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To my children who are my (quasi-)invariant parameters.

Abstract.

In this paper we consider holomorphic families of frescos (i.e. filtered differential
equations with a regular singularity) and we construct a locally versal holomorphic
family for every fixed Bernstein polynomial. We construct also several holomorphic
parameters (a holomorphic parameter is a function defined on a set of isomorphism
classes of frescos) which are quasi-invariant by changes of variable. This is motivated
by the fact that a fresco is associated to a relative de Rham cohomology class on a one
parameter degeneration of compact complex manifolds, up to a change of variable
in the parameter. Then the value of a quasi-invariant holomorphic parameter on
such data produces a holomorphic (quasi-)invariant of such a situation.
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1 Introduction.

When we consider a proper holomorphic map f : X — C of a complex manifold X
on a smooth complex curve C' with a critical value at a point 0 in C', the choice
of a local coordinate near this point allows to dispose of an holomorphic function
f. Then we may construct, using this function, an (a,b)-module structure on the
cohomology sheaves of the formal completion (in f) of the complex of sheaves
(Kerdf®,d*) (see [B.12]). These (a,b)-modules represent a filtered version of the
Gauss-Manin connection of f. The most simple example of this construction is the
Brieskorn module (see [Br.70]) of a function with an isolated singular point. See also
[B.08] for the case of a germ of holomorphic function with a 1-dimensional critical
locus.

But it is clear that this construction depends seriously on the choice of the function
f, that is to say on the choice of the local coordinate near the critical point 0 in
the complex curve C.

The aim of the present paper is to study the behaviour of such constructions when
we make a change of local coordinate near the origin. We consider the case of frescos
which are monogenic geometric (a,b)-modules corresponding to a minimal filtered
differential equation associated to a relative de Rham cohomology class on X (see
[B.09] and [B.10]).

A holomorphic parameter is a function on the set of isomorphism classes of frescos
which behave holomorphically in a holomorphic family of frescos. In general, a holo-
morphic parameter is not invariant by a change of variable, but we prove a theorem
of stability of holomorphic families of frescos by a change of variable (see theorem
3.1.10) and this implies that a holomorphic parameter gives again a holomorphic
parameter by a change of variable.

Our main task is the construction of holomorphic parameters which are (quasi)-
invariant by all changes of variable. The first observation is the fact that the principal
Jordan-Hdélder sequence of a fresco is covariant with the changes variable (see theo-
rem 3.1.7). That implies that any holomorphic parameter which is (quasi-)invariant
by changes of variable obtained for some quotient between two terms of this se-
quence will produce a holomorphic parameter which is (quasi-)invariant by changes
of variable for the fresco itself. Now the fact that the parameter of a rank 2 fresco
is a holomorphic parameter which is (quasi-)invariant by changes of variable will
produce a first collection of holomorphic parameters which are (quasi-)invariant by
changes of variable. These holomorphic parameters are associated to Jordan blocks
of size at least 2 of the monodromy.

Another construction of holomorphic parameters, which are (quasi-)invariant by
changes of variable, is given. It is non trivial even in the semi-simple case for which
the previous construction does not give anything. In this case the holomorphic pa-
rameters look like some ”cross ratio” of eigenvectors of the monodromy.

In order to enlarge the use of this second construction, we prove that for any holo-
morphic family of [A|—primitive frescos parametrized by a reduced complex space
X there exists a dense Zariski open set X’ in X on which the family of semi-



simple parts of the frescos is again a holomorphic family.

It is clear that combining these two constructions and this result we are able to
produce many interesting holomorphic parameters which are (quasi-)invariant by
changes of variable for a general holomorphic family of frescos.

To finish this introduction let me decribe now the most significant results in this pa-
per. After some preliminaries on the change of variable of a fresco, we introduce the
notion of holomorphic family of frescos and we prove some basic results on this no-
tion : theorem 3.2.2 which is the stability of holomorphic families by twisted duality
and theorem 3.2.3 which says that in a short exact sequence of Ay —sheaves, when
two are holomorphic families the third is also a holomorphic family. The theorem
3.1.7 shows that the quotient of two terms in the principal Jordan-Holder sequence
in a holomorphic families define also holomorphic families. Then, in section 4, we
construct a "standard” locally versal holomorphic family for any given fundamental
invariants.

In section 5 we prove that the collection of semi-simple parts of members in a holo-
morphic family of [A\|—primitive frescos is a holomorphic family on a Zariski dense
open set in the parameter space,. This result is rather interesting because it is a
tool to produce quasi-invariant holomorphic parameters (see above) which do not
come from the principal J-H. sequence.

In order to construct more quasi-invariant holomorphic parameters than these we
obtain from the rank 2 quotients of the principal J-H. sequence, we study the rank
3 case in detail. The classification of rank 3 frescos is given in the appendix and
the study of the changes of variable in rank 3 leads to the construction of a new
holomorphic parameter which behave in a very simple way by change of variable.
This allows to produce a new quasi-invariant holomorphic parameter for each pair
of rank 3 quotients of terms in the principal J-H. sequence. These results are
collected in theorems 7.4.1 and 7.4.2.

A

2 Change of variable in the ring A.

2.1 Some facts on frescos.

For basic properties of (a,b)-modules the reader may consult [B.93] [B.09] or [B.12].
Definition 2.1.1 We call a geometric monogenic (a,b)-module a fresco.

Definition 2.1.2 A geometric (a,b)-module is call [A]—primitive for some subset
[A] € Q/Z if each root of its Bernstein polynomial is in [—A].

For any geometric (a,b)-module and any subset [A] € Q/Z there exists an unique
maximal submodule E[A] which is [A]—primitive. It is a normal submodule. The



quotient E/E[A] is the maximal [*A]—primitive quotient of E, where [°A] is the
complement of [A] in Q/Z.

Recall that is I C E is a normal' submodule of a fresco F, then F and FE / F
are frescos. Moreover, if E is [A]—primitive, so are F and F / F.

As any regular (a,b)-module, a [A]—primitive fresco E admits a Jordan-Holder
sequence, which is a sequence of normal sub-modules (which are frescos)

O=FFCF,C---CF,1CF.=F

such that the quotients Fj/Fj_l have rank 1. Then, for each j € [1,k] we have
Fj/Fj_1 >~ Ey\, ~ A/A.(a — \;.b).
For any J-H. sequence of a [A]—primitive fresco FE the sequence of numbers
[, - - ., g associated to the consecutive quotients are such that the (unordered) set
{p1 +1,...,ux + k} is independant of the choice of the J-H. sequence.
Recall that for a fresco FE the Bernstein polynomial Bpg is the characteristic
polynomial of the action of —b~!.a on Eﬁ/b.Eﬁ. So its degree is equal to the rank of
E over C[[b]]. Theroots of Bg are the opposite of the numbers {p1+1, ..., up+k}.
It is proved in [B.09] proposition 3.5.2 that any [A]—primitive fresco admits a J-H.
sequence such that

MFI< p+2<--- < N+ k.

Moreover it is proved in [B.12] proposition 1.2.5 such a J-H. sequence is unique (so
the sub-modules F}; are uniquely determined).

It is called the principal J-H. sequence of F.

In loc. cit. we call fundamental invariants of the rank &k [\|—primitive fresco E
the ordered sequence of numbers (Ay,..., ;) corresponding to the principal J-H.
sequence. It is often convenient, in the [A]—primitive case, to define the numbers
p; by the formula A; 1y := A;+p;—1 for j € [1,k—1] and to give the fundamental
invariants via the numbers Ay, pi,...,pr—1. Note that p; are natural integers and
that A; is rational number such that A\ > k& — 1.

