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Abstract

We elucidate the effect of noise on the dynamics of N point charges
in a Vlasov-Poisson model driven by a singular bounded interaction
force. We show that a too simple noise does not impact the structure
inherited from the deterministic case and, in particular, cannot pre-
vent the emergence of coalescence. Inspired by the theory of random
transport in passive scalars, we identify a class of random fields which
generate random pulses that are chaotic enough to disorganize the
deterministic structure and prevent any collapse of the particles. We
thus obtain strong unique solvability of the stochastic model for any
initial configuration of different point charges. Moreover, in the case
where there are exactly two particles, we implement the ”vanishing
noise method” for determining the continuation of the deterministic
model after collapse.

1 Introduction

It is a well-known fact that white noise perturbations improve the well-
posedness properties of Ordinary Differential Equations (ODEs): for in-
stance, strong existence and uniqueness hold for equations of the form dX; =
b (Xy) dt 4+ edW; with € # 0, even if b is of L? class only, for p greater than
the dimension, see Krylov and Réckner [20]. In such a case, the noise has a
twofold effect: not only Peano-type phenomena are excluded, but also sin-
gularities of b are somewhat avoided. Unfortunately, the influence of noise
on pathologies of Partial Differential Equations (PDEs) is not as well un-
derstood, since the underlying deterministic structure is much more complex



and is subject to a wider variety of phenomena. A review of examples and
recent results can be found in Flandoli [13]. Most of them are actually con-
cerned with uniqueness or, more specifically, with uniqueness gained by noise.
On the contrary, whether noise can prevent the emergence of singularities in
PDE:s is still quite obscure. A further challenging question is whether noise
can select a natural candidate for the continuation of solutions after the
singularities.

A well-known system in which singularities may develop explicitly is the
Vlasov—Poisson equation on the line. We refer the reader to Majda and
Bertozzi [27] for several examples and for an extensive discussion of the un-
derlying stakes, including the connection with the 2D Euler equations. (See
also Carmack and Majda [5], Majda, Majda and Zheng [28] and Zheng and
Majda [35].) The motivation for the present study is to understand the
influence of noise on such singularities.

1.1 Vlasov—Poisson equation on the line

Consider the following system in the unknown f : [0,00) xRxR > (¢, z,v) —
ftz,v)eR:

O . a0) 02 (1) + E(t) D t.2) = 0,
with f(O,QT,U) :fo(fE,’U), (1)

and p(t,fc)z/Rf(t,fv,v)dv, E<t,x>=AF<x—y>p<t,y>dy,

where F'(z) is a bounded function that is continuous everywhere except at
x = 0 and has side limits in 07 and 0~. If F(z) = sign(x), Eq. (1) is
the one-dimensional Vlasov—Poisson model describing the evolution of the
phase-space density f of a system of electrons (in natural units, where the
elementary charge and the mass of the electron are set equal to one). Fol-
lowing [27] and the works discussed therein, it is possible to design examples
of so-called electron-sheet structures that persist in positive time, but col-
lapse to one point at a certain time. Precisely, the initial density f; is said
to be an electron sheet if it is concentrated on lines, namely if it is written
as fo(z,v) = fo(z)-0(v—19(x)). Examples given in [27] show that the
electron-sheet structure may hold on some interval [0, ty) and then degener-
ate into f (to,z,v) = 0 (x — x9) 6 (v —vp) at time ty. In such examples, the



charge is initially distributed in space with a deterministic velocity at each
point, but becomes a single point charge at time ¢y,. By time inversion, these
solutions of (1) also provide examples of non-uniqueness, referred to as fis-
sion. Moreover, not only is the emergence of singularities for electron sheets
an interesting phenomenon in its own, but it also gives some indication on
singularities of vortex lines in 2D Euler fluids, these ones being not so explicit
as in the case of charges.

A simplified version of this phenomenon is the coalescence of N point
charges in finite time: in a similar manner as above, it is possible to de-
sign examples of initial conditions of the form fo (z,v) = SN, a;6 (2 — 2),
with different 21, ..., 2y € R?, that remain of the same form on some inter-
val [0,t0), but for which f (to,z,v) = § (2 — z9) with 2y € R?. An explicit
example is given in the next section.

The main question motivating our work is the following: does the presence
of noise modify these facts? A subsequent question is: what does the word
“noise” stand for in this context? The simplest conceivable noisy structure
consists of an additive noise plugged into the right-hand-side of the PDE. This
structure, however, is both difficult to investigate and questionable from a
physical point of view. A natural way to conceive the form of the random
perturbation may instead be the following: when the electric charge is not
totally isolated, but lives in a medium which mildly acts on it (a sort of
electric bath), a random external force adds to the force given by the electric
field (self-produced by the electric charge). To a first approximation, it is
then reasonable to assume that the electric charge does not affect the external
random field. The simplest structure modelling this situation is a Stochastic
Partial Differential Equation (SPDE) of the form

g—{(t,x,v) + vg—i(t,x,v) + <E(t,x) +eo %) g—i(t,x,v) =0, (2
where W is a standard Brownian motion and where the Stratonovich inte-
gral is used; this is indeed the natural choice when passing to the limit along
regular noises. Unfortunately, the noisy structure in Eq. (2) is too simple to
avoid the emergence of singularities such as those described above. This is
a consequence of the fact that the random field f (¢, z,v) = f (t,z,v + eW,)
formally satisfies [0f/0t] + v[0f/0z] + E[0f/0v] = 0, and therefore if f is
a solution of the deterministic equation that concentrates in finite time, the
same holds for the solution f (t,z,v) = f(t,z,v —eW,) of the stochastic



equation. The concentration point zy = (zg,vg) of f at some time ¢, trans-
lates into the random concentration point (xg,vo +eWy,) of f at the same
time t.

To expect a positive effect of the noise, we must consider noises of a
refined structure. This is exactly the strategy followed in the present pa-
per. Here we prove that a space-dependent noise with a sufficiently complex
space structure does affect the dynamics of the system and prevents charge
concentration. Specifically, we consider a noisy equation of the form

of
df (t,z,v) + v%(t,af, v)dt

o0 (3)
+ (E(t, x)dt + 62@; (x)o de) %(t,%, v) =0,

k=1

where ((W})i>0)r>1 is a family of independent Brownian motions, and we
prove that, under very general conditions on the covariance function @ (z,y) =
S re ok (z) oy (y), the following result holds:

Theorem 1 Given fy(z,v) = SN, aid (2 —z) as initial condition, with
different initial points z; € R%, i = 1,..., N, there exists a unique global
solution to system (3) of the form f(t,z,v) = Zf\il a;0 (z — z; (t)), where
((2i (t))i>0)1<i<n 1S a continuous adapted stochastic process with values in
RN without coalescence in R?, i.e., with probability one, z; (t) # z; (t) for
allt>0and 1 <i,7 <N, i#j.

The precise assumptions of Theorem 1 and the definitions used therein will
be clarified in the remainder of the paper. Here, it is worth remarking that
our study does not cover the case of an electron sheet, i.e. the case in which
fo is not an atomic measure, but has an absolutely continuous marginal dis-
tribution in the space variable x. The key simplification of point charges is
the reducibility to a finite-dimensional stochastic differential equation (the
Lagrangian dynamics). A direct approach to electron sheets (of sufficiently
general form to incorporate perturbations produced by noise) is to our knowl-
edge not available in the literature and, furthermore, it seems to us really
difficult to preserve the non-coalescent structure of point charges in the con-
tinuum limit. We nonetheless expect our result to be a first step forward
in this direction. Our study indeed identifies a potentially interesting class
of random perturbations, whose structure is more complex than that of the
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simple noises of which one might think for such a problem. The assumption
that we shall impose on @ (z,y) actually guarantees that any N-tuple, with
arbitrary N, of different points (z1,. .., zy) in the (z,v)-space feels the orig-
inal noise as random impulses that are not too coordinated one with each
other. Such a propagation may be seen as a sort of mild spatial chaos pro-
duced by the noise. We emphasize that the negative example discussed above
does not enjoy a similar property since the noise (¢W;)i>o plugged therein
produces the same impulse at every space point, thus acting as a random
Galilean transformation.

1.2 Non-Markovian continuation after a singularity

As mentioned above, the random perturbation introduced in Eq. (3) may
provide some indications about the natural continuation of the solutions after
the coalescence of two point charges. (More difficult or generic cases are not
clear at this stage of our understanding of the problem.) Consider the simple
example in which F (z) = sign (z) and

fo(z,0) =0(z2—21) + (2 — 22), z1=(=1,v0), 22 = (1, —vo)

with vy > 0. As we shall discuss below, the Lagrangian dynamics corre-
sponding to (1) consists of the system

dy
dt

O =u@), =

() = F (22(t) = 22(1)) ,

() = va(?)

(4)
dvl dUg
U 2= F () - (), 120,

with (z1(0),v1(0)) = (—1,v0), (22(0),v2(0)) = (1,—wvp) as initial condi-
tions. The functions

vy (1) = vy — t, vy (t) = —vg + t,
2 2 (5)
x’f(t):—l—i—vot—a, (L’;(t)zl—vot—f—a
solve the system for ¢ € [0,vp), and the limits of 2% (¢) and x5 (t) as t — v,
coincide when v2 = 2. This means that, with the choice vy = V2, the
solutions (z7 (t),v} (t)), i = 1,2, converge to the same point (0,0) ast — v, .
The origin (0, 0) is thus the singular point of the Lagrangian dynamics.



On the contrary, Theorem 1 states that, for any positive level of noise ¢ in
the noisy formulation (3), the random solutions ((x (¢),vf (t))tzo)i: | o Mlever
meet, with probability one. It is then natural to investigate the behavior of
the stochastic solution as € — 0. In Section 2, we shall prove, under general

conditions on the covariance function Q:

Theorem 2 Assume that vo = /2. Then, as ¢ — 0, the pair process
((25(t))i>0)i=1.2 converges in distribution on the space C([0,00), R? x R?) to-
ward

SO0, 7 (0)z0) + 50 ((4°(0), 25" ()z0). (6
where (27 (t) = (xf(t),v}(t)), fort >0 and i = 1,2, and

Vi€ [0,V2],  (27(6), 57 (1) = (5(t), 25 (t))
vt € (\/57 +OO)7 (ZT*<t)7 Z;*(t)) = (22 (t), ZT@))

Denoting by f (t,z,v) = 2, 0 (2 — 27 (t)), t > 0, the stochastic solution
to (1), we can recast Theorem 2 as follows: the process (f(t, -, -)):>0, Seen as
a continuous measure-valued process, converges in distribution on the space
C([0, +00), M ;(R*)) toward the measure-valued process

tmv 252—,2 t>0,

where (2{(t),29(t))i>0 is a stochastic continuous process admitting (6) as

distribution and where M ;(R*) stands for the set of finite Borel measures
on R* endowed with the weak topology. (See Section 3 in [7] for more details
on the convergence in distribution of measure-valued processes.)

Theorem 2 must be seen as a rule for the continuation of the solutions
to the deterministic system (1) after singularity. When the particles meet,
they split instantaneously, but they can do it in two different ways: (i)
with probability 1/2, the trajectories meet at coalescence time and then split
without crossing each other, namely each of the two trajectories keeps of
constant sign before and after coalescence; (i7) with probability 1/2, the
trajectories meet, cross each other and then split for ever, namely the sign of
each of them changes at coalescence time exactly. This rule for continuation
provides a very precise mathematical description of the repulsive effect of
the interaction force F': there is no way for the particles to merge and then
form a single particle with a double charge; from a physical point of view,
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one might think that, when the two particles are extremely close to each
other in phase space, but do not have equal position and velocity yet, any
minor imperfection in the system makes them move far apart from each other
because of the repulsive effect of F.

This situation sounds as a physical loss of the Markov property: just
after coalescence, splitting occurs because the system keeps memory of what
its state was before. Since the differential equation (4) has several solutions
after coalescence time, there is indeed no mathematical way to prove that
splitting occurs after coalescence by considering the state of the system at
coalescence time only. More precisely, if we model the dynamics of a single
particle with a double charge by a pair (2%°(¢), 28°(¢))s>0 in phase space,
submitted to 29°(¢) = 29°(t) and

00t =0’ (t) =0, () = iy’ (t) = v°(t) = v°(t), ¢ >0,

we get a non-Markovian family of solutions to (4). Indeed, when the tra-
jectories z{ and 29 meet, they do not restart with the same dynamics as 2%
and 29° do. We refer the reader to [10] for other mathematical examples of

non-Markovian continuations.

1.3 Vlasov—Poisson type system of N particles in R?

The problem described in Section 1.1 will be treated as a particular case of
the following problem in R?. Namely, we seek f from [0, +00) x R? x R¢ such
that
of
a(t,x,v) +v-V.f(t,z,v)+ E(t,x) - V,f(t,x,v) =0,
with  f(0,z,v) = fo(x,v),

and p(t,x):/Rdf(t,x,v)dv, E(t,x):/RdF(a:—y)p(t,y)dy.

As detailed below, F will be assumed to be bounded everywhere on R? and
locally Lipschitz continuous on any compact subset of R?\ {0}, the Lipschitz
constant on any ring of the form {z € R?: r < |z| < 1} growing at most as
1/r as r tends to 0. In particular, F' may be discontinuous at 0. A relevant
case is when ' = VU where U is a potential with a Lipschitz point at zero,
namely U is Lipschitz continuous on R? and smooth on R\ {0}.



This framework includes the example F(z) = z/|z|, x € R?, and, as
a particular case, the one-dimensional model discussed above, i.e. F(x) =
sign(x), x € R. On the contrary, the d-dimensional Poisson case, where

F(x):iu%, reRY, d>2, (7)

does not satisfy the aforementioned assumptions, and therefore falls outside
this study. The case in which the sign above is “+” describes repulsive in-
teractions and is referred to as the electrostatic model; the case in which the
sign is “~” describes attractive interactions and is referred to as the gravita-
tional model. For the electrostatic potential, developping a coalescence-free
stochastic version of the Vlasov—Poisson equation is not relevant in dimen-
sion d > 2. Indeed, the deterministic system itself is free of coalescence: the
system conserves energy and energy blows up when particles get close. In
other words, only the gravitational model is challenging.

Assuming F' to be bounded may seem rather restrictive in compari-
son with the existing literature on the deterministic Vlasov-Poisson equa-
tion. For example, unique solvability of the three-dimensional deterministic
Vlasov—Poisson equation, with F' as in (7), was investigated in Lions and
Perthame [25] for a sufficiently regular initial condition fy. A key argument in
the method consists in proving boundedness of the kinetic energy and of the
force field. Nevertheless, these energy estimates fail in the setting considered
here since the initial condition is written as a combination of Dirac masses.
As already mentioned, the Lagrangian description of atomic-measure-valued
solutions consists of a system of N interacting particles, whereas function-
valued solutions are expected to model the density of the system when the
number of particles is infinite. To our knowledge, the best bound for the
kinetic energy and for the force field of finite interacting particle systems of
Vlasov—Poisson type was established by Hauray and Jabin [17]. The main
assumptions of Ref. [17] are that time is sufficiently small or the number
of particles is sufficiently large and the rate of explosion of F'(x) in 0 is at
most |z|%, for & < 1. Our assumptions on the function F' are more stringent;
however, the extension of our study to the case studied by Hauray and Jabin
[17] seems non-trivial, and is therefore left for future investigation.



