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5NCERTAIN ROTATING DYNAMICAL SYSTEMS WITH CYCLIC GEOMETRY

%� #APIEZ
,ERNOUT � #� 3OIZE

*�
0� ,OMBARD � #� $UPONT

!"342!#4� 4HE AIM OF THIS PAPER IS TO PROPOSE PROBABILISTIC METHODOLOGIES FOR THE DYNAMIC ANALYSIS OF THE
MISTUNING OF ROTATING BLADED
DISKS WITH CYCLIC SYMMETRY IN THE LOW FREQUENCY RANGE� ! RECENT NONPARAMETRIC
PROBABILISTIC MODEL OF RANDOM UNCERTAINTIES IS USED FOR MODELING THE RANDOM UNCERTAINTIES IN THE CONTEXT OF THE
BLADE MISTUNING� !N INVERSE PROBABILISTIC APPROACH� BASED ON THE IDENTIlCATION OF THE DISPERSION PARAMETERS
CONTROLLING THE NONPARAMETRIC PROBABILITY MODEL WITH RESPECT TO THE BLADE TOLERANCES IS CONSTRUCTED IN ORDER TO
DElNE THE BLADE GEOMETRIC TOLERANCES YIELDING A GIVEN PROBABILITY LEVEL OF THE DYNAMIC AMPLIlCATION OF THE
FORCED RESPONSE� ! NUMERICAL APPLICATION IS PRESENTED IN DETAILS�

� ).42/$5#4)/.

)T IS WELL KNOWN THAT THE DESCRIPTION OF A BLADED DISK
USING ITS CYCLIC SYMMETRY PROPERTIES IS NOT SUFlCIENT
TO PREDICT ACCURATELY ITS DYNAMIC FORCED RESPONSE�
4HE BLADE MISTUNING TERMINOLOGY IS THEN INTRODUCED
BECAUSE THE BLADES OF A BLADED DISK ARE SLIGHTLY DIFFER

ENT FROM ONE TO ANOTHER ONE� DUE TO THE MANUFACTUR

ING PROCESS OF THE BLADES� 3UCH A MISTUNING IS CON

SIDERED IN A PROBABILISTIC CONTEXT AND IS NOT WITHOUT
CONSEQUENCE WHEN ANALYZING THE FORCED RESPONSE OF
THE BLADED DISK� )NDEED� THE ENERGY OF THE MISTUNED
BLADED DISK CAN BE LOCALIZED ON A FEW BLADES� INDUCING
LARGE DYNAMIC AMPLIlCATIONS� SEE FOR INSTANCE �7HITE

HEAD ����	��� WITH RESPECT TO THE NOMINAL STRUCTURE�
6ARIOUS RESEARCHES HAVE BEEN CARRIED OUT� SEE FOR
INSTANCE �'RIFlN AND (OOSAC ����� -IGNOLET ET AL�
����	��� IN ORDER TO UNDERSTAND AND TO CONTROL THIS PHE

NOMENON�

4HIS PAPER DEALS WITH THE INVERSE PROBLEM RELATED
TO THE DElNITION OF THE BLADE MANUFACTURING TOLERANCES
FOR A GIVEN CONlDENCE REGION OF THE DYNAMIC AMPLIl

CATION FACTOR OF THE BLADES� 4HE NONPARAMETRIC PROB

ABILISTIC MODEL OF RANDOM UNCERTAINTIES DEVELOPED FOR
LINEAR ELASTODYNAMICS �3OIZE ����� 3OIZE ����	 IS
USED FOR MODELING THE BLADE MISTUNING� 4HE MAIN
STEPS CONCERNING THE RESOLUTION OF SUCH AN INVERSE
PROBLEM �#APIEZ
,ERNOUT ET AL� ����	 ARE BASED ON
THE CONSTRUCTION OF A MEAN REDUCED MATRIX MODEL FOR
EACH BLADE BECAUSE THE PROBABILITY MODEL RELATED TO
THE NONPARAMETRIC APPROACH IS IMPLEMENTED FROM RE


DUCED MATRICES� THE CONSTRUCTION OF THE PROBABILITY
MODEL BY USING THE MAXIMUM ENTROPY PRINCIPLE WITH
THE AVAILABLE INFORMATION� THREE SCALAR PARAMETERS AL

