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Non-parametric modelling of vibroacoustic coupling interface

uncertainties

J.-F. Durand & L. Gagliardini
PSA Peugeot-Citroén, Velizy, France

C. Soize

University of Marne-la-Vall ée, Paris, France

ABSTRACT: In order to improve the numerical prediction robustness of the vehicle models, one introduces a
model of random uncertainties with the non-parametric approach. Such an approach takes into account data
errors as well as model errors. This paper deals with classical low frequency vibroacoustic modelling such as
used for booming noise prediction. We are especially interested in vibroacoustic coupling uncertainties which
are relevant to model errors. Introducing two different fluid-structure interface meshes, two estimations of
acoustic energy are computed. Applying random uncertainties on the coupling interface, the results show that
the non-parametric approach of vibroacoustic coupling uncertainties is able to model this class of uncertainties.

1 INTRODUCTION

In automotive industry, numerical simulation is inten-
sively used to predict the dynamical behavior of ve-
hicles. Computational means capacity has increased
in the last last years, allowing models more and more
detailed to be run, but there is still a need for design
tools that are able to provide robustness of the models.
Hence, to improve the robustness of the models, one
has to introduce uncertainties in numerical computa-
tions. Uncertainties can be classified into two classes:

(1) Data uncertainties which concern the parame-
ters of the mechanical model such as the geometri-
cal parameters, the parameters allowing the bound-
ary conditions to be prescribed, the constitutive equa-
tions, etc.

(2) Model uncertainties which are introduced dur-
ing the construction of the model: the constructed
model cannot exactly represent a structure as complex
as a car body for instance, due to the introduction of
approximations and simplifications which make the
modeling practicable. This class of uncertainties is
not relevant to the parametric approach because, by
definition, the model uncertainties cannot be taken
into account by the parameters of the model under
consideration.

For a classical low-frequency vibroacoustic model
of a car, uncertainties may affect the structural part,
the acoustic cavity, or the coupling interface. This pa-
per is especially dedicated to the specific case of cou-

pling interface uncertainties. Considering different in-
terface meshes will lead to different computations of
a given acoustic quantity. How can we take into ac-
count these errors? and in a more general way, how
can we account for effects that lie at the coupling in-
terface?

Recently, a new approach called the non-
parametric approach has been introduced to model
random uncertainties [Soize C. (2000, 2001, 2005)].
This approach, allowing the direct construction of a
probabilistic model of a matrix model (modal reduc-
tion) of the structure, does not require identifying the
numerous uncertain parameters as usually done for
parametric approach but is governed by a single un-
certainty parameter.

An implementation of the nonparametric approach
in the case of acoustic energy prediction for an in-
dustrial model of vehicle is presented in this paper.
This includes the adaptation of the nonparametric ap-
proach to vibroacoustic problems. Since, we are inter-
ested in vibroacoustic coupling errors using the non-
parametric approach of uncertainties, we introduce
coupling uncertainties by using two different inter-
face meshes leading to two computations of acoustic
energy. Finally, random acoustic energy is computed,
and its confidence region is numerically constructed.
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2 STATEMENT OF THE
ACOUSTIC PROBLEM

STRUCTURAL-

2.1 Finite element discretization

The finite element method [Zienkiewicz O.C. and
al. (1989)] is used to solve numerically the classi-
cal equations of a structural-acoustic boundary value
problem. We consider a finite-element mesh of the
structure Qg and of the internal fluid Q. Let UY =
(UY,....Us.) be the complex vector of the ng de-
grees of freedom (DOF) of the structure correspond-
ing to the finite element discretization of the displace-
ment field u. Let P* = (PF, ... ,Bﬁp) be the complex
vector of the ny DOF of the fluid corresponding to
the finite element discretization of the pressure field
p. Therefore, the finite element discretization of the
boundary value problem in terms of u and p [Ohayon
R. and al. (1998)] yields the following matrix equa-
tion

e | ] I | EC

where [A% (w)] is the dynamical stiffness matrix of
the structure which is a symmetric (ng x ng) complex
matrix such that
[4°(w)] = ~w’[My] +iw[D ] + K]
in which [M;fs}, [Q‘WSS], [Kﬁs] are the mass, damp-
ing and stiffness matrices of the structure in vacuo.
Matrix [M: ] is a positive-definite symmetric (ng x
ns) real matrix, [D; ] and [K ] are semipositive-
definite symmetric (ng X ng) real matrices. In Eq. (1),
[AT(w)] is the dynamical stiffness matrix of the
acoustic fluid which is a symmetric (ny X nr) com-
plex matrix such that
(A" ()] = —w?[M,, ] +iw[Dy, ] + K]

in which [M} ],[D5 ], [K} ] are the mass, damp-
ing and stiffness matrices of the cavity with fixed cou-
pling interface. Matrix [M ] is a positive-definite
symmetric (ny x ny) real matrix, [D) ] and [K) |
are semipositive-definite symmetric (nyz x ny) real
matrices.

