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Non Gaussian positive-definite matrix-valued random fields

for elliptic stochastic partial differential operators

C. Soize

Laboratory of Engineering Mechanics, University of Marne-la-Vallée,

5 boulevard Descartes, 77454 Marne-la-Vallée, France, e-mail: soize@univ-mlv.fr

Abstract

This paper deals with the construction of a class of non Gaussian positive-definite matrix-valued
random fields whose mathematical properties allow elliptic stochastic partial differential operators
to be modeled. The properties of this class is studied in details and the numerical procedure for
constructing numerical realizations of the trajectories is explicitly given. Such a matrix-valued
random field can directly be used for modeling random uncertainties in computational sciences with
a stochastic model having a small number of parameters. The class of random fields which can be
approximated is presented and their experimental identification is analyzed. An example is given in
three-dimensional linear elasticity for which the fourth-order elasticity tensor-valued random field

is constructed for a random non homogeneous anisotropic elastic material.

Keywords: Random field; Non Gaussian; Uncertainties; Stochastic partial differential equations.

1. Introduction

The role played by the modeling of random uncertainties in computational sciences is become
really important for improving the predictability of the numerical simulations. The fundamental
mathematical tool used for performing such models is the probability theory which is very developed
and allows numerous problems to be studied in sciences: see for instance [9, 15, 28, 41, 42, 60] for the
theory of stochastic processes and random fields, [28, 29, 32, 33,40, 51, 57, 60, 70, 86] for the theory
of stochastic integration, stochastic differential equations and diffusion processes, [52, 55, 56, 72]

for random signal processing, [4, 17,35, 38, 64] for mathematical statistics. These mathematical
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tools have been intensively used in the context of physics and engineering [47, 71, 83], in particular
for random vibration, for probabilistic theory and stochastic methods in structural dynamics and in

structural acoustics, and for computational stochastic mechanics [31, 41, 45, 50, 59, 62, 63, 73].

In computational sciences, a predictive model is generally constructed by developing a mathematical-
physical model of a designed system in order to predict the response of the real system which is
the system realized from the designed system. The mathematical-physical modeling process of the
designed system introduces two fundamental types of uncertainties: the data uncertainties and the
model uncertainties. Uncertainties have to be taken into account for improving the predictability of

the model.

In general, model uncertainties cannot be modeled by using the usual parametric probabilistic ap-
proach. Recently, a nonparametric probabilistic approach of model uncertainties has been proposed
in the context of dynamical systems using the random matrix theory and has been validated for
different applications [74 — 81, 7, 8, 13]. Such a nonparametric probabilistic approach is not directly
addressed in the present paper. Nevertheless, the class of random fields which is constructed below

corresponds to this nonparametric probabilistic approach.

Data uncertainties concern the parameters of the boundary value problem resulting from the
mathematical-physical modeling of the designed system and are, for instance, the geometrical
parameters, the boundary conditions, the coefficients of the partial differential operators of the prob-
lem, etc. The best approach to take into account data uncertainties is the parametric probabilistic
approach which consists in modeling the parameters of the model by random quantities such as
vector-valued random variables, vector-valued stochastic processes, tensor-valued random fields,
etc. In the last period of fifteen years, a lot of works have been carried out in this area, in particular
concerning the stochastic finite element method [14, 19 — 26, 39, 46, 69, 82, 84, 85, 87, 89] and other
numerical methods for solving stochastic boundary value problems [11, 43, 44]. Such a parametric

probabilistic approach is directly addressed in the present paper.

A great challenge is to construct stochastic representations of random parameters for which prob-
abilistic data are known and can be identified by using experimental data. Let us consider, for
instance, the following deterministic elliptic partial differential operator A on a bounded open do-

main € of R3, related to the three-dimensional linear elasticity for a non homogeneous anisotropic
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elastic material [10],

3
Ay=-— zeizaij{z%kh(xm@} , 1)

k,h=1

in which x = (21,29, 23) € Q C R3, where ! = (1,0,0), ¢ = (0,1,0) and e3> = (0,0,1) are
the vectors of the canonical basis of R® and where x — v(x) = (v;(X),v,5(x), v3(x)) is a twice

differentiable function from €2 into R3. The second-order strain tensor {€kn }kn 1s such that

ov ov
kn(¥) = (890]:1 + fm}:)

The fourth-order real tensor ¢, ;;, (x) of the elastic coefficients verifies the usual property of symmetry

Qijkh(x) = 7jikh(x) = 4jhk(x) = Ckhij (x) (2)

and for all symmetric second-order real tensors {z;; };;, the tensor ¢, ;. (x) verifies the following

positive-definiteness property,

3 3
2

Z Ciikn(X)2knzi; > Co Z Zii s (3)

ij ko h=1 ig=1

in which ¢, is a positive constant independent of x. The fourth-order tensor c; ;,, () is constituted of
21 algebraically independent coefficients depending on x. Let us assume that the material is random.
Consequently, for all x fixed in €2, tensor {¢; ;.j,(X) }i;kn is replaced by a fourth-order tensor-valued
random variable {C;jxn (X) }ijrn Whose mean value is {c; 5, (X) }ijxn and which has to verify similar
equations to Egs. (2) and (3) in a probabilistic sense which has to be defined. Nevertheless, for the
random case, the introduction of a deterministic constant ¢, in Eq. (3) cannot always be justified
from a probabilistic modeling point of view (this statement will be explained in Section 5.6). Finally,
X — {Cijkn(X) }ijkn is a fourth-order tensor-valued random field indexed by €2 and is constituted of
21 mutually dependent random fields. The stochastic partial differential operator A associated with

operator A is such that
3. 3.9
__Zelz(‘)xj Z Cijrn(X) exn(V) o (4)
i 7j=1 k,h=1

It should be noted that the probability distribution of this fourth-order tensor-valued random field

(that is to say the system of the marginal probability distributions) is required because the unknown
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solution of the stochastic boundary value problem is a nonlinear mapping of the random field
X — {Cyjkn(X)}ijrn. If the usual parametric probabilistic approach is used, then the identification

of this probability model by using experimental data seems to be difficult.

This paper deals with a nonparametric construction of a random field such as x — {C';xn(X) }ijkn-
For that, an ensemble of non Gaussian positive-definite matrix-valued random fields is constructed
and studied which allows the fourth-order tensor-valued random field x — {C;;xn(X)}ijkn to be
modeled. Then, such a tensor-valued random field will depend only on 4 scalar parameters: three
spatial correlation lengths and one parameter allowing the level of the random fluctuations to be
controlled. With such a model, the inverse problem related to the experimental identification seems

to be more feasible.

It should be noted that the probabilistic model of a random field such as x — {Cj;xn(X)}ijkn is
constructed by using the tensor-valued field x +— {c; ., (X) }4jxn of the associated mean model which
is such that the mathematical expectation of the random tensor {C;;xn (X) }i;xn is the deterministic
tensor {¢; ;., (X) }ijkn- Forinstance, for heterogeneous elastic materials, the known symmetries, such
as monoclinic symmetry, orthotropic symmetry, transverse square symmetry, transversaly isotropic
symmetry, isotropic symmetry, can be taken into account with the mean model represented by the
tensor {c;;p,(X)}ijkn. Nevertheless, this paper is limited to the case for which the random tensor
fluctuation {Cjxn(X) — ¢;;15,(X) }ijkn around the mean model is purely anisotropic, without any

symmetries.

Section 3 deals with the construction and the properties of the ensemble SFG™ of normalized homo-
geneous non Gaussian positive-definite matrix-valued random fields. This ensemble constitutes the
germs of the random fields in the ensemble SFE™ which is defined and studied in Section 4. This
ensemble is constituted of non normalized, non homogeneous and non Gaussian positive-definite
matrix-valued random fields. In Section 5, we present the nonparametric probability modeling of
elliptic stochastic partial differential operators on a bounded domain of R?, using the random fields
belonging to SFE™. Section 6 is devoted to finite element discretization of such an elliptic stochastic
partial differential operator on a bounded domain. Section 7 deals with the class of random fields
which can be approximated with the ensemble SFE™ and their experimental identification. Finally,

a numerical example is presented in Section 8.

2. Algebraic notations
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In this paper, the following algebraic notations are used.

Euclidean space. Letx = (x1, ..., x,) be a vector in R"™. The Euclidean space R™ is equipped with

the usual inner product (x,y) —<x,y>= Y_"_, x;y; and the associated norm ||x|| =<x,x>*/2,

Matrix sets. Let M, ,,(R) be the set of all the (n x m) real matrices, M,,(R) = M,, ,,(R) be the set
of all the square (n x n) real matrices, M~ (R) be the set of all the (n x n) real symmetric matrices

and M7 (R) be the set of all the (n x n) real symmetric positive-definite matrices. We then have

M (R) € ME(R) C Mo (R)

Norms and usual operators. We denote:
(i) The determinant of matrix [A] € M,,(R) as det[A ] and its trace as tr[A] = 37 [A];;.
(ii) The transpose of [A] € M,,.,,(R) as [A]T € M, n(R).

(iii) The operator norm of the matrix [A ] € M,, ,,,(R) as
|A]l = supy < [[A]x]| , x€R™ |

which is such that ||[A] x|| < [|A]] [|x]|, ¥x € R™. If m = n, then || A|| = |\,| in which |\, ] is the
largest modulus of the eigenvalues of [A |.

(iv) For [A] and [B] € M, m(R), we denote < [A],[B]>= tr{[A]"[B]}and the Frobenius norm
(or Hilbert-Schmidt norm) || A|| » of [A] is such that

n m

1417 =<[ALIA]>=u{[A]T[A]} =) ) [AL}

j=1k=1

For [A]in M, (R), we have
Al < [|Allp < V|l Al

3. Construction and properties of the ensemble SFG™ of homogeneous and normalized non

Gaussian positive-definite matrix-valued random fields

3.1. Principle of the construction

Letn > 2 and d > 1 be two finite integers. In Refs. [74,75,81], we introduced the ensemble SG™
of the random matrices [G,,], defined on a probability space (©, 7, P) with values in M (R), whose

probability distribution was constructed by using the entropy optimization principle [65,34,36,37]
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with the constraints defined by the following available information: [G,,] is a symmetric positive-
definite real random matrix whose mean value is the identity matrix and for which the second-order
moment of the random variable ||[G,,] || is finite. The probability distribution Py, j on M (R)
of such a random matrix [G,,] was explicitly constructed and depends only on dimension n and a
positive real parameter § independent of n and allowing the dispersion of random matrix [G,,] to
be controlled. Consequently, for n fixed, SG™ is a one-parameter ensemble of random matrices
which differs from the usual ensemble of the random matrix theory [48]. In addition, it was proved
that a random matrix belonging to SG™ can be written as [G,,] = [L,|? [L,] in which [L,,] is an
upper triangular matrix with values in M,,(R) whose elements are constituted of v = n(n + 1)/2
independent random variables which can be written as a nonlinear transformation of v independent

copies of a real-valued Gaussian random variable U with a zero mean and a variance equal to 1.

The ensemble SFG™ is then constructed as an ensemble of the random fields x — [G,,(x)] defined
on (O, T, P) indexed by R?, with values in SG™, for which the v independent real-valued Gaussian
random variables are substituted by v independent copies of a second-order homogeneous real-
valued Gaussian random field x — U(x) indexed by RY, with E{U(x)} = 0, E{U(x)?} = 1 (E is
the mathematical expectation). The autocorrelation function Ry (m) = E{U(x +m) U(x)} defined
on R has to be constructed and will depend only on d scalar parameters which will be the spatial
correlation lengths associated with each coordinate x4, ..., x4. Clearly, for such a construction,
any autocorrelation function Ry (m) could be chosen. However, the aurocorrelation function Ry (n)
introduced in Section 3.2.2 has been constructed (1) to obtain the simplest model, (2) to get the
required mathematical properties for random field U and (3) to be completely defined with the

smaller number of parameters (that is to say, by d scalar parameters).