The Lagrangian motion associated with the PDE is

dXt
_v
dt ty
dVv;
—L = E(t, Xt)—/ F(X,—2")p(t,2")d, t>0,
dt R4

where p (t,2) = [ga f (t,x,v) dv. The formal relation between (X, V;) and f
is
f(t, X;,V;) = constant,

as one can readily verify by a formal differentiation in time. A particular
class of distributional solutions is given by

f(t, z,v) Z a;0 )6 (v—V}) (8)

where
dx?
V’L
At (9)
vy : :
—E=D oF (X{-X]),  t>0, 1<i<N
JEN;

with V; denoting the set of integers N; = {j =1,...,N :j #i}.
According to the discussion above, we shall consider the following stochas-
tic perturbation of the Lagrangian dynamics:

dX;
dt

=V
— > ‘ (10)
=Y oF (X] - X{)dt+> oy (X])odW},  t>0,

JEN; k=1

for 1 <i < N, where o, : R? — R? are Lipschitz-continuous fields subject to
additional assumptions, which will be specified later (see (A.2-3) in Section
4), and ((WF)s>0)kem (0} are independent one-dimensional Brownian motions.



Formally, this system gives a solution of the form (8) to the following SPDE:
df (t,z,v) + (v- V. f(t,z,v) + E(t x) - Vuf(t,xz,v))dt
—l—Zak ) - Vof(t,z,v) 0 dW}F =0,
with  f(0,z,v) = f()(l’,v),
and p(t,x) = /Rdf(t,x,v)dv, E(tz)= /RdF(a: —y) p(t,y)dy.

(Apply It6’s formula in Stratonovich form to (3, .,cn @ip(X], V)0, for a
smooth test function ¢ : R? x R — R, and deduce that the atomic measure
in (8) is a weak solution to the above SPDE.)

The paper is organized as follows. In Section 2, we start with the proof
of Theorem 2, as we feel it to have a striking interpretation from the physical
point of view. The vanishing noise method for selecting solutions to singular
differential equations goes back to the earlier paper by Bafico and Baldi
[3], but the examples investigated therein are one-dimensional only. (See
also Flandoli [13], together with Gradinaru et al. [16] and Attanasio and
Flandoli [2].) Here Theorem 2 applies to a four-dimensional system. In [3],
the vanishing noise behavior of the stochastic differential equation at hand
is derived from the vanishing viscosity behavior of the associated generator,
so that the core of the proof is mainly of analytical essence. Below, the
proof of Theorem 2 relies on a new approach, which might be promising for
more general systems: the asymptotic dynamics of (25);—12 (with (2f)i=12
as in the statement of the theorem) are investigated pathwise, the paths
being expanded with respect to the parameter ¢ till coalescence occurs; the
possible limit regimes, as ¢ — 0, then read on the (random) coefficients of the
expansion. The result is obtained under general conditions on the structure
of the covariance matrix @): specific examples when these conditions are
satisfied are given in Section 4.

The remainder of the paper is devoted to the proof of Theorem 1. We
examine first the deterministic case and prove that the Lagrangian dynamics
is well posed (namely it has existence and uniqueness of solutions without
coalescence of particles in the phase space) for Lebesgue a.e. initial configura-
tion of different particles, see Section 3. This result is not strictly necessary,
but since the proof of the same result in the stochastic case is particularly
cumbersome, it is useful to see first the main details in the deterministic case.
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We emphasize that the result and the approach are inspired by the analysis
of point vortex dynamic reported in [25], although there are many technical
differences.

Then we turn to the stochastic case. Specifically, we first discuss the struc-
ture of the noise that will prevent coalescence from emerging. It should be
emphasized that the effect of the noise on the 2N-system (10) is highly non-
trivial. Indeed, although it is doubly singular, the noise makes the system
fluctuate enough to avoid pathological phenomena such as those observed in
the deterministic case. The first singularity is due to the fact that the same
Brownian motions act on all the particles. If the (o4)gem (o} Were constant,
the particles would feel the same impulses and the noise would not have any
real effect; basically, it would just act as a random translation of the system,
as in (2). Thus the point is to design a noise with a specific spatial structure
allowing displacements of different particles in different directions. To reach
the desired effect, we require the covariance matrix (Q(z*,27))1<;j<n to be
strictly positive for any vector (x',... z") € (R%)" with pairwise different
entries. We give examples and sufficient conditions to ensure strict positiv-
ity in Section 4.2. These conditions are inspired from the Kraichnan noise
used in the theory of random transport of passive scalars. (See for example
Falkovich, Gawedzki and Vergassola [12], Le Jan [23] and Monin and Yaglom
[30].) However, the model considered here does not have the same interpreta-
tion as the Kraichnan model, since the noise appears in the equations for the
velocities and not in the equations for the positions. A possible way to relate
Eq. (10) to turbulence theory would consist in penalizing the dynamics of
the velocity of the sth particle by —V;'. This model would describe the mo-
tion of interacting heavy particles in a fluid whose velocity is a white-in-time
random field with non-trivial spatial correlations, see [4].

The second singularity of the model is inherited from the kinetic structure
of the deterministic counterpart: the noise acts as an additional random force
only, namely it is plugged into the equation of the velocity only. In other
words, there is no additional noise in the basic relation dX; = V/dt, and
consequently the coupled system for (X}, V,")1<i<n is degenerate. We shall
show in Subsection 4.3 that the ellipticity properties of the noise in R4
actually lift-up to hypoellipticity properties in R?V¢,

Once the set-up for the noise is defined, we are ready to tackle the prob-
lem of no-coalescence in the stochastic case. We first establish the analog
of the deterministic solvability result, namely the Lagrangian dynamics are
well posed for Lebesgue a.e. initial configuration of different particles, see
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Subsection 5.2. This does not require any special features of the noise. Then
we specify the form of the noise according to the requirements discussed in
Section 4 and prove well-posedness and no-collapse for all initial conditions
of the particle system with pairwise different entries by taking advantage of
the hypoellipticity property of the whole system, see Subsection 5.3.

Actually, we must say that the main lines for establishing Theorem 1 are
connected with the strategy already developed by Flandoli, Gubinelli and
Priola [14] in order to prove that noise may prevent N point vertices, when
driven by 2D Euler equations, from collapsing. Anyhow, we emphasize that
both the framework and the results are here quite different. First, the reader
must keep in mind that the noise is here of infinite dimension, whereas it is
finite-dimensional only in [14]. The motivation for it is not a matter of techni-
cality only —although it induces additional technical difficulties—, but it is also
of practical essence: taking benefit of the infinite-dimensional framework, we
are here able to design explicit examples when the noise prevents the system
from collapsing. Second, the reader must also remember that, whatever the
structure of the noise is, the stochastic Vlasov-Poisson system is intrinsically
degenerate as the velocity only is randomly forced. As noticeable in the core
of the proof, the degeneracy of the system requires an additional significant
effort in comparison with the 2D Euler framework, which appears as non-
degenerate. Third, we point out that we here discuss the vanishing noise
method for selecting solutions to the deterministic system in the case when
there are two particles exactly.

Finally, we stress that the problem would be much easier to handle if each
particle were to be forced with its own Brownian motion, independently of
the other ones. This choice of the noise, however, would break the relation
between the Lagrangian dynamics and the SPDE introduced above. With
the random forcing considered here, the same noise realization acts on all
the particles simultaneously, but the noise is assumed to be of a great de-
gree of space complexity so that each single realization makes particles being
at different space positions move in different directions in a rather chaotic
way, thus simulating the effect of independent pulses. These irregular per-
turbations are sufficiently different at any small distance to break down the
coherence that is required for coalescence to occur.
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1.4 Assumption

In what follows, we assume that a; = 1/N for all 1 <i < N for the sake of
simplicity. We also assume that F' satisfies Assumption (A.1):

(A.1) F is bounded everywhere on R% and locally Lipschitz-continuous
on any compact subset of R?\ {0}. Moreover,

1Pt = F)

sup sup P

} < +00.
0<r<1r<]z|,|ly|<1,27y

(In other words, the Lipschitz constant of F' on the ring {r < |z| < 1}
explodes at most as 1/r as r tends to zero.)

The examples we have in mind are:
1. Ford=1, F(x) = sgn(z), z € R\ {0}.

2. For d > 2, F(z) = z/|z|, v € R\ {0}.

Remark 3 For simplicity’s sake, the assumptions on the noise in (10) are
detailed 1n Subsection 4.1.

1.5 Useful notation

For any n € N\ {0}, z € R* and r > 0, B,(z,r) stands for the closed ball
of dimension n, of center z and of radius r; Leb,, stands for the Lebesgue
measure on R”. The volume of B,(z,7) is denoted by V,(r), i.e. V,(r) =
Leb, (B(z,7)).

The configurations of the N-particle system in the phase space are gen-
erally denoted by the letters z or Z. Positions are denoted by the letters x
or X and velocities by the letters v or V. Similarly, the typical notation for
a single particle in the phase space is Z = (Z,0), & standing for its position
and v for its velocity. We then define the projection mappings:

2= (Phigjen = ((@7,07)) oy mol(2) = (V)1g5en € RY,
7ot R¥ 2 2= (3,0) — 7 € RY,
7, R* 32 =(%,0) — 9 € RY,
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and

TG Rsz 2z = (Zj)lngN — 7TZ(Z> =z S RQd,
Tig R2Nd >z = (% )1§j§N = ((xj,vj))lngN — Wi’x(Z) = fﬂi S Rd,

( J
Tiw - R2Nd 2z = (Zj>1§j§N = ((ﬂfj,'l)j))lngN — Wi,v(z) = S Rd.

The set of pairs of different indices in the particle system is denoted by
Ay, that is Ay = {(4,7) € {1,...,N}? : i # j}. We also denote I'y =
{(z,...,2Y) e R*N . V(i,j) € An,2 # 2z} and Ty v = {(2',...,2"V) €
RN V(i,5) € An, x; # x)}.

In the whole paper, we work with a fixed number N of particles, so that
we do not have to take into account the dependence on N of constants,
functions, and so on.

2 Continuation: Proof of Theorem 2

In this section, we identify general conditions on the structure of the noise
in (3) under which Theorem 2 holds. Typical examples that satisfy these
general conditions are given in Proposition 37 in Section 4.

In the whole section, we thus consider the 4D system of Vlasov-Poisson

type:
dX;° =V} at

| . ) %0 . 11
1 = sign (X = XE) e S auxawt, ezo, Y
k=1

fori=1,2and1=3—1i(i.e. 1=2if i =1 and vice versa). Below, we assume
that (X57€’ ‘/0178) = (1’ _\/5) and (onsv VE)?’E) = _(Xéﬁ?%l,s) = <_1v \/5)
As a first general condition, we set:

Condition 4 For any € > 0, Theorem 1 applies and thus (11) has a unique
strong solution. Moreover,

sup [Z yak(xﬂ < +o0. (12)

zeR k>1
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Again, we refer to Proposition 37 in Section 4 for typical examples for which
Condition 4 holds. . . .

For notational convenience, we will set Z,° = (X%, V"), e > 0,1i=1,2.
When € = 0, the curves

t \2
th:(l—ﬁ), V= V24t t>0,

L \2 2,0
XP=-1-—2), V’'=v2-t, t>0,
t ( \/5) t =
solve the system (11) on the time interval [0,%y), with ¢, = /2, but the
particles merge at time ¢y, making the system singular after #o. Again, we
will set 2,0 = (X}°,V;"°), i = 1,2. Note that

vt>0, z2°=-2'"

We are to prove that (Z°, Z}%);>o converges in distribution on the space
C([o, +OO),R4) towards (1/2)5(23’0723’0)20 + (1/2)(5(2752,072751,0%20.
The whole point is to investigate the differences:
Xl,e’;‘ _ X2,6
t

Xi: : 2 ? Vi:

Vl,e _ V2,€
%, t>0, €>0. (13)

We will use the second general condition (see as an example Proposition
37):

Condition 5 Assume that (Z,°, Z;°) =0 satisfies (11), but with an arbitrary
random initial condition (Zy°, Zy°), independent of the noise (WF)i0)ks1.
Denote by (Fi)i>0 the augmented filtration generated by the initial condition
(Zy°,Z2°) and by the noise (W}F)=0)k>1. Then, there exists an (Fy)eo-
Brownian motion (B§);>o such that, for all t > 0,

dXE = Vedt

14
dV; = sign(X§)dt + eo (X} )d By, (14)

where o is C* function from R to R, depending on the (o)i>1 only (in par-
ticular, o is independent of the initial condition (Zy°, Z3°) and of €), with
bounded derivatives of order 1 and 2, such that o(0) =0 and o(1) > 0.

Setting Z; = (X§,V§), for any t > 0, we first investigate the solutions of
(14) when € = 0. We have the obvious

15



Lemma 6 For e =0, all the solutions of
1=V

. 15
Y0 — sign(X?), 15)

with (X9, V) = (1, —v/2), have the form

(to —1)°
2

ZQZ(XS,V§)=< ,t—to) for 0<t<ty=v2 (16)

Remark 7 We emphasize that uniqueness fails after coalescence time t.
Indeed, any (Z?)i>o, with (ZY)o<i<i, as in (16) and

(0,0) fO?“ to S t S tl,
0 _ t—1t1)°
Zt + <%,t - tl) fOT t> tl,

where t, > to may be real or infinite, is a solution to (15). (We could prove
that these are the only possible solutions, but this is useless for our purpose.)

Then, we can prove

Proposition 8 Define 7 = inf{t > 0 : X; < 0}. Then, for any 6 > 0 and
M > to,

. E 1
ll_I}I(I)P{T € (to —5,t0+5)} = 5,

1 (17)
: e _ 1
ll_I}(l)]PJ{T > M} 5
Moreover, defining 75 = inf{t > 7¢ : X§ > 0}, we have, for any M > 0,
limP{r; > M} =1. (18)
e—0

Proposition 8 suggests that, in the limit regime ¢ — 0, the trajectories of
the two particles cross with probability 1/2 exactly, and, if so, they cross at
coalescence time exactly. As well understood, this is one step forward in the
proof of Theorem 2. Precisely, we prove below that Proposition 8 implies
Theorem 2.

16



Proof. (Proposition 8 = Theorem 2.) By (12) in Condition 4, it is plain to
see that the family ((Z,°, Z7°)i>0)o<e<1 is tight. We denote by u a weak limit,
on the space of continuous functions C([0, +00), R?), of the family of measures
(P(ZA1,67Z2,5)>0<6§1 as ¢ — 0, the canonical process on C([0,+0c0), R*) being
denoted by (£! = (x!, 1), €% = (x?,v?)). We will also denote x; = (x; —x7)/2
and v, = (v} —1?)/2,t > 0.

Under the measure i, & = (X!, ), i = 1,2, satisfies

xi=v, <1, t>0, i=1,2

We now make use of Proposition 8. Given M > 0, we have, on the set
{r® > M},

t
Ve =Vt + (320t + 62/ oR(X)dWE, 0<t< M,
0

E>1
so that, for any n > 0,
limP{ sup |V;"* =V —(3—=2i)t| <nm, i=1,2
i P{ sup Vi —Vo" — (3 — 20t < i

1 lfM<t0,

= I P ZM}:{ 1/2 if M > t,.

