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Physically motivated uncertainty relations

at the Planck length for an emergent

non commutative space-time

Luca Tomassini∗ †, Stefano Viaggiu†

January 26, 2011

Abstract

We derive new space-time uncertainty relations (STUR) at the fun-
damental Planck length LP from Quantum Mechanics and General
Relativity (GR), both in flat and curved backgrounds. Contrary to
claims present in the literature, our approach suggests that no mini-
mal uncertainty appears for lengths, but instead for minimal space and
four-volumes. Moreover, we derive a maximal absolute value for the
energy density. Finally, some considerations on possible commutators
among quantum operators implying our STUR are done.

PACS numbers: 04.20.-q, 02.40.Gh, 04.60.-m, 03.65.-w

1 Introduction

The idea that limitations on the localizability of space-time events should
appear at very small distances is very old and can perhaps be traced back
to Wigner and Saleker [1, 2]. In a thorough investigation on the impact of
Quantum Mechanics on the precision of measurements of distances between
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points and hence of the metric on curved space-times, the first author re-
marked that “the establishment of a close network of points in space-time
requires a reasonable energy density (...). However, it is not necessary to dis-
cuss this in detail because the measurement of the distances between points
of the network gives more stringent requirements than the establishment of
the network”.

Later, the attention shifted precisely on the conditions imposed on “the
establishment of the network” itself, that is on the very possibility of giving
an operational definition of the concept of space-time event. A variety of
strategies were devised to attack the problem (see for example [3, 4, 5, 6,
7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18] and the next Section for a brief
discussion), but as far as we know it was Mead [4] who first observed that
any attempt to determine the position of an object in a space-time region
O of size comparable with the error (uncertainty) one is willing to accept
entails, by the Heisenberg uncertainty principle, the localization of a non
zero amount of energy in O itself. It is then then reasonable, Mead argued,
to expect that a too high precision could trigger the formation of an event
horizon representing a black hole surrounding O, thus preventing any signal
to go back to the observer and making the measurement itself meaningless.
In this context, we point out the remark of Einstein himself [19] that one
cannot put an arbitrary amount of energy in a given finite spatial volume
becomes relevant.

The relevant scale for the appearance of such effects was determined as
the one of the Planck length

LP =

√
G~
c3

' 1, 6.10−33cm. (1)

This point of view has been revived and made more precise in [5] (see
[20] for a nice review and introduction to more recent developments), where
the following program (for flat Minkowski space) was proposed:

1) Derive operationally meaningful uncertainty relations between coordi-
nates of space-time events from the requirement of gravitational sta-
bility under localization experiments.

2) Promote the above mentioned coordinates to the status of quantum
operators and commutation relations among them from which the un-
certainty relations follow.

Making use of a newtonian approximation of the gravitational potential as-
sociated to the localizing energy (see Appendix 2), the following uncertainty
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relations (DFR relations from now on) were obtained:

c∆t
(
∆x1 + ∆x2 + ∆x3

)
≥ L2

P , (2)
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3 ≥ L2

P . (3)

The authors also succeeded in making Step 2) above, thus obtaining a physi-
cally motivated model of a non commutative (see [21]) quantum space-time.
Moreover, the foundations were laid down for the construction of quantum
fields on it. Last but not least, it was first observed that in all previous
works the necessity of a minimal uncertainty length could be traced back to
the fact that only spherically symmetric geometries are usually considered.
More on this point in the next Section.

Notice that equation (3) implies that we can determine with arbitrary
precision up to two spatial coordinates, say x1, x2, meaning ∆x1,∆x2 < ε
with ε > 0 arbitrarily small. Obviously, we have to pay the price of an
arbitrarily large ∆x3. This is where we see the extra freedom of non spherical
geometries come into action. However, if we take only ∆x1 < ε, then ∆x2

and ∆x3 might well remain finite (say of order LP ). This would imply,
again by the Heisenberg uncertainty relations and in agreement with the
results of [22], that an infinite amount of energy could be localized inside
an arbitrarily small space volume. Since event horizons have been ruled out
by assumption, an unphysical naked singularity would arise.

This last observation shows the necessity of going beyond the newtonian
approximation and was the starting point of our investigations. Indeed, in
this paper we take exactly the same point of view of [5], but in our case GR
enters the scene through (a refinement of) the so-called hoop conjecture (see
below), first formulated by Thorne in [23]. We will see in the following that
in our proposed space-time uncertainty relations the above pathologies do
not occur and accordingly we will find an upper limit for the space-volume
density of energy.

