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A Global version of Grozman’s theorem

Kenji IOHARA and Olivier MATHIEU
April 3, 2012

Abstract

Let X be a manifold. The classification of all equivariant bilinear maps
between tensor density modules over X has been investigated by Yu. Groz-
man [G1], who has provided a full classification for those which are differen-
tial operators. Here we investigate the same question without the hypothesis
that the maps are differential operators. In our paper, the geometric context
is algebraic geometry and the manifold X is the circle Spec C|z, 271

Our main motivation comes from the fact that such a classification is
required to complete the proof of the main result of [IM]. Indeed it requires

to also include the case of deformations of tensor density modules.
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0 Introduction

The introduction is organized as follows. The first section is devoted to the
main definitions and the statement of the Grozman Theorem. In the second
section, our result is stated. In the last section, the main ideas of the proof
are explained.

0.1 Grozman’s Theorem:

Let X be a manifold of dimension n, let Wx be the Lie algebra of vector
fields over X and let M, N and P be three tensor density modules over X.
The precise meaning of tensor density module will be clarified later on and
the geometric context (differential geometry, algebraic geometry, ... ) is not
yet precised.

In a famous paper [G1], Yu. Grozman has classified all bilinear differen-
tial operators m: M x N — P which are W-equivariant. Since differential
operators are local [P], it is enough to consider the case of the formal geom-
etry, namely X = SpecC[[zy, ..., z,]]. The most intersting and difficult part
of Grozman’s theorem involves the case where dim X = 1, indeed the general
case follows from this case.

Therefore, we will now assume that X = Spec C|[z]]. For this manifold,
the tensor density modules are the modules 2°, where the parameter ¢ runs
over C. As a C[[z]]-module, € is a rank one free module whose generator
is denoted by (dz)°. The structure of Wx-module on Q° is described by the
following formula:



E[f(d2)°] = (&.f + 3 fdiv(€)).(dz)’°
for any f € C][z]] and £ € W, where, as usual, £.f = gf’, div(§) = ¢
whenever & = 97 for some g € C[[z]]. When § is a non-negative integer, 2

is the space (Q%)®?, where Q} is the space of Kilher differential of X.
The space @5 Q° can be realized as the space of symbols of twisted pseudo-
differential operators on the circle (see e.g. [IM], twisted means that complex

d
powers of 7, are allowed) and therefore it carries a structure of Poisson
z

algebra. The Poisson structure (a commutative product P and a Lie bracket
B) induces two series of Wx-equivariant bilinear maps, namely the maps
Po1o2 (0 % %2 — 91F92 and the map BO% : Q01 x Q%2 — Q%1+t These
operators are explicitly defined by:

PO (fi(dz)’, fo(dz)?) = fifa(dz)+o:

B2 (fi.(dz)*, fo.(d2)?) = (0o fi fo — 01 frf)(d2) 10+

Moreover, the de Rham operator is a Wx-equivariant map d : Q° — Q!
So we can obtained additional W-equivariant bilinear maps between tensor
density module by various compositions of B%% and P%% with d. An ex-
ample is provided by the map B o (d x id) : Q° x Q° — Q°+2. Following
Grozman, the classical Wx-equivariant bilinear maps are (the linear combina-
tions of ) the maps B°+%2, P92 and those obtained by various compositions
with d.

Grozman discovered one additional Wix-equivariant bilinear map, namely
Grozman’s operator G : Q72/3 x Q~2/3 — O5/3 defined by the formula:

G(fi-(d2)72, fou(d2)7?7) = 2(f" fo = 3" f1) + 3(f1 f5 — fLF))(d2)7°.

With this, one can state Grozman’s result:

Grozman Theorem. Any differential Wx -equivariant bilinear map
Q% x Q%2 — QY between tensor density modules is either classical, or it
1s a scalar multiple of the Grozman operator.

0.2 The result of the present paper:

In this paper, a similar question is investigated, namely the determination
of all Wx-equivariant bilinear maps 7 : M x N — P between tensor density
modules, without the hypothesis that 7 is a differential operator. Since



differential operators are local, we will establish a global (=non-local) version
of Grozman Theorem.

For this purpose, we will make new hypotheses. From now on, the context
is the algebraic geometry, and the manifold X of investigation is the circle,
namely C* = Spec C[z,27!]. Set W = Wy. Fix two parameters §,s € C
and set pss(&) = & + 0div€ + icay for any £ € W, where ay = sz71dz.
By definition, 9 is the W-module whose underlying space is C[z, 271] and
the action is given by pss. To describe more naturally the action p;, it is
convenient to denote by the symbol 2°(dz)° the generator of this module,
and therefore the expressions (2"**(dz)?),ez form a basis of Q°. It follows
easily that Q% and Q° are equal if s — u is an integer. Therefore, we will
consider the parameter s as an element of C/Z.

We will not provide a rigorous and general definition of the tensor density
modules (see e.g. [M2]). Just say that the tensor density modules considered
here are the W-modules Q2 where (4, s) runs over C x C/Z.

As before, there are W-equivariant bilinear maps P92 : Q%1 x Q%2 —

uy,u2

Qzllifj’z and B2 - Q% x Q02 — Qzllfrff;l, as well as the de Rham differential
d: QY — QL There is also a map p : 2L — QY which is defined as
follows. For v # 0 mod Z, the opeartor d is invertible and set p = d~!. For
u = 0 modZ, denote by p : QF — QY the composite of the residue map
Res : Q) — C and the natural map C — QY = C|z,z7!]. By definition,
a classical bilinear map between tensor density modules over the circle is
any linear combination of the operators lelv"ffg, qui:fé and those obtained by
composition with d and p. An example of a classical operator is po P :

) 1-9 0
0 x Q- 0

Of course, thzlgiozman operator provies a family of non-classical opera-
tors Gy, - O3 %0y Qif’v A trivial operatoris a scalar multiple of the
bilinear map Q) x Q) — QJ, (o, B) — Res(a)Res(3). There is also another
non-classical W-equivariant operator O, : Qf x Qf — Qf which satisfies:

dOy(a, B) = Res(a) — Res(fB)«
for any «, 8 € Q. Indeed O, is unique modulo a trivial operator.

Our result is the following:

Theorem: (restricted version) Let X be the circle. Any W -equivariant
bilinear map between tensor density module is either classical, or it is a scalar
multiple of G, or of O (modulo a trivial operator).

In the paper, a more general version, which also involves deformations of



d
tensor density modules, is proved. Set Ly = z—. For a W-module M and

s € C, set My = Ker(Ly—s). Let S be the classzof all W modules M which
satisfies the following condition: there exists u € C/Z such that

M = Py My and dim M, = 1 for all s € u.
The Z-coset u is called the support of M, and it is denoted by Supp M.

It turns out that all modules of the class S have been classified by Ka-
plansky and Santharoubane [KS])] and, except deformations of QY and €,
all modules of the class & are tensor density modules. Our full result is the
classification of all W-equivariant bilinear maps between modules of the class

S.

0.3 About the proofs:

In order to describe the proof and the organization of the paper, it is necessary
to introduce the notion of germs of bilinear maps.

For any three vector spaces M, N and P, denote by B(M x N, P) the
space of bilinear maps 7 : M x N — P. Assume now that M, N and
P are W-modules of the class S. For z € R, set M>, = ®gs>, M, and
N>, = ®ps>z Ns. By definition, a germ of bilinear map from M x N to P is
an element of the space G(M x N, P) := lim B(Ms, X N>, P).

T—+00

It turns out that G(M x N, P) is a W-module. Denote by Bw (M x N, P)
the space of W-equivariant bilinear maps 7 : M x N — P, by B% (M x N, P)
the subspace of all m € Bw (M x N, P) whose germ is zero and by Gw (M X
N, P) the space of W-equivariant germs of bilinear maps from M x N to P.

There is a short exact sequence:

0— B% (M x N,P) - Bw(M x N, P) = Gw(M x N, P).
The paper contains three parts

Part 1 which determines By, (M x N, P), see Theorem 1,

Part 2 which determines Gw (M x N, P), see Theorem 2,

Part 3 which determines

Bw(M x N,P) — Gw(M x N, P),
see Theorem 3.

Part 1 is discussed in Section 5. The map O, is an example of a degen-
erate map.

Part 2 is the main difficulty of the paper. One checks that dim Gw (M x
N, P) < 2. So it is enough to determine when Gw (M x N, P) is non-zero
and when dim Gw (M x N, P) = 2. We will now explain our approach.



The degree of the modules of the class S is a multivalued function defined
as follows. If M = QS for some § # 0 or 1, set deg M = §. Otherwise, set
deg M = {0,1}. Next, let M, N and P € S with §; € degM, d5 € deg N
and v € deg P. We can assume that Supp P = Supp M + Supp N, since
otherwise Gw (M x N, P) would be obviously zero.

We introduce a 6 by 6 matrix M = (m; (01, 92,7, 2,¥))1<ij<6 Whose en-
tries are quadratic polynomials in the five variables 41, 02, v, x,y and which
satisfies the following property:

det M = 0 for all z,y if Gw (M x N, P) # 0.

Set det M = 3, - pi (01, 0,7)x"y’ and let 3 be the common set of zeroes
of all polynomials p; ;. Half of the entries of M are zero and only 16 of the 720
diagonals of M give a non-zero contribution for det M. However a human
computation looks too complicated, because each non-zero entry of M is a
linear combination of 9 or 10 distinct monomials. The computation of the
polynomials p; ; has been done with MAPLE.

As expected, p; 3 and ps; are degree eight polynomials. It turns out that
each of them is a product of 6 degree one factors and one quadratic factor.
Indeed 4 degree one factors are obvious and the rest of the factorizations look
miraculous. Moreover the two (suitably normalized) quadratic factors differ
by a linear term. It follows that the common zero set of p; 3 and ps; is a
union of affine planes, affine lines and some planar quadrics. This allows to
explicitely solve the equations p; ; = 0. Since only the polynomials p; 3, ps 1
and p, o are needed, the other polynomials p; ; are listed in Appendix A. It
turns out that 3 decomposes into four planes, eight lines and four points.

Using an additional trick, we determine when Gw (M x N, P) # 0, and
when dim Gw (M x N, P) = 2. Although its proof is the main difficulty of the
paper, the statement of Theorem 2 is very simple. Indeed Gw (M x N, P) is
non-zero exactly when (01, d2,y) belongs to an explicit algebraic subset 3 of 3
consisting of two planes, six lines and five points. Moreover, it has dimension
two iff {(51, (52,”7} C {0, 1})

Theorem 3 determines which germs in Gw (M x N, P) can be lifted to a
W-equivariant bilinear map. Each particular case is easy, but the list is very
long. Therefore Theorem 3 has been split into Theorem 3.1 and Theorem
3.2, corresponding to the case where Gw (M x N, P) has dimension one or
two.

It should be noted that all W-modules of the class S are indecomposable
except one, namely A®C, where A = C[z, z7]/C. In most statements about
bilinear maps m : M x N — P, we assume that M, N and P are indecompos-

6



able. Indeed the case where some modules are decomposable follows easily.
The indecomposability hypothesis removes many less interesting cases. This
is helpful since some statements already contain many particular cases, e.g.
Theorem 3.1 contains 16 of them.

Acknowledgment . We would like to thank our colleague Jérome Germoni
for his computation of the determinant det M with the aid of MAPLE.

1 The Kaplansky-Santharoubane Theorem

The Witt algebra W is the Lie algebra of derivations of the Laurent polyno-

1 _— where n runs

mial ring A = C|z,27!]. Clearly the elements L, = 2"" pi
z

over Z, form a basis of W and we have
[Lin, Ly) = (n —m) Ly -
Throughout this paper, s[(2) refers to its subalgebra
CL_1®CLy®CL,.

1.1 Statement of the theorem

For a W-module M, set M, = {m € M|Ly.m = zm} for any z € C and
define its support as the set Supp M = {z € C|M, # 0}.

Let S be the class of all W-modules M such that

(1) M = ®z€(CMza

(ii) Supp M is exactly one Z-coset, and

(ii) dim M, =1 for all z € Supp (M).
Here are three families of modules of the class S:

1. The family of tensor density modules 2, where (8, u) runs over CxC/Z.
Here Q2 is the W-module with basis (e?).c, and action given by the
formula:

L€} = (mé+ z)ed ..

2. The A-family (Aap)@pyece. Here Agy is the W-module with basis
(e2),ez and action given by the formula:

L 6A _ (m + n>62+n n 7& O,
e (am? + bm)e? n = 0.



