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ON THE GEOMETRY UNDERLYING SUPERSYMMETRIC FLUX
VACUA WITH INTERMEDIATE SU(2) STRUCTURE

ANNA FINO AND LUIS UGARTE

ABSTRACT. We show that supersymmetric flux vacua with constant interme-
diate SU(2) structure are closely related to some special classes of half-flat
structures. More concretely, solutions of the SUSY equations ITA possess a
symplectic half-flat structure, whereas solutions of the SUSY equations IIB
admit a half-flat structure which is in certain sense near to the balanced con-
dition. Using this result we show that compact simply connected manifolds do
not admit type IIB solutions. New solutions of the SUSY equations ITA and
IIB are constructed from hyperkahler 4-manifolds, special hypo 5-manifolds
and 6-dimensional solvmanifolds.

1. INTRODUCTION

In [1] new supersymmetric four-dimensional Minkowski flux vacua of type II
string theory with at least N = 1 supersymmetry (SUSY) on nilmanifolds and
solvmanifolds have been found, by extending previous results by [19].

In [17, 18] it was shown that these supersymmetric conditions can be written
in terms of the so-called generalized complex geometry [20, 25] and it was proved
that the internal manifold has to be a (twisted) generalized Calabi-Yau manifold.
An N = 1 supergravity vacuum implies the existence of a pair of spinors on the
internal manifold. In dimension six the pair of spinors defines an SU(3) structure,
a static SU(2) structure or an intermediate SU(2) structure [1], which correspond
respectively to the condition that the two spinors are parallel, orthogonal or be-
tween the two. These different cases are encoded in the context of the general-
ized geometry into an SU(3) x SU(3) structure on the bundle TM @& T*M. The
SU(3) x SU(3) structure can be encoded in a pair of compatible pure spinors,
which are objects defined in generalized complex geometry on the generalized tan-
gent bundle TM & T*M. When one of the two pure spinors is closed, the manifold
is called generalized Calabi-Yau.

An interesting question is then to look for new explicit examples and a natural
class is the one of the nilmanifolds, since by [5] they admit generalized Calabi-Yau
structures. In [19] the authors only look for SU(3) and static SU(2) structures,
since only these ones seemed to be compatible with the orientifold projections.
But in [26] it was shown that intermediate SU(2) structures are also possible if one
allows a mixing of the usual SU(2) structure forms under the projection conditions.

In [1] Andriot rewrote the projection conditions imposed by the orientifold for
intermediate SU(2) structures by introducing the “projection (eigen)basis”, i.e.
the set of structure forms which are eigenvectors for the projection. These forms
define a new SU(2) structure, obtained by a rotation from the usual one and the
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new SU(2) structure coincides (modulo a rescaling) with the one appearing with
dielectric pure spinors, introduced in [22, 27] in the ADS/CFT context. Since the
pure spinors become simpler to study if they are written in terms of the projection
basis variables, the supersymmetry (SUSY) conditions become simple and in this
way Andriot found for constant intermediate SU (2) structures new four dimensional
(Minkowski) flux vacua of type II string theory with at least N = 1.

Inside the class of SU(3) structures there is a special one which is strictly related
to the construction of metrics with holonomy G3. An SU(3) structure defines a
non-degenerate 2-form F', an almost-complex structure J, and a complex volume
form W; the SU(3) structure is called half-flat if F' A F and the real part of ¥
are closed [7]. Hypersurfaces in 7-dimensional manifolds with holonomy G have
a natural half-flat structure, given by the restriction of the holonomy group repre-
sentation. In [24] Hitchin showed that, starting with a half-flat manifold (M, F, ¥),
if certain evolution equations have a solution coinciding with (F,¥) at time zero
then (M, F, ¥) can be embedded isometrically as a hypersurface in a manifold with
holonomy contained in Gj.

If in addition F is closed the half-flat structure is called symplectic, and a half-flat
structure with closed complex volume form W is known as Hermitian balanced. Nil-
manifolds of dimension 6 admitting invariant symplectic, resp. Hermitian balanced,
half-flat structures have been classified in [11], resp. [28]. Recently 6-dimensional
nilmanifolds carrying an invariant half-flat structure have been classified by Conti
in [10], extending previous partial results [8, 11, 28, 6].

In this paper we show that supersymmetric flux vacua with constant intermedi-
ate SU(2) structure are closely related to some special classes of half-flat structures.
More concretely, in Section 3 we show that solutions of the SUSY equations ITA
have a symplectic half-flat structure, whereas solutions of the SUSY equations IIB
admit a half-flat structure which is in certain sense near to the Hermitian bal-
anced condition. In particular, we prove that compact simply connected manifolds
do not admit type IIB solutions. Solutions of the SUSY equations ITA and IIB
are constructed from hyperkéahler 4-manifolds and, more generally, from special
hypo 5-manifolds, where by hypo we mean the natural SU(2) structure induced
on hypersurfaces in 6-dimensional manifolds with holonomy SU(3) given by the
restriction of the holonomy group representation [12]. In the last section we con-
sider 6-dimensional solvmanifolds having both symplectic and Hermitian balanced
half-flat structures, and using them we find new solutions of the SUSY equations
ITA and IIB. The nilmanifolds considered in this paper have appeared previously
in [19], where solutions with SU(3) or static SU(2) structure were found. On the
other hand, on the solvmanifold of Example 4.2.1 SU(3) structure solutions were
given in [4, 19] (see also [2]), however to our knowledge the solvmanifold of Ex-
ample 4.2.2 has not appeared previously in relation to the SUSY equations and
provides a new class of solutions. In Section 4 it is also proved that in general the
solutions of equations ITA or IIB are not stable by small deformations inside the
class of half-flat structures (see Proposition 4.1).

2. INTERMEDIATE SU(2) STRUCTURES

In this section we follow the conventions of [1], and recall the four-dimensional
Minkowski flux vacua conditions of type II string theory with at least N = 1 super-
symmetry as well as their relation to the structure group of the internal manifold.
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As in [1] we consider type II supergravity (SUGRA) backgrounds, which are
warped products of the Minkowski space R3! and of a 6-dimensional compact
manifold M. These warped products have a metric of the form

(1) ds%lo) = AWy datds” + g, (y)dy'dy”,

where 7 is the diagonal Minkowski metric with signature (3,1). The solutions will
also have non zero background values for some of the RR and NS fluxes. Let vol 4
denote the warped 4-dimensional volume form. Poincaré invariance in dimension 4
requires the fluxes living on Minkowski space to be proportional to vol(), so we
will focus on non trivial fluxes living on the internal manifold M.

As in [19] the total internal RR field F is given by

A : F=Fy+ F,+ Fy+ Fg,
IIB : F:F1+F3+F5,

where F}, is the internal k-form RR field, and it is related to the total 10-dimensional
RR field-strength F(10) by

FUO = F + vol(y) A A(xF).
Here * denotes the Hodge star operator on (M5, g) and \ is given by

A(Ap) = (1) 4y,
for every p-form A,.