We deduce that,

C ' . =1 ifM<t0,
M{yt_yo—i—(B—Ql)t,OStSle_LQ}{21/2 M >, 19

We deduce from (19) that, for any 6 € (0, %), under p,
vi=vy+(3-20)t, 0<t<ty;—96, i=1,2.

Letting & tend to 0, we deduce that, under pu, (& )o<i<s, coincides with
(Z")o<i<to and (£2)o<i<t, coincides with (Z7)o<i<¢,. In particular, under
& =&, =(0,0). Similarly, we also deduce from (19) that, with probability
greater than 1/2 under p, (£},&2) = (z5%, Z>™) for any t > 0.

Now, we know that, on the event {7° <ty + 6,75 > M}, for 6 > 0 small
and M > tg+ 9, we have

t
Vi =V - (320t — (tg +0)] + e Z/ (X)W,

k>1 7 tot+d

17



for tg + 0 <t < M, so that, by Proposition 8, for any n > 0,
ImP{ sup [V° =V} 5+ (3-20)[t— (to+0)]| <n, i=1,2}
€20 yoqs<t<M 0

1
> i ¢ < s> = —
_ll_r:%]P’{T <to+d,15 > M} 5

We deduce that, under p,
vi=v,s—(B=20)t—(to+9)], to+d<t<M, i=12,

at least with probability 1/2. Letting § tend toward 0 and M toward
+00, we deduce that, with probability greater than 1/2 under p, (&},&7) =
(Z)~,ZP ) forany t > 0. m

2.1 Key Lemmas by Integration by Parts

The proof of Proposition 8 relies on two key lemmas, each of them being
proven by integration by parts. The first one is

Lemma 9 Denote by N the set NT = [0,+00)? \ {(0,0)} and, similarly,
by N~ the set N~ = (—o0,0]2\ {(0,0)}. Consider also the sets of initial
conditions for the 4D system Tt = {(z! = (z',0v'),2% = (2%,0?)) : (2! —
2ol —v?) € Nt} and T™ = {(z' = (2, 0'), 22 = (22,0?)) : (2! — 22 0! —
v?) € N~}. Then, there exists a constant ¢ > 0 such that, for any M > 0
and any compact subset K C R,

lim  inf  P{Vt e [0, M], XS > ct?|(Z°, Z5°) = (24, 22)} = 1,

e—=0 (21,22)e KNI+

}:ii% (zl,z2i)rel£ml“— P{Vt € [0, M], X¢ < —ct?|(Zy°,25°) = (24, 2%)} = 1.
Proof. In the whole proof, the initial condition (z!,2%) € K NT'" is given,
e (Zy°,2F°) = (2',2%) € KNT*t. Writing 2 = (2},9'), 1 = 1,2, we set
r = (2! —2%)/2 and v = (v} —v?)/2. Without loss of generality, we can
assume that x > 0. Indeed, in the case when x = 0, v must be positive, so
that, in very short time, both X® and V¢ are positive. By Markov property
(for the 4D system), we are then led back to the case when z and v are
positive.

By Condition 5, we can write

dV; = sign(Xy)dt + eo(X5)dB;, t>0,

18



where (B );>0 is a 1D Browian motion. Taking advantage of the smoothness
of o, we perform the following integration by parts:

d(V; — eo(X7)By) = (sign(X7) — eo’(X7) Vi By ) dt.
Keeping in mind that 7° = inf{t > 0 : X; < 0}, we have
t
Vi —eo(X§)B; >t — 6/ o' (XE)ViBids, 0<t<7°.
0
Introducing the event
1
A ={ sup |o'(X})ViB;| < 2—},
0<t<M €
we deduce that, on Aj,
t t
dxg > (5 + e0(X5)Bf) dt > (5 — CeX§|Bf|)dt, 0<t<7°AM,

where C here stands for the Lipschitz constant of 0. Setting

t
szXfexp(Ce/ \B§|ds>,
0

_ t t
dXizieXp(Ce/ \leds)dt, 0<t<7°AM.
0

we deduce

Therefore, on Aj, 7° must be greater than M, so that the above expression
holds up to time M (at least). We deduce

so that

Intersect now Aj with



Then, on A] N A3,

2
X7 > Zexp(—C), 0<t< M.

To complete the proof, it remains to notice (from a standard tightness argu-
ment) that P(A5 N A5) — 1 as € — 0, uniformly in (2!, 2?) € K. (The proof
when (z!,2?) is in T'~ is similar.) =

We now come back to the case when the initial condition of the 4D system
is ((1,—v2),(=1,v/2)). The second key lemma consists in expanding the
difference process (X¢, V¢) w.r.t. &, up to the hitting time 7¢ = inf{t > 0 :
Xe < 0},

Lemma 10 There exist a family of 1D Brownian motions (Bf).~o and a
family of random continuous processes (g° : Ry — R).sq, such that

VI'>0, lim sup P{ sup |g;| > R} =0, (20)

R—+000ce<1  0<t<T

and the processes

av =dt, dx{” =v%t, (X0, V) =(1,-v2),
Vi = o(X{")dB;,  dx" =i ar, (x50, ViH) = (0,0),

satisfy
5 — (G0 + XN+ [V - (V) + VP < Sl o<t <o (21)
Proof. By Condition 5, we can write
dV; =dt +eo(X5)dB;, 0<t<7°,
for some 1D Brownian motion (B5 )¢, so that

d[6X;] = 6Vidt,
d[6Ve] = e[o(X5) — o(X\)]dB;, 0<t <7,
with
0X5 = X — (X{” +eX("),  oVs = V5 — (VI 4 eV,
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We perform the same integration by parts as above, with
0V = 6V5 — £(o(X5) — o (X)) Br.

Then, we can find a family of random continuous function ((v) “)i>0)e>0,
satisfying (20), such that

[57]
= —¢(o'(X5)Vs — o' (X)) Bedt
- / € e _ < (0) (LE) (0) (175) & 2,0,
e(o"(XP)Vy — o' (X7 + Xy ) (V7 + eV ) Bidt + 2o, dt
= —e0'(X5)BEoVEdt — (o' (X5) — o' (X + X)) (VI 4 eViH)) Bedt
+ 20 e dt.
Modifying the definition of v%¢, the above expression reads
d[6V;]
= —e0'(X)BSVedt
— e[(V + eV Bs (o (X5) — o' (X1 + eX()) (6X5) 711 OXdt
g[( i eV t(a< 1) — o (X +eXy ))( ) {JX#O}} ¢
+ e2v)edt.

Put it differently, we can find two families of random functions ((v;)¢=0)e>0
and ((v]°)s0)e>0, satisfying (20), such that

d[Wﬂ = ev; “OXCdt + 503’55V§dt + 200 dt.

In a similar way, we can find two families of random functions (2} )¢=0)e=0
and ((,7)1>0)e0, satisfying (20), such that

A[0XS] = e, 0X5dt + SVidt + ea) < dt.
In a vectorial form, we write
oXe \ [ exyt 1 5Xe e2x)*
d< % ) - ( ev) vt §Ve di+ g2y dt.

Introduce the resolvent

d, .\ (ex® 1 . . (10
E(Rsi)—<sv}6 5vt2’€>RS’t’ RS’S—(O 1)'
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Then,

oX¢ ¢ g2x0¢
_ = < <t <7t
( 5V ) /0 R&t( 8%05 ds, 0<t<rTt".

It is plain to bound the resolvent in terms of the bounds for z'¢, v
v%¢. The result easily follows. m

Le and

2.2  Proof of Proposition 8
We start with
Remark 11 We emphasize that

t2 t
VO — Vo4t = —v2 41, Xﬁo):1—\/§t+§:(1—ﬁ)2, (22)

and

t
vt = [otas: = [ o[- S2)]dB:
0

1 = [ [l 228 = -l - 2)an;

Setting to = /2 (to is the critical point of the deterministic Viasov-Poisson
system), it holds

(23)

V2
%7 = [ (a=-nel(1-25)7)as;

Since o (1) # 0, we deduce

1, . . .
Lemma 12 The r.v.’s (Xgo E))€>0 have a common Gaussian distribution with
a zero mean and a non-zero variance. In particular,

£ £ 1
P{X, > 0} = P{X{? > 0} = £
We now claim
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Lemma 13 For any real M > ty = V2 and any 6 > 0,
y 1 3 (178) _
(1) }jli%]P)({T < MPn{X;,® >d}) =0,
(i) limP({r° > M}n{X{* < -6}) =0,
e—0
(iti)  lim P({r° < M}N{r° & (to — 6,to +0)}) = 0.
e—

Proof. Given M > \/5, we set:
E5 = {7 < M}.

We know from Lemma 10, that there exists a tight family of random variables
(C]E\4)O<a§1 such that

¢ — (X9 4 exM) <25, 0<t< T AM. (24)

Therefore, on E5;, we can choose t = 7° above. From (22), we deduce that

|(1— ;—;)2 + 5X(Tlf)} < 25, (25)

that is

£
(1-12) <e sup X9+ 225,

V2 0<t<M

Up to a modification of (j,, we deduce that
[7° = 1o < eCiir (26)

This proves (iii).
We now prove (i). From (25), we deduce that

X9 < ey

on E5,;. Since X1 is Lipschitz continuous on the interval [0, M], we deduce
from (26) that there exists a tight family of random variables (C5;)o<c<1 such
that

Xg;,a) _ Xgle,a) + X§;7a) - X(La)

T€

< ey + Oyl —to| < ey + Cre (G2
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That is, for every o > 0,
lim P(E5, N {X{"9 > 6}) = 0.
e—0

0
We finally prove (i7). From (24), we know that
eX{ > xe 2
Therefore, on (EZEW)C,
eX(? > —e%¢.
This proves that, for every § > 0,

0

. EC (1,5) _ —
l%P((EM) N{X;,~ < —d}) =0.

This completes the proof. m

We now deduce
Lemma 14 [t holds
(i) VM >+2, limP{r* > M} =1/2,
(17) Vo >0, li_{%]P’{TE € (to—0d,to+0)} =1/2.

1 1
In particular, T converges in law towards =d;, + =01 0.
p 2 0 2 +

Proof. From Lemmas 12 and 13, we know that, for any M > /2 and any
0> 0,

limsup P{7® > M} < limsup }P’{Xg;’g) > -0} = P{ng’l) > —0}.

e—0 e—0

Letting 0 tend toward 0, we obtain

1
limsupP{r* > M} < —.
e—0 2
Similarly,
1
limsup P{r* < M} < ]}D{X%J) <0} = 5
e—0

We deduce (7). Then, (i) follows from (i7i) in Lemma 13. m

We finally claim
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Lemma 15 Set 0° = inf{t > 0:V > 0}. Then, for all M > 0,
lImP{r* < M,0° < 7°} =0, (27)

e—0
and
e1:1_r)1[(1)]P’{7'2 > M} =1. (28)

Proof. We start with the proof of (27). By Markov property, we notice that
P{r* < M,o° < 71°}

S /4 1{7?1(z1—z2)>0,ﬁ'v(z1—z2)=0}]P){T€ S M‘(Z&’E, ZOE) = (Zl, 22)}61775(21, 22),
R

where 7° is the conditional law of (Z;E’E,Zif) given p° < M, with p° =
inf(o°,7°), under the initial condition ((1,—-+/2),(—1,v/2)). By Lemma 9,
this shows that

li_r)r(l)P{TE <M,o° <7} =0.

We deduce that
111r(1)[?’{7’2E < M,o° <7} =0. (29)
E—

Moreover, following the proof of (27), we have

P{rs < M,7° <0}
S /4 1{7}96(21_22):0’7;”(21_Z2)<0}]P>{T6 S ]\4|(Zé’€7 Zg) = (217 22)}dn6(2’1, 22),
R

which tends to 0 by the same argument as above. Together with (29), we
deduce (28). (Keep in mind that P{7* =0°} =0.) =

3 Deterministic case: no coalescence for Le-
-besgue a.e. initial configuration

The result of this section is known but not easy to find in the literature
and we prefer to report it as a guideline to the next section, where it will
be generalized to the stochastic model. (To be complete, we also refer the
reader to the seminal works by DiPerna and Lions [9] and Ambrosio [1] for
more general results about almost-everywhere solvability of ordinary differ-
ential equations, but we emphasize that a different notion of uniqueness is
investigated therein, namely uniqueness of a regular Lagrangian flow.)

25



Theorem 16 For Lebesque a.e. z € R?*N?, there exists a unique solution
(Zt)i>0 to system (9) with initial condition z. It is free of coalescence in the
phase space, that is Z, € U'n for any t > 0.

Moreover, the set of instants at which coalescence occur in the space of
positions is of zero Lebesque measure, that is I1,(Z;) € 'y § for a.e. t > 0.

The proof of Theorem 16 is divided into three parts: in Subsection 3.1,
we investigate a mollified version of (9); in Subsection 3.2, we establish the
existence of a solution to (9) (for a.e. initial condition) by a compactness
argument along the mollification introduced in Subsection 3.1; uniqueness is
discussed in Subsection 3.3.

3.1 Smoothed system of equations

For every € > 0, let F. be equal to F' outside By (0,¢), but smooth inside
By (0,¢), with sup,cpa |Fe(2)| < sup,epa |[F(2)] + 1. Given such an F;, con-
sider the smoothed system

ax;° :
:VZ,E
dt Lo (30)
avps 1 : :
ey LR XT-XE) 20 ie{l N}
JEN;

Since F. is bounded and Lipschitz-continuous on compact subsets of R?, we

have global existence and uniqueness, for every initial condition z € RQN d‘.
Following the notations defined in Subsection 1.5, we set Z;° = (X;%, V;"%)

forany i € {1,..., N} and ¢t > 0, that is Z!* stands for the coordinate of the

ith particle in the phase space, XZ’E for its position and Vf’s for its velocity.

We also set Zf = (Z," )1<i<n, X§ = (X" )i<icn and Vi = (V") 1<icn-
With these notations, we can write Eq. (30) in a global way:

dz:
—F.(Z), t>0,
dt ( t) -

for a suitably defined vector field F, : R2N4 — R2V4 Specfically, F. may be
written as F, = (Fg,...,F?’), Fi . R2Vd 5 R?? 1 < ¢ < N, denoting its
2d-dimensional components. For any 1 <1 < N,

dz}*

=T (Z° t>0
dt 6( t)’ -_ 9

26



F’ having the form F. = (F%* F.Y), with
Fé’x (Z) = Ui?
Y 1 ; A _ 1.1 N N 2Nd
Fi (Z)ZNZFé(x _mJ)’ z ((x , U ),...,(93 , U )) e R*". (31)
JEN;
By existence and uniqueness, we can define the (uniquely and well defined)
maps
TF : R*™M 35 2+ TP (2) = ZF whenever Z§ = z, t>0.
In Lemmas 17, 18, 19 and 20 below, we establish several crucial proper-
ties of the dynamical system (77):>o. Lemma 17 is a conservation lemma.

Lemmas 18, 19 and 20 investigate the coalescence phenomenon in the phase
space and in the position space.

Lemma 17 For any t > 0, T¢ preserves the Lebesgue measure on R?N4:

[oe@ena= [ e

or all ¢ that are in C§° R2Vd) and all @ that are measurable and non-
0
negative.