Consequently, for n and d fixed, ensemble SFG™ will be a (1 + d)-parameters ensemble of random
fields. This ensemble is constituted of non Gaussian homogeneous and normalized random fields
indexed by R?, with values in M} (R), for which random field U has to be considered as the
“germ”. We will use this ensemble for constructing the ensemble SFE™ of non homogeneous (or
homogeneous) and non normalized random fields indexed by any open set €2 in R? and with values

in M (R).
3.2. Set &y for germ U of ensemble SFG™

In this section, & is defined as the set of all the random fields U having given properties. A random

field belonging to £ will be the germ of the ensemble SFG™. An explicit construction of a random
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field U in &y is given.

3.2.1. Definition of the set £y of random fields U

Let d > 1 be an integer. Let U be any random field in the set &;. Then x — U(x) is a second-
order mean-square continuous homogeneous Gaussian random field defined on probability space

(0, T, P) indexed by R, with values in R, such that
vxeRY | B{UX)}=0 , E{Ux)?*}=1 . (5)

Its autocorrelation functionm = (11, ...,7mq4) — Ry (n) = E{U(x+m) U(x)} which is continuous

from R? into R is assumed to be such that
Ry([CIm) =1— |[qll> +o(|m[*) for |n]—0 |, (6)

in which [C] is an invertible (d x d) real matrix and where the change of variable n = [C]n has
been used.

From Eq. (6), it is deduced that, for ||| — 0,

C
[log([m[D*+>

with § > 0 and ¢ = 2||[C]7!||%. Using the Dudley lemma [16], it can be deduced that the random

B{Ux+m) - UN)[*} =20 - Rym)) < e|ml <

field U has a continous version which means that the trajectories of the random field U are continuous
from R? in R almost surely, that is to say, {x — U(x)} € C°(RY R) almost surely. Finally, let
k = (k1,...,kq) be apointin R? and let dk = dk; . .. dkg be the Lebesgue measure. It is assumed

that the power spectral density function k — Sy (k) from R? into R* such that
WmeER! | Ry(n) = /[R Sy () dk (7)
has a compact support which is written as
suppSy = [- K1, Kq] x ... x [-Kg4, K4 (8)

in which K1, ..., K  are positive real numbers. Consequently, the mean-square partial derivative
{D,, »,U(x),x € R} with

ap1+---+pd

D R
P1~~~de(X) ale?l . .8‘,1/.Zd

U(x)
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,pd > 0. The spatial

is a mean-square continuous random field existing for all integers p; > 0, .
correlation length LS-] of random field U relative to coordinate x; is then defined
(9)

LYV —

+oo
g / |RU(O,...,0,’I7j,0,...,0)|d77j
0

3.2.2. An example of random field U in Ey
We consider arandom field x — U (x) in &y defined in Section 3.2.1, whose autocorrelation function

1S written as
Rym) = p1(m) x ... X pa(na) , (10)
in which, forall j = 1,...,d,
412 ™.
g2 Ty
i(n;) = — f £ 0 11
P (n;) 7r217]2. Si (2Lj) or 1; # ; (11)

pi(0) =1 ;
., L are positive real numbers. Then, the power spectral density function k =

and where L1, ..
(k1,...,kq) — Sy (k) from R? into R* is written as
Sy (k) = s1(k1) X ... x sq(kq) (12)
in which, forall j =1, ..., d, the function k; — s;(k;) from R into R™ is defined by
(13)

sj(kj) = % q(k;Lj/m)

In Eq. (13), the function 7 +— ¢(7) is continuous from R into R™, has a compact support [—1,1] and

is such that
q0)=1 ; q(-7)=q(r) ; q(r)=1-71 for 7€l0,1] (14)
q(T)
1
-1 0 1 T

Fig. 1. Graph of function 7 +— ¢(7)
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Figure 1 displays the graph of function 7 — ¢(7). Consequently, Sy is a function with a compact
support
suppSy = [ K1, K1) x ... x [-Kq4, Kq] , Kj=— . (15)

The spatial correlation length LJ.U relative to the coordinate x; and defined by Eq. (9) is such that

U Foo 21
L; Z/O pi(ng)dnj =~ s;(0)=L; . (16)
Consequently, the parameters L1, ..., Ly represent the spatial correlation lengths of random field

U. The autocorrelation function behavior at the origin is such that

72 [ 2 ? 2

Rym)=1- " S +...+ 1 L) 0 . 17

v =1- T (Bt ) ro( Bt i) for - (17)

Consequently, Eq. (6) is verified with [C] the invertible diagonal (d x d) real matrix such that
[Cls5 = 2V3L;/x.

3.2.3. Representation of the random field U adapted to its numerical simulation

In order to construct numerical simulations of random fields belonging to SEG™, we need to introduce
an efficient representation of the germ U in £y. The spatial discretization of this random field will
directly be related to the spatial discretization of the elliptic stochastic partial differential operator
for which the germ U will be used. In general, the problem is setted on an arbitrary bounded domain
Q of R? and the finite element method is utilized. Consequently, U has to be simulated in N given
points x', ..., x" in Q C R? (for instance located in the integrating points of the finite elements of
the finite element mesh of domain €2). Clearly, the set of all these given points does not constitute
a structured mesh corresponding to a constant spatial sampling step in each direction. This means
that formulas based on the use of multidimensional Fast Fourier Transform (FFT) cannot be utilized.
We present below two representations. The first one is adapted to the case for which NV is large and
the second one is adapted to small or moderate value of N. With respect to the numerical cost, the
most efficient representation is the second one, but this representation requires a large core memory.
With respect to the core memory, the most efficient representation is the first one, but the numerical

cost is higher than the second one.

(1) Representation adapted to a large value of N. The numerical simulation of homogeneous
Gaussian vector-valued random field was introduced by Shinozuka [66-68]. A detailed development

with additional mathematical properties related to convergence properties can be found in [54] and
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allows the following representation to be constructed. As an example, we consider the particular
random field U in &y defined in Section 3.2.2 for which the power spectral density function is
given by Egs. (12) and (13). Let V = (U(x'),...,U(x")) be the RV -valued random variable
corresponding to the spatial discretization of the random field U in points x*, ..., x" in R?. Let
X', ...,X% be the d vectors in R™ such that X/ = (zj,...,z}) for j = 1,...,d. Below, if
W = (Wy,...,Wy) is a vector in RY and, if o and 3 are two real numbers, then the notation
cos(a+ 3 W) means the vector in R™ whose components are (cos(a+B W), ..., cos(a+B8Wy)).

Let p > 1 be an integer and let v = 2p. Let 7, . . ., 7, be the sampling points of the interval [—1, 1]

with the constant step A = 2/v such that

1\ 2
75:—1+(ﬁ—§>— , B=1...,v

1%
Let S1,..., S, be the positive real numbers defined by

2
Sg:;q(m) , B=1,....v ,

in which 7 +— ¢(7) is defined by Eq. (14). It should be noted that, forany j = 1,...,d, S3 is equal
to (mA/L;)s;(k;z) in which s;(k;) is defined by Eq. (13) and where k;1, ..., k;, are such that
kjg = mr3/L; with § = 1,...,v. We then have the following vectorized v-order approximation

V¥ of the RV -valued Gaussian random variable V,

v 124
™ ™
VY = Z Z \/QSﬁl X ... X Sﬁd Zﬁlv--/gd COS{(I)ﬁlm/gd + ETglxl + ...+ deﬁdXd} 7
Bi1=1 Ba=1
(18)

in which Zg, . 3, = \/—log W, . g, and where {®g, . 3,, Vs, . 3,}5 .. .3, 18 a set of independent
random variables, ®3, g, being a uniform random variable on [0, 27| and W3, . 3, being a uniform

random variable on [0, 1].

For any v = 2p fixed, V" is a Gaussian vector and taking into account the properties of the random
field U given in Section 3.2.1, it can be proved [54] that:

(a) the covariance matrix of the random vector V¥ defined by Eq. (18) converges to the covariance
matrix of the random vector V when v goes to infinity.

(b) the sequence {V”}, of Gaussian random vectors defined by Eq. (18) converges in law to the

Gaussian random vector V when v goes to infinity.

In practice, for fixed d > 1, v can be chosen as ¢ = 2™ with m an integer such that m = r d and
consequently, we have v = 2™/¢_ Therefore, if m = 9 then ¢ = 512 and thus v = 8 for d = 3 and

v=>512ford = 1.
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(1) Representation adapted to a small or moderate value of N. Let U be any random field in &. A
direct representation could be used for constructing numerical simulations of the centered Gaussian

random vector V. The covariance matrix [Cy] in M3 (R) can easily be constructed by the formula

[CV]ij = RU(Xi - Xj) . (19)

Then, the Chowlesky factorization [Cy] = [Ly]T[Ly] can be performed. Since V is a centered
Gaussian vector, we can write

V=[]V , (20)

in which V = (‘71, ceey YN/N) is an R"-valued random variable whose components ‘71, cey YN/N

are N independent normalized Gaussian random variables (E{V;} = 0 and E{‘N/jz} = 1 for
7 = 1,...,N). Equation (20) allows numerical simulations to be easily constructed. However,
such a formula required to construct matrix [Cy]| which is a full (N x N) real matrix and requires
to perform a complete Chowlesky factorization of a full matrix. Nevertheless, the Chowlesky-
factorization step is processed outside the loop in which the construction of the realizations of the
Monte Carlo method are constructed. This means that the problem is related to the core memory and
not to the numerical cost. Finally, if the smaller diameter of domain (2 is very large with respect to
spatial correlation lengths LY ..., LY, then a reduced representation of Eq. (20) can be constructed
in computing the dominant eigensubspace of the positive-definite symmetric real matrix [Cy|. In

this case, the core memory problem disappears and the present method will be the most efficient.

3.3. Definition of ensemble SFG™

The ensemble SFG™ with the germ U belonging to & is defined as the set of all the random fields
X — [G,(x)] defined on the probability space (0,7, P), indexed by R? where d > 1 is a fixed
integer, with values in M7 (R) where n > 2 is another fixed integer and having a given mathematical
structure which has to be defined. Before completing this definition, a one-parameter family of

positive-valued function u +— h(«, u) on R has to be defined and studied.

3.3.1. Defining the family of functions {u — h(ca, u)}a>0

Definition. Let « be a positive real number. The function u — h(ca, u) from R into |0, 00| is such
thatI',, = h(a, U) is a gamma random variable with parameter o while U is a normalized Gaussian

random variable (E{U} = 0 and E{U?} = 1). Consequently, for all u in R, we have
honu) = Fr ! (Fu(u) (21)
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in which u — Fy(u) = P(U < u) is the cumulative distribution function of the normalized

Gaussian random variable U such that

Fo(u) = /_ ’ \/LQ_We—tQ/Zdt | (22)

The function p — Fr_al (p) from |0, 1] into |0, +o0] is the reciprocical function of the cumulative
distribution function y — Fp_(7) from |0, +oo] into |0, 1| of the gamma random variable I, with

parameter «, which is such that, for all v in RT,

1

Fr(v) = /0 tho‘_le_tdt , (23)

in which I'(«) = f0+°o te~1 e~ dt is the gamma function [1].

Properties. For studying the mathematical properties of the random field x — [G,,(x)], we need the
following properties related to the family of functions {u +— h(a, u)}as0. It can easily be proved

that:

(i) For all « fixed in |0, +-00], u — h(c, u) is a continuous function from R into |0, +oc[, which is

such that
1 1
h(a,v) < h(a,u) < , forall —oco<v<u<+4oo . (24)
h(a,u)  h(a,v)
(i) For all u fixed in R, we have
1 1

h h < forall 0 < < . 25
(B,u) < h(a,u) o) ~hw or a B < a< 400 (25)
(ii1) Let aq, . .., s, be the positive real numbers such that a; > as > ... > «, > 0. Figure 2

displays the graphs of functions u +— h(a;, u) and u — 1/h(a;, u).

250 fi(o,,u) 2r 1/ h(aj’”)
'
o
20} !
15}
o
10t 0c2
3
(x"
5,
% - 0 1 2 U

Fig. 2. Graph of function u — h(a;, u) (left figure) and graph of function u — 1/h(«;, u) (right
figure) foray > ag > ... > a,, > 0.
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(iv) For u — —o0, we have the following asymptotic behavior,

al'(o) \ u?
h(c,w) ~ ( 5;_73) (_ul)l/a exp{—%} . (26)

Equation (26) is proved by using the two following results [1],

1 1 u?
U — —00 FU(U)N—EE P{—E ;
11,

3.3.2. Defining the random field x — [G,(x)]

Let U be a given random field belonging to £y defined in Section 3.2.1 (for instance, the random

field U defined in Section 3.2.2).

