is the surface element of boundary

0L),.. Equations (13) to (17) can be rewritten as (for instance, see [15])

VX, €Q,,  divy, ([Fr(t,x[)) mr(t,xr)) e (%) £ (8, %) = pr(Xp) iy (£, X,) + 200 (X0) [R] ity (£, %)

+ pr(x,)[R(1))? {xo +uplt, xo)} , (1)
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VX, € ¥, Fr (2 xr) (2, %) 0y (%) = Fr(t,%,) (32)

Vx. € T,y w.(t,x,.) =0, (33)
vx, € Iy, u.(t,x,) = ud(t,x,), (34)
+oo
with F.(t,x,) = G (7, t, %, {u,.(t = 7,¥,) by,ex, ) dT . (35)
0

dir

dir(¢,x,.) defined on T', with values in R3, is such that

where, in R; and at time ¢, the function u
wdr(t,x,) = udit(t, {Xp7 1 1(x,)) — ugtot ({X5%} 1 (x,)), the unit outward normal vector to the
boundary 952, is denoted as n,.(x,.) € R3, the tensor-valued function F.(¢,x,.) = dx, X,.(t,x,.), defined
on §),., is the deformation gradient of the rotating natural configuration, the mass density p,.(x;.) defined
on domain €, corresponds to the Lagrangian transport by Xgef of po(xg), the R3-valued function
f.(t,x,.) is the density of the applied body forces per unit volume in the rotating natural configuration
such that p,.(x,)f.(t,x,.)dx, = po(xo)fo(t, X )dXq, the R3-valued function Fy(t,Xg), defined on X, is
the density of the applied surface forces per unit area in the rotating natural configuration such that
Fo dSo = (F, dS,) o X; and W, = (det F,) F;! {o o Xgef} [T denotes the Piola-Kirchhoff stress

tensor. From Eq. (29), we deduce that . = [I] + Jx,u,-.

InR and attime ¢, the nonlinear dynamical boundary value problem of the rotating structures with respect
to the reference configuration (the steady configuration) is given by Egs. (31) to (35). Consequently, the

transport of Eq. (25) on domain €2,. and the transport of Eq. (26) on X, give

divy o,(x,.) + pr(x,) £ (x,.) = p,(x,) [R]’x,, Vx,€Q,, (36)

or(x,) n, = F¥%%(x,) | Vx, €%, (37)

where p,.(x,.) £5'*(x,.) defined on ,., is the external body forces applied to the reference configuration
(the steady configuration) and corresponds to the Lagrangian transport by Xgef of external body forces
po(x0) 51 (xg) defined on domain Q2 and where F5'“!(x,.) is the external surface forces applied to

boundary Y,. corresponding to the Lagrangian transport by Xgef of surface forces F5'*(x) defined X.

It should be noted that

1 [t g
Fitat(x'r') — T/; dT/Ov GT(T7t7 XT‘7 0) dt 5 VXr S Er . (38)
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6. Viscoelasticity in finite displacement.

In this paper, we consider viscoelastic materials and we refer the reader to the theory of linear
viscoelasticity in finite displacement developed by B.D. Coleman and W. Noll [13]. In order to deduce
a total Lagrangian formulation of the constitutive equation, it is necessary to present a short review of
this theory. It is assumed that det fg(t, xg) > 0, where fg(t, Xg) = Ok, )~(0(t, Xg) is the deformation
gradient of the natural configuration in Ry, at time ¢. For s < ¢, let E(t,s,X;) = %(fT F — [I]) be the
Green-Lagrange strain tensor defined on domain Q(t) in which F(¢,s,X;) = tf((t, $,X¢). From Eq.
(2), we deduce that F = [I] + O, w. The theory of linear viscoelaticity in finite displacement states that

Cauchy stress tensor ¢(t, X;) is such that

ﬂ;[)(t, }(())_18(157 ig(t, X[)))@ﬁo(t7 X[)) = |]'1[)(X()7 Eg(t, XO))

o0 . " . . "
+/ Fo(T, X0, IE()(t,X[))) : {IP[)(t7X[))T [E(t,t - T, Xo(t7X0))|P[)(t,XO)}dT, (39)
0

where Eo = %{f% Fo — [I]} is the Green-Lagrange strain tensor of the deformed configuration in Ry
with respect to domain 2y and where the orthogonal tensor ﬁlso(t, Xo) is constructed using the polar

decomposition of positive-definite tensor Fo (¢, o) and is written as Py = Fo {F} Fo} 2.

In Eq. (39), xo — ho(xo, Eo(t, Xg)) is a function from €2 into the set of all symmetric second-order
tensors and ¢ +— T'g(¢,Xg, V) is a function from R™ into the set of all symmetric fourth-order tensors.
Futhermore, for all symmetric second-order tensors V, for all xo in €y and for all 4, j, k, h fixed in
{1,2, 3}, functions t — {T'¢(t,Xo,V)}ijkn belongs to L2(RT,y~2dr) where v is a positive real-value

function defined on R™ such that, for a given positive integer 7, lim,, . oo 7" v(7) = 0.

In a first step, the constitutive equation (39) could be rewritten in rotating reference frame R in which a
Lagrangian formulation on domain 2y for the linear viscoelasticity in finite displacement theory could

be deduced. In a last step, this Lagrangian formulation is transported onto domain §2,..

Thus, Eq. (39) could be rewritten as (see for instance [15])

Mo(t,x0) = Ho(x0, Eo(t,X0)) + Po(0, X0, Eq(t,X0)) : Eo(t,X0)

o0
+/ (I)()(T,Xo,[Eg(t,Xg)) . [Eg(t - T, Xg) dT, (40)
0

in which Eg = {F{ Fo — [{]} is the Green-Lagrange strain tensor of the deformed configuration in Ry

with respect to domain €2, and where the derivative of function ®( (7, xo, V) with respect to 7 is written
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as

1 3 1 o
{@o(s,xo,\/)}ijkh:det (2v+n)” 3 {(QVHI]) 2}(”,{(2‘/*[[]) Q}bj

a,b,p,q=1

x{(QV—i—[I])_%} {(2V+[I]>_%} {ro(s,xo,v)}abpq, 1)

pk qh
where Ho (X, V) is such that, for all symmetric second-order tensors V,

Ho(xo, V) = det (w n [I]) :

1
2

(w + [I])_% ho(Xo, V) (w + [I]) . (42)

In addition, we have lim,_ ., ®o(7,%0,V) = 0. If Eg(7,Xx0) is a bounded function in 7 and if
7 — ®o(7,x0,V) belongs to L*(RT, d7) then Wy (¢,xo) exists. With these assumptions and because
7+ [o(7,%0,V)) belongs to L?(R*,y~2dr), we deduce that function 7 — ®¢(7, X0, V) belongs to

L2(RT,y~2d7) N LY(R*, dr).