Remark that the uniqueness of F; for the principal J-H. sequence of a [A]—primitive
fresco E implies that the dimension of Ker (a — A;.b) is a one dimensional vector
space and that F; = C|[[b]].e; where e; is any non zero vector in this kernel.

NOTATION AND CONVENTION. We want to extend the previous terminology to
general frescos. So we fix now a total order on Q / Z. Then for each regular (a,b)-
module there exists an unique filtration of E by normal submodules (Gp)nen,
that we shall call the primitive filtration of E (associated to the order choosen
above), such that

'A sub-module F C E is normal if E/F is again free on C[[b]]. Note that for G C F C E
it is equivalent to ask that G is normal in F and F normalin E or to ask that G and F
are normal is F.



o If F is [A]—primitive with [A] = {[m] < -+ < [un]} then we have

[
Gr = E[{[pa], - .-, [un]}].

For a [A]—primitive fresco E we define the principal Jordan-Hdolder sequence
as the unique J-H. sequence of FE satisfying the following properties

1. This J-H. sequence is compatible with the primitive filtration (Gp)pep,m of
E.

2. In each quotient Gy, / Gp-1 of the primitive filtration of F which is a
[pn]—primitive fresco, the J-H. sequence induces the principal J-H. sequence.

Note that existence and uniqueness of the principal J-H. sequence of a [A\]—primitive
fresco implies existence and uniqueness (for a given order on Q / Z) in the general
case.

When we consider a [A]—primitive fresco with [A] = {[u1] < --- < [pug]|} we shall
call (A1,..., ) the fundamental invariants of £ when the numbers \;,..., \x
are ordered in the same way that the successive rank 1 quotients of the principal
J-H. sequence of FE. For instance A; is the first fundamental invariant of FE[u]
where [11] is the smallest class in Q/Z of the opposite of the roots of the Bernstein
polynomial of F.

2.2 Embedding frescos.

Definition 2.2.1 Let \ be a rational number in |0,1] and N an integer. We

define the left A—module EE\N) as the free C[[b]] module generated by eq, ..., ex
with the action of a define by the following rules :

1. a.eqg = Ab.ey ;
2. For je€[l,N] a.e;=MAbej+bej_;

3. The left action of a is continuous for the b—adic topology of EE\N). As

—(N) _(N)

a.z,’ CbE the action of a extends to an action of C[[a]]

It is an easy computation to check that a.b —b.a = b*> on EE\N), so we have defined
a simple pole (a,b)-module of rank N + 1.

Remark that E&N) corresponds to the formal asymptotic expansions of the type
N ' N
1 (Logs) (Log s)’
> 5.0t L 57 gy o (o)
j=0 J: j=0 J:

where the action of a is the multiplication with s and b is the ”primitive without
constant”. For [A] C Q / Z a finite subset, we define EE\N) as the direct sum

—(N —~(N
:(A )= Daieln JA )
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When V' is a finite dimensional complex vector space, we shall also consider vector-
valued asymptotic expansions. Then we let a and b acts on EE\N) ®V as a®idy

and b ® idy.

Now the following embedding theorem is an elementary by-product of the theorem
4.2.1 in [B.09] (The more precise version for [A\]—primitive frescos stated in the
remark below is given in [B.12].)

Theorem 2.2.2 Let E be any rank k geometric (a,b)-module. Then there exists
an integer N < k — 1, a complex vector space V of dimension < k and an
embedding of E in the left A—module EE\N) ® V', where [A] is the subset of Q/Z
of the classes containing an opposite of a root of the Bernstein polynomial of FE.

REMARK. When FE is [A|—primitive we may choose [A] =[\] and the minimal
N isequal to d(E)—1 where d(E) is the ss-depth of E; the minimal dimension
for V is §(E) the rank of the semi-simple part of E (see below for the corre-
sponding definitions.) O

Let me recall basic definitions and results proved in [B.12] for frescos.

Definition 2.2.3 Let E be a fresco. We say that E is a theme if there exists

an embedding of E in EE\N) for some integer N.

We say that E 1is semi-simple when any A—linear map ¢ : E — Eg\N) has rank

at most equal to 1 for any choice of [)].

REMARKS.

1. Of course any rank 1 fresco is at the same time a theme and semi-simple. But
it is clear that in rank > 2 a [A]—primitive fresco cannot be at the same
time a theme and semi-simple.

2. Themes and semi-simple frescos have nice stability properties. See the [B.09]
and [B.12].

Proposition 2.2.4 (See [B.12] ) Let E be a fresco. There ezists a biggest semi-
simple submodule Si1(E) in E. It is normal and has rank §(F) at least equal
to 1. Then we define inductively the semi-simple filtration (S;(E))jen,a by the
formula

Sin(E) = q;' [SI(E/S;(E))]
where q;: E — E/Sj(E) is the quotient map.
Then d(F):=inf{j € N, S;(E) = E} is called the ss-depth of E. For instance for

a fresco E we have d(F) =1 if and only if F is semi-simple, and d(E) = rk(E)
if and only if £ is a [A]—primitive theme.



Note that 6(F) =1 if and only if E isa [A|—primitive theme, and §(E) = rk(E)
if and only if E is semi-simple.

The isomorphism class of E determines the isomorphism classes of the normal
sub-modules S;(E), and of the quotients E/S;(E) .

2.3 Definition and first properties of a change of variable.
We shall work with the C —algebra

400
A= Z P,(a).b” where P, € Cl[a]] (1)

with the product law defined by the following two conditions
1. a.b—b.a="0b%.

2. The right and left multiplications by any T € Cf[[a]] is continuous for the
b—adic filtration of A.

The first condition implies the identities
ab® =b"a+nb"t and a*.b=0b.a"+n.ba""tb
and with the second condition we obtain

a.S(b) = S(b).a +b>.5'(b) for any S € C[[b]] and (2a)
T(a).b=">bT(a)+ b1 (a).b forany T € C[[al] (2b)

Lemma 2.3.1 We have the following properties of the C —algebra A.

~

1. For any x,y i A we have z.y —y.x € Ab2.
2. For each n € N we have b".A = Ab* and it is a two-sided ideal in A.

3. We have a.A + b.A = Aa+Ab and any element x € A s invertible if and
only if v ¢& a.A+0b.A.

The easy proof is left to the reader. |

When F is a regular (a,b)-module, it is in a natural way a A—module, because
it is complete for the a—adic filtration?. Then we may identify the category of
regular (a,b)-modules with the subcategory of left A—module that they defined.
The following easy lemma make this fact more explicit. Recall that A is the
subalgebra of A in which the coefficients of b’ are polynomials in a. So an
(a,b)-module is a left A—module which is free and finite type on C[[5]] ¢ A C A.

Lemma 2.3.2 Let E a regular (a,b)-module and let u € A and x € E. Then
there exists v € A such that u.x =v.x.

2in fact the existence of an integer N such that «’V.E C b.E is enough for that purpose.