In order to find such solutions one has to solve the equations of motion and the
Bianchi identities for the fluxes, however, for the class of supergravity backgrounds
we are interested in, the equations of motion for the metric and the dilaton ¢ are
implied by the Bianchi identities and the 10-dimensional supersymmetry conditions
[26], so one can solve the latter. These conditions are the annihilation of the
supersymmetry variations of the gravitino ¢, and the dilatino A given by (see [17])

6Yu = Dye+ tH,Pe+ 76?3 Fon vuPre,
A= (pp+ sHP) e+ %e‘f) >, (=1)?"(5 — 2n) Fop, Pre,
with H, = %H,Wp'y”p, H being the NSNS flux. For ITA, P = ~;; and P,, = v}, 0!

for n = 0,...,5, while for IIB, P = —¢3, P, = o' forn:%,%and’/) = io? for
159
=333

The 10-dimensional supersymmetry parameter € can be written as a pair (!, €?)
of two Majorana-Weyl supersymmetry parameters and, because of the product
structure of the solution (1), there should exist independent globally defined and
non-vanishing spinors 77 on M® such that each €’ is given as

=Y fin) +cc, =12
a

where ¢! and ¢? are the 4-dimensional supersymmetry parameters.

In order to get (at least) N = 1 supersymmetry, it is required the existence
of (at least) a pair (n',n?) of globally defined and non-vanishing spinors on the
internal manifold M6 satisfying the SUSY conditions. The existence of this pair of
internal spinors generically implies that the structure group of the tangent bundle
over the internal manifold M°® is reduced to a subgroup G C SO(6). This is due
to the fact that the spinors which are globally defined must not transform under G
and therefore are singlets under the SO(6) — G decomposition. The pair (7%, 7?)



can be parametrized and different types of G-structures are defined on the internal
manifold depending on the values of the parameters. SU(3) and intermediate SU(2)
structures on 6-manifolds arise naturally in this context as we recall next.

The existence of a globally defined non-vanishing spinor 74 on a 6-dimensional
manifold M6 defines a reduction of the structure group of the tangent bundle over
M6 to SU(3). Therefore, on the internal manifold we have an almost Hermitian
structure (J, g) and a (3,0)-form ¥ such that

4 . _
FAU =0, §F3:z‘\11/\\117é0,

where F' is the fundamental 2-form associated to (J,¢). The spinor 7y is a Weyl
spinor and it is supposed to have positive chirality and unit norm. Complex conju-
gation acts sending 74 in 7_. The forms (F, ¥) can be obtained as bilinears of the
globally defined spinor. Indeed:

Fu = *in17uun+a Uywp = *inifyul/anr-

An SU(2) structure on a 6-dimensional manifold MY is defined by two orthogonal
globally defined spinors 74 and x4, which we can suppose of unit norm, or equiva-
lently by an almost Hermitian structure (.J, g), a (1,0)-form «, a real 2-form w and
a (2,0)-form Q satisfying the following conditions

wQZ%Q/\ﬁ#O,
wAQ2=0, QAQ=0,
a2 =0, iqw=0,

where by i, we denote the contraction by the vector field dual to a and we take «
such that ||a||? = iga = agg®ay = 2.

The forms (a,w, ) are related to the globally defined spinors (14, x+) by the
relations

Q= 771%X+7
Wy = _ini%wn-i- + iXiri-%wX+a
Qv =" Yux—.

The spinor x4+ can be rewritten in terms of n_ as x4 = %an_.
The SU(2) structure is naturally embedded in the SU(3) structure defined by

N4 by:
(2) F:w—i—%a/\@, U =aA.

Conversely, if one has an SU(3) structure (F,¥) on M® and a (1,0)-form a of
norm /2, then it has been proved in [1, Appendix A2] that w and Q defined by
these formulas ) )
1 .
w—F—2a/\a, Q—2za\II

provide an SU(2) structure.

Given a pair (n}r,ni) of globally defined non-vanishing internal spinors corre-
sponding to the internal components of the supersymmetry parameters, one can
parametrize them as

1
(3) ny=any,  nh=blkymy + kigan-),
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with 0 < k:H <1,k =, ,/1—- kzﬁ and a,b non-zero complex numbers such that

a=|lnL| and b= ||n%||. Asin [1], we consider b = @ so that the relative phases of
the spinors are fixed by |a| and 6, the latter given by ¢ = a/a.

Now depending on the values of Ky and ki one can define starting from the
spinors different type of G structures. Indeed, if k; = 0, or equivalently if ni_ and
n5 are parallel, then one has an SU(3) structure. If k; # 0 one has an SU(2)
structure and in the particular case when k; = 1 and k) = 0 one gets the so
called static SU(2) structure. But one can consider as in [1] the intermediate case
ki # 0 and k|| # 0. The two orthogonal spinors n; and x4 = %an_ define an
SU(2) structure (J, g, a,w, ) on the internal manifold M as above and, relating
the numbers k|| and k1 to the angle ¢ € [0, 5] between the spinors by

ki = cos(¢), ki = sin(¢),
one obtains (see [13]) the family of SU(3) structures on M® given by
Fy = cos(2¢)w + Sa A @ + sin(2¢) Re(1),
Ty = a A (—sin(2¢)w + cos(2¢)Re(Q) + ilm()),
or equivalently the family of SU(2) structures
Dy = cos(2¢) w + sin(2¢) Re(12),

) Qp = —sin(2¢) w + cos(2¢) Re(Q) + ilm(9Q).

Definition 2.1. [1] The SU(2) structure on (M®,J, g,a,w, Q) defined by (4) is
called intermediate if k| and k. are both different from zero. It is called static (or
orthogonal) if k; =1 and k| = 0.

We recall that an SU(3) structure (F, ¥) is said to be half-flat if d(F AN F) =0
and d(Re(¥)) = 0. If in addition dF = 0, then the SU(3) structure is said to be
symplectic half-flat.

Definition 2.2. An SU(3) structure (F,¥) on MY is called Hermitian balanced if
d(FAF)=0and d¥ = 0.

From now on by a symplectic half-flat, vresp. Hermitian balanced, SU(2) struc-
ture (J,g,,w,) we mean that the associated SU(3) structure given by (2) is
symplectic half-flat, resp. Hermitian balanced.

3. SUSY EQUATIONS

In this section we show that supersymmetric flux vacua with intermediate SU(2)
structure are closely related to the existence of special classes of half-flat structures
on the internal manifold. We begin by recalling the SUSY conditions derived by
Andriot in [1].