LOWING THE DISPERSION OF THE RANDOM MASS� DAMP

ING AND STIFFNESS MATRICES TO BE CONTROLLED CONSTITUTE
THE DATA INPUT OF THE NONPARAMETRIC APPROACH�
THE IDENTIlCATION OF THESE DISPERSION PARAMETERS WITH
RESPECT TO THE GEOMETRIC PARAMETERS CONTROLLING THE
BLADE GEOMETRIC MISTUNING� )T SHOULD BE NOTED THAT THE
GEOMETRIC MISTUNING IS COMPLETELY CONTROLLED BY THE
PROBABILISTIC NONPARAMETRIC MODEL OF THE BLADE UN

CERTAINTIES� 4HIS NONPARAMETRIC MODEL IS ITSELF COM

PLETELY CONTROLLED BY TWO SCALAR DISPERSION PARAMETERS

AND RELATED TO THE MASS AND THE STIFFNESS OPER

ATORS OF THE BLADES� 4HE PROPOSED ESTIMATOR OF THESE
DISPERSION PARAMETERS WITH RESPECT TO THE BLADE GEOM

ETRY UNCERTAINTIES IS WEAKLY SENSITIVE TO THE CHOICE OF
THE PROBABILITY MODEL USED FOR GENERATING THE BLADE
RANDOM GEOMETRY� )T IS IMPORTANT TO NOTE THAT THE
PROBABILISTIC MODEL OF THE BLADE RANDOM GEOMETRY
IS NOT DIRECTLY USED FOR PREDICTING THE MISTUNING BUT
ONLY FOR ESTIMATING THE DISPERSION PARAMETERS AND

� )N 3ECTION � A MEAN REDUCED MATRIX MODEL BOTH
ADAPTED TO THE NONPARAMETRIC APPROACH AND TO LARGE
lNITE ELEMENT MODELS IS BRIEmY RECALLED� 4HE PROBA

BILISTIC METHODOLOGY CONCERNING THE INVERSE PROBLEM
OF BLADE TOLERANCES DElNITION IS PRESENTED IN 3ECTION
� &INALLY� 3ECTION IS DEVOTED TO THE NUMERICAL AP


PLICATION CONSISTING IN A LARGE lNITE ELEMENT MODEL OF
AN INDUSTRIAL FAN STAGE�



� -%!. 2%$5#%$ -!42)8 -/$%,

)N THIS PAPER� � AND ARE THE SET
OF ALL THE REAL MATRICES� THE SET OF ALL THE

REAL MATRICES AND THE SET OF ALL THE POSITIVE
DElNITE
SYMMETRIC REAL MATRICES�

4HE STRUCTURE CONSIDERED IS A THREE DIMENSIONAL RO

TATING FAN STAGE MODELED BY A BLADED DISK WITH
BLADES� 4HE BLADED DISK IS ROTATING AROUND A lXED AXIS
WITH THE CONSTANT VELOCITY AND IS SUBMITTED TO EXTER

NAL FORCES� 4HE VIBRATION ANALYSIS IS CARRIED OUT IN THE
ROTATING FRAME RELATED TO THE REFERENCE CONlGURATION
IN THE LOW
FREQUENCY BAND � 4HE CENTRIFUGAL TERMS
ARE TAKEN INTO ACCOUNT IN THE STIFFNESS TERMS� 'YRO

SCOPIC COUPLING DUE TO ROTATING MOTION IS NOT TAKEN
INTO ACCOUNT� )T IS ASSUMED THAT THE UNCERTAINTY LEVEL
IS THE SAME FOR EACH BLADE AND THAT THE RANDOM UNCER

TAINTIES ARE STATISTICALLY INDEPENDENT FROM ONE BLADE
TO ANOTHER ONE� 4HE CONSTRUCTION OF A MEAN REDUCED
MATRIX MODEL FOR EACH BLADE IS THUS REQUIRED IN ORDER
TO MODEL THE RANDOM UNCERTAINTIES WITH THE NONPARA