(i) Let {U;;/(x),x € R%}1<j<jr<p, be n(n+1)/2 independent copies of the random field {U (x), x €

R9}. Consequently, for all x in R?, we have
E{Ujp(0)} =0 , BE{Ujp(0)*}=1 , 1<j<j<n , (27)

and forall 1 < j < j' < n, the random field x — U, ;»(x) is completely defined.

(i1) Let 9 be the real number, independent of x and n, such that

0<0<6n , On=r/(n+1)(n+5"1 <1 . (28)

This parameter will allow the dispersion of the random field to be controlled (see Section 3.4(V)).

(iii) The random field x +— [G,,(x)] is then defined as follows: for all x in R¢,
(Gn(x)] = Ln(x)]" L (x)] (29)

in which [L,,(x)] is an upper triangular random matrix with values in I,,(R) such that:
(a) The n(n + 1)/2 random fields x — [L,,(x)];;» for 1 < j < j' < n, are independent.

(b) For j < j', the real-valued random field x — [L,,(x)];;» indexed by R? is defined by
[Ln(X)]j50 = onUjyr (x) (30)

in which o,, is such that

on=0(m+1)"Y2 . (31)
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(c) For j = j, the positive-valued random field x — [L,,(x)];; indexed by R? is defined by

()] = 0uy/2 00, Uy (%)) (32)
in which, forj =1,...,n,
n+1l 1—y
= 553 + 5 , (33)

and where h(a, u) is defined by Eq. (21). Equations (28) and (33) yield

ar > > . >, >3 . (34)

3.4. Basic properties of the random field x — [G,,(x)]

The properties given in Sections (i) to (vi), (viii) and (xi) below are directly deduced from Refs.

[74,75]. The other properties can easily be proved.

(i) Positiveness. For all x in R?, random matrix [G,,(x)] is a random variable with values in M} (R),

[G,(x)] € MI(R) as

(ii) Second-order random field. Random field x — [G,,(x)] is second-order which means that

E{[G,(X)]||*} < +00 , VxeR? | (35)

(iii) Homogeneousness. Random field x — [G,(x)] is homogeneous on R? for the translation

X — X +min R%

(iv) Mean function. The mean function x — [G, (x)] = E{[G,(x)]} from R? into M} (R) is such
that

G,(x)] =[] , ¥xeR! , (36)

in which [I,,] is the identity matrix in M, (R).
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(v) Dispersion parameter. Parameter 6 which is independent of x and n is such that

_ [EUIG] ~ G 33 _ [ oy
o= {FHEE BN L pe, - gy} - e

This equation shows that parameter ¢ allows the dispersion level of random field x — [G,,(x)] to be

controlled. From Eq. (37), it can be deduced that
E{[G.(0)][F} =n (6 +1) . (38)

Equation (38) is coherent with Eq. (35) and shows that E{|| [G,,(x)] ||%} — n when d — 0. In fact,

it can be proved that [G,,(x)] — [[,,] in mean-square sense when 6 — 0.

(vi) One-order marginal probability distribution. For all x fixed in R?, let Pg,, (x) be the probability
distribution of random matrix [G,,(x)| (that is to say, the one-order marginal probability distribution
of random field x — [G,,(x)]). From Refs. [74,75], it can directly be deduced that this probability
distribution on M;7(R) is defined by a probability density function [G},] — pig, x)([Gr]) from
MF(R) into RT, with respect to the measure dG,, on MS (R) defined by

dG, = 2" iy dGhliy (39)
in which d[G,];; is the Lebesgue measure on R. We then have
P, () = P, ) ([Gn]) G, (40)

with the usual normalization condition

/ D6, (Ga]) dGn =1 . (41)
M (R)

The probability density function pig,, (x)]([Gr]) is then written as

P61 ([Gn)) = Tyt (g ([G]) X €0 x (det[Gn])™ X exp {—antr[Gal} ,  (42)

in which a,, = (n+1)/(20%), by = an(1 — 0%), L+ & ([G1]) is equal to 1 if [G,] € M} (R) and
is equal to zero if [G,,] ¢ M.} (R) and where positive constant ¢,, is such that
(27T)—n(n—1)/4 agan

Cn = - , (43)
Hj:1r(0‘j)

in which «; is given by Eq. (33). Equation (42) clearly shows that, for all x in R?, the random
variables [G,(x)];; for all 1 < i < j < n are dependent. In addition, since (n + 1)/6? is
generally not an integer, then the probability distribution defined by Egs. (40)-(43) is generally not

a multivariate Wishart distribution [4,17].
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(vii) System of marginal probability distributions. Letu = {u;;/,1 < j < j* < n} bea vectorin R”
with v = n(n + 1)/2. For all x fixed in R%, let U(x) = {U;;/(x),1 < j < j’ < n} be the Gaussian
random vector with values in R” in which U}/ (x) is defined in Section 3.3.2(i). From Egs. (29) to
(33) and (21), it can be deduced that there exists a continuous nonlinear mapping u — [g,, (u)] from

R into M;" (R) such that
[Ga(x)] = [9(U(X))] , VxeR? . (44)

Let x', ..., x" be any finite and not ordered subset of R?. Then, the joint probability distribution
on M (R) x ... x MF(R) (N times) of the random matrices ([G,,(x!)], ..., [G,(x")]) is the image
of the joint Gaussian probability distribution on R” x ... x R” (/N times) of the random vectors
(U(x!),...,U(x)) by the continuous nonlinear local mapping (u?, ..., u") — [Gn(ul, ..., ulV)]

from R x ... x R” into M (R) x ... x M (R) such that

Gy @t uM)] = ([ga @), fgn@V)]) (45)

Consequently, the system of the marginal probability distributions of random field x — [G,,(x)] is
well defined but cannot be explicitly calculated. Only the one-order marginal probability distribution
is explicitly calculated (see Egs. (40) to (43)). The random field x — [G,,(x)] is non Gaussian. Nev-
ertheless, since the nonlinear mapping (u?, ..., u") — [Gn(ul, ..., u™)] is explicitly known, any
realization ([G,,(x,0)],..., [G,(x",0)]) for 0 € © of random matrices (|G, (x')],...,[G,(xV)])

can easily be computed by using Section 3.2.3.

(viii) Invertibility. There exists a positive constant ¢y independent of n and independent of x but

depending on 9, such that
E{l[Go(x)]7'I?} < co < 40 , Yn>2 , ¥xecR? . (46)
From the inequality ||A||r < /n||A|| for [A] in M,,(R) (see Section 2), it can be deduced that
E{l[Go(x)] %} < ¢ < 400 , ¥m>2 , ¥xeR? | (47)

in which ¢, = ncg. Since [G,,(x)] belongs to M} (R) almost surely, then [G,,(x)] ™! exists almost
surely. However, since almost sure convergence does not imply mean-square convergence, then
Eq. (46) cannot simply be deduced. In fact, Eq. (46) is proved by using Eq. (42) (see Ref. [75]) and
means that n — E{||[G,,(x)]!||?} is a bounded function (the proof of this result is difficult enough

to perform).
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(ix) Mean-square continuity. Since function u — [g,,(u)| defined by Eq. (44) is continuous from
R” into M} (R) and since x — U(x) is a mean-square continuous random field on R (see Section
3.2.2(i)), it can be deduced that random field x — [G,,(x)] = [¢,,(U(x))] is mean-square continuous

on R?,

(x) Continuous trajectory. Since function u — [g,,(u)] is continuous and since the trajectories of
random field x — U(x) are continuous from R? into R” almost surely (see Section 3.2.1), we directly
deduce that the trajectories of random field x — [G,,(x)] are continuous from R? into M} (R) almost

surely.

(x1) Fourth-order tensor-valued covariance function. Taking into account Eq. (36) and since the
random field x — [G,(x)] is homogeneous and mean-square continuous on R<, the fourth-order

tensor-valued covariance function ) — C'%» (n)) defined for all nj in R? by

C% ) = E{([Gn(x +m)] = [G,,(x +m)]) ® ([Gn(x)] - [G,,(x)])}
= E{([Gn(x +m)] = [[n]) @ ([Gu(x)] = [In])} (48)

does not depend on x and is a continuous function on R?. From [74], it can be deduced that the

covariance tensor C'“» (0) of random matrix [G,,(x)] which is such that

CSin (0) = E{(IGn(®)]jx — [In] ) ([Gn(®)]jxr — Unljn)} (49)
1S written as
CGyno0) = ATy (Bl + [y Eiduwr} (50)

In particular, the variance Vﬁj" of the random variable [G,,(x)] is such that

52
- n+1

Vi = Ciirn(0) (1+ [Llje) - (51)

(xii) Fourth-order tensor-valued spectral measure. Since random field x — [G,,(x)] is homogeneous
and mean-square continuous on RY, there is a fourth-order tensor-valued spectral measure M &~ (dKk)

on R? which is such that, for all v} in R,
C% () = / e <K> ArGn(dk) . (52)
R4
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It can be verified that the function m +— C%"(m) is integrable on RY. Therefore, we can write
MY (dk) = S% (k) dk in which the fourth-order tensor-valued spectral density function k
S (K) is a continuous function on R? given by

SO0 = g [ 7 CP mdn (53)

(xiii) Spatial correlation lengths. Letm = (11, . ..,nq) — %" (n) be the function defined from R¢
into R by

) = i g TE LG ) (G m]) (1G]~ 6, ()}

= 5 {5 PG x ) (G -1} (54)

Clearly (in particular due to Eq. (38)), it can be seen that

Forall j = 1,...,d, the spatial correlation length Lf" of random field x — [G,,(x)], relative to

coordinate x;, can be defined by

—+o0
Lfn:/o r%(0,...,0,1;,0,...,0)|dn; . (55)

Example. Let us consider the case n = 6,d = 1, = 0.5, L; = 1 in which L; is defined in Section
3.2.1. In Eq. (54), the mathematical expectation is estimated with 20 000 realizations and Eq. (20)
is used with NV = 100. The correlation length Lf" is calculated with Eq. (55) in approximating the
interval [0, +oc[ by the interval [0, 20[ and yields LS = 1.0614. Figure 3 displays the graph of

the function 1y +— 7%= ().

rom)
1

0.8-
0.6-

0.4

0 5 10 15 20 M,
Fig. 3. Graph of function n; + r%~(n,) for the case n = 6,d = 1,5 = 0.5, L = 1.
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(xiv) Independence of the construction with respect to the choice of the Cartesian coordinate
systems. In order to prove the independence of the proposed construction of the random field
x — [Gy(x)] with respect to the choice of the Cartesian coordinate system, we have to prove that,
for all x fixed in RY, the probability distribution of random matrix [G,,(x)] is invariant under real
orthogonal transformations. Let [®,,] be any real orthogonal matrix belonging to M,,(R) such that
[@,]7[®,] = [®,] [®,]T = [I,]. Let [G],(x)] be the random matrix with values in M.} (R) defined
by [G!,(x)] = [®,]7[G,.(x)] [®,,]. We then have

(G (x)] = [@0] [G, (x)] [®]"

The probability density function pig: (x)([G7,]) of random matrix [G;, (x)] with respect to the volume
element JG;L (see Eq. (39)) is such that

pie, ) ([Gh)) dG), = piG,, ) ([Gnl) G

in which pig, (x)]([Gr]) is defined by Eq. (42). Let [G,] and [G]] be such that [G),] =
[®,] [G7] [®,]7. Since [®,] is a real orthogonal matrix, it can be deduced that dG, = dG,,
det[G,] = det[G],] and tr [G,,] = tr[G],]. From Eq. (42), we deduce that

PG, ) ([Gn]) dGn = piG, () (1G] dGYy

and consequently, we have

P, ) ((Ga]) dGy = pig, ) (IGL]) dGL,

which proves the invariance of random matrix [G,,(x)] under real orthogonal transformations.