In this paper, only finite displacements are taken into account and material nonlinearities are not
considered. Consequently, substituting Ho (X0, Eq(,X0)) = Ao(Xo) : Eo(¢,Xp) into Eq. (40) and
introducing the Gy (7, Xo) = o (7, X0, 0) + Ap(Xo) yield

+oo
]]Tg(t,Xg) :Go(O,XO) : [Eg(t,Xg)+/ GU(T,XU) : [Eo(t—T,Xo) dT. (43)
0
It can be proven that
{Go(t,x0) }ijen = {Go(t,X0) }kni; = {Go(t,X0) }ijnr = {Go(t,X0) }jikn (44)

and that there exists ¢ > 0 such that, for all symmetric second-order tensors X,

{Go(0x0)} . D%bun 083y > e (R} (%) (45)

It should be noted that the linearization of Eq. (43) with respect to ug yields the usual linear viscoelasticity

theory [20, 31, 43]
+oo
O’(t,Xo(t,Xo)) = @0(0,}(0) : &:O(t,Xo) +/ G[)(T7 X[)) : &:O(t — T, Xo) dr y (46)
0

where €y = %{(%OUO + Ox,up } denotes the linearized strain tensor. Substituting Go(7,%q) dr =
Mo (x0) 1+ (T) dT + Bo(Xo) do(7) into the right-hand side of Eq. (43) yields the constitutive equation of

instantaneous viscoelasticity in finite displacement which is written as

Wo(t, Xo) = Ao(xo) : Eo(t,X0) + Bo(0, o) : Eo(t,Xo) - 47)
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T
Let £ = %([Fgef Frf — [1]) be the Green-Lagrange strain tensor of the reference configuration

defined on €. Substituting E(¢,xg) = [Egef (xo) into Eq. (43) yields
W5/ (x0) = Ao(x0) : Eg7 (x0) , Vo € Q. (48)

In section 4, we introduced UTSef as the Piola-Kirchhoff transport by X{“/ of tensor-valued function o,..

Consequently, we deduce from Eq. (48)

1

op(X) = —————
(xr) det Fp°f (xo)

o (xo) {AO(XO) : [Egef(XO)} Fof (x0)" (49)

with xg = {Xgef }1(x,). Let E.(¢,x,) = 3(FT F, — [I]) be the Green-Lagrange strain tensor of
the deformed configuration defined on €2,.. In section 5, we have introduced T, as the Piola-Kirchhoff
transport by X,. of Cauchy stress tensor o. In section 3, T is also defined as the Piola-Kirchhoff transport
by X of Cauchy stress tensor o. Therefore, it could be proved [15] that TT,. is also the Piola-Kirchhoff

transport by X7¢/ of tensor-valued function . Consequently, Eq. (47) could be rewritten as
+oo
T (t,x,) = 0r (%) + G (0,%,) : Er(,x,) + / G (%) : En(t — 7ox,) dr (50)
0

where G,.(7, x,.) is such that

(6050 apm LT g )3 3 )t Y (5D (57 (50 51
et Fo™ (o)

in which xy = {Xgef}*l(xr). It is easy to prove that, for any {a, b, p, ¢} fixed in {1,2, 3}, functions

7 +— {G,(7,X,) }abpq belong to L2(R*,y~2d7r) N L (RT, dr) with

{Gr(t, %) Yabpg = {6 (£, Xr) bpgab = {Gr(t, Xr) Fabgp = {Gr(t; Xr) Foapy - (52)

Tensor Gy(0, xp) is positive-definite but concerning tensor G,.(0, x,.), we have only proved that there is

a positive constant ¢ such that

{Gr(0,%7) Yabpg { X} ab {X}pg > € {Xref(xﬂ)}ab {me(XO)}ab ) (53)

T
in which xo = {X{/}1(x,), X"¢f = \/ﬁ[ﬂr)ef X F}¢/ and where X is any real symmetric
0

second-order tensor. Equation (53) does not mean that tensor G,.(0, X,.) is positive-definite.
7. Weak formulation of the nonlinear steady boundary value problem.

Let C(€) be the set of sufficiently differentiable functions v from € into R3. Let Coq(€0) be the

admissible function space constituted of all functions v in C(£2) such that v = 0 on T and let Cpq,0(£20)

C. Desceliers, C. Soize, Submitted to International Journal of Non-Linear Mechanics, October, 2002, Second revised version 12



be the subset of all the functions in C(£2g) such that v =0 on Ty U T'y. The weak formulation of the
nonlinear steady boundary value problem defined in Section 4 is written as follows : find the displacement

field ugef € Cuq(Qo) with ugef = u'® on Iy such that, for all v in Cpq,0(Q0),
k ref k ref L ref k ref .y ref -1 54
e0(ug™, V) +keo(ug™, v) +kao(ug™, v) +kso(uy™, v) —lao(uy™,v) =lo(v), (54)

where the symmetric positive-definite bilinear form k. o, skew symmetric negative bilinear form k. o,
nonlinear forms ks o, k3 0, lq,0, defined on Coq(20) X Caa(£20), and linear form [y defined on C,q(£20),

are such that

Ou ov
= Ay: —p: —
keo(u, v) /Qo { 0 8x0} Bx dxo , (55)
keo(u, v) = / Po {[R]Q “} -vdxg , (56)
Qo

1 oul du ov Ou oul ov
= — Ay: | =— — T — Ap: — p 1 — ——
k2’O(U7V) 2 /QO { 0 <8x0 8x0> } 8x0 dX[) + /5;0 { 0 8x0} {8x0 ax[)} dX[) ’ (57)
1 oul du oul ov
k370(u7V) = 5 /QO {AU : (a—xo a—xo>} : {a—xo a—xo} dXO s (58)
lao(u,v) = ?/0 dT/O ds g Go(T,s,X0,u) - vdSp(xp) , (59)

o) = [ oot vaso— [ oo (R0} vxo. (60)
Qo QO

8. Finite element discretization of the nonlinear steady boundary value problem.

Let Cqa,1(£20) be the subset of C,q(€2) corresponding to a finite element discretization of domain €.

Let [No(x0)] be the 3 x N}, real interpolation matrix such that the corresponding approximation of ugef

d
Ustat

u/f

and v (always denoted as u/*’ and v) are written as [Ny (xo)] U and [Ny (xo)] V, in which U =

0
andV = [

v/
of I'y. The finite element approximation of Eq. (54) is written as

] belong to RN+, where UY, , is the vector of the degrees-of-freedom related to the mesh

VT [ [Keo] + Kool + [Ka0(U)] + [Ks0(U)]] U= V" Lo + V' Lo(U), ©1)

where the symmetric positive-definite matrices [K. o], [K30(U)], the symmetric negative-definite matrix
[K¢ 0], the nonsymmetric matrix [K5 o(U)] and the vectors L, ((U), Lo are defined in Appendix A.

Introducing the matrices

[Ad (U4, U] [AY (U4, U7)]
= [Ke ] + [Kco] + [K2,0(U)] + [K3,0(U)], (62)

) )

A7 (U

stat»

U] (A (U, U7)]
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[F[?(Ugtatv Uf)]
, = Lq,0(U) + Lo, (63)
(B (U4, U]

equation (61) yields
[Af (U, uh) U, + (AN (Ud,,, U Ul = B ud,,. ul). (64)

Moreover, a method based on Lagrange multipliers could be used in order to take into account the

Dirichlet condition ugef =i’ on Ty [15].

9. Weak formulation of the nonlinear dynamic boundary value problem in the rotating frame with

respect to the reference configuration.