METRIC PROBABILISTIC APPROACH� 4HE MEAN REDUCED MA

TRIX MODEL OF THE STRUCTURE IS BASED ON THE #RAIG AND
"AMPTON DECOMPOSITION METHOD �#RAIG AND "AMPTON
����	 FOR EACH BLADE WITH AN ADDITIONAL REDUCTION FOR
THE DISK �"ENlELD AND (RUDA ����	� 4HE EFlCIENCY OF
THIS DYNAMIC SUBSTRUCTURING METHOD HAS BEEN PROVED
FOR MISTUNED INDUSTRIAL BLADED DISKS �3EINTURIER ET AL�
����	�

4HE MATRIX EQUATION RELATED TO THE MEAN lNITE ELE

MENT MODEL OF THE BLADED DISK IS WRITTEN AS

��	

IN WHICH AND ARE THE VECTORS OF THE $/&
AND OF THE EXTERNAL LOADS AND WHERE � AND
ARE THE MEAN lNITE ELEMENT MASS� DAMPING AND STIFF

NESS MATRICES OF THE BLADED
DISK WHICH ARE POSITIVE

DElNITE MATRICES� 4HE PROJECTION BASIS RESULTING FROM
THE SUBSTRUCTURING METHOD IS WRITTEN WITH THE FOLLOW

ING BLOCK DECOMPOSITION AS

��	

)N %Q� ��	� � AND ARE THE � AND
VECTORS OF THE INTERNAL $/& OF THE DISK� OF THE
COUPLING INTERFACE $/& AND OF THE INTERNAL $/&
OF THE BLADES� 4HE VECTORS AND ARE THE AND
THE VECTORS OF THE GENERALIZED COORDINATES OF THE
DISK AND OF THE BLADES� 4HE BLOCK DECOMPOSITIONS OF
MATRICES AND WITH RESPECT TO THE BLADES ARE
CONSTITUTED OF MATRICES AND

WHERE SUBSCRIPT IS RELATED TO BLADE AND
BLADE � -ATRIX IS THE MATRIX IN WHOSE

COLUMNS ARE THE EIGENVECTORS RELATED TO THE lRST
EIGENVALUES OF BLADE WITH lXED COUPLING INTERFACE�
4HE MATRIX IS THE MATRIX IN REPRESENT

ING THE STATIC BOUNDARY FUNCTIONS OF BLADE � 4HE MA

TRICES AND CORRESPOND TO THE BLOCK DECOM

POSITION OF MATRIX WITH RESPECT TO THE INTERNAL
$/& AND THE COUPLING INTERFACE $/& OF THE DISK� 4HIS
MATRIX IS THE MATRIX IN WHOSE
COLUMNS ARE THE EIGENVECTORS OF THE SUB
SYSTEM RE

LATED TO THE $/& OF THE DISK AND EXTRACTED FROM THE AS

SEMBLED SYSTEM OF THE MEAN lNITE ELEMENT MATRICES OF
THE DISK WITH THE MEAN REDUCED MATRICES OF THE BLADES�
4HE INTEGER IS SUCH THAT � IN WHICH
IS THE NUMBER OF LOADED DISK MODES RELATED TO THE
lRST EIGENVALUES OF THE DISK FOR A GIVEN CIRCUMFEREN