3. The B-family (Bap)(apec2. Here B,y is the W-module with basis
(€8),ez and action given by the formula:

L eB _ n€ﬁ+n n + m 7é 07
e (am? + bm)el n+m=0.

Set A := A/C. There are two exact sequences:
0— A— A,,—C — 0, and
0 — C—Byp — A—0,
and we denote by Res : A,; — C the map defined by Resef! = 1 and
Rese? = 0 if n # 0. These exact sequences do not split, except for (a,b) =
(0,0). Therefore the A-family is a deformation of 0§ ~ Ay, and the B-family
is a deformation of of Q) ~ By ;. Except the previous two isomorphisms and
the obvious Ag g = By = A @ C, there are some repetitions in the previous
list due to the following isomorphisms:

1. the de Rham differential d : Q% — QL if v # 0 mod Z,
2. A)\a,)\b = Aa7b and BAa,Ab = me for \ € (C*,

There are no other isomorphism in the class S beside those previously in-
dicated. From now on, we will consider the couples (a,b) # (0,0) as a
projective coordinate, and the indecomposable modules in the AB-famillies
are now parametrized by P!. Set oo = (0,1) and A' = P!\ co. Therefore the
indecomposable W-modules in the previous list, which are not tensor density
modules, are the two A'-parametrized families (A¢)ecpr and (Bg)eear, as in
[MP]’s paper.

The classification of the W-modules of the class § was given by I. Ka-
plansky and L. J. Santharoubane [KS]|, [K] (with a minor correction in [MP)]
concerning the parametrization of the AB-families):

Kaplansky-Santharoubane Theorem. Let M be a W -module of the
class S.

1. If M is irreducible, then there exists (u,0) € C/Z x C, with (u,d) #
(0,0) or (0,1) such that M ~ Q2.

2. If M is reducible and indecomposable, then M is isomorphic to either
A¢ or Be for some & € P'.

3. Otherwise, M is isomorphic to A& C.



1.2 Degree of the modules in the class &

It follows from the previous remark that one can define the degree deg M for
any M € § as follows:

1. deg M = 6 if M = Q2 for some § € C\ {0, 1}, and
2. deg M = {0, 1} otherwise.

By definition, the degree is a multivalued function. We also define a
degree of M as a value 0 € deg M. Let S* be the class of all pairs (M, ),
where M € S and ¢ € deg M. A pair (M, ) € S* will be often simplified as
M and set deg M := §. So, the degree function is a single valued function
on 8*. Usually, we consider 2 as the element (92,6) of S* for any 4.

For M € &, let M* be its restricted dual, namely M* = @,ccM;. By
definition, the class S is stable by the restricted duality and we have:

Lemma 1. (20)* = QY0 and (A¢)* = Be.

In particular, it follows that deg M* =1 — deg M for any M € S.

2 Germs and bilinear maps

2.1 On the terminology ‘g-equivariant’

Throughout the whole paper, we will use the following convention. Let g
be a Lie algebra and let £ be a g-module. When F is a space of maps, a
g-invariant element of E will be called g-equivariant. We will use the same
convention for spaces of germs of maps (see the definition below).

When g is the one-dimensional Lie algebra C.L, we will use the terminol-
ogy L-invariant and L-equivariant instead of g-invariant and g-equivariant.

2.2 Weight modules and the Gs-symmetry

A C-graded vector space is a vector space M endowed with a decomposition
M = @.eccM, such that dim M, < oo for all z € C. Denote by H the
category of all C-graded vector spaces. It is convenient to denote by Lg the
degree operator, which acts as z on M,. Given M, N € H, we denote by
Homy, (M, N) the space of Lg-equivariant linear maps from ¢ : M — N.
Equivalently Hompy, (M, N) is the space of maps in the category H.

9



By definition, a Lie Lg-algebra is a pair (g, Lg), where g = @,cc g, is a
C-graded Lie algebra, L is an element of gy such that ad(Lg) acts as the
degree operator. A weight g-module is a C-graded vector space M endowed
with a structure of g-module. Of course it is required that Ly acts as the
degree operator on M and therefore we have g,.M, C M, for all y, z € C.
Let Hq4 be the category of weight g-modules. For M and N in H,, denote by
Homgy (M, N) the space of g-equivariant linear maps from M to N.

Given M, N and P in H, denote by B(M x N, P) the space of all bilinear
maps 7 : M x N — P and by B, (M x N, P) the subspace of Lg-equivariant
bilinear maps. Similarly if M, N and P are in H,, denote by By(M x N, P)
the space of g-equivariant bilinear maps.

For P € H, denote by P* its restricted dual. By definition, we have
P* = @,ec P}, where PF = (P_,)*.

Lemma 2. Let M, N and P in Hy. We have:
By(M x N, P*) >~ By(M x P,N*).

Proof. The lemma follows easily from the fact that
B, (M x N, P*) = [ psw0 Mi @ Ny @ Py,
O

It follows that By(M x N, P*) is fully symmetric in M, N and P. This
fact will be referred to as the &3-symmetry. The obvious symmetry By (M x
N, P) ~ By(N x M, P) will be called the G,-symmetry

2.3 Definition of germs

For M € ‘H and = € R, set M>, = ®p.>, M, and M<, = Bp.<, M,, where
Rz denotes the real part of z. Given another object N € H, let Hom’(M, N)
be the space of all linear maps ¢ : M — N such that ¢(M>,) = 0 for some
z € R. Set G(M, N) = Hom(M, N)/Hom"(M, N). The image in G(M, N)
of some ¢ € Hom(M, N), which is denoted by G(¢), is called its germ. The
space G(M, N) is called the space of germs of maps from M to N.

Let g be a Lie Lo-algebra and let M, N € H,. It is clear that Hom"(M, N)
is a g-submodule of Hom(M, N) and thus g acts on G(M, N). Denote by
Gy(M, N) the space of g-equivariant germs. We will often use the following
obvious fact: any ¢ € Gp (M, N) is the germ of a Lg-equivariant map ¢ :
M — N, but in general a g-equivariant germ ¢ is not the germ of a g-
equivariant map ¢.

10



Let M, N € H. A linear map ¢ : M — N is called continous if for any
x € R there exist y € R such that ¢(Ms,) C N>,. The germ of a continous
map ¢ is called a continous germ of a map.

It is not possible to compose arbitrary germs of maps. However let ¢, ¢
two morphisms of H such that the composition 1 o ¢ is defined. It is easy to
show that G(1 o ¢) only depends of G(¢) and G(v) whenever ¢ is continous.
Thus, it is possible to compose the continous germs.

Since the Lg-equivariant germs of maps are continous, the g-equivariant
germs can be composed. Therefore we can define the category G(H,) of
germs of weight g-modules as follows. Its objects are weight g-modules, and
for M, N € H,, the space of G(Hy)-morphisms from M to N is G4(M, N).
Viewed as an object of the category G(#H,), an object M € H, is called a
germ of a weight g-module and it is denoted by Gg(M).

When g-o and g<o are finitely generated as Lie algebras, there is a
concrete characterization of the g-equivariant germs of maps. Indeed let
M,N € Hy and let ¢ : M — N be a Ly-equivariant map. Then G(¢) is
g-equivariant iff:

(i) the restriction ¢ : M>, — N>, is g>o-equivariant, and

(ii) the induced map ¢ : M/M<, — N/N<, is g<p-equivariant,
for any z >> 0.

2.4 Germs of modules of the class S

It is easy to compute the germs of the W-modules of the class S.

Lemma 3. For any &1,& € P, we have Gw(A¢,) = Gw(Bg,). Thus for any
M € 8, we have Gw(M) ~ Gw(Q) for some § € C and u € C/Z.

The proof of the lemma follows easily from the definition. Recall that
s[(2) is the Lie subalgebra CL_y & CLy & CL; of W. In what follows, it is
useful to compare s[(2)-germs and W-germs.

Lemma 4. Let § € C and u € C/Z.
(i) We have Gaz)(2)) = Gaa) (2,7°).
(ZZ) [f gW271<Qi> = gW271<QZ> fO’I” some o % s then {57 7} = {07 1}

Proof. Proof of the first assertion:
Choose a function f : C — C* such that f(z) = zf(2# — 1) whenever
Rz > 1. Define ¢ : Q) — QL7 by the formula:

11



)

(e) = f(z = 8)/f(z+ 8 — 1)l
for any z € u. It is easy to check that Li;.¢(eS) = ¢(L1;.€5) whenever z € u
and R(z £ 0) > 1. Therefore the germs of Ly.1) are zero, which means that
G(v) is a sl(2)-equivariant isomorphism.

Proof of the second assertion: Assume that the Ws_;-germs of Q° and Q)
are isomorphic. Then there exist a Lo-equivariant isomorphism v : Q% — Q7
whose germ is Wx_;-equivariant. It follows that

W(L7.el) = Liap(el) and ¢(La.el) = Laab(el),
for any z € u with Rz >> 0. Set ¥(el) = ae? and (el ,) = bel. It follows
that:

(246)(z4+14+0)b=(z+7)(z+1+7)a, and

(z+20)b= (2 + 27)a.

Therefore we get:

(z4+0)(z4+140)(z+27)=(z+7)(z+1+7)(z +29).

Since this identity holds for any z € u with Rz >> 0, it is valid for any z.
Since ¢ # 7, it follows easily that {d,7} = {0,1}. O

)

It follows from Lemma 4(ii) that the degree of modules of the class S is
indeed an invariant of their W-germs.

2.5 Germs of bilinear maps

For M, N and P € H, denote by B(M x N, P) the space of bilinear maps from
M x N to P. Also denote by B®(M x N, P) the space of all r € B(M x N, P)
such that 7(Ms, x N>,) =0 for any x >> 0. Set

G(M x N,P)=B(M x N,P)/B°(M x N, P),

The image of a bilinear map 7 € B(M x N, P) in G(M x N, P) is called
its germ and it is denoted by G(m). The set G(M x N, P) is called the space
of germs of bilinear maps from M x N to P.

Let g be a Lie Lp-algebra and let M, N and P be weight g-modules.
As before, G(M x N, P) is a g-module in a natural way and we denote by
G4(M x N, P) the space of g-equivariant germs of bilinear maps. As before,the
composition of g-equivariant germs of bilinear maps with g-equivariant germs
of linear maps is well defined. Thus we obtain:

Lemma 5. The space Gy(M x N, P) depends functorially on the germs of
the weight g-modules M, N and P.

12



Let M, N, P, and @ in S and let ¢ € Homy, (P, Q). Assume that G(¢) is
a sl(2)-equivariant isomorphism. The composition with ¢ induces a map
G(@)s: G o) (M X N, P) =G, (M xN,Q).

Lemma 6. Assume that G(¢) is not Ws_1-equivariant. Then the two sub-
spaces Gy, (M x N, Q) and G(¢).Gw(M x N,P) of G, (M x N,Q) have a
zero intersection.

Proof. The lemma is equivalent to the following statement: for any Lo-
equivariant bilinear map 7 : M x N — P whose germ is W-equivariant
and non-zero, G(¢ o ) is not W-equivariant. So, we prove this statement.

Set = Lo.(¢ o). We claim that G(u) # 0, i.e. for any r € R there are
scalars z,y with Rz > r and Ry > r such that p(M, x N,) # 0 Indeed, if r
is big enough we have

(i) the restriction 7>, : Ms, X N, — P>, of m is Wsp-equivariant, and

(ii)Ly.P, = P,y for any z with Rz > 2r.

Since G(m) # 0, there exists (g, yo) € Supp M xSupp N with Rzxg > r, Ryo >
r and w(M,, x Ny, ) = P,,, where zy = ¢ + yo.

By hypothesis G(¢) is s[(2)-equivariant but not W>_;-equivariant. Since
W._; is generated by s[(2) and Lo, we have G(Ly.¢) # 0. Hence there exists
k € Z>, such that (Ls.¢)(Pyyis,) # 0.

By assumptions, the linear span of U, >0 T(Myg+m X Nyg4n) is & Wxq-
module and the Wsg-module Psg,, is generated by P,, = w(My,xNy,). Thus
there are m,n € Z>o with m 4+ n = k such that 7(Myg1m X Nygin) = Payik-

Since La.(¢ o w>,) = (La.¢p) © >, it follows that fu(Myg1m X Nygin) # 0,

which proves the claim. O

3 Degenerate and non-degenerate
bilinear maps

In this section, we define the notions of degenerate and non-degenerate bi-
linear maps and similar notions for germs of bilinear maps. We show that a
W-equivariant bilinear map 7w between modules of the class S is degenerate
if and only if G(7) = 0. Moreover, G(7) is non-degenerate if G(m) # 0.