Matrix [C] is the vibroacoustic coupling matrix
which is a (ng x nr) real matrix. The vibroacoustic
coupling matrix results from the discretization of the
sesquilinear form ¢(p,u) , ¢(p,u) = fFF pgn; dl g
which accounts for the continuity of the pressure
and displacement fields at the fluid structure interface
(where I'» denotes the fluid-structure interface ).

Introducing the change of variable P" = inF,
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Eq. (1) can be rewritten as the following symmetric
matrix equation,

U’ (w)

~F

P (w)

4%(w)]
w[C)"

)

_ {—ES(;U)’

2.2 Reduced matrix model of the structural-acoustic
system

The structural modes in vacuo and the acoustic modes
of the cavity with fixed coupling interface are calcu-
lated by solving the two generalized eigenvalue prob-
lems,

(K5 ]y =AM Jo 3)

(K5 Je=\'ME g . )

The eigenvectors verify the usual orthogonal prop-
erties [Bathe K.J. and al. (1976), Dautray R. and al.
(1992)]. The structure in vacuo has six rigid body
modes corresponding to a zero eigenvalue and n — 6
structural modes. Since we are only interested in the
elastic deformation of the structure, the structural dis-
placement is written as

Uiw) =[¥q°w) | )

in which [¥] is the (ng x n) real matrix whose
columns are constituted of the n structural modes as-
sociated with the n first positive eigenvalues (the n
first structural eigenfrequencies). The internal acous-
tic cavity has one constant pressure mode and m — 1
acoustic modes. The internal acoustic pressure is writ-
ten as

P'(w) =[2lq" () , (©)

in which [®] is the (np x m) real matrix whose
columns are constituted (1) of the constant pressure
mode associated with zero eigenvalue and (2) of the
acoustic modes associated with the positive eigenval-
ues (the m — 1 first acoustical eigenfrequencies). It
should be noted that the constant pressure mode is
kept in order to model the quasi-static variation of the
internal fluid pressure induced by the deformation of
the coupling interface [Ohayon R. and al. (1998)].

Using Egs. (3) and (4), the projection of Eq. (1)
yields the mean reduced matrix model of the
structural-acoustic system,

d8 ALIEC- L] e
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3 CONSTRUCTION OF THE STOCHASTIC
STRUCTURAL-ACOUSTIC PROBLEM WITH
THE NONPARAMETRIC APPROACH OF
UNCERTAINTIES

We consider only uncertainties on the vibroacoustic
coupling matrix. These uncertainties are induced by
model errors associated with incompatible geometries
of the structural part and acoustic cavity. Due to the
presence of model errors, the usual parametric proba-
bilistic approach which is perfectly adapted for mod-
eling data errors, cannot be used for modelling model
errors. Such a non-parametric probabilistic method
has been proposed in [Soize C. (2000, 2001, 2005)]
and is used below.

From this point, the structural-acoustic system will
be named mean structural-acoustic system in opposi-
tion to the stochastic structural-acoustic system de-
scribed below. The first step, in order to use the non-
parametric approach, is to factorize the mean reduced
coupling matrix.

3.1 Factorization of the reduced vibroacoustic cou-
pling matrix of the mean structural-acoustic
system

For most of vibroacoustic problems, coupling ma-
trix is rectangular due to different modal densities
for the structural and acoustic parts in a given fre-
quency band. The following factorization method for
rectangular matrices has been proposed in [Soize C.
(2005)].

Let ML, ,,, (R), be the set of all the (n x m) real ma-
trices. Let [C] be a rectangular matrix in M, ,,, (R) for
which its null space is reduced to 0. Then, [C] can be
written as

[Cl = U, [T ®)

in which the rectangular matrix [, ,,] and the
symmetric square matrix [7,,] are such that [T ] be-
longs to M}, (R) and [/, ,,,] belongs to M, ,,, (R) such
that [Zln,m}T[Qn,m} = [Im]

For a given rectangular matrix [C] belonging to
M, . (R), let [B,,] be the positive-definite square ma-
trix such that
B, =[C]"lc] € M (R) ©)

Since [B,,] belongs to M} (R), matrix [B,,] is di-
agonalizable and can be written as

