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div σ(u) = f ✐♥ Ω, u = 0

 

A locking-free discontinuous Galerkin method for linear elasticity in locally nearly incompressible heterogeneous media

▲❡t H l (P Ω ) := v ∈ L 2 (Ω) | v |Ωi ∈ H l (Ω i ), 1 ≤ i ≤ N Ω ✳ ❆♥ ✐♥str✉♠❡♥t❛• r❡s✉•t t♦ ♣r♦✈❡ ❛
•♦❝❦✐♥❣✲❢r❡❡ ❡rr♦r ❡st✐♠❛t❡ ✐s t♦ s❤♦✇ t❤❛t t❤❡ q✉❛♥t✐t② 

N u := u 2 H 2 (PΩ) d + |λ div u| 2 H 1 (PΩ)
♣•❛❝❡♠❡♥t ✜❡•❞✳ ❚❤❡ ❜♦✉♥❞ ❢♦r ✭✷✮ t❤❡♥ ❢♦••♦✇s ❢r♦♠ ❛♥ ❡♥❡r❣② ❡st✐♠❛t❡ ❢♦r t❤❡ ❡•❛st✐❝✐t② ♣r♦❜•❡♠ t♦❣❡t❤❡r ✇✐t❤ t❤❡ •♦❝❛• r❡❣✉•❛r✐t② ♦❢ t❤❡ s♦•✉t✐♦♥s t♦ t❤❡ ❙t♦❦❡s ♣r♦❜•❡♠✳ ❲✐t❤ ❛♥ ❡st✐♠❛t❡ ❢♦r N u ❛t ❤❛♥❞✱ t❤❡ ❣♦❛• ♦❢ ❙❡❝t✳ ✸ ✐s t♦ ❞❡s✐❣♥ ❛ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ✭❞•✮ ♠❡t❤♦❞ ❜❛s❡❞ ♦♥ ♣✐❡❝❡✇✐s❡ ❛✣♥❡ ❢✉♥❝t✐♦♥s ❛♥❞ s❛t✐s❢②✐♥❣ ❛♥ ❡st✐♠❛t❡ ♦❢ t❤❡ ❢♦r♠ |||u -u h ||| µ,λ ≤ C µ N u h, ✇❤❡r❡ |||•||| µ,λ ✐s t❤❡ ❡♥❡r❣②✲•✐❦❡ ♥♦r♠ ❞❡✜♥❡❞ ✐♥ ✭✶✹✮✱ u h ✐s t❤❡ ❞✐s❝r❡t❡ s♦•✉t✐♦♥✱ ❛♥❞ C µ ❞❡♥♦t❡s ❛ ❝♦♥st❛♥t ❞❡♣❡♥❞✐♥❣ ♦♥ µ ❛♥❞ ♦♥ f L 2 (Ω) d ❜✉t ♥♦t ♦♥ λ✳ ❆ ❦❡② ♣♦✐♥t ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t♦ ♠❛❦❡ s✉r❡ t❤❛t λ ♦♥•② ❛♣♣❡❛rs ❡✐t❤❡r ✐♥ t❡r♠s ✐♥✈♦•✈✐♥❣ ❛ ♣r♦❞✉❝t ❜② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ u h ✱ ♦r ✐♥ t❡r♠s t❤❛t ❝❛♥ ❜❡ ❝❛♥❝❡••❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ✐♥t❡r♣♦•❛t♦r ✐♥ t❤❡ ❡rr♦r ❡st✐♠❛t❡✳ ❚❤✐s ✐s ❛❝❤✐❡✈❡❞ ❤❡r❡ ❜② ❞❡s✐❣♥✐♥❣ t❤❡ ♣❡♥❛•t② t❡r♠ s♦ t❤❛t ✭✐✮ t❤❡ ✇❡❛❦ ❝♦❡r❝✐✈✐t② ✭♥♦♥♥❡❣❛t✐✈✐t②✮ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❜✐•✐♥❡❛r ❢♦r♠ ✐s ♦❜t❛✐♥❡❞ ❜② ♣❡♥❛•✐③✐♥❣ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t •✉♠♣ •✐❢t✐♥❣s ✐♥ ❛ •❡❛st✲ sq✉❛r❡ ❢❛s❤✐♦♥ ✇✐t❤ ❛ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡r η❀ ✭✐✐✮ ❢✉•• ❝♦❡r❝✐✈✐t② ✐s ❛❝❤✐❡✈❡❞ ❜② ❛ st❛♥❞❛r❞ ✐♥t❡r✐♦r ♣❡♥❛•t② t❡r♠ ✇✐t❤ ❛ ❝♦❡✣❝✐❡♥t t❤❛t s♦•❡•② ❞❡♣❡♥❞s ♦♥ µ ❛♥❞ ♦♥
✐♠♣•❡♠❡♥t❛t✐♦♥ ♦❢ •✐❢t✐♥❣s✱ ❛♥❞ t❤❡ ✢✉① ❢♦r♠✉•❛t✐♦♥ ♦❢ t❤❡ ♠❡t❤♦❞ ✐s ❜r✐❡✢② ❞✐s❝✉ss❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣•❡t❡♥❡ss ✐♥ ❙❡❝t✳ ✸✳✺✳ ▼♦r❡♦✈❡r✱ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♠❡t❤♦❞ t♦ ♠✐♥✐♠❛• r❡❣✉•❛r✐t② s♦•✉t✐♦♥s ✐s ❛❞❞r❡ss❡❞ ✐♥ ❙❡❝t✳ ✸✳✻✳ ❚❤❡ ♥✉♠❡r✐❝❛• ❛ss❡ss♠❡♥t ♦❢ t❤❡ ♣r♦♣♦s❡❞ ♠❡t❤♦❞ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ❙❡❝t✳ ✹ ✉s✐♥❣ ✭✐✮ t❤❡ ❝•♦s❡❞ ❝❛✈✐t② ♣r♦❜•❡♠ ♦❢ ❬✸( ❛♥❞ ✭✐✐✮ t❤❡ ❡①❛❝t s♦•✉t✐♦♥ ❞❡r✐✈❡❞ ❜② ❍♦♥❣•✉♥✱ )❤✐❢❡✐✱ ❛♥❞ ❚❛♦t❛♦ ❬✾( ❢♦r ❛ ❝♦♠♣♦s✐t❡ ♠✉•t✐✲•❛②❡r ✐♥✜♥✐t❡ ❝②•✐♥❞❡r✳ ❚❤❡ r❡s✉•ts ❝♦♥✜r♠ t❤❛t ♥♦ •♦ss ♦❢ ❛❝❝✉r❛❝② ✐s ♦❜s❡r✈❡❞ ✐♥ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ •✐♠✐t✳ ✷✳ ❆ r❡❣✉•❛r✐t② r❡s✉•t ▲❡tt✐♥❣ U := H 1 0 (Ω) d ✱ t❤❡ ✇❡❛❦ ❢♦r♠✉•❛t✐♦♥ ♦❢ ♣r♦❜•❡♠ ✭✶✮ r❡❛❞s✿ ❋✐♥❞ u ∈ U s✉❝❤ t❤❛t a(u, v) = Ω f •v ∀v ∈ U, ✭✸✮ ✇❤❡r❡ a(u, v) := Ω σ(u):ǫ(v) ❛♥❞✱ ❢♦r t✇♦ s❡❝♦♥❞✲♦r❞❡r t❡♥s♦rs α ❛♥❞ β✱ ✇❡ ❤❛✈❡ ❞❡♥♦t❡❞ α:β := 1≤i, j≤d α ij β ij ✳ ■♥ ✇❤❛t ❢♦••♦✇s ✇❡ ♣r♦✈❡ ❛♥ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ ❢♦r t❤❡ q✉❛♥t✐t② N u ❞❡✜♥❡❞ ❜② ✭✷✮ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡ d = 2✳ ▲❡♠♠❛ ✶ ✭❙t❛❜✐•✐t② ❡st✐♠❛t❡✮✳ ■❢ u ∈ U ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ ✭✸✮ ✇✐t❤ f ∈ L 2 (Ω) d ✱ t❤❡♥ t❤❡ ❢♦••♦✇✐♥❣ ❡♥❡r❣② ❡st✐♠❛t❡ ❤♦•❞s (2µ) 1 /2 ǫ(u) L 2 (Ω) d,d + λ 1 /2 div u L 2 (Ω) ≤ C Ω µ 1 /2 f L 2 (Ω) d , ✭✹✮ ✇❤❡r❡ C Ω ✐s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ P♦✐♥❝❛ré ❛♥❞ ❑♦r♥ ❝♦♥st❛♥ts✳ ✷ Pr♦♦❢✳ ❚❛❦✐♥❣ u ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✸✮ ✐t ✐s ✐♥❢❡rr❡❞ (2µ) 1 /2 ǫ(u) 2 L 2 (Ω) d,d + λ 1 /2 div u 2 L 2 (Ω) = a(u, u) = Ω f •u✳ ❯s✐♥❣ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③✱ P♦✐♥❝❛ré✱ ❑♦r♥✱ ❛♥❞ (♦✉♥❣✬s ✐♥❡q✉❛•✐t✐❡s ✐t ✐s ✐♥❢❡rr❡❞ Ω f •u ≤ f L 2 (Ω) d u L 2 (Ω) d ≤ C Ω f L 2 (Ω) d ǫ(u) L 2 (Ω) d,d ≤ 1 2 C 2 Ω 2µ f 2 L 2 (Ω) d + 1 2 (2µ) 1 /2 ǫ(u) 2 L 2 (Ω) d,d . ❚❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦••♦✇s✳ ❚♦ ♣r♦❝❡❡❞✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❛•t❡r♥❛t✐✈❡ ✇❡❛❦ ❢♦r♠✉•❛t✐♦♥ ✇❤✐❝❤ r❡•❛t❡s t❤❡ s♦•✉t✐♦♥ ♦❢ ✭✸✮ t♦ t❤❛t ♦❢ ❛ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜•❡♠✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ •❡t L 2 0 (Ω) := {p ∈ L 2 (Ω) : p Ω = 0}✱ ✇❤❡r❡✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ φ ✐♥t❡❣r❛❜•❡ ♦♥ Ω✱ φ Ω := 1 |Ω| d Ω φ✳ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠s a 0 ∈ L(U × U, R) ❛♥❞ b 0 ∈ L(U × L 2 0 (Ω), R) ❞❡✜♥❡❞ ❛s ❢♦••♦✇s✿ a 0 (w, v) := Ω 2µǫ(w):ǫ(v), b 0 (w, q) := - Ω div wq. ❚❤❡♥✱ •❡tt✐♥❣ p := -λ div u ∈ L 2 (Ω), p := p + λ div u Ω ∈ L 2 0 (Ω), ✭✺✮ ✇❡ ✐♥❢❡r t❤❛t (u, p) ∈ U × L 2 0 (Ω) ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ ♦❢ t❤❡ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜•❡♠ a 0 (u, v) + b 0 (v, p) = Ω f •v ∀v ∈ U, b 0 (u, q) = Ω gq ∀q ∈ L 2 0 (Ω), ✭✻✮ ✇✐t❤ g = -div u✳ ❲❡ ❛ss✉♠❡ t❤❛t u ∈ H 2 (P Ω ) d ✱ ❛♥❞ t❤❛t ♣r♦❜•❡♠ ✭✻✮ s❛t✐s✜❡s t❤❡ ♦♣t✐♠❛• r❡❣✉•❛r✐t② s❤✐❢t✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡ r❡❣✉•❛r✐t② (f , g) ∈ L 2 (Ω) d × H 1 (P Ω ) ✐♠♣•✐❡s t❤❡ r❡❣✉•❛r✐t② (u, p) ∈ H 2 (P Ω ) d × H 1 (P Ω ) ✇✐t❤ t❤❡ ❡st✐♠❛t❡ u H 2 (PΩ) + p H 1 (PΩ) ≤ C S f L 2 (Ω) d + g H 1 (PΩ) . ✭✼✮ ❚❤❡ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t C S > 0 ✐s ❝•❡❛r•② ✐♥❞❡♣❡♥❞❡♥t ♦❢ λ s✐♥❝❡ ♣r♦❜•❡♠ ✭✻✮ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤✐s ♣❛r❛♠❡t❡r✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✼✮ ✐s t❤❛t u H 2 (PΩ) + p H 1 (PΩ) ≤ C S f L 2 (Ω) d + div u H 1 (PΩ) . ✭✽✮ ◆♦t❡ t❤❛t t❤❡ ♦♣t✐♠❛• r❡❣✉•❛r✐t② s❤✐❢t ✐s s❛t✐s✜❡s ✐❢ ❢♦r ❡❛❝❤ ❝♦r♥❡r ♦❢ P Ω ✭♥❛♠❡•② ❛ ❝♦♠♠♦♥ ❝♦r♥❡r ♦❢ s♦♠❡ Ω i ✮✱ t❤❡r❡ ✐s ♥♦ s✐♥❣✉•❛r ❡①♣♦♥❡♥t ✐♥ t❤❡ str✐♣ (0, 1]✳ ❲❡ r❡❢❡r t♦ ❬✶✵✱ ✶✶( ❢♦r t❤❡ st❛♥❞❛r❞ ❙t♦❦❡s s②st❡♠ ❛♥❞ t♦ ❬✶✷✱ ✶✸✱ ✺( ❢♦r t❤❡ ❡①t❡♥s✐♦♥ t♦ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜•❡♠✳ ❚❤✐s ❝♦♥❞✐t✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ❣❡♦♠❡tr✐❝❛• ♦♥❡ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ s✐♥❣✉•❛r ❡①♣♦♥❡♥t ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛•✉❡s ♦❢ µ ❛♥❞ t❤❡ ❛♥❣•❡ ♦❢ t❤❡ s✉❜❞♦♠❛✐♥s Ω i ♥❡❛r t❤❡ ❝♦r♥❡r✳ ■♥ ♣❛rt✐❝✉•❛r✱ ✐❢ µ ✐s ❝♦♥st❛♥t ✐♥ t❤❡ ✇❤♦•❡ ❞♦♠❛✐♥✱ t❤✐s ♦♣t✐♠❛• r❡❣✉•❛r✐t② s❤✐❢t ❤♦•❞s ✐❢ Ω ✐s ❝♦♥✈❡①✳ ❙✐♠✐•❛r•②✱ t❤❡ ❛ss✉♠♣t✐♦♥ u ∈ H 2 (P Ω ) d ✐s r❡•❛t❡❞ t♦ t❤❡ ♦♣t✐♠❛• r❡❣✉•❛r✐t② s❤✐❢t ❢♦r t❤❡ ❡•❛st✐❝ tr❛♥s♠✐ss✐♦♥ ♣r♦❜•❡♠ ✭✸✮✱ ✇❡ ❛❣❛✐♥ r❡❢❡r t♦ ❬✶✵✱ ✶✶✱ ✶✹✱ ✶✸✱ ✺(✳ ❚❤❡♦r❡♠ ✷ ✭|❡❣✉•❛r✐t②✮✳ ❚❤❡r❡ ❤♦•❞s ✇✐t❤ N u ❞❡✜♥❡❞ ❜② ✭✷✮✱ ❛ss✉♠✐♥❣ ✭✽✮ ❛♥❞ ♣r♦✈✐❞❡❞ λ > C S ✱ N u ≤ C λ,µ f L 2 (Ω) d , ✇✐t❤ C λ,µ ❞❡♣❡♥❞❡♥t ♦♥ Ω✱ λ✱ ❛♥❞ µ ❜✉t ♥♦t ♦♥ λ✳ Pr♦♦❢✳ ❇② ✭✽✮✱ t❤❡r❡ ❤♦•❞s ✇✐t❤ p ❞❡✜♥❡❞ ❜② ✭✺✮✱ |λ div u| H 1 (PΩ) = |p| H 1 (PΩ) ≤ C S f L 2 (Ω) d + div u H 1 (PΩ) ≤ C S λ 1 /2 λ 1 /2 div u L 2 (Ω) + 1 λ 1 /2 |λ div u| H 1 (PΩ) + C S f L 2 (Ω) d . ✸ ❍❡♥❝❡✱ ✉s✐♥❣ t❤❡ ❡♥❡r❣② ❡st✐♠❛t❡ ✭✹✮✱ 1 - C S λ |λ div u| H 1 (PΩ) ≤ C S f L 2 (Ω) d 1 + C Ω (µλ) 1 /2 , ❛♥❞ t❤❡ r❡s✉•t ❢♦••♦✇s ❢r♦♠ t❤❡ ❛ss✉♠♣t✐♦♥ λ > C S ✳ ✸✳ ❉✐s❝r❡t❡ s❡tt✐♥❣ ✸✳✶✳ ◆♦t❛t✐♦♥ ▲❡t H ⊂ R + * ❜❡ ❛ ❝♦✉♥t❛❜•❡ s❡t ♦❢ ♠❡s❤ s✐③❡s ❤❛✈✐♥❣ ✵ ❛s ✐ts ✉♥✐q✉❡ ❛❝❝✉♠✉•❛t✐♦♥ ♣♦✐♥t✱ ❛♥❞ ❞❡♥♦t❡ ❜② (T h ) h∈H ❛ r❡✜♥❡❞ s❡q✉❡♥❝❡ ♦❢ ♠❛t❝❤✐♥❣ s✐♠♣•✐❝✐❛• ♠❡s❤❡s T h = {T } ♦❢ Ω✳ ▲❡t h ∈ H ❜❡ ❛r❜✐tr❛r②✳ ❚❤❡ ❞✐❛♠❡t❡r ♦❢ ❛♥ ❡•❡♠❡♥t T ∈ T h ✐s ❞❡♥♦t❡❞ ❜② h T ❛♥❞ t❤❡ ♠❡s❤ ✐♥❞❡① ✐s s✉❝❤ t❤❛t h = max T ∈T h h T ✳ ❚❤❡ s❡t ♦❢ ❢❛❝❡s ♦❢ T h ✐s ❞❡♥♦t❡❞ ❜② F h ❀ ❜♦✉♥❞❛r② ❢❛❝❡s ❛r❡ ❝♦••❡❝t❡❞ ✐♥ t❤❡ s❡t F b h ❛♥❞ ✇❡ s❡t F i h := F h \ F b h ✳ ❋♦r ❛•• F ∈ F h ✇❡ •❡t T F := {T ∈ T h | F ⊂ ∂T }✳ ❋♦r ❡✈❡r② ✐♥t❡r❢❛❝❡ F ∈ F i h ✱ ✇❡ s❡•❡❝t ❛♥ ❛r❜✐tr❛r② ❜✉t ✜①❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛• n F ❛♥❞ ♥✉♠❜❡r t❤❡ ❡•❡♠❡♥ts ♦❢ T F ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t n F ♣♦✐♥ts ♦✉t ♦❢ T 1 ❀ ♦♥ ❜♦✉♥❞❛r② ❢❛❝❡s F ∈ F b h t❤❡ ♥♦r♠❛• n F ✐s ♦✉t✇❛r❞ t♦ Ω✳ ❋♦r ❛•• F ∈ F h ✇❡ ❞❡♥♦t❡ ❜② h F ✐ts ❞✐❛♠❡t❡r✳ ■t ✐s ❛ss✉♠❡❞ ✐♥ ✇❤❛t ❢♦••♦✇s t❤❛t t❤❡ ♠❡s❤ s❡q✉❡♥❝❡ {T h } h∈H ✐s s❤❛♣❡✲r❡❣✉•❛r ✐♥ t❤❡ ✉s✉❛• s❡♥s❡ ♦❢ ❈✐❛r•❡t ❬✶✺(✱ ♠❡❛♥✐♥❣ t❤❛t t❤❡r❡ ❡①✐sts ρ > 0 s✉❝❤ t❤❛t max h∈H max T ∈T h h T r T ≤ ρ, ✇❤❡r❡✱ ❢♦r ❛•• T ∈ T h ✱ h ∈ H✱ r T ❞❡♥♦t❡s t❤❡ r❛❞✐✉s ♦❢ t❤❡ •❛r❣❡st ❜❛•• ✐♥s❝r✐❜❡❞ ✐♥ T ✳ ❋♦r ❛•• h ∈ H ❛♥❞ ❛•• ✐♥t❡❣❡rs k ≥ 0 ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❜r♦❦❡♥ ♣♦•②♥♦♠✐❛• s♣❛❝❡s✿ P k d (T h ) := v h ∈ L 2 (Ω) | v h|T ∈ P k d (T ), ∀T ∈ T h , ✇❤❡r❡ P k d (T ) ❞❡♥♦t❡s t❤❡ r❡str✐❝t✐♦♥ t♦ T ♦❢ t❤❡ ♣♦•②♥♦♠✐❛•s ♦❢ ❞❡❣r❡❡ ≤ k ✐♥ ❞✐♠❡♥s✐♦♥ d✳ ❙✐♠✐•❛r•②✱ ❜r♦❦❡♥ ❙♦❜♦•❡✈ s♣❛❝❡s ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛♥ ✐♥t❡❣❡r m ≥ 0 ❛s H m (T h ) := v ∈ L 2 (Ω) | v |T ∈ H m (T ), ∀T ∈ T h . ❚❤❡ ❜r♦❦❡♥ ❣r❛❞✐❡♥t ❛❝t✐♥❣ ♦♥ ❢✉♥❝t✐♦♥s ✐♥ H 1 (T h ) ✐s ❞❡♥♦t❡❞ ❜② ∇ h ✱ t❤❡ ❜r♦❦❡♥ ❞✐✈❡r❣❡♥❝❡ ❛❝t✐♥❣ ♦♥ ❢✉♥❝t✐♦♥s ✐♥ H 1 (T h ) d ✐s ❞❡♥♦t❡❞ ❜② div h ✳ ❙✐♠✐•❛r•②✱ t❤❡ ❜r♦❦❡♥ ✈❡rs✐♦♥s ♦❢ t❤❡ s②♠♠❡tr✐❝ ❣r❛❞✐❡♥t ❛♥❞ ❡•❛st✐❝✐t② ♦♣❡r❛t♦rs ǫ ❛♥❞ σ ❛r❡ ❞❡✜♥❡❞ ❢♦r ❛•• v ∈ H 1 (T h ) d ❜② s❡tt✐♥❣ σ h (v) := 2µǫ h (v) + λ div h vI d , ǫ h (v) := 1 2 ∇ h v + ∇ h v t . ■t ✐s ❛ss✉♠❡❞ ❤❡r❡ t❤❛t✱ ❢♦r ❛•• h ∈ H✱ T h ✐s ❝♦♠♣❛t✐❜•❡ ✇✐t❤ t❤❡ ♣❛rt✐t✐♦♥ P Ω ✱ ♠❡❛♥✐♥❣ t❤❛t ❢♦r ❛•• T ∈ T h t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ Ω i ✱ 1 ≤ i ≤ N Ω ✱ s✉❝❤ t❤❛t T ⊂ Ω i ✳ ❚❤✐s ✐♠♣•✐❡s✱ ✐♥ ♣❛rt✐❝✉•❛r✱ t❤❛t ❢♦r ❛•• h ∈ H✱ µ ∈ P 0 d (T h ), λ ∈ P 0 d (T h ). ❲❡ ❝•♦s❡ t❤✐s s❡❝t✐♦♥ ❜② ❞❡✜♥✐♥❣ s♦♠❡ tr❛❝❡ ♦♣❡r❛t♦rs ❝♦♠♠♦♥•② ✉s❡❞ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❞• ♠❡t❤♦❞s✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ ❢♦r ❛♥② s❝❛•❛r✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥ v ❞❡✜♥❡❞ ♦♥ Ω ❛♥❞ s♠♦♦t❤ ❡♥♦✉❣❤ t♦ ❛❞♠✐t ♦♥ ❛•• F ∈ F h ❛ ♣♦ss✐❜•② t✇♦✲✈❛•✉❡❞ tr❛❝❡ ♦♥ F ✇❡ •❡t ❢♦r ❛•• F ∈ F i h ✱ v (x) := v |T1 (x) -v |T2 (x), {v}(x) := 1 2 v |T1 (x) + v |T2 (x) . ❋♦r ❛•• F ∈ F b h s✉❝❤ t❤❛t F = ∂T ∩ ∂Ω ✇❡ ❝♦♥✈❡♥t✐♦♥❛••② s❡t {v}(x) = v (x) = v |T (x)✳ ❲❤❡♥ ❛♣♣•✐❡❞ t♦ ✈❡❝t♦r✲ ♦r t❡♥s♦r✲✈❛•✉❡❞ ❢✉♥❝t✐♦♥s✱ t❤❡ •✉♠♣ ❛♥❞ ❛✈❡r❛❣❡ ♦♣❡r❛t♦rs ❛❝t ❝♦♠♣♦♥❡♥t✲✇✐s❡✳ ■❢ ♥♦ ❝♦♥❢✉s✐♦♥ ❝❛♥ ❛r✐s❡✱ t❤❡ ✈❛r✐❛❜•❡ x ✐s ♦♠✐tt❡❞✱ ❛♥❞ ✇❡ s✐♠♣•② ✇r✐t❡ {v} ❛♥❞ v ✳ ✹ ✸✳✷✳ Pr❡•✐♠✐♥❛r② r❡s✉•ts ■♥ t❤✐s s❡❝t✐♦♥ ✇❡ r❡❝❛•• s♦♠❡ ♣r❡•✐♠✐♥❛r② r❡s✉•ts✱ ♥❛♠❡•② t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛•✐t② ✐♥ ❜r♦❦❡♥ ♣♦•②♥♦♠✐❛• s♣❛❝❡s ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ •✉♠♣ •✐❢t✐♥❣s✳ ✸✳✷✳✶✳ ❉✐s❝r❡t❡ ❑♦r♥✬s ✐♥❡q✉❛•✐t② ❲❡ ❞❡✜♥❡ t❤❡ ❢♦••♦✇✐♥❣ ✉s✉❛• H 1 0 ✲•✐❦❡ ♥♦r♠ ♦♥ H 1 0 (T h )✿ v 2 1,h := ∇ h v 2 L 2 (Ω) d + |v| 2 J , |v h | 2 J := F ∈F h 1 h F v h 2 L 2 (F ) . ❆♥ ✐♠♣♦rt❛♥t ✐♥❣r❡❞✐❡♥t ✐♥ t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ •✐♥❡❛r ❡•❛st✐❝✐t② ♣r♦❜•❡♠ ✐s t❤❡ ❞✐s❝r❡t❡ ❝♦✉♥t❡r♣❛rt ♦❢ ❑♦r♥✬s ✐♥❡q✉❛•✐t②✱ ✇❤✐❝❤ st❛t❡s t❤❛t t❤❡ • 1,h ✲♥♦r♠ ❝❛♥ ❜❡ ❝♦♥tr♦••❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ L 2 ✲♥♦r♠ ♦❢ t❤❡ s②♠♠❡tr✐❝ ♣❛rt ♦❢ t❤❡ ❣r❛❞✐❡♥t ♣•✉s t❤❡ •✉♠♣ s❡♠✐♥♦r♠ |•| J ✳ ❑♦r♥✬s ✐♥❡q✉❛•✐t✐❡s ❢♦r ♣✐❡❝❡✇✐s❡ H 1 ❢✉♥❝t✐♦♥s ♦♥ ❢❛✐r•② ❣❡♥❡r❛• ♠❡s❤❡s ❛r❡ ♣r♦✈❡❞ ❜② ❇r❡♥♥❡r ❬✻(✳ ■♥ t❤✐s ✇♦r❦ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦••♦✇✐♥❣ ✈❛r✐❛♥t ♦❢ ❬✻✱ ✭✶✳✶✶✮(✳ ❚❤❡♦r❡♠ ✸ ✭❉✐s❝r❡t❡ ❑♦r♥✬s ✐♥❡q✉❛•✐t②✮✳ ❚❤❡r❡ ✐s C K ✉♥✐q✉❡•② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡s❤ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ❛♥❞ ♦♥ Ω s✉❝❤ t❤❛t✱ ❢♦r ❛•• v h ∈ P k d (T h ) d ✱ k ≥ 1✱ v h 1,h ≤ C K ǫ h (v h ) 2 L 2 (Ω) d,d + |v h | 2 J 1 /2 . ✭✾✮ ✸✳✷✳✷✳ ▲✐❢t✐♥❣s ❋♦r ❛♥ ✐♥t❡❣❡r ♣♦•②♥♦♠✐❛• ❞❡❣r❡❡ l ≥ 0 ✇❡ ❞❡✜♥❡ ❛ ❢❛❝❡ •✐❢t✐♥❣ ♦♣❡r❛t♦r ✐♥s♣✐r❡❞ ❜② ❇r❡③③✐ ❡✳❛✳ ❬✶✻( ❛s ❢♦••♦✇s✿ ❋♦r ❛•• F ∈ F h ❛♥❞ ❛•• v ∈ L 2 (F ) d ✱ r l F (v) ∈ P l d (T h ) d,d ✐s t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ Ω r l F (v):τ h = F v⊗n F :{τ h } ∀τ h ∈ P l d (T h ) d,d , ✭✶✵✮ ✇❤❡r❡✱ ❢♦r t✇♦ ✈❡❝t♦rs a ❛♥❞ b ✇❡ ❤❛✈❡ •❡t a⊗b := [a i b j ] 1≤i, j≤d ∈ R d,d ✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ❛•s♦ ✐♥tr♦❞✉❝❡ ❛ s②♠❜♦• ❢♦r t❤❡ tr❛❝❡ ♦❢ t❤❡ ❢❛❝❡ •✐❢t✐♥❣✱ r l F (v) := tr(r l F (v)) ∈ P l d (T h ). ❚❤❡ ♣✐❡❝❡✇✐s❡ ❝♦♥st❛♥t •✐❢t✐♥❣s ♦❜t❛✐♥❡❞ ❜② t❛❦✐♥❣ l = 0 ❝❛♥ ❜❡ r❡•❛t❡❞ t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ v ❛❝r♦ss ♦♥❡ ❢❛❝❡✳ ▼♦r❡ ♣r❡❝✐s❡•②✱ t❛❦✐♥❣ τ h = χ T m ij ❢♦r 1 ≤ i, j ≤ d ❛♥❞ T ∈ T F ✐♥ ✭✶✵✮ ✇❤❡r❡ (m ij ) i ′ j ′ = δ ii ′ δ jj ′ ❛♥❞ χ T ❞❡♥♦t❡s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ T ✱ ✐t ✐s ✐♥❢❡rr❡❞ r 0 F (v) |T ≡ |F | d-1 card(T F )|T | d v F ⊗n F , r 0 F (v) |T ≡ |F | d-1 card(T F )|T | d v F •n F , ✭✶✶✮ ✇❤❡r❡✱ ❢♦r ❛•• ❢✉♥❝t✐♦♥s ϕ ✐♥t❡❣r❛❜•❡ ♦♥ F ✱ ✇❡ ❤❛✈❡ •❡t ϕ F := F ϕ/|F | d-1 ✳ ❚❤❡ r❡•❛t✐♦♥s ✭✶✶✮ ❝❛♥ ❜❡ r❡♣•❛❝❡ t❤❡ •✐❢t✐♥❣s ✐♥ ♣r❛❝t✐❝❛• ✐♠♣•❡♠❡♥t❛t✐♦♥s✳ ❋✐♥❛••②✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ v ∈ H 1 0 (Ω) d ✱ t❤❡ ❣•♦❜❛• •✐❢t✐♥❣ ♦❢ t❤❡ •✉♠♣s ♦❢ v ❛♥❞ ✐ts tr❛❝❡ ❛r❡ r❡s♣❡❝t✐✈❡•② ❞❡♥♦t❡❞ ❜② R l h (v) := F ∈F h r l F ( v ) ∈ P l d (T h ) d,d , R l h (v) := tr(R l h (v)) = F ∈F h r l F ( v ) ∈ P l d (T h ). ✸✳✸✳ ❚❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ ❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ s♣❛❝❡s✿ U h := P 1 d (T h ) d , U * := U ∩ H 2 (P Ω ) d U * h := U * + U h . ✺ ❚❤❡ ❛❞❞✐t✐♦♥❛• r❡❣✉•❛r✐t② ✐♥ U * ❡♥s✉r❡s t❤❛t t❤❡ tr❛❝❡s ♦❢ ❣r❛❞✐❡♥ts ♦♥ ♠❡s❤ ❢❛❝❡s ❛r❡ sq✉❛r❡✲ ✐♥t❡❣r❛❜•❡✳ ❚❤✐s r❡❣✉•❛r✐t② ❛ss✉♠♣t✐♦♥ ❝❛♥ ❜❡ r❡•❛①❡❞ ✉s✐♥❣ t❤❡ t❡❝❤♥✐q✉❡s ♦❢ ❬✶✼(✱ ❚♦ ✇❤✐❝❤ ✇❡ r❡❢❡r ❢♦r ❢✉rt❤❡r ❞❡t❛✐•s✳ ❲❡ ❞❡✜♥❡ t❤❡ ❞✐s❝r❡t❡ ❜✐•✐♥❡❛r ❢♦r♠ a h ∈ L(U * h × U * h , R) s✉❝❤ t❤❛t a h (w, v) := Ω σ h (w):ǫ h (v) - F ∈F h F {σ h (w)}: v F ⊗n F + w F ⊗n F :{σ h (v)} + F ∈F h Ω η 2µr 0 F ( w ):r 0 F ( v ) + λr 0 F ( w )r 0 F ( v ) + F ∈F h F γ µ,F h F w • v , ✭✶✷✮ ✇❤❡r❡ η > 0 ❞❡♥♦t❡s ❛ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣♦s✐t✐✈❡ ♣❛r❛♠❡t❡r ❛♥❞✱ ❢♦r ❛•• F ∈ F h ✱ γ µ,F := max T ∈T F µ |T . ❚❤❡ ❞✐s❝r❡t❡ ♣r♦❜•❡♠ r❡❛❞s ❋✐♥❞ u h ∈ U h s✳t✳ a h (u h , v h ) = Ω f •v h ❢♦r ❛•• v h ∈ U h ✳ ✭✶✸✮ ❚❤❡ t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ •✐♥❡ ♦❢ ✭✶✷✮ ❛r❡ r❡s♣♦♥s✐❜•❡✱ r❡s♣❡❝t✐✈❡•②✱ ❢♦r t❤❡ ✭✇❡❛❦✮ ❝♦♥s✐st❡♥❝② ❛♥❞ s②♠♠❡tr② ♦❢ t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ a h ❀ t❤❡ t❡r♠s ✐♥ t❤❡ t❤✐r❞ •✐♥❡ ❡♥s✉r❡ ♥♦♥♥❡❣❛t✐✈✐t② ❜② ♣❡♥❛•✐③✐♥❣ t❤❡ •✉♠♣ •✐❢t✐♥❣s ❛❝r♦ss ♠❡s❤ ❢❛❝❡s t♦ ❝♦♠♣❡♥s❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ❢r♦♠ t❤❡ ✇❡❛❦ ❝♦♥s✐st❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s✳ ❯s✐♥❣ ✭✶✶✮✱ ✐t ✐s ❛ s✐♠♣•❡ ♠❛tt❡r t♦ r❡❛•✐③❡ t❤❛t t❤❡s❡ ❝♦♥tr✐❜✉✲ t✐♦♥s ♦♥•② ♣❡♥❛•✐③❡ t❤❡ ♠❡❛♥ ✈❛•✉❡ ♦❢ t❤❡ •✉♠♣s❀ ✜♥❛••②✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛•✐t② ✭✾✮✱ t❤❡ t❡r♠ ✐♥ t❤❡ ❢♦✉rt❤ •✐♥❡ ❝♦♥t❛✐♥s ❛ ❢✉•• ♣❡♥❛•✐③❛t✐♦♥ ♦❢ •✉♠♣s t♦ ❡♥s✉r❡ ❝♦❡r❝✐✈✐t②✳ |❡♠❛r❦ ✹ ✭▲✐❢t✐♥❣✲❜❛s❡❞ ♣❡♥❛•t② t❡r♠s✮✳ ❈♦♥s✐❞❡r✐♥❣ •✐❢t✐♥❣✲❜❛s❡❞ ♣❡♥❛•t② t❡r♠s ✐♥ t❤❡ t❤✐r❞ •✐♥❡ ♦❢ ✭✶✷✮ ❛••♦✇s t♦ ❞❡r✐✈❡ ❛ tr✐✈✐❛• •♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ✉s❡r✲❞❡♣❡♥❞❡♥t ♣❛r❛♠❡t❡r η t♦ ❛❝❤✐❡✈❡ st❛❜✐•✐t② ✭❝❢✳ ▲❡♠♠❛ ✼✮✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉✐✈❛•❡♥t ❡①♣r❡ss✐♦♥ ❜❛s❡❞ ♦♥ ✭✶✶✮ ❝❛♥ ❜❡ ✉s❡❞✿ F ∈F h F (η µ,F w F • v F + η λ,F ( w F •n F )( v F •n F )) , ✇❤❡r❡ η µ,F := η T ∈T F (2µ) |T |F | d-1 card(T F ) 2 |T | d ❛♥❞ η λ,F := η T ∈T F λ |T |F | d-1 card(T F ) 2 |T | d ✳ |❡♠❛r❦ ✺ ✭|❡str✐❝t✐♦♥ ♦❢ a h t♦ U h × U h ❛♥❞ ❈r♦✉③❡✐①✕|❛✈✐❛rt ✜♥✐t❡ ❡•❡♠❡♥ts✮✳ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t σ h (v h ) ∈ P 0 d (T h ) d,d ❢♦r ❛•• v h ∈ U h ✱ ✐t ✐s ✐♥❢❡rr❡❞ t❤❛t✱ ❢♦r ❛•• (w h , v h ) ∈ U 2 h ✱ t❤❡ ❛s②♠♣t♦t✐❝ ❝♦♥s✐st❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ •✐♥❡ ♦❢ ✭✶✷✮ ❛r❡ ❡q✉✐✈❛•❡♥t t♦ - F ∈F h F {σ h (w h )}: v h ⊗n F + w h ⊗n F :{σ h (v h )} . ❯s✐♥❣ t❤✐s ❢♦r♠✉•❛t✐♦♥ t♦ ❡①t❡♥❞ a h t♦ U * h ×U * h ✇♦✉•❞ ②✐❡•❞ ❛ ❝♦♥s✐st❡♥t ❜✐•✐♥❡❛r ❢♦r♠✳ ❍♦✇❡✈❡r✱ ✇❡ ❤❛✈❡ ♣r❡❢❡rr❡❞ t♦ ✉s❡ t❤❡ ❛s✐♠♣t♦t✐❝❛••② ❝♦♥s✐st❡♥t ❢♦r♠✉•❛t✐♦♥ ✭✶✷✮ s✐♥❝❡ ✐t ♠❛❦❡s ✐t ❡❛s✐❡r t♦ tr❛❝❦ t❤❡ ❞❡♣❡♥❞❡♥❝② ♦♥ λ ❛♥❞ µ ♦❢ t❤❡ ♠✉•t✐♣•✐❝❛t✐✈❡ ♣❛r❛♠❡t❡r ✐♥ t❤❡ ❡rr♦r ❡st✐♠❛t❡✱ ❛s ❞❡t❛✐•❡❞ ✐♥ t❤❡ ❢♦••♦✇✐♥❣ s❡❝t✐♦♥✳ ▼♦r❡♦✈❡r✱ ❛s ✐s t❤❡ ❝❛s❡ ✐♥ ❬✸(✱ t❤❡ ❛♥❛•②s✐s r❡❛❞✐•② ❛♣♣•✐❡s ✇❤❡♥ t❤❡ ❞• s♣❛❝❡ U h ✐s r❡♣•❛❝❡❞ ❜② t❤❡ ❈r♦✉③❡✐①✕|❛✈✐❛rt ✜♥✐t❡ ❡•❡♠❡♥t s♣❛❝❡ CR(T h ) d ❞❡✜♥❡❞ ❜② ✭✶✻✮✳ ✸✳✹✳ ❊♥❡r❣② ❡rr♦r ❡st✐♠❛t❡ ▲❡♠♠❛ ✻ ✭❲❡❛❦ ❝♦♥s✐st❡♥❝②✮✳ ▲❡t u ∈ U ❞❡♥♦t❡ t❤❡ s♦•✉t✐♦♥ t♦ t❤❡ ❝♦♥t✐♥✉♦✉s ♣r♦❜•❡♠ ✭✶✮ ❛♥❞ ❢✉rt❤❡r ❛ss✉♠❡ t❤❛t u ∈ U * ✳ ❚❤❡♥✱ ∀v h ∈ U h , a h (u, v h ) = Ω f •v h -E u (v h ), ✇✐t❤ ❝♦♥s✐st❡♥❝② ❡rr♦r E u (v h ) := F ∈F h F {σ(u)}: ( v h F -v h ) ⊗n F ✳ ✻ Pr♦♦❢✳ ❯s✐♥❣ t❤❡ s②♠♠❡tr② ♦❢ σ(u)✱ ✐♥t❡❣r❛t✐♥❣ ❜② ♣❛rts✱ ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❤❡ ❜♦✉♥❞❛r② t❡r♠s ✐t ✐s ✐♥❢❡rr❡❞ ❢♦r ❛•• v h ∈ U h ✱ Ω σ(u):ǫ h (v h ) = Ω f •v h + F ∈F h F {σ(u)}: v h ⊗n F + F ∈F i h F σ(u) :{v h }⊗n F . ❚❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦••♦✇s s✐♥❝❡ σ(u)n F F = 0 ❢♦r ❛•• F ∈ F i h ❛♥❞ u F = 0 ❢♦r ❛•• F ∈ F h ✳ ❙t❛❜✐•✐t② ✐s ❡①♣r❡ss❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❢♦••♦✇✐♥❣ ❡♥❡r❣②✲•✐❦❡ ♥♦r♠ ❞❡✜♥❡❞ ♦♥ H 1 (T h ) d ✿ |||v||| 2 µ,λ := (2µ) 1 /2 ǫ h (v) 2 L 2 (Ω) d,d + λ 1 /2 div h v 2 L 2 (Ω) + |v| 2 r,µ + |v| 2 r,λ + |v| 2 J,µ ✭✶✹✮ ✇✐t❤ s❡♠✐♥♦r♠s |v| 2 r,µ := F ∈F h (2µ) 1 /2 r 0 F ( v ) 2 L 2 (Ω) d,d ✱ |v| 2 r,λ := F ∈F h λ 1 /2 r 0 F ( v ) 2 L 2 (Ω) ✱ ❛♥❞ |v| 2 J,µ := F ∈F h (γ µ,F /h F ) 1 /2 v 2 L 2 (F ) d . ▲❡♠♠❛ ✼ ✭❈♦❡r❝✐✈✐t②✮✳ ❋♦r ❛•• η > N ∂ = d + 1 t❤❡r❡ ❤♦•❞s ✇✐t❤ α η := (η -N ∂ )/(1 + η)✱ ∀v h ∈ U h , a h (v h , v h ) ≥ α η |||v h ||| 2 µ,λ . ≥ α η µ 2 C K v h 2 1,h , ✭✶✺✮ ✇❤❡r❡ C K ✐s t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ❝♦♥st❛♥t ✐♥tr♦❞✉❝❡❞ ✐♥ ✭✾✮✳ Pr♦♦❢✳ ❚❛❦✐♥❣ (w, v) = (v h , v h ) ✐♥ ✭✶✷✮ ✐t ✐s ❛ s✐♠♣•❡ ♠❛tt❡r t♦ r❡❛•✐③❡ t❤❛t ♦♥•② t❤❡ ✇❡❛❦ ❝♦♥s✐s✲ t❡♥❝② ❛♥❞ s②♠♠❡tr② t❡r♠s ✐♥ t❤❡ s❡❝♦♥❞ •✐♥❡ ❞♦ ♥♦t ❤❛✈❡ ❛ s✐❣♥ ❛ ♣r✐♦r✐✳ ❚♦ ❜♦✉♥❞ t❤❡s❡ t❡r♠s✱ ✇❡ ✉s❡ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ •✐❢t✐♥❣ ♦♣❡r❛t♦rs ❣✐✈❡♥ ✐♥ ❙❡❝t✳ ✸✳✷✳✷ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② t♦ ✐♥❢❡r F ∈F h F {σ h (v h )}: v h F ⊗n F = Ω 2µǫ h (v h )+λ div h v h :R 0 h (v h ) ≤ N ∂ (2µ) 1 /2 ǫ h (v h ) L 2 (Ω) d,d |v h | r,µ + λ 1 /2 div h v h L 2 (Ω) |v h | r,λ , ✇❤❡r❡ ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛•• F ∈ F h ✱ t❤❡ •♦❝❛• •✐❢t✐♥❣ ✐s s✉♣♣♦rt❡❞ ✐♥ t❤❡ ❡•❡♠❡♥ts ♦❢ T F t♦ ✐♥❢❡r (2µ) 1 /2 R l h (v h ) 2 L 2 (Ω) d,d ≤ N ∂ |v h | 2 r,µ ❛♥❞ λ 1 /2 R l h (v h ) 2 L 2 (Ω) ≤ N ∂ |v h | 2 r,λ ✭❝❢✳✱ ❡✳❣✳✱ ❬✶✽✱ ▲❡♠♠❛ ✹✳✸✹( ❢♦r ❞❡t❛✐•s✮✳ ❚❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦••♦✇s ✉s✐♥❣ t✇✐❝❡ t❤❡ ✐♥❡q✉❛•✐t② x 2 -2N 1 /2 ∂ xy + ηy 2 ≥ η-N ∂ 1+η (x 2 + y 2 ) ✇✐t❤ ✭✐✮ x = (2µ) 1 /2 ǫ h (v h ) L 2 (Ω) d,d ❛♥❞ y = |v h | r,µ ❀ ✭✐✐✮ x = λ 1 /2 div h v h L 2 (Ω) ❛♥❞ y = |v h | r,λ ✳ ❚❤❡ •❛st ✐♥❣r❡❞✐❡♥t t♦ ♣r♦✈❡ ❛♥ ❡rr♦r ❡st✐♠❛t❡ ✐s t♦ s❤♦✇ t❤❡ ❝♦♥t✐♥✉✐t② ♦❢ a h ✐♥ U * h × U h ✳ ❚♦ t❤✐s ❡♥❞✱ ✇❡ ❞❡✜♥❡ ❛♥ ❛✉❣♠❡♥t❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❡♥❡r❣② ♥♦r♠ ♦♥ H 1 (T h ) d ❛s ❢♦••♦✇s✿ |||v||| 2 µ,λ, * := |||v||| 2 µ,λ + T ∈T h h T ((2µ) 1 /2 ǫ h (v h )) |T 2 L 2 (∂T ) d,d + (λ 1 /2 div h v h ) |T 2 L 2 (∂T ) . ❈•❡❛r•②✱ |||v||| µ,λ, * ≥ |||v||| µ,λ ❢♦r ❛•• v ∈ H 1 (T h ) d ✱ ❛♥❞ t❤❡ t✇♦ ♥♦r♠s ❛r❡ ✉♥✐❢♦r♠•② ❡q✉✐✈❛•❡♥t ♦♥ U h ✳ ▲❡♠♠❛ ✽ ✭❇♦✉♥❞❡❞♥❡ss✮✳ ❚❤❡r❡ ❤♦•❞s ✇✐t❤ β ρ,η := 2 + η + 2ρ 1 2 ✱ ∀(w, v h ) ∈ U * h × U h , a h (w, v h ) ≤ β ρ,η |||w||| µ,λ, * |||v h ||| µ,λ . Pr♦♦❢✳ ❉❡♥♦t❡ ❜② T 1 , . . . , T 6 t❤❡ ❛❞❞❡♥❞s ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✷✮ ✇✐t❤ (w, v) = (w, v h )✳ ▼✉•t✐♣•❡ ❛♣♣•✐❝❛t✐♦♥s ♦❢ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② ②✐❡•❞ |T 1 | + |T 4 | + |T 5 | + |T 6 | ≤ (1 + η)|||w||| µ,λ |||v h ||| µ,λ ≤ (1 + η)|||w||| µ,λ, * |||v h ||| µ,λ . ✼ ❯s✐♥❣ t❤❡ ❡q✉✐✈❛•❡♥t ❢♦r♠ T 3 = F ∈F h F r 0 F ( w ):σ h (v h )✱ ❛♥ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② r❡❛❞✐•② ②✐❡•❞s |T 3 | ≤ |||w||| µ,λ, * |||v h ||| µ,λ ✳ ❋✐♥❛••②✱ t♦ ❡st✐♠❛t❡ T 2 ✇❡ ✉s❡ t❤❡ ❈❛✉❝❤②✕ ❙❝❤✇❛r③ ✐♥❡q✉❛•✐t② t♦ ✐♥❢❡r |T 2 | ≤ |||w||| µ,λ, * × F ∈F h 1 h F T ∈T F (2µ |T ) 1 /2 v h F 2 L 2 (F ) d,d + λ 1 /2 |T v h F •n F 2 L 2 (F ) 1 2 . ❯s✐♥❣ ✭✶✶✮ ❛♥❞ s✐♥❝❡✱ ♦✇✐♥❣ t♦ ♠❡s❤ r❡❣✉•❛r✐t②✱ ❢♦r ❛•• T ∈ T h ❛♥❞ ❛•• F ∈ F T ✱ t❤❡r❡ ❤♦•❞s card(T F ) 2 |T | d h F |F | d-1 ≤ 4ρ✱ t❤❡ t❡r♠ ✐♥ ❜r❛❝❡s ✐s ❜♦✉♥❞❡❞ ❜② 4ρ |v h | 2 r,µ + |v h | 2 r,λ ✳ ❚❤✐s ❝♦♥❝•✉❞❡s t❤❡ ♣r♦♦❢✳ ❚❤❡ ❢♦••♦✇✐♥❣ r❡s✉•t ✐s ❛ ❝•❛ss✐❝❛• ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛t❛ ✻✱ ✼✱ ❛♥❞ ✽✳ ▲❡♠♠❛ ✾ ✭❊rr♦r ❡st✐♠❛t❡✮✳ ▲❡t u ❞❡♥♦t❡ t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ ✭✸✮ ❛♥❞ ❢✉rt❤❡r ❛ss✉♠❡ u ∈ U * ✳ ❚❤❡♥✱ ❞❡♥♦t✐♥❣ ❜② u h t❤❡ ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ ✭✶✸✮✱ t❤❡r❡ ❤♦•❞s |||u -u h ||| µ,λ ≤ 1 + β ρ,η α η inf v h ∈U h |||u -v h ||| µ,λ, * + sup v h ∈U h E u (v h ) |||v h ||| µ,λ . ❋♦••♦✇✐♥❣ ❍❛♥s❜♦ ❛♥❞ ▲❛rs♦♥ ❬✸(✱ ✇❡ ❞❡r✐✈❡ ❛♥ ❡st✐♠❛t❡ ❢♦r t❤❡ ❝♦♥✈❡r❣❡♥❝❡ r❛t❡ ✉s✐♥❣ t❤❡ ❈r♦✉③❡✐①✕|❛✈✐❛rt ✐♥t❡r♣♦•❛t♦r I CR : H 2 (T h ) → CR(T h )✱ ✇❤❡r❡ CR(T h ) := v h ∈ P 1 d (T h ) | v h F = 0, ∀F ∈ F h . ✭✶✻✮ ❲❤❡♥ ❛♣♣•✐❡❞ t♦ ✈❡❝t♦r ❢✉♥❝t✐♦♥s✱ t❤❡ ✐♥t❡r♣♦•❛t♦r ❛❝ts ❝♦♠♣♦♥❡♥t✇✐s❡✳ ❚❤❡ ❢♦••♦✇✐♥❣ ❛♣♣r♦①✐✲ ♠❛t✐♦♥ ❡st✐♠❛t❡s ❝•❛ss✐❝❛••② ❤♦•❞ ✭❝❢✳ ❬✸✱ ▲❡♠♠❛ ✷✳✸( ❛♥❞ r❡❢❡r❡♥❝❡s t❤❡r❡✐♥✮✿ ❋♦r ❛•• v ∈ H 2 (T h ) d ❛♥❞ ❛•• T ∈ T h v -I CR v L 2 (T ) d + h T |v -I CR v| H 1 (T ) d ≤ C CR h 2 T v H 2 (T ) d , ✭✶✼❛✮ div(v -I CR v) L 2 (T ) + h T | div(v -I CR v)| H 1 (T ) ≤ C CR h T | div v| H 1 (T ) , ✭✶✼❜✮ ✇❤❡r❡ C CR ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡s❤ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ρ✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❜r♦❦❡♥ H 1 s❡♠✐✲ ♥♦r♠ ♦❢ t❤❡ ❞✐✈❡r❣❡♥❝❡ ❛♣♣❡❛rs ✐♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✼❜✮ ❝♦❤❡r❡♥t•② ✇✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ N u ✭✷✮✳ ■♥❞❡❡❞✱ ✭✶✼❜✮ r❡s✉•ts ❢r♦♠ ❛ s✐♠♣•❡ ❛♣♣•✐❝❛t✐♦♥ ♦❢ t❤❡ P♦✐♥❝❛ré✲❲✐rt✐♥❣❡r ✐♥❡q✉❛•✐t② ♦❜s❡r✈✐♥❣ t❤❛t div(I CR v) = div v Ω ✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♠❡❛♥✐♥❣ t❤❛t t❤❡ ❞✐s❝r❡t❡ s♣❛❝❡ ❛••♦✇s t♦ ❛❝❝✉r❛t❡•② ❛♣♣r♦①✐♠❛t❡ ♥♦♥tr✐✈✐❛• ❢✉♥❝t✐♦♥s ✇✐t❤ ③❡r♦ ❞✐✈❡r❣❡♥❝❡✳ ❚❤❡♦r❡♠ ✶✵ ✭❈♦♥✈❡r❣❡♥❝❡ r❛t❡✮✳ ❚❤❡r❡ ❤♦•❞s |||u -u h ||| µ,λ ≤ χh, ✭✶✽✮ ✇✐t❤ χ := C ρ,µ N u ✇❤❡r❡ N u ✐s ❞❡✜♥❡❞ ❜② ✭✷✮ ❛♥❞ C ρ,µ ♦♥•② ❞❡♣❡♥❞s ♦♥ t❤❡ ♠❡s❤ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ρ ❛♥❞ ♦♥ µ✳ Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t② ✇❡ ❞❡♥♦t❡ ❜② a b t❤❡ ✐♥❡q✉❛•✐t② a ≤ Cb ✇✐t❤ C ❣❡♥❡r✐❝ ❝♦♥st❛♥t ♦♥•② ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ♠❡s❤ r❡❣✉•❛r✐t② ♣❛r❛♠❡t❡r ρ ❛♥❞ ♦♥ µ✳ ✭✐✮ ❆♣♣r♦①✐♠❛t✐♦♥ ❡rr♦r✳ ▲❡t w h := I CR u✳ ❚❤❡ ❢❛❝t t❤❛t |||u -w h ||| µ,λ, * N u h ❢♦••♦✇s ❢r♦♠ ✭✶✼✮ ✉♣♦♥ ♦❜s❡r✈✐♥❣ t❤❛t |u -w h | r,µ = |u -w h | r,λ = 0 ❛♥❞ ❛♣♣•②✐♥❣ s❡✈❡r❛• t✐♠❡s t❤❡ ❢♦••♦✇✐♥❣ tr❛❝❡ ✐♥❡q✉❛•✐t② ✭s❡❡✱ ❡✳❣✳✱ ▼♦♥❦ ❛♥❞ ❙ü•✐ ❬✶✾( ♦r ❈❛rst❡♥s❡♥ ❛♥❞ ❋✉♥❦❡♥ ❬✷✵(✮✿ ❋♦r ❛•• v ∈ H 1 (T h )✱ ∀T ∈ T h , h T v 2 L 2 (∂T ) v 2 L 2 (T ) + h 2 T ∇v 2 L 2 (T ) d . ✭✶✾✮ ✭✐✐✮ ❈♦♥s✐st❡♥❝② ❡rr♦r✳ ▲❡t v h ∈ U h ❛♥❞ ❞❡♥♦t❡ ❜② π 0 h t❤❡ L 2 ✲♦rt❤♦❣♦♥❛• ♣r♦•❡❝t♦r ♦♥t♦ P 0 d (T h ) d,d ✳ ✽ ❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t {π 0 h σ(u)} F ✐s ❝♦♥st❛♥t ♦✈❡r F ∈ F h t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ✐♥✲ ❡q✉❛•✐t②✱ ✐t ✐s ✐♥❢❡rr❡❞ E u (v h ) = F ∈F h F {σ(u) -π 0 h σ(u)}:( v h F -v h ) T ∈T h h T 2µ(ǫ(u) -π 0 h ǫ(u)) |T 2 L 2 (∂T ) d,d + λ(div u -π 0 h div u) |T 2 L 2 (∂T ) 1 2 × F ∈F h h -1 F v h F -v h 2 L 2 (F ) d 1 2 := T 1 × T 2 . ❯s✐♥❣ ✭✶✾✮✱ ✐t ✐s r❡❛❞✐•② ✐♥❢❡rr❡❞ t❤❛t T 1 N u h✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❣❡♥❡r❛•✐③❡❞ P♦✐♥❝❛ré✕ ❋r✐❡❞r✐❝❤s ✐♥❡q✉❛•✐t② v -v L 2 (F ) h 1 /2 F ∇v L 2 (T F ) d ✈❛•✐❞ ❢♦r ❛•• v ∈ H 1 (T h ) ∩ H 1 0 (Ω) ✭❝❢✳ ❬✷✶(✮ ②✐❡•❞s T 2 ∇v h L 2 (Ω) d,d ✳ ❋✐♥❛••②✱ ✉s✐♥❣ ✭✾✮✱ T 2 |||v h ||| µ,λ ✱ ❛♥❞ t❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦••♦✇s✳ |❡♠❛r❦ ✶✶ ✭◆✉♠❡r✐❝❛• •♦❝❦✐♥❣✮✳ ❚❤❡ ❡st✐♠❛t❡ ✭✶✽✮ s❤♦✇s t❤❛t t❤❡ ❞✐s❝r❡t❡ ♠❡t❤♦❞ ✭✶✸✮ ✐s •♦❝❦✐♥❣✲ ❢r❡❡ ❢♦r d = 2✱ s✐♥❝❡✱ ♦✇✐♥❣ t♦ ❚❤❡♦r❡♠ ✷✱ t❤❡ ♠✉•t✐♣•✐❝❛t✐✈❡ ♣❛r❛♠❡t❡r χ ♦♥•② ❞❡♣❡♥❞s ♦♥ q✉❛♥t✐t✐❡s t❤❛t st❛② ❜♦✉♥❞❡❞ ❢♦r λ → +∞✳ ✸✳✺✳ ❋•✉① ❢♦r♠✉•❛t✐♦♥ ■t ✐s ❛ ❝♦♠♠♦♥ ♣r❛❝t✐❝❡ t♦ ❡①♣r❡ss ❞• ♠❡t❤♦❞s ✐♥ t❡r♠s ♦❢ ♥✉♠❡r✐❝❛• ✢✉①❡s✳ ❚♦ t❤✐s ♣✉r♣♦s❡✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ❢♦••♦✇✐♥❣ •✐❢t✐♥❣✲❝♦rr❡❝t❡❞ ❣r❛❞✐❡♥t✿ ❋♦r ❛•• v h ∈ U h ✱ G 0 h (v h ) := ∇ h v h -R 0 h (v h ). ❉✐s❝r❡t❡ s②♠♠❡tr✐❝ ❣r❛❞✐❡♥t✱ ❞✐✈❡r❣❡♥❝❡✱ ❛♥❞ ❡•❛st✐❝✐t② ♦♣❡r❛t♦rs ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❢r♦♠ G 0 h (v h )✿ E 0 h (v h ) := 1 2 G 0 h (v h ) + G 0 h (v h ) t , D 0 h (v h ) := tr(G 0 h (v h )) = div h v h -R 0 h (v h ), Σ 0 h (v h ) := 2µE 0 h (v h ) + λD 0 h (v h )I d . ▲❡♠♠❛ ✶✷ ✭❋•✉① ❢♦r♠✉•❛t✐♦♥✮✳ ❚❤❡r❡ ❤♦•❞s ❢♦r ❛•• (w h , v h ) ∈ U 2 h ✱ a h (w h , v h ) = Ω Σ 0 h (w h ):ǫ 0 h (v h ) + F ∈F h F Φ F (w h ): v h ⊗n F , ✇❤❡r❡ Φ F (w h ) = -{2µ(ǫ h (w h ) -r 0 F (w h )) + λ(div h w h -r 0 F (w h ))I d } + γ µ,F h F w h ⊗n F . ✸✳✻✳ ❈♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛• r❡❣✉•❛r✐t② s♦•✉t✐♦♥s ❋♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠♣•❡t❡♥❡ss✱ t❤✐s s❡❝t✐♦♥ ❜r✐❡✢② ❛❞❞r❡ss❡s t❤❡ ❝♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛• r❡❣✉•❛r✲ ✐t② s♦•✉t✐♦♥s✱ ✐✳❡✳✱ s♦•✉t✐♦♥s t❤❛t ❜❛r❡•② s✐t ✐♥ H 1 0 (Ω) d ✳ ■♥ ✈✐❡✇ ♦❢ ❛♣♣•②✐♥❣ t❤❡ ❛r❣✉♠❡♥ts ♦❢ ❬✷✷(✱ ✇❡ r❡❝♦r❞ t❤❡ ❢♦••♦✇✐♥❣ ❡q✉✐✈❛•❡♥t ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜✐•✐♥❡❛r ❢♦r♠ a h ✇✐t❤ ❞✐s❝r❡t❡ ❛r❣✉♠❡♥ts✿ ❋♦r ❛•• (w h , v h ) ∈ U h × U h ✱ a h (w h , v h ) = Ω Σ 0 h (w h ):E 0 h (v h ) + j h (w h , v h ), ✭✷✵✮ ✾ ✇✐t❤ j h (w h , v h ) := - Ω 2µR 0 h (w h ):R 0 h (v h ) + λR 0 h (w h )R 0 h (v h ) + F ∈F h Ω η 2µr 0 F ( w h ):r 0 F ( v h ) + λr 0 F ( w h )r 0 F ( v h ) + F ∈F h F γ µ,F h F w h • v h . |❡♠❛r❦ ✶✸ ✭❊①t❡♥s✐♦♥ t♦ U * h × U * h ✮✳ ❆♥ ✐♠♣♦rt❛♥t r❡♠❛r❦ ✐s t❤❛t t❤❡ ❡①♣r❡ss✐♦♥s ✭✶✷✮ ❛♥❞ ✭✷✵✮ ❛r❡ ❡q✉✐✈❛•❡♥t ❛t t❤❡ ❞✐s❝r❡t❡ •❡✈❡• ♦♥•②✱ ✐✳❡✳✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ✭✷✵✮ t♦ U * h × U * h ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡ ✇✐t❤ ✭✶✷✮✳ ❙✉❝❤ ❛♥ ❡①t❡♥s✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✺✳ |❡♠❛r❦ ✶✹ ✭❈♦❡r❝✐✈✐t②✮✳ ▲❡tt✐♥❣ w h = v h ✐♥ ✭✷✵✮ ❛♥❞ ❛ss✉♠✐♥❣ η > N ∂ ✱ ❝♦❡r❝✐✈✐t② ❤♦•❞s ✐♥ t❤❡ ❢♦r♠ a h (v h , v h ) ≥ (2µ) 1 /2 E 0 h (v h ) 2 L 2 (Ω) d,d + λ 1 /2 D 0 h (v h ) 2 L 2 (Ω) + (η -N ∂ ) |v h | 2 r,µ + |v h | 2 r,λ + |v h | 2 J,µ := |]v h [| 2 µ,λ + (η -N ∂ ) |v h | 2 r,µ + |v h | 2 r,λ + |v h | 2 J,µ . ✭✷✶✮ ❚❤❡♦r❡♠ ✶✺ ✭❈♦♥✈❡r❣❡♥❝❡ t♦ ♠✐♥✐♠❛• r❡❣✉•❛r✐t② s♦•✉t✐♦♥s✮✳ ▲❡t (T h ) h∈H ❜❡ ❛♥ ❛❞♠✐ss✐❜•❡ ♠❡s❤ s❡q✉❡♥❝❡✱ ❛♥❞ ❞❡♥♦t❡ ❜② (u h ) h∈H t❤❡ s❡q✉❡♥❝❡ ♦❢ ❞✐s❝r❡t❡ s♦•✉t✐♦♥s t♦ ♣r♦❜•❡♠ ✭✶✸✮✳ ❆ss✉♠❡ η > N ∂ = d + 1✳ ❚❤❡♥✱ ✇✐t❤ u ∈ H 1 0 (Ω) d ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ ✭✸✮✱ t❤❡r❡ ❤♦•❞s u h → u str♦♥❣•② ✐♥ L 2 (Ω) d , ✭✷✷❛✮ ǫ h (u h ) → ǫ(u) str♦♥❣•② ✐♥ L 2 (Ω) d,d , ✭✷✷❜✮ div h u h → div u str♦♥❣•② ✐♥ L 2 (Ω), ✭✷✷❝✮ |u h | r,µ + |u h | r,λ + |u h | J,µ → 0. ✭✷✷❞✮ Pr♦♦❢✳ ✭✐✮ ❆ ♣r✐♦r✐ ❡st✐♠❛t❡✳ ❯s✐♥❣ ✭✶✺✮ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❈❛✉❝❤②✕❙❝❤✇❛r③ ❛♥❞ ❞✐s❝r❡t❡ P♦✐♥❝❛ré ✐♥❡q✉❛•✐t✐❡s ✐t ✐s ✐♥❢❡rr❡❞ α η µ 2 C K u h 2 1,h ≤ a h (u h , u h ) = Ω f •u h ≤ C P f L 2 (Ω) d u 1,h , ❤❡♥❝❡ t❤❡ ❛ ♣r✐♦r✐ ❡st✐♠❛t❡ u h 1,h ≤ CP αηµ 2 CK f L 2 (Ω) d ❤♦•❞s✳ ❙✐♥❝❡ u h 1,h ✐s ❜♦✉♥❞❡❞ ✉♥✐❢♦r♠•② ✐♥ h✱ ♦✇✐♥❣ t♦ ❬✶✽✱ ❚❤❡♦r❡♠ ✺✳✼(✱ t❤❡r❡ ❡①✐sts ❛ s✉❜s❡q✉❡♥❝❡ ✭♥♦t r❡♥✉♠❜❡r❡❞ t♦ ❛••❡✈✐❛t❡ t❤❡ ♥♦t❛t✐♦♥✮ ❛♥❞ ❛♥ ❡•❡♠❡♥t w ∈ H 1 0 (Ω) d s✉❝❤ t❤❛t u h → w str♦♥❣•② ✐♥ L 2 (Ω) d ❛♥❞ G 0 h (u h ) ⇀ ∇w ✇❡❛❦•② ✐♥ L 2 (Ω) d,d ✳ ❍❡♥❝❡✱ E 0 h (u h ) ⇀ ǫ(w) ✇❡❛❦•② ✐♥ L 2 (Ω) d,d ❛♥❞ D 0 h (w) ⇀ div w ✇❡❛❦•② ✐♥ L 2 (Ω)✳ ✭✐✐✮ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ u h ✳ ▲❡t v ∈ C ∞ (Ω) d ❛♥❞✱ ❢♦r h ∈ H✱ ❞❡♥♦t❡ ❜② v h t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦•❛t❡ ♦❢ v ♦♥t♦ T h ✳ ❚❤❡♥✱ ✉s✐♥❣ v h ❛s ❛ t❡st ❢✉♥❝t✐♦♥ ✐♥ ✭✶✸✮✱ s✐♥❝❡ E 0 h (v h ) → ǫ(v) str♦♥❣•② ✐♥ L 2 (Ω) d,d ✱ D 0 h (v h ) → div v str♦♥❣•② ✐♥ L 2 (Ω)✱ ❛♥❞ j h (w h , v