3.5. Fundamental property of the random field x — [G,,(x)]

Let 2 be a bounded open domain of R? and let Q = Q U 9N be its closure in which 05 is the
boundary of (2. We then have

E{(sup,eq [ [Gn (0] 7' [)*} = c& < +o0 (56)

in which sup is the supremum and where 0 < ¢ < o0 is a finite positive constant.

Remark. Let us consider the case d = 1 with 2 be a compact interval of R. Since the

stochastic process {|| G, (x)7!|,x € Q@ C R} is not a continuous local martingal with respect
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to an increasing family of o-fields, the following fundamental Doob maximal inequality [15,53],
E{sup, g || [Gn(x)]!I*} < 4E{||[Gn(x)]7*|*} cannot be used. In addition, we have to con-
sider the non Gaussian random field case d > 2. Consequently, there is no known result allowing a

direct proof of Eq. (56) to be obtained and a proof of this fundamental result has to be given.

Proof of Eq. (56). Let x be any point fixed in R?. The random eigenvalues of the ran-
dom upper triangular matrix [L,(x)] are [L,(x)]11,.-.,[Ln(X)]nn. Thus, the random eigen-
values of the random matrix [L, (x)]~! are 1/[L,,(x)]11, ..., 1/[Ln(X)]ns and, since [L,(X)];;
is a positive-valued random variable, then the operator norm ||[L, (x)]~!|| of random matrix
[L,,(x)]~" can be written as [|[L, (x)]7"|| = sup,_; _, {1/[L.(x)];;}. Using Eq. (32) yields
L, (x)] 7Y% = ﬁsupj:1 ..... A1/h(c,Uj;(x))}. From Eq. (29), we deduce that [G,,(x)] 7! =
[L,,(x)]~}[L, (x)]~T and consequently, || [G,,(x)] || < ||[L,(x)]||?>. We can then conclude that,
for all x fixed in R?,
1 1
16w 1< oaspimsn{ o 1) | 57

Forall j = 1,...,n, let Inf; be the real-valued random variable defined by
Infj = infxe5 Ujj (X) . (58)

From Eq. (34), we deduce that, forall j = 1,...,n — 1, we have o; > v, and using Eq. (25) yields
1/h(e,Ujj(x)) < 1/h(cw,, U;;(x)). Finally, from Egs. (24) and (58), it can be deduced that,
1 1

VxeQ Vi=1,... _ < 59
YEE Wm0 U5 (0) S h(on, Infy) (59)
Equations (57) and (59) yield
12
(supyeq | [Gu(X)]7H)” < sup{Bi, ..., Ba} (60)
in which, forall j = 1,...,n, B, is the positive-valued random variable defined by
1 1
B, = ) 1
7= 107 Ta, Inf)? (61
Since random fields Uy, ..., U,, are independent copies of random field U (see Section 3.3.2),
from Eq. (58), we deduce that Infy, ..., Inf,, are n independent copies of the real-valued random
variable Inf defined by
Inf =inf g U(x) , (62)
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in which U is the random field defined in Section 3.2.1. Therefore, random variables B, ..., B,

are n independent copies of the positive-valued random variable B defined by

1 1
B = . 63
4ot h(ap, Inf)? (63)

Let Fig(b) = P{B < b} be the cumulative distribution function of random variable B. Let M be

the positive-valued random variable defined by
M =sup{By,...,B,} . (64)

Therefore, the cumulative distribution function Fj;(b) = P{M < b} of random variable M is such
that Fi;(b) = P{B1 <b,...,B, < b} = Fp(b)" because Bl, ..., By, are n independent copies
of random variable B. We then have E{M } = f bdFn (b O+°O bFp(b)"~ 1 dFg(b) and
since Fig(b) < 1, we have F(b)"~! < 1 and consequently, E{M} < n E{B}. Using Egs. (60)
and (64), it can be deduced that

E{(sup,eqs [ [Gn(®)]7'I)*} < n E{B} . (65)

Let prar(u) be the probability density function with respect to du of the real-valued random variable
Inf defined by Eq. (62). From Eq. (63), it is deduced that

Qpy U

BBy = o [ e o) du (66)

Clearly, since u + 1/h(cv,, u)? is a positive-valued decreasing function (see Eq. (24)), if for b > 1,
b ]

Hy = /_Oo Wplnf(u) du (67)
is finite, then we will have proved that Eq. (56) holds. Therefore, if H, < 400 for b > 1, then the
proof will be complete. Since x — U(x) is a centered Gaussian field, the random field x — —U(x)
is isonomic to random field x — U(x). It can then easily be verified that the probability density

function u — pgyp(u) with respect to du of the random variable

Sup =sup, .5 U(x) (68)

xeQ

is such that pgyp(u) = prf(—u). Then, Eq. (67) can be rewritten as

+oo
Ho= | sl du (69)

Qp, —
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Since U is a Gaussian random field on R, some results concerning the probability distribution of
random variable Sup can be found in Refs. [2,3,5,12,18,53,90]. Taking into account the property
defined by Eq. (6), we have (see Ref. [53], page 106), P{Sup > u}, 100 ~ cud(u) (1 + o(1)),
in which ¢ is a positive constant and where 1) (u) = f:oo p(t) dt withp(t) = (27)~Y/? exp(—t2/2).

For u — +o00, we have [1], ¥ (u) ~ v~ !p(u) and thus,
P{Sup > u}u—>+oo ~ CUZ p(u) : (70)

Let gyp(u) = P{Sup > u}. Since diysyp(u) = —psup(u)du, Eq. (69) can be rewritten as
Hy = — [,/ f(u) dipgyp(u) du in which f(u) = h(ay,,—u)~2. Since o, > 2 (see Eq. (34))
and from Eq. (26), it can be deduced that lim, . oo { f () ¥sup(u)} = 0 and that, for all 3 > 0,
limy, oo {u” f(u) p(u)} = 0. An integration by parts yields Hj, = f(b) VYsup(b) + fb Ysup (u

df (u). Using Eq. (70), we deduce that if b — +oo then for u € [b,400[, we have wSup(u) ~
cu®p(u) and thus, Hy ~ f(b) syp(b) + cf+oo 2p(u)df(u). A new integration by part al-
lows us to write, for b — oo, Hy ~ f(b) ¥sup(b) — cb® f(b) p(b) — 2¢ +°°uf( ) p(u) du +
cfb ) p(w) du. Clearly, H, will be finite for b — +oo, if H, = [ u3 f(u) p(u) du is
finite. Using Eq. (26) and since «,, > 2, we deduce that H,, is finite for b — +oo. This completes

the proof.

4. Construction and properties of the ensemble SFE™ of non Gaussian positive-definite matrix-

valued random fields

4.1. Definition of the ensemble SFE™

Letd > 1 and n > 2 be two fixed integers. Let €2 be an open (or closed) bounded (or not) domain

of R? (we can have 2 = R?). Let x + [a,, (x)] be a matrix-valued field from €2 into M (R), i.e.,

—n

VxeQcRY ) [a,x)] € MI(R) . (71)

Then, for all x fixed in €2, there is an upper triangular invertible matrix [L,,(x)] in M, (R) corre-

sponding to the Cholesky factorization [27] of matrix [a,, (x)], such that

la, (%)] = [Ly,(3)]" [L, (x)] (72)

It is assumed that the matrix-valued field x — [a,,

(x)] defined on §2 is such that:
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(i) There is a real positive constant 0 < ¢, < 400 independent of x such that, for all x in €2,

VYER" |, <[a,(®]y.¥y> > clyl* - (73)

(i1) There is a real positive constant 0 < ¢; < +oo independent of x such that

vxeQ Ve < (IILM < Ve o, (74)

the left inequality resulting from Egs. (72) and (73). For all y in R", we have < [a,,(X)]y,y >=
1L, (%)) ¥[I* < [I[L,, (x)]]I? [ ¥]|* and consequently, for all x in €2,

VYER" , <[a,(®]y.¥y> < olyl* - (75)

(iii) It should be noted that ||[a,, (x)]|| < ||[L,,(x)]||* and thus, using Eq. (74) and the inequality
e, ONllF < v lla, (x)]] yield

vxeQ g, <a e, ®lr<vie (76)
Equation (76) means that the matrix-valued field x — [a,, (x)] is a bounded function on 2.

(iv) The ensemble SFE™ is then defined as the set of all the random fields x ~— [A,,(x)] defined on
probability space (©, 7, P), indexed by 2, with values in M’ (R), such that

vxeQ , [A(x)] = [L,(0)]" [Ga(x)] [L,(x)] (77)

in which x — [G,,(x)] is the random field in SFG™ defined on (O, 7, P), indexed by R and with

values in M (R) (see Section 3.3.2).

4.2. Basic properties of the random field x — [A,, (X)]
The following properties are directly deduced from Sections 3.4 and 4.1.

(i) Positiveness. For all x in €, [A,,(x)] is a random matrix with values in M (R), i.e.

A, (x)] € MI(R) as . (78)
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(ii) Second-order random field. From Eq. (77), we deduce that ||[A,,(x)]|| < ||[Z,, ®)]]I? [|[G.(X)]]|

and consequently, from the inequalities ||A|| < [|A||r < /n||A]], it can be written that
A= IIE < n L, I G0N - (79)
Using Egs. (35) and (74) yields
vxeQ , E{[[A®]I*} < E{[A®]IF} < ncd B{I[G.()]lIF} < +o00 ,  (80)

which proves that x — [A,,(x)] is a second-order random field on €2.

(iii) Homogeneousness. In general, since [a,, (x)] depends on x, random field {[A,(x)],x € Q} is
non homogeneous. Nevertheless, if = R? and if [a,,(x)] = [a,,] is independent of x, then the
random field {[A,,(x)] = [L,,]T [G.(x)] [L,,] ,x € ©} can be viewed as the restriction to 2 of an

homogeneous random field indexed by R?.

(iv) Mean-function. From Egs. (36), (71), (72) and (77), we deduce that the mean function
x — F{[A,(x)]} from Q into M, (R) is such that

vxeQ . E{[An(X)]} = [a,(¥)] € MI(R) . (81)

(v) Fourth-order tensor-valued covariance function. This is the function (x,x’) +— C4=(x,x')

defined on 2 x ) such that

A (x,x') = E{([An(x)] — [2,(x)]) ® ([An(x)] = [2,(x)])} . (82)

The covariance tensor C“» (x, x) of random matrix [A,,(x)] which is such that

O (%, %) = E{([An(®)]j1; = [a, (0]i) ([An(®)]jrr — [an (X))} (83)
is then given (see Refs. [74,75]) by
52

Oy (x,%) = [, ()] 7k [, ()] + @, ()57 la, (e} - (84)

J n+1

Consequently, the variance VJ’,‘:" (x) of random variable [A,,(X)];% can be written as

Vi = O {la, 0 + fa, (s len (O} (%5)
Since E{||[An(x)] — [a,(X)]||%} = 2?,/@:1 Vjé” (x), we then have
(AN (3} = 2 ol + (wla, 0D’} (86)

C. Soize - CMAME - revised version December 2004 24



(vi) Dispersion parameter. The dispersion of random field x — [A,,(x)] indexed by {2 is controlled
by parameter § defined by Eq. (37) and is independent of x and n. Let d4, (x) be the parameter
defined by

o EA] - a3
an )‘{ e, (NI } | 7
From Egs. (86) and (87), we deduce that
9y 1/2
g 9 (tr [a,, (%)])
o) = {” tr{mx)}?}} | =)

Equation (88) shows that § 4, (x) depends on x, n and .

(vil) Numerical simulation of the random field. The numerical simulation of the random field
x — [A,(x)] can easily be constructed. Let x — [A, (X, )] be such a realization for § € ©.