Let C(2,.) be the set of sufficiently differentiable functions v from (2, into R3. Let Coq(€2,) be the
admissible function space constituted of all functions v in C(€2,.) such thatv = 0 on Y, and let Coq,0(£2,)
be the subset of all the functions in C(£2,.) such that v = 0 on T, UT,. The weak formulation
of the nonlinear dynamic boundary value problem defined in Section 5 is written as follows : find
the displacement field u,.(¢,x,) € Cuq(Q2,) with u,.(t,x,.) = u?"(¢,x,.) on I, such that, for all v in

Cad,O(Qr)a

.. . 1
mr(“m V) + Cr(um V) + kg,r(urv V) + kc,r(um V) + ke,r(urv V) + 5]{277«(“7«, U, V) + k2,r("7 u, ur)

+o0 +oo
kg (U, W, Wy, v)+/ (7 wn(t— 1), V) d7+/ o (7 ¥, U (8), wn(t—7)) dr
0 0
1 —+00 “+o0
+§/ 2.0 (T, up(t—7), u.(t—7), v) dT+/ 93 (T, wp(t—7), w.(t—7), u,.(t), v) dr
0 0
—+ o0
- / la,r(Ta ta ur(t - T)’V) dr = lr(t’ V) ) (65)
0
where, for all u, v, w and r in C,4(€2,.), we have
ou' ov
kg r(u, v) = /Qr oy : {8xr 8xr} dx,. , (66)
Ou ov
keyr(lh V) = /QT {GT(O,XT‘) . a—xr} . a—xr er s (67)
ker(u, v) = / Pr {[R]2 u} v dx, , (68)
Q'r
. Ou ov
it ww) = [ {onen: gt b Woa (©9)
cr(u, v) = / Pr {[R] u} v dx, , (70)
Q.
m,(u, v) :/ Pr W=V dX,. (71)
Q
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- ou' 9v ow
9277‘(15,“7 v, W) = /Q {Gr(taxr) . <8XT aXr>} . 8—XT dxr‘ ) (72)

1 . ouT ov ow' Or

gsr(t,u, v, w, r) = 3 /Qr {Gr(t,x,,) : <8XT 8xr>} : { ox. 8xr} dx, , (73)
ou' ov ow

kQ,T(u7 V7 W) - AT{GT(O7XT) . (axr aXT.)}a—XT dxr 9 (74)

1 oul ov owl Or
ks, (u, v, w, r) = 3 /QT {G,«(O,xr) : <8Xr 8xr>} : { ox. 8xr} dx, (75)
la,r(77t7uvv) - / Gtrj‘yn(7—7tvxr7 {U(Yr)}yrezr) a4 dST' ) (76)

s,
I (t, v) = / pr(x,) £ (¢, x,.) - v dX, , (77)
QT
where
1 T
G (r,t,x,,0u,) = G,(7,1,X,., 0u,.) — T/ G,(7,t,x,,0) dt, (78)
0

fr(*iyn(t’ x,) = f.(t, x;) — fimt(xr) . (79)

10. Treatment of the time dependent Dirichlet boundary condition applied to the structure in the

rotating frame

In order to obtain an homogenous Dirichlet condition on T',., the functions u’" " (¢, x,.) and u"°™ (¢, x,.)
belonging to C,q(2,) are introduced such that u,, = u"e" + u”°™  The function u’"*"(¢,x,) is a

translation which is defined such that u’"*"(¢,x,) = u%"(¢,x,) on I'. and such that, for all v in

Cad,O(Qr)a

kg r(i o™ V) + ke (uE0" ) V) + ke (w7 v) = 0. (80)

T (

It is assumed that Eq. (80) has a unique solution. Substituting u,. = u’"%" 4+ u*™ into Eq. (65), we

deduce that u°™ (¢, x,.) belongs to Cyq,0(£2) is such that, for all v in Cyq,0(£2,),

.. . 1
mr(“fnwm7 V)+Cr(uﬁ0m7 V)""kg,r(“ﬁom? V)+kc,r(uﬁ0m7 V)"‘ke,r(uv}}omv V)+§k2m(“ﬁomv “?0m7 V)

+k27T(V7 ui“””’ u?om)_i_k?”r(uﬁ‘om’ ui“””’ ui“””’ V)+7€\977‘(t7 ui“””’ V)+7€\eyr(t7 ui“””’ V)

T T

+ kQ,T(tv u?om7 u:ﬂmm7 V) + 2 k2,r(t7v7 u:ﬂmmj uham) + / g»,«(T, uhom(t - T)? V) dr
0

+o0 1 [t
[ ganlrvo o @), b ) dr [ gan (rwlom (), o ), v) dr
0 0

+00 +oo
+ / g (ry WEOT(E—7), WO (¢ —7), WO (), ) dr / Go(rot, wlom(t—7), v) dr
0 0

400 +o0
+/ /g\gyr(T,t,uﬁom(t—T),uﬁom(t—T),V)dT—i-/ bgyr(T7t,uﬁom(t—T),ll?om(t), v)dr
0 0
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+oo ~
- / o (7,40 (0 — 1), ¥) dr = 1t V) — D(, V) (81)
0

where multilinear forms ng, Eem, Trs G275 7{7\277‘, nonlinear form lAa,T and linear form lA,, (defined in
Appendix B) correspond to the treatment of the time dependent boundary condition. Equation (81) is

the translated weak formulation of the nonlinear dynamical boundary value problem.
11. Finite element discretization of the nonlinear dynamic boundary value problem

Let Coa,n(S2) be the subset of C.q(€2.) corresponding to a finite element discretization of domain

Q,. Let [N,(x,)] be the 3 x N}, real interpolation matrix such that the corresponding approximation

tran

tran(¢ x,.), uh*™(¢,x,) and v) are written as

Ui ()

of ufr"(¢,x,.), uh°m(t,x,) and v (always denoted as u

[N, (x,.)] Ut e (t), [N,(x,)] U™ (t) and [N,(x,.)] V, in which Ut"o"(t) = , Uhom () =

Ul}ran (t)
0 0
and V = [
v/
to the mesh of I',.. The finite element approximation of Egs. (80) and (81) is written as

Uhom ] belong to RV», where U%"(¢) is the vector of the degrees-of-freedom related

VUK, ]+ [Kep] + [Ke ]} U (1) =0, (82)
VI M, U™ + VT [C] U™ 4 VT {[Kg,r] 4 [Kep] + [Kep] + [Kop (U™)]T + %[Kg,r(ufgom)]

)

+ [Ka, (U UR7™)] o [Ker (8] + [Kgr (0] + [Ko,p (8, UF™)] + 2 [Ko,p (8, U7 } upe

+oo . 1 N
+ [ VLG DI+ Gl ]+ 3G (7 £ UR)) (G (7 L UL (B (. U™
+o0

+ [Gaor (7, £, U] + [Gs o (7, t, URO™ ko) } vhom qr — / VT Loy (7,6, U dr
0

= VT Lr,h(t) - VT I/:r,h(t) ’ (83)
with Upem = yhom(t), Uiren = U (t) and where, for all U,V and W in R, the matrices of
Eq. (83) are defined in Appendix C. In a first step, Eq. (82) is solved and allows vector U"%"(¢) to

be constructed. In a second step, U*"%"(¢) being known, Eq. (83) is solved and gives U"*™(t). The

nonlinear dynamical responses of the rotating structure is then given by [N,.(x,.)]{U"™(t) + U2 (t)}.
12. Sensitivity analysis of the nonlinear dynamical problem for small data perturbation

This section deals with small perturbations of the geometry, mass density and constitutive equation
parameters. The nonlinear dynamical equations are written with respect to the reference configuration
defined by the domain €2,.. However, perturbations of the geometry, mass density and constitutive
equations cannot be defined on (2, because this domain is obtained by solving the nonlinear steady

boundary value problem defined on Section 4, and written with respect to domain €2y. Consequently,
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perturbations have to be defined on the domain {2y and rewritten with respect to the domain €2,.. In the

sequel, small perturbations of the data is assumed.