B,.] = [0,][Z][0,]" (10)
in which [X,,] is the diagonal matrix of the posi-

tive eigenvalues of matrix [B,,] and where [©,),] is the
orthogonal matrix of the corresponding eigenvectors.
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Consequently, [Z,,]'/? is the matrix of singular values
of matrix [C] and we define matrix [T,,] by

(To] = [Bal"? = [0,][E,]2[0,]" € M (R) (11)

Upm] = ClT] ™" € Mum (R) (12)

Since [T,,] belongs to M (R) it can be written as

[Tl = [L7,]"[L7,] (13)

The non-parametric probabilistic approach of vi-
broacoustic coupling uncertainties consists in substi-
tuting the generalized matrix [C] by the (n x m) ran-
dom matrix [C], which is M, ,, (R)-valued random
variable written as

[C] = Uy )Ly, " Gel[Ly,] (14)

where [G¢], is a M, (R)-valued random variable.

3.2 Stochastic process implementation

The basic available information in order to build a
stochastic process, is constituted of the mean vibroa-
coustic coupling matrix.

E{lcly=[c]
The probability distribution on the set M} (R) is

explicitly constructed in [Soize C. (2000, 20071n)]. The
following algebraic representation of a random matrix
[Gc], allows an easy construction of its realizations.

We then have
[Ge] = [Le] L]

in which [L¢] is a random upper triangular (m X m)
real matrix whose random elements are independent
random variables defined as follows:

(1) for j < j', the real-valued random variable
[Lc]]'jr is written as [Lc]]’jr = aerjj, in which Om =
Sc (m +1)7Y/2 and where Uj; is a real-valued Gaus-
sian random variable with zero mean and variance
equal to 1. ¢ is the uncertainty parameter that con-
trols the actual matrix variance ;

(2) for j = j', the positive-valued random variable
[Le)jjv is written as [Lc|;; = 0,,+/2V; in which o,
is defined above and where V; is a positive-valued
gamma random variable whose probability density
function py, with respect to dv is written as

p"](l)) = 1R+(1})

P

:|3
4

+

)

By construction, the matrix [G¢] has a mean value
equal to the identity matrix : E{[G¢|} = [1,,].
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and its standard deviation is controlled by the param-
eter d¢ defined as

i f{ucc] —[Gell3}

Gl ’

where [G.| = [I,»] and where ||.||  is the Frobenius
norm.

Consequently, the mean reduced vibroacoustic
coupling matrix [C] may be changed into a random
(n x m) real matrix [C]. With such a non-parametric
probabilistic model, Eq. (7) is replaced by the follow-
ing random matrix equation,

s dLlledl)-|

where, for fixed w, Q¥(w) and QF (w) are complex
random vectors. For each realization of the stochastic
process, Eq.(14) is solved for every w.

P (w)
43*’(&))} (13)

w—

3.3 Confidence region of the random vibroacoustic
[frequency response

Managing results of a random process is an important
issue. We choose to use confidence interval in order to
be compatible with any distribution law of the results.
Let w — V(w) : B — R" be the modulus of an
observed vibroacoustic frequency response (either the
modulus of the frequency response in displacement
at a given point in the structure or the modulus of
the frequency response in pressure at a given point
in the internal acoustic cavity). The confidence region
associated with the probability level P, for the ran-
dom function {V'(w),w € B} is constructed by using
the quantiles. For fixed w in B, let Fy () be the cu-
mulative distribution function ( continuous from the
right) of random variable V' (w) which is such that
Fyy(w) = P(V(w) < w). For 0 < p < 1, the p-th
quantile or fractile of Fy () is defined as
C(p) = inf{w : Fy)(w) > p} (16)
Then the upper envelope v " (w) and the lower en-
velope v~ (w) of the confidence region are defined by
7)+("‘)) :C(lfpc) ) 7)7(3)) :C(Pc) (17
The estimation of v (w) and v~ (w) is performed
by using the sample quantiles [Serfling R.J. (1980)].
Let vy (w) = V(w;6y),...,0n, (w) = V(w;6,,) be the
n, independent realizations of random variable V' (w).
Let vy (w) < ... < ¥y, (w) be the order statistics asso-

ciated with vy (w), ..., v, (w). Therefore, one has the
following estimation

ot (W) = T+ @) Jfxm(P)  (8)
V(W) ~-(w) g =fix(m(1-F))  (19)

in which fix(z) is the integer part of the real num-
ber z.
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4 APPLICATION TO THE VIBROACOUSTIC
RESPONSE OF A TRIMMED BODY

4.1  Mean model of the trimmed body

The mean model is constituted of a trimmed body
as currently built by PSA engineers [Sol A. and al.
(2001)]. We are interested in studying acoustic energy
in the low-frequency band B = (20, 300|H z, for ap-
plied unitary forces (12 loaded structural DOF). The
finite element model of the structure has 947298 DOF.
The finite element model of the internal acoustic cav-
ity has 6883 DOF corresponding to 34796 acoustic
fluid finite elements. It should be noted that the two
meshes are incompatible on the fluid-structure cou-
pling interface which is a cause of uncertainty.