Let M;N and P in H. For 7 € B(M x N,P), the set Supp 7= =
{(z,y)| m(M, x Ny) # 0} is called the support of m. The bilinear map =
is called non-degenerate if Supp 7 is Zarisky dense in C?. Otherwise, it is
called degenerate.
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Any germ 7 € G(M x N, P) is represented by a bilinear map m € B(M x
N, P), and let 7>, be its restriction to M, X N>,. The germ 7 is called
non-degenerate if m, is non-degenerate for any  >> 0.

From now on, assume that M, N and P are W-modules of the class S.
For m € Bw(M x N, P), set M, = {m € M|n(m x N>,) = Ofor z >> 0}
and N, = {n € N|n(M>, x n) = 0for x >> 0}. It is clear that M, and N,
are W-submodules.

Lemma 7. Let 7 € BY%, (M x N, P). Then we have:

(i) 7(M, x N;) C PW and therefore m(M, x N;) is isomorphic to 0 or C.
(i1) M /M, is isomorphic to 0 or C.
(i1i) N/N, is isomorphic to 0 or C.

Proof. Tt follows from the explicit description of all modules X € S (see
Section 1) that

1. if Y is a W-submodule with Ly.Y # 0, then X/Y is isomorphic to C
or 0, and

2. if x € X satisfies Ly.x = 0 for kK >> 0, then x is W-invariant.

Since G() is zero, M, contains M, for any « >> 0. Therefore, Ly.M, # 0
and Assertions (ii) and (iii) follows.

Moreover for any (m,n) € M, x N, we have Lg.mw(m,n) = w(Lg.m,n) +
w(m, Lg.n) = 0 for K >> 0. Thus 7(m,n) is W-invariant which proves the
first assertion. ]

Let 7 € Bw(M x N, P) with Supp 7 C {(0,0)}. Obviously there are
W-equivariant maps a : M — C, b : N — C and ¢ : C — P such that
w(l,m) = c(a(l)b(m)). Since it comes from a bilinear map between trivial
modules, such a bilinear map 7 will be called trivial. Note that non-zero
trivial maps only occur when M and N are in the A-family and P is in the
B-family.

For a subset Z of C2, denotes by Z its Zariski closure. Also define the
three lines H, V and D of C? by:

H=Cx{0},V={0} xCand D ={(2,—2)|z € C}.
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Lemma 8. Let m € B, (M x N, P) and set S = Supp 7. Assume that 7 is
not triwial. Then we have:

(i) S is a union of lines and Supp 1 C HUDUV.
(i1) 1(M, x N;) #0iff DCS.
(11i)) M/M, #0iff V.CS.

(i) N/N. #0iff HCS.

Proof. By Lemma 7, we have w(M, x N;) = 0 or C. Note that 7 induces
the two bilinear maps n : M, X Ny — (M, x N;) and 0 : M x N —
P/n(M, x N;).

Step 1: We claim that n = 0 or the bilinear map 7 has infinite rank. As-
sume otherwise. By Lemma 7, the image of 1 is C. Since 7 factors through
finite dimensional modules, it follows that M, has a finite dimensional quo-
tient. By Lemma 7 (ii), M, is infinite dimensional. Hence M, is reducible,
which implies that M = M,. Similarly, N = N,. It follows easily that = is
a trivial bilinear map which contradicts the hypothesis.

It follows that n = 0 or Supp n = D.

Step 2: We claim that Supp m = Supp 6 U Supp 7.

Since (M, x N;) ~ C or 0, we have: Supp 6 U Supp n C Supp 7 C
Supp 6 U D. Therefore the claim follows from the previous step.

Step 3: Using the short exact sequence

0 —M & N/My ® Ny — M ® (N/N,) @& (M/M,) ® N —»
— M/M, @ N/N, — 0,

it follows that, up to the point (0, 0), the sets Supp 6 and Supp M xSupp (N/N,)
U Supp (M/M,) x Supp N coincide, which proves the lemma. H

Lemma 9. A bilinear map m € Bw(M x N, P) is degenerate iff its germ is
zero. Moreover, if G(m) # 0, the germ G(m) is non-degenerate.

Proof. Let m € Bw(M x N, P). For x € R, denote by 7>, the restriction of
m to M>, X N>,. It is enough to prove the second assertion.

First Step: We claim that if (s,t) belongs to Supp 71, then (s,t) + H or
(s,t) + V lies in Supp 7>;. By hypothesis, R(s +t) > 0 and it follows from
the explicit description of modules of the class S that Ly.Ps.; # 0 for any
k >> 0. So we get
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m(Lg.Ms x Ny) # 0 or (Mg x Lg.N;) # 0 for k >> 0.

Hence (s + k,t) or (s,t+ k) is in Supp m, for infinitely many & > 0, and
the claim follows.

Second step: Assume that G(m) is non-zero and prove that its germ is
non-degenerate. Let z > 1 be an arbitrary real number, and let (s,t) €
Supp M>, X Supp N>,. By definition there exists two increasing sequences
of integers 0 < a; < az... and 0 < by < by ... such that (s+ag, t+bx) belongs
to Supp 7>, for all k. Since all lines (s+ag, t+0bx)+V, (s+ag, t+0by)+ H are
distinct, Supp 7>, contains infinitely many lines, and therefore Supp 7>, =
C? O

4 Examples of W-equivariant bilinear maps

This section provides a list of W-equivariant bilinear maps between modules
of the class §. The goal of this paper is to prove that this list generates all bi-
linear maps between modules of the class S. More precisely, if one allows the
following operations: the G3-symmetry, the composition with morphisms be-
tween modules in § and the linear combination, then one obtains all bilinear
maps between modules of the class S.

4.1 The Poisson algebra P of symbols twisted pseudo-
differential operators

To be brief, we will not give the definition of the algebra D of twisted pseudo-
differential operators on the circle, see e.g [IM]. Just say that the term twisted

refers to the fact that complex powers of z and — are allowed. As usual, D is

an associative filtered algebra whose associated Z;graded space P is a Poisson
algebra.

Indeed P is explicitely defined as follows. As vector space, P has basis
the family (2°9°) where s and § runs over C (here 9 stands for the symbol

of d—) The commutative associative product on P is denoted by . and the
2z

Lie bracket is denoted by {, }. These products are explicitely defined on the
basis elements by
(2585).(25,85/) — (Zs-i-s’aé-‘ré’),
{(2°0?), (zslﬁ‘y)} = (08’ — d's) 25t =1g0+6'=1
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It is clear that @,z C 2" is a Lie subalgebra naturally isomorphic to W.
As a W-module, there is a decomposition of P as

P = ®uecxcsz O,
where Qi = Pyey C 257907, We have

091 ()92 C 951+52

[0, Q) ¢ Qo
for all 61,92 € C and u,v € C/Z. Therefore the Poisson structure induces
two families of W-equivariant bilinear maps:

Pooz - ()01 5 (%2 Qiﬁfﬂ (m,n) — m.n,
BI . 0 x Q% Q2ERHL () s {m,n}.

Tt is clear that all these maps are non-degenerate, except ngg. Indeed we
have B} = 0, for all u,v € C/Z.

4.2 The extended Lie algebra P

Recall Kac’s construction of an extended Lie algebra [Kac]. Start with a
triple (g, %,0), where g is a Lie algebra, 6 : ¢ — g,z — d.z is a derivation
and k : g x g = C is a symmetric g-equivariant and J-equivariant bilinear
form. Then the extended Lie algebra is the vector space g. = g® Cd P Cc
and its Lie bracket [, ], is defined by the following relations:

[z, yle = [x,y] + K(z, 0.y)c,

9, z]. = d.x,

[Cu ge]e =0,
for any x,y € g and where [x,y] is the Lie bracket in g.

We will apply this construction to the Lie algebra P. The residue map
Res : P — C is defined as follows: Res(Q°) = 0 for (§,u) # (1,0) and the
restriction of Res to Qf is the usual residue. Thus set k(x,y) = Resxy for
any x, y € P. Let (a,b) be projective coordinates of £ € P'. Define the
derivation &g of P by dex = 207207%{2%7°0%, x} for any x € P. Informally,
we have d¢z = {log(27°0%), z'}.

It is easy to check that  is equivariant under ad(P) and under é;. The
two-cocycle z,y € P — Res(xd¢y) is the Khesin-Kravchenko cocycle [KK].
The corresponding extended Lie algebra will be denoted by P;. Thus we
have

Pe=PdCodCec.

Since P is not a Poisson algebra, its Lie bracket will be denoted by [, ].

Set P = [Pe, Pe] and P = Pe/Z(P¢), where Z(P) is the center of Pe. As
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before W is a Lie subalgebra of P¢, and the W-modules 732: decomposes as
follows
P = @pwecxcesz L& ),

where Q2 (&, 4) = Q° or all (§,u) € C x C/Z except that Q5(¢, —) ~ A¢ and
Q4 (&, +) ~ Be. The Lie bracket of P¢ induces a bilinear map

B(§) : Py x Pe — P, (mmodulo Z(Pg), nmodulo Z(Pe) = [m,n].
As before, the components of B(§) provide the following W-equivariant bi-
linear maps

Bi(6) : Q01 (€, =) x O (E,—) — O, +), (m,m) > [m, ]

It should be noted that if §,05(d1 + 02) # 0, then we have BS1,*(§) = B3L2.

4.3 Other W-equivariant bilinear maps.

The Grozman operator: Among the W-equivariant bilinear maps between
modules of the class §, the most surprizing is the Grozman operator. It
is the bilinear map G, : 4 3% Qo Qva, defined by the following
formula
Guolex™?,e,%) = (& = y) (20 + y)(x + 29)e2fy,.

The bilinear map O : Let & € P! with projective coordinates (a,b). Define
O¢ : Aup X Agp — Bayp by the following requirements:

Oc(u, ud)y =0 if mn(m+n) #£Oorif m=n=0

Oc(ufl,ud) = —O(ud, ud) = 1/mul if m £ 0,

Oc(u?t,,, uld) = 1/mul if m # 0.

It is easy to see that a©; is identical to the bracket —Bg:g(a, b). In
particular, ©¢ is W-equivariant (for a = 0, this follows by extension of

polynomial identities). So O, is the only new bilinear map, since, for £ # oo,
O¢ is essentially the bracket of Pe.
The bilinear map 1n(&1, &2, &3): Let &1, &, & be points in P! which are not all
equal, with projective coordinates (ai,by), (as,b2), (as,bs). Choose a non-
zero triple (z,y, z) such that z(as, b3) = x(ay,b1) + y(az, by). Recall that all
A¢ have the same underlying vector space, therefore the map

yRes x id + xid x Res : Agy py X Agy by — Aas b
is well defined. This defines a map, up to a scalar multiple,

77(51752753) : A& X A& — A&w
which is clearly W-equivariant.

The obvious map PM: Also for each M € S denote by PM the obvious map
((a+z),m) € (A®C) x M — axm € M.
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4.4 Primitive bilinear maps

Let N be the class of all non-zero W-equivariant maps ¢ : M — N, where
M, N are non-isomorphic modules of the class S. Up to conjugacy, there are
only two possibilities:

(i) M is in the A-family, N is in the B-family and ¢ is the morphism
M — C < N, or

(ii) M is in the B-family, N is in the A-family and ¢ is the morphism
M — A< N.

Hence, the condition M % N means that M and N are not simultaneously
isomorphic to A @ C.

Let M,M',N,N',P and P'in S. Let ¢ : M' — M, : N — N and
0 : P — P’ be W-equivariant maps, and let 7 € Bw (M x N, P) be a W-
equivariant bilinear map. Set 7' = fomo (¢ x 1). If at least one of the three
morphisms ¢, 1 or  is of the class N, then 7’ is called an imprimitive form
of 7.

A W-equivariant bilinear map between modules of the class § is called
primitive if is not a linear combinations of imprimitive forms. The compo-
sition of any three composable morphisms of the class N is zero. It follows
easily that any W-equivariant bilinear maps between modules of the class &
is either primitive, or it is a linear combination of imprimitive bilinear form.
Thus the classification of all W-equivariant bilinear maps between modules
of the class S reduces to the classification of primitive ones.

Lemma 10. Let M, N and P be W modules of the class S, and let m €
Bw (M x N, P). Assume one of the following conditions holds

(i) M and N are irreducible and P is the linear span of 71(M x N)

(ii) N and P are irreducible and the left kernel of m is zero.

Then 7 1s primitive.

This obvious lemma is useful to check easily that some bilinear maps are
primitive. Some of the bilinear forms defined in this section are not primitive.
It will be proved in Corollary 1 of Section 11 that, up to G3-symmetry, all
primitive bilinear forms between modules of the class § have been defined in
this section.