For perturbations applied to the geometry, mass density and constitutive equation parameters, the

deformed configuration occupies the domain €2’(¢) with boundary 02 (¢) in Ry and at time ¢.

Let €25 be the domain occupied by the perturbed rotating natural configuration and let X ;5 be the mapping
from €2 on (25 such that det dx, X5 be a positive real-valued function. The geometry perturbation of
the rotating natural configuration is represented by the R*-valued displacement field ug defined on

such that
ug(x0) = Xgg(x0) — Xo - (84)

Let F; = Ox, X be defined on domain €. Let X’a(t, X;) be the position in rotating frame R, and
at time ¢ of the particule located at position x; € (25 in the perturbed rotating natural configuration

observed in R;. Let X%ef = X o {X 5} " defined from Qg into 2, and let X/, = X5 o {Xgef 171 be

the mapping from {2, into €(¢). Letus consider the Green-Lagrange strain tensors [ = 1 ([F%T F5—111)

and [E%ef = 1( %efT %ef — [I]), both defined on Q5 and E. = %([F;,T [/ — [I]) defined on €2, in which

Fo = Ox X T = 00, X7/ and B, = 0 X,

The mass density perturbation of the rotating natural configuration is given by the real-valued mapping
Xg — Apg(xg) defined on £ such that ,0’6 = poo{Xp5} '+ Apy be apositive real-valued function. Let

p.. be the perturbed mass density defined on domain €2,. and corresponding to the Lagrangian transport

by Xgef of the mapping pf; defined on 7. We then have

1

/ ref
PATHES o ———
0 det [F%ef (x5)

(po(xo) o (X5}~ + Apg(x5)) - (85)

where xo = {X{/}1(x,), Xg = {X%ef}*l(xr).

The constitutive equation perturbation is represented by AG(7, x5) defined on 25 such that, for all 4, j, &
and h fixed in {1,2,3}, functions 7 > {G5(7, Xg) }sjkn belong to L2(R*,y~2dr) N LY(RT,dr) and

such that
Ahg(x5) = TEIJPOO [{AGs(7, x5) tijen| < +o0, (86)
{AGg}ijkn = {AGg}kni; = {AGg}jikn = {AGz}ijnk (87)
3
> ({@o(ovxo)}z‘jkh + {A‘Gﬁ(ovxa)}z‘jkh) {R}ii{ K kn > ¢ {RYi{K} 5, (88)
NN
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in which xo = {Xy5} '(xg), where ¢’ is a positive real number and where X is any real symmetric

second-order tensor.

Let o’ (t, x}) be the perturbed Cauchy stress tensors defined on () for the deformed configuration with
perturbation of the geometry, the mass density and the constitutive equation. Let UT’a(t, Xg) be defined on
()5 as the Piola-Kirchhoff transport by X of o’ (2, x;). Substituting Go(%,Xo) by Go(7,X0) + AG5(7, X5),
Mo(t, xo) by WG (t, xg5) and Eo(t,x0) by Eg(t, x5) into Eq. (43) yields

+oo
e (t,x5) = [GO(O xo) + AG(0, xo)] L E5(t, xp) —i—/o ACy(1,xg) = E5(t — 7, x5) dr
+oo
—i—/o Co(7,%0) : E5(t — 7,x5) dT,  (89)
with x5 = X 5(x0). Let ﬂT%ef be the mapping defined on domain Q5 suh that
T (xg) = [@0(0 xo) + AG5(0, xo)] 32l (90)

with x5 = X5(Xo). Let o} and T, be defined on domain 2, as the Piola-Kirchhoff transports by Xref
of mappings UTfef and T defined on domain Q. Substituting Ep by IE%ef , el by IF%ef , Ao(xg) by
Ao(x0) + Arg(x5) and X: by Xref into Eq. (49) yields

1

ox)=
() = det 2/ (xg) ©

P! (x5) { [Bo (x0) + A5(x5)] - 57 (x5) } T2 ()", 1)

in which xp = {X{*}71(x,), xg = {XC/}71(x,). Substituting W, by W/, o, by o, F5/ by Fr/,
Go(T,x0) by Go(T,%X0) + AGg(7, %) and E,. by ;. into Egs. (50) and (51) yields

+oo
m;(t,xr) = o0,(x) + G.(0, %) : EL.(t, %) + / Gy (7, x,) s EL.(t — 7,%,) dT 92)
0
1

det F7” (xg) Fo () Yo {5 () Yot {5 (55) b {5 (35) Yo

X ({60(77 XO)}klmn + A(Bﬁ(T, Xﬁ)}klmn) 5 (93)

{GL.(7, %) Yabpg=

with xo = {X{*/}~1(x,) and x; = {Xref }71(x,). The perturbation of the mass density and the
constitutive equation induced by perturbations u,5, Apg and AG; are represented by functions Ap;.,
AG, and Ao, defined on domain €2,.. For small perturbations, Eqs (85), (91) and (93) can be linearized
with respect to mappings u,5, Apy and AG;. Since 3x5{X05}_1 ~ [I] — Ox.uy5, we then have
[F%ef ~ [Fgef — [Fgef {axauoﬁ} and det [F%ef ~ det [Fgef (1 — divg,u,5). Consequently, from Eqs. (85),
(91) and (93), we deduce that

1

. Ap(x), 94
detﬂ_gef(x[)) Polxs) G4

App(x,) = pr(x,)divy, uoﬁ(XO) +
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Aug(xo)

Aoy (Xr) = Ki(xr) 2 AlG(xg) + Ti(xp) : oxg T (divy, ugg(xo)) or(Xy) (95)
AGL(x,) = Ka(x,) AGy(xg) + Ta(x,) : allgﬁx(:‘o) + (divy, uyg(xo)) Gr(x;) , (96)

where K1, Ky, Ty, T are tensor-valued functions defined in Apendix D and where xg = {me (x,),
Xy = (X[} (x,).

13. Weak formulation of the perturbed nonlinear boundary value problem

The weak formulation of the nonlinear dynamical boundary value problem with small data perturbations
is constructed by substituting u, by u., p, by p., T, by T’ [, by F. into Eq. (31) and Eq. (92).
The weak formulation of the perturbation of the nonlinear dynamic boundary value problem defined in
Section 5, is written as follows : find displacement field u’.(¢, x,.) € C,q(£,.) withu’.(¢,x,.) = u®"(¢,x,.)

on I',. such that, for all v in Cyq,0(£2,),

R -vdxr+2/ R vdx,
| {i) {orimi}-
ov ov
1T !/ ! 1T
+/ {[F,, - }dxr /Q{@ (0,%,) ) } - {[F,, - }dxr
“+o0
/ / {G/ 7,%.)  EL(t TXr)} : {[F;,T 88;«} dx,,dT—/Qro;:aa;;dxr
+ / p;{[R]Qu;}-vdxr: / Pl £ Ly dx,. + / F&"™ .vdS, , 97)
Q, Q, s,

where f49™ (¢, x,.) defined on 2,. and F%¥" (¢, x,.) defined on 3, are such that

B (1,x,) = £, — [RPx, + (%) " divy, 0} (x,) 98)