Equation (77) allows this realization to be constructed as
[An(x,0)] = [L,, x)]" [Gn(x, 0)] [L,, (x)] (89)

in which the realization x — [G,,(x, )] of the random field x — [G,,(x)] is calculated by using
Eq. (44), ie.,
VxeQ , [Gu(x,0)] = [gn(U(x,0))]

The realization x — U(x, €) of the Gaussian random field x — U(x) = {U;;/(x),1 < j < j' < n}
is constructed by using Section 3.2.3.
(viii) Invertibility. From Egs. (46), (74) and (77), it can be deduced that there exists a finite positive

constant ¢,, dependent on n and § but independent of x, such that

E{[An®)] Y2} < 0 < 400 , VxeRT . (90)

4.3. Spatial correlation lengths of the random field X — |A,,(X)] for the homogeneous case

In this section, it is assumed that [a,,(x)] = [a,,] is independent of x. From Eq. (77), it can be

deduced that the random field x — [A,,(x)] is such that, for all x € €2,

[An(x)] = [L,]" [Gu(x)] [Ly] (91)
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in which [L, | is the upper triangular (n X n) real matrix deduced from the Chowlesky factorization

of the positive-definite symmetric (n x n) real matrix [a,,| such that
la,] = [L,]" [L,] (92)

Consequently, the random field x + [A,,(x)] in homogeneous on RY. In this case, from Eq. (88), it

can be deduced that 4, (x) = 04, is independent of x and is written as

9N 1/2
9 (trla,])
R NS {1 ! tr{[@nm} ‘ (53)

Letn = (11,...,14) — 747 (n) be the function defined from R? into R by

_ rE{([An(x+ )] — [2,]) ([An(x)] — [a,])}

A
i (m) (94)
E{[[[An(®)] - [2,]I%}
From Eq. (87), it is deduced that
Ao oy B {[AR(x +m)] [An(x)]}} — tr{[a,)*}
P ) = ) , (95)
4, tr{la, ]}
rir(0) =1, i) =rtrm) (96)
For all j = 1,...,d, the spatial correlation length L;‘" of the homogeneous random field x —
[A,,(x)] indexed by R?, relative to coordinate x;, can be defined by
A A
Ljnz/o 470, 0,15,0,...,0)|dn; . (97)

5. Elliptic stochastic partial differential operator

In this section, we consider the second-order stochastic differential operator defined by Eq. (4),
associated with the mean elliptic partial differential operator defined by Eq. (1) in the context of
3D linear elasticity. All the results presented below can straightforwardly be extended to a general

elliptic partial differential operator [58,88].
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5.1. Mean elliptic boundary value problem (BVP)

Let 2 be an open bounded domain of R? with d = 3. Let 9Q = 'y UT be the boundary of {2 which
is assumed to be sufficiently smooth. Let ¥ = (14, 2, 3) be the unit normal to OS2 external to 2

(see Fig. 4).

Fig. 4. Geometrical configuration

We consider the following mean elliptic boundary value problem (BVP): Find a function x +—

v(x) = (v1(x), v5(x), v5(x)) from € into R3 such that

_dIVg = 8vol in Q ) (98)
X(X) =0 , on Iy , (99)
oV =g , on I[' . (100)

For a non homogeneous anisotropic elastic material occupying domain 2, the stress tensor o =
{a;;}i; and the strain tensor € = {xp, }xn defined by
1 (9Uk (9Uh
ekp(v) = - | — 4+ — ) 101
kh(f) 2 (8:17h + a’L‘k) ( )

are such that (constitutive equation),

3
05 = Z Cijrn(X) Exnl(y) (102)

k,h=1

In Eq. (98), x — gy01(X)) is assumed to be a given square integrable function (for the Lebesgue
measure dx) from €2 into R? and {dive}; = Z?Zl da,;;/0xj. In Eq. (100), X +— geurf(X)) is
assumed to be a given square integrable function (for the surface measure ds) from I into R? and

{ov}i =30 0y v;. The fourth-order tensor {c;;;.;,(X) }ijkn of the elastic coefficients verifies

Jj=1=1j
the properties of symmetry and positiveness defined by Egs. (2) and (3) respectively. In addition, it

is assumed that X — ¢, ;1 (x) are bounded functions on (2.
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5.2. Weak formulation of the mean BVP

We introduce the real Hilbert space H = { v = (v1, v2,v3), v; € L?(Q2) } equipped with the inner
product
<V,W>H=/ <v(x),w(x)> dx (103)
Q

and with the associated norm [|v|5 =< v,V >%1/ * where L2(£2) denotes the set of all the square
integrable functions from €2 into R. Let )V C H be the real Hilbert space representing the set of

admissible displacement fields with values in R? such that
V={veH , 0v/0zxjeH , v=0 on Iy} , (104)

equipped with the inner product

3
ov 0
<V, W>p=<V,W>y +Z <87V.,87VV.>H : (105)
J J

j=1

and with the associated norm ||v||y =<v,v >]1,/ ?. The usual weak formulation of the mean boundary

value problem defined by Egs. (98) to (102) is the following (see for instance Ref. [10,49]): find the

function {x — v(x)} in V such that
k(v,w)=f(w) , VweV . (106)
(i)The linear form w — f(w) on V is defined by

Fw) = /Q <8uol(X) , W(x)> dx + / < Zourt(x) , W(x) > ds(x) (107)

r

1s continuous on V:

fwW) <ecplwlly , 0<ep<+oo . (108)

(ii) Thesymmetric bilinear form (v, w) — k(v,w) on V x V), defined by

3
k) = [ 3 cumenmesmis (109)

7/7.j7k7h:1
is continuous on V' x V (due to the boundness of coefficients c;;;;,(x) on €2) and is V-elliptic (due

to Eq. (3)), that is to say
k(v,v) > c|v[5 , 0<¢ <+oo . (110)

Consequently, due to the Lax-Milgram theorem, there is a unique solution v € V of Eq. (106) which
is the unique weak solution of Egs. (98)-(102).
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5.3. Rewritting the bilinear form using matrix notation

Let us introduce the new indices I and .J belongingto {1,...,6} suchthat I = (i, j) and J = (k, h)
with the following correspondence: 1 = (1,1),2 = (2,2),3 = (3,3),4 = (1,2),5 = (2,3) and
6 = (3, 1). Consequently, the bilinear form k(v, w) defined by Eq. (109) can be rewritten as

kv, w) = / <[a,(x)]e(v(x)) , e(w(x))> dx (111)

Q
in which [a,, (x)] is the real (n x n) matrix (with n = 6) such that [a,,(x)]7; = ¢;;;,(X) and where
e(v) = (e1(v),...,en(v)) with e (v) = €11(V), e2(V) = €22(V), e3(v) = €33(V), e4(v) = 2e12(V),
e5(v) = 2e93(v) and eg(v) = 2e31(v). From the properties of symmetry, positiveness and
boundedness of tensor ¢; 1, (X), it can directly be deduced that x — [a,,(x)] is a matrix-valued field

from © into M;F (R), bounded on 2, which satisfies all the properties defined by Egs. (71) to (76).

5.4. Nomnparametric probabilistic modeling of the elasticity tensor

Since matrix field x — [a,,(x)] from Q into M (R) verifies Egs. (71) to (76), the random non
homogeneous anisotropic elastic material can be constructed in substituting in the constitutive
equation the field x — [a,(x)] by a random field x — [A,(x)] indexed by Q with values in
M+ (R), belonging to the ensemble SFE™. This random field is thus defined by Eq. (77) in which
the stochastic field x — [G,,(x)] belonging to the ensemble SFG™ is defined in Section 3, where
E{[A,(x)]} = [a,(x)] and where [L,, (x)] is defined by Eq. (72). Therefore, the bilinear form
k(v,w) defined by Eq. (111) is replaced by the random bilinear form K(v, w) such that

K(V,W):/Q<[An(x)] e(v(x)),e(w(x))> dx . (112)

5.5. Weak formulation of the stochastic BVP

LetH = L?(0,H) (orV = L*(0, V)) be the real Hilbert space of the second-order random variable
0 — {x — V(x,0)} defined on probability space (©,7, P) with values in H (or in V), equipped

with the inner product

<KV, Wp=E{<V. W>x} , (or <V,W>y=E{<V ,W>,} |

and with the associated norm |V||y =< V,V >>[}_|/2 (or |[V[y =< V,V >>%,/2). Using the

stochastic modeling defined in Section 5.4, the mean problem defined by Eq. (106) is replaced by
the following random problem: Find the random field {x — V(x)} in V such that

K(V,W)=f(W) as. , YWeV | (113)
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in which the random bilinear from K is defined by Eq. (112). Taking the mathematical expectation
of the two members of Eq. (113), the weak formulation of the stochastic BVP is then the following:
Find the random field {x — V(x)} in V such that

K(V,W)=E{f(W)} , YWeV | (114)
in which the symmetric bilinear form (V, W) — K(V, W) on V x V is defined by
K(V,W) = BE{K(V, W)}
- E{ /Q <[An(x)] e(V(x)), e(W(x)) > dx} . (115)

Let us prove that the bilinear form (V, W) — IC(V, W) is continous on V x V. From Eq. (35), it can
be deduced that

E{IG.()I”} < B{[G.()]lF} =c < 400, VxeR?

From Egs. (77), (111) and (115), we have

LV, W) < E{/ IGn (L, () Je (VX)) H[Ln(X)]e(W(X))HdX}

1/2
< ([ PO ax) V) v W)
Since the bilinear form (v, w) — k(v, w) is continuous on V x V (see Section 5.2.ii) and since {2 is
bounded, we deduce that
KV, W) < cllVIvIIWlv

in which ¢ is a deterministic finite real constant.

5.6. Why the exitence of a solution for the weak formulation of the stochastic BVP cannot be simply
studied

(1) If the following property is introduced (for instance, as introduced in Ref. [6]): for all x € (2 and
for all R”-valued random variable Y defined on (0,7, P),

<[An(X)]Y,Y> > ¢ |[Y]? as . (116)

in which 0 < ¢, < +o0 is independent of x, then the bilinear form (V, W) — K(V, W) onV x V

is coercive in V (i.e. V-elliptic) because
KOVY) 2 eoB{ [ eV@)IPdx} = eV} . D<ac<too . (1D
Q

Taking into account Egs. (108) and (117), in view of the Lax-Milgram theorem [10], the problem
defined by Eq. (114) has a unique solution V in V.
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(i1) From Sections 3 and 4, it can be seen that the property defined by Eq. (116) does not hold
for the random field x — [A,,(x)] belonging to SFE™ and consequently, the usual analysis given
in paragraph (i) above cannot presently be used. Another analysis has to be developed using the
fundamental property defined by Eq. (56) and which constitutes the mathematical property replacing
Eq. (116).

(ii1) It can be interesting to explain why such a property defined by Eq. (116) has not been introduced
in Sections 3 and 4 for the construction of the ensemble SFE™ of the random fields x — [A,,(x)].
From the construction of the ensemble SFE™ (see Eqgs. (78), (80), (81) and (90)), we have deduced
that, for all x fixed in €2, we have the following properties.

(C1) [A,(x)] is a second-order random matrix with values in M} (R).

(C2) The mean value E{[A,,(x)]} is a matrix [a,, (x)] given in M} (R).

(C3) We have E{J|[A,(x)]7}||?)} < ¢, < oo forall x fixed in .

In addition, for all x fixed in €2, the probability distribution P, xy on M} (R) of the ran-
dom matrix [A,(x)] can be written as P, (x)] = Pla,(x)]([An];X) dA,, in which the probabil-
ity density function [A,] — pia, x)]([An];x) from M} (R) into R, with respect to the measure
dA, = on(n=1)/4 Iy <;<j<n d[Ay]ij, can easily be calculated from Egs. (42) and (77) (see the
explicit expression of this probability density function in Refs. [74,75]). However, in Refs.[74,75],
it is proved that this probability density function [A,] — p(a,, x)] ([An], X) corresponds to the unique
probability density function constructed with the maximum entropy principle for which the con-
straints are the available information defined by (C1), (C2) and (C3) above. The constraint (C3)
allows the ellipticity condition defined by Eq. (118) to be obtained but does not allow the ellipticity
condition defined by Eq. (117) to be obtained, this last ellipticity condition being directly deduced
from Eq. (116). Equation (116) would be verified if constraint (C3) was replaced by a constraint
(C3’) related to the support of the probability density function [A,] — pia, x)]([Ar], x) for that
Eq. (116) be verified. In this paper, we are interested in the realistic situations for which such a
constraint (C3’) is considered as a non available information, that is to say corresponds to a non
objective data. This is the case if the property defined by (C3°) and the lower bound ¢, in Eq. (116)

cannot be tested and estimated by using mathematical statistics applied to experimental data.