4.5 Examples of W-equivariant germs

In what follows, the elements of C? will be written as triples (01, 2, 7). Let o
be the involution defined by (1, d2,7)7 = (d2,d1,7). Let 3 be the union of the
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two affine planes H;, the six affine lines D; and the five points P; defined as
follows. For ¢ = 0, 1, the plane H; is defined by the equation v = &; + do + 4.
The six lines D; are parametrized as follows:

D; ={(0,6,0 +2)|6 € C} and Dy = DY,

D3 ={(0,1,0)|6 € C} and Dy = Dj,

D5 ={(6,—(1+0),1)]0 € C}

Dg = {(6,1—6,0)|0 € C}.

The fives points are P, = (0,0,3), P, = (0,—2,1), Py, = PJ and P, = (1,1,0)
and Ps = (—2/3,—2/3,5/3). Also let 3* be the set of all (1, d2,7) € 3 such
that {(51, 62,’)/} gZ {0, ]_}

In what follows, we will consider % as a module of the class S*. Thus
we can define without ambiguity the degree of any 7 € Gw (21 x Q%2 QY. )
as the scalar v — d; — do. The following table provide a list of germs 7 in
Gw (0 x Q%2 Q7. ), when (&1, d2,7) runs over 3*. In the table, we omit the
symbol G. For example, d~! stands for G(d) ™!, which is well-defined even for
u = 0mod Z.

Table 1: List of m € Gw(Q% x Q%2 Q7. ), where (d;,5,7) runs over 3*

degm (01, 02,7) T
L. 3 (_gv _§7 %) Gu,v
2. 3 (0,0,3) By, o (d x d)
3. 3 (0,-2,1) do B2 o (d x id)
4. 3 (—2,0,1) do B;%’l o (id x d)
5. 2 (0,9, +2) B4 o (d x id)
6. | 2 (5,0,6 +2) B o (id x d)
7. 2 (6,—0 —1,1) do B> 1
8. 1 (51, 62, 51 + 52 + 1) Bil{fsQ
9. 0 ((51,52,51 + (52) Pg}d(sz
10. | -1 (1,6,0) Pg;g o (d~! xid)
1. | -1 (6,1,0) P0o (id x d71)
12. | —1 (6,1 —4,0) dToPil™

The condition (01, 02,7y) € 3* implies that (J1,d2) # (0,0) in the line 8, (d1,d2) #
(0,0),(0,1) or (1,0) in the line 9, § # 0 or 1 in the lines 10-12.

Let M, N and P be W-modules of the class S. Set u = Supp M, v =
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Supp N and assume that Supp P = u +v. Let §; € deg M, 05 € deg N and
~v € deg P. It follows from Lemma 3 that
G(M) =G(Q), G(N) = G(22) and G(P) = G(2,.,).

Lemma 11. Assume that (01,02,7) € 3. Then Gw(M x N, P) is not zero,
and moreover we have dim Gw (M x N, P) > 2 if {61,02,7} C {0,1}. More
precisely we have:
(i) for (01,09,7) € 3%, Table 1 provides a non-zero m € Gw(M x N, P),
(i) if {01, 09,7} C {0,1}, then we have G(M) = G(Q°), G(N) = G(QY)
and G(P) = G(Q,,,,) and the maps 7, == Py o(idxd) and my = P,3)o(dxid)
are non-proportional elements of Gw(M x N, P).

Theorem 2, proved in Section 7, states that the maps listed in the previous
lemma provide a basis of Gw (M x N, P). It also states that Gw (M x N, P) =

0 if (01,02,7) & 3-

5 Classification of W-equivariant degenerate
bilinear maps

Let M, N and P be in the class §. The goal of the section is the classification
of all W-equivariant degenerate bilinear maps 7 : M x N — P. In order
to simplify the statements, we will always assume that M, N and P are
indecomposable.

Assume that 7 # 0 and set S = Supp 7. By Lemma 8, S C HUD UV
is an union of lines. Thus there are four cases, of increasing complexity:

(i) S

(ii) S consists of one line H, D or V,
)
)

(iii) S consists of two lines among H, D and V, or

(iv) S=HUDUYV.

Since the three lines H, V and D are exchanged by the G3-symmetry, we
can reduce the full classification to the following four cases:

(i) 5=0,
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(ii) S=V,
(i) S=HUV,
(iv) S=HUVUD.

In the following lemmas, it is assumed that 7 : M x N — P is a non-zero
degenerate W-equivariant bilinear map.

Lemma 12. If S =0, then 7 is trivial.

The lemma is obvious.

A W-equivariant map ¢ : N — P is called an almost-isomorphism if
its kernel has dimension < 1. The only almost-isomorphisms which are not
isomorphisms between modules of the class & are the maps from B to A,
obtained as the composition of Be — Aand A — A,

Lemma 13. Assume that S = V. Then there is surjective maps ¢ : M — C
and almost-isomorphism 1 : N — P such that

m(z,y) = ¢()(y),
for any (z,y) € M x N.

Lemma 13 is obvious.
In order to investigate the case where S contains two lines, it is necessary
to state a diagram chasing lemma. Let g be a Lie algebra, let X be a g-
module. For £ € H'(g, M), denote by X, the corresponding extension:
0—-X—=>X—>C—0.

Lemma 14. Assume that Endy(X) = C and that X = g.X. Let &,&,&3 €
H'(g,X) and set Z = X¢, @ X¢,/ X @ X. We have

dimHomgy(Z, X¢,) =3 — 7,

dim Homy(Z, X) =2 — s,
where 1 is the rank of {&1,&2, &3} and s is the rank of {&, &} in H' (g, M).

Proof. For ¢ = 1 to 3, there are elements §; € X, \ X such that the map
r € g— x.0; € X is a cocycle of the class ;. Since X¢, = X @ Co;, we have
Z=[60X]®[X ®d]®C(§ ® ).

Let m € Homy(Z, X¢,). Note that 6; ® X is a submodule of Z isomorphic
with X. Since g.X = X, we have 7(d; ® X)) C X. Thus there exists A € C
such that 7(6; ® ) = Az for all x € X. Similarly, there exists u € C such
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that m(z®09) = px for all z € X. By definition, we have 7(d; ®d2) = vdz+x0
for some v € C and some zg in X.
The g-equivariance of 7 is equivalent to the equation:
1g.01 + Ag.0y = vg.03 + g.x¢ for all g € g.
Thus dim Hom,(Z, X¢, ) is exactly the dimension of the space of triples (A, i, v) €
C3 such that
Ay + pdy — vé3 =0 in H'(g, X),
and the first assertion follows. The second assertion is similar. O]

For € € P! and t € C, define n&) 1 Ae X A¢ — A¢ by the formula
ne(m,n) = Res(m)n + tRes(n)m,
and recall that n(&;, &, &3) is defined in Section 4.3.

Lemma 15. Assume that S = V U H. Then m is conjugate to one of the
following:

(i) n(&1, &2, &3), for some &, &, &3 € PY with & & {&1, &}, or

(i) ng for somet #0 and § € P'.

Proof. By Lemma 8 we have 7(M, x N,) =0, M/M, = C and N/N, =C. It
follows that M ~ A, and N ~ Ag, for some &1, & € P!, Thus (M/M,) ® N,
is isomorphic to A. Since 7 induces a non-zero map (M/M,) ® N, — P, the
W-module P contains A, hence P is isomorphic to Ag, for some non-zero
& € P

Let B = {u € Bw(M x N, P)|u(M, x N,) = 0}. It follows from the
Kaplansky-Santharoubane Theorem that dim H'(W, A) = 2. Thus if &, &, &
are not all equal, it follows from Lemma 14 that B = Cn(&, &2, &3). However
Supp 1(&1, &2, &3) lies inside H or V' if & = & or & = &3. Hence we have
& ¢ {&1,&} and 7 is conjugate to 1(&1, &2, &3). Similarly, if all & are equal
to some £ € P!, then B is the two dimensional vector space generated by
the affine line {n;[¢t € C}. Thus 7 is conjugate to some n;. Moreover the
hypothesis Supp # = H UV implies that ¢ # 0. ]

Lemma 16. Assume that S =V UH U D. Then, 7 is conjugate to ©¢ for
some & € P, modulo a trivial map.

Proof. 1t follows from Lemma 8 that we have m(M, x N,) = C, M/M, = C

and N/N, = C. Thus M = A, N = Ag, and P = Bg, form some &; € P,
Set Z = A¢ ® A¢/A ® A. By Lemma 8, the composition of any u €

By (Ag, X Ag,, Be,) with the map Be, — A provides a linear map @i : Z — A,
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Since 7 is not zero, Lemma 14 implies that & = &. By the G3-symmetry,
Be, is the restricted dual of Ag,, so we have §5 = &;. Set £ ==& =& = &3
and consider the following exact sequence

0— Bw<A§ X Ag,@) — BOW(Ag X Ag, Bg) — HOIIlw(Z, Bg/(C),
where the last arrow is the map p +— f.

It is clear that the subspace Bw (A¢ X Ag, C) of By (Ae X Ag, Be) is the
space of trivial bilinear maps. By the previous lemma, Homw (Z, B¢/C) has
dimension one. It follows from its definition that Supp©, = H UV U D.
Hence we have

B%V(Ag X Ag, B§> = BW(AE X Ag, (C) & C@g

Hence 7 is conjugate to ©; modulo a trivial map. O]

Theorem 1. Let M, N and P indecomposable modules of the class S and
let m: M x N — P be a W-equivariant degenerate bilinear map. Up to the
Gs-symmetry, m is conjugate to one of the following:

(1) a trivial bilinear map 7 : Ag, X Ag, — Be,,

(ii) the map 7 : A¢ x N = P, (m,n) — Res(m)y(n) where £ € P! and
where ¢ : N — P 1s an almost-isomorphism,

(iii) the map n(&1, &, E3) for some &1,& and &3 € PY with & ¢ {£1,&},
or the map 7}2 for some € € Pt and t # 0,

(iv) O¢ + 7, where £ € Pt and 7 is a trivial map.

The following table is another presentation of Theorem 1. To limit the
number of cases, the list is given up to the G3-symmetry. That is why the
datum in the third column is P* and not P.

Table 2: List, up to the G3-symmetry, of possible S and d, where
d =dimBY,(M x N, P) and S = Supp 7 for 7 € By, (M x N, P).

MxN | P* S d Restrictions
1. A§1 X A§2 A§3 0 1 C(M’d{fl,gg,fg} > 2
2. AgXX X* Vv 1 X;ﬁAgOI'Bg
3. A& X ng ng Vv 1
4. Afl X ASQ st HUV 1 &3 ¢ {51)62}
5. Acx Ae | Be | H,Vor HUV |2
6. AgXAf Ag Qor HUVUD | 2

Except the indicated restrictions, X € & is arbitrary and £, &1, &> and &3 are arbitrary.
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6 Bounds for the dimension of the spaces of
germs of bilinear maps

Let M, N and P be W-modules of the class S. In this section we introduce
a space g~5[(2)(M x N, P) which is a good approximation of Gw (M x N, P).
Indeed we have: .

Gw (M x N P) C Ga2)(M x N P) C Gg2)(M x N, P).

6.1 On dim Gyo)(M X N, P)

For an element v € C?, set L.y = v+(1,0) and R.y = v+(0, 1). Similarly, for
a pair {a, 8} of elements of C?%, set L.{a, 3} = {L.a, L.8} and R.{«, 3} =
{R.a, R.5}. The pair {«, 8} is called adjacent if 5 = a + (1,—1) or a =
B+ (1,-1). Thus L{a,B} and R.{a, B} are adjacent whenever {«, 5} is
adjacent. Given (z,y) € C? let C(x,y) be the set of all elements of C? of
the form (x +m,y +n) with m,n € Z>o and (m,n) # (0,0).

Let 6;, 0, and « be scalar, and let u and v be Z-cosets. Let m : Q% x
Q%2 — QY. be an Ly-equivariant bilinear map. Let (€!),e, be the basis
of Q%' defined in Section 1. Similarly denote by (€?),e, and (€).cutv the
corresponding bases of Q2 and Q7 .