To solve the SUSY conditions, rather than using Killing spinors methods or G-
structures tools, in [1] it was used the formalism of generalized complex geometry
[20, 25, 19]. In generalized complex geometry for a d-dimensional manifold M, one
considers the bundle TM @ T*M, whose sections are generalized vectors (sums of
a vector and a 1-form). The spinors on TM @& T*M are Majorana-Weyl Cliff(d, d)
spinors, and locally they can be seen as polyforms, i.e. sums of even/odd differential
forms, which correspond to positive/negative chirality spinors. A Cliff(d, d) spinor
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is pure if it is annihilated by half of the Cliff(d,d) gamma matrices. Such pure
spinors can be obtained also as tensor products of Cliff(d) spinors.
In the supergravity context, the Cliff(6, 6) pure spinors are defined as a biproduct

Py = n}r@mf of the internal supersymmetry parameters and, via the Fierz identity,
they can be seen as polyforms

6

11, 1

Dy =1} @1 = 5D 0 Y
k=0

The explicit expressions of the two pure spinors in terms of the forms (o, w, ) are
then

2 0 Lora i .
O, = %e*weia/\a(kne’“" — ik, Q),

& = —LLaA (ke +iky Q).
In general, by [20] a pure spinor ® can be written as
D=0 A eBJFiK,

where 0 is a holomorphic k-form, and B and K are real 2-forms. The rank k of
the form €, is the type of the spinor. For the intermediate SU(2) structure where
both k|| and k. are different from zero, by [1], the two pure spinors ®, and ®_
can be rewritten as

ja?

8

and thus @, and ®_ have respectively type 0 and 1. In the case of the SU(3)
structure (limit k; = 0),

L AT —iw—i EL 2 ok
20(/\0(71(4)7’LWQ - |a| 71w+1%9

o, = e*iekne , d_ = ?l@_a Ae

lal* _io_—ir Jal?
D, = —e e, O =—j—
T8 8
and the two pure spinors are of type 0 and 3, respectively. In the case of a static
SU(2) structure (the other limit k| = 0) one has
Jaf?
Sy =—1——
* 8

v

—if Lana |a|2 —iw
e " Nez , CIL:f?a/\e
and the two pure spinors are of type 2 and 1, respectively.

Two pure spinors are said to be compatible if they have three common annihi-
lators. A pair of compatible pure spinors defines an SU(3) x SU(3) structure on
TM & T*M. Depending on the relation between the spinors 77_1;2, this translates
on TM into the SU(3), static SU(2) or intermediate SU(2) structures discussed
above. So the formalism of generalized complex geometry allows to give a unified
characterization of the topological properties a N = 1 vacuum has to satisfy: it
must admit an SU(3) x SU(3) structure on TM @ T*M. And so to satisfy this
condition, one may verify that our vacua admit a pair of compatible pure spinors.

An N =1 vacuum should satisfy the SUSY conditions, the equations of motion
and the Bianchi identities for the fluxes. By [17, 18] the SUSY equations can be
then written in terms of pure spinors by

(d— HA)(e?A2d1) = 0,
(d— HA)(eA~?Re(®2)) = 0,

4A

(d — HA)(e3A=2Im(Py)) = S AF),
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with &1 = &4, &y = &4 for ITA/IIB (upper/lower), following the conventions of

[19]. The first of these equations implies that one of the two pure spinors (the

one with the same parity as the RR fields) must be twisted (because of the —HA)

conformally closed. A manifold admitting a twisted closed pure spinor is a twisted

Generalized Calabi-Yau (see [24, 19]) and one looks for vacua on such manifolds.
The equations of motion of the fluxes are

(d+HAN) (e« F) =0, d(e*~ %« H) = Fe*t Z Fy N %Fp o,
P

with the upper/lower sign for ITA /TIB.
The Bianchi identities (we assume no NS source) are

(d— HN)F = é(source), dH =0,

where d(source) is the charge density of the allowed sources: space-filling D-branes
or orientifold planes (O-planes). In compactification to 4-dimensional Minkowski,
the trace of the energy momentum tensor must be zero. Then O-planes are needed
since they are the only known sources with a negative charge, that can thus cancel
the flux contribution to this trace. As in [1] the RR Bianchi identities are then
assumed to be

(d—HNF=> QV,

where Q° is the source charge and V* is (up to a sign) its internal co-volume (the co-
volume of the cycle wrapped by the source). The sign of the Q° indicates whether
the source is a D-brane (Q" > 0) or an O-plane (Q° < 0).

For intermediate SU(2) structures (for which ’Z—‘*‘ is constant) in the large volume
limit from the SUSY conditions one gets that the H Bianchi identities is automati-
cally satisfied. Furthermore, for this class of compactifications, it was shown in [19]
that the equations of motion for the RR fluxes are implied by the SUSY conditions.
And it was shown in [26] that the equation of motion of H is implied by the SUSY
conditions and the Bianchi identities. Then, in order to find a solution, having a
pair of compatible pure spinors on an twisted generalized Calabi-Yau manifold with
at least one O-plane, as in [1] one has to verify that the SUSY conditions and the
RR Bianchi identities are satisfied.

The presence of O-planes implies that the solution has to be invariant under
the action of the orientifold. As shown in [26] the first step to derive the orien-
tifold projection on the pure spinors is to compute those for the internal SUSY
parameters. This can be done starting from the projection on the 10-dimensional
SUSY spinorial parameters €' and then reducing to the internal spinors 7% . In our
conventions, we have

05: o(nt) =ni, o) =mni,
06: o(nk)=n%, o(ni)=nk,
where o is the target space reflection in the directions transverse to the O-plane.

Using the expressions (3) for the internal spinors, one gets as in [1] the following
projection conditions at the orientifold plane:

O5: e =41, o L 05,
06 : e free, Re(a)||O6, Im(a) L 06.



The previous conditions can be expressed on « as
05: o(a) = —a, 06: o(a) = a.

By [26] if the G-structures are constant (as the one which are considering), and if
we work on nil/solvmanifolds (which will be our case), these conditions are valid
everywhere (not only at the orientifold plane). Starting from the projections on the
7', as in [26, 1] one may derive the projections of the pure spinors ®4 and from
them those for the SU(2) structure forms. In particular one has

05: o(w) = (kﬁ — kw4 2k k1 Re(Q), o(Q) = —kzﬁQ + k3 Q + 2k kL w,
06: o(w)=(k? — kzﬁ)w — 2k kiRe(Q), o(Q)=—-k1Q+ kzﬁﬁ — 2k kLw.
By introducing as in [26]
O5: kj =cos(¢), ki =sin(¢), 0<¢ <7,
06 : k| =cos(¢p+F) = —sin(¢), ki =sin(¢+ 5)=rcos(¢), —
one gets in both cases the following formulas:
o(w) = cos(2¢)w + sin(2¢) Re(Q2),
o(Re(Q)) = sin(2¢)w — cos(2¢) Re(€2),
a(Im(2)) = —Im(Q).