TIAL WAVE NUMBER� )T SHOULD BE NOTED THAT SUCH EIGEN

VECTORS CAN BE CALCULATED BY USING THE CYCLIC SYM

METRY OF THE DISK �/HAYON AND 3OIZE ����	� 5SING
%QS� ����	 YIELDS THE MEAN REDUCED MATRIX EQUATION

RED ��	

WHERE RED RED RED RED IS
THE MEAN REDUCED DYNAMIC STIFFNESS MATRIX OF THE
BLADED DISK SUCH THAT� FOR REPRESENTING OR �

RED RED ��	

)NTRODUCING THE BLOCK DECOMPOSITION ASSOCIATED WITH
%Q� ��	 YIELDS

RED ��	

IN WHICH IS THE GENERALIZED DYNAMIC STIFF

NESS MATRIX OF THE DISK CONSTRUCTED WITH EIGENVECTORS
MATRIX AND WHERE THE BLOCK OF IS
SUCH THAT IN WHICH

IS THE GENERALIZED DYNAMIC
STIFFNESS MATRIX OF EACH BLADE WITH lXED COUPLING IN

TERFACE AND CONSTRUCTED WITH EIGENVECTORS MATRIX �

� -)345.).' !.!,93)3 /& 4(% ",!$%$
$)3+ 7)4( 2!.$/- 5.#%24!).4)%3

4HE NONPARAMETRIC PROBABILISTIC MODEL OF RANDOM UN

CERTAINTIES� WHOSE THEORY HAS BEEN COMPLETELY DEVEL

OPED IN LINEAR ELASTODYNAMICS FOR THE LOW
FREQUENCY
RANGE �3OIZE ����� 3OIZE ����	 AND HAS BEEN EX

TENDED AND VALIDATED FOR MODELING NON HOMOGENEOUS
RANDOM UNCERTAINTIES �3OIZE AND #HEBLI ����	 AND FOR
MISTUNING PROBLEMATICS �#APIEZ
,ERNOUT AND 3OIZE
����	� IS USED�
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3INCE THE BLADE IS REDUCED BY USING THE #RAIG AND
"AMPTON METHOD� IT CAN BE SHOWN THAT THE REDUCED
MATRIX EQUATION OF TUNED BLADE WITH FREE COUPLING
INTERFACE IS WRITTEN AS

��	

IN WHICH FOR BLADE � AND ARE THE VECTORS OF THE
COUPLING INTERFACE $/& AND OF THE GENERALIZED CO

ORDINATES� -ATRIX BLOCK CORRESPONDS TO THE
DYNAMIC PART OF THE MEAN REDUCED MATRIX MODEL FOR
BLADE WITH lXED COUPLING INTERFACE� &OR EACH BLADE�
IT IS ASSUMED THAT RANDOM UNCERTAINTIES MAINLY AFFECT
THE DYNAMICS OF THE BLADE WITH lXED COUPLING INTER

FACE� #ONSEQUENTLY� THE NONPARAMETRIC PROBABILISTIC
APPROACH IS IMPLEMENTED WITH RESPECT TO THE MATRIX

AND IS WRITTEN AS

��	

IN WHICH IS THE 
VALUED VECTOR OF THE RAN

DOM GENERALIZED COORDINATES OF THE DISK AND WHERE

IS THE 
VALUED VECTOR OF THE
RANDOM GENERALIZED COORDINATES OF THE BLADES� 2AN

DOM VECTOR IS THE SOLUTION OF THE RANDOM
REDUCED MATRIX EQUATION

��	

IN WHICH THE BLOCK OF IS SUCH THAT
AND WHERE IS THE

RANDOM REDUCED DYNAMIC STIFFNESS MATRIX OF BLADE
DElNED BY �
4HE AVAILABLE INFORMATION FOR RANDOM MATRICES �

AND IS

��	

ARE 
VALUED ���	

���	

IN WHICH IS THE MATHEMATICAL EXPECTATION AND WHERE
DENOTES THE &ROBENIUS NORM OF MATRIX �

4HE USE OF THE MAXIMUM ENTROPY PRINCIPLE WITH
THE AVAILABLE INFORMATION ALLOWS THE PROBABILITY DIS

TRIBUTION OF EACH RANDOM MATRIX TO BE CONSTRUCTED
�3OIZE ����� 3OIZE ����	 AND IT CAN BE PROVED THAT

� � ARE INDEPENDENT
RANDOM VARIABLES�

&OR EACH BLADE � THE PROBABILITY DISTRIBUTION OF EACH
RANDOM MATRIX DEPENDS ONLY ON DIMENSION AND ON
A POSITIVE PARAMETER CALLED THE DISPERSION PARAME

TER� #ONSEQUENTLY� FOR A GIVEN BLADE � THERE ARE THREE
POSITIVE NUMBERS � AND WHICH ARE THE DISPER

SION PARAMETERS CONTROLLING THE DISPERSION LEVEL OF THE
THREE INDEPENDENT RANDOM MATRICES � AND

� 3INCE WE ARE INTERESTED IN STUDYING THE EFFECTS
OF MISTUNING DUE TO BLADE MANUFACTURING TOLERANCES�
THE DISPERSION PARAMETERS HAVE TO BE QUANTIlED WITH
RESPECT TO THE GEOMETRIC TOLERANCES� 3UCH AN IDENTIl