Since 7 is Lg-equivariant, there exists a function X : u x v — C defined
by the identity:

(el 622) = X(z,y)els,

Lemma 17. Assume there exists (x,y) € u X v such that:
(1) Supp (Li1.m) N C(x,y) = 0,
(i) Rx > +R0q1, Ry > £R0s, R(x +y) > £Ry, and
(i) X(z+1,y) = X(z,y+ 1) =0.
Then G(m) =0

Proof. First step: We claim that for any adjacent pair {«, 5} in C(z,y) with

X(a) = X(B) =0, then X vanishes on R*.L'{a, 8} for any k,l € Z>.
First prove that X vanishes on L.{a, 3} Indeed we can assume that o =

B+ (1,—1), and therefore we have a = (2’ + 1,¢/), 8 = («/,y' + 1) for some

It 2
@.y)ecC. o
. . A . o L8
Since L_y.m(egi 1, €,7,,) is a linear combination of w(eg), e;7, ) and
s 5
m(ey 1, €, ), we get

0=Loym(el, e ) =X + 1Ly + 1)L yel, .o
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Since R(z' +y' +2 —v) > 0, we get L_y.e),, ., # 0 and therefore X (2" +
Ly +1)=0. Moreover we have
0= Ll 7T< x/ +17622) - W(Ll ex '+10 y ) + 7T( T +17 Ll 662)

Using that X (2’ + 1,9 4+ 1) = 0, it follows that m(L;.e Jrl,622) = (. Since

R(z' + 1+ 61) > 0, we have L.e’},, # 0 and therefore X (2 + 2,y') = 0.
Hence X vanishes on L.{a, #}.

Similarly, X vanishes on R.{«, 5}. It follows by induction that X vanishes
on RE.L'{a, 8} for any k.l € Z>y.

Second step: Set a = (x + 1,y) and f = (z,y + 1). We have C(z,y)
Ur.iezo, RE.L'{c, B}. Tt follows that X vanishes on C(z,y). Hence G(mr) =

<=

Let m € By, (2% x Q%2 Q7. ). As before, set
R(eB ) = X(w,y)el,

Z‘ » Ty

Lemma 18. Assume that G(m) is sl(2)-equivariant and non-zero. Then there
exists (xo, yo) € u X v such that

X(a) #0 or X(B) # 0,
for any adjacent pair {a, 5} in C(xq,yo)-

Proof. Since G(7) is sl(2)-equivariant, we can choose (zg,¥y) € u X v such
that:

(i) Supp Liy o N C(x0,50) = 0
Moreover we can assume that Rzy and Ryy are big enough in order that:

(11) §Rl’0 > :]:?R(;l, §Ry0 > :]:éR(;Q, §R(l’0 + y()) > Zl:?R’)/

Let {(z + 1,y), (z,y + 1)} be an adjacent pair in C(z,yy). The couple
(x,y) satisfies the conditions (i) and (ii) of the previous lemma. Since G(7) #
0, it follows that X (x + 1,y) # 0 or X (z,y + 1) # 0.

[

Let M, N and P be W-modules of the class S.
Lemma 19. We have dim Gy o) (M x N, P) < 2.

Proof. Let m,m9, 3 be any elements in By (M x N, P) such that G(m;) €
Ga2)(M x N, P).

Since the space G(M x N, P) only depends on the germs of M, N and P,
we can assume that M = Q% N = Q% and P = ), for some scalars d;, d,
and v and some Z-cosets u, v and w. Moreover, we can assume w = u + v,
since otherwise it is obvious that Gy 2)(M x N, P) = 0.
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There is (x,y) € u x v such that Supp (L+1.m;) N C(z,y) =0 for i =1 to
3. Adding some positive integers to x and y if necessary, we can assume that
Rx > +RH;, Ry > £RJ and R(z + y) > £Ry. There is a non-zero triple
(a, b, c) of scalars with:
[amy + by + cm3) (€24, e?) = [amy + bmy + cms] (el egil) = 0.
It follows from Lemma 17 that aG(m)+bG (7)) +cG(ms) = 0. Since any three
arbitrary elements G(71),G(ms) and G(ms) of Gy2)(M x N, P) are linearly
dependant, it follows that dim G (M x N, P) < 2.
[

6.2 The recurrence relations

Let M, N and P be three W-modules of the class S. Let 7 € B(M x N, P).
Set
w(m,n) = L_oLy.m(m,n) — w(L_gLy.m,n)—
—m(m,L_oLyn) —w(L_g.m, Ly.n) — m(La.m, L_5.n),
for all (m,n) € M x N. Note that we have
T = L_Q o (LQ.’/T) + (L_Q.ﬂ') o (L2 X 1d) + (L_Q.’/T) o (ld X Lg)
Similarly, for a germ p € G(M x N, P), set
 ji=L_yo(Lop)+ (Log.p)o (L xid)+ (L_g.p)o(id x Ly).
Set Gey2)(M x N, P) = {p € Ga2y(M x N, P)| o = 0}. It follows from the
definitions that we have )
QW(M X N, P) C Qﬁ[(g)(M X N, P) C gﬁ[(g)(M X N, P).
Let 61,05 and v be three scalars. For k =1, 2, set

ar(z,y) = (z + kd1)(y — kda),
bi(z,y) = k2(51 +0y — v — 5% - 53 + 72) — 2wy,
cr(z,y) = (x — kéy)(y + kdz).

Let u and v be two Z-cosets and let 7 : Q% x Q%2 — Q7 be a Ly-equivariant
bilinear map. As before, define the function X by the identity:

m(ed,e) = X (z,y)el,,.
Lemma 20. Assume that the G() belongs to Gy (Q% x Q2. Q7. ). Then
there exists (xg,yo) € u X v such that:
for k=1,2 and all (x,y) € C(x0,yo).
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Proof. For k =1,2, set mp = L_j o (Lg.w) + (L_g.m) o (Ly X id) + (L_g.m) 0
(id x Lg). Since the germ of 7 is sl(2)-equivariant we have G(m) = 0 and
since my = 7 we also have G(my) = 0. Therefore there exist (xg,y0) € u X v
such that Supp m; and Supp 7 do not intersect C(xg, o). This condition is
equivalent to the recurrence relations of the lemma. O

6.3 The case dim Gy (M x N, P) =2

Lemma 21. Let M, N and P be W -modules of the class S. If
dim Gy o) (M x N, P) =2,
then one of the following assertions holds:
(i) deg M = deg N = deg P = {0, 1},
(ii) deg M = —1/2, deg N = {0,1} and deg P € {—1/2,3/2}
(111) deg M = {0,1}, deg N = —1/2, and deg P € {—1/2,3/2}.

Proof. Assume that dim Gyy(M x N, P) = 2. We can assume that M =
Q0N = Q% and P = Q)_, for some d;, 5, and v in C and some u, v €
C/Z. Choose m1,m € Br,(Q% x Q% Q7. ,) whose germs form a basis of
Q;[(g)(Qf} x Q%2 OF ). For i = 1,2 define the functions X;(x,y) by the
identity

Wi(eézlv 622) = Xi(z, y)ez—&-y'

By Lemma 20, there exists (zg,yo) € u X v such that
(1) al(xv y)Xz<x + 17 Y- 1) + bl(xv y)Xz(xa y) + Cl<x7 y)Xl('r - 17 y+ 1) = 07
(2) (IQ(JI, y)Xz(x + 27 Y- 2) + b2(x7 y)Xz(xu y) + 02(1:7 y)Xz(x - 27 y+ 2) = 07
fori=1,2and all (z,y) € C(x0, o). Moreover by Lemma 17, we can assume
that the vectors (Xi(z + 1,y), Xi(z,y + 1)) and (Xo(x + 1,y), Xo(z,y + 1))
are linearly independant, for all (z,y) € C(zo, yo).

First step: We claim that
a2<$’y)bl(x + 1’y - 1)Cl<x - 17 y+ 1)01(ZE, y) -

al(xv y>a1(x +1y+ 1)b1(ZL‘ -Ly+ 1)62(17’ y)7
for all (z,y) € C?, where the functions a;, b; and ¢; are defined in the previous
section.

From now on, we assume that (z,y) belongs to C(zo + 1,yp + 1). To
simplify the expressions in the proof, we set A; = a;(x + 1,y — 1), By =
bi(x+1,y—1)and C; = ¢;(x+1,y—1), for any [ € {—1,0,1}). Thus Identity
(2) can be written as:

AgoXi(z + 2,y — 2) +*Xi(z,y) + CooXi(z — 2,y +2) =0,
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Here and in what follows, * stands for a certain constant whose explicit value
is not important at this stage. Multiplying by A; 1C; _1, we obtain
(3) A20C1 1[A1n Xi(x + 2,y — 2)] + +Xi(z, y)+

A1,102,0[Cl,—1Xz'($ —2,y+2)] =0,
Note that (x+1,y—1) and (z —1,y+1) belong to C(xg, yo). Using Relation
(1) we have
(4) A Xi(z+2,y—2)+ B 1 Xi(ze+ 1,y — 1) + «X;(z,y) =0
(5) «Xi(z,y) + B1 1 Xi(r —1Ly+1)+C, 1 Xi(z —2,y+2) =0
With Relations (4) and (5) we can eliminate the terms [A; 1 .X;(x + 2,y — 1)]
and [C1_1X;(x — 2,y + 2)] in Relation (3). We obtain
(6) AZ,OBl,lcl,—lXi(l‘ + 1, Yy — 1) + *XZ(I, y)—l—

A11B1,1CopXi(z — 1Ly +1) =0.

Moreover Relation (1) can be written as
(7) AroXi(z + 1,y — 1) + #Xi(z,y) + CroXi(z — 1,y + 1) = 0,

Thus Relations (6) and (7) provide two linear equations connecting X;(z+
1,y—1), Xi(z,y) and X;(x—1,y+1). Since (z,y), (r+1,y—1) is an adjacent
pair, it follows that the two triples (X;(z+1,y—1), X1(z,y), Xi(x—1,y+1))
and (Xa(x+1,y—1), Xo(z,y), Xo(x — 1,y + 1)) are linearly independent. So
the linear relations (6) and (7) are proportional, which implies that

Az 0B11C11C1 0 = A10A411B1,-1Ca,
or equivalently
(8) ag(x,y)ln(x +1y— 1)61(1‘ - Ly+ 1)01(1’,@/) =
ar(z,y)ar(z + 1,y + Dbi(z — Ly + L)ea(z, y).
This identity holds for all (x,y) € C(xo+ 1,90 + 1). Since C(zo+ 1,90 + 1)
is Zariski dense in C?, Identity (8) holds for any (z,y) € C2.
Second step: We claim that
51+52—’7—5%—5%+’72:0.

Assume otherwise and set 7 = §; + 0o — v — 07 — d2 + 2. We have
bi(x,y) = 7 — 2zy , therefore the polynomial b; is irreducible. Observe that
all irreducible factors of the left side of (8) are degree 1 polynomials, except
bi(z 4+ 1,y — 1) and all irreducible factors of the right side side of (8) are
degree 1 polynomials, except bi(x — 1,y + 1). Hence the irreducible factors
of both sides do not coincide, which proves the claim.

Third step: We claim that §; and 09 belong to {—1/2,0,1}. Using that
01+ 02 — v — 07 — 05 + 7% = 0, Identity (8) looks like

(x +261)(z + 1)(z — 1= 61)(z — 61) f(y)

= (@t )@+ 1+ ) (& — 1)z — 26,)g(y)
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where f(y) and g(y) are some functions of y. Since z + 1 is a factor of the
left side of the identity, it follows that ¢, = 1, 0 or —1/2. The proof that
dy =1, 0 or —1/2 is identical.
Fourth step: We claim that the case §; = d = —1/2 is impossible. The
Equations (6) and (7) can be written as
where a, b, ¢ and d are explicit functions of x and y (as before, * denotes
some functions which are irrelevant for the present computation). Using
that d; + dy — v — 67 — 62 +~2 = 0 and a brute force computation, we obtain
ad —bc =9/32(1 + 2y)(2z — 1)(2zy — 1).
So the Equations (6) and (7) are not proportional, which contradicts that
(Xi(z+1,y—1),X1(z,y)) and (Xo(x+ 1,y — 1), Xa(x,y)) are independent.
Final step: If §; and 5 belongs to {0,1}, then v —y=0iey=0or 1
and the triple (01, d2,y) satisfies Assertion (i). If 6y = —1/2, then d; = 0 or
1 and v — v = 3/4, i.e. v = —1/2 or 3/2 and the triple (4, d2,) satisfies
Assertion (ii). Similarly if o = —1/2, the triple (01, d2,y) satisfies Assertion
(i). O

6.4 The case dimGw(M x N, P) =2
Let M,N,P € S with Supp P = Supp M + Supp .

Lemma 22. We have dim Gw (M x N, P) = 2 iff deg M = deg N = deg P =
{0,1}.