8



PROOF. As A.z C F is a regular (a,b)-module there exists (see [B.09] ) a monic
polynomial in @ with coefficients in C][[b]] and initial form in (a,b) homogeneous
of degree k, such that P.x = 0. Now write for each n > k

a" = Q,.P+ R,

where @), is in A and R, isa polynomial in a of degree < k — 1. Assume
that we know that wval,,(Q,) > n —k and wval,p(R,) > n. We shall prove that
this implies valyp(Qni1) > n+1—k and wval,p(Ruy1) > n+ 1. Write

k
R, = E a" . RI.
i=1

Then we have from our assumption wval,(R%) > n — k + j. Now write

a".R. =R P+ S,

n

where S, is a polynomial of degree < k—1 in a and with wval,;(S,) >n+1
because wvaly(RL) > n —k+ 1. Now the equality

k
a" = (a.Q, + R.).P+ S, + Z a" It RI
=2
gives Qpi1 = a.Q, + R, and R, = S, + Z?:z a* 1. RJ. So we obtain
valyy(Qni1) > n+1—k as a.Q, and R} have valuation in (a,b) at least
equal n+1—k, and also val,p(Rpi1) > n+1—Fk because S, has valuation in
(a,b) at least equal to n + 1 and each term a*~9t1.RJ also for j € [2,k].

For n =k we have Q, =1 and R, = P —a* so our hypothesis is true and we
may begin the induction. Now write

where w, isin C[[b]]. So we obtain

k—1 0 00
u= Z Up.a” + (Zun.Qn).P + Zun.Rn
n=0 n=k

n=k

where the convergence is obtained from the previous inequalities on valuations. Then

we may take v := Efb;é Up.a" + >, up R, which is a polynomial in a of degree
< k —1 with coefficients in C[[b]]. [



IMPORTANT REMARK. In the sequel we shall always identify frescos with the cor-
responding left A—modules that they define.

Note that two frescos are isomorphic as (a,b)-modules ( that is to say as left
fl—modules) if and only if the corresponding left A—modules are isomorphic. [

Lemma 2.3.3 Let 0 € C[[a]] such that 6(0) =0 and x(0) :=0(0) #0. Then

the elements o« :=0(a) and [ :=b.0'(a) satisfy the commutation relation in A :
a.f— f.a= B>
ProOOF. This is a simple computation using the identity in (2b)
a.B—B.a=0(a)b.0(a) —b.0(a).0(a) =b.0'(a).b.0(a) = 5>
|

So for any such 6 there exists an unique automorphism of C —algebra © : A A
such that ©(1) = 1,0(a) = a,0(b) = f which is continuous for the a—adic and
b—adic filtrations. We have, when x =" P, (a).b"

+o0

O(z) = > P,(a).p".

v=0

Definition 2.3.4 We shall say that 6 € C[[a]] such that 0(0) =0 and x(0) =
0'(0) # 0 is a change of variable in A. For any left A—module E, we define a
new A—module 0.(F), called the change of variable of FE for 60, by letting
A act on E via the automorphism ©.

We shall say that 6 is unimodular when x(0) :=6'(0) = 1.

Note that, as a C —vector space, we have 0,(F) = E and for u € A and e € 0.(F)
we put u.e := O(u).ge, where on the right handside A acts on e as an element
of E.

NOTATION. When we consider an element z € 0,(F) we write a.x and b.x for
the action of a and b on the A—module 0.(F). Considering now x as an
element of F, this means that we look in fact at a.x and [.z respectively. So
we have to distinguish carefully if we are looking at x as an element of 6,(E) or
as an element in F.

Lemma 2.3.5 For any A—module E and any change of variable 6 we have

b0, (E) = f".E=b"E ¥YneN.

10



PROOF. We shall prove the statement (i. e. the second equality) by induction on
n > 0. As the case n =0 is clear, assume that the equality ".E = 0".E is proved
and we shall prove it for n + 1. The inclusion SB"*1.E C "1 E is easy because
B =b.0(a), b".E is stable by A as ™A = Al and our induction hypothesis
allows to conclude.

Assume that = € E. As €(0) is not zero, #(a) is invertible in A, the el-
ement ¢'(a)”'.b".x isin 0".E = f".E and so there exists y € E such that
By = 0'(a)"L.b"2z. Then [ "ly = 0.0'(a).0'(a)"t.b"2 = b" .2, which gives the
desired inclusion b"*1.E C g"tLE. |

Corollary 2.3.6 If we have a A—linear map f : E — F  between two left
A—modules, then the same map induces a A—linear map between 0, (E) and
0.(F). So 0. is an exact functor.

PrROOF. Themap f is C[[a]]—linear and also C[[b]]—linear. So it is C[[«]]—linear.
It is also C[f]—linear because we have

f(B.x) = f(b.0(a).x) =0b.0(a).f(x) = B.f(x).

It is now enough to see that f is continuous for the [—adic filtration to conclude
that f is C[[f]]—linear. But as the previous lemma shows that the f—adic
filtration is equal to the b—adic filtration for which f is continuous, the map f
is A—linear from 6,(E) to 6,(F). |

REMARKS.

1. Thanks to the previous corollary, it is obvious that any change of variable 6
defines a functor 6, on the category of left A—module into itself, which is
the identity on morphisms, and it is an automorphism of this category.
Warning : it is not true in general that 6,(FE) is isomorphic to E, even when
¢ is unimodular (see section 6.3).

2. Remark also that for any left A—module E the sub—fi—mod}ﬂes of the
A—module 6,(F) are the same sub-vector spaces than the sub—A—modules
of E of the given vector space E = 0,(F).

3. If the left A—module E is finitely generated, then so is 0. (E). This a easy
consequence of the fact that 6,(A) is isomorphic to A as a left A—module
via the map ©.

Lemma 2.3.7 Let E be a left A—module. Then Ty(E), the b—torsion sub-
C[[b]]—module of E, is a left A—sub-module. For any change of variable 0 we

have the equality
0.(Ty(E)) = Ty(6.(E)) = Ts(E).

If E is finitely generated on CI[b]] then 0.(E) is finitely generated on Cl[[b]]

11



PROOF. First remark that for any left A—module E and for each n € N the sub-
vector space Kerb™ isan A—submodule of E. For n =0 this is clear. For n =1
it is an immediate consequence of the formula b.7(a) = T'(a).b+b.T"(a).b. So assume
that n > 2 and the assertion true for Kerb" ! Let z € Kerb" and T € Cl[a]].
Then we have b".T(a).x = b" 1. T(a).b.x +b".T'(a).b.z; but b.x isin Kerb" ! and
also T'(a).b.x and T'(a).b.x because our inductive assumption. We conclude that
T(a).x isin Kerb". Now let us show that we have Ker " = Kerb™ for each
n € N. Again the case n = 0 is obvious and for n =1 we have Ker (3 C Kerb
because #'(a) is invertible in A and Kerb C Ker § because Kerb is stable by
Cllal].

Assume n > 2 and that the equality Ker 7! = Kerb™ ! is proved. If b".2 =0
then b.x isin Kerb" ! = Ker 77! Now fB".z = "10.0/(a).x and

b.0'(a).x = 0'(a).b.x — b.0"(a).b.x

which is also in Ker 87! = Kerb"! because this kernel is a A—submodule. So
Kerd" C Ker ™.
Conversely, if %2 =0 we have B.x € Ker 37! = Kerb" ! and then

vl B =00 (a).x = 0.

So ¢'(a).x isin Kerbd™ which is Cl[[a]|—stable, and €'(a) is invertible in C[[a]].
So z isin Kerb™, and we have the equality Kerb" = Ker ™.

Then the b—torsion of E coincides with the b—torsion of 6,(E).

As we know that b.F = .E, the vector spaces E/b.E and 6,(E)/b.6,(E) coincide.
So the finite dimension of F / b.E implies that 6.(F) is finitely generated as a
C[[b]]—module. |

We introduce in [B.08] (see also the appendix of [B.12]) the notion of a small
A—module on the algebra

+oo
A= {Z P,(a).t"} where P, € Clal,
v=0

with conditions for A analoguous to conditions 1 and 2 for A.

