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■♥ t❤✐s ✇♦r❦ ✇❡ ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥✉♠❡r✐❝❛❧ ❧♦❝❦✐♥❣ ✐♥ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s ❢❡❛t✉r✐♥❣ q✉❛s✐✲
✐♥❝♦♠♣r❡ss✐❜❧❡ ❛♥❞ ❝♦♠♣r❡ss✐❜❧❡ s❡❝t✐♦♥s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ st❛rt ❜② ❡①t❡♥❞✐♥❣ ❛ ❝❧❛ss✐❝❛❧
r❡❣✉❧❛r✐t② ❡st✐♠❛t❡ ❢♦r t❤❡H1✲♥♦r♠ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞ t♦ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s
❝❛s❡✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ r❡❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠ ❛s ❛ ❙t♦❦❡s s②st❡♠ ✇✐t❤
♥♦♥③❡r♦ ❞✐✈❡r❣❡♥❝❡ ❝♦♥str❛✐♥t✳ ❚❤✐s r❡s✉❧t ✐s t❤❡♥ ✉s❡❞ t♦ ❞❡s✐❣♥ ❛ ❧♦❝❦✐♥❣✲❢r❡❡ ❞✐s❝♦♥t✐♥✉♦✉s
●❛❧❡r❦✐♥ ♠❡t❤♦❞✳ ❚❤❡ ❦❡② ♣♦✐♥t ✐s t♦ ♠❛❦❡ s✉r❡ t❤❛t t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t ✐♥ t❤❡ ❡st✐♠❛t❡
♦❢ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✉♥✐q✉❡❧② ❞❡♣❡♥❞ ♦♥ t❤❡ t❤✐s ❜♦✉♥❞❡❞ q✉❛♥t✐t②✳ ❚❤❛♥❦s t♦ ❛ ✜♥❡ t✉♥✐♥❣ ♦❢
t❤❡ ♣❡♥❛❧t② t❡r♠✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣❡♥❛❧t② ♣❛r❛♠❡t❡r ❛♣♣❡❛r✐♥❣ ✐♥ t❤❡ ♠❡t❤♦❞ ✐s s✐♠♣❧②
❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✳ ❚♦ ❝♦♥❝❧✉❞❡✱ ♥✉♠❡r✐❝❛❧ ✈❛❧✐❞❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧
r❡s✉❧ts ✐s ♣r♦✈✐❞❡❞✳

❑❡②✇♦r❞s✿ ▲✐♥❡❛r ❡❧❛st✐❝✐t②✱ ❝♦♠♣♦s✐t❡ ♠❛t❡r✐❛❧s✱ ❧♦❝❦✐♥❣✲❢r❡❡ ♠❡t❤♦❞✱ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥
♠❡t❤♦❞

✶✳ ■♥tr♦❞✉❝t✐♦♥

❚❤✐s ✇♦r❦ ❛❞❞r❡ss❡s t❤❡ ♣r♦❜❧❡♠ ♦❢ ♥✉♠❡r✐❝❛❧ ❧♦❝❦✐♥❣ ✐♥ ❤❡t❡r♦❣❡♥❡♦✉s✱ ❧♦❝❛❧❧② ♥❡❛r❧② ✐♥✲
❝♦♠♣r❡ss✐❜❧❡ ♠❡❞✐❛ ❜② r❡✈✐s✐t✐♥❣ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦s ♦❢ ❇r❡♥♥❡r ❛♥❞ ❙✉♥❣ ❬✶❪ ❛♥❞ ❍❛♥s❜♦ ❛♥❞
▲❛rs♦♥ ❬✷✱ ✸❪❀ s❡❡ ❛❧s♦ ❲✐❤❧❡r ❬✹❪✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ❧❡t Ω ⊂ R

d✱ d ≥ 2✱ ❜❡ ❛ ❜♦✉♥❞❡❞ ♣♦❧②❣♦♥❛❧
❞♦♠❛✐♥✳ ❲❡ ❞♦ ♥♦t ❛ss✉♠❡ t❤❛t Ω ✐s ❛ ▲✐♣s❝❤✐t③ ❞♦♠❛✐♥ t♦ ✐♥❝❧✉❞❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝r❛❝❦s ✐♥ ♦✉r
❛♥❛❧②s✐s✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❧✐♥❡❛r ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠

− div σ(u) = f ✐♥ Ω,

u = 0 ♦♥ ∂Ω,
✭✶✮

✇❤❡r❡ f ∈ L2(Ω)d✱ u ❞❡♥♦t❡s t❤❡ ✈❡❝t♦r✲✈❛❧✉❡❞ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✱ ❛♥❞✱ ❢♦r ❛❧❧ v ∈ H1(Ω)d✱

σ(v) := 2µǫ(v) + λ divvId, ǫ(v) :=
1

2

(

∇v +∇v
t
)

.

❍❡r❡✱ µ ❛♥❞ λ ❛r❡ s❝❛❧❛r✲✈❛❧✉❡❞ ✜❡❧❞s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ▲❛♠é✬s ♣❛r❛♠❡t❡rs s✉❝❤ t❤❛t

0 < µ ≤ µ ≤ µ < +∞, 0 < λ ≤ λ ≤ λ.

❲❡ ❢♦❝✉s ♦♥ ❤❡t❡r♦❣❡♥❡♦✉s ♠❡❞✐❛ ❢♦r ✇❤✐❝❤ t❤❡r❡ ❡①✐sts ❛ ♣❛rt✐t✐♦♥ PΩ = {Ωi}1≤i≤NΩ
♦❢ Ω ✐♥t♦

♣♦❧②❤❡❞r❛❧ s✉❜❞♦♠❛✐♥s s✉❝❤ t❤❛t µ ❛♥❞ λ ❛r❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ♦♥ PΩ✳ ❖✉r ❣♦❛❧ ✐s t♦ ❞❡s✐❣♥ ❛
❧♦❝❦✐♥❣✲❢r❡❡ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ♠❡t❤♦❞✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❡rr♦r ❡st✐♠❛t❡ s❤♦✉❧❞ ♥♦t ❜❧♦✇ ✉♣
✇❤❡♥ λ ✐s ✜①❡❞ ❛♥❞ ❧❛r❣❡ ❡♥♦✉❣❤ ❛♥❞ λ→ +∞✳ ❚❤❡ r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ µ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞
❤❡r❡✐♥✱ s✐♥❝❡ ❧❛r❣❡ ❤❡t❡r♦❣❡♥❡✐t② r❛t✐♦s µ/µ ❞♦ ♥♦t ❝♦rr❡s♣♦♥❞ t♦ ♣❤②s✐❝❛❧❧② r❡❧❡✈❛♥t s✐t✉❛t✐♦♥s✳

Pr❡♣r✐♥t s✉❜♠✐tt❡❞ t♦ ❊❧s❡✈✐❡r ❆♣r✐❧ ✸✱ ✷✵✶✷



▲❡t H l(PΩ) :=
{

v ∈ L2(Ω) | v|Ωi
∈ H l(Ωi), 1 ≤ i ≤ NΩ

}

✳ ❆♥ ✐♥str✉♠❡♥t❛❧ r❡s✉❧t t♦ ♣r♦✈❡ ❛
❧♦❝❦✐♥❣✲❢r❡❡ ❡rr♦r ❡st✐♠❛t❡ ✐s t♦ s❤♦✇ t❤❛t t❤❡ q✉❛♥t✐t②

Nu :=
(

‖u‖2H2(PΩ)d + |λ divu|2H1(PΩ)

)1/2

, ✭✷✮

st❛②s ❜♦✉♥❞❡❞ ✇❤❡♥ λ → +∞✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ ♦❢ ❙❡❝t✳ ✷ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ d = 2✳
❲❤✐❧❡ t❤✐s r❡s✉❧t ✐s ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❬✶✱ ❡q✳ ✭✷✳✶✽✮❪ t♦ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞
✐♥ t❤❡ ♣r♦♦❢ ❛r❡ ♥❡✇ ❛♥❞ ❛r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ◆✐❝❛✐s❡ ❛♥❞ ▼❡r❝✐❡r ❬✺❪✳ ❚❤❡ ❦❡② ✐❞❡❛
✐s t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠ ✐♥ t❡r♠s ♦❢ ❛ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜❧❡♠ ❜② ✐♥tr♦❞✉❝✐♥❣
❛ ✜❝t✐t✐♦✉s ♣r❡ss✉r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ▲❛♠é ♣❛r❛♠❡t❡r ❜② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡
❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✳ ❚❤❡ ❜♦✉♥❞ ❢♦r ✭✷✮ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ❛♥ ❡♥❡r❣② ❡st✐♠❛t❡ ❢♦r t❤❡ ❡❧❛st✐❝✐t②
♣r♦❜❧❡♠ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❧♦❝❛❧ r❡❣✉❧❛r✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ ❙t♦❦❡s ♣r♦❜❧❡♠✳

❲✐t❤ ❛♥ ❡st✐♠❛t❡ ❢♦r Nu ❛t ❤❛♥❞✱ t❤❡ ❣♦❛❧ ♦❢ ❙❡❝t✳ ✸ ✐s t♦ ❞❡s✐❣♥ ❛ ❞✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥
✭❞●✮ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s ❛♥❞ s❛t✐s❢②✐♥❣ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❢♦r♠