Proof. This is a consequence of divF. = 0, which holds because
N
divF. =) (divy FY" + div,s F2¥) =0
i=1
almost everywhere for the Lebesgue measure since F“? is a locally Lipschitz

function that depends only on v and F%? is a locally Lipschitz function that
depends only on (z',...,2"). =

Lemma 18 Let log™ : (0,4+00) 3 r + log™ (r) be the function equal to 0 for
r > 1 and to —logr forr € (0,1). For every R > 1, set

hR (Z) = 1{|z\§R} Z 10g+ ‘ZZ — Z‘j

, z € R?M,

Then, for any T' > 0, there exists a constant Crr, depending on R, T and
the parameters in (A) only, such that for any e >0

/ sup hg (17 (2))dz < Cgror.
R

2Nd 1[0,
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Proof. Step 1. Let 0y : R?M4 — [0, 1] be a smooth function equal to 1
on Bong (0, R), equal to 0 outside Bang (0, R + 2), with values in [0, 1] and
with sup,cgenva |VOg(2)] < 1. For a given smooth function ¢ : R — [0, 1],
with support included in (0, 1), let log;f : R, — R, be the smooth function
defined as

1
log; (1) = / @ds for r > 0, (32)

so that |
< - for r > 0. (33)
-

d. .+
‘% log (r)
As ¢ increases towards the indicator function 1y of the interval (0,1),
log (r) increases towards log™ (7). Define now

hir(z) =0p(2) > log (|2 —2]),  zeR™M, (34)

As ¢ increases towards the indicator function 1 1), hZR(z) increases towards
h R(Z)

In the next step we prove that there exists a constant C', independent of
e, ¢ and the details of 0 in Bang (0, R+ 2) \ Bang (0, R), such that

/R sup hZR (T7 (2))dz < C. (35)

2Nd t€[0,T)

By monotonous convergence of hz)R (restricted to Baong(0, R)) towards hpr as
¢ increases towards 1), the claim of the proposition easily follows.
Step 2. Since log;f is constant in the neighborhood of zero, we can differ-

entiate log:g(|Zf’E — Z7°|) w.r.t. t. Given an initial condition z € Byng(0, R),
we deduce from (33)

_IFL(Z) ~ B (%)
g

d 1, €
7 logg (1207 = 7¢7))

(Note that the ratio in the above right-hand side is always finite since F. is
Lipschitz-continuous on compact subsets.) Thus,

d [F2 (Z7) — FL(Z))|

gheZ) <on(z) Y, =i
(i,j)EAN | t T |
+IVOR(Z0)] Y ogl (12" = ZE).
(i.5)eAn
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Since O (2) < 1yzj<r+2y and |VOg (2) | < 1{.<r+2), We can also write

[IF2 (Z7) — T (Z7)]

d €
— B (Z) < Lyggieniny

1,€ j,€
. v W VA i
+ 1{|Z{5€|§R+2} Z 10g;)' (|Zz75 o Zg,sD '
(.4)EAN

Now we apply very crude estimates to simplify the expressions:

P2 (Z5) = FL(Z7)| < 2[F. (Z)],

, . 1
logy (12° = ZI°|) < 5
’ |20 — 7}
and thus
d Or € € 1
gl (Z0) < Clyzpicreny (1 + [Fe (Z)]) >, 7= _ el
(Z'vj)EAN ¢ - ¢
Therefore,
sup hZR (Z;)
te[0,7)
< Wi (Z ' ‘ L, B
< hg (Z5)+C ; Lgzeicrey (L+F(ZD)) ) m s
(i5)eAn 1778 s

(Pay attention that the above right-hand side may be infinite.)
Step 3. We now integrate (36) on R?M? with respect to the Lebesgue
measure and apply Lemma 17. We get

[ s (T ()

2Nd ¢e[0,T]

1
< / ik (2)dz + C / Laicrizy (14 [Fo (2))) ) |.—.dz.
R2Nd R2Nd

K 28— 2|
(l’])EAN

By boundedness of F., we have |F.(z)| < C(1+ |v]), with v = II,(2), so that

0 1
sup h® (TY (z dZSC'1+R(1+/ ——dz |.
/]R?Nd 01| © (T2 (=) ( ) Bana(0,R+2) Z |2t — 2]

(1,5)€AN

The above integral is finite since the variables “z/”, 1 < j < N, are 2d
dimensional. The proof is complete. =
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Lemma 19 Given Ry, T > 0, there exists a constant Cr,r, depending on
Ry, T and the parameters in (A.1) only, such that, for any e € (0,1) and
e >0,

te[0,T] (4,5)EAN

Lebmd{zeBgNd(o,Ro): i inf |m<1f<z>>—7rj<Tf<z>>|<e}
CR(),T
< Toglel

Proof. By boundedness of F, given Ry > 0 (the maximum size of the initial
conditions) and 7" > 0, there exists Ry = Ry (Ry,T") > 0 such that

sup sup sup |T¢ (2)] < Ru. (37)
>0 |2|<Ro t€[0,T]

From Lemma 18 and Chebyshev inequality we get, for K > 0,

Lengd{z € Baona (O,RQ) :

€ € CRI:
sop (Lnscenmy 30 108" (57 ()~ (55 (1)) > K < St

t€[0,77] (ij)€AN
By (37), we can get rid of the indicator function 17:(.)<r,} above. Setting
Ag = {z € Bona(0, Ro) : sup > log" |mi (T5 (2)) — m; (T5 (2))| < K},
t€[0,T7] (i,j)EAN
we obtain Lebyyq(Bana(0, Ro)\Ak) < Cg, 7/ K. For € = exp(—K), we have

inf  inf |Zf’€ - Zg’€| > €
te[0,T] (i,j)€EAN

whenever Z5 € Ax.

Lemma 20 Given Ry, T > 0, there exists a constant Cr,r, depending on
Ry, T and the parameters in (A.1) only, such that, for any ¢ > 0, €,y €

(0,1),

Lebong {Z S BQNd(O,Ro) :

: . . do€>
Loy (1€ 07T inf frus (T7(:) — mio (T5(2)] < 2 ) < €0}
C

21 Tog@)]
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Proof. Choose z € Bang(0, Ro) such that
inf inf |Z;°—Z)°| >, (38)

t€[0,T] (i,j)€AN

with Z; = T;(z). Then, the proof is easily completed by Lemma 19, (38)
and Proposition 21 below. =

Proposition 21 Given L, Ry, T > 0, let (¢; = (Xt, 1) )o<t
path with values in R*N? such that {; = z € BQNd(O R
Lipschitz continuous path with values in R, for 1 <i < N,

<7 be a continuous
0), (yt)t>0 is a L-

dxi
dt

Then, there exists a constant C', depending on d, L, N, Ry and T only, such
that, for any €,0¢ € (0, 1),

=, t>0,i€{l,...,N}

inf inf |¢—(7|>
1207 ()b G- >e
. . 62
= Leby ([t € [0,T]: inf L x| < do—= | < 6.
e 1( [0, 7] (i,jl)IéAN‘Xt xil < 002)_ 0

Proof. Assume that there exist 0 € (0,¢), to € [0,7) and (4,j) € Ay such
that |x}, — x4,| < 6. Since infiejo 7 infijyeay |G — | = € we deduce

v, — vi)| = Ve — 62

By Lipschitz property of (14)o<t<r, there exists a constant C', independent of
€, to and 9, such that

v —vl| > Ve -2 -Ct—ty), t<t<T.
Therefore, there exists one coordinate ¢ € {1,...,d} such that

(i vi) | > Va5 — Ot —to)
t t)y \/;l )

g <t <T.

For C(t —ty) < Ve* —§?%, the right-hand side is always positive so that

(v} — 1), cannot vanish. By continuity, it is of constant sign. Therefore,

vV €2 — 62 — C(t — to)
Vd

i = xI| = (= x0),| = (t—to) — 9,
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for C(t —tg) < Ve — 2. For § < ¢€/2, we deduce
€

\Xi—XﬂZ(t—to)él\/a—&

for C(t — ty) < €/4. Finally, for 8v/dd/e < t —ty < €/(40), IXi — Xﬂ > 0.
Modifying C' if necessary, we deduce that
X — x1| >, (39)

for Cd/e <t —1ty <e/C and 6 < €/2. Assume now w.l.o.g. that C' > 2 and
choose ¢ of the form dye?/C? with dy < 1. Define the set

Z.(60,€) = {t € [0,T] : |x} — XH < Gpe?/C? .
By (39), to € Z.(d0, €) = [to + doe/C,to + €¢/C] N Z.(do, €) = O. Therefore,

Leb1 (Im((so, 6)) S 506/O[TO/6—| S 50(T + 1)

This completes the proof. m

3.2 Existence via relative compactness of distributions

We now establish the existence of a solution without coalescence in the phase
space by establishing the tightness of the paths (75 : z — T5(2))t>0)->0, Seen
as processes from Bang(0, Ry) endowed with the Lebesgue measure Lebgyyg
into the space C([0, +00), R*¥9) of continuous paths from [0, +00) into R4,
Below, we set = = C([0, +00), R?¥9) and we denote by X the Borel o-field
generated by the topology of uniform of convergence on compact subsets.

Lemma 22 Given Ry > 0 and € > 0, define the probability measure

B Lebong (Z € Bona(0, Ry) : (T;SE(Z»)SZO < A)

c4 , Ae X,
Q ( ) Lebong (BQNd(OaRO))

on the measurable space (Z,X). Then, the family of measures (Q%)c~o is
tight.

Proof. The proof is a straightforward consequence of the uniform bounded-
ness of the family (F.).~o. ®
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Lemma 23 Let (¢,),>0 be a decreasing sequence of positive reals with 0 as
limit such that the family (Q°),>0 converges towards some probability Q on
(2, X). Then,

i) The random variable = 3 & — & has a uniform distribution on the ball
Bona(0, Ro) under the probability measure Q.

i1) Define F as F. in (31) but replacing F; therein by F. Then, for Q
almost-every £ € =,

& = &o +/ F(&)ds, t>0.
0

iii) For any T > 0,

Q (f €=Z: inf inf } (&) — i (&)| = 0) =0,

(i,j)EAN t0,T

@ (5 €= Leb1 <t € [O, T] . inf |7Ti,x<€t) — Wj,x(&t” = O) > 0) = 0.

(Z7J)EAN

Proof. The proof of (i) is straightforward. By definition of QF, the random

variable = 5 £ — & has a uniform distribution on the ball Byng(0, Ry) under

the probability Q¢, for ¢ > 0. Passing to the limit, the same holds under Q.
We now establish (4i7). By Lemma 19, for any 7, e > 0 and € € (0, 1),

Lebava (= € Boval0, o) it int |m(T7(:) = m; (TE(2)] < )
C

| log(e)|”

for some constant C' independent of € and e. That is

<

< C
~ |log(e)|
The above event is open in =. Passing to the limit we deduce that the same

holds under Q. Letting € tend to zero, we obtain the first point in (7).
By Lemma 20, we know that, for any (7,j) € Ay and 0 < §p < 1,

Qs (§ €Z: inf inf |m(&) — (&) < 6)

t€[0,T] (i,j)eAN

QE (f €= Leb1 (t € [O, T] . ’71'@'@(515) - Wj,x(ft)l < 5062/02) S 050)
> 1= C/[log(e)]
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The above event is closed in =. Passing to the limit, we deduce that the
same holds under Q. We deduce that, for any o € (0,1),

Q€ e=:Leby (t€[0,T]:[mu(&) — mu(&)] =0) < Cdy) =1,
that is
Q(§ €= Leby (t€[0,T]: [mia(&) — mw(&)] = 0) = 0) = 1.
We now establish (i7). We know that, for any 7', > 0,

Q* ({EE:&:&]—F/O F.(&)ds, 0§t§T> =1. (40)

To prove (i7), it is sufficient to prove that

(ft — & — /0 Fg(ﬁs)ds) ogth'@e afo (ft — & — /0 F({s)ds> ogth'@’ (41)

where the left- and the right-hand sides indicate the distributions of the
indicated processes under the indicated measures on C([0, 7], R*N) and =
stands for the convergence in distribution. By boundedness of F., we em-
phasize that there exists a constant C' > 0, independent of € such that, for
any a > 0 and any &’ > ¢,

> )

/ B (6)ds - / B(e)ds

< Q* (C’Lebl (t €[0,7]): inf |ma(&) —mi.(&)] < 5’) > a) )

Q*° ( sup

0<t<T

The event in the right-hand side is closed in =, so that

[ Etcis— [ Fieass| > a) "
<0 (CLeb1 (t C10.T]: inf |mia(€) — ma(6)] < a) > a> |

lim sup Q° ( sup

>0 0<t<T

By (iii), Leby (¢ € [0, T : inf(; jieay [Ti2(&) — 7j0(&)| = 0) = 0 with proba-
bility 1 under Q. Letting €’ tend to 0 in (42), we deduce that the left-hand
side is 0. Therefore, to prove (41), it is sufficient to prove

t— G0 — s)d -QF t— G0 — s)d T
(5 & /0 F(¢.) s)ow o= (g & /0 F(E,) S)ogtg Q
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By dominated convergence Theorem, the map C([0, 7], R*N?) 5 (&)o<i<r —
<f0t F(gs)ds> € C([0,T],R?N) is continuous at any path ¢ for which
0<t<T

Leby (¢t € [0,7] : inf(; jyeay |Tiw(&) — 7j2(&)] = 0) = 0. By (iii) again, this
is true a.s. under Q: by continuous mapping Theorem, we complete the
proof of (41). We deduce that (40) holds true with € = 0. Letting 7" tend to
+00, we complete the proof of (ii). m

Corollary 24 For Lebesque a.e. z € R*V? there exists a solution (Z1)e>0
to system (9) with initial condition z, on [0,00), without coalescence in the
phase space, that is, for anyt > 0, Z; € I'y. Moreover, the set of instants at
which coalesence occur in the space of positions is of zero Lebesgue measure,
that is, 11,(Z;) € I'y n for a.e. t > 0.

Proof. The proof is a consequence of Lemmas 22 and 23. Given R as in
Lemmas 22 and 23, there exists a probability measure Q on (=, X’) such that
(4), (i7) and (774) in Lemma 23 hold. We then denote by (Q(+,2)):cB,xq(0,R0)
a family of regular conditional probabilities of Q given the random variable
=2&— &. We get

1:@{565:\#20, »:t:50+/w<5s>ds}
0

t dz
= 20, & = F(¢)dsb,2) —2
/Bzwd(O»Ro) & ({6 © t=0 6 50 +/0 (f ) S} Z) VQNd(RO)

We deduce that, for a.e. z € Byng(0, Ry), the set of solutions to (9) with z as
initial condition is not empty. Applying the same argument and using (7i7)
in Lemma 23, we deduce that, for a.e. z € Bang(0, Rp), the set of solutions
to (9) with z as initial condition, without coalescence in the phase space and
with Lebesgue null set of instants of coalescence in the space of positions, is
not empty. m

3.3 Uniqueness

We now complete the proof of Theorem 16 by proving uniqueness.

Lemma 25 Given an initial condition z € Ty, there exists at most one
solution to (9).
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Proof. For a given z as in the statement, consider two solutions ((;)i>0
and (¢]);>o0 to (9) with z as initial condition, (;);>¢ being free of coalescence
in the phase space. As soon as ((¢)i>0 and ({])i>0 coincide, ((f):>o is also
free of coalescence in the phase space. Therefore, if the first splitting time
T =inf{t > 0: ({ # (/} is finite, the splitting location ¢, = ¢ is in Ty,
exactly as z € I'y. By time-shifting, it is thus sufficient to prove that there
exists 7 > 0 such that ¢ and {’ coincide on the interval [0, 7]. Below, we write
z = ((2)1<ien, (V)1<ien) With m,(2) = 2° and m,(2) = v".