In fact we were mainly interested in the case where these modules are naturally
A—modules. The following definition is the A—analog.

First define for any A—module E

~

T.(E):={z € E | C[l).x C T,(E)}

where T,(E) is the a—torsion of E. Note that T,(F) is not stable by b in
general, so it is not a sub—A—module (and ”a fortiori” not a sub—A—module).

Definition 2.3.8 We shall say that a A—module E is small when it satisfies the
following conditions :

12



1. E is a finitely generated C[[b]]—module.
2. We have the inclusion Ty(E) C T,(E).
3. There exists N € N such a¥.T,(E) = 0.

Proposition 2.3.9 The class of small A—modules is stable by any change of vari-
able.

The proof of this proposition will be an easy consequence of the lemma 2.3.7 and
the next lemma.

Lemma 2.3.10 For any A—module E, T,(E) is the mazimal sub—A—module
contained in T,(E).

PROOF. It is clear that any sub—A—module of E contained in T.(E) is contained
in 7,(E). So the only point to prove is that 7,(E) is a sub—A—module. Let x
be an element in 7, o(E) and z be an element of A. We shall prove that z.z is
in 7,(F) which is enough to conclude.

As z isin T,(E), there exists Ny € N with a™° .z = 0. Now write

+oo
z = Z b”.P,(a)
v=0

where P, isin Cl[a]]. Put for each v >0
P,(a) = Q,(a).a™° + R,(a)
with @, € Cl[a]] and R, € Cla] a polynomial of degree at most Ny — 1. Then

we have
No—1

+o0
2.0 = Z b.R,(a).x = Z S;(b).a’ .x.
v=0 =0

But we may write in A

No—1 No—1
Y Sih)a? =D al Ty(b)
j=0 j=0

where each 7, isin C[[b]]. As T;(b).x isin T,(E), there exists an integer N,
such that a™.Tj(b).x =0 for each j € [0, Ny — 1]. Then we get

No—1
a2 = Z ™M T(b).x =0
=0

and z.x isin T,(FE). [
As T)(E) isa sub—A—module of E, we have equivalence between the two inclusions

13



1. Ty(E) C Ty(E)
2. T,(E) C T,(E).

For any change of variable 6 the equality T,(E) =T,(F) = T,(0.(F)) is obvious.
So the previous lemma implies the equality T,(E) = T,(6,(E)) as E and 6,(F)
have the same sub—fl—modules, and so the conditions 1, 2 and 3 of the definition
2.3.8 are stable by any change of variable, thanks to the lemma 2.3.7. This proves
the proposition 2.3.9. [ |

Definition 2.3.11 We shall say that a left A—module E is a simple pole
(a,b)—module when E is free and finitely generated over CI[b]] and satisfies
a.ll Cb.E.

We shall say that a left A—module E is a regular (a,b)—module when it is
contained in a simple pole (a,b)—module.

REMARKS.
1. A regular (@,b)—module is free and finitely generated on C[[b]] by definition.

2. The previous terminology is compatible with the terminology on regular (a,b)-
modules (see [B.93]) because an (a,b)-module (which is not ”a priori” a Cl[[a]]—
module) is complete for the a—adic filtration when it is regular. So the action
of A is well defined on a regular (a,b)-module and a regular (a,b)-module is
canonically a regular (a,b)—module (see the important remark before lemma
2.3.3). O

Lemma 2.3.12 Let E a simple pole (a,b)—module (resp. a regular (a,b)—module).
Then for any change of variable 0 the left A—module 0.(E) is a simple pole
(a,b)—module (resp. a regular (a,b)—module).

PROOF. As F is free and finitely generated on C[[b]] the lemma 2.3.7 mplies
that 60.(FE) is free and finitely generated on C[[b]]. Then o.F C a.E C b.E = (.E
gives that 6,(F) has a simple pole when FE has a simple pole. As 6, preserves
A—linear injection, it preserves regularity. |

Definition 2.3.13 Let E be a regular (a,b)—module. We define the Bernstein
polynomial of E as the minimal polynomial of the action of —b~'.a on the finite
dimensional vector space Eﬁ/b.Eﬁ.

Proposition 2.3.14 Let E be a regular (a,b)—module and 6 a change of vari-
able. Then we have a canonical A—linear isomorphism 0.(E*) — 0,.(E)* and the
Bernstein polynomial of E and 0.(E) coincide.

14



PROOF. As 0,(E¥) is a simple pole (a,b)—module and 6,(E) is regular, thanks
to the previous lemma, the universal property of i : 6,(E) — 0.(E)* implies, as the
change of variable gives an A—linear injection 6, (i) : 6,(E) — 0,(E*), that there
is an A—linear factorization for 6, (i)

0.(E) % 0.(E) 2 0,(E).

It is then easy to see (using 6~!) that the injective map 6,(i) has the same
universal property than ¢. So j is an isomorphism.
Now we have a natural isomorphism of vector spaces

0.(E)*/b.0.(E)* ~ 0.(E*) /b.0,(E").

To conclude, it is now enough to prove that the endomorphisms b~'.a on both
sides are compatible with this isomorphism. This is a obvious consequence of the
following fact : if F is a simple pole (a,b)—module then b~'.a and S~ '.a induce
the same endomorphism in F / b.F', because of the relation

B ra=6(a)" (b a).(0(a)/a)
and the fact that « induces the 0 map on F / b.F. |

Corollary 2.3.15 Let E be rank 1 regular (a,b)—module. Then for any change
of variable @ we have 0,(F)~ E.

PROOF. As any regular rank 1 (G, b)—module is isomorphic to A/(a —\.b).A for
some A € C and as the corresponding Bernstein polynomial is z + A, the previous
proposition implies this result. ]

Remark that the isomorphism between F) and 6.(FE)) is unique up to a non zero
constant, because Aut ;(E)) ~ C*. A precise description of this isomorphism will
be given later on (see lemma 7.3.1 ).

2.4 Change of variable for frescos and themes.

Our next proposition shows that the (a,b)—module of [A]—primitive asymptotic

expansions E&N) is stable by change of variable. The will use the following easy

lemma ; the proof is left to the reader.

Lemma 2.4.1 Let N be the endomorphism of C" define by N(e;) = ejy1 for
j€[l,n—1] and N(e,)=0. Then for any v € C* the linear map

f: End(C") — End(C")

given by f(S):=S.N—N.S+v.S is an isomorphism.
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Corollary 2.4.2 Let E be a simple pole (a,b)—module of rank n such that the
map induced by a on E/bQ.E 15 given in a suitable basis by

a.e =b.(A\.Id,+ N).e

where N is the principal nilpotent endomorphism of the previous lemma. Then
there exists a CI[b]]—basis ¢ := (e1,...,&,) of E in which we have

a.e =b.(AId,+ N).c.