|||u− uh|||µ,λ ≤ CµNuh,

✇❤❡r❡ |||·|||µ,λ ✐s t❤❡ ❡♥❡r❣②✲❧✐❦❡ ♥♦r♠ ❞❡✜♥❡❞ ✐♥ ✭✶✹✮✱ uh ✐s t❤❡ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥✱ ❛♥❞ Cµ ❞❡♥♦t❡s
❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ µ ❛♥❞ ♦♥ ‖f‖L2(Ω)d ❜✉t ♥♦t ♦♥ λ✳ ❆ ❦❡② ♣♦✐♥t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t♦
♠❛❦❡ s✉r❡ t❤❛t λ ♦♥❧② ❛♣♣❡❛rs ❡✐t❤❡r ✐♥ t❡r♠s ✐♥✈♦❧✈✐♥❣ ❛ ♣r♦❞✉❝t ❜② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ uh✱ ♦r
✐♥ t❡r♠s t❤❛t ❝❛♥ ❜❡ ❝❛♥❝❡❧❧❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r♣♦❧❛t♦r ✐♥ t❤❡ ❡rr♦r ❡st✐♠❛t❡✳
❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❤❡r❡ ❜② ❞❡s✐❣♥✐♥❣ t❤❡ ♣❡♥❛❧t② t❡r♠ s♦ t❤❛t ✭✐✮ t❤❡ ✇❡❛❦ ❝♦❡r❝✐✈✐t② ✭♥♦♥♥❡❣❛t✐✈✐t②✮
♦❢ t❤❡ ❞✐s❝r❡t❡ ❜✐❧✐♥❡❛r ❢♦r♠ ✐s ♦❜t❛✐♥❡❞ ❜② ♣❡♥❛❧✐③✐♥❣ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❥✉♠♣ ❧✐❢t✐♥❣s ✐♥ ❛ ❧❡❛st✲
sq✉❛r❡ ❢❛s❤✐♦♥ ✇✐t❤ ❛ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡r η❀ ✭✐✐✮ ❢✉❧❧ ❝♦❡r❝✐✈✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② ❛ st❛♥❞❛r❞
✐♥t❡r✐♦r ♣❡♥❛❧t② t❡r♠ ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t t❤❛t s♦❧❡❧② ❞❡♣❡♥❞s ♦♥ µ ❛♥❞ ♦♥ t❤❡ ♠❡s❤ s✐③❡ h✳ ❚❤✐s
t❡r♠ ✐s r❡q✉✐r❡❞ s✐♥❝❡ ♣❡♥❛❧✐③✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❥✉♠♣s ✐s ✐♥s✉✣❝✐❡♥t t♦ ✉s❡ t❤❡
❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛❧✐t② ❞❡r✐✈❡❞ ❜② ❇r❡♥♥❡r ❬✻❪✳ ❯♥❧✐❦❡ ❬✸❪✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡r η
✐s s✐♠♣❧② ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ✐✳❡✳✱ ♥♦ ✉♥❞❡t❡r♠✐♥❡❞ tr❛❝❡ ❝♦♥st❛♥t ❛♣♣❡❛rs✳
❚❤❡ ✐❞❡❛ ♦❢ ♣❡♥❛❧✐③✐♥❣ ✉s✐♥❣ ❥✉♠♣ ❧✐❢t✐♥❣s ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ s❡♠✐♥❛❧ ✇♦r❦s ♦❢ ❇❛ss✐ ❛♥❞
❘❡❜❛② ❬✼✱ ✽❪✳ ❆♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛ ✐s ♣r♦✈✐❞❡❞ t♦ ❡❛s❡ t❤❡ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ❧✐❢t✐♥❣s✱ ❛♥❞
t❤❡ ✢✉① ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❜r✐❡✢② ❞✐s❝✉ss❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss ✐♥ ❙❡❝t✳ ✸✳✺✳
▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♠✐♥✐♠❛❧ r❡❣✉❧❛r✐t② s♦❧✉t✐♦♥s ✐s ❛❞❞r❡ss❡❞ ✐♥ ❙❡❝t✳ ✸✳✻✳

❚❤❡ ♥✉♠❡r✐❝❛❧ ❛ss❡ss♠❡♥t ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❙❡❝t✳ ✹ ✉s✐♥❣ ✭✐✮ t❤❡ ❝❧♦s❡❞
❝❛✈✐t② ♣r♦❜❧❡♠ ♦❢ ❬✸❪ ❛♥❞ ✭✐✐✮ t❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ❞❡r✐✈❡❞ ❜② ❍♦♥❣❥✉♥✱ ❩❤✐❢❡✐✱ ❛♥❞ ❚❛♦t❛♦ ❬✾❪ ❢♦r ❛
❝♦♠♣♦s✐t❡ ♠✉❧t✐✲❧❛②❡r ✐♥✜♥✐t❡ ❝②❧✐♥❞❡r✳ ❚❤❡ r❡s✉❧ts ❝♦♥✜r♠ t❤❛t ♥♦ ❧♦ss ♦❢ ❛❝❝✉r❛❝② ✐s ♦❜s❡r✈❡❞ ✐♥
t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❧✐♠✐t✳

✷✳ ❆ r❡❣✉❧❛r✐t② r❡s✉❧t

▲❡tt✐♥❣ U := H1
0 (Ω)

d✱ t❤❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ♦❢ ♣r♦❜❧❡♠ ✭✶✮ r❡❛❞s✿ ❋✐♥❞ u ∈ U s✉❝❤ t❤❛t

a(u,v) =

∫

Ω

f ·v ∀v ∈ U, ✭✸✮

✇❤❡r❡ a(u,v) :=
∫

Ω
σ(u):ǫ(v) ❛♥❞✱ ❢♦r t✇♦ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs α ❛♥❞ β✱ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ α:β :=

∑

1≤i, j≤d αijβij ✳ ■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ♣r♦✈❡ ❛♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❢♦r t❤❡ q✉❛♥t✐t② Nu ❞❡✜♥❡❞ ❜② ✭✷✮
✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ d = 2✳

▲❡♠♠❛ ✶ ✭❙t❛❜✐❧✐t② ❡st✐♠❛t❡✮✳ ■❢ u ∈ U ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✮ ✇✐t❤ f ∈ L2(Ω)d✱ t❤❡♥ t❤❡

❢♦❧❧♦✇✐♥❣ ❡♥❡r❣② ❡st✐♠❛t❡ ❤♦❧❞s

‖(2µ)
1/2ǫ(u)‖L2(Ω)d,d + ‖λ

1/2 divu‖L2(Ω) ≤
CΩ

µ1/2
‖f‖L2(Ω)d , ✭✹✮

✇❤❡r❡ CΩ ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ P♦✐♥❝❛ré ❛♥❞ ❑♦r♥ ❝♦♥st❛♥ts✳

✷



Pr♦♦❢✳ ❚❛❦✐♥❣ u ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✸✮ ✐t ✐s ✐♥❢❡rr❡❞ ‖(2µ)1/2ǫ(u)‖2L2(Ω)d,d + ‖λ1/2 divu‖2L2(Ω) =

a(u,u) =
∫

Ω
f ·u✳ ❯s✐♥❣ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③✱ P♦✐♥❝❛ré✱ ❑♦r♥✱ ❛♥❞ ❨♦✉♥❣✬s ✐♥❡q✉❛❧✐t✐❡s ✐t ✐s

✐♥❢❡rr❡❞
∫

Ω

f ·u ≤ ‖f‖L2(Ω)d‖u‖L2(Ω)d ≤ CΩ‖f‖L2(Ω)d‖ǫ(u)‖L2(Ω)d,d ≤
1

2

C2
Ω

2µ
‖f‖2L2(Ω)d+

1

2
‖(2µ)

1/2ǫ(u)‖2L2(Ω)d,d .

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❚♦ ♣r♦❝❡❡❞✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ✇❡❛❦ ❢♦r♠✉❧❛t✐♦♥ ✇❤✐❝❤ r❡❧❛t❡s t❤❡ s♦❧✉t✐♦♥ ♦❢ ✭✸✮ t♦ t❤❛t
♦❢ ❛ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜❧❡♠✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ❧❡t L2

0(Ω) := {p ∈ L2(Ω) : 〈p〉Ω = 0}✱ ✇❤❡r❡✱ ❢♦r
❛ ❢✉♥❝t✐♦♥ φ ✐♥t❡❣r❛❜❧❡ ♦♥ Ω✱ 〈φ〉Ω := 1

|Ω|d

∫

Ω
φ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠s a0 ∈ L(U×U,R)

❛♥❞ b0 ∈ L(U× L2
0(Ω),R) ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿

a0(w,v) :=

∫

Ω

2µǫ(w):ǫ(v), b0(w, q) := −

∫

Ω

divwq.

❚❤❡♥✱ ❧❡tt✐♥❣
p := −λ divu ∈ L2(Ω), p̃ := p+ 〈λ divu〉Ω ∈ L2

0(Ω), ✭✺✮

✇❡ ✐♥❢❡r t❤❛t (u, p̃) ∈ U× L2
0(Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜❧❡♠

a0(u,v) + b0(v, p̃) =

∫

Ω

f ·v ∀v ∈ U,

b0(u, q) =

∫

Ω

gq ∀q ∈ L2
0(Ω),

✭✻✮

✇✐t❤ g = − divu✳ ❲❡ ❛ss✉♠❡ t❤❛t u ∈ H2(PΩ)
d✱ ❛♥❞ t❤❛t ♣r♦❜❧❡♠ ✭✻✮ s❛t✐s✜❡s t❤❡ ♦♣t✐♠❛❧

r❡❣✉❧❛r✐t② s❤✐❢t✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ r❡❣✉❧❛r✐t② (f , g) ∈ L2(Ω)d × H1(PΩ) ✐♠♣❧✐❡s t❤❡ r❡❣✉❧❛r✐t②
(u, p̃) ∈ H2(PΩ)

d ×H1(PΩ) ✇✐t❤ t❤❡ ❡st✐♠❛t❡

‖u‖H2(PΩ) + ‖p̃‖H1(PΩ) ≤ CS

(

‖f‖L2(Ω)d + ‖g‖H1(PΩ)

)

. ✭✼✮

❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t CS > 0 ✐s ❝❧❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ s✐♥❝❡ ♣r♦❜❧❡♠ ✭✻✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
t❤✐s ♣❛r❛♠❡t❡r✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✼✮ ✐s t❤❛t

‖u‖H2(PΩ) + ‖p̃‖H1(PΩ) ≤ CS

(

‖f‖L2(Ω)d + ‖ divu‖H1(PΩ)

)

. ✭✽✮

◆♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛❧ r❡❣✉❧❛r✐t② s❤✐❢t ✐s s❛t✐s✜❡s ✐❢ ❢♦r ❡❛❝❤ ❝♦r♥❡r ♦❢ PΩ ✭♥❛♠❡❧② ❛ ❝♦♠♠♦♥
❝♦r♥❡r ♦❢ s♦♠❡ Ωi✮✱ t❤❡r❡ ✐s ♥♦ s✐♥❣✉❧❛r ❡①♣♦♥❡♥t ✐♥ t❤❡ str✐♣ (0, 1]✳ ❲❡ r❡❢❡r t♦ ❬✶✵✱ ✶✶❪ ❢♦r t❤❡
st❛♥❞❛r❞ ❙t♦❦❡s s②st❡♠ ❛♥❞ t♦ ❬✶✷✱ ✶✸✱ ✺❪ ❢♦r t❤❡ ❡①t❡♥s✐♦♥ t♦ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜❧❡♠✳ ❚❤✐s
❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❣❡♦♠❡tr✐❝❛❧ ♦♥❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s✐♥❣✉❧❛r ❡①♣♦♥❡♥t ❞❡♣❡♥❞s
♦♥ t❤❡ ✈❛❧✉❡s ♦❢ µ ❛♥❞ t❤❡ ❛♥❣❧❡ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s Ωi ♥❡❛r t❤❡ ❝♦r♥❡r✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ µ ✐s
❝♦♥st❛♥t ✐♥ t❤❡ ✇❤♦❧❡ ❞♦♠❛✐♥✱ t❤✐s ♦♣t✐♠❛❧ r❡❣✉❧❛r✐t② s❤✐❢t ❤♦❧❞s ✐❢ Ω ✐s ❝♦♥✈❡①✳ ❙✐♠✐❧❛r❧②✱ t❤❡
❛ss✉♠♣t✐♦♥ u ∈ H2(PΩ)

d ✐s r❡❧❛t❡❞ t♦ t❤❡ ♦♣t✐♠❛❧ r❡❣✉❧❛r✐t② s❤✐❢t ❢♦r t❤❡ ❡❧❛st✐❝ tr❛♥s♠✐ss✐♦♥
♣r♦❜❧❡♠ ✭✸✮✱ ✇❡ ❛❣❛✐♥ r❡❢❡r t♦ ❬✶✵✱ ✶✶✱ ✶✹✱ ✶✸✱ ✺❪✳