+oo
FOvm (4 x,) = / G (7 £, Xy, (U (= 7% byom,) 7 — Aoy (x,) 1y (x,) -
0

14. Treatment of the time dependent Dirichlet boundary condition applied to the perturbed

structure in the rotating frame

In order to obtain a homogeneous Dirichlet condition on T',., we substitute u/. = u"*™ + u’"*" into Eq.
(97) where u"™ € Cuq.0(2,.) is the new unknown of the perturbed nonlinear dynamical problem. We

then have

(M, + AM, } @™ (t) + {C,. + AC,.} ™ (1) + {K, » + AK, , + K., + AK.. . + K, . + AK, .
+ K2 7"( hom/( )) + AKQ 7"( hom/( )) + K2 7"( hom/( )) + AKQ 7"( hom/(t))
+Ks3,-(u hom,(t)v uﬁom/( t)) +AKsz - (u hom,(t)’ uimm/(t)) + Rgﬂ“(t) + Aﬁg,r(t) + ﬁe,r(t) + Aﬁe,r(t)

o R (007 (1)) + AR (1, ™ (1)) + 2 R (1,007 (1)) + 2 AR, (1,0l (1))} o™ (1)
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T T

Jroo o~ o~ o~ o~
+ [ {G(7) + AG,(7) + G, (7,t) + AG,.(7,t) + Bo . (t,u™ (1)) + ABy (1, t,ul™ (1))
0

1 1
3G (1l (= 7)) 5 G, (1 W™ (= 7)) G (7, W (1) + DGy (7, ™ (1)
+ G (1, 6, 0™ (£ = 7)) + AGo, (7, £, 0™ (t — 7)) + G (7, 0™ (1), o™ (¢ — 7))
o0
+AGs, (7, ul™ (), 0 (£ — 7))} uho™ (¢ — 1) — /0 Lo (7, £, 0™ (¢ — 7)) dr

= ALgp + Lo(t) + AL (£) = L (t) — AL.(t) ,  (99)

where all multilinear operators in Eq. (99) are defined in Appendix E by their associated multilinear

forms.
15. Formal perturbations methods for solving nonlinear dynamical problem with perturbed data

Operatorial equation (99) could be rewritten as

M, l-ihom/(t) +C, l‘lﬁom/(t) + A,«(t, uﬁom/) + Kr(t, uhom/)

T T

+ e{AM, @7 (t) + AC, 0"V (1) + AA(t,ul) + AA,(t,u)} =0, (100)

T

where operators A, K,«, AA, and AK,« are defined in Appendix F and where ¢ is a nondimensional
parameter introduced in order to use a perturbation method [1, 5, 27, 29, 34, 35, 36] for Eq. (100). It
should be noted that operators A, and AA, correspond to the treatment of the time dependent Dirichlet

condition for the perturbed nonlinear dynamical system. The perturbation method considered in this

“+oo

paper is formal and consists in using the asymptotic approximation u/°™ ~ Yo

e™uy. It is also
well known that secular terms could occur due to solution u® of the unperturbed problem. Other more
advanced methods (such as the normal form method) can be used to avoid secular terms [25, 26, 27, 29,

30, 32, 33, 34], but such an application for the present problem is really tricky due to the dimension of

the problem which is infinite. It is also assumed that the following expansion can be written,

f‘aﬂ’(Tv t, llg + ll) = f‘a,T(T7 tv llg) + i:‘(lz,r(T7 t) u -+ f‘g,r(T7 tv u, ll) + f‘i,r(T7 tv u,u, ll) +... (101)

—+oo

Substituting u’*"™ = 3" e™u” into Eq. (100) with u® = u”°™ and identifying terms in ", for each

integer n > 0, we then obtain
M7 (¢) + € (1) + { K, + KO(8) + R() pur(t) + / {GUr ) + G, t) fui(t — 7)dr
0
- [ - r) dr = —F2 0 - Fr(0), (102)
0

where for n fixed into {1,2}, K,, KO(¢), KO(t), G(r,t), GO(r,t), F*(t) and F"(t) are defined in

Appendix F. The finite element approximation of u> with n > 0 is defined as [V,.(x,.)] U™ (¢) with
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0
and belongs to Cnq,,(£2,). Moreover, the finite element discretization of operators

Un(t) =

‘ (t) () > ! "
L . (7,t), K., K)(t), K(t), GY(7,t), G2(7,t), F(t) and F}(t) with n in {1,2} are denoted as
L, (0, [K. ], [K2(t), [KO(8)], [GO(r, 8], [GO(r, 1)), F7,.(t) and F” (t) and are defined in Appendix

G. Consequently, the finite element discretization of Eq. (102) is

“+ o0

407 + (007 + {1+ (K20) + R0} ur + [ {6 0] + @ Ui ar

0

~

o0
- [ B U dr = E(0 - ), (103)
0
with U} = U™(¢).
16. Conclusions

In general, for nonlinear elastodynamic equations of rotating structures in finite displacement, approxi-
mated theories are used. In such a model, it is difficult to introduce viscoelasticity for nonisotropic
materials. In this paper, we have presented the details of a complete and exact three-dimensional
formulation for nonlinear dynamics in finite displacement of rotating structures constituted of viscoelastic
nonisotropic and nonhomogenous materials. In addition, time dependent boundary conditions are
considered and the rotating structure is subjected to a complex loading depending on the time history of
the structural displacement field (for instance, unsteady acrodynamic forces). A strategy for analyzing
such a problem is proposed and nonlinear dynamical matrix equations resulting from the finite element
discretization are given. Finally, all the equations concerning sensitivity analysis of the nonlinear

dynamical problem system with respect to the perturbed data are given.

Appendix A. Definition of the finite element matrices for the nonlinear steady boundary value

problem

Koo = / 9o [No(x0)]T [RP? [No(x0)] dxo , [Kuo] = / [Bo(xo)]" [Ceo(x0)] [Bo(x0)] dxo , (104)

oo = 5 [ (Boo)l” Coolxo)] (B3 (x, U]
1B 00, 0T (Ce (o) Bo(xo) o (105)
150(0)] = 5 | (B30, U)T (G0} 1B (50, U)] o (106)
Loo(U) = /O T /0 " ds /2 [No(xoll” Go(r, 5. 30, [No(x0)] U) S5 (107)
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Lo = /Q 0 po(xo) [No(xo)]" £5'" dxo — /Q 0 p(x0) [No(x0)]" {[R]? xo} dxo , (108)

where
Lo D[N0 (x0)]:
[d] =5 2 81, [B (X )] P = = (109)
79 3 e O{xo};
9[No(x0)]xp O[No(x0)]

[By'*(x0,8)]a,,p = M fady ., [Cen(X0))dydin = {Ro(X0) ijrn . (110)

{xo}; {xo}i

Appendix B. Definition of the multilinear forms for the translated weak formulation of the nonlinear

dynamic boundary value problem

+°° ouT ov
tran 4y .
~(t, u,v) / / (7, x,) : E;7" (¢t T,XT)} : {8xr ax,,} dx, dt
ou' v
. rtran .
+/QT {GT(O,XT)  E (t,x,,)} : {81{,« 8x,«} dx, (111)
EE,T(t,u, V) = ko(u, w7 (t), V) + ko (v, u(E), ) + 2 kg (w, w7 (L), wlTOM(), V), (112)