PROOF. We begin with a C[[b]]—basis e := (eq,...,e,) of E such that we have,
thanks to our hypothesis,

a.e = b.(\Id, + N).e +b*.Z.e

where Z isin End(C") ® C[[b]]. We look for S € End(C") ® C][[b]] such that
S(0) = Id, and that the C][[b]]—basis e := S.e satisfies our requirement. This
gives the equation

a.S.e = S.a.e+b>.5.e=Sb.(\Id, + N).e+ Sb*Z.e+b>.5.e =b.(\Id, + N).S.e.
So we want to solve the equation
SN —-N.S+bSZ+bS =0 (1)

Writting S := ;L;’E S,.0” and Z := jsf) Z,.b” we want to solve the recursion
system

v—1

Sy N—-N.S,+v.S,==> S,j1.Z; Yw>1 with Sy=Id,. (2

J=0

The previous lemma gives existence and uniqueness of the solution §S. |

Proposition 2.4.3 Fiz A €]0,1]NQ and p € N. Then for any change of variable

0 the (a,b)—module 0.(EP)) is isomorphic to =P,

PROOF. As the (a,b)—module FE := Ef\p) is a simple pole (a,b)-module of rank
n := p+ 1 such that the map induced by a on E / b2.E is given in a suitable basis
by

a.e=>b.(\Id,+ N).e

where N is the principal nilpotent endomorphism of the lemma above, it is enough
to prove that the map induced by o on E/b*.E ~ E/B*FE is again given by
B.(A\.Id,+ N). But we have o = x(#).a+b*.E and 8= x(0).b+b*.E, which allow
to conclude. [}
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Note that the compatibility of changes of variable with direct sum implies that for
any finite subset [A] C Q/Z we have also

=(N) ~ =)
for any finite dimensional complex vector space V.

So we obtain the following easy corollary.

Corollary 2.4.4 If FE is a geometric (a,b)—module, so is 0.(F) for any change
of variable 0. Moreover, if E is semi-simple, 0,(E) is also semi-simple® .

Our next result gives the the stability of the notions of fresco, theme and of semi-
simple geometric (a,b)—module by any change of variable.

Proposition 2.4.5 Let E be a fresco (resp. a theme) and let 6 be any change of
variable. Then 0.(FE) is a fresco (resp. a theme). Moreover if E is [A]—primitive
then 0.(E) is also [A]|—primitive.

The proof of the first statement is a consequence of the following lemma

Lemma 2.4.6 Let E be a rank k fresco and let 6 € Cla]] be a change of
variable. Then a generator e of E on A is also a generator of 0.(E) on A.

PROOF. Denote «p := 6(a) and fy := b.6/(a) the action of a and b on E
which define the A—module 0.(F). Tt is enough to show that e,ag.e,...,ah ‘e
is a C[[fy]]—Dbasis of 0.(F). And so it is enough to show that it induces a C —basis
of 0.(E)/By.0.(FE)~ E/b.E.

Assume that we have complex numbers piq,...,u; and an element x € E such
that

k

J o,
E ;.06 = Bp..
i=1

Then, as we have of = x(0)".a’ + a"*'.Cl[[a]] for each i, and «of.E C S4.F, the
matrix expressing the (af.e)icjor—1] in the basis (a’.€)icpox—1) is lower triangular
with the (0)" # 0 on the diagonal. |

PROOF OF THE PROPOSITION 2.4.6. In the case of a theme, the result is an
easy consequence of the fact that we have an isomorphism (see the remark after
proposition 2.4.3) «9*(55\]\”) ~ ="

The last statement is consequence of the invariance of the Bernstein polynomial by

change of variable. [

— -

3It is easy to show that a geometric (a,b)—module is semi-simple if and only if it admits an
embedding in some Eg\o) RV.
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IMPORTANT REMARK. The primitive filtration of a fresco and its principal Jordan-
Hélder sequence are covariant by any change of variable. 0

Corollary 2.4.7 Let E be a fresco and 6 a change of variable. Then we have
natural isomorphisms

;£ 0.(S,(B)) = S;(0.(E)) ) >0,
So the numbers d(E) and 6(F) are invariant by any change of variable.
PROOF. As we know that any change of variable of a semi-simple fresco is a semi-
simple fresco we have a natural maps wu;. But extremality properties allow imme-

diately to conclude that it is an isomorphism. The induction on j is immediate as
the functor 6, is exact. [ |

2.5 Change variable for the dual.

Proposition 2.5.1 Let E be a regular (a,b)-module and 6 € Cl[a]] a change of
variable. Then we have a functorial isomorphism

0.(E") = 0(E)".
PROOF. Let recall first that for any rank p (a,b)-module E we have a resolution

0= A2 &r 5 FE 0 (1)

where M := id.a — N, deduces from a CJ[[b]|]—basis e and a.e = N.e with
N a (p,p) matrix with coefficients in C[[b]]. Then E* which is, by definition
E:Et}&(E , A) endowed with the left A—module structure associated with the right

A—structure on A and the anti-automorphism of A
n:A— A
defined by the conditions
i) (1) =1 and nlz.y) =ny)n(z) Yy e A
ii) n(a) =a and n(b) = —b.

Now when E isregular, E* is also regular and we may replace A by A in the
previous considerations.

For any change of variable # which is associated with the automorphism © of the
algebra A defined by the conditions

i) ©(1)=1 and O(z.y) = O(2).0(y) Va,y € A,
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ii) O(a):=0(a) and O(b) :=0.0'(a).

Extending 7 to A we have the relation noO© =0on. .
Now the exact sequence (1) gives, after applying the functor Hom 3(—,.A) the

exact sequence of right A—modules
0— Ar M5 dr - B =0 (2)

and then the exact sequence of left A—modules

0 A "1 Jr g0 (3)
and after completion
0 Ar 7D de g g (3)

Applying the functor © leads to the exact sequence

O. @on( M)

0— AP A”—>0(E*)—>O (4)

Now applying the functor 6, to the exact sequence (1) gives the exact sequence
of left A—modules

0 Ar O Ap—>«9( )—0 (1bis)

and so the exact sequence of right A—modules

0 Ar M dr L9 (B S0 (2bis)
and then the exact sequence of left A—modules

O. no@( M)

0— A AP 5 0,(E) =0 (3bis)

The relation 70O = © on allows to conclude. |

3 Holomorphic families of frescos.

3.1 Holomorphic families and the principal J-H. sequence.

Definition 3.1.1 Let X be a reduced complex space. We define the sheaf = u/\X
as the free sheaf of Ox|[b]]—module with basis eq,...,en. We define the action of
A on this sheaf by the condition 1. 2. and 3. of the definition 2.2.1. We obtain in
this way a structure of left A—module on this sheaf. We shall say that a sheaf on
X with these two compatible structures, a Ox|[[b]|—module and a A—Ileft module,
8 a le—sheaf.
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FUNDAMENTAL EXAMPLE. For any finite subset ALC<@/Z we define on

N) |, =WV
(A,x = Dnleln] JM}(

and for any finite dimensional complex vector space V we define the actions of «a

and b on EE\N))( ®V via Dpen (a ® idv) and  @p,je(A] (b ® idv). This gives a
structure of A x—sheaf on EEXN))( QV. O

REMARKS.

1. Of course the action of Ox and of A commutes on Eg\N))( ®V.

2. For each point in X we have an evaluation map

ev, ELq @V - EN oV

which is A—linear and surjective. For any Ax—sub-sheaf E of E&N)z RV
we shall denote by [E(x) its image by this evaluation map.

Note that E(z) is the image of the fiber E/9,.E at x of E in the fiber

at x of Eg\N)z ® V. So it is a quotient of its fiber at x and the sheaf E may

be free of finite type on Ox[[b]] and this quotient map may not be injective.

Because of this last remark, the following easy lemma will be required later on.

Lemma 3.1.2 Let X be a reduced complex space and F C O% be a coherent
sub-sheaf such that for each x the evaluation map ev, : F — CP =~ O%/Dﬁx.(’)g(
has rank r. Then F s locally free with rank r on Ox and is locally a direct
factor of OF%.