If inf; jeay |28 — 27| > 0, there exist small reals €,7 > 0 such that
both ((t)o<t<y and ((})o<t<y, solve the regularized system (30) driven by F.
on the interval [0,7]. Uniqueness follows in short time. The existence of
such a pair (e,n) follows from the boundedness of F' and the assumption
inf(; jeay |2° — 27| > 0. Indeed, by boundedness of F, both ¢ and (' stay
in a compact subset of R?V¢ in finite time. Therefore, the z-components of
¢ = (x,v) and ¢’ = (x/,V) are Lipschitz continuous on finite intervals. In
particular, in small time, the minimal distance between the positions of the
particles (X")1<i<n, that is inf; jeay [71.2(C) = 752(Q)] = inf jyeay X' = X1,
is bounded from below by a positive real. Similarly, inf(; jjea, |i2(¢) —
7;2(C)] = Inf(i jeay [(X)" — (X')?] is bounded from below by a positive real
in small time.

If inf(; jyeay 2" — 27| = 0, we denote by M = {(i,j) € Ay : |mi.(2) —
7;(2)| = 0}. For (i,j) € M, we know that [v* —v7| > 0. Therefore, in short
time,

vi— vl =o' = 4+ O(t), (43)

where O(-) stands for the Landau notation. Therefore,
Xi =Xt =t (v =)+t (44)

7 being bounded on compact subsets of [0, +00). Thus, we can find n > 0
such that |xi — x7| > t|v* — v?|/2 for 0 < ¢t <. Similarly, |(x})" — (x})?] >
tlv® — v?|/2 in small time. By (A.1), we deduce that

WW%WD—NWW—WWHSﬂ*wrwﬂ§Q§%M—%%(%)

for t € (0, 7], n being small enough. (The constant C' above depends on |v —
v’|.) Concerning the pairs (i, j) € Ax \ M, we notice that inf(; jyeay\m 2" —
2’| > 0. Applying the same argument as above and modifying 7 if necessary,
there exists ¢ > 0 such that F(xi — xJ) and F((x})" — (x})?) coincide with
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F.(xi—x)) and F.((x})'— (x})?) for t € [0,n] and (i,5) € Ayx\ M. Therefore,
(45) holds as well, provided 7 is small enough. Finally, we deduce that, for
any t € [0, 7],
t
v, — )] < C’/ sup |v, — v|ds.
0

0<r<s

Uniqueness easily follows on [0,7]. =

4 Stochastic dynamics: properties of the noise

We now specify the structure of the noise we plug into (9).

Stochastic differential equations considered in Subsection 1.3, see (10), are
written in Stratonovich form since Stratonovich integral is the most natural
one for approximations and for conservation laws. Anyhow, in this particular
case, Stratonovich integrals are (formally) equal to It6 integrals, so that (10)
will be interpreted in the usual It6 form

axXi
o

i 1 i J = i k <46>
AV} = N]%;F(Xt —Xt)dt+k;gk (X}) dWF,

t>0,i€{l,...,N}. The (formal) equivalence is based on the fact that
t . t . 1 .
/ o (X2) 0 dW} = / o (X2) dWE + 3 [ow (X7), W], t>0,
0 0

where [.,.], denotes the mutual covariation of two semimartigales. Here the
local martingale part of (ox(X7}))>0 is zero, since (04,(X}))i>0 is of bounded
variation as the composition of a Lipschitz function and of a process of
bounded variation. We shall not treat more rigorously this equivalence, which
is of secondary importance here, and, from now, we shall adopt the Ito for-
mulation.

4.1 Structure of the noise

We here discuss several crucial properties of the functions ((0},)1<i<a)kem {0}-
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Assuming that the series
A GEA (47)
k=1

converges uniformly on compact sets in (Z,y), for each o, = 1,...,d, we
can denote by @ (Z,y) the limit d x d matrix-valued function

ZO’k ®0’k ) (48)

This is the covariance function of the random field R? 3 7 +— >"7° | oy (7) WY
The covariance function @ (Z,¢) plays a very important role in the next
discussion and we shall impose specific assumptions on it. Recall that it
satisfies

N N o
Z<Q(xj bES U>Rd_zz U>Rd<ak($J) U>Rd
ij=1 ij=1 k=1
) N 2
-y (z ) =0
k=1 =1
for all (z*,...,2") € R" and (v!, ) € RV,
Definition 26 Let us call Q (x, y) strlctly positive on I'; n if
N
Z <Q (a:j,xi) vi,vj>Rd >0
ij=1

for all (z',...,2N) €Ty n and v = (v',...,v") € RN\ {0}.
In the following, we shall assume (in addition to (A.1)) that:

(A.2) For each k € N\ {0}, oy is Lipschitz-continuous on R?, and the
series in (47) converges uniformly on every compact subset of R? x R

(A.3) The mapping R? x RY > (%,9) — Q(&,7) is bounded on the
diagonal, that is sup;cpa |Q(Z, Z)| < +00. Moreover, it satisfies the Lipschitz
type regularity property

Q(2,%) + Q (7, 9) — 2Q (%,9)]
sup

B GERITA] |z — g

< +00. (49)
Finally, @ (z,9) is strictly positive on I'; y as in Definition 26.
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Remark 27 The regularity assumptions on o and Q in (A.2) and (A.3)
respectively are strongly related one with each other. Specifically, the Lipschitz
condition (49) implies a strong Lipschitz property of the fields (o) kem {0} -

N (of (&) — of (§)) (o7 (&) — o (7))

k=1
= Qs (£,%) = Qag (£,7) — Qap (7, %) + Qup (5,9) < C|F — g

Conversely, Eq. (49) holds if the Lipschitz constant of the (ox)ren o} are
assume to be square summable.

This connection must be understood in the following way: in practice,
we are given the covariance function ) first. Precisely, given a function
Q : R* > (2,9) = Q(Z,7) with values in the set of symmetric matrices of
size d x d, satisfying (A.3) and of positive type, that is

(50)

n
Vo> 1, Vi85t R, Y (Q(#,F) ), >0,

ij=1

Q may be expressed as a covariance function as in (48), for some fields
(0k)kem\(oy satisfying (A.2). We refer to Theorem 4.2.5 in Kunita [21].

Remark 28 When @Q is given first, a typical way to guarantee (49) con-
sists in assuming Q to be of class C* with bounded mized derivatives, that is
SUD (3 g)craxrd |05 3@ (T, 7)| < +00. Indeed, in such a case,

Qop (7,7) — Qap (T,7) — Qap (U, T) + Qap (7,7)

1 1
X / / [al,jaZ,iQaﬁ (59} +(1=s)g,rz+ (1 - 7’) g)] dsdr| ,
0 Jo

where 0y j and Oy,; denote the partial derivatives of the function T — Q (Z,7)
and §J — Q (Z,y) respectively. (Basically, 01; and 0o, also read 0z, and 0,
respectively, but we feel here more understandable to use the notations 0 ;
and 8271'.)

39



Remark 29 By Eq. (50), one can apply classical Lipschitz arguments to
prove existence and uniqueness of a strong solution to an equation of the
form

dY, =b(Y,)dt + Y o (V) dW}, t>0,
k=1

(or to systems of symilar type) when b is also Lipschitz continuous. Obuvi-
ously, we shall use Eq. (50) as well to investigate (46).

Remark 30 In all the space homogeneous examples of the next subsection,
Q (Z,7) is constant, so that it is bounded on R,

4.2 Ellipticity of N-point motion and examples
For every k € N\ {0}, introduce the vector field Ay : RV? — RN? defined as

Ay (ml,...,xN) = (O’k (:L‘l),...,O’k (:L‘N))

These fields govern the N-point motion of the simple equation
dY, = A (Y)dW},  t>0, (51)
k=1
which may be also expressed as
dY; = Zak (V) dwy, t>0, ic{l,...,N},

k=1

the unknown process (Y;):>0 being RMN9-valued. In this subsection, we inves-
tigate the ellipticity properties of the fields (Ag)rem (o} or, equivalently, of
Eq. (51). On I ., Span {4, (%)} eroy oy cannot be RN so that the N-point
motion there moves along a restricted number of directions. On I'y n, the
non-degeneracy is equivalent to the strict positivity of Q) (x,y) on I'y n:

Lemma 31 Q satisfies Definition 26, that is Q (Z,q) is strictly positive on
Iy v, if and only if

Span {4k (2)}cn g0y = RN, ve = (z',...,2") € T, (52)
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Proof. The set Span {Ay, (%)}, (o) 18 @ vector subspace of RM? hence (52)
is equivalent to the fact that there is no vector v = (v',...,v") € RV {0}
orthogonal to Span {4y (%)}, .y, that is, given v = (v',...,0") € RV {0},
we have

(Ag (), v)ana > 0.
k=1
Now,
> (o)t =3 (o) ) = 3 (@)
k=1 k=1 \i=1 ij=1

The proof is complete. m

We want to exhibit interesting examples of strictly positive covariance
functions @ (Z,7). Let us restrict ourselves to the space-homogeneous case,
namely we assume that there is a d x d matrix-valued function @ (Z) such that

Q (Z,7) = Q (T — y) and we assume that the following spectral representation
holds:

Q) = /R Q) dk,  we R, (53)

where the matrix-valued spectral density Q, with coordinates in L!'(R%),
takes values in the space of non-negative real symmetric d x d matrices and
satisfies Q (—k) = Q(k), k € R% (Above, k - 7 is a shorten notation for
(k,Z)pa.)

Lemma 32 Assume that Q has the following property: for any Re-valued
trigonometric polynomial v(k) of the form v (k) = Zjvzl viet*® - for some
(«', ..., 2N), (o)., 0N) € RN and for i = —1, the almost-everywhere
equality

(Q(K)v(k),v(k)ea =0 forae keR?

implies v (k) = 0 for any k € R, where (-, -)ca denotes the Hermitian product
in C4. Then Q (%,7) is strictly positive on ', y.

(Keep in mind that, for any u,v’ € C, (u,u')ca = ijl @ (u')?, u denot-
ing the conjugate of u. We will also write (u,u')ca = (@, u')ga with an abuse
of notation.)
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Proof. We have

PMICICEERUNES OY e I CIC LRy W
=1

Jt=1

(54)
— /Rd (Q (k)v (k),v (k))eca dk,

where v (k) = Z;vzl vie®™*  Since Q(k) is a non-negative symmetric real

matrix, (Q (k) v (k),v (k))ca is real and non-negative.

Choose z € T', x and v € R such that the left-hand side in (54) is
zero. Since (Q (k) v (k),v (k))ca > 0 for every k € R? we deduce that
(Q(k)v(k),v(k))ca = 0 for a.e. k € RY By assumption, this implies
v(k) = 0 for any & € R? and thus (v!,...,vY) = 0 since v (k) is a (vec-
tor valued) trigonometric polynomial driven by pairwise different vectors
', ... 2N, (See Remark 38 below.) m

It is now easy to produce examples of covariances @ (Z,7) that are strictly
positive on I'y y: for instance, it is sufficient to take Q such that Q (k) is
(strictly) positive definite for a.e. k € R, In fact, it is sufficient that Q (k)
is (strictly) positive definite on a set of positive Lebesgue measure:

Proposition 33 If the matriz Q (k) is strictly positive definite on a Borel
subset of RY of positive Lebesgque measure, then Q (Z,7) is strictly positive
on I'; .

Proof. If A denotes the Borel subset of R? of positive Lebesgue measure in
the assumption and (Q (k) v (k),v (k))ca = 0 for a.e. k, then v (k) = 0 as.
on a Borel subset A C A C R still of the same (positive) Lebesgue measure.

This implies v (k) = 0 because v is a trigonometric polynomial, see remark
38 below. m

The previous proposition does not cover important examples intensively
used in the literature on diffusion of passive scalars. We now prove that the
matrix Q) (Z,9) is strictly positive on I'; n in these examples as well, provided
very general conditions on the fields (o )ren 03 Precisely, the description
we make below corresponds to an isotropic random field Y "° | o% (Z) Wi on
R
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Example 34 We here call isotropic case the case when
QU =UQ ) U, FeRY UeORY,

where O(R?) is the set of orthogonal matrices of dimension d (U" denotes
the transpose of U). This is the case when Q(k) in (53) has the form

O(k) = mof (k). that is Q(x):/Rde“”wkf(W)dk,

where Lok
(1—p) L+ (pd — 1) “‘32 for d>2

1 for d=1
with p € [0,1] and f : [0,+00) = R is in L'([0,+00)) and satisfies

T —

f(r)>0 for a.e. 7> 0. (55)

The matrix Q (k) is symmetric, it satisfies Q (—k) = Q (k), and it is almost-
everywhere non-negative because (we restrict the proof to d > 2 for obvious
reasons)

[E* (mhw, w)ea = (1= p) [k[* [w[* + (pd = 1) [(k, w)ea|*,  w € T,
and, by Schwartz inequality,

[k[* (mw, w)ea > (1= p) [k, w)eal” + (pd — 1) [k, w) cal” (56)
=p(d—1) [(k,w)cal” 2 0

(the dimension d is a positive integer and p € [0, 1]). (Inequality is here given
in C? but only the R? part is useful to prove non-negativity of Q(k). The
full inequality in C¢ will be used next.)

We refer the reader to Le Jan [23], Monin and Yaglom [30] and Yaglom
[34] for references where this form (for particular choices of f) is used or
investigated. This class of covariances is related to the Batchelor regime
of the Kraichnan model, where f(r) = (r2 + r?)=(4+®)/2 with @ = 2, see
Gawedzki, Falkovich and Vergassola [12]. In the limit 7o — 0, the covariance
of the increments of the noise is scale invariant with scaling exponent equal to
2. The “turbulent regime” of the Kraichnan model (0 < @w < 2) is in contrast
not included in our main final result because of the regularity properties we
require on Q.

43



Proposition 35 If there exists a Borel set A C [0,00) such that
Leb;(A) > 0, and f(r)y>0 forreA, (57)
then Q (z,7) is strictly positive on I'; n.
Proof. Step 1. From Lemma 32 it is sufficient to prove that the condition
f (k) (mv (k),v (k))ea =0 for ae. k € R?

implies v (k) = 0 for any k € RY, when v (k) has the form v (k) = Zjvzl vieihe?
for some (v!,...,v"N) € RV and (z!,...,2") € [, n. Let A* be the set of all
k € R? such that |k| € A. It holds Leby(A*) > 0. If f (|k]) (mxv (k), v (k))ca =
0 for a.e. k € R? then (mv (k),v (k))ca = 0 for a.e. k € A*, namely for all

k in a positive measure set A*. We have to prove that this implies v (k) = 0.

Let us understand what the condition (m,w,w)cs = 0 means for some
w € C% 1In the case d = 1 it simply implies w = 0. For p € (0,1], d > 1,
inequality (56) implies p (d — 1) (k, w)as = 0, and thus (k,w)%, = 0. Finally,
in the case p=0, d > 1, for all w € C? we have

[k[* (miw, w)ea = ([K] |w] = (b, w)ea)®

and thus (m,w,w)cs = 0 implies that w is parallel to k, if k # 0. (That is
w = Ak for some A € R.)