h ) = 0✱ ✐t ✐s ✐♥❢❡rr❡❞ ❢r♦♠ ✭✷✵✮ Ω σ(w):ǫ(v) ← a h (w h , v h ) = Ω f •v h → Ω f •v. ❇② ❞❡♥s✐t② ♦❢ C ∞ (Ω) d ✇❡ ❝♦♥❝•✉❞❡ t❤❛t w ❝♦✐♥❝✐❞❡s ✇✐t❤ u ✉♥✐q✉❡ s♦•✉t✐♦♥ t♦ ✭✶✸✮✳ ❚❤✐s ✐♠♣•✐❡s t❤❛t t❤❡ ✇❤♦•❡ s❡q✉❡♥❝❡ (u h ) h∈H ❝♦♥✈❡r❣❡s ❛♥❞ ♣r♦✈❡s ✭✷✷❛✮✳ ✭✐✐✐✮ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ǫ h (u h )✱ div h u h ✱ ❛♥❞ ♦❢ t❤❡ •✉♠♣s✳ ❯s✐♥❣ ✭✷✶✮ ✐t ✐s ✐♥❢❡rr❡❞ lim sup h→0 |]u h [| 2 µ,λ ≤ lim h→0 a h (u h , u h ) = lim h→0 Ω f •u h = Ω f •u = a(u, u). u = (1, 0) ✭❛✮ ❈•♦s❡❞ ❝❛✈✐t② R 0 R 1 R 2 Ω 1 Ω 2 ✭❜✮ ❈♦♥❝❡♥tr✐❝ ❝②•✐♥❞r✐❝❛• •❛②❡rs ❋✐❣✉r❡ ✶✿ ❈♦♥✜❣✉r❛t✐♦♥s ❢♦r t❤❡ ♥✉♠❡r✐❝❛• ❡①❛♠♣•❡s ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ♦✇✐♥❣ t♦ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡✱ lim inf h→0 |]u h [| µ,λ ≥ (2µ) 1 /2 ǫ(u) 2 L 2 (Ω) d,d + λ 1 /2 div u 2 L 2 (Ω) = a(u, u). ❍❡♥❝❡✱ ✇❡ ❝♦♥❝•✉❞❡ lim h→0 |]u h [| µ,λ = a h (u, u)✱ ✇❤✐❝❤✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✇❡❛❦ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ E 0 h (u h ) ❛♥❞ D 0 h (u h ) ♣r♦✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ♣♦✐♥t✱ ❝•❛ss✐❝❛••② ②✐❡•❞s E 0 h (u h ) → ǫ(u) str♦♥❣•② ✐♥ L 2 (Ω) d,d ❛♥❞ D 0 h (u h ) → div u str♦♥❣•② ✐♥ L 2 (Ω)✳ ❯s✐♥❣ ❛❣❛✐♥ ✭✷✶✮ ✐t ✐s ✐♥❢❡rr❡❞ (η -N ∂ ) (|u h | r,µ + |u h | r,λ ) + |u h | J,µ ≤ a h (u h , u h ) -|]u h [| 2 µ,λ , ❛♥❞ ✭✷✷❞✮ ❢♦••♦✇s✳ ❚♦ ♣r♦✈❡ ✭✷✷❜✮ ❛♥❞ ✭✷✷❝✮ ♦❜s❡r✈❡ t❤❛t✱ ♦✇✐♥❣ t♦ t❤❡ tr✐❛♥❣✉•❛r ✐♥❡q✉❛•✐t②✱ E 0 h (u h ) L 2 (Ω) d,d -R 0 h (u h ) L 2 (Ω) d,d ≤ ǫ h (u h ) L 2 (Ω) d,d ≤ E 0 h (u h ) L 2 (Ω) d,d + R 0 h (u h ) L 2 (Ω) d,d , D 0 h (u h ) L 2 (Ω) -R 0 h (u h ) L 2 (Ω) ≤ div h u h L 2 (Ω) ≤ D 0 h (u h ) L 2 (Ω) + R 0 h (u h ) L 2 (Ω) . ❙✐♥❝❡ R 0 h (u h ) L 2 (Ω) d ≤ (2µ) -1 /2 N ∂ |u h | r,µ ❛♥❞ R 0 h (u h ) L 2 (Ω) ≤ λ -1 /2 |u h | r,λ ✱ t❤❡ ❝♦♥❝•✉s✐♦♥ ❢♦•✲ •♦✇s •❡tt✐♥❣ h → 0 ❛♥❞ ✉s✐♥❣ ✭✷✷❞✮✳ |❡♠❛r❦ ✶✻ ✭•❡♥❡r❛• ♠❡s❤❡s✮✳ ❚❤❡ ❛❜♦✈❡ ♣r♦♦❢ ❡①t❡♥❞s t♦ ❣❡♥❡r❛• ♣♦•②❤❡❞r❛• ♠❡s❤❡s ❜② r❡♣•❛❝✐♥❣ t❤❡ ▲❛❣r❛♥❣❡ ✐♥t❡r♣♦•❛t♦r ❜② t❤❡ L 2 ✲♦rt❤♦❣♦♥❛• ♣r♦•❡❝t♦r✳ ❋♦r ❢✉rt❤❡r ❞❡t❛✐•s s❡❡ ❬✶✽✱ ❙❡❝t✳ ✺✳✷( ❛♥❞ ❬✶✽✱ ❈❤❛♣t❡r ✶(✳ ✹✳ ◆✉♠❡r✐❝❛• ❡①❛♠♣•❡s ✹✳✶✳ ❈•♦s❡❞ ❝❛✈✐t② ❖✉r ✜rst t❡st ❝❛s❡ ✐s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝•♦s❡❞ ❝❛✈✐t② ♣r♦❜•❡♠ ♣r♦♣♦s❡❞ ❜② ❍❛♥s❜♦ ❛♥❞ ▲❛r✲ s♦♥ ❬✸(✳ ❚❤❡ ❞♦♠❛✐♥ ✐s t❤❡ ✉♥✐t sq✉❛r❡ Ω = (0, 1) 2 ✳ ❆ ❤♦r✐③♦♥t❛• ❞✐s♣•❛❝❡♠❡♥t ✐s ✐♠♣♦s❡❞ ♦♥ t❤❡ ✉♣♣❡r s✐❞❡✱ ✇❤❡r❡❛s t❤❡ ♦t❤❡rs ❛r❡ ❦❡♣t ✜①❡❞❀ s❡❡ ❋✐❣✉r❡ ✶✭❛✮✳ ❚❤❡ ❡•❛st✐❝ ♠♦❞✉•✉s ❛♥❞ P♦✐ss♦♥✬s r❛t✐♦ ❛r❡ ❝❤♦s❡♥ ❛s E = 1000 ❛♥❞ ν = 0.4999✳ ❚❤❡ ✈❛•✉❡s ♦❢ t❤❡ ▲❛♠é ♣❛r❛♠❡t❡rs ❛r❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ r❡•❛t✐♦♥s λ = νE (1 + ν)(1 -2ν) , µ = E 2(1 + ν) . ✭✷✸✮ ❚✇♦ ✉♥✐❢♦r♠ tr✐❛♥❣✉•❛r ♠❡s❤❡s ✇✐t❤ ♠❡s❤s✐③❡ h ∈ {6.25 • 10 -2 , 1.5625 • 10 -2 } ❛r❡ ✉s❡❞✱ ❛♥❞ ❛ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤❡ st❛❜✐•✐③❡❞ ❈r♦✉③❡✐①✕|❛✈✐❛rt ♠❡t❤♦❞ ♦❢ ❬✸( ✐s ♣r♦✈✐❞❡❞ ❢♦r t❤❡ s❛❦❡ ♦❢ ❝♦♠✲ ♣•❡t❡♥❡ss✳ ❚❤❡ ✈❛•✉❡s ♦❢ t❤❡ ❤♦r✐③♦♥t❛• ❞✐s♣•❛❝❡♠❡♥t ❛•♦♥❣ t❤❡ ✈❡rt✐❝❛• ❝❡♥t❡r•✐♥❡ ❛♥❞ ♦❢ t❤❡ ✈❡rt✐❝❛• ✶✶ ❞• ♠❡t❤♦❞ ✭✶✸✮ ❙t❛❜✐•✐③❡❞ ❈r♦✉③✐❡①✕|❛✈✐❛rt 0 
u x y ✭❜✮ ❋✐♥❡ ♠❡s❤ ❋✐❣✉r❡ ✷✿ |❡s✉•ts ❢♦r t❤❡ ❝•♦s❡❞ ❝❛✈✐t② ♣r♦❜•❡♠✳ ❙♦•✐❞ •✐♥❡s✿ x✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣•❛❝❡♠❡♥t ❛•♦♥❣ t❤❡ ✈❡rt✐❝❛• ❝❡♥t❡r•✐♥❡✳ ❉❛s❤❡❞ •✐♥❡s✿ y✲❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❞✐s♣•❛❝❡♠❡♥t ❛•♦♥❣ t❤❡ ❤♦r✐③♦♥t❛• ❝❡♥t❡r•✐♥❡✳ ❞✐s♣•❛❝❡♠❡♥t ❛•♦♥❣ t❤❡ ❤♦r✐③♦♥t❛• ❝❡♥t❡r•✐♥❡ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❚❤❡ ♠❡t❤♦❞s s❤♦✇ ❣♦♦❞ ❛❣r❡❡♠❡♥t✱ ❛♥❞ ♥♦ s✐❣♥ ♦❢ •♦❝❦✐♥❣ ✐s ♣r❡s❡♥t ✐♥ ❜♦t❤ ❝❛s❡s✳ ✹✳✷✳ ❈♦♥❝❡♥tr✐❝ ❝②•✐♥❞r✐❝❛• •❛②❡rs ❚♦ t❡st t❤❡ r♦❜✉st♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ♠❡❞✐✉♠ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡①❛❝t s♦•✉t✐♦♥ ❞❡r✐✈❡❞ ✐♥ ❬✾( ❢♦r ❛ ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♠♣♦s❡❞ ♦❢ ❝♦♥❝❡♥tr✐❝ ❤♦••♦✇ ❝②•✐♥❞r✐❝❛• •❛②❡rs s✉❜•❡❝t t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s ♣r❡ss✉r❡ q ♦♥ t❤❡ ✐♥♥❡r s✉r❢❛❝❡ ❛♥❞ Q ♦♥ t❤❡ ♦✉t❡r s✉r❢❛❝❡✳ ❚❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❜✮✳ ❉❡♥♦t❡ ❜② B R t❤❡ ❜❛•• ♦❢ r❛❞✐✉s R > 0 ❝❡♥t❡r❡❞ ✐♥ t❤❡ ♦r✐❣✐♥✳ ❋♦r t❤r❡❡ r❡❛• ♥✉♠❜❡rs 0 < R 0 < R 1 < R 2 ✱ ✇❡ s❡t Ω := B R2 \ B R0 ❛♥❞ P Ω := Ω i := B Ri \ B Ri-1 1≤i≤2 ✳ ❚❤❡ ❡①❛❝t s♦•✉t✐♦♥ ✐♥ ❝②•✐♥❞r✐❝❛• ❝♦♦r❞✐♥❛t❡s (r, ϑ) ✐s s✉❝❤ t❤❛t u |Ωi = α i A i r + β i B i r r, 1 ≤ i ≤ 2, ✇❤❡r❡ r ❞❡♥♦t❡s t❤❡ ✉♥✐t ✈❡❝t♦r ✐♥ r❛❞✐❛• ❞✐r❡❝t✐♦♥ ❛♥❞✱ ❢♦r ❛ ❣✐✈❡♥ ♣r❡ss✉r❡ ♠♦❞✉•❡ q✱ t❤❡ ❝♦❡✣❝✐❡♥ts {α i , β i } 1≤i≤2 ❛r❡ s✉❝❤ t❤❛t α i = - 1 + ν i E i , β i = (1 -2ν i )(1 + ν i ) E i , 1 ≤ i ≤ 2. ❍❡r❡✱ E i ❛♥❞ ν i ❞❡♥♦t❡✱ r❡s♣❡❝t✐✈❡•②✱ t❤❡ ❝♦♥st❛♥t ✈❛•✉❡s ♦❢ t❤❡ ❡•❛st✐❝ ♠♦❞✉•✉s ❛♥❞ P♦✐ss♦♥✬s r❛t✐♦✱ ✇❤✐•❡ t❤❡ ❝♦❡✣❝✐❡♥ts {A i , B i } 1≤i≤2 s♦•✈❡ A 1 R 2 0 + B 1 = -q, α 2 -α 1 α 2 -β 2 A 1 R 2 1 + α 2 -β 1 α 2 -β 2 B 1 -B 2 = 0, A 2 R 2 2 + B 2 = -Q, α 1 -β 2 α 2 -β 2 A 1 -A 2 + β 1 -β 2 α 2 -β 2 B 1 R 2 1 = 0. ❚❤❡ ❝♦♥st❛♥t ✈❛•✉❡s ♦❢ t❤❡ ▲❛♠é ♣❛r❛♠❡t❡rs λ i ❛♥❞ µ i ✐♥ ❡❛❝❤ •❛②❡r Ω i ✱ i ∈ {1, 2} ❝❛♥ ❜❡ ✐♥❢❡rr❡❞ ❢r♦♠ ✭✷✸✮✳ ❋♦r t❤❡ t❡sts ✇❡ ❤❛✈❡ ✉s❡❞ t❤❡ ❢♦••♦✇✐♥❣ ✈❛•✉❡s✿ R 0 = 0.5✱ R 1 = 0.75✱ R 2 = 1✱ E i = 1 ❢♦r 1 ≤ i ≤ 2✱ ν 1 = 1✱ ν 2 ∈