❚❤❡♦r❡♠ ✷ ✭❘❡❣✉❧❛r✐t②✮✳ ❚❤❡r❡ ❤♦❧❞s ✇✐t❤ Nu ❞❡✜♥❡❞ ❜② ✭✷✮✱ ❛ss✉♠✐♥❣ ✭✽✮ ❛♥❞ ♣r♦✈✐❞❡❞ λ > CS✱

Nu ≤ Cλ,µ‖f‖L2(Ω)d ,

✇✐t❤ Cλ,µ ❞❡♣❡♥❞❡♥t ♦♥ Ω✱ λ✱ ❛♥❞ µ ❜✉t ♥♦t ♦♥ λ✳

Pr♦♦❢✳ ❇② ✭✽✮✱ t❤❡r❡ ❤♦❧❞s ✇✐t❤ p̃ ❞❡✜♥❡❞ ❜② ✭✺✮✱

|λ divu|H1(PΩ) = |p̃|H1(PΩ) ≤ CS

(

‖f‖L2(Ω)d + ‖ divu‖H1(PΩ)

)

≤
CS

λ
1/2

(

‖λ
1/2 divu‖L2(Ω) +

1

λ
1/2
|λ divu|H1(PΩ)

)

+ CS‖f‖L2(Ω)d .

✸



❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡ ✭✹✮✱

(

1−
CS

λ

)

|λ divu|H1(PΩ) ≤ CS‖f‖L2(Ω)d

(

1 +
CΩ

(µλ)1/2

)

,

❛♥❞ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ λ > CS✳

✸✳ ❉✐s❝r❡t❡ s❡tt✐♥❣

✸✳✶✳ ◆♦t❛t✐♦♥

▲❡t H ⊂ R
+
∗ ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ ♠❡s❤ s✐③❡s ❤❛✈✐♥❣ ✵ ❛s ✐ts ✉♥✐q✉❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞

❞❡♥♦t❡ ❜② (Th)h∈H ❛ r❡✜♥❡❞ s❡q✉❡♥❝❡ ♦❢ ♠❛t❝❤✐♥❣ s✐♠♣❧✐❝✐❛❧ ♠❡s❤❡s Th = {T} ♦❢ Ω✳ ▲❡t h ∈ H
❜❡ ❛r❜✐tr❛r②✳ ❚❤❡ ❞✐❛♠❡t❡r ♦❢ ❛♥ ❡❧❡♠❡♥t T ∈ Th ✐s ❞❡♥♦t❡❞ ❜② hT ❛♥❞ t❤❡ ♠❡s❤ ✐♥❞❡① ✐s s✉❝❤
t❤❛t h = maxT∈Th

hT ✳ ❚❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ Th ✐s ❞❡♥♦t❡❞ ❜② Fh❀ ❜♦✉♥❞❛r② ❢❛❝❡s ❛r❡ ❝♦❧❧❡❝t❡❞ ✐♥
t❤❡ s❡t Fb

h ❛♥❞ ✇❡ s❡t F i
h := Fh \ F

b
h ✳ ❋♦r ❛❧❧ F ∈ Fh ✇❡ ❧❡t TF := {T ∈ Th | F ⊂ ∂T}✳ ❋♦r ❡✈❡r②

✐♥t❡r❢❛❝❡ F ∈ F i
h✱ ✇❡ s❡❧❡❝t ❛♥ ❛r❜✐tr❛r② ❜✉t ✜①❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧ nF ❛♥❞ ♥✉♠❜❡r t❤❡

❡❧❡♠❡♥ts ♦❢ TF ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t nF ♣♦✐♥ts ♦✉t ♦❢ T1❀ ♦♥ ❜♦✉♥❞❛r② ❢❛❝❡s F ∈ Fb
h t❤❡ ♥♦r♠❛❧ nF

✐s ♦✉t✇❛r❞ t♦ Ω✳ ❋♦r ❛❧❧ F ∈ Fh ✇❡ ❞❡♥♦t❡ ❜② hF ✐ts ❞✐❛♠❡t❡r✳
■t ✐s ❛ss✉♠❡❞ ✐♥ ✇❤❛t ❢♦❧❧♦✇s t❤❛t t❤❡ ♠❡s❤ s❡q✉❡♥❝❡ {Th}h∈H ✐s s❤❛♣❡✲r❡❣✉❧❛r ✐♥ t❤❡ ✉s✉❛❧

s❡♥s❡ ♦❢ ❈✐❛r❧❡t ❬✶✺❪✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ρ > 0 s✉❝❤ t❤❛t

max
h∈H

max
T∈Th

hT

rT
≤ ρ,

✇❤❡r❡✱ ❢♦r ❛❧❧ T ∈ Th✱ h ∈ H✱ rT ❞❡♥♦t❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ ❧❛r❣❡st ❜❛❧❧ ✐♥s❝r✐❜❡❞ ✐♥ T ✳ ❋♦r ❛❧❧
h ∈ H ❛♥❞ ❛❧❧ ✐♥t❡❣❡rs k ≥ 0 ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜r♦❦❡♥ ♣♦❧②♥♦♠✐❛❧ s♣❛❝❡s✿

P
k
d(Th) :=

{

vh ∈ L2(Ω) | vh|T ∈ P
k
d(T ), ∀T ∈ Th

}

,

✇❤❡r❡ Pk
d(T ) ❞❡♥♦t❡s t❤❡ r❡str✐❝t✐♦♥ t♦ T ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡≤ k ✐♥ ❞✐♠❡♥s✐♦♥ d✳ ❙✐♠✐❧❛r❧②✱

❜r♦❦❡♥ ❙♦❜♦❧❡✈ s♣❛❝❡s ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛♥ ✐♥t❡❣❡r m ≥ 0 ❛s

Hm(Th) :=
{

v ∈ L2(Ω) | v|T ∈ Hm(T ), ∀T ∈ Th
}

.

❚❤❡ ❜r♦❦❡♥ ❣r❛❞✐❡♥t ❛❝t✐♥❣ ♦♥ ❢✉♥❝t✐♦♥s ✐♥ H1(Th) ✐s ❞❡♥♦t❡❞ ❜② ∇h✱ t❤❡ ❜r♦❦❡♥ ❞✐✈❡r❣❡♥❝❡ ❛❝t✐♥❣
♦♥ ❢✉♥❝t✐♦♥s ✐♥ H1(Th)

d ✐s ❞❡♥♦t❡❞ ❜② divh✳ ❙✐♠✐❧❛r❧②✱ t❤❡ ❜r♦❦❡♥ ✈❡rs✐♦♥s ♦❢ t❤❡ s②♠♠❡tr✐❝
❣r❛❞✐❡♥t ❛♥❞ ❡❧❛st✐❝✐t② ♦♣❡r❛t♦rs ǫ ❛♥❞ σ ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛❧❧ v ∈ H1(Th)

d ❜② s❡tt✐♥❣

σh(v) := 2µǫh(v) + λ divh vId, ǫh(v) :=
1

2

(

∇hv +∇hv
t
)

.

■t ✐s ❛ss✉♠❡❞ ❤❡r❡ t❤❛t✱ ❢♦r ❛❧❧ h ∈ H✱ Th ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♣❛rt✐t✐♦♥ PΩ✱ ♠❡❛♥✐♥❣ t❤❛t ❢♦r
❛❧❧ T ∈ Th t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ Ωi✱ 1 ≤ i ≤ NΩ✱ s✉❝❤ t❤❛t T ⊂ Ωi✳ ❚❤✐s ✐♠♣❧✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
t❤❛t ❢♦r ❛❧❧ h ∈ H✱

µ ∈ P
0
d(Th), λ ∈ P

0
d(Th).

❲❡ ❝❧♦s❡ t❤✐s s❡❝t✐♦♥ ❜② ❞❡✜♥✐♥❣ s♦♠❡ tr❛❝❡ ♦♣❡r❛t♦rs ❝♦♠♠♦♥❧② ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞●
♠❡t❤♦❞s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛♥② s❝❛❧❛r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥ v ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ s♠♦♦t❤ ❡♥♦✉❣❤ t♦
❛❞♠✐t ♦♥ ❛❧❧ F ∈ Fh ❛ ♣♦ss✐❜❧② t✇♦✲✈❛❧✉❡❞ tr❛❝❡ ♦♥ F ✇❡ ❧❡t ❢♦r ❛❧❧ F ∈ F i

h✱

JvK(x) := v|T1
(x)− v|T2

(x), {v}(x) :=
1

2

(

v|T1
(x) + v|T2

(x)
)

.

❋♦r ❛❧❧ F ∈ Fb
h s✉❝❤ t❤❛t F = ∂T ∩ ∂Ω ✇❡ ❝♦♥✈❡♥t✐♦♥❛❧❧② s❡t {v}(x) = JvK(x) = v|T (x)✳ ❲❤❡♥

❛♣♣❧✐❡❞ t♦ ✈❡❝t♦r✲ ♦r t❡♥s♦r✲✈❛❧✉❡❞ ❢✉♥❝t✐♦♥s✱ t❤❡ ❥✉♠♣ ❛♥❞ ❛✈❡r❛❣❡ ♦♣❡r❛t♦rs ❛❝t ❝♦♠♣♦♥❡♥t✲✇✐s❡✳
■❢ ♥♦ ❝♦♥❢✉s✐♦♥ ❝❛♥ ❛r✐s❡✱ t❤❡ ✈❛r✐❛❜❧❡ x ✐s ♦♠✐tt❡❞✱ ❛♥❞ ✇❡ s✐♠♣❧② ✇r✐t❡ {v} ❛♥❞ JvK✳

✹



✸✳✷✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛❧❧ s♦♠❡ ♣r❡❧✐♠✐♥❛r② r❡s✉❧ts✱ ♥❛♠❡❧② t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛❧✐t② ✐♥ ❜r♦❦❡♥
♣♦❧②♥♦♠✐❛❧ s♣❛❝❡s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❥✉♠♣ ❧✐❢t✐♥❣s✳

✸✳✷✳✶✳ ❉✐s❝r❡t❡ ❑♦r♥✬s ✐♥❡q✉❛❧✐t②

❲❡ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉s✉❛❧ H1
0 ✲❧✐❦❡ ♥♦r♠ ♦♥ H1

0 (Th)✿

‖v‖21,h := ‖∇hv‖
2
L2(Ω)d + |v|2J, |vh|

2
J :=

∑

F∈Fh

1

hF
‖JvhK‖2L2(F ).