Gr(1yt, w,v) = go (7, v, 0 (t), w) + go (7, w, Wt —T), V)
+2 g3 (7, w(E—7), w, W (t), V), (113)
/5277‘(7',15, u,v,w) =2 gs (7, ul v (t— 1), v, W) | (114)
ks c(tu, viw) = ks (u, v, w7 (), w) (115)
Go.r(T,t, W, v, W) = g3.,.(7, u, v, ul" (), w) (116)
2;7,«(7',15, u, v) =l (7,1, ul" e (t— 1) 4+ u, v), (117)
l:(t, V) _ —kg r( tranjuiran ) + kg r( tran tran) + kS r( tran7u1;ran7u1;ran7 ) + Cr( tran7 V)
+o0 +o0
+m,. (@) ) +/ gr (T, wIT(t —T), V) dT+/ go.r (T, v, 0O (t), wl(t — 7)) dT
0 0
1
2/ Gour (7, WIT(E — ), wTN(E— 7, v) dr
/ Rt — 1), ulrn (s — ), ulren(r), v) dr (118)

T . T
. o tran t.X, o tran X, t‘7 an X, o tran t.X, .
and Wlth [EiTan(t’ Xr) — %{ u, ax( , X ) + u, 6X( X ) _|_ u, 6X( X ) u, ax( , X )} and for au W in

Cad(Qr)a /k;g,T(ta ')a Ee,r(t,')a /g\T(T’tv ')a (ll,V) = /b\Q,T(T,t,W,ll,V), (ll,V) — /g\Q,T(T,tvu’V’W) and

(w,v) — ko (t,u,v,w) are symmetric bilinear forms.
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Appendix C. Definition of the finite element matrices for the nonlinear dynamical boundary value

problem

[Kc,r] = /Q Pr [Nr(xr)]T [R]2 [NT(XT’)] dx,. ,

r

Kol = [ BT (C (0] B, (x)] d,

r

[Ke,r] = [) [BT(XT)]T [Ce,r(ovxr)] [BT(XT)] dx; ,

[Br(xr)]T [Ce,(0,%;.)] [ijnVL(XmV)] dx,

2
I
[\]
S~

:
s
=3
=
~
4
N
3
=
=
~
4
:
Pt
Q
Ll
§

GartWV)) = 5 [ 1B 0 W Con(t3,)] (B (V)] i,

Ry = [ B8, G (13, 1B, 3]
(R (8)] = [ (U] 4 (K (U] 4 2 [ (U277, UL0Y]
(K0 (t,V)] = [Ks (U, V)],
G (7, D) = G (7, U T o [Gg (7, ULT) 2 [Gly o 7, UL, o))
(B (7,1, V)] = 2 (G o (7, V, U]
(G (74, V)] =[G (7, U, V)]
Lou(7,t,U) = Iy (7,1, [N,] U)
Loatt) = [ o IV 1,0
Lont) = [M,] 0o + [C,] Gtren

1
- { Ko (U (= 7))+ [ (U )] 4 [, (U, U] | U

+oo
[+ G r U (G (U

+ [Ga(r. U U] U dr
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(123)

(124)

(125)

(126)

(127)

(128)

(129)
(130)
(131)
(132)
(133)
(134)
(135)

(136)
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where, for all U in RV», we have

a[Nr(Xr)]ip
ofx t;

I[Ny (%) kp O[Nr (Xr)] g
a{xr}j X }i {Ula

[CB,T(T, X,«)]d“dkh = {GT(T, Xr)}ijkh ’

[Cg,T(XT)]daidbj = Oab {OT(XT)}Z']‘ )
~ 1

(Cor (X0 sy = 50 {[CerO,%)] [BYE (30, U™ U}

+ bap {[Cer(0,,)] [Br(x,)] U }

[BT(XT)]dijp =

[B7]"VL (er U)]dijp =

dij

di]'

5@{; + = ran ran
22 [ o B e U dr
0

ij

# [ {{Cuntr) Bt U}

ij

Appendix D. Definition of tensors introduced in the sensitivity analysis

1

R A M LU R Ce

1

" det Fpel
1

" det Fpel
1

 det Fpel

{ Sef}ak{"’_gef}bd{[Egef }pq{AO }kcpq

{6 ar{F o Yo { B Y ga{ R0} hicq

(FoT Y ar A5 Y { S Y pa Ao Yhape

" et [me{ Fo Y ar{Fo Yor{Po} ke ,

1

T Xref} _ I]_—Tef " H_—ref I]_—Tef . I]_—Tef N G Sl
A AL UM U AL R P L

1 re re Te Te
- t[F,,ef{ 0" YarAF o Yo AF G Y om AF 6 Fan{Bo kimn

—— A AT o PG g {F 5 Y an { o b tim

dt[F

1

W{ o YarAFo Y odFo™ Yo AF G 14 {G0 Y htms »

1
K Xref} ref I]_—ref [Eref 7
{keXi )= g o bl Do

1
K Xref} I]_—ref I]_—ref I]_—ref I]_—ref )
R AL A UL
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(142)

(143)

(144)

(145)

(146)
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It is straightfoward to show that

dim[{Ke (X5 (x0)) 22 A (7. Xg5(x0) ) gl < H00.

Juys
. T ( ref ): 00 “
(T2 (767 () )+ s S < o<

{[Kl o AAﬁ}ZJ = {lKl o AA6}W 5
8u 8u
{Ty 0 }ZJ ={T:: -0 }JZ )
{[K2 ol AGﬁ}ijkh = {[K2 o A(Bﬁ}khij = {[K2 ol AGﬁ}jikh 5

ou,= ou,s
Yijen = {T2 aT?}khij ={T,: aT(;O}jikh )

81106

{—H—Q : 7(9X0

where, in order to simplify notations we note

Ky Adg = Ky (Xgef(x0)> AN (Xoﬁ(xo)) )

T 00 =T (X (x0)) = S ()

Oxg
Ky :: AGy = Ky (X ef ) AG; (7’, Xoﬁ(xo)) ,
(

81106

8u re
. 200 7, X f > : —axo (xq) -

:‘|]'2

From Egs. (143) to (156), we deduce the symmetric properties of Ao, and AG,

{Ao,(xr) }ij = {Aor () }ji

{AGC,(t,x,) }ijin = {AC(t, %) }inij = {AG(t, %) }jikh -

Appendix E. Definition of the multilinear forms for the perturbed problem

ou’ ov
Akg r(u, v) = /Qr Ao, : {er 8xr} dx, ,

Ou ov
Akeﬂ‘(u7 V) - /QT {AGT(O7XT‘) . a—XT} . a—xr er7
Akestuv) = [ A {(RP u} vax, .
QT
. ou ov
Ag,(t, u, v) = /QT {AG,«(t,x,«) f o } s dx, ,

Acy(u, v) = 2/ Ap, {[R] u} v dx, ,

Q,

Am,(u, v) = / Apyu-vdx, ,
Q'r

C. Desceliers, C. Soize, Submitted to International Journal of Non-Linear Mechanics, October, 2002, Second revised version

(147)

(148)
(149)
(150)
(151)

(152)
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(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)

(164)
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- ou' 9v ow
AgQ,r(t7u7 v, W) - /Q,‘ {Aer(taxr) : (a—xr ax,,>} ax,, dX,«, (165)

snteann= [ fobionr (3 2} Y o

Aky - (u, v, w) = /QT{A(BT(O,X,«) : (g—;i g):;)} SX dx, , (167)