Let us go back to the main line of the proof. We have (m,v (k),v (k))ca =0
for all k € A*. Depending on the values of p and d, this implies at least one
of the three following conditions: v(k) = 0 for all k € A*, or (k,v (k))ca =0
for all k € A*, or v (k) is parallel to k for all k € A+ (except maybe at k = 0).
From Remark 38 below, all these three inequalities can be extended to the
whole RY, see!. Therefore, depending on the values of p and d, at least one
of the three following conditions is satisfied: v (k) = 0 for a.e. k € R?, or
(k,v(k))ca = 0 for a.e. k€ R or v (k) is parallel to k for a.e. k € R% In
the first case, we have v (k) = 0 for any k € R%. The third case is treated in
Theorem 4.7 of [18], see also [11] and also implies v (k) = 0 for any k € R<.
Inspired by those works, we prove below that the same holds in the second
case.

Note that v(k) || k may be written as Z;V:1<Ugew —vleq, k)cae'™ k=0, for 1 < 0,0 <
d, where (es)1<r<q is the canonical basis of Ce.
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Step 2. We have to prove that

N .
Z <k,/Uj>(cd 6ik~a:] —0
7j=1

for a.e. k € R? implies v = 0 and thus v(k) = 0 for any k¥ € R% Let
¢ : R — R be a smooth function with compact support. Denoting by ¢ the
Fourier transform of ¢, we deduce

N

Z (k, vj>cd 5 (k) =0

j=1
for a.e. k € RY, hence the integral in k is equal to zero and thus

N

Z<Uj, Vi (27))ga = 0.

j=1

Since the points z* are all different, we may construct a function ¢ such that
Vi (z%) is equal to v*, and thus we get v = 0. The proof is complete. =

Remark 36 Proposition 35 can be called ellipticity of the of N-point mo-
tion of the isotropic noise introduced in FExample 34. Consider indeed FEq.
(51) with N initial conditions x',... ™ € R? and denote the corresponding
solution by (Y,',. .., YN )i>o.

The noise in (53) may be quite degenerate a priori: for instance, if the
fields (o) kem\{oy are constant, then the fields (Ay)r>1 act along the “diagonal”
of RN only, so that the law of Yy, for t > 0, is concentrated on a subset
of RN of dimension smaller than Nd. On the contrary, Proposition 35
states that the family of fields { Ak (Y2) }yem oy point in all directions as soon
as Yy 1s in 'y . By Malliavin calculus, this implies that the law of Y,
for t > 0, is absolutely continuous with respect to the Lebesque measure
on RN when Yy = (a',...,2") € T, n. The proof consists in applying
Bouleaw and Hirsch criterion for absolute continuity of the distribution of
a Malliavin differentiable random wvector, on the same model as in Theorem
2.8.1 in Nualart [32] for SDEs driven by a finite-dimensional noise; we refer
to Nguyen [31] for Malliavin differentiability of the solution to (53) under
(A.1-8) and to Proposition 2.3 therein for a typical application of the Bouleau
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and Hirsch criterion. In particular, there is no need to compute some Lie
brackets of the fields (Ay)r>1 with themselves to establish absolute continuity
of the marginal laws. The regime is thus said to be elliptic. Note however that
absolute continuity fails when the starting point is not in Uy n: if 27 = 2* for
some j # L, then Ytj =Y for anyt >0, so that (Y;)io stays in a hyperplane
of RN4,

We are now able to give examples for which Theorem 2 applies:

Proposition 37 In the case when d = 1, consider () as in Example 34, with
fe LYR,,Ry) satisfying (57) and

“+o0o
/ K F (k) dk < oo,
0
then Conditions 4 and 5 in Section 2 are satisfied with
o(x) = sign(z) w7 r € R.

Proof. Go back to the framework of Section 2 and recall (11) and (13).
The existence and uniqueness part in Condition 4 follows from Theorem
41 below. The boundedness condition (12) is straightforward. Actually, it
coincides with (A.3).
We now prove (14). Considering an arbitrary random initial condition
(Zy°, Z5°), independent of the noise ((W})i=0)i>1 as it is in Condition 5, we
have:

— on(X7}
2

(X)) )
dX; = sign(X{)dt +¢ Y AWF, t>0.

k>1

We set, for t > 0,

p; = Q(0) — Q(X7) >0,
! : € £\ g XS.LE — 0 ste
Bi= Y [ stenioet o () P - RS
0 2
t

k>1

+ / sign(XS)1y,e—oydW, .
0
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The bracket of B® is given by

- 0w (X)) — o (X7P9)|2
d(B%); = (1{,,§>0}(,0§) 12' o Xi7) — ol X) +1{p§:0})dt:dt.

2
k>1

By Lévy’s Theorem, (Bf):>o is a Brownian motion w.r.t. the augmented
filtration generated by the initial condition (Zé’e,Zg’a) and by the noise
(W)z0)r=1.

We now investigate the properties of o. We first notice that ¢(0) = 0.
Below, we prove that o is C? with bounded derivatives and that o(1) > 0.
We have

Q) - Q) =« [ = puiyar = [ (k) )k
with X
oty = L2500

It is well checked that ¢ is infinitely differentiable with bounded derivatives.
Therefore, the function

@:RBxH/RkQ@(kx)f(\dek

is twice continuously differentiable with bounded derivatives. At xz = 0,
®(0) > 0, so that V@ is twice continuously differentiable in the neighborhood
of 0. Therefore, the function o, which reads

o(x) =2/ P(x), z€R,

is twice continuously differentiable in the neighborhood of 0. Away from
0, the function R 5 z — Q(0) — Q(z) has positive values so that its
square root is also twice continuously differentiable and ¢ is twice contin-
uously differentiable as well. The derivatives of order one and two of o are
bounded since the derivatives of order one and two of ) are bounded and
Q(0) — Q(z) — Q(0) > 0 as |z| — 4+00. Moreover, o(1) is clearly positive.
]

Remark 38 Let f : RY — C be a function of the form

N
f(k)= Z (aj + <k’, vj>(cd) e”j'k, k e RY,
=1

J
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where a; € C, vi € C* and (z',...,2") € T, n. If there is a Borel set
A C R? of positive Lebesque measure such that f = 0 on A, then f =
0. This is presumably well known fact of complex analysis (true for much
more general functions) but we prefer to give a proof. Since (x',... 2N) €
L., we can find linearly independent vectors uy, ..., ug € R? such that, for
any 1 < n < d, the scalar products (u,,x’)ga are pairwise different®. It is
then sufficient to prove that a; = 0 and (up,v)ca = 0 for any 1 < j <
N and 1 < n < d. Below, we prove that a; = 0 and (ug,v’)ca = 0 for
any 1 < j < N. Rotating the space if necessary, we can assume without
loss of generality that ug = eq = (0,...,0,1). Since [p.1a(k)dk > 0, it
follows from Fubini’s Theorem that there exists (k3,..., k%) € R such
that [o 14 (ki k3, ... k}) dky > 0, namely the line t — k* + tey intersects
A infinitely many times with at least one accumulation point, where k* =
(0,k3,...,k}) and ey = (1,0,...,0). Therefore, the function t — f (k* + tey)
15 an analytic function with such set of zeros, thus it is identically equal to
zero. Choosing t = 0, we deduce that f(k*) =0 for k* € {0} x A* with A* =
{(k3,... k5) e RT o [ 1a(ke, kS, ... k})dky > 0}. By Fubini’s Theorem,
Lebg_1(A*) > 0. Iterating the process, we deduce that f(0,...,0,k;) =0 for
kq in a non-zero Lebesque measure subset of R, that is f(0,...,0,kq) = 0 for
any kq € R. Following Step 2 in the proof of Proposition 35, we deduce that
a; =0 and v}, =0 for any j € {1,...,N}.

2The proof is as follows. Clearly, we can find a non-zero vector u; such that the set
{{u1,2%)ga,1 <€ < N} has at least two different elements. We then construct us, ..., uq
by induction. Assume that there exist m disjoint subsets I1,..., I, 1 <m < N —1, such
that {1,..., N} = LU---UI,, and n linearly independent vectors uq,...,u,, 1 <n <d-—1,
such that the mapping {1,...,N} 2 £ — (u;,z%)ga, 1 < j < n, takes the same values on
each I, but different values on different I,’s. Choose one of the I,,’s at least of cardinal
two. Denote it by I,-. There exists u; ,, in the orthogonal of {us,...,u,} such that the
mapping £ — (u);, 1, 2%)pa takes at least two values on I,«. For any 1 > 0, the mapping
O (uj+nuy g, 2%)ga also takes at least two values on Ip,«. Clearly, we can choose 1 small
enough such that the mapping ¢ — (u; 4+ nuy;, 1) ga takes different values on different
I’s. Setting p41 = Uy, + nu;, 1, we obtain at least m + 1 classes. Induction ends when

m = N. If m = N and n < d, we can complete the family (uq,...,u,) by the same
argument as above: setting un41 = u, +nu;,,, for n > 0 and u, ., in the orthogonal of
{u1,...,un}, we can choose 7 small enough such that all the (u, 1,2 e, £ =1... N, are

different. Note that we cannot have m < N and n > d as otherwise there would be two
identical z¢ and z¢ .
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4.3 Hypoellipticity of the N-point motion for the sec-
ond order system

We consider now the second order system

X >
d_tt =V, dV, = kz:;gk (Xe) thka t >0,

when the noise satisfies the assumptions of the previous section. Given N

initial conditions (x!,v'),..., (ZL‘N JoN ) € R?? the corresponding solutions

are denoted by (X}, V'), ..., (X}, V,Y). We then write X; = (X}, ..., X}V),
V,=(V},...,V}N), so that

dX =
d—tt =V, dV,= ;Ak (X,)dW},  t>0.

Rewrite this as
dZ, =Fo (Z)dt + Y Ay (Z)dW}, >0,
k=1

where Z; = (X;, V), Ay : R*V4 5 (2,0) — (0, Ag (z)) € RN and Fy : R?V 5
(z,v) = (v,0) € R?N4 The action of the noise on such equation in R*V¢
is certainly not elliptic. Anyhow it is hypoelliptic in the following relatively
simple sense:

Proposition 39 Assume that, for any k € N\ {0}, oy, is of class C* on R?
and that, for every r = (xl, e ,:L‘N) cl'yn,

Span {4 (z) } e 0y = RN,

Then, for every z € R?N? of the form z = (x,v) with v = (xl, o ,ZL‘N) €
I'yn, v e RN we have

Span {A (2) , [A, Fo] (2)}pemn o = R*V

(Keep in mind that, given two differentiable vector fields Vi and Va in R™,
their commutator [V, Vs] is the vector field in R™ with components

Vi, Val; = Vi - Vi = V- VY )
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Proof. Step 1. We compute the commutators of the vector fields Ay, Fy,
k € N\ {0}. The point is to be careful with the notation. A vector z € R?V¢
is a pair z = (z,v) € RV x RV where z € RV may be written in blocks
as = (¢',...,2") € R x - -+ x R? (N times), each block z' € R? being
a vector of the form z* = (2¢,...,2Y), similar notations being used for the
second component v € RV of z, that is v = (vl, o ,UN), vt = (v, ... 0Y).
We use similar decompositions for Fy and A, and we write the decomposition
in blocks as

Fo = <]F(()1),IF(()2)> ; F{) = (Féa’l), . ,Féa’N)> for a=1,2,
with
Ry = (B, FEY) for a=1,2andi=1,.. N,

and similarly for Ay and [Ag, Fyl.
With these notations, we have

A,(:’i) =0, F(()Q’i) =0,
Af’z) (z,v) = oy, (2') Fél’z) (z,v) =",
for (v,v) e RM xRN andi=1,...,N.
and thus
(1i,5) — (2,1,9) _ J (i (2,4.4) _
VA =0, 0pA7 (2,0) = 040,07, (z'), 9, P A (z,0) =0,
VIF(()QM) =0, 8mgIFél’Z’j)(x,v) =0, O 1”)(35 V) = 6ip0iqs

for (z,v) € RVIxRN € {1,...,N},j € {1,...,d}, k € N\{0}. Therefore,
Ay, Fo) V) = Ay - V) —Fy - VAL = A - VESHY
=SS A <o
p=1 ¢=1
that is [Ag, Fo] " (z,0) = ol (2%). Similarly,

[Ag, Fo]®™) = Ay, - VEZ™) —Fy - VAP = —F, - VAP
N

d
= — Z Z F(()Lp’q)angl(€27i7j) = _ﬂ-i,v . VO.?C @] 7TZ',£E7

p=1 g=1
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that is [Ay, Fo]*™ (z,v) = —vt - Vol ().
We thus have [Ag, o] (z,v) = o (), namely

[Ar, Fo] M (z,0) = A (). (58)
Similarly, we can also write
[Ag, Fo]® (z,0) = — (v'- V) oy (). (59)

Step 2. Let us now show that the family of vectors Ay (2), [Ag, Fo] (2)
spans the entire R?V¢ at any point z of the form specified in the assumptions.
Given w = (w, w®) € RV x RN we want to express it as

w = NAg(2) + ) e [Ag, Fo (2) (60)

k=1

with only a finite number of coefficients A\, and py different from zero. From
(58) and (59), a necessary condition for (60) is

w = Z prp Ay (). (61)

By assumption, Span{Ax(z)}renm oy = RY?, so that (61) is solvable, that is
we can find a family (u)gen oy With a finite number of non-zero elements
satisfying (61). A second necessary condition for (60) is

w? = Z A Ak (x) + Z HE [Aka FO](Q) (ZL’, U) . (62>
k=1 k=1

Given a family (p) ken\fop With a finite number of non-zero elements, Eq.
(62) is solvable, that is we can find a family (Ay)ren (o3 With a finite number
of non-zero elements such that

> MAr (@) = w® = " gy [Ag, Fo]? (2, 0)
k=1 k=1

Again, solvability relies on the assumption Span{Ay(z)}renm oy = RV =
Here is the precise formulation of hypoellipticity in our framework:
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Proposition 40 Under (A.1-3) and under the previous notation, the stochas-
tic approximate system

dXti’E Y /%E
dt _‘/t )

2,€ 1 i,e 7€ - 1,€ k (63)
v’ :NJEZN‘FE(X,; —Xt’)dt+;ak(Xt’)th, t>0,

admits a unique strong solution for every initial condition (X}, V{))i<i<n =
(=", v')h<isn € R*N?, where F. is as in (30). Moreover, the mappings ¢; :
RV 5 (2", v')h<ieny € RV = (XL V) hi<ien with ((X§, Ve))i<icn =
(2, v")1<i<n, t > 0, form a stochastic flow of homeomorphisms on R*N4,
Finally, for any t > 0, the marginal law of the 2N d-dimensional vector

£ __ l,e l,e N,e N,e
Z = (x5, X )

is absolutely continuous with respect to Lebesque measure when (zt,... V) €
Lun.