❆♥ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❧✐♥❡❛r ❡❧❛st✐❝✐t② ♣r♦❜❧❡♠ ✐s t❤❡ ❞✐s❝r❡t❡
❝♦✉♥t❡r♣❛rt ♦❢ ❑♦r♥✬s ✐♥❡q✉❛❧✐t②✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ ‖·‖1,h✲♥♦r♠ ❝❛♥ ❜❡ ❝♦♥tr♦❧❧❡❞ ✐♥ t❡r♠s ♦❢
t❤❡ L2✲♥♦r♠ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♣❛rt ♦❢ t❤❡ ❣r❛❞✐❡♥t ♣❧✉s t❤❡ ❥✉♠♣ s❡♠✐♥♦r♠ |·|J✳ ❑♦r♥✬s ✐♥❡q✉❛❧✐t✐❡s
❢♦r ♣✐❡❝❡✇✐s❡ H1 ❢✉♥❝t✐♦♥s ♦♥ ❢❛✐r❧② ❣❡♥❡r❛❧ ♠❡s❤❡s ❛r❡ ♣r♦✈❡❞ ❜② ❇r❡♥♥❡r ❬✻❪✳ ■♥ t❤✐s ✇♦r❦ ✇❡
♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛r✐❛♥t ♦❢ ❬✻✱ ✭✶✳✶✶✮❪✳

❚❤❡♦r❡♠ ✸ ✭❉✐s❝r❡t❡ ❑♦r♥✬s ✐♥❡q✉❛❧✐t②✮✳ ❚❤❡r❡ ✐s CK ✉♥✐q✉❡❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡s❤ r❡❣✉❧❛r✐t②

♣❛r❛♠❡t❡r ❛♥❞ ♦♥ Ω s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ vh ∈ P
k
d(Th)

d✱ k ≥ 1✱

‖vh‖1,h ≤ CK

(

‖ǫ
h
(vh)‖

2
L2(Ω)d,d + |vh|

2
J

)1/2

. ✭✾✮

✸✳✷✳✷✳ ▲✐❢t✐♥❣s

❋♦r ❛♥ ✐♥t❡❣❡r ♣♦❧②♥♦♠✐❛❧ ❞❡❣r❡❡ l ≥ 0 ✇❡ ❞❡✜♥❡ ❛ ❢❛❝❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦r ✐♥s♣✐r❡❞ ❜② ❇r❡③③✐
❡✳❛✳ ❬✶✻❪ ❛s ❢♦❧❧♦✇s✿ ❋♦r ❛❧❧ F ∈ Fh ❛♥❞ ❛❧❧ v ∈ L2(F )d✱ rlF (v) ∈ P

l
d(Th)

d,d ✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥

t♦
∫

Ω

rlF (v):τh =

∫

F

v⊗nF :{τh} ∀τh ∈ P
l
d(Th)

d,d, ✭✶✵✮

✇❤❡r❡✱ ❢♦r t✇♦ ✈❡❝t♦rs a ❛♥❞ b ✇❡ ❤❛✈❡ ❧❡t a⊗b := [aibj ]1≤i, j≤d ∈ R
d,d✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②

✇❡ ❛❧s♦ ✐♥tr♦❞✉❝❡ ❛ s②♠❜♦❧ ❢♦r t❤❡ tr❛❝❡ ♦❢ t❤❡ ❢❛❝❡ ❧✐❢t✐♥❣✱

rlF (v) := tr(rlF (v)) ∈ P
l
d(Th).

❚❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t ❧✐❢t✐♥❣s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ l = 0 ❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ v

❛❝r♦ss ♦♥❡ ❢❛❝❡✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ t❛❦✐♥❣ τh = χTmij ❢♦r 1 ≤ i, j ≤ d ❛♥❞ T ∈ TF ✐♥ ✭✶✵✮ ✇❤❡r❡

(mij)i′j′ = δii′δjj′ ❛♥❞ χT ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ T ✱ ✐t ✐s ✐♥❢❡rr❡❞

r0F (v)|T ≡
|F |d−1

card(TF )|T |d
〈v〉F⊗nF , r0F (v)|T ≡

|F |d−1

card(TF )|T |d
〈v〉F ·nF , ✭✶✶✮

✇❤❡r❡✱ ❢♦r ❛❧❧ ❢✉♥❝t✐♦♥s ϕ ✐♥t❡❣r❛❜❧❡ ♦♥ F ✱ ✇❡ ❤❛✈❡ ❧❡t 〈ϕ〉F :=
∫

F
ϕ/|F |d−1✳ ❚❤❡ r❡❧❛t✐♦♥s ✭✶✶✮

❝❛♥ ❜❡ r❡♣❧❛❝❡ t❤❡ ❧✐❢t✐♥❣s ✐♥ ♣r❛❝t✐❝❛❧ ✐♠♣❧❡♠❡♥t❛t✐♦♥s✳ ❋✐♥❛❧❧②✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ v ∈ H1
0 (Ω)

d✱ t❤❡
❣❧♦❜❛❧ ❧✐❢t✐♥❣ ♦❢ t❤❡ ❥✉♠♣s ♦❢ v ❛♥❞ ✐ts tr❛❝❡ ❛r❡ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜②

Rl
h(v) :=

∑

F∈Fh

rlF (JvK) ∈ P
l
d(Th)

d,d, Rl
h(v) := tr(Rl

h(v)) =
∑

F∈Fh

rlF (JvK) ∈ P
l
d(Th).

✸✳✸✳ ❚❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠

❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s♣❛❝❡s✿

Uh := P
1
d(Th)

d, U∗ := U ∩H2(PΩ)
d

U∗h := U∗ +Uh.

✺



❚❤❡ ❛❞❞✐t✐♦♥❛❧ r❡❣✉❧❛r✐t② ✐♥ U∗ ❡♥s✉r❡s t❤❛t t❤❡ tr❛❝❡s ♦❢ ❣r❛❞✐❡♥ts ♦♥ ♠❡s❤ ❢❛❝❡s ❛r❡ sq✉❛r❡✲
✐♥t❡❣r❛❜❧❡✳ ❚❤✐s r❡❣✉❧❛r✐t② ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ r❡❧❛①❡❞ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ❬✶✼❪✱ ❚♦ ✇❤✐❝❤ ✇❡
r❡❢❡r ❢♦r ❢✉rt❤❡r ❞❡t❛✐❧s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞✐s❝r❡t❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah ∈ L(U∗h ×U∗h,R) s✉❝❤ t❤❛t

ah(w,v) :=

∫

Ω

σh(w):ǫh(v)

−
∑

F∈Fh

∫

F

(

{σh(w)}:〈JvK〉F⊗nF + 〈JwK〉F⊗nF :{σh(v)}

)

+
∑

F∈Fh

∫

Ω

η

(

2µr0F (JwK):r0F (JvK) + λr0F (JwK)r0F (JvK)

)

+
∑

F∈Fh

∫

F

γµ,F
hF

JwK·JvK,

✭✶✷✮

✇❤❡r❡ η > 0 ❞❡♥♦t❡s ❛ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞✱ ❢♦r ❛❧❧ F ∈ Fh✱ γµ,F := maxT∈TF
µ|T .

❚❤❡ ❞✐s❝r❡t❡ ♣r♦❜❧❡♠ r❡❛❞s

❋✐♥❞ uh ∈ Uh s✳t✳ ah(uh,vh) =

∫

Ω

f ·vh ❢♦r ❛❧❧ vh ∈ Uh✳ ✭✶✸✮

❚❤❡ t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ✭✶✷✮ ❛r❡ r❡s♣♦♥s✐❜❧❡✱ r❡s♣❡❝t✐✈❡❧②✱ ❢♦r t❤❡ ✭✇❡❛❦✮ ❝♦♥s✐st❡♥❝② ❛♥❞
s②♠♠❡tr② ♦❢ t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah❀ t❤❡ t❡r♠s ✐♥ t❤❡ t❤✐r❞ ❧✐♥❡ ❡♥s✉r❡ ♥♦♥♥❡❣❛t✐✈✐t② ❜② ♣❡♥❛❧✐③✐♥❣
t❤❡ ❥✉♠♣ ❧✐❢t✐♥❣s ❛❝r♦ss ♠❡s❤ ❢❛❝❡s t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ✇❡❛❦
❝♦♥s✐st❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s✳ ❯s✐♥❣ ✭✶✶✮✱ ✐t ✐s ❛ s✐♠♣❧❡ ♠❛tt❡r t♦ r❡❛❧✐③❡ t❤❛t t❤❡s❡ ❝♦♥tr✐❜✉✲
t✐♦♥s ♦♥❧② ♣❡♥❛❧✐③❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t❤❡ ❥✉♠♣s❀ ✜♥❛❧❧②✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛❧✐t②
✭✾✮✱ t❤❡ t❡r♠ ✐♥ t❤❡ ❢♦✉rt❤ ❧✐♥❡ ❝♦♥t❛✐♥s ❛ ❢✉❧❧ ♣❡♥❛❧✐③❛t✐♦♥ ♦❢ ❥✉♠♣s t♦ ❡♥s✉r❡ ❝♦❡r❝✐✈✐t②✳

❘❡♠❛r❦ ✹ ✭▲✐❢t✐♥❣✲❜❛s❡❞ ♣❡♥❛❧t② t❡r♠s✮✳ ❈♦♥s✐❞❡r✐♥❣ ❧✐❢t✐♥❣✲❜❛s❡❞ ♣❡♥❛❧t② t❡r♠s ✐♥ t❤❡ t❤✐r❞
❧✐♥❡ ♦❢ ✭✶✷✮ ❛❧❧♦✇s t♦ ❞❡r✐✈❡ ❛ tr✐✈✐❛❧ ❧♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡r η t♦ ❛❝❤✐❡✈❡
st❛❜✐❧✐t② ✭❝❢✳ ▲❡♠♠❛ ✼✮✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥ ❜❛s❡❞ ♦♥ ✭✶✶✮ ❝❛♥ ❜❡ ✉s❡❞✿

∑

F∈Fh

∫

F

(ηµ,F 〈w〉F ·〈v〉F + ηλ,F (〈w〉F ·nF )(〈v〉F ·nF )) ,

✇❤❡r❡ ηµ,F := η
∑

T∈TF

(2µ)|T |F |d−1

card(TF )2|T |d
❛♥❞ ηλ,F := η

∑

T∈TF

λ|T |F |d−1

card(TF )2|T |d
✳

❘❡♠❛r❦ ✺ ✭❘❡str✐❝t✐♦♥ ♦❢ ah t♦ Uh ×Uh ❛♥❞ ❈r♦✉③❡✐①✕❘❛✈✐❛rt ✜♥✐t❡ ❡❧❡♠❡♥ts✮✳ ❯s✐♥❣ t❤❡ ❢❛❝t
t❤❛t σh(vh) ∈ P

0
d(Th)

d,d ❢♦r ❛❧❧ vh ∈ Uh✱ ✐t ✐s ✐♥❢❡rr❡❞ t❤❛t✱ ❢♦r ❛❧❧ (wh,vh) ∈ U
2
h✱ t❤❡ ❛s②♠♣t♦t✐❝

❝♦♥s✐st❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ♦❢ ✭✶✷✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦

−
∑

F∈Fh

∫

F

(

{σh(wh)}:JvhK⊗nF + JwhK⊗nF :{σh(vh)}

)

.