Proof. Set uw = Supp M and v = Supp N. By Lemma 19, we have dim G2y (M x
N, P) < 2 and therefore dim Gw (M x N, P) < 2.

First step: Assume that deg M = deg N = deg P = {0,1}. By Lemma 11 we
have dim Gw (M x N, P) > 2. Thus dimGw (M x N, P) = 2.

Second step: Set d~ = dim Gw (20 x Q7% Q1) and d = dim Gw (20 x
0,7 Q22 ). We claim that d* = d~ = 1.

By Lemma 4, there is a sl(2)-equivariant isomorphism ¢ : G(Q~1/?) —
G(2%/2). By Lemma 6, ¢, Gw (20 x 2,72 Q. 17%) and Gw (0 x Q, /% Q%2 )
are two subspaces of Gg2)(Q20 x Qy 12 Qifv) with trivial intersection. Thus
we have d* + d~ < 2. However by Lemma 11, we have d* > 1 and d~ > 1.
It follows that d™ =d~ = 1.
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Third step: Conversely, assume that dim Gw (M x N, P) = 2. It follows that
dim G2y (M x N, P) = 2.

By the previous step, the case (ii) of the assertion of Lemma 21 cannot
occur. Using the Go-symmetry, the case (iii) is excluded as well. It follows
that deg M = deg N = deg P = {0, 1}.

0

7 Determination of Gw(M x N, P)

Let M, N and P € §. In this section, we will compute the space Gw (M X
N, P).

We will always assume that Supp P = Supp M + Supp N, otherwise it is
obvious that Gw(M x N, P) = 0. In the previous section, it has been shown
that dim Gw (M x N, P) < 2, and the case dim Gw (M x N, P) = 2 has been
determined. So it remains to decide when Gw (M x N, P) is zero or not.

The final result is very simple to state, because dim Gw (M x N, P) only
depends on deg M,deg N and deg P.

7.1 TUpper bound for dim Gw(M x N, P)

Lemma 23. Let M, N,P and Q € S and let ¢ € Gy2)(P, Q). We have
+Gsi2)(M x N, P) C Gg2)(M x N, Q)

Proof. Step 1: Set €y = L3+L0 —L_1L; and Q9 = Lg—i—QLO —L_9L5. Indeed
() is the Casimir element of U(s[(2)) and it acts as some scalar ¢(X) on any
W-module X € S. It turns out that Qs acts on X as 4e¢(X).

Step 2: In order to prove the lemma, we can assume that ¢ # 0. Therefore
c(P) = ¢(Q) and €y acts by the same scalar on P and on ). Thus we get

Qyo¢p=c¢do.
Since ¢ commutes with Lg, we get
(L_QLQ) o ¢ = ¢ O (L_QLQ).

from which the lemma follows. []

Lemma 24. Let 61,05 and v € C and let u and v be Z-cosets. Assume that
none of the following conditions is satisfied

(i) y=10,1/2 or 1,

(ii) 61 = —1/2, 69 € {0,1} and v € {—1/2,3/2},

(iii) 6, € {0,1}, 6 = —1/2 and v € {—1/2,3/2}.
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Then we have:
dim Gw (% x Q% Q7. ) + dim Gw (Q% x Q% Q7)< 1.

Proof. By Lemma 4, there exists an isomorphism ¢ : gs[(g)(Qiﬂ,) — Gai2) (2 4)-
Obviously we have Gw (23 x Q%2 Q7. ) C Guz) (2% x 2%, Q7 ) and by the
previous lemma we also have ¢,Gw (2 x Q%2, Q7)) C Gy (0 x Q%2 Q7).

By condition (i) and Lemma 6, the two subspaces Gw (3 x Q%2 Q7. )
and gb*gw(le X fo, Qiﬂ) intersects trivially, thus we have
i Gy () % 03, 00,0 dim G (03 x 05 017) <

dim Gya) (0 x Q%2 Q7).

By conditions (i), (ii) and (i), Lemma 21, we have dim Gy2)(Q x

Q%2 Q7. ) <1, which proves the lemma.
[

7.2 Necessary condition for QSI(Q)(Qzl x Q%2 Q1) #0

Recall the notations of the previous section. For £ =1, 2, set

ar(z,y) = (z + kd1)(y — kda),
be(z,y) = k*(01 + 62 — v — & — 03 +7°) — 2wy,
ce(w,y) = (x — kd1)(y + k).

Given an auxiliary integer [, set A;y(x,y) = a;(z + 1,y — 1), Ba(x,y) =
bz(x + l7y - l) and Ozl(xay) = Ci(:E + l)?/ - l) and set

Ay 5(z,y) Bis(z,y) Cis(z,y) 0 0 0
0 A1’4(l‘, y) B1’4(.Z‘, y) 0174(1’, y) 0 0
M _ 0 O A1’3($7y) Bljg(l',y) 0173(I,y) O
0 O 0 ALQ(Z',y) Bl Q(ZL',y) Cl 2(1‘,y) ’
Ay 4(z,y) 0 By a(x,y) 0 Cou(x,y) 0
0 Ay 5(z,y) 0 By s(x,y) 0 Cos(z,y)

Moreover set
D51’5277(CL’, y) = det M
In what follows, we will consider Dy, 5, ,(z,y) as a polynomial in the
variables x and y, with parameters 1, d5 and ~.
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Lemma 25. If (5’5[(2)(921 x Q%2 Q). ) # 0 then Dy, 5,,(z,y) = 0, for all
(z,y) € C2.

Proof. Assume that Gw(Q% x Q%2 Q). ) # 0. Thus there exists a Lo-
equivariant bilinear map m : Q% x Q% — Q. whose germ is a non-zero
element of GEI(Q) (0 x Q%2 QY. ). For (x,y) € uxwv, define the scalar X (z,y)
by the identity
W(ei}v 622) = X(ZL’, y)el-i-y'
Set X(z,y) = (X(z+6,y—6), X(x+5,y—5),...,X(x+1,y—1)). Using
Lemmas 18 and 20 there exists (xg,yo) such that
(i) (X(x+2,y—2),X(z+1,y—1)) #0, and
(i) M."X(x,y) = 0,
for all (z,y) € C(xg,y0). The first assertion implies that X(z,y) # 0 for
any (z,y) € C(xg,yo). Thus det M vanishes on C(xg,yo). Since C(xg,yo) is
Zariski dense, Dy, 5, (z,y) = 0, for all (z,y) € C2.
[l

7.3 Zeroes of the polynomials p; ;(d1, d2,7)

Define the polynomials p; ;(d1, d2,y) by the identity
Dy, 50(7,y) = 32, pig (01,00, 7)Y’
Since the entries of the matrix M are quadractic polynomials in z,y, d1, 02
and v, Dy, s, 4(x,y) is a polynomial of degree < 12. Set
0(61,(52,’}/> = ((51 + 52 +’Y)(51 + (52 — ’7)((51 + 52 +1-— ’7)(51 + 52 —1 +’}/)

Lemma 26. (i) We have p; j(61,92,7) = p;;(1,02,1 —7),
(11) Each polynomial p; ;(61,02,7) is divisible by C(d1,02,7).

Proof. All entries of the matrix M are invariant under the involution v
1 — 7, so we have

D51,527’)/(x7 y) = D51,52,1—7(I7 y)
which implies the first assertion.

It follows from Lemma 11 that Gw (31 x Q%2 QY. ) # 0 whenever v =
01+ 0y 0r vy =201+ o+ 1.

Hence by Lemma 25, as a polynomial in 61, d2, v,z and y, Ds, 5, 4(2, y) is
divisible by D(d1,09,7), where D(d1,02,7) = (61 + 02 — 7)(01 + d2 + 1 — 7).
By the first assertion, it is also divisible by D(dy, d2, 1 — 7). Since we have

0(617 52, ’}/) = D((Sl, 52, 7)D(51, 527 1-— ’7)
each p; ; is divisible C'(61, da,7). O
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Denote by 7 the involution (81, d2,7) + (61,02, 1 —7). Let 3 C C? be the
following set

3= (Uogig H; U H’Z—) U<U1gig4 D; U DZT) U(U1§¢§Q{Pi U PiT)}v
where the planes H;, the lines D; and the points P; are defined in Section
4.5. For a polynomial f, denote by Z(f) its zero set.

Lemma 27. We have Z(p13) N Z(ps1) N Z(p22) C 3.

The proof requires the explicit computation of Dy, 5, 4 (2, y) = det M, and
we have used MAPLE for this purpose. The next proof contains the explicit
expressions of p; 3,ps1 and pao. The whole expression for det M is given in
Appendix A.

Proof. Step 1: By Lemma 26, there are polynomials g;; such that

Pi(01,02,7) = C(61, 62,7)qi; (61, 62, 7).
Since Z(C') is the union of the four planes Hy, Hj, Hy, HT, it remains to prove

that Z(q13) N Z(g31) N Z(q22) C 3.
Using MAPLE, it turns out that

2,2 :72(1 - 7)2 +27(1 — 7)(5% + (53 — 20169 — 2(61 + 02) +4)
(3 4 65— 46,65(5% + 02) + 386262) — 4(6, + 6,)°
— (13(67 + 02) — 66182) + 4(61 + 62) + 12,
1

_§QI,3 :61<51 — 1)[’)/(1 — ’}/) + (S% -+ 55 — 451(52 + 3(51 — (52) + 2]

1
—§Q371 :52(52 — 1)[’}/(1 — ’7) + 5% + 5% — 45152 — 3(51 — 52) + 2],

Step 2: The previous expressions provide (miraculous) factorizations
—sq13 = L1 L2Q and —3qs1 = L} L4yQ)
where Ly, Ly, L), and L/, are degree one polynomials and ) and Q' are
quadratic polynomials. We have to prove that Z(P) N Z(P') N Z(g22) C 3
for any factor P of ¢; 3 and any factor P’ of ¢3;. This amonts to 9 cases,
which will be treated seperately.
Step 3: proof that Z(L;) N Z(L;) N Z(q22) C 3, Vi, j € {1,2}.
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We claim that, in each case, the intersection consists of 4 points lying in
3. Since the four cases are similar, we will only consider the case where the
first factor is d; and the second one is ds.

For a point (0,0,v) € Z(d1) N Z(d2) N Z(qa.2), we have

2,2(0,0,7) = 7*(1 = 7)* + 8v(1 — ) + 12=0.
Thus we have y(1 — ) = —2 or —6. It follows that Z(d1) N Z(d2) N Z(p22)
consists of the four points (0,0, —-2), (0,0, —1),(0,0,2), (0,0,3) which are all
in 3.

Step 4: proof that Z(L;) N Z(Q") N Z(ge2) C 3, Vi € {1, 2}.

More precisely, we claim that the planar quadric Z(L;) N Z(Q') consists
of two lines which are both in 3. Since the two cases are similar, we will just
treat the case where the factor L; is 4;. We have

Q'(0,02,7) = y(1 —7) + 63 + 302 + 2

=—(y+ 02+ 1)(y—d2—2),
which proves the claim. It follows that Z(L;) N Z(Q') N Z(ga2) C 3.

Step 5: Proof that Z(Q) N Z (L) N Z(q22) C 3, Vj € {1,2}.

This case is identical to the previous one.

Step 6: Proof that Z(Q) N Z(Q') N Z(g22) C 3.

Indeed @' — @ is a scalar multiple of §; — 05 and therefore Z(Q) N Z(Q’)
is (again miraculously) a planar quadric.

We have Q(6,8,7) = v(1 —~) — 206242, so Z(Q) N Z(Q') is the sets of all
(6,0,7) € C? such that v(1 — ) = 26* — 2. Since ¢22(4,d,~) is a polynomial
in 0 and y(1 — «) we can eliminate (1 — 7). We have

q2.2(8,0,7v) =1256(36 +2)(6 — 1)?
for any (0,4,v) € Z(Q)NZ(Q'). It follows that Z(Q)NZ(Q')NZ(g22) consists
of the 6 points (1,1,0), (1,1,1),(0,0,—1),(0,0,2), (—2/3, —2/3,—2/3) and
(—2/3,—2/3,5/3). Since there are all in 3, the proof is complete.
O

With more care, it is easy to prove that () Z(p; ;) is precisely 3 but this
is not necessary for what follows.

7.4 Determination of Gw (M x N, P)

Recall that 3* the set of all (1, d2,7) € 3 such that {d1,02,7} & {0,1}. Let
M, N and P be in S. In order to determine Gw (M x N, P) we will always
assume that

Supp P = Supp M + Supp N.
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Otherwise Gw (M x N, P) would be obviously zero. Next let §; € deg M,
d9 € deg N and v € deg P.