This paper is organized as follows. In section 2 we fix some notations and
concepts. In section 3 we review some gedanken experiments present in the
literature. In section 4 we derive the STUR with a minkowskian background
metric together with some physical consequences. Section 5 is devoted to an
attempt to generalize the STUR to a general curved background. Section 6
collects some final remarks and conclusions. Finally, in Appendix 1 we show
that the approximations needed to obtain our STUR entail no change in
their physical consequences, while in Appendix 2 we analyze those leading
to relations (2), (3).

We conclude this introduction with two more remarks. First, we make no
attempt to tackle Step 2). Second, we do not claim we provide proves, our
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aim is only to convince the reader by sound and hopefully robust physical
arguments that our uncertainty relations are a realistic proposal: being there
no chance of a direct experimental verification, they can only be tested by
their consequences.

2 Notation and preliminaries

It is well known (see for example [24]) that position, momentum and en-
ergy are described in Quantum Mechanics by self-adjoint operators acting
on some Hilbert space H, while the time t is only a parameter. In what fol-
lows, the symbol ∆(A) indicates the uncertainty of the operator A in some
quantum state ω (for example a vector state ω(A) = (φ,Aφ) where φ ∈ H
and (·, ·) indicates the scalar product) as defined by the formula (variance)

∆(A) = ∆ω(A) =
√

ω((A − ω(A)I)2 =
√

ω(A2) − ω(A)2 (4)

while (t being a parameter) ∆t = t2 − t1 where for the sake of definite-
ness t1, t2 should be thought of as the times at which the measurements
determining the region O are performed). The symbol I of course indi-
cates the identity on H.1 Once the average is taken, the resulting quantities
behave as classical ones. Note that since the functional ∆ is not linear,
Λνµ∆(xν) 6= ∆(Λνµxν), where Λνµ is any Lorentz transformation and xµ are
the coordinates (operators) with x0 = t. Thus, it is not the uncertainty
relations that have to be covariant but the quantum operators they come
from.

Suppose now an observer wants to perform a measurement of position
and/or time in, say, a flat Minkowsky space-time and he is willing to ac-
cept an error ∆xi (i = 1, 2, 3), ∆t. Then, he will have to concentrate a
certain amount of matter-energy in a space-time region O of corresponding
size. Should this region be sufficiently small, it is reasonable to expect that
quantum effects should no more be negligible. One is thus led to consider
the usual Heisenberg uncertainty relations

∆xi∆pj ≥ δij
~
2

i, j = 1, 2, 3 (5)

1For any spectral value of an operator A, there is a state ω with arbitrary small
uncertainty: we see that an absolute lower bound in the uncertainty of one coordinate
makes its description by means of an operator impossible. At the same time, in [22]
operators describing distances, space and four-volumes defined by independent space-time
events were defined in terms of coordinates obeying (2) and (3). Lower bounds were found
on euclidean distances and four-volumes.

4



which, in our relativistic setting, should be complemented with the time-
energy relations

∆t∆E ≥ ~
2
, (6)

and draw the conclusion that the measurement entails an energy transfer to
the (dynamic) space-time. In particular, we see that very high energies will
correspond to smaller errors in time. If in addition one requires small space
uncertainties, a black hole could be produced thus preventing any signal to
come out from the localization region and making the measurement itself
meaningless.

As remarked in the introduction, this line of reasoning seems to have
a long history and was first put on quantitative grounds by Mead in 1964
[4]. There, under the assumption of spherical symmetry (i.e. ∆R ' ∆x1 '
∆x2 ' ∆x3), the author derived the relation

∆R ≥ LP (7)

and concluded from it that an absolute minimal length had to exist.
It is interesting to note that the same result was obtained in a string

theoretical context (see for example [25]) and by model independent con-
siderations in [26]. In both cases the starting point were the Generalized
Uncertainty Relations (GUP)

∆R ≥ ~
∆p

+ α′∆p (8)

(α′ is a constant depending on Regge’s slope and the gravitational constant
G), from which once more under the assumption of spherical symmetry (7)
follows by minimization of the second member.