❯s✐♥❣ t❤✐s ❢♦r♠✉❧❛t✐♦♥ t♦ ❡①t❡♥❞ ah t♦ U∗h×U∗h ✇♦✉❧❞ ②✐❡❧❞ ❛ ❝♦♥s✐st❡♥t ❜✐❧✐♥❡❛r ❢♦r♠✳ ❍♦✇❡✈❡r✱
✇❡ ❤❛✈❡ ♣r❡❢❡rr❡❞ t♦ ✉s❡ t❤❡ ❛s✐♠♣t♦t✐❝❛❧❧② ❝♦♥s✐st❡♥t ❢♦r♠✉❧❛t✐♦♥ ✭✶✷✮ s✐♥❝❡ ✐t ♠❛❦❡s ✐t ❡❛s✐❡r t♦
tr❛❝❦ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ λ ❛♥❞ µ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❡rr♦r ❡st✐♠❛t❡✱ ❛s ❞❡t❛✐❧❡❞
✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ ❬✸❪✱ t❤❡ ❛♥❛❧②s✐s r❡❛❞✐❧② ❛♣♣❧✐❡s ✇❤❡♥ t❤❡ ❞●
s♣❛❝❡ Uh ✐s r❡♣❧❛❝❡❞ ❜② t❤❡ ❈r♦✉③❡✐①✕❘❛✈✐❛rt ✜♥✐t❡ ❡❧❡♠❡♥t s♣❛❝❡ CR(Th)

d ❞❡✜♥❡❞ ❜② ✭✶✻✮✳

✸✳✹✳ ❊♥❡r❣② ❡rr♦r ❡st✐♠❛t❡

▲❡♠♠❛ ✻ ✭❲❡❛❦ ❝♦♥s✐st❡♥❝②✮✳ ▲❡t u ∈ U ❞❡♥♦t❡ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜❧❡♠ ✭✶✮ ❛♥❞
❢✉rt❤❡r ❛ss✉♠❡ t❤❛t u ∈ U∗✳ ❚❤❡♥✱

∀vh ∈ Uh, ah(u,vh) =

∫

Ω

f ·vh − Eu(vh),

✇✐t❤ ❝♦♥s✐st❡♥❝② ❡rr♦r Eu(vh) :=
∑

F∈Fh

∫

F
{σ(u)}: (〈JvhK〉F − JvhK)⊗nF ✳

✻



Pr♦♦❢✳ ❯s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ σ(u)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ✐t

✐s ✐♥❢❡rr❡❞ ❢♦r ❛❧❧ vh ∈ Uh✱
∫

Ω

σ(u):ǫh(vh) =

∫

Ω

f ·vh +
∑

F∈Fh

∫

F

{σ(u)}:JvhK⊗nF +
∑

F∈F i

h

∫

F

Jσ(u)K:{vh}⊗nF .

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s s✐♥❝❡ Jσ(u)nF KF = 0 ❢♦r ❛❧❧ F ∈ F i
h ❛♥❞ JuKF = 0 ❢♦r ❛❧❧ F ∈ Fh✳

❙t❛❜✐❧✐t② ✐s ❡①♣r❡ss❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡♥❡r❣②✲❧✐❦❡ ♥♦r♠ ❞❡✜♥❡❞ ♦♥ H1(Th)
d✿

|||v|||2µ,λ := ‖(2µ)
1/2ǫh(v)‖

2
L2(Ω)d,d + ‖λ

1/2 divh v‖
2
L2(Ω) + |v|

2
r,µ + |v|2r,λ + |v|2J,µ ✭✶✹✮

✇✐t❤ s❡♠✐♥♦r♠s |v|2r,µ :=
∑

F∈Fh
‖(2µ)1/2r0F (JvK)‖2L2(Ω)d,d ✱ |v|

2
r,λ :=

∑

F∈Fh
‖λ1/2r0F (JvK)‖2L2(Ω)✱

❛♥❞ |v|2J,µ :=
∑

F∈Fh
‖(γµ,F /hF )

1/2JvK‖2L2(F )d .

▲❡♠♠❛ ✼ ✭❈♦❡r❝✐✈✐t②✮✳ ❋♦r ❛❧❧ η > N∂ = d+ 1 t❤❡r❡ ❤♦❧❞s ✇✐t❤ αη := (η −N∂)/(1 + η)✱

∀vh ∈ Uh, ah(vh,vh) ≥ αη|||vh|||
2
µ,λ. ≥ αηµ

2CK‖vh‖
2
1,h, ✭✶✺✮

✇❤❡r❡ CK ✐s t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✾✮✳

Pr♦♦❢✳ ❚❛❦✐♥❣ (w,v) = (vh,vh) ✐♥ ✭✶✷✮ ✐t ✐s ❛ s✐♠♣❧❡ ♠❛tt❡r t♦ r❡❛❧✐③❡ t❤❛t ♦♥❧② t❤❡ ✇❡❛❦ ❝♦♥s✐s✲
t❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ ❧✐♥❡ ❞♦ ♥♦t ❤❛✈❡ ❛ s✐❣♥ ❛ ♣r✐♦r✐✳ ❚♦ ❜♦✉♥❞ t❤❡s❡ t❡r♠s✱
✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❧✐❢t✐♥❣ ♦♣❡r❛t♦rs ❣✐✈❡♥ ✐♥ ❙❡❝t✳ ✸✳✷✳✷ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③
✐♥❡q✉❛❧✐t② t♦ ✐♥❢❡r
∣

∣

∣

∣

∣

∑

F∈Fh

∫

F

{σh(vh)}:〈JvhK〉F⊗nF

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

(

2µǫh(vh)+λ divh vh

)

:R0
h(vh)

∣

∣

∣

∣

≤ N∂

(

‖(2µ)
1/2ǫh(vh)‖L2(Ω)d,d |vh|r,µ+‖λ

1/2 divh vh‖L2(Ω)|vh|r,λ

)

,

✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛❧❧ F ∈ Fh✱ t❤❡ ❧♦❝❛❧ ❧✐❢t✐♥❣ ✐s s✉♣♣♦rt❡❞ ✐♥ t❤❡ ❡❧❡♠❡♥ts ♦❢
TF t♦ ✐♥❢❡r ‖(2µ)1/2Rl

h(vh)‖
2
L2(Ω)d,d ≤ N∂ |vh|

2
r,µ ❛♥❞ ‖λ1/2Rl

h(vh)‖
2
L2(Ω) ≤ N∂ |vh|

2
r,λ ✭❝❢✳✱ ❡✳❣✳✱ ❬✶✽✱

▲❡♠♠❛ ✹✳✸✹❪ ❢♦r ❞❡t❛✐❧s✮✳ ❚❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ✉s✐♥❣ t✇✐❝❡ t❤❡ ✐♥❡q✉❛❧✐t② x2 − 2N
1/2
∂ xy+ ηy2 ≥

η−N∂

1+η (x2 + y2) ✇✐t❤ ✭✐✮ x = ‖(2µ)1/2ǫh(vh)‖L2(Ω)d,d ❛♥❞ y = |vh|r,µ❀ ✭✐✐✮ x = ‖λ1/2 divh vh‖L2(Ω)

❛♥❞ y = |vh|r,λ✳

❚❤❡ ❧❛st ✐♥❣r❡❞✐❡♥t t♦ ♣r♦✈❡ ❛♥ ❡rr♦r ❡st✐♠❛t❡ ✐s t♦ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ ah ✐♥ U∗h×Uh✳ ❚♦
t❤✐s ❡♥❞✱ ✇❡ ❞❡✜♥❡ ❛♥ ❛✉❣♠❡♥t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ♥♦r♠ ♦♥ H1(Th)

d ❛s ❢♦❧❧♦✇s✿

|||v|||2µ,λ,∗ := |||v|||2µ,λ +
∑

T∈Th

hT

(

‖((2µ)
1/2ǫh(vh))|T ‖

2
L2(∂T )d,d + ‖(λ

1/2 divh vh)|T ‖
2
L2(∂T )

)

.

❈❧❡❛r❧②✱ |||v|||µ,λ,∗ ≥ |||v|||µ,λ ❢♦r ❛❧❧ v ∈ H1(Th)
d✱ ❛♥❞ t❤❡ t✇♦ ♥♦r♠s ❛r❡ ✉♥✐❢♦r♠❧② ❡q✉✐✈❛❧❡♥t ♦♥

Uh✳

▲❡♠♠❛ ✽ ✭❇♦✉♥❞❡❞♥❡ss✮✳ ❚❤❡r❡ ❤♦❧❞s ✇✐t❤ βρ,η := 2 + η + 2ρ
1

2 ✱

∀(w,vh) ∈ U∗h ×Uh, ah(w,vh) ≤ βρ,η|||w|||µ,λ,∗|||vh|||µ,λ.

Pr♦♦❢✳ ❉❡♥♦t❡ ❜② T1, . . . ,T6 t❤❡ ❛❞❞❡♥❞s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✷✮ ✇✐t❤ (w,v) = (w,vh)✳
▼✉❧t✐♣❧❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② ②✐❡❧❞

|T1|+ |T4|+ |T5|+ |T6| ≤ (1 + η)|||w|||µ,λ|||vh|||µ,λ ≤ (1 + η)|||w|||µ,λ,∗|||vh|||µ,λ.