Since the previous projection conditions are not very tractable, in [1] he worked in
the projection (eigen)basis

(SIE

<¢ <0,

wi=3w+oWw), wi=3zw-ocWw)),
Re())) = (Re(Q) + o(Re(Q))),  Re(Q)1 = L(Re(®) — o(Re(2))),
which can then be expressed in terms of the original SU(2)-structure as

W) = %((1 + cos(2¢))w + sin(2¢) Re(2)),

wi = 2((1 — cos(2¢)w — sin(2¢) Re(R)),

Re(Q)) = 5((1 — cos(2¢))Re(2) + sin(2¢)w),

Re(Q)1 = 1((1 + cos(2¢))Re(2) — sin(2¢)w).
As in [1] one takes e = |a|? = 1 and go to the large volume limit, i.e. A =0 and
e? = g, constant. This is indeed the regime in which one will look for solutions.
The only remaining freedom is 6 that we do not really need to fix. Moreover,
we choose to look only for intermediate SU(2) structure, i.e. with k; # 0 and
k1 # 0 constant. Taking the coefficients constant is important because it simplifies
drastically the search for solutions and the SUSY conditions are much simpler. In
fact, by using the projection (eigen)basis (5) and the results in [17, 18], together
with further simplications as explained in [1], one can rewrite the SUSY equations
in the following form:

e SUSY equations IIA:

d(Re(a)) =0,

kjH = kid(Im(S)),

d(Re(S)1) = kyjk1L Re(a) A d(Im(a)),
H A Re(a) = — ’;ﬁ d(Im(c) A Re(Q)))),

(5)

(6)



together with Fp, F> and Fy given by
gs * Fo = 3k d(Im(a)) A (Im(2))? + ]%HH A Re(a) A Re(Q))),
gs * Fo = —kjd(Im(c)) A Im(Q) + ,%Hd(Re(Q)H) A Re(a),
gs * Fy = =k d(Im(a)).

e SUSY equations IIB:

d(Re(a)) = 0,

d(Im(a)) =0,

kjH = kpd(Im(S)),

Re(a) NH = — ’;ﬁ Im(a) Ad(Re(R) 1),

Im(a) ANH = %‘Re(a) Nd(Re(2)1),

Re(a) A Im(a) A d(Re(S2)))) = —H A Im(Q),

together with F; and F3 given by
kzLeiegs « Fy = HA RE(Q)H,
kj_eiegs * F3 = d(Re(Q)H)

Note that ( L_Re(Q), ﬁRe(Q)HJm(Q),oO define a new SU(2) structure

cos ¢
(o, ', ) on M with
! 1 ! 1 .
= 9} O = Q Im(Q
w sind)Re( s cosqSRe( )L+ i Im(Q),

and then a new SU(3) structure (F',¥'). Moreover, since we will consider only
06 planes in ITA and O5 planes in IIB, by using a local adapted basis for this
SU (2)-structure (see [12]), one has that (&, ®,2) given by

1 1
& = Re(a) +ikjIm(a), @= k—Re(Q)J_, Q=1Im(Q)—i k—Re(Q)H,
1 I

is also an SU(2) structure on M in the ITA case, and

1 A 1
a1 = kjRe(a) +ilm(a), @ = k—Re(Q)H, Q= k—Re(Q)J_ + i Im(8),
1 Il

1 A 1
do = kyIm(a) —iRe(a), @= k—Re(Q)H, Q= k—Re(Q)L +iIm(Q),
L1 Il
are SU(2) structures on M in the IIB case. We will use these structures in the
next theorems, and the corresponding SU(3) structures will be denoted by (F, ¥).
Notice that the almost complex structure J and the metric § change with respect
to those given by (a,w’, ).

Theorem 3.1. Let (M, J,g,a,w,Q) be a 6-dimensional manifold endowed with
an SU(2) structure such that the 2-forms Re(Q), Re(2) 1, Im(Q2) satisfy the equa-

tions (6), then MS admits a symplectic half-flat SU(2) structure (j,g,oz,w,(z)
with d(Re(&)) = 0. Conwversely, if M® has a symplectic half-flat SU(2) structure
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(J,4,a,0,Q) such that d(Re(&)) = 0, then the forms (Re(S2))), Re(2) 1, Im(£2), o)
defined by

1 1
k—Re(Q)L =w, Im(Q)-— ik—Re(Q)H =Q, Re(a)+ikjIm(a) = a
1 I

are a solution of the equations (6).

Proof. For type IIA the 2-forms ﬁRe(Q)J_, ,%HRG(Q)H,Im(Q) together with the
complex 1-form Re(a) + ikjIm(c) define a new SU(2) structure with

w=-—Re(Q)1, Q=Im(Q)— ikiHRe(Q)”’ & = Re(a) + ik Im(a)

and then a new SU(3) structure (J, F, ¥), with

J,
F=&+kjRe(a) NIm(e), T =aA.
By the second equation of (6) we have

k1
H = —d(Im(Q)).
dm(©)

Then by the last equation of (6) we obtain
d(Im(Q)) A Re(a) = —d(Im(a) A Re(Q)))),

i.e. that the real part of the form U = & A ) is closed.
Moreover, by
d(Re(Q2) 1) = kjjkLRe(a) Ad(Im(a)),
it follows that
d(Re(Q) 1 + kyky Re(a) A Im(a)) = k1 d(F) = 0,

and so we have a symplectic half-flat SU(2) structure on M. Conversely, if M6
has a symplectic half-flat SU(2) structure (J, g, &, @, 2) such that d(Re(&)) = 0,
we have that the fundamental form

F =&+ Re(&) N Im(a) = éRe(Ql) + Ky Re(a) A Im(a)

is closed and thus the equation
d(Re(Q) 1) = kyjk1 Re(a) Ad(Im(a))

in (6) holds. By the closedness of the real part of the (3,0)-form ¥ = & A Q we
have that also the last equation in (6) is satisfied for H = %Td([m(Q)). O
Theorem 3.2. Let (M, J,g,a,w,Q) be a 6-dimensional manifold endowed with
an SU(2) structure such that the 2-forms Re(Q), Re(Q) L, Im(Q) satisfy the equa-
tions (7), then MS® admits two half-flat SU(2) structures (jl,gl,éq,d),ﬁ) and
(Jay G2, G2, @, Q) such that d(a) = 0 and éo = ky Im(a;) — z%

Conversely, let M be a 6-dimensional manifold endowed with a half-flat SU(2)
structure (jl,gl,dl,d),fl) satisfying d(&1) = 0; if k€ (0,1) is such that the
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SU(2) structure (j2,g2, G = Ky Im(day) — z‘Rek(ﬁ‘l),dj, Q) is half-flat, then the forms
(Re(S2))), Re(2) 1, Im(R2), ) defined by

—Re(Q)) =, kiRe(Q)J_ +iIm(Q) = Q, k| Re(a) +ilm(a) = aq,
I

where k; = /1 — kﬁ, are a solution of the equations (7).

Proof. As we already remarked previously for type IIB the 2-forms

,%HR@(Q)J_, iRe(Q)H,Im(Q), a define a new SU(2) structure with

1 L1
o= Re(@Q). Q= —Re(Q)L +ilm(Q), &1 = kyRe(a) +ilm(a)
il I

and then a new SU(3) structure (Ji, F, ¥y), with

F =&+ kjRe(a) Am(a), W1 =d1 AQ.