Aks,(u, v, w, r) = %/m {AG,«(O,X,«) : (g—zj aax‘;)} : {gz aa—’:;} dx, , (168)

Azw(v):—/E {Ac, n,} -vdx,, +(t, V) / Ap, £V (t, X,.) - v dx, , (169)
Alegr(t, u,v) = /Q ,‘ /0 o {AGT(T,XT) L Etran(t — 7, xr)} : {ng ;}:} dx, dr

+/QT {86,(0,x) Bt x,) ) {ng g;} dx, | (170)

A%eyr(t,u, V) = Akg . (u, ul"(t), v) + Akg (v, u*(t), u)

r

+2 Aks - (u, uf" (), uf™(t), v), (171)

AGr(T,t, w,v) = Aga (T, Vv, ulr e (t), u) + Ago (7, u, ul" e (t — 1), v)

+2 Ags (T, ul" et — 1), u, ulr(t), v, (172)

T T

A327r(77t, u,v,w) =2 Ags (7, ul et — 1), u, v, w) | (173)
AEQ,T(t,u, v, W) = Aks.(u, v, a7 (t),w) , (174)
AGe (7, t, w,v,W) = Ags (7, u, v, ul" (), w) (175)

Al ( ) Amr( tran )—FACT( tran’ V)
+Akg, (W™ V) + Ak (W) V) + Ak (W™, V) + Akg (v, w7, ullo™)

tran tran tran tran tran
+ AkQT( , u, V) + Akg - (w, ", w,"" w4, v)

+o0 t+oo
+ Ag, (7, ul™ ™ (t — 1), v) dT + A92 (7, v, ulT(E), ulm O (¢ — 7))dT
0
1 [t
+ 3 Aga (T, ul" e (t — 1), uf,m"(t —17), v)dr
0
—+00
+ Ags (1, Wt — 1), (- 7), w (), V) dT, (176)
0

where EI79" = 1/2{0x, ul""T 40 ulren 49 ulronToy ulr*"}. From Egs. (157), (158) and because
matric [R] is skew-symmetric, we deduce that for all w € Coq(S2.), Aker, Amy, Aker, Agp(t,-),
(u,v) — Akg,(u, v, w), (u,v) — Ags (¢, u, v, w) are symmetric bilinear forms, Ac, is a skew-

symmetric bilinear form and, for all w, r € C.4(€2,), we have

Ags (t, u, v, w, 1) = Agz (t, u, v, r, W) = Ags . (t, w, 1, u, V), (177)
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Aks,(u, v, w, r) = Aks .(u, v, r, W) = Ak (W, r, u, v) .

(178)

From Eq. (158), for all w fixed in C,4(f2,-), we deduce that , AEQ,T(t,-), AEE,T(t, ), (w,v) —

A/b\Q’T(T,t,W, w,v), (u,v) — Ags . (7,t,u,v,w) and (u,v) — A?f\27r(t7 u, v, w) are symmetric bilinear

forms.

Appendix F. Definition of the multilinear operators introduced by the use of the formal perturbation

method

1
A, (t, ulomy = { Ko+ Ky + Ko+ 5Ko (W} (1)) + Ko (w2 (1))

T

o K (Wl (8), 0™ (1))} wlke™ (1)

U T

+oo 1
+ / { 3Gz (rul™ (£ = 7)) + 'Gop (70l (1))
0

+ G377"(7-7 u:‘wm/(t% uvfﬂmm,(t - T)) + GT‘(T) } uham/(t - 7') dT

r

_ / Loy (7ot u"™ (£ — 7)) dr — Lo(8) |
0

At o) = LRy o (6) + Ko (6) + Ko (1,027 () + 2 Ko (1,0l ()

oc
{ BQ,T(T7 t uﬁom/(t)) + G27r(7—7 t, uﬁom/(t - T) + GT(T7 t) } u

T

1
AA,(tulo™) = { AKep + AKey + AKg 4 5 AK (0777 (1)) + AKg (0™

r

r

+ AngT(uﬁom/(t%uﬁom/(t)) } uhom/(t)
+oo 1 homn t hom!
+/0 { 9 AGo (1w (t = 7)) + A, (7w (1))

T

+ AGiJ,7r(7-7 uﬁom/(t% u?om/(t N 7_)) + AGT(T) } uhom/(t .

— AL, — AL,(),

AA, (tu™) = & AK, () + AK, . (t) + AKs (¢, u™ (¢
r 9, B 5

T

+2 AR, (6wl (1) b ul™ ()
+oo N N
[ { AGastntule - )+ AG ()
0
+ ABy,, (7, Ll (1)) | wl (¢~ 7) dr + AL(1),

0 _ 0 t 0 i 04 _
Ky (1) u={Ks(u,u(t)) + Ko r(u)} ur(t)+/0 Gz, (1,0, 0,1 = 7))
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(180)
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+'Gar (7, 0) } uO(t — 1) dr, (183)

K%, (t)u=2"Kso,(t,u) ul(t) + +%;OQ,T(T,t,u) w(t—7)dr,
0
KO() u= {0, (1) + Ko, (u(1)) + Ko (00(8)) +2 K (0(0), (1))},

K
GI(r,t) w = {Gy(7) +2 Goy (7,0t = 7)) +2 G (7, wl(0), wl(t 7)) fw,

KT — Keﬂ' ‘|‘ Kgﬂ' "’ Kc,r
FL(t) = AM, i2(t) + AC, u¥(t) + AA.(t, u?),
f:A‘(t) = AKT(L uO) )

F2(t) = AM,il(t) + AC,ul(?)

L DKo (1)) + Ko (1)) + 2 K (a6, 00(0)) + K, (u2(0), wh (1)

2
+ AK, . + AK, . + AK, - + Ko - (u(2)) + 'AKo, - (u?(2))

+2 MK (u0(0), 02()) b uh() + { Ky (ul (1), ud(0) + DK, (ul (1)} w

+oo
* /O { %GQ,T(T7 uvln(t - T)) + tGQ,r(Tv url‘(t)) +2 G37T(T’ ui(t)’ llg(t o T))

+ Gy (1,00 (t),ul(t — 7)) + 2 AGy (T, ul(t — 7))
+2 AGs,, (1,00 (t),u(t — 7)) + AG,(7) } ul(t — ) dr
+o0o
+ /0 {tAvaT(T, ul(t)) + AGs,.(r,ul(t),ud(t — 7'))} ul(t —7)dr

+oo
+ / £2 . (r.t,ul(t — 7),ul(t — 7)) dr ,
0

(s

+ 2 AKo, (£, u’(1) } ul(t) + AKa, (£, ul(t) uO(t)

T

+oo N R N -
+ / { Go (1, t,ul(t — 7)) + Bo, (7, t,ul(t)) + AG,.(7,t) + AGy . (1,ud(t — 7))
0

+ OBy, (7, () ful(t—7)dr+ | ABs, (rit,ui(t) it —7) dr .
0

C. Desceliers, C. Soize, Submitted to International Journal of Non-Linear Mechanics, October, 2002, Second revised version
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F2(0) = { Royr(t,ul(1)) +2 Ko (1,0 (1)) + AR (1) + ARy (1) +2 ARy 1 (1, ul(1)

(184)
(185)
(186)
(187)
(188)
(189)
(190)