✼



❯s✐♥❣ t❤❡ ❡q✉✐✈❛❧❡♥t ❢♦r♠ T3 =
∑

F∈Fh

∫

F
r0F (JwK):σh(vh)✱ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③

✐♥❡q✉❛❧✐t② r❡❛❞✐❧② ②✐❡❧❞s |T3| ≤ |||w|||µ,λ,∗|||vh|||µ,λ✳ ❋✐♥❛❧❧②✱ t♦ ❡st✐♠❛t❡ T2 ✇❡ ✉s❡ t❤❡ ❈❛✉❝❤②✕
❙❝❤✇❛r③ ✐♥❡q✉❛❧✐t② t♦ ✐♥❢❡r

|T2| ≤ |||w|||µ,λ,∗ ×

{

∑

F∈Fh

1

hF

∑

T∈TF

(

‖(2µ|T )
1/2〈JvhK〉F ‖

2
L2(F )d,d + ‖λ

1/2
|T 〈JvhK〉F ·nF ‖

2
L2(F )

)

}
1

2

.

❯s✐♥❣ ✭✶✶✮ ❛♥❞ s✐♥❝❡✱ ♦✇✐♥❣ t♦ ♠❡s❤ r❡❣✉❧❛r✐t②✱ ❢♦r ❛❧❧ T ∈ Th ❛♥❞ ❛❧❧ F ∈ FT ✱ t❤❡r❡ ❤♦❧❞s
card(TF )2|T |d

hF |F |d−1
≤ 4ρ✱ t❤❡ t❡r♠ ✐♥ ❜r❛❝❡s ✐s ❜♦✉♥❞❡❞ ❜② 4ρ

(

|vh|
2
r,µ + |vh|

2
r,λ

)

✳ ❚❤✐s ❝♦♥❝❧✉❞❡s t❤❡

♣r♦♦❢✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❛ ❝❧❛ss✐❝❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛t❛ ✻✱ ✼✱ ❛♥❞ ✽✳

▲❡♠♠❛ ✾ ✭❊rr♦r ❡st✐♠❛t❡✮✳ ▲❡t u ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✸✮ ❛♥❞ ❢✉rt❤❡r ❛ss✉♠❡ u ∈ U∗✳

❚❤❡♥✱ ❞❡♥♦t✐♥❣ ❜② uh t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✸✮✱ t❤❡r❡ ❤♦❧❞s

|||u− uh|||µ,λ ≤

(

1 +
βρ,η

αη

)

inf
vh∈Uh

|||u− vh|||µ,λ,∗ + sup
vh∈Uh

Eu(vh)

|||vh|||µ,λ
.

❋♦❧❧♦✇✐♥❣ ❍❛♥s❜♦ ❛♥❞ ▲❛rs♦♥ ❬✸❪✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✉s✐♥❣ t❤❡
❈r♦✉③❡✐①✕❘❛✈✐❛rt ✐♥t❡r♣♦❧❛t♦r ICR : H2(Th)→ CR(Th)✱ ✇❤❡r❡

CR(Th) :=
{

vh ∈ P
1
d(Th) | 〈JvhK〉F = 0, ∀F ∈ Fh

}

. ✭✶✻✮

❲❤❡♥ ❛♣♣❧✐❡❞ t♦ ✈❡❝t♦r ❢✉♥❝t✐♦♥s✱ t❤❡ ✐♥t❡r♣♦❧❛t♦r ❛❝ts ❝♦♠♣♦♥❡♥t✇✐s❡✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❛♣♣r♦①✐✲
♠❛t✐♦♥ ❡st✐♠❛t❡s ❝❧❛ss✐❝❛❧❧② ❤♦❧❞ ✭❝❢✳ ❬✸✱ ▲❡♠♠❛ ✷✳✸❪ ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✿ ❋♦r ❛❧❧ v ∈ H2(Th)

d

❛♥❞ ❛❧❧ T ∈ Th

‖v − ICRv‖L2(T )d + hT |v − ICRv|H1(T )d ≤ CCRh
2
T ‖v‖H2(T )d , ✭✶✼❛✮

‖ div(v − ICRv)‖L2(T ) + hT | div(v − ICRv)|H1(T ) ≤ CCRhT | divv|H1(T ), ✭✶✼❜✮

✇❤❡r❡ CCR ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡s❤ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ρ✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❜r♦❦❡♥ H1 s❡♠✐✲

♥♦r♠ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❛♣♣❡❛rs ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✼❜✮ ❝♦❤❡r❡♥t❧② ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥
♦❢ Nu ✭✷✮✳ ■♥❞❡❡❞✱ ✭✶✼❜✮ r❡s✉❧ts ❢r♦♠ ❛ s✐♠♣❧❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r ✐♥❡q✉❛❧✐t②
♦❜s❡r✈✐♥❣ t❤❛t div(ICRv) = 〈divv〉Ω✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❞✐s❝r❡t❡
s♣❛❝❡ ❛❧❧♦✇s t♦ ❛❝❝✉r❛t❡❧② ❛♣♣r♦①✐♠❛t❡ ♥♦♥tr✐✈✐❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ③❡r♦ ❞✐✈❡r❣❡♥❝❡✳

❚❤❡♦r❡♠ ✶✵ ✭❈♦♥✈❡r❣❡♥❝❡ r❛t❡✮✳ ❚❤❡r❡ ❤♦❧❞s

|||u− uh|||µ,λ ≤ χh, ✭✶✽✮

✇✐t❤ χ := Cρ,µNu ✇❤❡r❡ Nu ✐s ❞❡✜♥❡❞ ❜② ✭✷✮ ❛♥❞ Cρ,µ ♦♥❧② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡s❤ r❡❣✉❧❛r✐t②

♣❛r❛♠❡t❡r ρ ❛♥❞ ♦♥ µ✳

Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ❞❡♥♦t❡ ❜② a . b t❤❡ ✐♥❡q✉❛❧✐t② a ≤ Cb ✇✐t❤ C ❣❡♥❡r✐❝ ❝♦♥st❛♥t
♦♥❧② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡s❤ r❡❣✉❧❛r✐t② ♣❛r❛♠❡t❡r ρ ❛♥❞ ♦♥ µ✳
✭✐✮ ❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ▲❡t wh := ICRu✳ ❚❤❡ ❢❛❝t t❤❛t |||u−wh|||µ,λ,∗ . Nuh ❢♦❧❧♦✇s ❢r♦♠ ✭✶✼✮
✉♣♦♥ ♦❜s❡r✈✐♥❣ t❤❛t |u−wh|r,µ = |u−wh|r,λ = 0 ❛♥❞ ❛♣♣❧②✐♥❣ s❡✈❡r❛❧ t✐♠❡s t❤❡ ❢♦❧❧♦✇✐♥❣ tr❛❝❡
✐♥❡q✉❛❧✐t② ✭s❡❡✱ ❡✳❣✳✱ ▼♦♥❦ ❛♥❞ ❙ü❧✐ ❬✶✾❪ ♦r ❈❛rst❡♥s❡♥ ❛♥❞ ❋✉♥❦❡♥ ❬✷✵❪✮✿ ❋♦r ❛❧❧ v ∈ H1(Th)✱

∀T ∈ Th, hT ‖v‖
2
L2(∂T ) . ‖v‖

2
L2(T ) + h2

T ‖∇v‖2L2(T )d . ✭✶✾✮

✭✐✐✮ ❈♦♥s✐st❡♥❝② ❡rr♦r✳ ▲❡t vh ∈ Uh ❛♥❞ ❞❡♥♦t❡ ❜② π0
h t❤❡ L2✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r ♦♥t♦ P

0
d(Th)

d,d✳

✽



❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t {π0
hσ(u)}F ✐s ❝♦♥st❛♥t ♦✈❡r F ∈ Fh t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥✲

❡q✉❛❧✐t②✱ ✐t ✐s ✐♥❢❡rr❡❞

Eu(vh) =
∑

F∈Fh

∫

F

{σ(u)− π0
hσ(u)}:(〈JvhK〉F − JvhK)

.

{

∑

T∈Th

hT

(

‖
(

2µ(ǫ(u)− π0
hǫ(u))

)

|T ‖
2
L2(∂T )d,d + ‖

(

λ(divu− π0
h divu)

)

|T ‖
2
L2(∂T )

)

}
1

2

×

{

∑

F∈Fh

h−1
F ‖〈JvhK〉F − JvhK‖2L2(F )d

}
1

2

:= T1 × T2.

❯s✐♥❣ ✭✶✾✮✱ ✐t ✐s r❡❛❞✐❧② ✐♥❢❡rr❡❞ t❤❛t T1 . Nuh✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❣❡♥❡r❛❧✐③❡❞ P♦✐♥❝❛ré✕

❋r✐❡❞r✐❝❤s ✐♥❡q✉❛❧✐t② ‖v − JvK‖L2(F ) . h
1/2
F ‖∇v‖L2(TF )d ✈❛❧✐❞ ❢♦r ❛❧❧ v ∈ H1(Th) ∩H

1
0 (Ω) ✭❝❢✳ ❬✷✶❪✮

②✐❡❧❞s T2 . ‖∇vh‖L2(Ω)d,d ✳ ❋✐♥❛❧❧②✱ ✉s✐♥❣ ✭✾✮✱ T2 . |||vh|||µ,λ✱ ❛♥❞ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s✳

❘❡♠❛r❦ ✶✶ ✭◆✉♠❡r✐❝❛❧ ❧♦❝❦✐♥❣✮✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✽✮ s❤♦✇s t❤❛t t❤❡ ❞✐s❝r❡t❡ ♠❡t❤♦❞ ✭✶✸✮ ✐s ❧♦❝❦✐♥❣✲
❢r❡❡ ❢♦r d = 2✱ s✐♥❝❡✱ ♦✇✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✱ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♣❛r❛♠❡t❡r χ ♦♥❧② ❞❡♣❡♥❞s ♦♥ q✉❛♥t✐t✐❡s
t❤❛t st❛② ❜♦✉♥❞❡❞ ❢♦r λ→ +∞✳

✸✳✺✳ ❋❧✉① ❢♦r♠✉❧❛t✐♦♥

■t ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ t♦ ❡①♣r❡ss ❞● ♠❡t❤♦❞s ✐♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛❧ ✢✉①❡s✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱
✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧✐❢t✐♥❣✲❝♦rr❡❝t❡❞ ❣r❛❞✐❡♥t✿ ❋♦r ❛❧❧ vh ∈ Uh✱

G0
h(vh) := ∇hvh −R0

h(vh).

❉✐s❝r❡t❡ s②♠♠❡tr✐❝ ❣r❛❞✐❡♥t✱ ❞✐✈❡r❣❡♥❝❡✱ ❛♥❞ ❡❧❛st✐❝✐t② ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ G0
h(vh)✿

E0
h(vh) :=

1

2

(

G0
h(vh) +G0

h(vh)
t

)

,

D0
h(vh) := tr(G0

h(vh)) = divh vh −R0
h(vh),

Σ0
h(vh) := 2µE0

h(vh) + λD0
h(vh)Id.