5.7. Ellipticity of the random bilinear form
Let K(v, w) be the random bilinear form defined by Eq. (112) in which the random field x — [A,,(x)]
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is defined in Section 5.4. Then for all random field {x — V(x)} in V, we have

VE{K(V,V)?} > cx|IVIy | (118)

in which cg is a positive finite real constant.

Proof. From Eqgs. (110) and (111), it can be deduced that, for all random field {x — V(x)}
inV, ¢ [V} < E(V,V) = [, < a,(x)]e(V(x)),e(V(x)) > dx. Since [G,(x)] is with
values in M} (R), we can write [I,,] = [Gn(X)] ' [Gn(X)] = [Gn(X)]'/2[G(x)]7'[G,(x)]}/?
and using Eq. (72) yields ¢, |[V[3, < [, < [Gu(x)]7'Y(x),Y(x) > dx, in which Y(x) =
[Gn(x)]'/?[L,, (x)] e(V(x)). Thus, we have < [G,(x)] 7' Y(x), Y(x) > < [|[G(x)] 7] [Y(x)]?
and
IYX)? = <[Gn(0)]'/2[L,, (x)] e(V(x)) , [Gn(x)]/*[L,, (x)] (V(x)) >
<L, 0 [Ga (X)) [L, (9] e(V (X)), e(V(x)) >

— <AL (VX)) e(VX) >
due to Eq. (77). Therefore,
cIVIB < [ G171 <[An (0] (V) (V) > dx
< supcq | Gu)) | [ <[4, (0]e(V() (V) > dx
From Eq. (112), this last inequality can be rewritten as
e IVIE < (supey | Gu (0] ') K(V,V) (19)

Since in Eq. (119), the three dependent random variables are with values in R™, we can take the
mathematical expectation of the two members of the inequality. Since E{||V||%} = ||V and since

|E{Z1Z5}| < \/E{Z?}\/E{Z3} for two dependent real-valued random variables Z; and Z, we

have

& VI3 < B {(sup, ]| [Gn(®)] -1 [)2} VE (K(V, V)2 (120)

Substituting Eq. (56) into Eq. (120) yields Eq. (118) with cx = ¢, /cq.

Remark. Tt should be noted that Eq. (120) differs from Eq. (117) which is written as E{K(V,V)} >
cx ||V||2 and not as \/E{K(V,V)2} > cg ||V||2. This difference is due to the fact that the two

positive-valued random variables sup, g || [Gn(x)]~'|| and K(V, V) are dependent.

C. Soize - CMAME - revised version December 2004 32



5.8. Existence of a weak second-order stochastic solution of the stochastic BVP

The random problem defined by Eq. (113) has a unique stochastic solution {x — V(x)} in V which

means that

VI = B[ IVWIP + 3 15 ax) < oo (121)

This equation yields
E{/ IVEI2dx} < +oo (122)
Q

which shows that x — V(x) is a second-order random field. In addition, the linear operator mapping
the right-hand side f onto the unique solution V is continuous from V’ to V in which V/ = L2?(©,)”)

where V' is the continuous dual space of V.

Proof. From Egs. (108) and (113), we deduce that K(V,V) < ¢ ||V||y and consequently,
E{K(V,V)’} < ¢} E{||V|[},}. Using Eq. (118) yields ¢ [VIly < ¢} [[V|[§ which can be
rewritten as |V|ly < ¢ < 400 with ¢ = ¢f/ck. The proof of the uniqueness is straightforward
because, if V and V' are two solutions in V, Egs. (113) and (118) yield [V —V'||2 = 0,ie,V =V’
in V. Finally, since the bilinear form (V, W) — K(V, W) is continous on V x V (see Section 5.5)
there is a linear operator K which is continuous from V to V’ such that KV = f, in which f is given
in V. Since the equation KV = f has a unique solution in V (see the proof above), this means that

K is invertible from V' to V and consequently, is continuous from V' to V.

6. Stochastic finite element

6.1. Finite element discretization

The usual finite element method [10,91] is utilized for discretizing the deterministic Eq. (106) and
the random Eq. (113) which yields

[K]d=f , [K|D=f |, (123)

in which the deterministic stiffness matrix [ /| and the random stiffness matrix [ K] correspond
to the finite element discretization of the bilinear forms k(v, w) defined by Eq. (111) and K(v, w)
defined by Eq. (112). The deterministic vector f corresponds to the discretization of the linear form
defined by Eq. (107). The deterministic vector d and the random vector D are the vectors of the

degrees of freedom (values of the deterministic displacement field x — v(x) of the mean model and
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values of the random displacement field x — V(x) of the stochastic model, at the free nodes of the

finite element mesh).

For a given finite element mesh of domain 2, let x!, ..., xV be the set of all the integrating points
of the finite elements of the model. The random field {[A,,(x)],x € Q} is then discretized in the
integrating points of each finite element of the model. Consequently, the random stiffness matrix

[ K] can be rewritten as

(K] = [K([An(x})],- .., [Aa(™)])] (124)

in which ([a1],...,[an]) — [K([a1],...,[an])] is a deterministic function which is completely

defined.

6.2. Constructing and solving the random matrix equation

The random matrix equation [K]D = f (see Eq. (123)) can be solved by several methods, in

particular by using the Monte Carlo numerical method [61].

For each realization # € O, we have the following steps.

(i) The realizations {[A,(x!,0)],..., [A,(x",0)]} of random matrices {[A, (x!)],..., [A,(xV)]}
are constructed by using Section 4.2(vii).

(i1) The realization of each finite element stiffness matrix is constructed and the assemblage of

all these finite element matrices yields the realization [K(6)] of the random matrix [ K| such that

K(0)] = [K([An(x" 0)],.... [An(x", 0)])].

(iii) The linear matrix equation [K(6)] D(#) = f is solved to obtain D(#) and the realization O(6) of

any observation O can be deduced.

Finally, the mathematical statistics are used for estimating the probability quantities related to
random vectors D and O. Convergence of the estimators with respect to the number of realizations

has to be controlled.

7. Class of random fields which can be approximated with the ensemble SFE' and their

experimental identification

The objective of this section is to introduce some remarks concerning (1) the class of random

fields which can be approximated by a random field belonging to the ensemble SFE™ and (2) some
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remarks concerning the experimental identification of such a random field in solving a stochastic
inverse problem.

Let x — [A,,(x)] be a random field in SFE™, defined on probability space (©, 7, P), indexed by
Q, with values in M (R). In this section ( Section 7), we limit the presentation to the homogeneous
case presented in Section 4.3. Consequently, in this section, x — [A,,(x)] is viewed as the restriction

to 2 of a homogeneous random field indexed by R.

7.1. Summary of the parameters allowing a homogeneous random field in SFE™ to be completely

defined

From Sections 3 and 4, it can be deduced that the parameters allowing a homogeneous random field
x — [A,(x)] indexed by R? with values in M} (R) and belonging to SFE™, to be completely defined

are the following.

(i) The autocorrelation function m — Ry (n) of the random germ U in £y has to be such that
Ry (0) = 1, Ry is a continuous function from R? into R, Eq. (6) holds and the power spectral
density function k — Sy (k) has a compact support [—K1, K1] x ... x [-Kg4, K4]. It should be
noted that the d positive real numbers K1, . .., K  can be defined by the d spatial correlation lengths
LY, ..., LY given by Eq. (9).

(ii) The mean value [a,,] = E{[A,(x)]} € M (R) is independent of x.

(ii1) The parameter ¢ is defined by Eq. (37) and verifies Eq. (28), allowing the dispersion level to be
controlled.

7.2. Some properties of a random field in SFE™

In this section, we summarize the second-order parameters and the fundamendal property of a
homogeneous random field x — [A,,(x)] indexed by R? with values in M} (R) and belonging to

SFE™. The second-order properties and the fundamental property are the following.
(i) The mean value [a,,] = E{[A,(x)]} € M} (R) is independent of x.

(i1) The dispersion parameter 0 4, defined by Eq. (87) and given by Eq. (93) is a function of ¢ and
2]
(iii) The fourth-order tensor-valued covariance function ) — C“47(x + m,x) on R? is defined by

Eq. (82).
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(iv) The d spatial correlation lengths Lf", ceey LZ?" are defined by Eq. (97).

(v) For a random field in SFE™, the ellipticity property is defined by Eq. (118) in which the random
bilinear form K(v, w) is defined by Eq. (112). As explained in Section 5.8, this fundamental property
allows the stochastic boundary value problem related to the stochastic partial differential operator

defined by Eq. (4) to have a solution which is a second-order random field.

7.3. First class of approximation

(1) Setting the problem. The problematic is related to the information which is available for identifying
such a random field x — [A,,(x)] with experimental data. As we have explained in Section 1, such
a random field is constituted of 21 mutually dependent random fields. The available information
is constituted of the parameters which can be experimentally identified by using mathematical
statistics. For instance and in general, the system of the marginal probability distributions for
the 21 mutually dependent random fields do not constitute an available information because the
experimental database which is required for such an estimation is not available. This is the reason
why the class SFE™ of random fields having a small number of parameters has been constructed in
Sections 3 and 4. The first class of approximation presented in this section corresponds to the larger
class, that is to say, corresponds to the smallest number of parameters which can experimentally be

identified.

(ii) Available information. Let x +— [AS®(x)] be the random field indexed by Q C R? with values in
MF(R) which has to be approximated and for which the available information is the following (see
Section 7.3.v-3 explaining why the available information has to be limited to the quantities defined
in (a) to (d) below).

(a) The mean value [a2?] = F{[A%?(x)]} € M} (R) is independent of x.

(b) The dispersion parameter 0 4ew is defined by Eq. (87).

(c) The d spatial correlation lengths Lfixp, cee Lfixp are defined by Eq. (97) in which AR (m) is
defined by Eq. (94).

(d) The random field x — [A%"(x)] verifies an ellipticity condition in order that the stochastic

boundary value problem has a second-order stochastic solution.

(iii) Approximation with a random field belonging to the ensemble SFET. A random field x —
[AS(x)] whose available information is defined in Section 7.3.ii can be approximated by the

restriction to the domain €2 of a homogeneous random field x — [A,,(x)] indexed by R with values
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in M} (R) and belonging to the ensemble SFE™, for which the random field germ U is any random

field belonging to &y (for instance, the random field U defined in Section 3.2.2).

(iv) Calculation of the parameters of the approximated random field. Taking into account Section
7.1, the random field x — [A,,(x)] which approximates the random field x — [A%"(x)] is then
completely defined and its parameters can be calculated as follows.

(a) The mean value is such that [a,,] = [a2?] € M} (R).

(b) The dispersion parameter § defined by Eq. (37) is calculated by using Eq. (88),

9y 1/2
_ 9 (tr [a7])
0 pexp = NS {1 + tr{[a%p]Q}} . (125)

(c) The spatial correlation lengths LY, ..., LY, defined by Eq. (9), are calculated by solving the

following system of nonlinear algebraic equations

exp

n R ATL
LY, . LY) =L
=... (126)

A AP
Ld (Lanng):Ld )

in which, for all j in {1,...,d}, the mapping (LY,...,LY) — Lf" (LY, ..., LY) is defined by
Eq. (97) with the model of the random field x — [A,,(x)] defined in Sections 3 and 4. In pratice, it
should be noted that, for all j in {1, ..., d}, ng is closed to L;‘" (see for instance Section 8). This
means that the system of nonlinear algebraic equations defined by Eq. (126) allowing LY, . .., Lg
to be calculated can be solved by iteration, the mapping (LY, ..., LY) — (L{" ... L3") being
easily calculated by using the construction defined in Sections 3 and 4 with a given random field

germ U in &y (for instance with the random field defined in Section 3.2.2).

(V) Statistical estimation of the available information. In this subsection, we show how the avail-
able information defined in Section 7.3.ii can be estimated by using mathematical statistics. Let
x!,...,xN be N points in Q C RY. It is assumed that v > 1 independent realizations [A®(x*, 6,)]

fork=1,...,Nand 0, € © with/ = 1, ..., v are known from experiments.