CATION IS ACHIEVED IN CONSTRUCTING A BLADE RANDOM GE

OMETRY MODEL WHICH RESPECTS THE TOLERANCES SPECIl

CATIONS� 4HE RANDOM GEOMETRY MODEL ALLOWS THE RAN

DOM MASS MATRIX PARA AND THE RANDOM STIFFNESS
MATRIX PARA TO BE CONSTRUCTED FOR BLADE � )T CAN
BE SHOWN �#APIEZ
,ERNOUT ET AL� ����	 THAT THE IDEN

TIlCATION OF DISPERSION PARAMETERS AND YIELDS

TOL
���	

TOL
���	

IN WHICH DENOTES THE TRACE AND WHERE TOL AND
TOL ARE DElNED BY

TOL PARA ���	

TOL PARA ���	

4HE -ONTE #ARLO NUMERICAL SIMULATION IS USED FOR
COMPUTING AND � /NCE THE DISPERSION PARAM

ETERS ARE IDENTIlED� THE STOCHASTIC EQUATION DElNED BY
%Q� ��	 IS SOLVED WITH THE -ONTE #ARLO NUMERICAL SIM

ULATION�

,ET BE THE MEAN lNITE ELEMENT STIFFNESS MA

TRIX OF BLADE � 4HE ELASTIC ENERGY OF BLADE RE

LATED TO THE MEAN DYNAMICAL SYSTEM IS WRITTEN AS

� IN WHICH IS THE VEC

TOR OF THE $/& RELATED TO TUNED BLADE � $UE TO THE
CYCLIC SYMMETRY� WE HAVE
DENOTED AS � 4HE SIMILAR QUANTITY RELATED TO THE
STOCHASTIC DYNAMIC SYSTEM IS DElNED AS

� IN WHICH IS THE RANDOM VEC

TOR OF THE $/& RELATED TO MISTUNED BLADE � &OR
lXED IN � THE RANDOM DYNAMIC ANALYSIS IS CARRIED

0ROCEEDINGS฀%52/$9.฀�����฀฀3TRUCTURAL฀$YNAMICS



OUT BY INTRODUCING THE RANDOM DYNAMIC MAGNIlCATION
FACTOR OVER FREQUENCY BAND SUCH THAT

���	

7E ARE INTERESTED IN ESTIMATING THE PROBABILITY
� IN WHICH IS A GIVEN AMPLIlCATION

LEVEL� ! SECOND
ORDER CONVERGENCE ANALYSIS OF RAN

DOM VARIABLE WITH RESPECT TO PARAMETERS AND
IS CARRIED OUT� 7E INTRODUCE THE MAPPING

WITH � 4HIS FUNCTION
IS ESTIMATED BY # SUCH THAT

# ���	

IN WHICH ARE THE REALIZATIONS OF THE
-ONTE #ARLO NUMERICAL SIMULATION�

� !00,)#!4)/. 4/ !. ).$5342)!, &!.
34!'%

4HE STRUCTURE CONSIDERED IS A WIDE CHORD SUPERSONIC
FAN GEOMETRY CALLED 3'#�� 4HE FAN HAS BLADES�
4HE lNITE ELEMENT MODEL OF THE BLADED DISK IS SHOWN
IN &IG� ��

&IGURE �� &INITE ELEMENT MESH OF THE BLADED DISK�

)T IS CONSTRUCTED WITH SOLID ELEMENTS AND IS
CONSTITUTED OF $/&� %ACH SECTOR CON

TAINS NODES WHICH CORRESPONDS TO $/&�
4HE STRUCTURE IS CHARACTERIZED BY THE FOLLOWING PA

RAMETERS � AND � 4HE
STRUCTURE IS IN ROTATION AROUND ITS REVOLUTION AXIS WITH
THE CONSTANT VELOCITY � 3INCE THE DY

NAMIC ANALYSIS IS CARRIED OUT IN THE ROTATING FRAME OF
THE STRUCTURE� THE RIGID
BODY MOTION DUE TO THE ROTATION
OF THE STRUCTURE CORRESPONDS TO A lXED BOUNDARY CON