Finally, we stress that the position-momentum uncertainty relations are
of a completely different nature than the time-energy one. More precisely,
the first ones are relations between specific averages (variances) of quantum
operators while the second is obtained by evaluating the transition probabil-
ity between states with energies differing by an amount ∆E. The difficulty
stems from the impossibility to associate a bona fide self-adjoint operator to
time in the case of a non trivial (i.e. lower bounded) energy spectrum, but
it has been circumvented in [27] by making use of the concept of operator
valued measures (see [28] for a thorough discussion). The time-energy uncer-
tainty relation (6) was then recovered by a slight modification of the usual
position-momentum argument. However, the following arguments should be
considered independent of such details.
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3 Minimal uncertainty length in the literature: a
review

In this section we give a brief and certainly incomplete account of how the
concept of minimal uncertainty is addressed in the literature. We already
pointed out the observation first made in [5]: very often the conclusion that
a minimal uncertainty exists can be traced back to the (implicit or explicit)
assumption that the geometry of the problem be spherical.

We start with the papers [17, 18]. Since they build on the ideas of
[1, 2], the main concern of the authors are limitations on the measurement
of distances between different space-times points. However, they give a
quantitative estimate of the uncertainty in the localization of each single
point which is obtained by invoking the Schwarzschild metric.

A wealth of localization “gedanken experimenten” is presented in [7],
where fluctuations of the space-time metric are analyzed making use of pho-
tons instead of target massive particles (together with some considerations
on the Einstein’s equations). We will do the same in the following. In
the first experiment a microscope-type construction is presented, namely a
photon scattered by a target particle. Here, the Newtonian gravitational in-
teraction between the photon and the target particle is calculated together
with the suggested modification of the Heisenberg relation leading to the
relation (8) without invoking black hole physics. In any case, the Newto-
nian gravitational field is given in the form ∼ 1

r2 and so spherical symmetry
is implicitly assumed. The same assumption affects the description of the
time resolution of synchronizing clocks in terms of the gravitational field
generated by photons: a time-time component of a spherically symmetric
metric is introduced. In the second example, a minimal uncertainty length
is analyzed within a path integral formulation of quantum gravity. At a
certain point the author denotes with ` ”the radius of the region” and so,
once again, spherical symmetry comes on stage. In [13] another interesting
localizing experiment based on clocks and on the Heisenberg uncertainty
principle is presented and an uncertainty relation involving the volume ∆V
of the region to be localized and the time coordinate is found. The author
denotes ∆V = (∆x)3 and imposes that the ”Schwarzschild radius should not
exceed the uncertainty ∆x”: thus the condition ∆x = ∆y = ∆z is implicitly
assumed. Even the minimal uncertainty found in [14] using the GUP (8) is
obtained using a spherical black hole argument. More references presenting
arguments plagued by the assumption of spherical geometry can be found
in [20].
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The necessity of considering more general geometries is however clearly
stressed in [12], where an interesting localizing experiment using an inter-
ferometer is proposed. The authors provide sound arguments to show that
the uncertainty in one single coordinate can be reduced to arbitrarily small
values, but are only able to provide quantitative results in spherical case
where a minimal uncertainty is once again found.

We conclude this section by mentioning that not only uncertainties in
coordinates and distances have been considered in the literature. For ex-
ample, much in the spirit of the investigations of Wigner himself, in [16],
[15] the main interest are the quantum fluctuations of the metric. Spherical
symmetry is assumed in [15], while in [16] only asymptotic flatness of static
space-time is needed. In both papers a Heisenberg type uncertainty relation
is found between the metric and a “conjugate” quantity, so that there is no
minimal uncertainty.

4 Minkowskian background

4.1 Spherical case

As it should now be clear, localization in some space-time region O will
mean producing a (quantum) state confined there. We start by considering
an experiment performed by an observer in a flat minkowskian space-time.
It should be no surprise that in what we call spherical case (that is ∆x1 '
∆x2 ' ∆x3 ' ∆R/

√
3, ∆R being the radius of the localization sphere)

a completely satisfactory answer can be given. We start by presenting a
separate treatment of this situation.

The metric outside the space volume V (3) where an energy ∆E is con-
centrated is:

ds2
exp =

dr2

(
1 − 2G∆E

c4r

) + r2dΩ2 −
(

1 − 2G∆E

c4r

)
dt2. (9)

Of course, we set ∆E = c2∆M , ∆M being then the ADM mass energy of
the experiment. Since the configuration is spherical, gravitational radiation
is absent so that the exterior metric is static. Notice that, due to spherical
symmetry, this will be true irrespective of the duration ∆t of the experiment,
where of course t is the time measured by an observer at spatial infinity.
Making use of the Komar integral, it is clear that for any r > ∆R the mass-
energy of the experiment is simply ∆M . From (9), the condition that no
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black hole is formed reads:

G∆E

c4
<

∆R

2
. (10)

As remarked above, our observer measures the time t and the energy in
terms of it. He can therefore use the Heisenberg relation (6) to estimate the
average energy ∆E (recall the discussion in section 2) of the configuration,
so that condition (10) becomes:

c∆R∆t ≥ L2
P . (11)

This is the time-space uncertainty relation.
Since ∆E ≥ c∆p, from (5) and condition (10) we get:

∆R∆x1∆x2∆x3 ≥ L2
p

√
(∆x1)2(∆x2)2 + (∆x2)2(∆x3)2 + (∆x1)2(∆x3)2.

(12)
In the spherical case, this reads ∆xi ≥ LP , i = 1, 2, 3, i.e. a minimal uncer-
tainty length appears in agreement with (7) and (8). Furthermore, in this
particular situation, our results agree with the ones in (3).

4.2 General case

The main problem when considering more general geometries than the spher-
ical one is the absence of general theorems guaranteeing that no black holes
are formed, independently to the dynamics governing the energy-matter mo-
tion. In fact solving the global Cauchy problem remains a formidable task
at the present day, apart from the remarkable work of Christodulou [29, 30]
about spherical collapse in the presence of classical scalar fields.
For this reason, we resort to the so called hoop conjecture (see [23, 31, 32,
33, 34, 35, 36, 37]). In its original version it states that

• Horizons form when and only when a mass M is concentrated into a
region whose circumference in every direction satisfies C ≤ 4πM G

c2
.

For example, this would imply that a mass confined in a cylinder with a small
base radius but a sufficiently large height would not produce an horizon. The
statement is purposely imprecise. As the mass M we could take the ADM
mass or a quasi-local one such as the Tolmann mass [38]. The study of event
horizon formation is very complicated since it is a global concept available
only to ”omniscient” observers (see [32]). For these reasons, in the literature,
geometrical and more tractable objects as apparent horizons and trapped
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surfaces (see [39, 40, 41]) are often used. In fact, the formation of trapped
surfaces and apparent horizons represents an indication of the formation of
black holes, via the cosmic censorship conjecture [42].
In any case the hoop conjecture can also be stated in terms of the surface
of the horizon AH and the mass M , according to the so called Penrose’s
isoperimetric type conjecture (see [33, 43]). For a stationary black hole we
have [31]:

AE < AH ≤ 16π
G2

c4
M2, (13)

AE being the apparent horizon. As a result, the existence of an apparent
horizon implies the existence of an event horizon enclosing it. More gener-
ally, denoting with Ai the minimal area of a surface enclosing an apparent
horizon, Penrose’s isoperimetric conjecture states that:

Ai ≤ 16π
G2

c4
M2. (14)

To ensure that no black hole is formed, we need to invert inequality (14).
Furthermore, we study situations in which the mass-energy M is localized
within a region of area A with A ≥ Ai. As a result, we can with no loss of
generality consider the inequality:

A ≥ 16π
G2

c4
M2, (15)

so that in no case the formation of an event horizon enclosing the localizing
area A is possible. This is our starting point. By considering a surface ∆A
enclosing a mass ∆M and again putting ∆E = c2∆M , we have:

∆A ≥ 16π
G2

c8
(∆E)2. (16)

Suppose now the localization region is a box with edges ∆x1,∆x2,∆x3.
Then:

∆A ∼ ∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

α2
, (17)

where the normalization constant α will be determined later.
Concerning the energy ∆E, from equation (6) we again have:

∆E ≥ ~
2∆t

. (18)
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Furthermore, since the localization experiment is performed by concentra-
tion of mass-energy, we have:

(∆E)2 ≥ c2
[
(∆px1)2 + (∆px2)2 + (∆px3)2

]
, (19)

and from (5) we deduce that:

(∆E)2 ≥ c2~2

4

[(
1

∆x1

)2

+
(

1
∆x2

)2

+
(

1
∆x3

)2
]

. (20)

Note that inequality (20) holds for any type of localizing mass-energy. From
(17), (18) and (16) we obtain:

(c∆t)2
(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
≥ 4πα2L4

P . (21)

Comparison with the spherical case gives 4πα2 = 1. We can use inequality
(20) to obtain the space-space uncertainty relation. To this purpose first
notice that the following inequality holds:

(
1

∆x1
+

1
∆x2

+
1

∆x3

)2

≥
(

1
∆x1

)2

+
(

1
∆x2

)2

+
(

1
∆x3

)2

. (22)