(191)

(192)

(193)
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Appendix G. Definition of the matrices for the perturbed nonlinear dynamical boundary value

problem
(K1 (AR aveds, © X5 = G4y { (ka0 X5 ) 3 (Akg 0 Xg5) } E (194)
ij
(Ko (AGg)] 4.0 0 X5 = { (Ko 0 X5) = (AGgo xoa)} , (195)
abed

with for all x5 € €25, we note AAg(xg) = lim,_, o AGH(7,xg).

dugg ref _ ref) . g5
T2y, Nustrs ©Xo™ = Oat {(1“ °Xo ) S oxo f; (150
(To(r, D), X5l = | (1057 ) - Tl (197)

9 aXO ablcd 0 0 * aXO wbed *

ouqs ) refa_
[AC. ,(1,%,)] = [T2(r, 87(;0)] + [K2(AGy)] + [Ce (7, X,)] (divyyugg) o {X07 71,
(198)
alloa . ref —1

[AC - (x,)] = [Tl(a—x(])]+[K1(A65)]+[Cg,7~(xr)] (divg,ugg) o {Xp 171, (199)

(ACy (6% sty = g0as {IAC(0,3)] [BYH (ke UM (1)) U7 (1)}

+ 8 {[ACL(0.%)] [B,(x)] U™ (1)}

dz’j
dz’j

+ /;Ofsab {18C(rx)] B, (x)] {U™™ (¢ =)} dr

ij

+ .
0 [ A G lIBY U = o e - o)} dr

dij
(200)

C0 (% i, = g0 {[Cer(0,5)] BN (x, U(0)] 0°(1)}

+ 8 {[Cer (0.3 B, (x)] V(1) }

dij
dz’j

+ /(]+O§ab {[Ce,r(Tv x,)] [Br(x,)] {U°(t — T)}}dide

+ .
+5;b/0 T[Cew(T’Xr)J[BiVL(xr,U“(t—r))]UO(t—r)} dr,

(201)

~

003N, = dan {[Cer(0. )] [BY (3 U™ )] V)]

+
O A L e e e
(202)
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[KS,T(t)] = /Q [Br(xr)]T [CS,T(Xr)] (B (x;)] dx, , (203)
RO, (1)) = / (B, (x)IT (60 (%,)] [By (x,)] dx, (204)
KO()] = K2, (1)] + K (U(0)] + (K (W) + 2 (K5 (U(2), U(8))] (205)

[K2(0)] = [Kg, (0] + [Ke (D] + [Kgr (0] + 2 [Ko,r (8,U°(1))] + 2 [Ko,, (1, U°(1))]T, (206)

[GY(7,8)] = [Gr(7)] 4 2 [Ga,r (1, U (t — 7))] + 2 [G5, (7, U (1), UO(t — 7))] , (207)
[GOr,8)] =[Gy (7, 8)] + 2 [Gaop (7,8, U (t — 7))] + [Ba, (1, £, U°(1))] , (208)
AKer) = [ Ao N (oI [RE [N (3,)) dx, (209)
AK,,] = /Q By (31T [AC, 1 (x,)] (B, (x,)] dx, 210)
[AKe,T] = /Q‘[Br(xr)]T [ACe,r(Oaxr)] [Br(xr)] dx; , (211)
[AK> (V)] = /Q 1B, (x,)]" [ACe.(0,%,)] [BNF (x,, V)] dx,. , (212)
[AK;J,’,«(W, V)] = l/ [BiVL(xr,W)]T[ACe’,«(O,xr)] [ijnVL(XmV)] dx; , (213)
2 Q,
[AM,] = i Ap, [N (x)]" [N, (x,)] dx,. (214)
[AC,] =2 i Apy [Ne(x)]" [R] [Ny (x,)] dx,. , (215)
[AGr(t)] _/ [Br(xr)]T [Ace,r(tvxr)] [Br(xr)] dx; , (216)
Q,
[AGy,(t,V)] = /Q B, (x,)]" [AC. . (t,%,.)] [BN (x,, V)] dx, (217)
AG, (WY = 5 [ B WITIAC (%) 1B (- V)] d, (1)
AR, (1) = /Q (B, (%) [ACy (1, %,)] [By(x,)] dx, (219)
[AR. . (1)] = [AK2, (UT"(1))] + [AK2, (U (1))]"
+ 2 [AK; (U (t), U™ (1))], (220)
[AKy,(,V)] = [AK;,. (U (), V)] , (221)
[AG,(1,1)] = [AG2,, (7, U™ (1))]" + [AGa, (7, U (t — 7))]
+ 2 [AGS3 (T, U (), U (t — 7))] , (222)
[ABy,.(1,t,V) = 2 [AGs,,(1, V, U™ (t — 7))] , (223)
[AGs., (7,1, V)] = [AGs (7, U (1), V)], (224)
Lo ()i =< L, g, & >, (225)
(K] = [Kep] + [Kg ] + [Ker] (226)
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{ALgp}; =< AL, g >, (227)

{AL, (1)}, =< AL (t), g, >, (228)

{AL, 1 (8)}; =< AL.(t), g; >, (229)

(L2 ,(r, 1, U, V)}; =< L2 (7,1, [N: (x)]U, [N (x,)]V), g >, (230)
and

FLu() = [AM] UF + [AC] U + { [AK., ] + [AK, | + [AK.,]+ %[AKQ,T(U?)]
AR (U] + (ARG, (U9, U9)] } U)
+/+OO{1[AG (7, U8 )] + [AGa o (7, U] + [AGs (7, UL, UL )]
0 2 2,77, U+ 2,77, Uy 3,7, Uy, Uy

+[AGH (7)) } UL, dr = ALy — ALyu(t). 231)

FLo (1) = {[AR o ()] 4+ [AK (0] + [ARs (£, U)] + 2 [ARs (1, U))]"} U7

+ /O - {1AG2 (7, 00+ [AG (7, 6)] + [ABa (1, t, UN UL, dr + AL(8),
(232)
F2,(t) = [AM )0} + [AC, )0} + {[AKs, (U}, UD)] + [AKs, (U]} U7
L 1R (U] 4 (Ko (UD]T 42 [ (U1, UD)] + [ (03, U] + [AK,,
T [AKg] + [AKe ] + (Ko (UD)] + [AKz, (U] +2 [AK, (07, 09)] } U}
b [ { 51Garr UL )+ (Garlr. UDIT 420G (. UL U +AG, (1)
(G (7.9, UL )]+ 2[A G, (7, U)_ )] + 2{AG, (r, UL, UYL, )] | U} dr

+o0o
+ / {[AGQ,T(T, UDI" + [AGs. (7, Utl,U?_T)]} Uy, dr
0

“+o0
+ / L, (mt, Uy, U, ) dr (233)
0

F2,,(6) = { [Ro,p(t, UD)] 4 2[Ra, (1, UD]T + [AR (0] + [AK, 1 (1)

+ 2 [ARo (8, UD)] + 2[A Rz, (1, U)] } U} + [ARs, (1, U})] U}
+oo, R R R
+ / { [G2,T(7—7 t, Utl—T)] + [B2,7" (T7 t Utl)]T + [AGT(Tv t)] + [AGQ,T(ﬂ U?—T):I
0

~ +OO ~
+ [ABy (1,1, U] } U, + /0 [ABy . (7,t,U)_ )] UY__dr. (234)
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