DITION AT THE INNER RADIUS OF THE STRUCTURE� 4HE BLADED
DISK IS MADE OF TITANIUM� &IGURE � DISPLAYS THE EIGEN

FREQUENCIES OF THE TUNED BLADED DISK WITH RESPECT TO
THE CIRCUMFERENTIAL WAVE NUMBER�

� � � � � ��
�

���

���

���

���

���

���

���

���

���

#IRCUMFERENTIAL฀WAVE฀NUMBER

%
IG

EN
FR

EQ
UE

NC
IE

S฀
�(

Z	

&IGURE �� 'RAPH OF THE TUNED EIGENFREQUENCIES WITH RESPECT TO
THE CIRCUMFERENTIAL WAVE NUMBER �

4HE MISTUNED FORCED RESPONSE OF THE STRUCTURE SUB

JECTED TO A THIRD ENGINE ORDER EXCITATION IN THE LOW

FREQUENCY BAND IS ANALYZED� !
HYSTERETICAL DAMPING MODEL WITH THE MEAN LOSS FAC

TOR IS ADDED TO THE BLADED DISK�

)N THE CONTEXT OF THE BLADE MANUFACTURING� THE TOLER

ANCES ARE SPECIlED FOR PROlLES AT A GIVEN HEIGHT FROM
THE BASE OF THE BLADE� &OR A GIVEN PROlLE� THE LEADING
EDGE �,%	 OF THE BLADE PROlLE IS ASSUMED TO BE lXED IN
ORDER TO DElNE THE TOLERANCES PARAMETERS �SEE &IG� �	�
,ET AND BE THE PARAMETERS CONTROLLING THE
LENGTH AND THE ANGULAR POSITION OF THE CHORD SUCH THAT

� IN WHICH
AND ARE POSITIVE SCALARS�

&IGURE �� $ESCRIPTION OF THE TOLERANCE PARAMETERS� #HORD OF THE
NOMINAL PROlLE �DASHED LINE	 
 #HORD OF THE MANUFACTURED PROlLE
�SOLID LINE	 
 ,OCALISATION OF THE TRAILING EDGE �4%	 �GRAY ZONE	�

! RANDOM BLADE GEOMETRY MODEL IS CONSTRUCTED IN
ORDER TO IDENTIFY THE DISPERSION PARAMETERS OF THE NON

PARAMETRIC MODEL USED FOR MODELING THE BLADE MIS

TUNING� &OR ITS CONSTRUCTION� IT IS ASSUMED THAT THE
COUPLING INTERFACE BETWEEN THE DISK AND THE BLADES RE

MAINS DETERMINISTIC� ,ET BE THE VECTOR IN DElN

ING THE POSITION OF THE NODES BELONGING TO THE NOMI

NAL MESH OF THE BLADE� ,ET THEN BE THE VECTOR IN

DElNING THE POSITION OF THE NODES BELONGING TO
THE MESH OF THE MANUFACTURED BLADE� )N THE PROBA

BILISTIC CONTEXT OF TOLERANCING� VECTOR IS MODELED BY

¹฀����฀-ILLPRESS�฀2OTTERDAM�฀)3".฀��฀����฀���฀�



THE 
VALUED RANDOM VECTOR SUCH THAT

���	

IN WHICH ARE DETERMINISTIC VEC

TORS OF AND WHERE ARE INDE

PENDENT RANDOM VARIABLES� &OR CONVENIENCE THE CHO

SEN BASIS VECTORS ARE THE BLADE EIGENMODES WITH
lXED COUPLING INTERFACE� 4HE PROBABILITY DISTRIBUTION
OF RANDOM VARIABLE IS CHOSEN AS UNIFORM AND ITS
SUPPORT IS CALCULATED IN ORDER TO RESPECT A GIVEN SET

OF TOLERANCES� )N ADDITION�
SUCH A PROBABILITY MODEL ALLOWS THE BLADE RANDOM
SHAPE TO BE REGULAR� )T SHOULD BE NOTED THAT THE CON

STRUCTION OF SUCH A BLADE RANDOM GEOMETRY MODEL RE

MAINS ARBITRARY AND DOES NOT CORRESPOND TO ANY GIVEN
MANUFACTURING PROCESS� )T IS IMPORTANT TO NOTE THAT
THE RANDOM DYNAMIC MAGNIlCATION FACTOR IS STRONGLY
SENSITIVE TO THE CHOICE OF THE PROBABILITY MODEL WHICH
IS CONSTRUCTED WITH THE NONPARAMETRIC APPROACH AND
WHICH DOES NOT DIRECTLY DEPEND ON THE PROBABILISTIC
MODEL OF THE GEOMETRY� THIS NONPARAMETRIC MODEL DE