Suppose that the 2-forms Re(Q)), Re(Q2) L, Im(Q) satisfy the equations (7), then
by the first five equations we have
d(a A (Re(2) L +iIm(2)) = 0.
Then, d(Re(a; AQ)) = 0.
Since (&q,w, ) is an SU(2) structure, the condition

Im(Q)? iRe(Q)ﬁ

= =
is satisfied [12] and by the last equation of (7) we get
Re(a) A Im(a) Nd(Re(2))) = — ’Zﬁ d(Im(2)) A Im(§2)
= 7%16”(1(]%6(9)“) N RE(Q)H

Therefore
d((kLkjRe(a) A Im(a) + Re()))?) =0,

i.e. d(F'AF)=0. Then we have a half-flat SU(2) structure.
Consider
G = kjIm(a) — iRe(a)

and define Wy = ayAQ. We have two SU(3) structures (F, ¥1) and (F, ¥5). Indeed,
Re(G1) A Im(a1) = Re(dz) A Im(az) = kjRe(a) A Im(a),

so Fis the same in both cases.
Now, equation
k
Im(a) A H = k—J‘Re(a) Ad(Re(9).)
Il
implies that d(Re \i/l) = 0, whereas equation

k
Re(a) NH = —k—J‘Im(a) A d(Re() 1)
I
implies that d(Re W) = 0. In conclusion we have that (F,¥;) and (F,¥,) are
half-flat. .
T9 prove the converse, we first notice that the fundamental form F} is given
by Fi = &+ Re(d1) A Im(dy) = ﬁRe(Q)H + kjRe(a) A Im(a), and therefore
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the closedness of the 4-form Fl A Fl implies the last equation of (7) for H =
%d(lm(g)).
Let us consider the complex 3-form \ilj = G5 A Q, j = 1,2. Since Re(\i/j) =

Re(é;) A Re(§2) — Im(éa;) A Im(€2), we get that

. k 1
d(Re(¥,)) = k—HIm(&j) A H = 2= Re(éy) A d(Re(Q)1).
1 Il
For j = 1 we get the equation Im(a) A H = %Re(a) A d(Re(Q),), and for j = 2

we get Re(a) ANH = — ’Zi Im(a) Ad(Re(2) 1), so the equations (7) are satisfied. [

Remark 3.3. Notice that in the conditions of Theorem 3.2 we can define a 1-
parametric family of half-flat SU(2) structures connecting the two given structures.
In fact, by considering the usual rotation

&y = ky sint Re(a) + kjj cost Im(a) +isint Im(a) —icost Re(a),

we have that (F, éy A Q) is half-flat for any value of t. Notice that the fundamental
2-form F' does not depend on t because Re(d:) A Im(dr) = kjjRe(a) A Im(c). The
almost complex structure J; is given with respect to the basis {Re(a), Im(a)} by
: 1 ) >t
j, = ( sint cost(k—kaH) k| sin t+% )
w ki)

) .
—SIEHt—kHcos% —sint cost(

Next, using the characterization given in Theorem 3.2, we show that if there is
solution of the SUSY equations IIB for any k| € (0,1), then the manifold must be
Hermitian balanced.

Proposition 3.4. Let (J, g, a,w, Q) be a half-flat SU(2) structure on a 6-manifold
M¢® such that d(o) = 0 and for each A € (0,1) the SU(2) structure (Jy,gx, Bx =

Am(a) — iRe/Ea),w, Q) is half-flat. Then, (J, g, o, w,Q) is Hermitian balanced.

Proof. Let us consider the SU(3) structure (F,¥) given by F = w + £ a A@ and
U = a A Q. According to Definition 2.2 we have to prove that Im(¥) is a closed
form. Let (F,®)) be the SU(3) structure associated to (Jx, g, Ox,w, ). Then,
the real and imaginary parts of the forms ¥ and ®, are given by

Re(¥) = Re(a) A Re(2) — Im(a) A Im(2),

Im(¥) = Re(a) A Im(Q) + Im(a) A Re(£2),

Re(®y) = B4 A Im(Q) + A Im(a) A Re(S),

Im(®y) = — 242 A Re(Q) + A Im(e) A I (Q).

The limit of the 3-form ®, exists when A — 1 and equals —iW. Since Re(®)) is
closed for any A € (0,1), we conclude that Im(¥) is closed. Therefore, the SU(2)
structure (J, g, o, w, Q) is Hermitian balanced. ]

Given a Hermitian balanced SU(2) structure (J, g, «,w, ) such that d(a) = 0
and Re(a) A d(Re(£2)) = 0 one can construct a solution of the SUSY equations IIB
for any k| € (0,1).
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Proposition 3.5. Let (J,g,a,w,Q) be a Hermitian balanced SU(2) structure on
a 6-manifold M® such that d(a) = 0 and Re(a) A d(Re(2)) = 0, then for each
A€ (0,1) the SU(2) structure (Jx, gx, B = AIm(a) — i@,w,iﬂ) is half-flat.
Proof. We have ¥y = (A Im(«) — Re(a)) A (iRe(2) — Im(Q)) and thus
Re(¥y) = —AIm(a) A Im(Q) + 242 A Re(9),

Im(¥y) = AI'm(a) A Re(Q) + e<a> A Tm().

- ~—

By the assumptions on the SU(2) structure (J, g, a, w, ) we get in particular that

Re(a) Nd(Re(2)) = Im(a) Ad(Im(£2)) =0
and therefore that d(Re(¥y)) = 0. O
Example 3.6. Let us consider a nilmanifold corresponding to the nilpotent Lie
algebra by = (0,0,0,0,12,14 + 23), that is, there is a basis {e!, ..., e%} satisfying
det =de? =de® =de* =0, de® =e? de® =elt 4%
We consider the structure (F,¥) given by the 2-form F = e!3 + €24 — €6 and
the (3,0)-form ¥ = (e! +ie®)(e? +ie*)(ef +ie®). Although by admits Hermitian

balanced structures, the previous structure is only half-flat. In fact, F? and Re(¥)
are closed, but d(Im(¥)) = —e!234,

For the complex 3-form ®y = (Ae® —i §-)(e? +ie*)(ef +ie”), a direct calculation
shows that

1 202 — 1
d(Re(®y)) = Xd(e125 4 eM6) 4 A (520 — 3 = - 1234
which implies that Re(®,) is closed only for A = :l:\/ii. Notice that Im(®y) is
closed for any A, so (F,®, . ) are Hermitian balanced and (F,(I>%) provides a
2 2

solution to equations (7). In fact, by Theorem 3.2 we have the following explicit
solution (a, Re(€2) ||, Re(2) L, Im(€2)) of the SUSY equations IIB for k| = k1 = -

ES
1
Re(a) =v2e!, Im(a)=¢?, Re(Q)) = —(e** — %),
V2
1
Re(Q) | = — (e — %), Im(Q) = e + %0,
()1 \/5( ) ()
Notice that the fluxes are:
H= e g sy = 120 4 o145 | o235 iy o (23456

Now, let us start from the (Hermitian balanced) structure ® for A = f%, that

is,
3
_ ¢ . IN(L2 4 4N\(,6 ;D
@_%—( —\/5—1—2\/56 Y(e® +ie)(e® +ie”),

and consider the complex 3-form ©, given by

3
e

0, = (Ve +iv

! \/EH

It is easy to check that Re(©,,) is closed for any value of p1. Notice that in particular
O = U, i.e. one member in the family is precisely the half-flat structure (F, ¥)

V2

Y2 +iet) (e +ied).