(v-1) Estimations. In this subsection, in order to limit the developments, we directly give an
estimation of each quantity to be estimated without defining the sequence of estimators and without

studying the properties of such a sequence of estimators (see [35,38,55,64,72]). Nevertheless, the
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convergence of each estimator is fundamental to construct a good estimation. Some important
comments concerning this aspect are given in the following subsection 7.3.v-2.
An estimation [a;,"y] of the mean value [a;?] = E{[A}P(x)]} of the random field x — [A?(x)] can

be written as

AN

/\exp

(A% (x", 6,)] . (127)

Mz

Nv
k=1 ¢=1

exp

(m) =

An estimation — C'\e’“’ " (m) of the fourth-order tensor-valued covariance function ni— C4»

E{([Apr(x +m)] — [a57]) ® ([A57(x)] — [a57]) } can be written as
Con ™) = ST (AE 0] — @) @ (A6 00) - @) . (129)
/=1
in which
0 =xF x| (kK)e{l,...,N}x{l,....N} . (129)

An estimation m — 7, (n) of the function n — 4 ( ) from R? into R and defined by Eq. (94)

can be written as

v
~exp

”’N(“kk')zéeiwztf{ (AT (x5, 60)] — [ (AT, 6] — [ D)} . (130)
v, N\ =

An estimation 56" v of the dispersion parameter o Ao defined by Eq. (87) can be written as

~ 1/2
5y = [AZP(xF, 0,)] — [a5° 131
v,N — H[ NI/ZZ ” 5 [ HF} ( )
k=1 (=1
Since 2 C R? is a bounded domain and since x!, ..., x" are any points in €2, a direct construction
L e Sex : . exp exp
of an estimation Lelpy Noveo Lil,l;, n of the spatial correlation lengths Lf” e Lf" cannot be

deduced from Eq. (97). Forall j fixedin {1, ..., d}, an estimation LeXp ~ of Lf%xp can be constructed

as the solution in L; of the following optimization problem
’ kK
mm{zz | 7 (0 x?—x?,O,...,Oﬂ—e_(ma‘_% )/LJ“} , (132)
Li e
in which the double summation over k and %’ is limited to the points such that :L‘? — :vf/ > 0.
(v-2) Convergence of the estimations. In the experimental context, the value of v is generally small
(limitation of the number of specimens which can experimentally be tested). Nevertheless, it is
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assumed that this small value of v and the value of N are such that the estimation [a;"y] defined
by Eq. (127) is sufficiently converged (if not, then the estimation problem is an ill-posed problem).
However, if the values of v and IV allow the mean value [aS*] to be reasonably estimated, these values
do not generally allow the ellipticity property defined by Eq. (117) to be really tested or the fourth-
order tensor-valued covariance functionm +— cAn’ (M) to be estimated by Eq. (128) with a good rate
of convergence. Similarly, the function n — rAn’ (m) defined by Eq. (94) cannot be estimated by
Eq. (130) with a good rate of convergence. However, if the estimation of n — rAn’ (m) is generally
not converged, the estimation AS“}V defined by Eq. (131) and the estimations Ei"py Nreeo EZX‘; N

defined by Eq. (132) can be assumed to be converged.

(v-3) Limitation of the available information induced by the experimental identification context. In
Section 7.3.ii, we have introduced the mean value, the dispersion parameter, the spatial correlation
lengths and the ellipticity property as the available information. For applications and in the ex-
perimental identification context, this limitation of the available information is due to the lack of
convergence of the estimators introduced in Section 7.3.v-1 because the number v of independent
realizations corresponds to the number of specimens which can experimentally be tested and which

is then generally small.

7.4. Second class of approximation

(1) Setting the problem. The second class of approximation presented in this section corresponds to
the class for which the parameters related to all the second-order quantities can experimentally be

identified.

(ii) Available information. Let x — [A®P(x)] be the random field indexed by  C R? with values in

M;F (R) which has to be approximated and for which the available information is the following.

(a)The mean value [a2*] = E{[AZ*(x)]} € M (R) is independent of x.

(b) The fourth-order tensor-valued covariance function is given and is written as
exp
n— CA () = B{([AP(x + )] — [a5") © ([A°(x)] — [a5?])} - (133)

(c) The random field x +— [AS*(x)] verifies an ellipticity condition in order that the stochastic

boundary value problem has a second-order stochastic solution.
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(d) It should be noted that, as soon as the function n — CAR" (m) is known, then the dispersion
parameter acw defined by Eq. (87) and the function n — rA (m) defined by Eq. (94) can be

calculated.

(iii) Approximation with a random field belonging to the ensemble SFET. A random field x —
[A9*(x)] whose available information is defined in Section 7.4.ii can be approximated by the
restriction to the domain €2 of a homogeneous random field x +— [A,,(x)] indexed by R?, with values
in M} (R) and belonging to the ensemble SFE™, for which the random field germ U is a random field
in & and for which the autocorrelation function m — Ry/(m) has to be constructed (see Section

7.4.1v.

(iv) Calculation of the parameters of the approximated random field. Taking into account Section
7.1, the random field x — [A,,(x)] which approximates the random field x — [AS®(x)] is then

completely defined and its parameters can be calculated as follows.

(a) The mean value is such that [a,,] = [a2?] € M} (R).

(b) The dispersion parameter ¢ defined by Eq. (37) is calculated by using Eq. (125).

(c) For a given function  — Ry(n) from R? into R such as the random field germ U belongs
to &y (see Section 3.2.1), the function m +— 747 (n; Ryy) from R? into R defined by Eq. (94) can
be calculated by using the model of the random field x — [A,,(x)] defined in Sections 3 and 4.

Consequently, R;; can be constructed as the solution of the following optimization problem,
ain [ e ) < A Ro) P (134)
in which Ry has to verify the properties defined in Section 3.2.1 in order that U belongs to & .

(v) Statistical estimation of the available information. In this subsection, it is shown how the
available information defined in Section 7.4.ii can be estimated by using mathematical statistics. Let
x!,...,x¥ be N pointsin Q C R%. Fork = 1,..., N, it is assumed that v independent realizations

{[A%*(x*,0,)],0, € ©,0 =1, ..., v} are known from experiments.

~eXp

(v-1) Estimations. An estimation [a,,y] of the mean value [a5;?] = E{[A}?(x)]} of the random field
x — [AZ(x)] is given by Eq. (127). An estimation n+— 6’:“}\, (m) of the fourth-order tensor-valued
covariance function n — CAR" (m) defined by Eq. (133) is given by Egs. (128) and (129). An
estimation 1 +— 75% () of m — rAn" (n) is given by Egs. (130) and (129). An estimation 5%
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of & ac defined by Eq. (87) is given by Eq. (131). Since Q ¢ R? is a bounded domain and since

x!,...,x"V are any N points in €, the following approximation of Eq. (134) is introduced
N N .
: ARP (K K’ An (K K’ 2
" - —rin(x" —x"; R 135
min ;I;IT (x* =x") =P (x" —x"; Ry) ", (135)

in which Ry have to verify the properties defined in Section 3.2.1 in order that U belongs to &;.

(v-2) Convergence of the estimations. For this second class of approximation, it is assumed that v is

sufficiently large for that the convergence of the estimation defined by Eqs. (128)-(129) is reached.

(v-3) Limitation of the second class of approximation with respect to the experimental identification
context. In Section 7.4.ii, we have introduced the available information constituted of the mean value,
the fourth-order tensor-valued covariance function, and the ellipticity property. In the experimental
identification context, the convergence of the estimation of the fourth-order tensor-valued covariance
function has to be reached which means that the number of specimens which can experimentally be

tested has to be sufficiently large.

7.5. Difficulties related to the construction of the realizations of the random field to be identified

In Sections 7.3.v and 7.4.v, for £k = 1,..., N, it is assumed that v independent realizations
{[A%(x* 0,)],0, € ©,£ = 1,...,v} are known (from experiments) in which x!,... x" are N
points in Q C RY. Each realization {[A%*(x*, 6,)],0, € O} is associated with a given specimen
¢ which is experimentally tested. In practice, such a realization is not directly obtained from
the measurements but is indirectly constructed by using a model as follows. Let us assume that
the random field x — [A,(x)] (with n = 6) models the fourth-order elasticity tensor of a non
homogeneous anisotropic linear elastic random material. A set of v "identical" specimens are
manufactured with this material using the same process. The mechanical-mathematical model of
these specimens is the boundary value problem defined in Section 5. Each specimen occupies the
same bounded domain €2 with the same boundary conditions. For each specimen, the experimental
test consists in measuring the displacement field on a part I'y of the boundary I' due to the same
set of () external loads applied to the other part I'; of the boundary I'. The finite element model
defined by Eq. (123) is used. The random vector D of the degrees of freedom (DOF) is then written
as D = (D, D;) in which Dy is the vector of the m;, measured DOF in I, and where D; is the vector

of the other DOF. From Egs. (123) and (124), it can be deduced that, for each applied external load
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g, the displacement of the degrees of freedom in I'y is the random vector denoted as Dy, , and which

can be written as
Dy = b([A(x")], ..., [An(xV)]5q) (136)

where ([a1],...,[an]) — b([ai1],...,[an]);q) is a deterministic function which can easily be
constructed and which depends on the applied external load ¢q. The measurements are then
constituted of the familly of vectors Dy (6,) for £ = 1,...,v (the v specimens) and for ¢ =
., @ (the @ applied external loads). In general, sz‘i, e ,DZXPQ are mutually dependent ran-
dom vectors but Dy (6¢), . . ., Dy, (0¢) are assumed to be algebraically independent. For ¢ fixed,
(A (x1, 0,)], ..., [Af;‘P(xN, 95)] can be constructed as the solution in [a4], . . ., [ax] of the following
optimization problem,
[al]en’l;f(n?)??l JeMi(R) o ZHDexp (0 =bllaa)...... lexli - (187)

Such a method can be used if the optimization problem defined by Eq. (137) has a unique solution.

Clearly, a necessary, but not sufficient condition, is
Qxmy > 21 xN | (138)

in which the factor 21 corresponds to the independent entries of each symmetric (6 x 6) real matrix
lai]. In general, ) is small (for instance 2, 3 or 4) and N is large (for instance 1 000, 10000 or
100 000). Let us assume that €2 is a box for which the finite element model is a regular mesh of
(n+1)x (m+1) x (p+ 1) nodes and n x m X p finite elements which are 8-nodes solid elements
with 2 X 2 x 2 integrating points. Therefore, we have N = 8 x n X m x p. Assuming that all the
DOF of the boundary are measured, we then have m;, = 6 x (n +m) x (p + 1). The criterion
defined by Eq. (138) can then be rewritten as

1 X
Q(+1) 5 MXm
28 p n+m

(139)

For @) = 4, Eq. (139) is never verified. More generally, for regular finite element mesh of the
domain (2, the criterion defined by Eq. (138) is not verified. These potential difficulties lead us to
introduce below another experimental identification of the random field x — [A,,(x)] without using

the realizations [A%?(x1, 0,)], ..., [AS®(xY, 0,)].