Estimating the energy ∆E by the left hand side of (22) we get a less precise
result, i.e. we ask that the area ∆A be greater than a quantity which in
turn is greater than the energy. Nevertheless, we argue in Appendix 1 that
this causes no change in the physical content of the uncertainty relation.
Summing up, our final expression for the STUR is:

(c∆t)2
(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
≥ L4

P , (23)

(∆x1)2(∆x2)2(∆x3)2 ≥ L4
P

(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
. (24)

Furthermore, it easy to see that making use of the following crude estimates
for (23) and (24) respectively:

(a + b + c)2 ≥ ab + bc + ac, (25)
(ab + bc + ac)3 ≥ a2b2c2, (26)

with a = ∆x1, b = ∆x2, c = ∆x3, we get the DFR relations (2) and (3).
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4.3 Some physical consequences

To start with, rewrite (24) in the form

∆x1∆x2∆x3 ≥ L4
P

(
1

∆x1
+

1
∆x3

+
1

∆x3

)
. (27)

If ∆x1 < ε (ε > 0), the other uncertainties being arbitrary, we obtain:

∆x1∆x2∆x3 ≥ L4
P

ε
. (28)

We see then that if an uncertainty on a single spatial coordinate is arbitrarily
small, the spatial volume must increase accordingly. Not only no minimal
uncertainty length arises, but localization of an infinite energy in a finite
volume is forbidden.
The same conclusion can be drown in the case ∆x1 < ε1,∆x2 < ε2 (ε1, ε2 >
0), but now we also see that there is no minimal surface in the sense that
the product of two linear uncertainties can be made arbitrarily small. In
fact, we have:

∆x1∆x2∆x3 ≥ L4
P

(
1
ε1

+
1
ε2

)
. (29)

Moreover, by taking the third power of (24) and estimating the resulting
right hand side by (26) we easily get:

∆x1∆x2∆x3 ≥ L3
P , (30)

i.e. a lower bound for the space volume appears. Finally, (23) and (24)
together imply:

c∆t∆x1∆x2∆x3 ≥ L4
P . (31)

meaning that an analogous result holds for the four-volume. On the other
hand, if we put ρ∆x1∆x2∆x3 = ∆M (ρ being thus the density) in (15) and
take advantage of (16) and (24) we get:

ρ <
1

4
√

π

c2

GL2
P

∼ ρP , (32)

where ρP indicates Planck’s density. Thus, independently on the geometry
of the localization zone, an upper limit for the density appears. In view of
(30) this should be no surprise, but we stress that GR alone cannot account
for this result: to rule out singular distributions of matter-energy one needs
Quantum Mechanics. Concerning relation (23), when the ”spatial” part
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(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
goes to infinity, ∆t can be made arbitrarily

small. Conversely, when ∆x1 ∼ ∆x2 ∼ ∆x3 ∼ Lp, we have c∆t ≥ Lp,
showing that, limited to spherical case, we have a minimum uncertainty
also in the time coordinate.
Our next considerations concern the possible underlying quantum structure.
The determination of commutators among quantum operators that could
give rise to our STUR is certainly not a simple task. Nevertheless, some
partial conclusions can be drown thanks to the fact that in our approach
the DFR relations appear as an approximation to the STUR themselves and
moreover provide exactly the same result in the spherical case. We look at
this fact as a hint that the commutation relations obtained in [5] could be
viewed as a limiting case of the ones giving rise to the STUR.
In view of the generalization to curved backgrounds, we conclude this section
by the following remarks. Introducing the surfaces

∆A0 = (c∆t)2, ∆A1 = ∆x2∆x3, ∆A2 = ∆x1∆x3, ∆A3 = ∆x1∆x2. (33)

the STUR (23) and (24) become:

∆A0
(
∆A3 + ∆A1 + ∆A2

)
≥ L4

P , (34)
∆A3∆A1∆A2 ≥ L4

P

(
∆A3 + ∆A1 + ∆A2

)
. (35)

Moreover, by making use once more of (26), we get

∆A3∆A2 + ∆A3∆A1 + ∆A2∆A1 ≥ L4
P , (36)

Notice that, together with (34), this is exactly the same structure of the DFR
relations, albeit in terms of the surfaces ∆A0,∆A1,∆A2,∆A3. We believe
that this might be more than a simple formal manipulation, since we have
seen that GR (more precisely condition (16)) and Quantum Mechanics seem
to lead naturally to terms proportional to L4

P . More importantly, the com-
mutators [Aα, Aβ ] (where α, β = 0, . . . , 3) between the quantum operators
Aα are known, being formally identical to the commutators between the
space-time coordinates present in [5]. The next step would be to find ex-
plicit expressions for the coordinate operators t, x, y, z in terms of the Aα’s
and calculating the corresponding commutators.