Theorem 2. We have

(i) diim Gw (M x N, P) = 2 if {01, 02,v} C {0,1}, and the maps 7y, w2 of
Lemma 11 form a basis of this space,

(i1) dim Gw (M x N, P) = 1 if (01,09,7) € 3* and the map 7 of Table 1
provides a generator of this space,

(iii) dim Gw (M x N, P) = 0 otherwise.

Proof. Set w = Supp M and v = Supp N. By Lemmas 3 and 5, we can
assume that M = Q% N = Q% and P = Q] .

Step 1: We claim that (d1, d2,y) belongs to 3 if Gw (M x N, P) # 0.

Assume that Gw (M x N, P) # 0. Since .C’;ﬁt(g)(M x N, P) # 0 it follows
from Lemmas 25 and 27 that (d1,d2,7) belongs to 3. It is clear from its
definition that 3 C 3U37. Hence (d1,d2,7) or (d1,02,1 — ) belongs to 3.

When (61,02, 1 — ) ¢ 3 the claim is proved. Moreover if v = 0,1/2 or 1,
we have Gw(Q7,,) = Gw(QL77) and thus Gw (Q3 x Q2 Q177) = Gw () x
Q%2 Q7. ), which proves the claim in this case. Therefore, we can assume
that (d1,92,1 — ) € 3 and that v ¢ {0,1/2,1}.

By Lemma 11, we have Gw (25 x Q%2 Q..7) # 0. Therefore it follows
that

dim Gw (Q% x Q% Q7. ) 4 dim Gw(Q% x Q%2 Q.77) > 2.
By Lemma 24 we have

(i) 61 = —1/2, 65 € {0,1} and v € {—1/2,3/2}, or

(i) 07 € {0,1}, 0o = —1/2, and v € {—1/2,3/2}.

These 8 possible triples for (d1,d2,) belong to 3 and therefore the claim is
proved.

Step 2: Assertion (i) follows from Lemma 22. From now on, we can
assume that {3y, 82,7} ¢ {0, 1}. It follows that dim Gw (2 x Q%2 QY. ) =0
or 1. In particular Assertion (ii) and (iii) are equivalent and it is enough to
prove the first one.

If (61, 02,7) € 3" we have Gw (Q0 x Q%2 Q7 ) # 0 by Lemma 11 and there-
fore dim Gw (2% x %2, Q7. ) = 1. Conversely if dim Gw (2% x Q%2 QY. ) =1
it follows from the previous step that (01, ds,y) belongs to 3*. Thus assertion
(ii) is proved. O
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8 On the map Bw(M x N, P) — Gw(M x N, P)

Let M, N and P be in §. The space Gw(M x N, P) has been determined
by Theorem 2. In particular Gw (M X N, P) has always dimension 0, 1 or
2. In the Sections 8-10, we determine which germs p € Gw(M x N, P)
can be lifted to a W-equivariant bilinear map 7 : M x N — P. Since the
final result contains many particular case, it has been split into two parts.
Indeed Theorem 3.1 (in Section 9) involves the case where Gw (M x N, P)
has dimension one, and and Theorem 3.2 (in Section 10) involves the case
where Gw (M x N, P) has dimension two. In this section, we recall general
facts and conventions used in Sections 9 and 10.

8.1 Germs and G3-symmetry

Let M, N,P € S. Recall the exact sequence:
0 — B% (M x N,P) = Bw(M x N, P) = Gw(M x N, P).
Determining the image of the map Bw (M x N, P) — Gw(M x N, P) is
easy, but it requires a very long case-by-case analysis. It would be pleasant
to use the G3-symmetry to reduce the number of cases. Unfortunately the
definition of Gw (M x N, P) is not S3-symmetric. However, set
Bw(M x N, P) =Bw(M x N, P)/B% (M x N, P).

Lemma 28. For any M, N and P € S, we have
Bw(M x N, P*) = Bw(M x P,N*)

Proof. By Lemma 9, the space B%, (M x N, P*) is exactly the space of de-
generate W-equivariant maps from M x N to P*. Hence BY (M x N, P*)
and Bw (M x N, P*) are fully symmetric in M, N and P. O

8.2 List of cases for the proof of Theorem 3

Start with a general result:

Lemma 29. Let M, N and P € § be irreducible W -modules. We have
Bw(M x N, P) ~ Gw(M x N, P).

Proof. Looking at Table 2, it is clear that Bl (M x N, P) = 0 whenever
M, N and P are irreducible. Moreover, it is clear from Table 1 that any
germ can be lifted. O]
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Let M,N and P € S. In order to determine Bw (M x N, P), we will
always tacitely assume that Gw(M x N, P) # 0. By the previous lemma,
we can assume that at least one module is reducible, i.e. in the AB-family.
As usual, we will assume that all modules are indecomposable. Using the
G3-symmetry, we can reduce to the following 6 cases:

1. deg M = deg N = {0,1} and deg P = 2,

2. degM =deg N ={0,1} and deg P = 3,

3. degM = {0,1}, deg N = § and deg P = 6 with 6 € C\ {0, 1}.

4. deg M ={0,1}, deg N = § and deg P =0 + 1 with § € C\ {0, 1}.
5. degM = {0,1}, deg N = § and deg P = 0 + 2 with § € C\ {0,1}
6. deg M = deg N = deg P = {0, 1}.

The cases case 1-5 are treated in Section 9. In this case, we have dim Gw (M x
N, P) = 1, so it is enough to decide if Bw (M x N, P) is zero or not. The
case 6 is treated in section 10. In this case, Gw (M x N, P) is two dimensional
and the analysis is more involved.

8.3 Typical argument for the proof of Theorem 3

Let M € § and let u be its support. In Sections 9 and 10, we will denote by
(eM),e. a basis of M as in Section 1.

The proofs of Theorems 3.1 and 3.2 are given by several lemmas and a re-
peated procedure, that we call an argument by restriction, which is described
as follows.

For an integer d € Z,, the subalgebra W@ := D, CLg, is isomorphic
to W. Let M be a W-module in the class S and let * € Supp M. The

subspace
My(z):= @ M,

yeu
r—y€cdZ

of M is a W@-module. Moreover, when x & dZ, My(z) is irreducible.

Now, let M, N and P be W-modules in the class S, let x € Supp M, y €
Supp N and let T € Gw (M x N, P). Since Gy (X XY, Z) ~ Byww (X XY, Z)
whenever X,Y and Z are irreducible W(®-modules of the class S, 7 has
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unique lifting 7 to My(x) x N4(y) whenever z,y, x +y & dZ. Hence, varying

d and z,y, we see that m(e} eY) is uniquely determined by 7 whenever

T Y
x,y,r+y # 0.

9 Computation of Bw(M x N, P) when dim Gw (M x
N,P)=1

9.1 The Theorem 3.1

The following table provides a list of triples (M, N, P) of W-modules of
the class S and one non-zero element 7 € Bw(M x N, P). Since for each
entry (M, N, P) of Table 3 we have deg M or deg N or deg P # {0,1}, the
corresponding 7 is a basis of Bw (M x N, P).
In what follows, we denote by d¢ and d¢ the natural maps:
dEQg%Agandngg%Qé
Conversely, we have

Theorem 3.1 Let M, N and P be W-modules of the class S with deg M
or deg N or deg P # {0,1}. Then Bw(M x N, P) has dimension one if the
triple (M, N, P) appears in Table 3. Otherwise, we have Bw (M x N, P) = 0.
9.2 The case deg M = deg N = {0,1} and deg P = 2

In this case, there can be five subcases as follows:

1.
2.

w

—~ —~ E —~ —~

SN— N~— 3 N~— SN—
I

—~ —~ —~ — —
i

d.

Lemma 30. Let M,N,P be W-modules of the class S as above. Then
Bw (M x N, P) is trivial iff (M, N, P) = (A, A¢, Q3) with § # oo and n # oo
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Table 3: Non-zero Bw(M x N, P), when deg M, deg N or deg P # {0, 1}

M x Nor NxM P T
1. Qo1 x Q9 QoL 02 Pl
2. Q% x Q2 QLo BJ102
3. A x Q! Bya(é)
4, Q5 x Q78 B BY7°(€)
5.1 P x Q. 0 G
6. Be x Qo+1 Py o (de x id)
7. Q0 x Q70 Ae <o P8
8. Be x Q+2 By o (de x id)
9. 0 x Q0T Ae A€o BY !
10 A, x B Q2 Boy(n) o (id x de)
11 Ay x Q! Ag d° o Byy ' (1)
12 Be x Q! B, By (n)(de x id)
13 B, x B¢ 02 Py o (dy x de)
14 B, x Q" Ag d¢ o Pyy ' o (d, x id)
15 B, x B¢ 3 By © (dy x de)
16 B, x Qy° Ag d¢ o By o (d, x id)

The degree condition implies the following restrictions: {(51, 09, 01+ 52} §Z {0, 1} in line
1, (01,62) # (0,0) in line 2, 6 # 0 in lines 3 and 4, and § # 0, 1 in lines 6 and 7.

Proof. By Table 3, except for the case 3 with n = 0o or £ = 0o, we have
dimBw(M x N,P) = 1. Hence, we show the proposition in the case
(M7 N>P> = (AWA&Q%)'

Let (a,b) and (c,d) be projective coordinates of n,& € P!, respectively,
and let {eM}, {eX} and {el} be basis of A4, A.4 and QF, respectively, as in
Section 1.1. Assume that Byw (M x N, P) # 0. By an argument by restriction,
one sees that there exists 7 € Bw(M x N, P) such that w(eX el) =ef
whenever m,n,m +n # 0. It can be checked that this formula extends to
the case m,n # 0. Set w(eM,el’) = Xi(m)el, and w(e}!,el) = Xy(m)el for
m # 0. Calculating L,,.m(eX elY) for n = 1,2, one obtains

(m+2n)X1(m) = (m+n)Xi(m+n)+cn?®+dn
from which we have X;(m) = —cm + d. Similarly, one also obtains Xy(m) =
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—am + b. By calculating L,,.m(e}!, el’), we obtain ac = 0. O

9.3 The case deg M = deg N ={0,1} and deg P =3

In this case, there can be five subcases as follows:

1. (M,N,P) = (Ag,QO 03) with u % 0mod Z,
2. (M, N, P) = (Be,Q°,Q3) with u 2 0mod Z,
3. (M,N,P) = (A, A, 93),
4. (M,N,P) = (A¢, B, 03),
5. (M,N,P) = (BE, 03).

Lemma 31. Let M, N, P be W-modules as above. Then Bw (M x N, P) is
trivial iff (M, N, P) is one of the following types:

1. (M,N,P) = (A, QL Q3) with £ # 0o and u # 0 mod Z,
2 (M, N, P) = (Ac, Ay, 93) with (£,17) # (00, 0),
3. (M,N, P) = (A¢, B,, Q3) with £ # co.

Proof. By Table 3, it is clear that Bw (M x N, P) is trivial only if (M, N, P)
is one of the three cases in Lemma 31. Hence, it is sufficient to show that,
for these three cases, Bw (M x N, P) is trivial.

The proof for the first and third cases are similar to that of Lemma 30
and is left to the reader. The second case can be proved as follows.

Choose any 7 € P!. Any non-degenerate 7 € Bw (A, x A¢, Q3) induces a
non-degenerate bilinear map 7’ € Bw (A4, x B,, ), by composing with the
map B, — A — A¢. It follows from the first case that 7 = co. Similarly, we
have £ = cc. O
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9.4 The case deg M = {0,1}, deg N = ¢ and deg P = § + 2
with § € C\ {0,1}

In this case, there can be two subcases as follows:
1. (M,N,P) = (Ae, Q% Q0+2),
2. (M, N, P) = (B, Q2,Q%%2).

Lemma 32. Let M, N, P be W-modules as above. Then, Bw(M x N, P) is
trivial iff M = A¢ with & # oo and 06 # —1.

The proof is similar to that of Lemma 30.

9.5 The case deg M = {0,1}, deg N =¢ and deg P =§ +1
with 6 € C\ {0,1}

In this case, there can be two subcases as follows:

1. (M,N,P) = (Ag, Q5,05+,

2. (M,N, P) = (B, Q3, Q).

Looking at the lines 3 and 6 in Table 3, we obtain
Lemma 33. Let M,N,P be W-modules of the class S as above. Then
dimBw (M x N, P) = 1.

9.6 The case degM = {0,1}, degN = 0 and degP = §
with 6 € C\ {0, 1}

In this case, there can be two subcases as follows:
1. (M,N,P)=(A¢Q,00),
2. (M, N,P) = (B, 2, Q0).