Fig. 1 displays two interface meshes correspond-
ing to two computations of the acoustic energy. On
Fig. 1, the upper left mesh is a rough interface mesh,
constructed by a spatial sampling of coupled panels
of the mean structural model. The upper right mesh is
a detailed interface mesh corresponding, for most of
the coupled panels, to the mean structural model.
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Figure 1. Fluid-structure interface meshes (upper right and upper
left), Finite element model of the internal cavity (lower)

Fig. 2 displays the graph of acoustic energies with
respect to the frequency corresponding to the previous
interface meshes. The horizontal axis is the frequency
axis in Hertz, the vertical axis is 10log,o(FE(w)).
The thick solid line is relative to the detailed fluid-
structure interface mesh, the thick dashed line is rela-
tive to the rough fluid-structure interface mesh. From
this point, we will associate the rough interface mesh
with the mean model and the detailed one with a nu-
merical realization -an experiment-. The “distance”
between the two graphes may be considered as a
model error. ~ We use the Monte-Carlo simulation to

© 2005 Millpress, Rotterdam, ISBN 90 5966 033 1



I I I I
50 100 150 200 250 300

Figure 2. Graph of Acoustic Energy with respect to the fre-
quency: mean model prediction (thick dashed line), numerical
realization (thick solid line)) - 1 graduation = 5dB -

compute the stochastic solution of Eq. (15). To ensure
the convergence of the stochastic solution, we need to
study the mean square convergence of the stochastic
generalized coordinates.

4.2 Convergence study of the Monte-Carlo Simula-
tion

The random Eq. (15) is solved by using the Monte
Carlo numerical simulation performed with a num-
ber of realizations 7, and with a given value of Jc.
The random displacement field of the structure and
the random pressure field inside the internal acoustic
cavity are then computed by using the equations (see
Egs. (5) and (6)),

VW) =[1Q°w) , P'(w)=iw[dQ ()

The convergence of the random solution is an-
alyzed in studying the graph of the function n, —
conv’ (n,) defined by

Ny

conv’(n,) = %Z/ 11Q" (w; 00)||*dw
B

Tog=1"

in which exponent H is either S for the structure or
F for the fluid and where Q" (w; 6,),... , Q" (w;0,,)
are the n, realizations of the vector-valued random
variable Q" (w).This convergence indicator may be
seen as the energy of either the structural part either
the internal acoustic cavity.

Fig. 3 displays the graph of the function n, —
conv” (n,) for the internal acoustic cavity. It can be
deduced that a reasonable mean-square convergence
of the random structural -acoustic system is reached

Proceedings EURODYN 2005, Structural Dynamics

Convergence criteria

L L L L L L L L L
100 200 300 400 500 600 700 800 900 1000
Number of realizations

Figure 3. Graph of function n,. — conv’’(n,.) related to the con-
vergence of the random acoustic generalized coordinates. Hori-
zontal axis: 7, Vertical axis: conv’ (n,.). (n,m) corresponding
to a modal truncation of (250 Hz, 250 Hz) ( Vv ), (300 Hz, 300
Hz) (O), (400 Hz, 350 Hz) ($), (500 Hz, 400 Hz) (®)

for n, = 600 realizations, n structural modes corre-
sponding to a modal truncation of 400 Hz and m
acoustic modes corresponding to a modal truncation
of 350 Hz.

4.3  Random acoustic energy of the structural-
acoustic system with vibroacoustic coupling un-
certainties

In order to take coupling interface error into account,
a Monte-Carlo simulation is carried out with a d¢
value such that the confidence region computed from
the mean model includes the numerical realization.
The confidence region of the random acoustic energy
was constructed with the following values of the pa-
rameters: number of realizations for the Monte Carlo
numerical simulation n, = 600, n structural modes
corresponding to a modal truncation of 400 Hz and m
acoustic modes corresponding to a modal truncation
of 350 Hz. Quantiles are used to construct the con-
fidence regions with an associated confidence level
P. = 98% [Serfling R.J. (1980)].