5 Curved background: an attempt

The extension of our results to the case of a general curved background
presents one main difficulty. Of course, we still have condition (16) at our
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disposal, but unfortunately we cannot use Heisenberg relations (6) and (5)
any more. The main problem is that, thanks to the equivalence princi-
ple, there is not a simple manner to isolate the energy contribution in-
side the localizing ”box” (the experiment) from the rest of the mass-energy
distribution, i.e for a non-isolated system. However, in the literature (see
[44, 45, 46, 47] and for a comprehensive review [48] and references therein)
the concept of quasi-local mass has been introduced to measure the energy
of a system within a closed compact orientable space-like two-surface by
means of a energy-momentum four-vector depending on the first fundamen-
tal form on the two-surface itself, the second fundamental form and null
normals which define a preferred basis for the fibers of the normal bundle.
It is a common opinion that the most promising was proposed in [47] by
means of the Hamiltonian formulation of GR. Obviously, the most impor-
tant requirements for a quasi-local mass are:

1. The ADM and Bondi mass should be recovered respectively at spatial
and null infinity.

2. When the surface degenerates to a point, correct limits must be ob-
tained.

3. The quasi-local mass must be non negative and zero for any space-like
two surface in flat minkowskian background.

The conditions above are not trivial to fulfill. We do not enter in more
details and thereafter denote with the symbol Eql the quasi-local energy.
Furthermore, for our purposes, it seems to be reasonable to use the formalism
introduced in [49] and [50]. Then, gµν being the background metric, we
define:

hµν = gµν + γµν , γ0 =
1√
|g00|

, γi = 0, γi =
g0i√
|g00|

, (37)

ds2 = dσ2 − c2dT 2, (38)

where
dσ2 = hikdxidxk, (39)

with T given by

T =
∫ √

|g00|dt +
∫

g0i

c
√

|g00|
dxi, i = 1, 2, 3. (40)
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In this way the line element is written only in terms of observable quantities,
i.e. T and σ. As a consequence, we propose to substitute the inequality (6)
for a flat background with:

∆Eql∆T ≥ ~
2
. (41)

Expression (41) is generally well defined and reduces to inequality (6) in a
flat background. As a consequence, using (41) and (16) we can write the
time-space uncertainty relation as:

∆A00∆A ≥ L4
P , ∆A00 = (c∆T )2, (42)

where ∆A is now a surface depending on the non-flat background metric
(38) and which cannot be expressed in the simple form (17).
The space-space relation is much more involved and we have not been able
to find a reasonable generalization for a curved background. However, some
interesting inequalities can be suggested.
First of all, if we consider a stationary background, hik does not depend
on the time T and as a result, we can write (23) and (24) in a form more
appropriate for a curved background without any explicit reference to the
spatial coordinates. We get:

c∆T∆V (3) ≥ L4
P , (43)

(∆V (3))
2 ≥ L4

p ∆A. (44)

Obviously, expressions (43) and (44) reduce to (23) and (24) in a minkowskian
background by writing the spatial volume and the total surface of the local-
izing ”box” in terms of Cartesian coordinates. We regard expressions (42),
(43) and (44) as an indication that proper times, surfaces and volumes may
be the natural object to be quantized.
Taking into account that inequality (30) must still hold in a stationary gen-
eral background (∆V (3) ≥ L3

P ), (43) together with (42) entail an upper limit
to the proper density ρ. In fact, in analogy with the flat case, we can write
the proper mass (see [36]) ∆Mp (the mass inside the proper three volume
∆V (3)) as ρ∆V (3) = ∆Mp. As a consequence, recalling (16) we see that
inequality (32) is still valid independently on the geometry of the configu-
ration. Oncer more, we stress that this result is a consequence of both GR
and Quantum Mechanics.
In any case, for a general non-stationary background it seems reasonable to
take advantage of the results in (31) to obtain:

∆V (4) ≥ L4
P , (45)
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∆V (4) being the invariant four-volume. Our method allows no further gener-
alizations, since in a non-stationary background the four-volume (45) cannot
be put in the form (43), because of the time dependence of the metric hik .
Conversely, if we adopt inequality (43) also for a non-stationary background,
expression (45) cannot be directly inferred.
Summarizing, for a stationary background space-time we use (42), (43) and
(44). Obviously they are not independent. In fact, starting with (44) and
using (42), we obtain inequality (43). For a general time dependent space-
time, we use (42) and (45).
Let us conclude this section with a remark. Recently, in [51] it has been ad-
vocated that energy can be localized in GR by means of a generalization of
the Tolman mass ([38]) to a generic non-static background. The expressions
for the energy and momentum proposed there are:

Ẽ =
c4

4πG

∫
Rµ
νu

νuµ
√
−gd4x, µ, ν = (0, 1, 2, 3), (46)

p̃α =
c4

4πG

∫
Rα
νuν

√
−gd4x, α = (1, 2, 3), (47)

where uν stands for the four-velocity of the observer. The main idea is that
the energy is encoded by the Ricci tensor Rµν . We stress that if (46) and
(47) are correct, gravitational waves do not carry energy.
For a free-falling observer we have uν = uν = (1, 0, 0, 0). Since (46) is an in-
variant four scalar, it is clear that he computes the Tolman mass (multiplied
by its proper time), i.e. the mass “without gravity”. As a consequence, in
[51] the following uncertainty relations are proposed:

∆E∆t ≥ ~
2

→ ∆Ẽ ≥ ~
2
, (48)

∆pα∆xα ≥ ~
2

→ ∆p̃α ≥ ~
2
. (49)

Thanks to the observations above concerning a free-falling observer, to im-
pose condition (16) to (48) we can divide the quantity ∆Ẽ by the chrono-
invariant time given by (40). As a consequence, using (48) the time-space
uncertainty relation becomes the one given by (42). For the space-space re-
lation, we could use expression (49), but this cannot be written in the form
(20) since the norm of a vector is given in terms of the background metric.
Hence, we are forced to use again the arguments leading to (43) and (45).
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6 Conclusions

In this paper we obtained the STUR from Quantum Mechanics and classical
GR. More precisely, we made use of the Heisenberg uncertainty relations and
of the observation that the formation of black holes due to concentration of
energy makes the measurement of position operationally meaningless. As
advocated in [5], the STUR then follow from a sound physical input.

To start with, we obtained the STUR in a flat background. Then, we
have generalized them to general curved backgrounds with particular at-
tention to the stationary case. Our STUR appear completely physically
reasonable, in the sense that an infinite energy can never be localized in a
finite volume. Furthermore, in agreement with [5], we found no minimal un-
certainty while a natural lower bound for the Lorentz invariant (or general
invariant in the case of GR) four-volume appears together with an upper
limit for the space-volume density. We stress that our results coincide, in
the case of a spherical geometry, with the ones obtained by making use of
the GUP, that is by allowing the Heisenberg relations to be modified by
gravity.
Some indications were given for the possible underlying quantum structure,
but we were not able to find the commutators implying our STUR. This will
be the subject of a future work.

Appendix 1

The exact form of our STUR (i.e. without making use of the approximation
(22)) is:

(c∆t)2
(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
≥ L4

P , (50)

(∆x1)2(∆x2)2(∆x3)2
(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
≥

≥ L4
P

(
(∆x1)2(∆x2)2 + (∆x2)2(∆x3)2 + (∆x1)2(∆x3)2

)
. (51)

First of all observe that we can write (51) as:

∆x1∆x2∆x3 ≥ L4
P (∆x1∆x2 + ∆x2∆x3 + ∆x3∆x1)−1 ×

×
(

∆x1∆x2

∆x3
+

∆x2∆x3

∆x1
+

∆x3∆x1

∆x2

)
. (52)

Consider now the case ∆x1 < ε (ε > 0), ∆x2,∆x3 > ∆x1. Then

∆x1∆x2∆x3 ≥
L4
P

3∆x2∆x3
× ∆x2∆x3

∆x1
=

L4
P

3∆x1
, (53)
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in agreement with (28). For ∆x1 < ε1,∆x2 < ε2 (ε1 > 0, ε1 > 0) and
∆x3 > ∆x2,∆x2 we have, this time in agreement with (29),

∆x1∆x2∆x3 ≥
L4
P

2(∆x2∆x3 + ∆x3∆x1)
×

(
∆x2∆x3

∆x1
+

∆x3∆x1

∆x2

)
=

=
L4
P

2

(
∆x2

∆x1(∆x1 + ∆x2)
+

∆x1

∆x2(∆x1 + ∆x2)