PROOF. Locally on X consider M : Q% — O% a Ox—map with image equal
to F. Considering M as a holomorphic map to FEnd(C? CP) we see that our
hypothesis implies that the rank of M (z) is constant and equal to r. So the image
of M isarank r vector bundle and F, which is the sheaf of holomorphic sections
of this rank r vector bundle, is then locally free of rank r and is locally a direct
factor of O%. |

Definition 3.1.3 A section ¢ of the sheaf =4 ®V will be called k—admissible

when the sub— Ax —sheaf generated by ¢ in EXY))(@)V is a free rank k Ox|[b]]—module
with basis ©,a.p,...,a" L. such that, for each x € X, E(x) is a rank k fresco,
where we denote E(x) the image of E by the evalution map ev,.

A Ax—sheaf E on X will be called an holomorphic family of rank &
frescos parametrized by X, when the sheaf E is locally isomorphic on X to a
Ay —sheaf generated by an admissible section of EgN))( ®V, for some N, some finite
set [A] C Q/Z and some finite dimensional complex vector space V.
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Of course the sheaf E on X defines the family (E(x)),ex of rank k [A]—primitive
frescos (see the remark 2 below). And conversely, such a family will be holomorphic
when it is given by the evaluations maps ev, from a Ax—sheaf E as in the
previous definition.

REMARKS.

1. The sub— Ay —sheaf generated by a k—admissible section ¢ of EE\N% ®V is

stable by Cl[[a]] by definition. So we may write locally
k-1
at.p = Z Tj.aj.<p
j=0

where T} are unique (local) section of Ox[[b]]. So there is unique monic degree
k polynomial P :=a* — Z?;S T;.a? in Ox[[b]]la] such that P.p =0. An
casy argument of division shows that the left ideal of Ax generated by P is
the annihilator of ¢.

2. When E is locally free rank k on Ox[[b]] its fiber at z E/M,.E is a free
rank k C[[b]]-module. In the case E is a holomorphic family of rank &
[A]—primitive frescos parametrized by X, the evaluation map

E/M,.E — E(z)

associated to a local isomorphism E ~ Ax.p, where ¢ is a k—admissible
section of EE\N% ® V', for some N, and some finite dimensional complex vector
space V' and to the corresponding evaluation map ev,, is an isomorphism
because it is a surjective map between two rank k free C][[b]]—modules. So
we shall identify E/9,.E and E(z) in this case, and use the notation E(z)
for the fiber at = of E.

3. Aslong as we work inside a simple pole Ax—sheaf (i.e. a.F C b.F) whichisa
locally free finite type Ox[[b]] module (as Eg\N))( ®V'), we dont need to consider
the sheaf algebra AX to define the A yx—structure : the AX—structure is com-
pletely defined by the Ox|[[b]]—structure and the action of a (i.e. the left mod-
ule structure on the sub-algebra Ox|[[b]|[a]) because the Ox|[[b]]—completion

implies the Ox[[a]] completion.

4. Our definition of an 1—admissible section is not satisfied by the following :

- A-1 o =(0)
p:i=2z.5 SRSV

where z is the coordinate on X :=C and A; € 1+ Q" isin [A] because
the evaluation at z = 0 of the Ac—sheaf generated by ¢ is 0. But of course
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the ”abstract” sheaf Ac.go is isomorphic to the subsheaf of Eg\o()c generated

by the 1—admissible section 1 := s*~! and so it defines an holomorphic
family of rank 1 frescos parametrized by C via the isomorphism define by
p =1,

Lemma 3.1.4 Let E be a holomorphic family of rank k [A]—primitive frescos.
Then for each x in X the A—module E(x) is a rank k [A]—primitive fresco
and the Bernstein polynomial of E(z) s locally constant on X.

PrROOF. It is enough to prove the result for the Ay —sheaf generated by an ad-
missible section ¢ of the sheaf E&N} ® V. Then write

k
at.p = Z S;(b,x).a" . (@)
j=1
where S1,..., S, are sections of the sheaf Ox[[b]]. For each given z, we know that

E(z) is a fresco of rank k. This implies that the valuation in b of §; is > j.
Then we have S;(b,x) = ¥ .s;(z)+b.Ox[[b]] where s; is a holomorphic function
on X. As the Bernstein element? of E(z) is equal to ak+2f:1 sj(x).bl.a*7 and
has rational coefficients, we conclude that s; is locally constant on X. |

Proposition 3.1.5 Let E be a holomorphic family of [A]—primitive frescos parametrized
by a reduced complex space X and let [M] C [A]. Then there exists a natural
Ax—sheaf E[M] C E which is normal in E and defined a holomorphic family of
[M|—primitive frescos such for each x € X we have

This proposition is an easy consequence of the following lemma. |

Lemma 3.1.6 Let ¢ be a k—admissible section of some sheaf EE\N% ®V and
P = (a—A.b).S7 .. S .(a— \.b) a generator of the annihilator of ¢. Then
(a — A\p.b).p is (k — 1)—admissible and defines a normal corank 1 holomorphic
sub-family of the holomorphic family defined by E.

PROOF. As (a — Ap.b).p(z) generates for each r € X arank (k— 1)—fresco
which is normal in A.@(x), the assertion is obvious. [

“the Bernstein element of a fresco E with fundamental invariants A1,..., Ay is the element
Pg:=(a—M.b)....(a—Xg.b) in A ;see [B.09].
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Theorem 3.1.7 Let X be a reduced complex space and E an holomorphic family
of rank k frescos parametrized by X. Then for each j in [1,k| there exists
a sub—flx—sheaf F; Cc E which is an holomorphic family of rank j frescos
parametrized by X such that for each x in X the sub-modules F;(z),j € [1,k],
give the principal J-H. sequence of the fresco E(x).

Moreover, for each j € [1,k] the quotient sheaf E/Fj is an holomorphic family
of frescos.

PROOF. In fact we shall prove by induction on k > 1 that for any k—admissible
section ¢ of the sheaf EE\N% ®V  corresponding to an holomorphic family of rank &
frescos with fundamental invariants Aq, ..., Ag, there exists locally on X, invertible
sections Si,...,Sk of the sheaf Ox[[b]] such that

(a—A.b).S7t(a— Agb) ... St (a— A.b).S o = 0. (Q@)
Then it will not be difficult to prove that for each j € [0,k — 1] the section
;= (a— )\k_j+1.b).5,:j+1 S (@ = Meb).S e

is (k — j)—admissible and generates the sheaf [F;_; corresponding to the family
Fi_j(z),z € X locally.

The case k=1 is contained in the following lemma.

Lemma 3.1.8 Let X be a connected reduced complex space and let ¢ be an
1—admussible section of the sheaf Eg\N))( ® V. Then there exists locally on X an
invertible section S of the sheaf Ox[[b]] and a non vanishing holomorphic map
vo: X —V such that

0= S(b,x).sM ! ®@vy(x)

where Ay is a positive rational number in [A] C Q/Z.

PROOF. By definition the Ox[[b]]—module E generated by ¢ is free with rank
1 and stable by a. Write a.¢o = T'(b,x).p. As for each = in X the fresco E(x)
has rank 1, it has a simple pole and 7T'(b, x) has valuation > 1 in b. Moreover if
we put T'(b,z) = t(x).b+ > T (b,z) the Bernstein element of E(x) is a — t(z).b.
So, as in the lemma 3.1.4, this implies that the holomorphic function ¢ is constant
on X ;let Ay the positive rational value of ¢t. We may write

a.p = b.(A\ + b1y (b, x)).0.