▲❡♠♠❛ ✶✷ ✭❋❧✉① ❢♦r♠✉❧❛t✐♦♥✮✳ ❚❤❡r❡ ❤♦❧❞s ❢♦r ❛❧❧ (wh,vh) ∈ U
2
h✱

ah(wh,vh) =

∫

Ω

Σ0
h(wh):ǫ

0
h(vh) +

∑

F∈Fh

∫

F

ΦF (wh):JvhK⊗nF ,

✇❤❡r❡

ΦF (wh) = −{2µ(ǫh(wh)− r0F (wh)) + λ(divh wh − r0F (wh))Id}+
γµ,F
hF

JwhK⊗nF .

✸✳✻✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛❧ r❡❣✉❧❛r✐t② s♦❧✉t✐♦♥s

❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣❧❡t❡♥❡ss✱ t❤✐s s❡❝t✐♦♥ ❜r✐❡✢② ❛❞❞r❡ss❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛❧ r❡❣✉❧❛r✲
✐t② s♦❧✉t✐♦♥s✱ ✐✳❡✳✱ s♦❧✉t✐♦♥s t❤❛t ❜❛r❡❧② s✐t ✐♥ H1

0 (Ω)
d✳ ■♥ ✈✐❡✇ ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✷✷❪✱

✇❡ r❡❝♦r❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉✐✈❛❧❡♥t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜✐❧✐♥❡❛r ❢♦r♠ ah ✇✐t❤ ❞✐s❝r❡t❡ ❛r❣✉♠❡♥ts✿
❋♦r ❛❧❧ (wh,vh) ∈ Uh ×Uh✱

ah(wh,vh) =

∫

Ω

Σ0
h(wh):E

0
h(vh) + jh(wh,vh), ✭✷✵✮

✾



✇✐t❤

jh(wh,vh) := −

∫

Ω

(

2µR0
h(wh):R

0
h(vh) + λR0

h(wh)R
0
h(vh)

)

+
∑

F∈Fh

∫

Ω

η

(

2µr0F (JwhK):r0F (JvhK) + λr0F (JwhK)r0F (JvhK)

)

+
∑

F∈Fh

∫

F

γµ,F
hF

JwhK·JvhK.

❘❡♠❛r❦ ✶✸ ✭❊①t❡♥s✐♦♥ t♦ U∗h×U∗h✮✳ ❆♥ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ✭✶✷✮ ❛♥❞ ✭✷✵✮
❛r❡ ❡q✉✐✈❛❧❡♥t ❛t t❤❡ ❞✐s❝r❡t❡ ❧❡✈❡❧ ♦♥❧②✱ ✐✳❡✳✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ✭✷✵✮ t♦ U∗h×U∗h ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡
✇✐t❤ ✭✶✷✮✳ ❙✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✺✳

❘❡♠❛r❦ ✶✹ ✭❈♦❡r❝✐✈✐t②✮✳ ▲❡tt✐♥❣ wh = vh ✐♥ ✭✷✵✮ ❛♥❞ ❛ss✉♠✐♥❣ η > N∂ ✱ ❝♦❡r❝✐✈✐t② ❤♦❧❞s ✐♥ t❤❡
❢♦r♠

ah(vh,vh) ≥ ‖(2µ)
1/2E0

h(vh)‖
2
L2(Ω)d,d + ‖λ

1/2D0
h(vh)‖

2
L2(Ω) + (η −N∂)

(

|vh|
2
r,µ + |vh|

2
r,λ

)

+ |vh|
2
J,µ

:= |]vh[|
2
µ,λ + (η −N∂)

(

|vh|
2
r,µ + |vh|

2
r,λ

)

+ |vh|
2
J,µ.

✭✷✶✮

❚❤❡♦r❡♠ ✶✺ ✭❈♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛❧ r❡❣✉❧❛r✐t② s♦❧✉t✐♦♥s✮✳ ▲❡t (Th)h∈H ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♠❡s❤

s❡q✉❡♥❝❡✱ ❛♥❞ ❞❡♥♦t❡ ❜② (uh)h∈H t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞✐s❝r❡t❡ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠ ✭✶✸✮✳ ❆ss✉♠❡

η > N∂ = d+ 1✳ ❚❤❡♥✱ ✇✐t❤ u ∈ H1
0 (Ω)

d ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✸✮✱ t❤❡r❡ ❤♦❧❞s

uh → u str♦♥❣❧② ✐♥ L2(Ω)d, ✭✷✷❛✮

ǫh(uh)→ ǫ(u) str♦♥❣❧② ✐♥ L2(Ω)d,d, ✭✷✷❜✮

divh uh → divu str♦♥❣❧② ✐♥ L2(Ω), ✭✷✷❝✮

|uh|r,µ + |uh|r,λ + |uh|J,µ → 0. ✭✷✷❞✮

Pr♦♦❢✳ ✭✐✮ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡✳ ❯s✐♥❣ ✭✶✺✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ❛♥❞ ❞✐s❝r❡t❡ P♦✐♥❝❛ré
✐♥❡q✉❛❧✐t✐❡s ✐t ✐s ✐♥❢❡rr❡❞

αηµ
2CK‖uh‖

2
1,h ≤ ah(uh,uh) =

∫

Ω

f ·uh ≤ CP‖f‖L2(Ω)d‖u‖1,h,

❤❡♥❝❡ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ‖uh‖1,h ≤
CP

αηµ2CK
‖f‖L2(Ω)d ❤♦❧❞s✳ ❙✐♥❝❡ ‖uh‖1,h ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠❧②

✐♥ h✱ ♦✇✐♥❣ t♦ ❬✶✽✱ ❚❤❡♦r❡♠ ✺✳✼❪✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ✭♥♦t r❡♥✉♠❜❡r❡❞ t♦ ❛❧❧❡✈✐❛t❡ t❤❡
♥♦t❛t✐♦♥✮ ❛♥❞ ❛♥ ❡❧❡♠❡♥t w ∈ H1

0 (Ω)
d s✉❝❤ t❤❛t uh → w str♦♥❣❧② ✐♥ L2(Ω)d ❛♥❞ G0

h(uh) ⇀ ∇w

✇❡❛❦❧② ✐♥ L2(Ω)d,d✳ ❍❡♥❝❡✱ E0
h(uh) ⇀ ǫ(w) ✇❡❛❦❧② ✐♥ L2(Ω)d,d ❛♥❞ D0

h(w) ⇀ divw ✇❡❛❦❧② ✐♥

L2(Ω)✳ ✭✐✐✮ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ uh✳ ▲❡t v ∈ C∞(Ω)d ❛♥❞✱ ❢♦r h ∈ H✱ ❞❡♥♦t❡ ❜② vh t❤❡ ▲❛❣r❛♥❣❡
✐♥t❡r♣♦❧❛t❡ ♦❢ v ♦♥t♦ Th✳ ❚❤❡♥✱ ✉s✐♥❣ vh ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✸✮✱ s✐♥❝❡ E0

h(vh)→ ǫ(v) str♦♥❣❧②

✐♥ L2(Ω)d,d✱ D0
h(vh)→ divv str♦♥❣❧② ✐♥ L2(Ω)✱ ❛♥❞ jh(wh,vh) = 0✱ ✐t ✐s ✐♥❢❡rr❡❞ ❢r♦♠ ✭✷✵✮

∫

Ω

σ(w):ǫ(v)← ah(wh,vh) =

∫

Ω

f ·vh →

∫

Ω

f ·v.

❇② ❞❡♥s✐t② ♦❢ C∞(Ω)d ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t w ❝♦✐♥❝✐❞❡s ✇✐t❤ u ✉♥✐q✉❡ s♦❧✉t✐♦♥ t♦ ✭✶✸✮✳ ❚❤✐s ✐♠♣❧✐❡s
t❤❛t t❤❡ ✇❤♦❧❡ s❡q✉❡♥❝❡ (uh)h∈H ❝♦♥✈❡r❣❡s ❛♥❞ ♣r♦✈❡s ✭✷✷❛✮✳ ✭✐✐✐✮ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ǫh(uh)✱ divh uh✱

❛♥❞ ♦❢ t❤❡ ❥✉♠♣s✳ ❯s✐♥❣ ✭✷✶✮ ✐t ✐s ✐♥❢❡rr❡❞

lim sup
h→0

|]uh[|
2
µ,λ ≤ lim

h→0
ah(uh,uh) = lim

h→0

∫

Ω

f ·uh =

∫

Ω

f ·u = a(u,u).

✶✵



u = (1, 0)

✭❛✮ ❈❧♦s❡❞ ❝❛✈✐t②

R0

R1

R2

Ω1

Ω2

✭❜✮ ❈♦♥❝❡♥tr✐❝ ❝②❧✐♥❞r✐❝❛❧ ❧❛②❡rs

❋✐❣✉r❡ ✶✿ ❈♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦✇✐♥❣ t♦ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱

lim inf
h→0

|]uh[|µ,λ ≥ ‖(2µ)
1/2ǫ(u)‖2L2(Ω)d,d + ‖λ

1/2 divu‖2L2(Ω) = a(u,u).

❍❡♥❝❡✱ ✇❡ ❝♦♥❝❧✉❞❡ limh→0 |]uh[|µ,λ = ah(u,u)✱ ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
E0

h(uh) ❛♥❞ D0
h(uh) ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣♦✐♥t✱ ❝❧❛ss✐❝❛❧❧② ②✐❡❧❞s E0

h(uh) → ǫ(u) str♦♥❣❧② ✐♥

L2(Ω)d,d ❛♥❞ D0
h(uh)→ divu str♦♥❣❧② ✐♥ L2(Ω)✳ ❯s✐♥❣ ❛❣❛✐♥ ✭✷✶✮ ✐t ✐s ✐♥❢❡rr❡❞

(η −N∂) (|uh|r,µ + |uh|r,λ) + |uh|J,µ ≤ ah(uh,uh)− |]uh[|
2
µ,λ,

❛♥❞ ✭✷✷❞✮ ❢♦❧❧♦✇s✳ ❚♦ ♣r♦✈❡ ✭✷✷❜✮ ❛♥❞ ✭✷✷❝✮ ♦❜s❡r✈❡ t❤❛t✱ ♦✇✐♥❣ t♦ t❤❡ tr✐❛♥❣✉❧❛r ✐♥❡q✉❛❧✐t②✱

‖E0
h(uh)‖L2(Ω)d,d − ‖R

0
h(uh)‖L2(Ω)d,d ≤ ‖ǫh(uh)‖L2(Ω)d,d ≤ ‖E

0
h(uh)‖L2(Ω)d,d + ‖R0

h(uh)‖L2(Ω)d,d ,

‖D0
h(uh)‖L2(Ω) − ‖R

0
h(uh)‖L2(Ω) ≤ ‖divh uh‖L2(Ω) ≤ ‖D

0
h(uh)‖L2(Ω) + ‖R

0
h(uh)‖L2(Ω).