Proof. Eq. (63) may be written as

+00
dZi =F. (Z)dt + > Ay (Z0)dWE, >0, (64)
k=1

with F. as in (31). Unique strong solvability and homeomorphism property
of the flow may be found in Nguyen, Nualart and Sanz [31] and Kunita [21,
Chapter 4, Section 5]. We then notice that Proposition 39 remains true
with Fy replaced by F., provided F, is continuously differentiable. The proof
is the same: on the one hand, (58) remains true with Fy replaced by F.,
so that (61) remains true as well; on the other hand, (59) is modified but
this has no real consequence on (62). When the coefficients (o4 )rem (0} are
smooth, with derivatives of any order in ¢*(N \ {0}), and F. is smooth as
well, absolute continuity then follows from a suitable version of Hormander’s
Theorem, namely Hormander’s Theorem for systems driven by an infinite-
dimensional noise. See for example Theorem 4.3 in [31], which extends the
classical results of Malliavin calculus to infinite-dimensional noises.

Here the coefficients are not smooth. Anyhow, absolute continuity follows
from the Bouleau and Hirsch criterion directly. By Proposition 2.2 in [31],
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we know that (Z7);>¢ is differentiable in the sense of Malliavin with

+o0 t
Z]E/ |DFZ¢?ds < +o0,
k=1 0

for any ¢t > 0. We also know that

DyZi =Y (Y7) A(Z),  0<r<t,

the equality holding true in R*V¢, where (Y,?);>¢ is an R*2NV92Nd_yalued pro-
cess, solution a linear SDE of the form
too t
Y =Ing+ Y / ar(s)YEdWE + / ap(s)Yeds,  t>0, (65)
k=10 0

the processes (ax(s))s>0, £ € N, being progressively-measurable and the
infinite-dimensional process ((|au(s)|)s>0)kem o} being bounded in ¢*(N '\
{0}). When the coefficients F. and Ay, & € N\ {0}, are smooth, ay(s) =
VF.(ZZ) and ay(s) = VAL(Z2), k € N\ {0}, the general case being treated
by a mollification argument. In particular, it is always true that [ou(s)]11,
[ak(s)]12 and [ag(s)]22 are zero for k € N\ {0}, where [ax(s)]11, [ox($)]1.2
and [ag(s)]22 stand for the (1,1), (1,2) and (2, 2)-blocks of dimension Nd of
ax(s), that is [0 ()11 = (9, A i, [on (32 = (9, AL i<ijen and
[k (s)]22 = (&,jAEf’Z))lg,jgN are zero. Similarly, [a(s)]i1 = [ao(s)]22 = 0
and [ag($)]1,2 = Ing. As in the finite-dimensional framework, we can check
that, a.s., for any ¢ > 0, Y,® is invertible, the inverse being of finite polynomial
moments of any order.

For r small, Y,* = Ihy4+0,(1), 0,(1) standing for the Landau notation and
almost-surely converging to 0 with r. Therefore, by the equalities [a(s)]11 =
[ar(s)]11 = [ar(s)]12 = [0(s)]22 = [ar(s)]22 = 0 and [ag(s)]12 = Inag, We
deduce that [Y,f]11 = Ing+ro.(1) and [Y,f|oo = Ing + 0-(1) and that [Y,f]; 2
may expanded as

[Yr]io = rina + ror(1).

Setting Z, = (Y,?)"tA,(Z5) € R*M and writing Z, under the form Z, =
((Xf7vﬁ))1gigjv, we have

[Yg]l,l X + [Y;“E]LZ V, =0,
[Y8]2,1 A, + [Yrg]w Ve = Ay(X7),
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that is &, + 7V, = ro.(1), and o,.(1)X, +V, = Ap(X?) + o.(1). We deduce
V, = Ap(XE) + 0.(1) and X, = rAx(XZ) + ro.(1), so that

(Y)Y " DFZE = (rAp(z) +ro.(1), Ax(x) + 0,(1)) . (66)

(The above equality holds almost-surely, o,(1) being random itself.) For a
given w € Q for which (66) holds true, consider ¢ = ((x%,1"))1<i<n € R*V4
such that (DFZf ()ga = 0 for any 0 < r <t and k € N\ {0}. Changing ¢
into ((Y£)™') "¢, we deduce from (66) that

N

TZ<JI€ (xl) 7Xi>]Rd + Z(Uk (:EZ) ayi>Rd = TOT(1)|X‘ + 07‘(1)|V|7

=1

Letting » — 0, we deduce that v 1 Ag(z) for any £ € N\ {0}. Since
Span{Ax(z)}renmoy = RV for x € ', y, we deduce that v = 0. Dividing
the above equality by r and letting » — 0 again, we deduce that y = 0. We
complete the proof by Bouleau and Hirsch criterion, see Theorem 2.1.2 in
Nualart [32]. =

5 Stochastic dynamics of N particles: no co-
alescence

We now prove the main result of the paper:

Theorem 41 Assume that (A.1-8) are in force. Then, for any z € Ty,
there exists a unique solution (Z;(z))i>o to (46) with z as initial condition.
It satisfies P{¥t > 0, Zi(z) € I'n} = 1 and P{Leby{t > 0 : II,(Z(2)) €
Ity =0}=1.

The proof is split into three parts: we first establish a priori estimates
for a regularized version of (46); using a compactness argument as in the de-
terministic case, we deduce that strong unique solvability holds for Lebesgue
almost-every starting point; taking advantage of the absolute continuity of
the marginal laws of the regularized system, we finally prove that strong
unique solvability holds for any z € I'y.
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5.1 Preliminary estimates

Given the smoothed system (63)—(64) with (¢7):>0 as associated stochastic
flow of diffeomorphisms on R*V¢, we aim at extending the results in Subsec-
tion 3.1 to the stochastic framework.

Lemma 42 For any t > 0, ¢5 () preserves Lebesgue measure:

B[ awi@d= [ o),

for all g that belong to C§° (R2Nd) and all g that are measurable and non
negative.

Proof. This is a consequence of the almost everywhere equality divIF, = 0
and divA, =0forall ke N. m

Proposition 43 With the same notation as in Lemma 18, for any Ry, R >
0, there exists a constant Cr, r independent of € such that

/ E[ sup hg (@] (z))} dz < Cpy R
BQNd(OvRO)

t€[0,T]

Proof. Step 1. Let log] (r) be defined as in (32). Let us write Z for the
generic point of R and consider the function R** 5 Z — log/ (|Z]). We have

- o (]2]) -
v flog; (1)) = -2 15
and thus 1
|V [log (12)]| < {f;” for all # € R (67)
Moreover, denoting by z, the generic component of z, for « = 1,...,2d, we
have
0 ¢ (12]) ¢ (12]) ¢ (12])
——— [log? (|2])] =2 ZaZg — —=—ZaZg — 0aB-
We easily deduce that
0? C
logt |Z]] < — (1 "(12]) - 143 68
57,07, % 2| < |2|2( + ¢ (12)) - Lz (68)
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for a simple constant C' independent of the details of ¢.
Given R > 0, let 0 : R?¥¢ — R be defined as in the proof of Lemma 18.
As in (34), define also

hgf (2) =0r(2) Z log (|2 =2]), z € R*N4,

In the next step we prove that, given Ry, R > 0, there exists a constant Cr, g,
independent of £, ¢ and the details of 0 in Byng (0, R 4 2) \ Bana (0, R), such
that
E/ sup hZR (T (2)) dz < Cgy g
(0,Rp) t€[0,T]
By monotonous convergence, this easily implies the claim of the proposition.

Step 2. Denote mutual variation between two continuous semimartin-
gales X and Y by [X,Y]. Then, with the notation g (2) = log; (|Z]),

dl} = dI* +dI}?

d(0r(Z7) g (2" = Z7)) = dI} +dI} +dl}, { A a2 (69
t t t
where
I = 0r (Z7) (Vg (207 = Z0°) ,d (2} — Z°) )gaa »
0 (Z€> = 829 1,€ j,€ 2,€ )€ 2,€ )€
dftu:%aﬁ_lm(zt -z a|(z - 7, (7 - 7))
and,

dIP = g (2 = Z20) (VOr (), dZ)gona

gZ Zye N @9 e i€ 53
R I S NI CAMEA N
,j=1«
and

i —a lz [ (Vo (7~ 759, 825~ 2220 s,
k=1

Z /0 (VOR (Z5), Ay (Z5)) gona AWE
=1 t
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In this step let us handle the three terms with the mutual variations. We
have

a1

[
NE

(Vg (2" = Z}7) N (Z5) = BL(Z7) ) o (VOR(ZF)  Are (Z5))gena dt

R2d

k=1

I
NE

(7 (Vg (20— 7)) o (K1) = 0 (X7))

>~
I

1

X <HU (VR (Z5)), <0k (XM),... o (Xtha))> dt.

RNJ

For all #,7,0 € R?, we deduce from Cauchy-Schwarz inequality and from
Remark 27,

D (0, 0k (7) — 0 (5))pa < C |7 =" [ (70)
Similarly :
> (@, 0n (@) < CJof* (71)

using the assumption of boundedness of |Q (#,7)| on RY. By (67) and
Cauchy-Schwarz inequality, this implies

|dIP| < C|VOg (Z7)] dt. (72)

In order to deal with the term I!? we need to analyze the mutual variation
74 — 79), (2% — Z7)3],. Obviously, it holds
B
[(Xz,a _ X],e)p’ (Zz,e _ Z],e)ﬁ}t _ 0

forallp=1,...,dand B =1, ...,2d, since X**— X7¢ is of bounded variation.
On the contrary, we have, for p,g =1,...,d,

’d |:(‘/tz',s i ‘/tj,s)pj (V;i,s i ‘/tj,e)q}t’

S (oh (X0%) = of (X7)) (of (X7°) = o (X7))

k=1
< )X - xi| dt,

dt
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by Remark 27 again. Combining the above bound with inequality (68), we
get (renaming the constant C)

COn(Z0) (L + (12" = Z)) | i gt gy
. . t
|zt — Z8<| (73)
< 00 (27) (1+ ¢/ (|27 = Z/])) dt.

ar?| <
Finally, let us deal with I??. As above, the only terms to be non-zero in

the variation d[(Z%%), (Z7)], are the terms d[(V,"%),, (V%) ,)i. We claim

4 [(V),, (v, ] | = DD ot (329 o (x39) | at < Coat

and thus ' '
|dIP?| < Cg (2,7 = Z)7) |V?0r (Z7)) dt. (74)
Step 3. We collect the previous results and get from (69), (72), (73) and
(74),

d[0r(Z]) g (27 — Z]°)] < dI} +dIH? + dIP + dIP*? + dI}
where

A1 = 0 (Z9) <Vg (Zti’s — th’e) ,Fi (%) — Fi (Z; )>R2d dt

I} = 0r(Z) ) (Vg (2" = Z)7) A (Z]) = B(ZD))

k=1

dwF

R2d

and

U = 4 (2 - 20°) (V020 . (20

W

UP2 = g (23— 2%) S (V0 (%) A (29) s AW

b
Il

1

and
dl = C|on (7)) (1+ & (|21 - Z0°])
+ |VOR (Z5)] + 9 (2% = 20°) | V26 (2))] | at.
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By (67) and by boundedness of F. on Byyng(0, R), we have, as in the deter-
ministic case,

d[tlll < Cr 0 (Z)

SR
= |ZZ€ nglt

and similarly ' '
A" < Cg (27 — Zf’e) |VOr (Z;)| dt.

Therefore,
d[0r(Z5) g (2" — 2]°)] < dI}* + I} + dI}, (75)
where (up to new value of C)
arp = C |0n(25) (1+ |20 = 2|7 + 0 (|20 - 7))
(149 (2 = 20°)) [900(2)) (76)
+9 (2 = 2°) [V0n (7)) | .

Step 4. We now deal with the martingale terms I''? and I*'2. By (67),
(70) and Doob’s inequality

]E{ sup |1112| }

te[0,77]

< CE

[ S -2 @) - o 2]
k=1

< CE UOT%(Z;‘)CZS]

Similarly, from (71),

E [ sup |[%12|2}

te[0,7

T o0
< CE / (ZZ8 ZJE Z VQR ZE) Ay (Z )>R2Nd ds]
0

=1

T
<ce|[ ¢ (2 - 27) Won(zR as|.
0
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As in the deterministic case, we apply the following estimates

max (0r (2), Va0 (2)], |[VEO (2)]) < Lzi<ria), z e RN,

max (g (%), 9% (2)) < %, z e R*™.
Z

From (75) and (76), we deduce (with Z§ = z)

E | sup (0r(Z])log] (|12;° — Z7°]))

t€[0,T)]

T 1 , ,
1+ E 12 _— "(|Zbs — Z2* ds | .
+C< + /0 {1Zs|<R+2} <|Z§’E—Zg’€| + ¢ (\ s 5 \)) s)

Step 5. We now integrate on a ball Boyg (0, Ry) of R?¥? with respect to
the initial conditions. Applying Lemma 42 and following the deterministic
case, we get

/ E
Bana(0,Ro)

§/ Or ()log¢ {z‘—zj})dz
Bana(0,R0)

R N = R B

By a spherical change of variable, the integral of ¢(|2* — 27|) can be bounded
independently of ¢. This completes the proof. m

< 0Ogr(2) log;f (|zZ - zj‘)

sup (0r (5 (2))log (|1 (z) — ¢I° (Z)!))] dz

te[0,T

Lemma 44 Given Ry, T > 0, we have

lim sup (Lebgng @ P) {(Z,w) € Baong (0, Rog) x

e—=0 ¢>0

f f 7€ (z,w)] <ep =0.
telngml)réAleot (z,w) =7 (2 w)1_6}

Proof. By boundedness of F. and Q(z,Z) and by Markov inequality, it is
well-seen that, for any Ry > 0, there exists a constant Cp, such that, for any
R >0,

C
(Lebong @ P) {(z,w) € Bona (0, Ro) x Q: sup |¢f (z,w)| > R} < ZHo
te[0,7) R
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Moreover, by Proposition 43,

(Leszd & ]P) (z,w) € Bona (0, Ro) x

Cro,Rr

sup Lgsewiemy ), log™ | (5,0) — @)% (s,w)| > K p < =2

tefo.1} (i.)€AN
The proof is easily completed on the same model as Lemma 19. =

Lemma 45 Given Ry, T > 0, we have

lim sup sup (Leboyg ®P) {(z,w) € Bong (0, Ro) x Q-
(E,A)—)(0,+OO) e>0 0<dp<1

L€b1 <t c [0, T] : (1,]1)IéfAN }ﬁ-x [90115’6 (Z,(A)) — (pg,e (Z,CL)):H < %) > A(SO} = 0.
Proof. The proof is performed on the same model as the proof of Lemma
20, but with an appropriate version of Proposition 21. Indeed, the paths of
the process (¢f(z))o<t<r cannot be Lipschitz continuous, but they are 1/4-
Holder continuous. Specifically, from the boundedness of F. and Q(z, %) and
by a standard tightness argument, we can prove that the probability that
(©5(2))o<t<r is 1/4-Holder continuous with A as Holder constant converges
towards 1 as A tends to +oo, uniformly in € > 0 and in z € Bayng(0, Rp).

The statement then follows from the following version of Proposition 21,
the proof of which is left to the reader:

Proposition 46 Given A, Ry, T > 0, let ( = (xt, ¥t))o<i<T be a continuous
path with values in RN such that ¢y = 2 € Bana(0, Ro), (V{)i>0 is a 1/4-
Hoélder continuous R*-valued path with A as Holder constant, for 1 <i < N,
and ,

dx; — i

a
Then, there exists a constant C', depending on d, A, N, Ry and T only, such
that, for any €, € (0,1),

inf inf i >
b b |G =G| >

t>0,ie{l,...,N}.