7.6. Experimental identification with the first class of approximation without using the realizations

of the random field which has to be identified
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(1) Simulating the random responses with the first class of approximation of the random field which
has to be identified. The hypotheses introduced in Section 7.5 and the finite element model defined
by Eq. (123) are used. The random vector D is always written as D = (D, D;) and Dy 4 is the
random vector of the measured displacements induced by the applied external load ¢. For the first
class of approximation, the random field x — [A,(x)] is completely defined by the parameters
defined in Section 7.1 in which the random field germ U is defined in Section 3.2.1. Consequently,
the random field x — [A,,(x)] is completely defined by the following parameters: the mean value
la,,] = E{[A.(x)]} € MI(R) which is independent of x, the parameter § defined by Eq. (37)
and verifying Eq. (28) and the d spatial correlation lengths LY, ..., LY defined by Eq. (9). Let X

representing the set of the parameters [a,,], 6 and LY ..., LY,
A={la,] 6LY .. LY} . (140)
The random vetor Dy, , can then be written as
Dyq=BX:q) (141)
in which X — B(X\;¢) is a random function which can easily be constructed with Eq. (123) and
with Sections 3 and 4. For any 6 in ©, the realization Dy, ,(6) of random vector Dy, , is given by
Dy q(0) =B(X;q;0)
=b([An(x",0)],.... [Au(x"0)]:q) (142)
in which [A,,(x},0)], ..., [A,(xV0)] depend only on X. Equation (142) allows any probabilistic
quantity related to the random vector Dy , to be estimated by using the Monte Calo numerical
simulation and the mathematical statistics. The mean vector and the correlation matrix are defined
by
mp,,(X\;q) = E{Dyq} . [Ro,,(\:q)] = E{Dy,Dj} (143)

The variation index is defined by

(E{IDy, —mp, [2})""

dp,,,(X1q) = (144)

Let us introduce the random vector D = (D 1, ..., Dy o) whose components Dy, 1, ..., Dy ¢ are
mutually dependent random vectors. The probability distribution Pp of the random vector D is
assumed to be defined by a probability density function with respect to the Lebesgue measure dp

which is written as

Pp(dp;N) = pp(p;X) dp . (145)
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(i1) Estimating the random responses with the measurements. The measurements are constituted of
the familly of vectors D**(6,) = (D} (0¢), ..., Dy (0e)) for £ = 1,... v (the v specimens) and
forg=1,...,Q (the Q applied extemal loads). For a given applied external load ¢, an estimation

me"p of the mean value m Do of the random vector D p can be written as

== Z DY (0,) . (146)

For a given applied external load g, the estimations [Ee"p ] and Se"p of the correlation matrix [Rpex |
b,q

and the variation index dpex of the random vector D p can be written as
b »q

R Z Dy (6,) D% (60)" (147)

1/2
T (Z{HD“" w2 }) . (148)

In the experimental identification context, there is generally a lack of convergence of the estimation
defined by Eq. (147) due to a small value v of specimens which can experimentally be tested.
Nevertheless, it is assumed that this value of v allows a convergence of the estimations defined by

Eq. (146) and Eq. (148) to be reached.

(ii1) Second-order moment method for estimating the parameters of the random field which has to
be identified. The first method consists in performing the experimental identification of X defined

by Eq. (140) in solving the following optimization problem,

Q
min (0p o —dp, , (N5 q)) , (149)

AES)
q:
in which X = {[a,,], 6, LY, ..., LY} runs though the set Sy defined by
Sy =MFI(R) x [0,6,[xRT x ... x Rt | (150)

and where ¢,, is defined by Eq. (28).
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(iv) Maximum likelihood method for estimating the parameters of the random field which has to

be identified. We introduce the function X\ — L(X\;D*(#;),...,D*(6,)) from Sy defined by
Eq. (150) into |0, +oo[ such that

LOGDT(01), ..., D™(60,)) = —; pp(D™(0r) ;1) (151)

in which the probability density function pp (v ; X) is defined by Eq. (145). We deduce that
og{LA;D™(81), ..., D(6,)} = 3 log{pp(D™(0) : N)} - (152)
=1

The maximum likelihood principle consists in estimating X as the solution of the following opti-

mization problem,

min log{L(;D(6)), ..., D (6,)} (153)

in which Sy, is defined by Eq. (150).

(V) Experimental identification with the second class of approximation without using the realiza-
tions of the random field which has to be identified. The second-order moment method and the
maximum likelihood method presented in Sections 7.6.iii and 7.6.iv for estimating the parameter
X = {[a,],6, LY, ..., LY} of the random field x — [A,,(x)] with the first class of approximation
can be used for estimating the parameter X = {[a,,], d, Ry} of the random field x — [A,,(x)] with

the second class of approximation, in substituting Sy, defined by Eq. (150) by
Sy =MHR) x [0,5,[xRy (154)

where §,, is defined by Eq. (28) and where Ry; is the set of all the functions n) — Ry (m) verifying
the properties defined in Section 3.2.1.

8. Numerical example

In this section, a numerical example is presented. It consists of a three-dimensional linear elastostatic
problem. The mean model of the material is homogeneous and isotropic. The stochastic model is a
random homogeneous and anisotropic linear elastic material whose elasticity tensor is a fourth-order
tensor-valued random field depending on the three coordinates x;, x2 and x3 with three different

spatial correlations lengths LY, LY and LY .
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8.1. Mean model, finite element discretization and static response

The open bounded domain € of R is such that Q =]0, 10[x]0, 1[x]0, 0.8[ in meters. This slender
domain is fixed on the two sections x1 = 0 and x; = 10 which means that a Dirichlet condition is
applied to the boundary 'y = {21 = 0,22 € [0,1],25 € [0,0.8]} U {z1 = 10,25 € [0,1], 23 €
[0,0.8]}. The Young modulus and the Poisson coefficient of the homogeneous and isotropic linear
elastic material of the mean model are £ = 10'% N/m? and v = 0.15. The matrix [a,, (x)] introduced

in Section 5.3, belonging to M;f (R) with n = 6, is independent of x and is written as

rl—v v v 0 0 0 7
v 1—v v 0 0 0
E v v 1—v 0 0 0
= 1
wl=aroa=m)l o 0 0 -2z o 0 (155)
0 0 0 0 (1-2v)/2 0
Lo 0 0 0 0 (1—2v)/2]

Th elastic domain 2 is subjected to the static point load (0, 1,0) in Newton, applied to the point
(3.5,1,0.4) in meter. The finite element model is a regular mesh of 41 x 3 x 3 = 369 nodes
and 40 x 2 x 2 = 160 finite elements which are 8-nodes solid elements with 2 x 2 x 2 integrating
points (see Fig. 5). Therefore there are 1053 degrees of freedom and N = 1280 integrating points.
The neutral fiber is the line defined by {x = (21, 22, z3), 21 € [0,10], 22 = 0.5, 23 = 0.4} and is

constituted of 41 nodes.

Fig. 5. Finite element model

The displacement field of the mean model is calculated by solving the deterministic linear matrix
equation [ K | d = f (see Eq. (123)). Figure 6 displays the static deformation of the elastic domain

) subjected to the point load.
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Fig. 6. Static deformation of the three-dimensional domain due to the static point load

8.2. Stochastic model, computational parameters and stochastic response

The nonparametric probabilistic model of the elasticity tensor is performed as explained in Section
5.4. Therandom field x — [A,,(x)], indexed by 2, with values in M7 (R), with n = 6, is such that (see
Eq. (77)), [A(x)] = [L,,]* [G,(x)] [L,,] in which the matrix [a,,], defined by Eq. (155), is written
(see Eq. (72)) as [a,,] = [L,,]T [L,,]. The stochastic field x — [G,,(x)], indexed by R, with values
in M1 (R), is defined in Section 3.3.2 by Egs. (29) to (33). The dispersion parameter ¢ 4, defined by
Eq. (87),1s 4, = 0.1829. Using Eq. (88), the corresponding parameter  defined by Eq. (37), is
0 = 0.2. The spatial correlation lengths of random field germ U, defined by Eq. (13), are such that
LY =2 mand LY = LY = 1 m. The realizations of the random matrices [A,,(x')], ..., [A,(xV)]
atthe N = 1280 integrating points x', . . ., x"V (see Section 6.1) are constructed by using the method
presented in Section 4.2(vii) and the representation of the random field germ U defined in Section
3.2.3 (ii) (that is to say by Eqgs. (19) and (20)). The functions 71 — 7{" (1) = % (n1,0,0),

2 (

Ny = 157 (12) = 147 (0,12,0) and 13 — 757 (n3) = r47(0,0,73) are calculated with Eq. (95) in

which the mathematical expectation is estimated by using the Monte Carlo simulation with 20000

realizations. Since LY = LY, then function 5 is equal to function 74». The graphs of functions

m = i

lengths L;‘" are calculated by Eq. (97) and yields L’f‘" =1.97and L’;n = Lg“" = 0.99.

m) and 7y — 75" (1) are shown in Fig. 7. For j = 1,2, 3, the spatial correlation
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Fig. 7. Graph of the function 7; ~— 7" (1;) (on the left) and graph of the function 7 — 75" (172)
(on the right).

The random displacement field of the stochastic model is constructed by solving the random linear
matrix equation [ K| D = f (see Eq. (123)) with the Monte Carlo numerical simulation presented in
Section 6.2. Let n, be the number of realization used for the construction of the statistical estimators.
Let D¢ be the R*!-valued random vector constituted of the x5-DOF for the 41 nodes located in the
neutral fiber. The following norm ||| Dy¢ ||| = (E{|| Dy |?})"/? of the second-order random vector

D,¢ can be approximated by conv(n) defined by

ne 1/2
conv(n,) = {nl 3 Hanwk)HZ} , (156)
8 k=1

inwhich 4, ..., 6, correpondton, independent realizations in ©. Mean-square convergence of the
random vector D¢ with respect to the number ng of realization used in the Monte Carlo numerical
method, can then be studied by constructing the function ns — conv(ns) which is displayed in

Fig. 8.
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Fig. 8. Mean-square convergence. Graph of function n +— conv(ny)

We are interested in the construction of the confidence region associated with a probability level
P. = 0.98 for the random transversal static displacement field 1 — W (z1) = Us(x1,0.5,0.4) of
the neutral fiber (21 € [0, 10]). In fact, this random transversal static displacement field is evaluated
at the 41 nodes in the neutral fiber. This confidence region is constructed by using the quantiles. For
x1 fixed, let Fyy(,,) be the cumulative distribution function (continuous from the right) of random
variable W (z1) which is such that Fyy(,,)(w) = P(W(x1) < w) . For0 < p < 1, the pth quantile

or fractile of Fyy () is defined as

¢(p) = inf{w : Fy(o,)(w) = p} . (157)

Then, the upper envelope w™(x1) and the lower envelope w™ (x1) of the confidence region are
defined by
wh(z) =((P) , wi(z)=C¢1-PF) . (158)

The estimation of w™ (z1) and w™(x1) is performed by using the sample quantiles [64]. Let
wy(z1) = W(x1;61),...,w,, (x1) = W(x1;60,,) be the ng independent realizations of random
variable W () associated with the independent realizations Dy¢(61), . .., Dyp(6,, ). Let wy (z1) <
... < Wy, (z1) be the order statistics associated with wy (1), . . ., wy_ (x1). Therefore, one has the

following estimation

wh(zy) ~ Wy (z1) ., jT=fix(n,P) (159)

w () ~ wi-(x1) , j =fix(ns(1-F)) , (160)
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in which fix(z) is the integer part of the real number z. Figure 9 displays the confidence region of the
random transversal static displacement z1 — W (z1) of the neutral fiber (z; € [0, 10]), estimated

with ng = 7200.

-9

x 10

0 2 4 6 8 10

Fig. 9. Confidence region prediction for the random transversal static displacement of the neutral

fiber. (1) Graphs of the functions z1 — {w™(x1)} and 21 — {w™ (z1)} delimiting the confidence
region (grey region) of the random transversal static displacement 27 — W (x1) of the neutral
fiber for the stochastic system. (2) Graph of the function z1 — uy(x1,0.5,0.4) (dotted line) of
the transversal static displacement of the neutral fiber for the mean model. (3) Graph of the mean
function x1 — E{W (x1)} (mid solid line) of the random field z; — W (x1).

9. Conclusions

We have presented the mathematical construction of a class of non Gaussian positive-definite (n x n)
real matrix-valued random fields, indexed by any domain of R?, depending only on a positive-definite
matrix-valued mean function and on a smaller number of scalar parameters constituted of a dispersion
parameter and d spatial correlation lengths. Such a random field is adapted to the inverse problem
relative to the experimental identification. A fundamental mathematical property is proved and
allows the ellipticity of stochastic partial differential operators to be obtained. Such a stochastic
field can then be used for a nonparametric probabilistic modeling of elliptic partial differential
operators. As an example, this non Gaussian positive-definite real matrix-valued random field is
used for constructing a nonparametric probabilistic model of the fourth-order elasticity tensor for a

random linear elastic material. A numerical example is presented.
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