14
given at the beginning. Again, by Theorem 3.2 we have the following solution
(a, Re(S2))), Re(§2) 1, Im(82)) of the SUSY equations IIB for any k| = u € (0,1):

1 3

RIS

Re(Q) 1 = k) (e*® — e*?), Im(Q) = e?° + e,

where k; = /1 — k‘Q The fluxes are:

ki oo . , _ k.
H— 7k_€234’ il % Fy = —e'26 4 o145 L 235 o0y oy — k_e23456'
I I

Re(a) = Im(a) = V2el, Re(Q))| = k1 (e** — €%,

From Theorem 3.1 it follows that a compact 6-manifold M% admitting a solution
to equations (6) satisfies those topological restrictions imposed by the existence of a
symplectic form, in particular the Betti numbers by (M6) and by (M) do not vanish.
Next we prove that by (M®) > 2 for any compact manifold M® admitting solution
to (7). In Examples 4.2.1 and 4.2.2 we show that this lower bound can be attained.

Proposition 3.7. Let (M, J,g,a,w,Q) be a 6-dimensional compact manifold en-
dowed with an SU(2) structure such that the 2-forms Re(Q2)), Re(2) L, Im(Q) sat-
isfy the equations (7), then MS has first Betti number > 2. In particular, there is
no solution on compact simply connected 6-dimensional manifolds.

Proof. From equations (7) we can prove that the closed 1-forms Re(«) and Im(«)
are harmonic with respect to g. In fact, the 5-form xRe(«) is closed because it is
a (constant) multiple of Im(a) A (Im(£2))?, which is closed by the last equation
of (7), taking into account the value of H. Similarly, the 5-form *Im(«) is also
closed. g

Let us remind that a Riemannian manifold (N, g) is called hyperkdhler if there
are three complex structures, I, J, K on N satisfying the quaternion relations

I’P=J*=K?=-1, IJ=K=-JI,

and such that I, J, K are parallel. In particular, we have three Kéhler forms wy,
wy and wg on N.

Proposition 3.8. Let (N*,1,J,K) be a compact 4-dimensional hyperkihler man-
ifold. Then, on the 6-dimensional manifold M® = N* x T? there exist solutions to
the SUSY equations IIA and IIB. More precisely, if 3', 3% is a basis of 1-forms on
the torus T?, then (o, Re(S2)), Re(2) L, Im(R2)) given by

Re(a) = B, Im(a) = kiHQQ, Re(Q))| = —kjws, Re(Q)L =kiwk, Im(Q)=wy,

solves equations (6), and (o, Re(S2)), Re(2) L, Im(Q)) given by

1
Re(a) = k—ﬂl, Im(a) = 3%, Re(Q)) =kiwk, Re(Q)L =kjwr, Im(Q)=uwy,
Il
are solutions to equations (7).
Proof. Let us consjder ap = Bt +Az‘62, w = Wk and Q = w; + iwy. Since the
SU(3) structure (F' = B2 + wg, ¥ = a1 A () is integrable, the SU(2) structure
(J1, 91, é1,@,Q) is obviously symplectic half-flat. Moreover, for any k| € (0,1) the
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SU(2) structure (jg, Go, G2 = ky| 82 — ig—‘l‘,d), Q) is also half-flat and then the result

follows from Theorems 3.1 and 3.2. O

Notice that any compact hyperkéhler surface is either a complex torus with a
flat metric or a K3-surface with Calabi-Yau metric [3]. Also observe that for the
solutions given in this proposition all the fluxes vanish.

Next we generalize the previous proposition by means of hypo structures on 5-
manifolds. We recall that an SU(2) structure on a 5-manifold P° is an SU(2)-
reduction of the principal bundle of linear frames on P, equivalently a triple
(n,w1,®), where n is a 1-form, wy is a 2-form and ® = wy + iws3 is a complex
2-form on P such that

T]/\wl/\W17é0, @2:0, wi AP =0, ®A5:2w1/\w1,

and @ is of type (2,0) with respect to wy. Following [12], a SU(2) structure on a
5-manifold P® is said to be hypo if dwy = d(ws A ) = d(wz A1) = 0.

Proposition 3.9. Let (P°,n,wy,ws,ws) be a compact 5-dimensional manifold en-
dowed with a hypo SU(2) structure such that dn = 0 = dws. Then, on the 6-
dimensional manifold M® = P° x S' there exist solutions to the SUSY equations
IIA and IIB. More precisely, if 3 is a global nonvanishing I1-form on S then
(a0, Re(S2))), Re(S2) 1, Im(S2)) given by

1
Re(a) =6, Im(a)= k—lln, Re(Q) = —kjjws, Re(Q)L =kiwi, Im(Q)=ws,

solves equations (6), and (o, Re(Q)), Re(Q2) 1, Im(Q)) given by

1
Re(a) = k—llﬁ, Im(a) =7, Re(Q)) =kLws, Re(Q)L=Fkjwi, Im(Q)=ws,

are solutions to equations (7).

Proof. Tt is clear that the SU(2) structure (j, G, 6=0+in0=w,Q=w+ iws)
on M is symplectic half-flat. On the other hand, the SU(2) structure (J1, §1, a1 =
B+in,& =ws Q=w +iwy) on M is half-flat and, for any k€ (0,1), the SU(2)
structure (jg, g2, G = k| n—ik%, w, Q) is also half-flat. Therefore, the result follows

from Theorems 3.1 and 3.2. O

It is obvious that given a compact hyperkéhler 4-manifold N* we can consider
P5 = N* x S', but there are other manifolds to which this result can be applied.
For example, a nilmanifold corresponding to the Lie algebra (0,0, 0,12, 13) with the
hypo structure n = e!, w; = e?* — 3%, wy = 2° + 3% and w3 = 23 + e*. We will
treat this example in more detail in Section 4.1.