, 5
= Leb,; (t €[0,T]: inf |xi—x]|< 50%> < Cdyp.
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5.2 No coalescence for a.e. initial configuration

As a first consequence of the previous estimates, we prove the same result of
the deterministic case.

Theorem 47 Under Assumptions (A.1-3), for Lebesgue almost every z,
equation (46) has one and only one global strong solution.

Proof. Step 1. We here consider = = C([0, +00), R*¥))®C([0, +00), R)®N\ 0}
endowed with the product o-field X of the Borel o-fields. In comparison
with the deterministic case, we here enlarge = to support the paths of all the
Brownian motions involved in the dynamics of the particle system.

Given Ry > 0 and € > 0, we endow the pair (£, X') with the probability
Q¢ defined on the cylinders as

QF (Ag x Ay X -+ x A x C([0,400),R) x --+)
= Vyna(Ro) - (Lebang @ P) {(2,w) € Bana(0, Rp) x Q :
(‘Pi('z»tzo S A(b (Wt17 - ~7Wtk) S Al XX Ak}y

where Ay is a Borel subset of C([0,+oc), R*N9) and Aj,..., Ay are Borel
subsets of C([0, +00), R).

We emphasize that the o-field X coincides with the Borel o-field gener-
ated by the standard product metric on the product space Z. In particular,
the notion of tightness is relevant for probability measures on the pair (2, X):
it is well-checked that the family (Q%).~ is tight.

Denoting by @Q the limit of some convergent sequence (Q°"),cn for a
decreasing sequence of positive reals (¢, ),en converging towards 0, the point
is to discuss the properties of the canonical process under @QQ, as done in
Lemma 23 for the deterministic case. Below, we will denote by & = (&’“) reN
the canonical process on =, (£2)i>¢ being R?V-valued and the (£F);>0, k > 1,
being R-valued.

We first notice that the family ((§f):>0)kem (o} is a family of independent
Brownian motions under Q. Following () in Lemma 23, the marginal law of
= 3 &+ & is the uniform distribution on the ball Byyg(0, Ry).

Following the proof of (¢ii) in Lemma 23 and applying Lemmas 44 and
45, we deduce that, for any T > 0,

Q {g €Z: inf inf |m (&) -7 ()] = o} =0. (77)

(i,j)EA N t€[0,T]
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and

Q{§ € Z: Leby (t €0,7]: . 1)an |7rw (&) — i (ff)‘ = 0) > O} = 0.
1,])EAQAN
(78)

Set now &) = (x,v7), with x¥ =11, (§) and v =11, (&), t > 0. Set also

¢
7 =) - /0 IL, (F(x))ds, t>0.

We claim that (7);>¢ is a square-integrable continuous martingale under Q
w.r.t. the filtration (G = (¥, s <t,k € N)),_  with

t>0

(@) @], = [ QU0 ds, ne i dn (@)

as quadratic variation. We also claim that

[(;;O)i,gk]t:/o on ((O))ds, i€{l,....d}, keN\{0}.  (80)

The proof is quite standard and consists in passing to the limit in the mar-
tingale properties characterizing the dynamics of (Z7)¢>o. The only difficulty
is to pass to the limit along the mollified drifts, but this can be done as in
the proof of Lemma 23 for the deterministic case.

Step 2. Denote by (G;):>o the right-continuous version of (G;)i>o aug-
mented with Q-null sets. Clearly, (7?);>¢ is a square-integrable continuous
martingale under Q w.r.t. (G;),s, and both (79) and (80) remain true. In
particular, we can compute -

- ) /Ak (€9) dfk =0, t>0,

kEN\{0}
so that, Q-a.s.,
£?=58+/ () ds+ ) /Ak (€0) det, t>o. (81)
keN\{0}

We now denote by (Q(+, 2)).cB,nq(0,Ro) & family of regular conditional prob-
abilities of Q given the random variable Z 3 ¢ +— &). It is then plain to
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see that, for a.e. z € Bong(0, Ro), ((§F)i>0)kem (o} are independent Brownian
motions under (-, 2), (7});>0 is a square-integrable continuous martingale
under Q(-, z) w.r.t. (G¢),~o and both (79) and (80) remain true under Q(-, z).
We then deduce that, for a.e. 2z € Bang(0, Ry), (81) holds true Q(-, 2)-a.s.
with &) = z therein. (Notice that, almost everywhere on Byyn4(0, Rp), the ver-
sion of the stochastic integral may be chosen independently of z. Of course,
its distribution under Q(-, z) depends on z.) As in the deterministic case,
we deduce from (77) and (78) that, for a.e. z € Bang(0, Ry), there is no
coalesence in the phase space with probability 1 under Q(-, z) and that the
set of instants where coalescence occurs in the space of positions is of zero
Lebesgue measure with probability 1 under Q(-, z).

Step 3 We now prove that pathwise uniqueness holds for solutions start-
ing from I'y. Following the proof of Lemma 25, we are given two solutions
(Ct)t>0 and ({])i>0 to (46) with z € 'y, (¢;)i>0 being almost-surely free of
coalescence in the phase space. Denoting by 7 = inf{t > 0 : ¢, # (/}, the
point is thus to prove that P{r = +o00} = 1.

On the set {7 < +o0} (if not empty), we have ¢, = (. € I'y since (()i>0
is free of coalescence in the phase space. Put it differently, we have, P-a.s.,
Cran = CLn, € I'y for all n € N. Therefore, pathwise uniqueness holds if we

-
can prove:

Lemma 48 Let Zy be a random variable with values in T'x and let (G)i>o
and ((})i=0 stand for two solutions to (46) with Zy as initial condition, ((;)i>o
being free of coalescence in the phase space. Then, there exists a stopping time
p, P{p > 0} =1, such that ((;)i>0 and ({])i>0 match almost-surely on [0, p|.

Applying Lemma 48 with Zy = (A, as initial conditions, we deduce that
P{r > n} =1 for any n € N, that is P{7 = +oo} = 1, as announced.

The proof of Lemma 48 is based on the same argument as the proof of
Lemma 25. We write Zy = (X, Vo), with X = I1,(Zy) and Vy = 11,(Z),
and ¢ = (x¢, ), with x; = I1,(¢) and v, = I1,((;), for ¢ > 0. On the same
model, we write ¢ = (x},v]) for t > 0. Setting p'*7 = inf(pé’i’j, pé}i’j), with

pc =inf {t >0 |x; — x| < X5 — Xg1/2}
(with a similar definition for ﬂé‘?i’j) and p** = inf(p?i’j’ P z;i,j)’ with
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(with the convention that pg’i’j — 0 if Vi —Vj=0, and with a similar definition
for pz}i’j), we put p* = max(plh7, p2ii).

We first prove that p™/ is almost-surely positive. If p'*/(w) is zero for a
given w € €2, it holds pé’i’j(w) =0or pé}i’j(w) =0, so that | X}(w) — X](w)| =
0. Since Zy has values in T'y, we deduce that |Vi(w) — Vg (w)| > 0. Since the
paths of ((;):>0 and ((]):>o are 1/4-Hélder continuous (up to a null event),

we have the following analogue of (43):
|vi(w) = v (W) = (Vo (w) = Vi (@))| < Clw)t', (82)
for a finite constant C'(w) depending on w. We deduce that, for any ¢ € (0, 1],
i) =X (w) =t (V5 (w) = V] ()| < Clw)t".

Therefore,
i j bi j
Xt(w) = xi (W)] > 3 V(W) - Vi ()| (83)

for C'(w)t"/* < (1/2)|Vi(w) — Vi (w)|. Therefore, pz’i’j(w) > 0. Similarly,
2,i.j
We now follow the end of the proof of Lemma 25. On [0, p], the drift
F(¢;—¢]) in (46) satisfies (45): it thus coincides with some functional G((v! —
v1)o<s<t) of the whole path (V! — 19)g<s<t, G being bounded and locally
Lipschitz continuous w.r.t. the L*°-norm. We then write

dvp = N;G (% = vl)ozs<e) dt + ;U’“ () dWy, i e{l,....d}, (84)

for ¢ € [0, p], with p = inf,.; p*. (Obviously, the equation is also satisfied by
¢’.) Eq. (84) reads as a functional equation driven by bounded and locally
Lipschitz-continuous coefficients, the Lipschitz constants of the coefficients on
any balls being finite random variables depending upon w through the initial
condition Zy only. Lemma 48 easily follows by proving that P{supy<, |vs —
vy| =0[Z} = 1.

Step 4. We have proven weak existence and strong uniqueness for a.e.
initial condition z € I'y. Following the proof by Yamada and Watanabe in
the finite-dimensional case, we deduce that both strong existence and strong
uniqueness hold for a.e. initial condition z € I'y. =
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5.3 No coalescence for any initial condition in I'y

We now establish the main result of the paper. To do so, we first prove

Lemma 49 For any z € 'y, there exists a unique solution (p(2))o<t<r, to
(46), with z as initial condition, on the interval [0, 7], where T, = inf{t >
0 : @(z) € IS} Moreover, the mapping Ty > z — (pinr.(2))iz0 €
C([0, +00), R2N4) s measurable.

Proof. The whole difficulty is here to handle the possible coalescence of the
particles in the space of positions. By induction, we build a non-decreasing
sequence of stopping times (77),en such that 77 — 7, almost-surely as n
tends to +o0o and (46) has a unique solution (¢:(2))o<t<-» on each [0, 77]
with z as initial solution for any n € N. The stopping time 7 is set equal
to 0. Given (p:(2) = (x¢(2), %(2)))o<t<rn, for some n € N, we can follow
the proof of Lemma 48 and build a (unique) solution (¢¢(2)),n<i<,n+1 to (46)

on [t2, 70, where 7/ = 7, A 72" where 7"t = inf,; p"" ] with
Qg1 _ i+l 2+l
p = max(p P ),

phHITH = inf {t > 77 xi(2) = X (2)] < X (2) = Xa(2)] /2}

and,

PP i (1> 7 i (2) = ()] < (- 1) [ (2) — v (2)] 12}
) nen 18 non-decreasing.

On each step, existence and uniqueness hold since Eq. (46) can be writ-
ten as a functional SDE on the interval [77, 77*!] with bounded and locally
Lipschitz-continuous coefficients. (As already emphasized in the proof of
Lemma 48, the Lipschitz constants of the coefficients on bounded sets de-
pend on the initial position ¢.»(2). Anyhow, this has no consequences on
the existence and uniqueness of a solution on the interval [r7, 771].)

zr 'z
Almost-surely, the sequence (77

Clearly, the sequence (T,

")nen cannot have an accumulation point
before ¢(z) hits F?V, as otherwise there would be a blow-up for the modulus
of continuity of ¢(z). Again, the precise argument goes back to the proof of
Lemma 48: the length 7" — 77 depends on the modulus of continuity of
the path (¢¢(2)),n<i<c,n+1 ~the length of the interval is controlled from below

when the modulus is controlled from above-, on the distance dist(¢,x(2), [%)
~the length of the interval is controlled from below when the distance is away
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from zero— and on the norm |¢.»(z)| ~the length of the interval is controlled
from below when the norm is away from +o0o—. The modulus of continuity is
controlled in terms of the bounds of the coefficients by Kolmogorov’s crite-
rion, the norm of ¢(z) is controlled in terms of the bounds of the coefficients
as well, and the distance from o(z) to I'§; is bounded from below on any
[0,7¢], with 7¢ = inf{t > 0 : dist(¢,(2),I%) < €}, for € > 0. This proves
that, a.s., sup,>; 7' > 77 for any € > 0, that is sup,>, 7' > 7, =7,. ®
Proof. (Theorem 41.) We now complete the proof. We add a point A to
RN and set ¢;(2) = A for t > 7., 2 € I'y, when 7. < co. The resulting
family of processes (¢:(2))i>0, 2 € I'y, has 'y U A as state space. It is a
homogeneous Markov process. By Theorem 47, P{7, = +o00} = 1 for a.e.
z € R?N4_ In particular, we can write, for any 0 < e < T,

P{oer(z) €Tn} = P {opr—e(2) € Tn} pt.()(d)
IyU{A}

where {¢7(2) € Tn} = {w € Q: ¢z)(w) € 'y, forany t € [¢,T]}
and fi,_ () is the law of ¢.(z). By Theorem 47, we can find a Borel subset
N C R?M4 of zero Lebesgue measure such that

]P{gp[(LT_&*](Z) c FN} =1

for all z € NT. Then

P{ger(z) eTn} > /NE P{pp,r-(2') € Tn} pig. (2 (d2)

Now, assume that z = (z,v) is such that z € ', x (so that z € I'y). Then,
there exists ¢* > 0 such that inf;,; |2* — 27| > £*. Defining 77 = inf{t > 0 :
infig; 720 (90(2)) — T ()] < &'}, we have

fo.(y(N) = P{p-(2) € N'}
=P{p.(2) eN, 70 > e} + P{o(2) e N, 7] <¢}
<P{pi(z) e N,7} > e} +P{rS < ¢}
<P{p:(2) e N} +P{7] <¢},

(85)

(86)

where (p;(2))i>0 stands for the solution to (46) when driven by a Lipschitz
drift that coincides with the original one on {(z!,...,z") € R*N : inf,,; |z —
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29| > e*}. Since N is Lebesgue-negligible and the law of ¢?(2) on R*V? is
absolutely continuous with respect to Lebesgue measure when z € I'; y, we
deduce that P{p:(z) € N} = 0. (See Proposition 40.) Letting ¢ tend to
zero, we deduce that P{ppm € I'nv} = 1. Indeed, Neso{@en(2) € In} =
{po(2) € Tn} = {ppm(2) € Tn} since po(2) € T implies ¢(2) = A for
any t > 0.

Assume now that z € I'y but ¢ I', y. Following the proof of Lemma
48, we know that, P almost-surely, there exists a non-empty interval (0, p(w))
such that ¢;(z) € Ty, p standing for a stopping-time. (When z' = 27,
1T 2 (00(2)) =m0 (pe(2))| > (¢/2)|v" — 07| for ¢ > 0 small and is thus non-zero
for ¢ > 0 small.) In particular, 7.(w) > p(w). For any ¢ € (0,¢), we have

pooe()(N) = P{pc(2) € N}
=P{e:(2) e N6 < p} +P{p:(2) e N,p <4}
(2)
)

87
< P{o-(2) eN, 0 < pt +P{p <} 57
< P{o:(2) € N, 1L, (p5(2)) € Tun} + P{p < 6}
By Markov property, we then claim
P{QOE(Z) S N, Hz (305(2)) € Fz,N}
(88)

- / P{pe5(2") € N} L, (2)er, s () (d2).
R2Nd

Going back to (85), we write € as € = £1+¢9, with 1,9 > 0. Choosing § = &;
in (87), we have ¢ — § = 5 in (88). By (86) and by Lebesgue’s dominated
convergence Theorem, we know that the right-hand side in (88) tends to 0
as g9 = £ — d tends to 0. Passing to the limit in (85) and using (87), this says
that P{¢, n(2) € In} > 1 —P{p < &1}, for any e, > 0. Letting ; tend to
zero, we obtain P{ppr(z) €'y} =1. =
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