Now the section U := A\ +b.T1(b,z) of Ox]|[b]] is invertible and we may solve the
differential equation (with holomorphic parameter in X)

b.8"+S(U—-X)=0 S(0,2)=1
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where S is a section of Ox]|[b]], and obtain the new generator ¢ := S.¢ for E
with the following property

a.S. 0 = S.a.p+b.5.p=S8bUp+b.5.¢0=X.bSe andso
(l.w = Albw

and this implies that there exists an holomorphic function vy : X — V' such that
Y = s ®wy. To conclude the proof it is enough to remark that if vg(z) = 0 then
E(z) = {0} contradicting our rank 1 assumption. So vy does not vanish. |

So now assume that we have proved our assertion (Q@) for k—1 > 1, and consider
now a k—admissible section ¢ of the sheaf Eg\N))( ® V' corresponding to a holo-
morphic family of rank % frescos with fundamental invariants Aq, ..., A\;. Consider

the subsheaf K := ((’)X.s’\l’l ® V) NE of E. It is Oyx—coherent as it is contained

in the Ox—coherent subsheaf of EE\O)X ® V' where the degree in b is bounded
by some n > 1. As K(x) = Fi(E(z)) N Ker (a — A\.b) has dimension 1 for each
x in X, it is a locally free rank 1 Ox—module which is a direct factor, thanks
to lemma 3.1.2 ; then we may find, at least locally, an holomorphic non vanishing
section vy : X — V' which is a local basis for it. The subsheaf Ox]|[b]].1), where
P := sM 71 ® 1y, has a simple pole because a.1) = A\.b.i). Then 9 is admissible an
define the holomorphic family F;(z)cx.

To prove that E / F, is a holomorphic family, remark first that if x is a section
of E of the form y := S(b,z).s* ! ®@vy for some p € [\], where we assume that
the generic valuation of S in b is 0, then y is a section of Ox][[b]].¢0 because
we have p > A : indeed, near a generic point x the section S will be invertible
and we find s* ' ®w, in E. But for each z in X there is no non zero element
in E(z) which is annihilated by @ — p.b with g < A;. This proves our claim.
Now write locally Ox @ V = (Ox @ W) @ Ox.vg where W is an hyperplane in
V', and consider the map

O:EE\]Y))(®V—>E§\JY))(®V

given by the identity map on E%Y)X ® V', where we define [A] := [A]\ [A\1], and also

on EE\]:[)X ®@ W and given on EE\]:[)X ® vy by the quotient map by EE\OR ¥ ®p :

=) =(N-1)
S0LX X vy — SALX X Vg

composed with the obvious inclusion

=WV-1) =(N)
‘_‘)\1,X ®UO —)._4>\17X®1)0.

As we proved above that the intersection of the kernel of ¢ with E is [F; the
quotient sheaf E / [, is isomorphic to the subsheaf of ES\N))( ® V' generated by the
section ().
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Moreover we have Ax.o(p)(x) ~ E(z)/Fy(z) for each z € X. We shall prove that
the section o(p) is (k — 1)—admissible.

First we shall prove that the sections o (), a.0(p),...,a* 2.0(p) arelocally free on
Ox[[b]] in the sheaf E&N))( ® V. This is equivalent to show that the corresponding

classes are Ox—free modulo b. We shall use the following lemma.

Lemma 3.1.9 In the situation above write

k—1

1/} = 3)‘171 R vy = Z Uj.aj.go ;

J=0

then the b—valuation of U, is at least k—j—1, for je[0,k—1].

PROOF. Write (a — A1.b).1p = 0. It gives the equations
Up-1.5; + 0>.U} = M\.b.U;j + Uy =0

where we have written a*.¢ = Ef;é S;.a?.¢ and used the convention U_; = 0.
Recall that the b—valuation of §; is at least k& — j. Then an easy induction
conclude the proof. [ |

END OF THE PROOF OF THE THEOREM 3.1.7. Now v = U,_;.a* Lo+ b.E does
not belong to b.E because Fi(z) is normal in E(z) for each z. So Ug_; is
invertible in Ox[[b]] and we have

Up_1.a" 1 o(p) = — Uj.l.o(p).

So we easily deduce that o(¢),a.0(p),...,a" 2.0(p) islocally free on Ox|[[b]] in the

sheaf EE{Q@V and generate a subsheaf stable by a. So o(¢) is (k—1)—admissible
with corresponding fundamental invariants Ao, ..., Ay and the induction hypothesis
gives Sy, ..., Sk invertible in Ox][[b]] such that

(a—Ag.b).Sy . S (@ — A b).Sho(p) =0
in E/Fl. So we get
(a—X.b).S5h . S (@ — Mb).S o =T

with T" € Ox|[b]].%. This equality modulo b gives an invertible element f of Ox
such that f.a* 1.9 =T(0).y modulo b.E.

But we already know that ¢ = Uy_1.a* 1o + b.E, with U,_1(0) invertible in Oy,
so we conclude that we have

(f = T(0).Up_1(0))a" 1. € b.E.
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As we know that for each x € X we have a* lp(x) € b.E(z) it implies that
f =Uk_1(0).7(0). So T is an invertible element in Ox[[b]] and we may define
Sy :=T to conclude our induction.

Now to complete the proof of the theorem it is enough to prove that for each

j € [1,k—1] the section ¢; is (k — j)—admissible. But it is clear that, modulo
b.E, the classes of ¢, a.¢j,...,a" 7y, coincide with a’.p,...,a""1.p. So they
are independant on Ox|[[b]]. The identity

(a—A.b).S;t. . (a— )\k_j.b)Sl:j.goj =0

shows that a*77.¢; is in the Ox[[b]]—module with basis ¢;,a.p;,...,a" 7 Ly,

and then ¢, is (k — j)—admissible for each j. [

Theorem 3.1.10 Let E be a holomorphic family of rank k [A]—primitive frescos
parametrized by a reduced complex space X and let 6 € Cl[a]] be a change of
variable. Then the family 0.(E(x)),x € X is holomorphic.

PROOF. The problem is local on X and we may assume that E is generated by a
k—admissible section ¢ of some sheaf EE{Y}@V. As the Ax—module 9*(55\]?(®V)

is isomorphic to E&N))( ® V', thanks to the remark following the proposition 2.4.3, it
is enough to prove that 6,(p) is a k—admissible section generating 6,(E). Then
it is enough to prove that the images in

E/bE=E/BE
of p,a.p,...,a" 1y are Ox—free, where E := Ay.¢. And this is an easy con-
sequence of the fact that the images of ¢, a.p,...,a¥ 1o are Ox—free by the
definition of a k—admissible section. |

3.2 Basic theorems on holomorphic families.

In this section we shall prove some general stability results for the notion of holo-
morphic family of frescos.

Theorem 3.2.1 Let X be a reduced complex space and consider an exact sequence
of Ax—sheaves :
0=-F—-E—-G-—0.

Assume that F and G are holomorphic families of frescos parametrized by X.
Assume also that for each x € X we have an exact sequence of frescos given by the
fibers at x

0— F(z) = E(z) - G(z) - 0

Then the family E is holomorphic.
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Proor. We shall show that it is enough to prove the case where F has rank 1.
Assume that F has rank k& — 1 > 2 and that the theorem has been proved for
rank < k — 2 in the first sheaf of the exact sequence. Let [F; be the sheaf given
by the rank 1 term in the principal J-H. sequence of F. Then we have an exact
sequence of Ay —sheaves :

0—F/Fi —=E/F; -G —0

and now the first sheaf has rank £ —2 and is an holomorphic family thanks to 3.1.7.
To apply the induction hypothesis we have to check that (E/F)(z) = E(z) /F(x)
for each z € X. But this is a consequence of the exactness of the sequence

Fy(z) — E(z) — (B/Fy)(z) = 0

(the tensor product is right exact) and the fact that the first map has to be injective
be cause the ranks force its kernel to be torsion. So (F/F;)(z) = F(z)/F;(z) and
we have an exact sequence

0 — (F/F1)(z) = (E/F1)(z) = G(z) — 0

for each = € X and the induction hypothesis implies the holomorphy of the family
E / F,. Then applying the rank 1 case to the exact sequence of Ay —sheaves :

0—F, -E—-E/F, -0

we conclude that E is a holomorphic family.