Lemma 34. Let M, N, P be W-modules as above. Then, dim Bw (M x
N,P)=1iff M = Bw.

The proof is similar to that of Lemma 30.

42



10 Computation of Bw(M x N, P) when dim Gy (M x
N, P) =2

10.1 The Theorem 3.2

The following table provides a list of triples (M, N, P) of W-modules of the
class S and some elements 7 € Bw (M x N, P). For each entry (M, N, P)
we have deg M = deg N = deg P = {0, 1}

Table 4: The non-zero Bw(M x N, P), with deg M = deg N = deg P =
{0,1}

MxNor Nx M| P Elements of Bw (M x N, P)
1. Q0 % QO Q.,, | P o (d xid) and Ppy o (id x d)
2. Q0 % QO Qg Pl
3. Q0 x Qf QL P
4. Q0 x QO Ag d*o Py,
5. Be x QY QL PyYo (de x id)

To avoid repetitions, one can assume that & # 00 in lines 4 or 5

From the table, it is clear that

(i) If (M, N, P) appears in line 1 of the Table 4, the two listed elements
of Bw (M x N, P) are linearly independent and therefore Byw (M x N, P) has
dimension 2,

(ii) if (M, N, P) appears in lines 2-5 of the Table 4, the listed element of
Bw (M x N, P) is not zero and therefore By (M x N, P) has dimension > 1.

Indeed, we have

Theorem 3.2 Let M, N and P be W -modules of the class S with deg M =
deg N = deg P = {0,1}. Then

(i) if (M, N, P) appears in line 1 of the Table 4, we have dim Bw (M x
N,P) =2,

(i) if (M, N, P) appears in lines 2-5 of the Table 4, we have dim Bw (M x
N,P) =1,

(iii) otherwise, we have Bw (M x N, P) = 0.
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In order to prove Theorem 3.2, note that the case where M, N and P are
irreducible is already treated in Lemma 29. Thus, up to the G3-symmetry,
there are only three cases to consider:

1. (M,N):<A£1,A§2> andP:Ag OI"P:Bé,
2. (M,N)I<B£1,B£2> andP:Agg OI'P:B&),
3. (M,N)=(022,Q% ) with u # 0modZ and P = A¢ or P = B.

These cases will be treated in the next three subsections.

10.2 The case (M, N) = (A¢,, Ag,)

Lemma 35. Any bilinear map in Bw(Ag, X Ag,, P), where P is in the AB-
family, is degenerate.

Proof. Any module P in the AB-family admits an almost-isomorphism to a
module of the A-family. So we can assume P ~ A, for some & in P'.

Fix a basis {eM}, {eN} and {e[} of M = A, N = Ag, and P =
Ag,, respectively, as in Section 1.1. We have L_j.e}! # 0 or Ly.e}! # 0.
Since both cases are similar, we case assume that L_jeu)’ # 0. Using that
L y.elf = L_j.el = 0, we obtain that w(L_y.e}!,el) = L_;.m(e}!,el) —
m(e), L_1.e)) =0, hence we have

m(eM,eN) = 0.

Since M<_; (respectively N>1) is an irreducible Verma sl((2)-module (re-
spectively the restricted dual of an irreducible Verma sl(2)-module), it follows
that M<_; ® N>, is generated by e, @e). Hence we get m(M<_; x N>;) = 0.
Since N> is a Wsg-submodule and since A is the Wsg-submodule generated
by M<_,, we have

’/T(Z X Nzl) = 0,
from which it follows that 7 is degenerate. [

10.3 The case (M,N) = (B, B,)

Recall that dg o P007 ’8 is a non-degenerate bilinear map from B, X By — Ag,
for any £ € P Let &,& and & € P!, and let s be the number of indices i
such that & = oo.

By &3 symmetry, Bw(Be, X Be,, Ag,) is not zero s > 2. More precisely,
we have:
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Lemma 36. We have
(Z) dlmﬁw<B§1 X B&,Agg) =s—1 ZfS > 2
(Z’l) dlmﬁw<B£1 X B£2,B§3) =1 ’LfS =3
(ZZZ) dlmﬁw<B£1 X B&, A&) = dlmﬁw(Bgl X B@, B&) = 0 otherwise.

Proof. Let (a,b), (c,d) and (e, f) be projective coordinates of &, & and &3 €
P!, respectively, and fix a basis {eM}, {eN} of M = B,, and N = B.g4,
respectively, as in Section 1.1.

First, we consider 7 € Bw(B,p X B4, P) with P = B, ;. Let {e]} be a
basis of B, ; as in § 1.1. By calculating L_,.7(e} elY) and L_,.7(e), el),
we see that & = & = & € PL. Hence, we may assume that (a,b) = (¢,d) =
(e, f) without loss of generality. Similarly, by calculating L,,.m(eM,el’)
and L,,.m(e)! ,eﬁy ), we see that there exists a constant C' € C satisfying
m(eM el) = Cel = (e}l el) for any m. It can be shown that such a W-
equivariant map exists only if @ = 0 or C' = 0. In the former case, 7 is a
scalar multiple of P& é). In the latter case, 7 factors through A x A and one
can apply a similar argument to the latter half of the proof of Lemma 35 to
see that 7 is degenerate.

Second, we consider T € Bw(Bap X Beg, P) with P = A, ;. Let {el}
be a basis of A,y asin § 1.1. By an argument by restriction, one sees that
there exists constants O, Cy € C such that w(eX el) = (Cym + C’zn) Conin

for m,n,m +n # 0. Set w(eM,e)) = a(m)el w(ed,el) = b(m)el and

m(eM eN )= c(m)el’. Tt is clear that a(0) = b(0) = ¢(0) = 0. By calculating
L_,.m(eM eN) with m,n,m +n # 0, one obtains that a(m) = —d~'Cym if

¢ = 0 and that a(m) = C; = 0 otherwise. Similarly, on obtains that b(m) =
—b71Cym if a = 0 and that b(m) = Cy = 0 otherwise. Finally, by calculating
Ly.m(eM eN ) with n # +m, on obtains that c¢(m) = —(C; — Cy) f~tm if
e = 0 and that ¢(m) = 0 and Cy = (5 otherwise. Hence, it follows that
dim Bw (B, X Be.d, A, r)isequal to 0if s <1 and is less than s — 1 if s > 2.

Now, for s > 2, the result follows from Table 4. O
10.4 The case (M,N) = (Q2,Q" ) with u#0¢e C/Z

The next lemma can be proved in a way similar to the proof of Lemma 30.

Lemma 37. Let § € P'. We have B
(i) dim Bw (99 x Q0 ,, As) = 2 and dim Bw (Q) xQ°,, A¢) = 1 if £ # oo.
(ii) dim Bw (Q0xQ° ,, Boo) = 1 and dim Bw (Q0xQ° ) Be) = 0 if € # oc.
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11 Conclusion

From the classification, we can derive the following corollaries, some of which
are used in [IM].

Corollary 1. The primitive bilinear maps between modules of the class S
are the following:

(i) the Poisson products P12,

(ii) the Poisson brackets Bif;jh for 61.62.(61 + 02) # 0

(iii) the Lie brackets B3, (€) for 61.02.(01 4 02) = 0 and & # oo if 6 =
52 — 0,

(iv) Ou,

(iv) the Grozman operation G,

(vi) n(&1, &2, &3) for &1,& and & are all distinct, and their &3-symmetric

(vii) the obvious map PM, and their G3-symmetric.
This follows easily by closed examination.

Corollary 2. Let M, N, P € 8* such that BY% (M x N, P) # 0. Then the
number of reducible modules among M, N and P is 1 or 3.

Proof. Let m € By (M x N, P) be non-zero. It follows from Theorem 1 that
the three modules are reducible whenever Supp 7 is not one line. Otherwise,
we can assume that. Assume Supp 7 = V. Then M, which admits a trivial
quotient is reducible. Moreover, there is an almost-isomorphism ¢ : N — P,
which proves that N and P are simultaneously reducible or irreducible. [

Corollary 3. Let M, N, P € §*. If Bw(M x N, P) # 0, then we have
(deg M, deg N, deg P) € 3.

Proof. If Gw(M x N, P) # 0, then the corollary follows from Theorem 2.
Otherwise, we have By, (M x N, P) # 0. If {deg M, deg N, deg P} C {0, 1},
then (deg M, deg N, deg P) belongs to 3. Otherwise, Supp 7 is one line for
any non-zero m € B% (M x N, P). By the &3-symmetry, we can assume that
Supp m = V. In such a case, N is isomorphic to P and we have deg M €
{0,1} and deg N = deg P ¢ {0,1}. It follows that (deg M, deg N, deg P)
belongs to 3 as well. O

Let M, N, P € S. The triple (M, N, P) is called mizing if we have
BY% (M x N, P) # 0 and Bw(M x N, P) # 0. Here is a table of example of
mixing triples:

46



Table 5: Example of mixing triples (M, N, P)

M x Nor N x M| P | A non-degenerate m; A degenerate oy
0f x Q0 Py (f,@) = (Resa)df
Q0 =<0 o rY, (f,g) — Res fdg

Corollary 4. Any mizing triple (M, N, P) appears in the Table 5 and in
each case m and o form a basis of Bw (M x N, P).

The corollary follows immediately from Tables 2 and 3.

Corollary 5. For any triple (M, N, P) of indecomposable W -modules in the
class S, we have dim Bw (M x N, P) < 2.

This follows easily from Theorem 1, Theorem 2 and the previous corollary.
Note that the hypothesis that M, N and P are indecomposable is necessary.
For example we have dimBw (X x X, X)=4if X = A® C.

A Complete expression for Ds, ;, (2, y)

Recall that Ds, 5, = det M, where M is a 6 x 6 matrix whose entries are
polynomials of degree 2 in z,y, 01,02 and 7. The appendix provides the
explicit formula for D.

It is quite obvious that Dy, s, (z,y) = Ds, 5,~(—2 — 7, —y + 7). Thus, in
order to provide more compact formulas, it is better to list the polynomials
Qi,j defined by

D51,527”/(x - 7/27 y+ 7/2) = 0(517 02, ’7) Zi,j Gi,j (517 02, V)xiyj-
The polynomials ¢; ; are calculated with MAPLE. It turns out that the only
non-zero polynomials are ¢o o, ¢o.2,¢1,1, 42,0, G1,3, G2,2 and gz 1. It follows that
Ds, s5,~ is a polynomial of degree four in  and y and therefore ¢, 3 = ¢ 3,
gsqp = @31 and Ga2 = @22, where the polynomials ¢; 3, g31 and g2 are given
in Section 7.3. The other non-zero polynomials g; ; are given by the following
formulas:
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16G0,0 =[(401 + 1)(465 + 1)y(1 — ) 4 16(0? + 03 — 6102)0155
+ 4(67 + 05 — 30102(81 + 02)) + (13(67 + 03) — 50012) + 11(61 + 62) + 2]
x[(401 + 1)(405 + 1)y(1 — ) + +16(67 4+ 65 — §162)6105
+4(0% + 03) (61 + 02) — 3(0% + 83 + 60169) — 7(61 + 62) + 6],

—4dop =(401 +1)°72(1 — 7)?
+2(46; + 1)((40; + 1)65 — 2(46; + 1)(6; + 1)6 + 402 + 567 + 26, + 4)y(1 — )
+(401 + 1)%0y — 4(46; + 1)%(6; + 1)05 + (3207 + 11267 + 14267 + 520, — 13)5;
— (6457 + 3257 — 9267 + 6867 + 826, — 4)d,
— (461 + 1)(6, — 1)(61 + 1)(61 + 2)(407 + 6, — 6),

—4Ga0 =(462 + 1)*4*(1 — 7)?
+2(405 + 1) (402 + 1)0?7 — 2(485 + 1)(dg + 1)81 + 455 + 565 4 205 + 4)7(1 — )
+(40y + 1)%07 — 4(462 + 1)%(69 + 1)07 + (3205 + 11265 + 14265 + 5255 — 13)d7
6465 + 3285 — 9255 + 6835 + 8255 — 4)8;
465 + 1)(0y — 1)(8y + 1)(65 4 2) (402 + 6, — 6),

—(
—(
1
5@171 =(286705 — 4(61 + 62)0102 + (07 + 03) — 208105 — (61 + 62))v(1 — 7)

+ 4(T(62 + 62) — 106,02)(0102) — 4(83 + 63)6,65
+ (67 + 05 — 12(62 + 63)6,02 — 6(0102)?)
4+ 2(6% + 0105 + 02) (01 + 02) — (62 4 62 — 146,02) — 2(01 + 02).
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