Fig. 4 is relative to the confidence region predic-
tion of the random acoustic energy. The thick dashed
line is the graph of the response of the mean model,
the thin solid line is the mean value of the random fre-
quency response function and the grey region is the
confidence region for a probability level P, = 0.98.
The thick solid line is the graph of the response of the
numerical realization.

Usually, effects of uncertainties increase with the
frequency [Soize C. (2000, 2001, 2005), Durand and
al. (2004, 2005)], this is not the case with this type
of uncertainty, we can notice a wide confidence re-
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Figure 4. Confidence region associated to P, = 0.98, of the ran-
dom acoustic energy for vibroacoustic coupling uncertainties:
mean model prediction (thick dashed line), mean response of
the stochastic model (thin solid line), confidence region (grey
region), numerical realization (thick solid line) - 1 graduation =
5dB -

gion at the low frequencies with a decreasing width
at higher frequencies. This would mean that vibroa-
coustic coupling terms are the most sensitive at lower
frequencies. A very interesting point concerns the fre-
quency range around 26 Hz.

Concerning the numerical realization (thick solid
line) :

- The acoustic peak at the frequency-value 26 Hz
is mainly due to a global structural mode coupled with
the acoustic constant pressure mode.

Concerning the mean model (thick dashed line) :

- At this frequency, the coupling interface defor-

mation does not induce internal pressure variation for
the mean model response.
On Fig. 4, we can see that the predicted confidence re-
gion accounts for the coupling effect at the frequency-
value 26Hz, it is remarkable that non-parametric ap-
proach of vibroacoustic uncertainties can take into ac-
count effects that were, apparently, absent from the
mean model prediction.

5 CONCLUSION

We have presented an approach that allows the ran-
dom uncertainties to be modelled even for industrial
car models, particularly model uncertainties which
are the main cause of prediction failures. This paper is
dedicated to vibroacoustic coupling uncertainties with
an approach based on different fluid-structure inter-
face mesh sizes, from a rough one to a refine one. The
results highlight the effects of such model errors. The
stochastic response of the proposed model presents a
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good behavior : the emergence of the acoustic reso-
nance at the frequency-value 26Hz which was, appar-
ently absent from the mean model, is well predicted
by the confidence region. We can add that the non-
parametric approach is easily practicable, and pro-
vides a realistic order of magnitude of the random re-
sponses. It should be noted that, with this method, all
the realizations of the Monte-Carlo simulation model
perfectly a mathematical-mechanical model.

REFERENCES

Bathe, K. J. and Wilson , E.L. (1976). Numerical
Methods in Finite Element Analysis. Prentice-Hall,
New York.

Dautray, R. and Lions, J. L. (1992). Mathematical
Analysis And Numerical Methods for Science and
Technology . Springer-Verlag, Berlin.

Durand J.F, Gagliardini L., Soize C. (2004),

Random uncertainties modelling for vibroacoustic
frequency response functions of cars, ISMA
proceedings Cdrom, Leuveen, Belgium.

Durand J.F, Gagliardini L., Soize C. (2005),
Nonparametric modeling of the variability of
vehicle vibroacoustic behavior. SAE Noise and
Vibration Conference, SAE proceedings Cdrom,
Traverse City, Michigan.

Ohayon, R., Soize (1998), C. Structural Acoustics
And Vibration, Academic Press.

Serfling R.J. (1980), Approximation Theorems of
Mathematical Statistics, John Wiley & Sons.

Soize C. (2000), 4 Non-parametric Model of Random
Uncertainties on Reduced Matrix Model
in Structural Dynamics, Probabilistic Engineering
Mechanics, Vol. 15, No. 3, pp. 277-294.

Soize C. (2001), Maximum entropy approach for
modeling random uncertainties in transient
elastodynamics, J. Acoust. Soc. Amer., Vol. 109,
No. 5, pp. 1979-1996.

Soize C. (2005), Random matrix theory for modeling
uncertainties in computational mechanics,
Computer Methods in Applied Mechanics and
Engineering.

Sol A., Van Herpe F. (2001), Numerical prediction
of a whole car vibro-acoustics behaviour at low
frequencies, SAE Noise and Vibration
Conference, SAE proceedings Cdrom, Traverse
City, Michigan.

Zienkiewicz, 0. C. and Taylor, R. L. (1989). The
Finite Element Method. McGraw-Hill, New York,
4th edn. (vol. 1, 1989 and vol. 2, 1991).

© 2005 Millpress, Rotterdam, ISBN 90 5966 033 1