4. NEW EXPLICIT SOLUTIONS OF THE SUSY EQUATIONS ITA AND IIB

In this section we show compact solvmanifolds admitting structures solving the
SUSY equations ITA and IIB. From Theorem 3.1 and Proposition 3.5 we consider
compact 6-solvmanifolds admitting both symplectic half-flat and Hermitian bal-
anced SU(3) structures.
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4.1. Nilmanifolds. Conti and Tomassini classified [12] the nilmanifolds admitting
invariant symplectic half-flat structures. It turns out that the underlying nilpotent
Lie algebra must be isomorphic to the abelian Lie algebra, hs = (0,0,0,0,12,13) or
(0,0,0,12,13,23). Apart from the abelian Lie algebra, only hg admits Hermitian
balanced structure [28]. In fact, up to equivalence, there is a 1-parametric family of
Hermitian balanced structures, which are described as follows (see [15] for details).
The complex equations

dw' = dw? =0, dw?® =w!? —w?,

define a complex structure J on the Lie algebra hg and any complex structure on
he is equivalent to J. With respect to J, any Hermitian balanced structure is
equivalent to one and only one of the form

Ft — §(w11 +w22+t2w33),

for some t # 0.
Let us consider the basis of 1-forms {3*,..., 3%} given by

Blyigt=w!, BP+if=uw? 55+iﬁ6:%w3.
In terms of this basis, we have the structure equations
(8) dpt = dg* = dp* = dpt =0, 48’ =p"=, dp’=pv,
and the complex structure J and the fundamental form F; are given by
9) JA = —g% 3% = — 3%, JB° = —°, F, = 8" + 8% 4 442 6%

Notice that the associated metricis g, = 3! @ 8 + -+ @ B* + 42 3° @ B3° +
4t? 3° @ 3%, From now on we consider the Hermitian balanced SU(3) structure
(Ft, Uy) on b given by (9) and

(10) Uy =2t (B +iBY) A (B +i8%) A (B +i5°).

e Solutions to equations IIB arising from Hermitian balanced structures on hg: For
each t # 0, the structure (F}, U;) provides solutions to the SUSY equations IIB. Ac-
cording to Theorem 3.2, let us consider the half-flat SU(2) structure (Jy, g1, &1, @, §2)
given by

Gn= (it b= %+ a2 0%, Q=2 (5% - %) + 2t0(6%° + 5%).
By (8) the forms 325 — 336 and %6 + 335 are closed, therefore for any k€ (0,1)
we conclude that the SU(2) structure (jQ,gg,@g = kjIm(ar) — i%,d),@) is

I
half-flat. Therefore, in terms of the basis {3',..., 3%} we get the following explicit

solutions (a, Re(§2))|, Re(2) L, Im(£2)) of the SUSY equations (7):

Re(0) = 78", Im(a)=F",  Re(@) = ku (6% + 4% 3%),

Re()1 = 2t ky (5°° — %), Im(Q) = 2t(3*° + 3%),
where k; = /1 — kzﬁ Notice that the fluxes are H = 0 = F, and e“g, x F3 =
4t2(ﬁ126 _ ﬁ135).
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e Solutions of theASUSY equations IIA on hg: For each t # 0, we consider the
SU(2) structure (J, g, &, @, ) given by
(11) a=p8'4iB o=2p—2p% Q= (3>+2ti0°) A5 +2ti3°).
Since the forms $'* and 3%° — 335 are closed, and
d(Re(@ AQ)) = B Ad(8% 4 462 5°%) + 2t6* A d(6%° + 3%°) = 0,
we have that the SU(2) structure is symplectic half-flat for any ¢ # 0. According
to Theorem 3.1, since d(Re(d)) = d3' = 0, the forms («, Re(2), Re() L, Im(£2))
given by
1
Re(o) =5, Im(a) = 0% Re(@)) = ~2th(5°° + 5%),
I
Re(Q)1 =2tk (6% - %),  Im(Q) = —% — 45>,
provide solutions to the SUSY equations (6). Notice that the fluxes are H =
_4t2%‘4‘_(ﬁ126 _ ﬁ135)7 FO — O7 gs * Fv2 _ _4£_z(ﬁ1246 _ ﬁ1345) and F4 = 0.
I

Next we show that solutions to equations ITA (resp. IIB) in general are not
stable by small deformations inside the class of half-flat structures. For that, we
first show explicitly that any Hermitian balanced structure (F;, U;) on hg given by
(9)—(10) can be deformed into a symplectic half-flat structure (11) along a curve of
half-flat structures. For each 9 € R, let us consider the SU(3) structure (F;, ¥¥)
given by

Ftﬂ = B + cos 3% + 2tsind 525 — 2tsin v 53¢ + 42 cos 9 376,
and
T = (B4 BY A (B +i cosV) 32 4 2tisin®) 8°) A (—sind) % + 2t cos 9 5 + 2ti3°).
A direct calculation shows that Re(W¥Y) is closed and dF} = 4t? cos 9(3'26 — 313%),
which implies that F A dFY = 0. Therefore, the structure is half-flat for any o,
and (F?, ¥Y) is the Hermitian balanced structure given by (9)—(10), and (F,*>, ¥?)
is the symplectic structure (11).

Since Ff is symplectic if and only if cos ¢ = 0, by Theorem 3.1 we have that the
half-flat structure (F’, ¥¥) does not solve equations (6) for ¥ € (0, 3).

On the other hand, let us fix ¥ and consider the half-flat structure (F, ¥¥). For
any \ € (0,1), a direct calculation shows that the structure (F = F, ®)) given by

1
Dy = (N3 —i 7)A(ﬁ%ri cos ¥ 3% +2ti sin 3°) A (— sin ) 3% + 2t cos ¥ 87 42t 3°).

is half-flat if and only if sinv¥ = 0. From Theorem 3.2 we conclude that the half-flat
structure (F, U¥) does not provide a solution to equations (7) for 9 € (0, %).
Therefore, we have proved the following result:

Proposition 4.1. The half-flat structure (FY,¥Y) does not solve neither (6)
nor (7) for any 9 € (0,%5). Therefore, solutions to the SUSY equations IIA or
IIB in general are not stable by small deformations inside the class of half-flat
structures.

4.2. Compact solvmanifolds. In this section we describe in detail two compact
solvmanifolds solving the SUSY equations ITA and IIB.
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4.2.1. Example. Let us consider the 6-dimensional 2-step completely solvable Lie
algebra s; = (0,0, 13, —14, 15, —16) with structure equations

(12) dp'=dp* =0, dp°=p", dp'=-p", dg°=p" df°=-p"

The corresponding simply-connected Lie group S is isomorphic to R x (R x4 R?),

where
et 0
0 e
¢(t) - 0 0 t ) t S R
0

—t

0
—t 0
€
0

o O OO

0

Since ¢(1) = exp®L4R)(¢/(0)) € SL(4,7Z), by [16, Theorem 4] we have that
I'=72wxg 7% is a lattice in R X R* and therefore Z x T' = T’y is a lattice of S;.
By Hattori ’s Theorem [23] we have that the de Rham cohomology of the compact
quotient S7 /Ty is isomorphic to the Chevalley-Eilenberg cohomology H*(s1) of s1
and thus in particular by (S1/T1) = 2, b2(S1/T1) = 5 and b3(S1/T1) = 8.