  ✉♥❞❡❞ ✇❤❡♥ λ → +∞✳ ❚❤✐s ✐s ♣r♦✈❡❞ ✐♥ ♦❢ ❙❡❝t✳ ✷ ✐♥ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛• ❝❛s❡ d = 2✳ ❲❤✐•❡ t❤✐s r❡s✉•t ✐s ❛ ❣❡♥❡r❛•✐③❛t✐♦♥ ♦❢ ❬✶✱ ❡q✳ ✭✷✳✶✽✮( t♦ t❤❡ ❤❡t❡r♦❣❡♥❡♦✉s ❝❛s❡✱ t❤❡ t❡❝❤♥✐q✉❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ❛r❡ ♥❡✇ ❛♥❞ ❛r❡ ✐♥s♣✐r❡❞ ❜② t❤❡ r❡❝❡♥t ✇♦r❦ ♦❢ ◆✐❝❛✐s❡ ❛♥❞ ▼❡r❝✐❡r ❬✺(✳ ❚❤❡ ❦❡② ✐❞❡❛ ✐s t♦ r❡❢♦r♠✉•❛t❡ t❤❡ ❡•❛st✐❝✐t② ♣r♦❜•❡♠ ✐♥ t❡r♠s ♦❢ ❛ tr❛♥s♠✐ss✐♦♥ ❙t♦❦❡s ♣r♦❜•❡♠ ❜② ✐♥tr♦❞✉❝✐♥❣ ❛ ✜❝t✐t✐♦✉s ♣r❡ss✉r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ ✜rst ▲❛♠é ♣❛r❛♠❡t❡r ❜② t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❞✐s

  t❤❡ ♠❡s❤ s✐③❡ h✳ ❚❤✐s t❡r♠ ✐s r❡q✉✐r❡❞ s✐♥❝❡ ♣❡♥❛•✐③✐♥❣ t❤❡ ❛✈❡r❛❣❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ •✉♠♣s ✐s ✐♥s✉✣❝✐❡♥t t♦ ✉s❡ t❤❡ ❞✐s❝r❡t❡ ❑♦r♥ ✐♥❡q✉❛•✐t② ❞❡r✐✈❡❞ ❜② ❇r❡♥♥❡r ❬✻(✳ ❯♥•✐❦❡ ❬✸(✱ t❤❡ •♦✇❡r ❜♦✉♥❞ ❢♦r t❤❡ ♣❛r❛♠❡t❡r η ✐s s✐♠♣•② ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ t❤❡ s♣❛❝❡ ❞✐♠❡♥s✐♦♥✱ ✐✳❡✳✱ ♥♦ ✉♥❞❡t❡r♠✐♥❡❞ tr❛❝❡ ❝♦♥st❛♥t ❛♣♣❡❛rs✳ ❚❤❡ ✐❞❡❛ ♦❢ ♣❡♥❛•✐③✐♥❣ ✉s✐♥❣ •✉♠♣ •✐❢t✐♥❣s ❝❛♥ ❜❡ tr❛❝❡❞ ❜❛❝❦ t♦ t❤❡ s❡♠✐♥❛• ✇♦r❦s ♦❢ ❇❛ss✐ ❛♥❞ |❡❜❛② ❬✼✱ ✽(✳ ❆♥ ❡①♣•✐❝✐t ❢♦r♠✉•❛ ✐s ♣r♦✈✐❞❡❞ t♦ ❡❛s❡ t❤❡ ♣r❛❝t✐❝❛•

  {0.499, 0.4999, 0.49999}✳ ❚❤❡ st❛❜✐•✐③❛t✐♦♥ ♣❛r❛♠❡t❡r η ✐s t❛❦❡♥ ❡q✉❛• t♦ ✶✳ ❚♦ st✉❞② t❤❡ ❝♦♥✈❡r❣❡♥❝❡✱ ✇❡ ✉s❡ ❛ s❡q✉❡♥❝❡ ♦❢ ✉♥✐❢♦r♠•② r❡✜♥❡❞ ✉♥str✉❝t✉r❡❞ tr✐❛♥❣✉•❛r ♠❡s❤❡s (T hj ) 0≤j≤4 ✇✐t❤ hj := h 0 /2 j ❛♥❞ h 0 = 0.25✳ ❚❤❡ r❡s✉•ts ❞✐s♣•❛②❡❞ ✐♥ ❋✐❣✉r❡ ✸ s❤♦✇ t❤❛t t❤❡ ♣r❡❝✐s✐♦♥ ✐s ♥♦t ❛✛❡❝t❡❞ ✇❤❡♥ t❤❡ ♦✉t❡r •❛②❡r t❡♥❞s t♦ t❤❡ ✐♥❝♦♠♣r❡ss✐❜•❡ •✐♠✐t✳ ✶✷ 10 -2.2 10 -2 10 -1.8 10 -1.6 10 -1✭❛✮ |||uu h ||| µ,λ ✈s✳ h 10 -2.2 10 -2 10 -1.8 10 -1.6 10 -1✭❜✮ uu h L 2 (Ω) d ✈s✳ h ❋✐❣✉r❡ ✸✿ ❊rr♦rs ✈❡rs✉s ♠❡s❤ s✐③❡s |❡♠❛r❦ ✶✼ ✭❙♠♦♦t❤ ❞♦♠❛✐♥s✮✳ ❚❤❡ t❤❡♦r② ♦❢ ❙❡❝t✳ ✷ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ t❤❡ s♠♦♦t❤ ❞♦♠❛✐♥ ♦❢ ❋✐❣✉r❡ ✶✭❜✮✳ ■♥ ♣r❛❝t✐❝❡✱ ❤♦✇❡✈❡r✱ s♠♦♦t❤ ❞♦♠❛✐♥s ❛r❡ ♦❢t❡♥ ❛♣♣r♦①✐♠❛t❡❞ ❜② ♣♦•②❣♦♥❛• ❞♦♠❛✐♥s ❛t t❤❡ ♥✉♠❡r✐❝❛• •❡✈❡•s✱ s♦ t❤❛t t❤❡ ❝❛s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❙❡❝t✳ ✷ t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✐♥ ♣r❛❝t✐❝❡✳ ❬✶( ❙✳ ❇r❡♥♥❡r✱ ▲✳✲(✳ ❙✉♥❣✱ ▲✐♥❡❛r ✜♥✐t❡ ❡•❡♠❡♥t ♠❡t❤♦❞s ❢♦r ♣•❛♥❛r •✐♥❡❛r ❡•❛st✐❝✐t②✱ ▼❛t❤✳ ❈♦♠♣✳ ✹✾ ✭✷✵✵✮ ✭✶✾✾✷✮ ✸✷✶✕✸✸✽✳ ❬✷( P✳ ❍❛♥s❜♦✱ ▼✳ •✳ ▲❛rs♦♥✱ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ♠❡t❤♦❞s ❢♦r ✐♥❝♦♠♣r❡ss✐❜•❡ ❛♥❞ ♥❡❛r•② ✐♥❝♦♠♣r❡ss✐❜•❡ ❡•❛st✐❝✐t② ❜② ◆✐ts❝❤❡✬s ♠❡t❤♦❞✱ ❈♦♠♣✉t✳ ▼❡t❤♦❞s ❆♣♣•✳ ▼❡❝❤✳ ❊♥❣r❣✳ ✶✾✶ ✭✷✵✵✷✮ ✶✽✾✺✕✶✾✵✽✳ ❬✸( P✳ ❍❛♥s❜♦✱ ▼✳ •✳ ▲❛rs♦♥✱ ❉✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ❛♥❞ t❤❡ ❈r♦✉③❡✐①✕|❛✈✐❛rt ❡•❡♠❡♥t✿ ❆♣♣•✐✲ ❝❛t✐♦♥ t♦ ❡•❛st✐❝✐t②✱ ▼✷❆◆ ▼❛t❤✳ ▼♦❞❡•✳ ◆✉♠❡r✳ ❆♥❛•✳ ✸✼ ✭✶✮ ✭✷✵✵✸✮ ✻✸✕✼✷✳ ❬✹( ❚✳ P✳ ❲✐❤•❡r✱ ▲♦❝❦✐♥❣✲❢r❡❡ ❛❞❛♣t✐✈❡ ❞✐s❝♦♥t✐♥✉♦✉s •❛•❡r❦✐♥ ❋❊▼ ❢♦r •✐♥❡❛r ❡•❛st✐❝✐t② ♣r♦❜•❡♠s✱ ▼❛t❤✳ ❈♦♠♣✳ ✼✺ ✭✷✺✺✮ ✭✷✵✵✻✮ ✶✵✽✼✕✶✶✵✷✳ ❬✺( ❙✳ ◆✐❝❛✐s❡✱ ❉✳ ▼❡r❝✐❡r✱ |❡❣✉•❛r✐t② r❡s✉•ts ♦❢ ❙t♦❦❡s✴▲❛♠é ✐♥t❡r❢❛❝❡ ♣r♦❜•❡♠s✱ ▼❛t❤✳ ◆❛❝❤r✐❝❤t❡♥ ✷✽✺ ✭✷✵✶✷✮ ✸✸✷✕✸✹✽✳ ❬✻( ❙✳ ❈✳ ❇r❡♥♥❡r✱ ❑♦r♥✬s ✐♥❡q✉❛•✐t✐❡s ❢♦r ♣✐❡❝❡✇✐s❡ H 1 ✈❡❝t♦r ✜❡•❞s✱ ▼❛t❤✳ ❈♦♠♣✳ ✼✸ ✭✷✹✼✮ ✭✷✵✵✹✮ ✶✵✻✼✕✶✵✽✼✳ ❬✼( ❋✳ ❇❛ss✐✱ ❙✳ |❡❜❛②✱ ❆ ❤✐❣❤✲♦r❞❡r ❛❝❝✉r❛t❡ ❞✐s❝♦♥t✐♥✉♦✉s ✜♥✐t❡ ❡•❡♠❡♥t ♠❡t❤♦❞ ❢♦r t❤❡ ♥✉♠❡r✲ ✐❝❛• s♦•✉t✐♦♥ ♦❢ t❤❡ ❝♦♠♣r❡ss✐❜•❡ ◆❛✈✐❡r✲❙t♦❦❡s ❡q✉❛t✐♦♥s✱ ❏✳ ❈♦♠♣✉t✳ P❤②s✳ ✶✸✶ ✭✷✮ ✭✶✾✾✼✮ ✷✻✼✕✷✼✾✳ ❬✽( ❋✳ ❇❛ss✐✱ ❙✳ |❡❜❛②✱ •✳ ▼❛r✐♦tt✐✱ ❙✳ P❡❞✐♥♦tt✐✱ ▼✳ ❙❛✈✐♥✐✱ ❆ ❤✐❣❤✲♦r❞❡r ❛❝❝✉r❛t❡ ❞✐s❝♦♥t✐♥✉✲ ♦✉s ✜♥✐t❡ ❡•❡♠❡♥t ♠❡t❤♦❞ ❢♦r ✐♥✈✐s❝✐❞ ❛♥❞ ✈✐s❝♦✉s t✉r❜♦♠❛❝❤✐♥❡r② ✢♦✇s✱ ✐♥✿ |✳ ❉❡❝✉②♣❡r❡✱ •✳ ❉✐❜❡•✐✉s ✭❊❞s✳✮✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ 2 nd ❊✉r♦♣❡❛♥ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❚✉r❜♦♠❛❝❤✐♥❡r② ❋•✉✐❞ ❉②♥❛♠✐❝s ❛♥❞ ❚❤❡r♠♦❞②♥❛♠✐❝s✱ ✶✾✾✼✱ ♣♣✳ ✾✾✕✶✵✾✳ ❬✾( ❳✳ ❍♦♥❣•✉♥✱ ❙✳ )❤✐❢❡✐✱ )✳ ❚❛♦t❛♦✱ ❊•❛st✐❝ ❛♥❛•②s❡s ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❤♦••♦✇ ❝②•✐♥❞❡rs✱ ▼❡❝❤❛♥✲ ✐❝s |❡s❡❛r❝❤ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✸✸ ✭✷✵✵✻✮ ✻✽✶✕✻✾✶✳ ❬✶✵( P✳ •r✐s✈❛r❞✱ ❊••✐♣t✐❝ ♣r♦❜•❡♠s ✐♥ ♥♦♥s♠♦♦t❤ ❞♦♠❛✐♥s✱ ❱♦•✳ ✷✹ ♦❢ ▼♦♥♦❣r❛♣❤s ❛♥❞ ❙t✉❞✐❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ P✐t♠❛♥✱ ❇♦st♦♥✕▲♦♥❞♦♥✕▼❡•❜♦✉r♥❡✱ ✶✾✽✺✳