)
≥

>
L4
P

2

(
∆x2

(∆x1 + ∆x2)2
+

∆x1

(∆x1 + ∆x2)2

)
=

=
L4
P

2

(
1

(∆x1 + ∆x2)

)
≥

L4
P

2(ε1 + ε2)
. (54)

The case ∆xi < εi and εi arbitrarily small (i = 1, 2, 3) is forbidden by (51).
To estimate the three-volume first notice that we can suppose with no loss
of generality that ∆x1∆x2 = max{∆x1∆x2,∆x2∆x3,∆x1∆x3}. Then from
(51) we get:

(∆x1)2(∆x2)2(∆x3)2 ≥ L4
P

3
∆x1∆x2 ≥

≥ L4
P

9
(
∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)
. (55)

By taking the third power of both sides and using (26), we arrive at:
[
(∆x1)2(∆x2)2(∆x3)2

]3
≥ L12

P

93
(∆x1)2(∆x2)2(∆x3)2, (56)

which gives

∆x1∆x2∆x3 ≥ L3
P

3
√

3
. (57)

Finally, for the four-volume we get:

(c∆t)2(∆x1)2(∆x2)2(∆x3)2 ≥ (58)

L8
P

(
(∆x1)2(∆x2)2 + (∆x2)2(∆x3)2 + (∆x1)2(∆x3)2

)

(∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3)2
.

and by the same assumption then for the three-volume:
(
(∆x1)2(∆x2)2 + (∆x2)2(∆x3)2 + (∆x1)2(∆x3)2

)

(∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3)2
≥

≥
(

∆x1∆x2

∆x1∆x2 + ∆x1∆x3 + ∆x2∆x3

)2

≥ 1
9
,
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so that

c∆t∆x1∆x2∆x3 ≥ L4
P

3
. (59)

Appendix 2

In [5] the condition that no trapped surface is formed is −φ < 1, φ being
of course the gravitational potential in the newtonian approximation. By
considering a constant energy density ρ(−t) at negative times x0 = −t over
a volume centered at the origin with sides ∆x1 + t,∆x2 + t,∆x3 + t, the
authors obtain φ ∼ ∆E × I, with

I = −
∫ ∞

0

rdr

(r + ∆x1)(r + ∆x2)(r + ∆x3)
. (60)

Notice that

−I =
∆x1∆x2 ln ∆x1

∆x2 + ∆x1∆x3 ln ∆x3

∆x1 + ∆x2∆x3 ln ∆x2

∆x3

(∆x1 − ∆x3)(∆x2 − ∆x3)(∆x1 − ∆x2)
. (61)

Putting ∆ADFR = I−2, condition (60) becomes:

(∆E)2 <
c8

G2
∆ADFR. (62)

Expression (62) is now comparable (apart from an inessential constant) with
our starting condition (16). Much in the spirit of [5], will take ∆E as given
by (18) and (20).

To begin with, it is easy to see that in the spherical case ∆ADFR ∼
(∆x1)2 so that (61) and (17) differ only by a positive constant thus giving
rise to the same physical consequences. For ∆x1 = ∆x2 >> ∆x3 (a large
disk), the result is ∆ADFR ∼ (∆x1)2 and ∆A ∼ (∆x1)2 (where of course ∆A
is given in (17)), so that in this case too the two methods agree. However,
for a cylindrical geometry with ∆x1 >> ∆x2 ∼ ∆x3 we find ∆ADFR ∼
∆A ∼ (∆x1)2 and we see that ∆ADFR is an overestimation compared to
our calculations. In a sense, the approximation considered in [5] amounts
to identifying a cylinder with the sphere containing it. Of course, a greater
∆ADFR means a smaller |φ| so that the preceding overestimation appears
to be a consequence of the weak field approximation.

We conclude with the following remark. The fact that the use of the
weak field approximation can give sound results should be no surprise. For
example, if we take the spherical static metric:

ds2 = −e2φ(r)c2dt2 + e−2ψ(r)dr2 + r2dΩ2, (63)
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and recall that in the weak approximation φ(r) becomes the Newtonian
potential, we obtain:

φ = ln

√
1 − 2GM

c2
' −GM

c2r
. (64)

Since (remember that in the weak field approximation |φ| << 1) the con-
dition for no trapped surfaces becomes GM

c2r < 1, which is wrong only by a
factor 2.
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