❙✐♥❝❡ ‖R0
h(uh)‖L2(Ω)d ≤ (2µ)−1/2N∂ |uh|r,µ ❛♥❞ ‖R0

h(uh)‖L2(Ω) ≤ λ−1/2|uh|r,λ✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ ❢♦❧✲

❧♦✇s ❧❡tt✐♥❣ h→ 0 ❛♥❞ ✉s✐♥❣ ✭✷✷❞✮✳

❘❡♠❛r❦ ✶✻ ✭●❡♥❡r❛❧ ♠❡s❤❡s✮✳ ❚❤❡ ❛❜♦✈❡ ♣r♦♦❢ ❡①t❡♥❞s t♦ ❣❡♥❡r❛❧ ♣♦❧②❤❡❞r❛❧ ♠❡s❤❡s ❜② r❡♣❧❛❝✐♥❣
t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦❧❛t♦r ❜② t❤❡ L2✲♦rt❤♦❣♦♥❛❧ ♣r♦❥❡❝t♦r✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐❧s s❡❡ ❬✶✽✱ ❙❡❝t✳ ✺✳✷❪
❛♥❞ ❬✶✽✱ ❈❤❛♣t❡r ✶❪✳

✹✳ ◆✉♠❡r✐❝❛❧ ❡①❛♠♣❧❡s

✹✳✶✳ ❈❧♦s❡❞ ❝❛✈✐t②

❖✉r ✜rst t❡st ❝❛s❡ ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝❧♦s❡❞ ❝❛✈✐t② ♣r♦❜❧❡♠ ♣r♦♣♦s❡❞ ❜② ❍❛♥s❜♦ ❛♥❞ ▲❛r✲
s♦♥ ❬✸❪✳ ❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ✉♥✐t sq✉❛r❡ Ω = (0, 1)2✳ ❆ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ✐s ✐♠♣♦s❡❞ ♦♥ t❤❡
✉♣♣❡r s✐❞❡✱ ✇❤❡r❡❛s t❤❡ ♦t❤❡rs ❛r❡ ❦❡♣t ✜①❡❞❀ s❡❡ ❋✐❣✉r❡ ✶✭❛✮✳ ❚❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥✬s
r❛t✐♦ ❛r❡ ❝❤♦s❡♥ ❛s E = 1000 ❛♥❞ ν = 0.4999✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ▲❛♠é ♣❛r❛♠❡t❡rs ❛r❡ ♦❜t❛✐♥❡❞
❢r♦♠ t❤❡ r❡❧❛t✐♦♥s

λ =
νE

(1 + ν)(1− 2ν)
, µ =

E

2(1 + ν)
. ✭✷✸✮

❚✇♦ ✉♥✐❢♦r♠ tr✐❛♥❣✉❧❛r ♠❡s❤❡s ✇✐t❤ ♠❡s❤s✐③❡ h ∈ {6.25 · 10−2, 1.5625 · 10−2} ❛r❡ ✉s❡❞✱ ❛♥❞ ❛
❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ st❛❜✐❧✐③❡❞ ❈r♦✉③❡✐①✕❘❛✈✐❛rt ♠❡t❤♦❞ ♦❢ ❬✸❪ ✐s ♣r♦✈✐❞❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠✲
♣❧❡t❡♥❡ss✳ ❚❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧ ❝❡♥t❡r❧✐♥❡ ❛♥❞ ♦❢ t❤❡ ✈❡rt✐❝❛❧
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✭❜✮ ❋✐♥❡ ♠❡s❤

❋✐❣✉r❡ ✷✿ ❘❡s✉❧ts ❢♦r t❤❡ ❝❧♦s❡❞ ❝❛✈✐t② ♣r♦❜❧❡♠✳ ❙♦❧✐❞ ❧✐♥❡s✿ x✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ✈❡rt✐❝❛❧
❝❡♥t❡r❧✐♥❡✳ ❉❛s❤❡❞ ❧✐♥❡s✿ y✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❡♥t❡r❧✐♥❡✳

❞✐s♣❧❛❝❡♠❡♥t ❛❧♦♥❣ t❤❡ ❤♦r✐③♦♥t❛❧ ❝❡♥t❡r❧✐♥❡ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ ♠❡t❤♦❞s s❤♦✇ ❣♦♦❞
❛❣r❡❡♠❡♥t✱ ❛♥❞ ♥♦ s✐❣♥ ♦❢ ❧♦❝❦✐♥❣ ✐s ♣r❡s❡♥t ✐♥ ❜♦t❤ ❝❛s❡s✳

✹✳✷✳ ❈♦♥❝❡♥tr✐❝ ❝②❧✐♥❞r✐❝❛❧ ❧❛②❡rs

❚♦ t❡st t❤❡ r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ♠❡❞✐✉♠ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t
s♦❧✉t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❬✾❪ ❢♦r ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠♣♦s❡❞ ♦❢ ❝♦♥❝❡♥tr✐❝ ❤♦❧❧♦✇ ❝②❧✐♥❞r✐❝❛❧ ❧❛②❡rs s✉❜❥❡❝t
t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣r❡ss✉r❡ q ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ❛♥❞ Q ♦♥ t❤❡ ♦✉t❡r s✉r❢❛❝❡✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s
❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✳ ❉❡♥♦t❡ ❜② BR t❤❡ ❜❛❧❧ ♦❢ r❛❞✐✉s R > 0 ❝❡♥t❡r❡❞ ✐♥ t❤❡ ♦r✐❣✐♥✳ ❋♦r t❤r❡❡
r❡❛❧ ♥✉♠❜❡rs 0 < R0 < R1 < R2✱ ✇❡ s❡t Ω := BR2

\BR0
❛♥❞ PΩ :=

{

Ωi := BRi
\BRi−1

}

1≤i≤2
✳

❚❤❡ ❡①❛❝t s♦❧✉t✐♦♥ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s (r, ϑ) ✐s s✉❝❤ t❤❛t

u|Ωi
=

(

αiAi

r
+ βiBir

)

r, 1 ≤ i ≤ 2,

✇❤❡r❡ r ❞❡♥♦t❡s t❤❡ ✉♥✐t ✈❡❝t♦r ✐♥ t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ❛♥❞✱ ❢♦r ❛ ❣✐✈❡♥ ♣r❡ss✉r❡ ♠♦❞✉❧❡ q✱ t❤❡
❝♦❡✣❝✐❡♥ts {αi, βi}1≤i≤2 ❛r❡ s✉❝❤ t❤❛t

αi = −
1 + νi
Ei

, βi =
(1− 2νi)(1 + νi)

Ei
, 1 ≤ i ≤ 2.

❍❡r❡✱ Ei ❛♥❞ νi ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡❧②✱ t❤❡ ❝♦♥st❛♥t ✈❛❧✉❡s ♦❢ t❤❡ ❡❧❛st✐❝ ♠♦❞✉❧✉s ❛♥❞ P♦✐ss♦♥✬s
r❛t✐♦✱ ✇❤✐❧❡ t❤❡ ❝♦❡✣❝✐❡♥ts {Ai, Bi}1≤i≤2 s♦❧✈❡

A1

R2
0

+B1 = −q,
α2 − α1

α2 − β2

A1

R2
1

+
α2 − β1

α2 − β2
B1 −B2 = 0,

A2

R2
2

+B2 = −Q,
α1 − β2

α2 − β2
A1 −A2 +

β1 − β2

α2 − β2
B1R

2
1 = 0.

❚❤❡ ❝♦♥st❛♥t ✈❛❧✉❡s ♦❢ t❤❡ ▲❛♠é ♣❛r❛♠❡t❡rs λi ❛♥❞ µi ✐♥ ❡❛❝❤ ❧❛②❡r Ωi✱ i ∈ {1, 2} ❝❛♥ ❜❡ ✐♥❢❡rr❡❞
❢r♦♠ ✭✷✸✮✳ ❋♦r t❤❡ t❡sts ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s✿ R0 = 0.5✱ R1 = 0.75✱ R2 = 1✱ Ei = 1
❢♦r 1 ≤ i ≤ 2✱ ν1 = 1✱ ν2 ∈ {0.499, 0.4999, 0.49999}✳ ❚❤❡ st❛❜✐❧✐③❛t✐♦♥ ♣❛r❛♠❡t❡r η ✐s t❛❦❡♥ ❡q✉❛❧
t♦ ✶✳ ❚♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ✉s❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥✐❢♦r♠❧② r❡✜♥❡❞ ✉♥str✉❝t✉r❡❞ tr✐❛♥❣✉❧❛r
♠❡s❤❡s (Thj

)0≤j≤4 ✇✐t❤ hj := h0/2
j ❛♥❞ h0 = 0.25✳ ❚❤❡ r❡s✉❧ts ❞✐s♣❧❛②❡❞ ✐♥ ❋✐❣✉r❡ ✸ s❤♦✇ t❤❛t

t❤❡ ♣r❡❝✐s✐♦♥ ✐s ♥♦t ❛✛❡❝t❡❞ ✇❤❡♥ t❤❡ ♦✉t❡r ❧❛②❡r t❡♥❞s t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜❧❡ ❧✐♠✐t✳
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10−2.2 10−2 10−1.8 10−1.6 10−1.4

10−1

10−0.5

ν2 = 0.499
ν2 = 0.4999
ν2 = 0.49999

✭❛✮ |||u− uh|||µ,λ ✈s✳ h

10−2.2 10−2 10−1.8 10−1.6 10−1.4

10−3

10−2

ν2 = 0.499
ν2 = 0.4999
ν2 = 0.49999

✭❜✮ ‖u− uh‖L2(Ω)d ✈s✳ h

❋✐❣✉r❡ ✸✿ ❊rr♦rs ✈❡rs✉s ♠❡s❤ s✐③❡s

❘❡♠❛r❦ ✶✼ ✭❙♠♦♦t❤ ❞♦♠❛✐♥s✮✳ ❚❤❡ t❤❡♦r② ♦❢ ❙❡❝t✳ ✷ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❢
❋✐❣✉r❡ ✶✭❜✮✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ s♠♦♦t❤ ❞♦♠❛✐♥s ❛r❡ ♦❢t❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ♣♦❧②❣♦♥❛❧ ❞♦♠❛✐♥s
❛t t❤❡ ♥✉♠❡r✐❝❛❧ ❧❡✈❡❧s✱ s♦ t❤❛t t❤❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✳ ✷ t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t
✐♥ ♣r❛❝t✐❝❡✳
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❬✸❪ P✳ ❍❛♥s❜♦✱ ▼✳ ●✳ ▲❛rs♦♥✱ ❉✐s❝♦♥t✐♥✉♦✉s ●❛❧❡r❦✐♥ ❛♥❞ t❤❡ ❈r♦✉③❡✐①✕❘❛✈✐❛rt ❡❧❡♠❡♥t✿ ❆♣♣❧✐✲
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