Let us consider the almost complex structure

I =, I =g 5 =5
The basis of (1,0)-forms w! = B! +1i 3%, w? = B3 +i 3° and w? = —p* +i 35 satisfies

1 1 3 . 1 4 1 <
do' =0, dw?®=-w?+ -w'? dw®=—-w?® - 2w,
2 2 2 2

Therefore, the almost complex structure J is integrable. Since the 2-form F =
B2 + 335 — B0 satisfies that F? = 2(31235 — g1246 — 33546) g closed, we get a
Hermitian balanced SU(2) structure.

e Solutions of equations IIB arising from the Hermitian balanced structure on si:
The previous structure provides solutions to the SUSY equations IIB. Let
(J1, 1,00, w,8) be the half-flat SU(2) structure given by

&1:61 +i627 @:63576467 9:76347656+i(636+645)'
It follows from (12) that the 2-forms 334, 3°¢ and 3¢ + %5 are closed, which

implies that for any kj € (0,1) the SU(2) structure (Ja, G2, Gy = Ky Im(aq) —

i%,c&,@) is half-flat. By Theorem 3.2 we get the following solutions

(a0, Re(82))], Re(§2) 1, Im(£2)) of the SUSY equations (7):

Re(a) = kinﬁlv Im(a) = 6%, Re(Q)) = kL (6% - %),

Re(Q) 1 = —kj (8 + 6%),  Im(Q) =% + 5%,
where k; = /1 — kﬁ
26 A (6% + 39).

° ASolutionsA of the SUSY equations ITA on s1: Let us consider the SU(2) structure
(J,g,é&,@,Q) given by

a=pt i =100 Q= (8 +if") A (B +if°).
Since the forms 3'2, 324 and 3°6 are closed, and

d(Re(a A Q)) = B A d(3% — 5*) — B2 A d(5°° + 5%) = 0,

Notice that the fluxes are H = 0 = F}, and eiegs x Fy =
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we have that the SU(2) structure is symplectic half-flat. By Theorem 3.1, since
d(Re(&)) = dB" = 0, the forms (a, Re(Q)), Re(Q2) 1, Im(R)) given by

1
Re(a) =A%, Im(a) = k_gQ, Re(Q) = —k|(8°° + %),
Il
Re(Q)1 =k (8> + %),  Im(Q) = % — 5%,
provide solutions to the SUSY equations (6). The fluxes are H = 2%(6135 + p16),
Fo =0, gsx Fy = =5 (2% + p1246) and F, = 0.
I
As in the previous example, the particular solutions on s; to equations ITA and

IIB given above are not stable by small deformations inside the class of half-flat
structures. For each ¥ € R, the SU(2) structure (F”, ¥?) given by

Fﬂ _ ﬁ12 +C0819(ﬁ34 +ﬁ56) +sin19(ﬁ35 _ ﬁ46)
and
O = (Y +i B A (B2 4 cosd f* +isind B°) A (—sind B* 4 cos ¥ 57 + i°)

is half-flat, and for ¥ = 0 (resp. ¥ = §) we get the symplectic (resp. Hermitian

balanced) half-flat structure given above. A direct calculation shows that the half-
flat structure (F7, ¥?) does not solve neither (6) nor (7) for any 9 € (0, Z).

4.2.2. Example. Let us consider the solvable Lie algebra so = (0,0, —13 —24, —14+
23,15+ 26,16 — 25), that is, there is a basis of 1-forms {31,..., 3%} satisfying

dpt =dp* =0,
dﬁ3 _ _ﬁ13 _ 5247
(13) gt = g + %,
dﬁ5 _ 515 +ﬁ267
dﬂG _ 616 o 625'

The existence of a lattice I'y of S5 of the associated simply connected solvable
Lie group Sy was proved in [29] (see also [14]). The de Rham cohomology of the
compact quotient Sz/T's (also known as Nakamura manifold) is not isomorphic to
H*(s2) (see [14, 29] and more recently [21, 9] for the cohomology of solvmanifolds).
In particular by (S2/T's) = 2, ba(S2/I'2) = 5 and b3(S3/T'2) = 8.

Let us consider the almost complex structure

JB = —@. I =gt Jg = g5
The basis of (1,0)-forms w! = B! +i 32, w? = 4% +i B* and w3 = B° + i 3° satisfies
dw' =0, dw?=w?!, dw® = -,
that is, J is integrable.
For each t € R — {0}, the SU(3) structure (F}, U;) given by

Ft _ t2ﬁ12 +534 +ﬁ56, ‘I’t Zt(ﬁl +Zﬁ2) A (ﬁ3 +Zﬁ4) A (ﬁ5 +Zﬁ6),
defines a 1-parametric family of (non-equivalent) Hermitian balanced SU(3) struc-
tures on so and thus a 1-parametric family of (non-equivalent) Hermitian balanced
SU(2) structures.

Notice that the associated metricis ¢, = t? ' @' + 2 22+ 43+ -+
B @ .
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e Solutions to equations IIB arising from Hermitian balanced structures on so: For
each t # 0, the structure (F}, U;) provides solutions to the SUSY equations IIB. Ac-
cording to Theorem 3.2, we consider the half-flat SU(2) structure (Jy, g1, a1, @, $2)
given by
dlztﬁl +Ztﬁ2, w:ﬁ34+ﬁ567 Q:ﬁ35—ﬁ46+i(ﬁ36+ﬁ45)-

By (13) the forms % — 36 and 336 + 3% are closed, therefore for any & € (0,1)
we conclude that the SU(2) structure (Ja, g2, Gy = kyj Im(a1) — z‘Rek(ﬁ”),dj,Q) is
half-flat. Therefore, in terms of the basis {3, ..., 3%} we get the following explicit
solutions (a, Re(S2))|, Re(2) L, Im(f2)) of the SUSY equations (7):

Re(a) = kill

617 Im(a) :t627 Re(Q)II :kl_(634+656)a

Re(Q) 1 = k(8% — ), Im(Q) = *° + %,
where k; = ,/1 —kzﬁ.
=231 A (B3 - 3°9).

e Solutions of the SUSY equations IIA on so: For each t # 0, we consider the SU(2)
structure (J, g, &, ©, Q) given by

a=tp +itB, o=-p-p" Q= (8 +if%) A (B +is").

Since the forms $'? and 326 + 3% are closed, and

Notice that the fluxes are H = 0 = F}, and eiegs x I3 =

La(Re(a A 0) = 51 Ad(F + 57) + 57 n (5 — %) =0,

we have that the SU(2) structure is symplectic half-flat for any ¢ # 0. According to
Theorem 3.1, since d(Re(aq)) = tdB' = 0, the forms (o, Re(Q), Re(2) L, Im(£2))
given by

Re(a) =tB',  Im(a) = kiﬁQ, Re(2)) = —k||(ﬁ?’5 — 319,

Re(Q)1 =~k (6 +5%),  Im(Q) =5 - %,
provide solutions to the SUSY equations (6). Notice that the fluxes are H =

2%‘(5134 - ﬁ156)7 Fy=0,gs+ Fy = _Qk%(ﬁ1234 o 51256) and F, = 0.
I
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