PENDS ONLY ON THE DISPERSION PARAMETERS WHICH ARE ES

TIMATED AS A FUNCTION OF THE GEOMETRIC TOLERANCES BY
USING THE BLADE RANDOM GEOMETRY MODEL� ,ET BE
THE NUMBER OF REALIZATIONS USED IN THE -ONTE #ARLO
NUMERICAL SIMULATION AND LET AND BE THE STA

TISTICAL ESTIMATORS OF DISPERSION PARAMETERS AND

DElNED BY %QS� ������	� 4HE &IG� � DISPLAYS THE
GRAPHS AND FOR �

� � ! REASONABLE
CONVERGENCE IS OBTAINED WITH REALIZATIONS
AND YIELDS AND �

� ��� ��� ��� ��� ��� ���
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&IGURE �� 3TOCHASTIC CONVERGENCE OF THE DISPERSION PARAMETERS
WITH RESPECT TO THE NUMBER OF -ONTE #ARLO REALIZATIONS�

! SENSITIVITY ANALYSIS OF THE DISPERSION PARAMETERS
IS THEN PERFORMED WITH RESPECT TO THE TOLERANCES� &OR A
SET OF TOLERANCES SUCH THAT AND

� THE &IG� � SHOWS THE GRAPHS OF
� � &OR A SET OF TOLERANCES SUCH THAT

AND �
� THE &IG� � SHOWS THE GRAPHS OF �
�
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&IGURE �� )DENTIlCATION OF THE DISPERSION PARAMETERS FOR
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&IGURE �� )DENTIlCATION OF THE DISPERSION PARAMETERS FOR
AND �

)T IS THEN DEDUCED THAT THE DISPERSION PARAMETERS ARE
MORE SENSITIVE TO THE TOLERANCES RELATED TO THE ANGULAR
POSITION OF THE CHORD THAN TO THE TOLERANCES RELATED TO
THE LENGTH OF THE CHORD�

&OR AND � &IG� � PRESENTS
THE CONVERGENCE ANALYSIS OF RANDOM VARIABLE
WITH RESPECT TO PARAMETERS AND ALLOWING THE
DIMENSION OF THE RANDOM REDUCED MODEL TO BE CON

TROLLED AND WITH RESPECT TO THE NUMBER OF REALIZA

TIONS OF THE -ONTE #ARLO NUMERICAL SIMULATION�

� � � � �� �� �� �� �� ��
�

���

�

���

�

���

�

�A	 #

� ��� ��� ��� ��� ��� ��� ���
���

�

���

�

�B	 #

&IGURE �� 3TOCHASTIC CONVERGENCE ANALYSIS OF THE RANDOM REDUCED
MATRIX MODEL�

4HE &IG� ��A	 DISPLAYS THE GRAPH
# FOR AND � !
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REASONABLE CONVERGENCE IS OBTAINED FOR �
&OR � THE &IG� ��B	 SHOWS THE GRAPH

# FOR �SOLID LINE	� FOR
�BLACK DASHED
DOTTED LINE	� FOR �GRAY

DASHED
DOTTED LINE	� FOR �BLACK DOTTED LINE	
AND FOR �GRAY DOTTED LINE	� )T IS DEDUCED THAT
PARAMETERS AND HAVE TO BE CHOSEN SUCH THAT

AND �

4HE RANDOM MISTUNING ANALYSIS IS CARRIED OUT FOR THE
COMPLETE BLADED DISK� !SSUMING THE UNCERTAINTY LEVEL
TO BE HOMOGENEOUS FROM ONE BLADE TO ANOTHER ONE
YIELDS � AND � FOR ALL

� 4HE MASS AND THE STIFFNESS DISPER

SION PARAMETERS ARE IDENTIlED WITH RESPECT TO A GIVEN
SET OF TOLERANCES� )N THE CONTEXT OF BLADE TOLERANCING�
THERE IS NO UNCERTAINTY ON THE DAMPING OF THE BLADES
AND THE DAMPING DISPERSION PARAMETER IS CHOSEN AS

� 4HE -ONTE #ARLO NUMERICAL SIMULATION IS PER

FORMED WITH REALIZATIONS�
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&IGURE �� 'RAPH OF THE FUNCTION FOR
�BLACK SOLID LINE	� �GRAY SOLID LINE	� �BLACK
DASHED LINE	� �GRAY DASHED LINE	� �BLACK DOTTED
LINE	� �GRAY DOTTED LINE	�

&IGURE � DISPLAYS THE GRAPHS FOR
SEVERAL VALUES OF �BLACK SOLID LINE	�
�GRAY SOLID LINE	� �BLACK DASHED
DOTTED LINE	�

�GRAY DASHED
DOTTED LINE	� �BLACK
DOTTED LINE	 AND �GRAY DOTTED LINE	� )T IS
SEEN THAT THIS GRAPH HAS A MAXIMUM WHICH ALLOWS
TWO TYPES OF SPECIlCATIONS TO BE CONSIDERED� /NE
OF THESE SPECIlCATIONS CONSISTS IN DElNING TOLERANCES
OF THE BLADE WITH HIGH PRECISION� WHEREAS THE OTHER
ONE CONSISTS IN INTENTIONALLY MISTUNING THE BLADE� &OR
EXAMPLE� THE CONlDENCE REGION DElNED BY

IS OBTAINED FOR PARAMETER OR
�

� #/.#,53)/.3

7E HAVE PRESENTED A METHODOLOGY ALLOWING THE BLADE
GEOMETRIC TOLERANCES OF A MISTUNED BLADED DISK FOR A
GIVEN CONlDENCE REGION OF THE RANDOM DYNAMIC MAG

NIlCATION FACTOR TO BE SPECIlED� 3UCH A METHODOL

OGY USES A NONPARAMETRIC PROBABILISTIC MODEL OF RAN

DOM UNCERTAINTIES FOR MODELING THE MISTUNING OF THE
BLADES AND REQUIRES TO RELATE THE DISPERSION PARAMETERS
OF THE NONPARAMETRIC PROBABILISTIC APPROACH TO THE TOL

ERANCE PARAMETERS OF THE BLADES� 4HE EFlCIENCY OF THIS
METHODOLOGY IS PROVED THROUGH A COMPLEX NUMERICAL
MODEL OF A BLADED DISK�
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"ENlELD� 7�!� � (RUDA� 2�&� ����� 6IBRATION ANALYSIS OF
STRUCTURES BY COMPONENT MODE SUBSTITUTION�
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#APIEZ
,ERNOUT� %� � 3OIZE� #� ����� .ONPARAMETRIC MODEL


ING OF RANDOM UNCERTAINTIES FOR DYNAMIC RESPONSE OF MIS

TUNED BLADED
DISKS�
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� 3EINTURIER� %� ����� "LADE MANUFACTURING TOLERANCES
DElNITION FOR A MISTUNED INDUSTRIAL BLADED DISK�
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#RAIG� 2�2�*R� � "AMPTON� -�#�#� ����� #OUPLING

OF SUBSTRUCTURES FOR DYNAMIC ANALYSES�
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'RIFlN� *�(� � (OOSAC� 4�-� ����� -ODEL DEVELOPMENT
AND STATISTICAL INVESTIGATION OF TURBINE BLADE MISTUNING�
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LIMIT DISTRIBUTION FOR THE ANALYSIS OF RANDOMLY MISTUNED
BLADED DISKS�
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-� ����� ! NEW AEROELASTIC MODEL FOR MISTUNED
BLADED DISKS� ���RD !)!!�

!3-%�!3#%�!(3�!3# 3TRUCTURES� 3TRUCTURAL $YNAM

ICS� AND -ATERIALS #ONFERENCE�

3OIZE� #� ����� ! NONPARAMETRIC MODEL OF RANDOM
UNCERTAINTIES FOR REDUCED MATRIX MODELS IN STRUC

TURAL DYNAMICS�

6OL� �� � .O� �	� ���n����
3OIZE� #� ����� -AXIMUM ENTROPY APPROACH FOR MOD


ELING RANDOM UNCERTAINTIES IN TRANSIENT ELASTODYNAM

ICS�
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IN DYNAMIC SUBSTRUCTURING USING A NONPARAMETRIC PROB

ABILISTIC MODEL�
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