Now we consider the case where [ isrank 1. Let & be the rank of E. The assertion
is local on X so we may assume that G is generated by a (k — 1)—admissible
section 1 of some sheaf EE\N% ® V. We may find (locally on X) a section ¢ of
E which lift . Let ) be a section of the sheaf Zé:ol Ox|[b]].a?, monic of degree
k—1 in a such that G ~ AX/AXQ So @ generates the annihilator® of 1 in
Ax. Then Q.¢ is a section of F which generates F(z) foreach z € X, and as we
may assume, at least locally on X, that F ~ Ox/[[b]].s* !, there exists an invertible
section S; of the sheaf Ox[[b]] such that P := (@ — A;.b).S;*.QQ annihilates .
So we may (locally) assume that ¢ is a section of some sheaf H(N @V’ such that
E(z) ~ A.p(x) for all z.

To conclude, it is then enough to show that ,a.p,...,a* 1o isa Ox|[[b]]—basis
of E. As this is true for each given x in X, the only point to prove is the fact
that they generate the sheaf E. Let o be a local section of E. We may write,
locally on X, the image of ¢ by the quotient map 7:E — G as

k—2
o) = Z T;.a’ 4
=0

Ssee the remark i) following the definition 3.1.3.
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where T} are local sections of Ox|[[b]]. Then o — Z?;g T;.a7.p is a section of F
and it may be written as T.Q).¢. This gives the conclusion. |

Let me recall that for a regular (a,b)-module E the dual E* may be also defined
as follows (comparaison with the section 2.5 is not obvious ; see [K.11] ) :

as a C[[b]]—module E* is Homcyy(E, Ey) where FEj:= A/A.a, and the action
of @ on E* is given by

(a.l)(z) = al(x) — l(a.x) (*)

for | € E* and z € E. We may also define directly in this way the J§—dual
E* ® Es for any complex number ¢ by the same formula for a acting on the free
finite type C[[b]]—module Homcyy(E, Es).
For a holomorphic family we define the Ax—sheaf E*® Es as the Ox][[b]]—module
Homo ) (E, E5) where FEj is now the rank 1 free Ox[[b]]—module generated
by es on which we define a.es = d.b.es. In order to have a AX—Sheaf the action
of a is defined by the formula (*).

REMARK. When X is connected, for & big enough, [E* ® Es|(x) is a fresco
for each = € X. More precisely, if E is a holomorphic [A]—primitive family the
inequality 0 > A\ + k — 1 implies that E(z)* ® Es is a fresco for each z € X. O

EXAMPLE. For § > 1 a rational number and X € QN]0,1] the d—dual of EE\N)
is =M. O
Theorem 3.2.2 Let X be a reduced complex space and E be an holomorphic
family of rank k frescos parametrized by X. Assume that for some § € Q and
for each = € X the A—module E(x)*® Es is a fresco. Then the family E* @ Es

1s holomorphic.

Proor. Remark that we may assume X connected as the problem is clearly local
on X, so the rank is globally well defined. We shall make an induction on the rank
of the frescos.
Inrank 1 we know that the family may be locally given, assuming that the Bernstein
element is a — A\;.b with A; € Q**, by the sheaf Ox|[b]].s! C EE\O)X and the
(twisted) dual is then defined (locally) by the sheaf Ox[[b]].s>*1~! where the
condition on § € Q is that 0 — A; > 0. So the rank 1 is clear.
Assume now that for £k —1 > 1 the theorem is proved and consider an holomorphic
family E of rank %k frescos parametrized by X. We have a exact sequence, thanks
to 3.1.7,

0— Fr_q —)E—)E/kal —0

where Fj_y(z) is the family of the (k—1) terms of the principal J-H. sequence of
E(z) for each z € X. Then we have an exact sequence of Ax—sheaves

0— (E/Fk_l)*(X)E(g—)E*®E5—)FZ_1®E5—>0
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and we know that the families (E / Fr1)*® Es and Fj_, ® E5 are holomorphic,
using the induction hypothesis. Then the theorem 3.2.1 gives the holomorphy of
E* ® Ejs. [ |

Combining these two theorems we obtain the following result.

Theorem 3.2.3 Let X be a reduced complex space and consider an exact sequence
of Ax—sheaves :
0=-F—-E—-G-—0.

Assume that two of these are homorphic families of frescos parametrized by X and
that for each x € X we have an exact sequence of frescos given by the fibers at x

0= F(z) = E(z) > G(x) =0

then the third family is holomorphic.

PrRoOOF. The statement in the case where F and E are holomorphic is easily
reduced to the rank 1 case for F: if F hasrank r» > 2 let F; be the first term
is the principal J-H. sequence for F. Then we have the exact sequence

0—F/F, -E/F; -G —0

where the first two sheaves are holomorphic families. As we know that F is a
holomorphic family applying the theorem 3.1.7 we obtain the holomorphy of F / F,.
But Fy(z) is normal in E(z), so the sequence

0 — F(z)/Fi(z) = (E/F1)(z) = G(z) = 0

is exact for each x and the induction on the rank of F implies the holomorphy of
E / ;. Then the theorem 3.2.1 applies to the exact sequence

0—-F —E—E/E

and gives the holomorphy of E.

So we have to prove the first case in the rank 1 case for F. But, as the statement in
local on X we may assume that E is generated by a k—admissible section ¢ of
some sheaf EgN))( ®V and that F islocally generated by a section 1 of EE\N% ®V
satisfying (a — p.b).p = 0 where —p is the root of the Bernstein polynomial of
F. If we show that (z) never vanishes then we may argue as in the proof of the
theorem 3.1.7 when we proved that E/Fl is holomorphic. But if #(x) = 0 for
some z € X, the image of F(z) in E(x) is 0 contradicting our assumption.
The second case (i.e. where E and G are assumed to be holomorphic) is conse-
quence of the first one using duality and the theorem 3.2.2.

We proved already the third case in the theorem 3.2.1. |
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4 Versal families of frescos.

4.1 Preliminaries.

NotTATION. For Aq,...,\; the fundamental invariants of a fresco, we shall de-
note F(A1,...,Ar) the set of isomorphism class of frescos with these fundamental
invariants.

Define the rational numbers p; := X\j41 —A; +1 for j € [1,k — 1]. Recall that we
have fixed an order on Q / 7Z and that in the principal J-H. sequence for a fresco the
fundamental invariants Ay, ..., Ay are listed in such a way that if [u1] < -+ < [u4]
are their distinct classes in Q / Z we begin by the principal J-H. sequence of FE[ju]
and then continue with the principal J-H. sequence of (E/E[iu])[us] and so on.

Now for j € [1,k] let [; be the maximal integer (0 is possible) such that
Ajy -y Ajyi;  are equal modulo Z. Note that the numbers pj,...,pjq, 1 are
integers (for [; > 1) and that p;y; is not an integer. Now, with this notation

define
k—j—1 l€[0,l;—1]
Y (N, ) o= co @ > C.* < C[pl.

h=0 q=p;+-+pjr1>k—j

It will be convenient to adopt the convention Y () = C.1 C C[[b]].
We shall denote

g()\l,. . 7)\k> = {(51,. . .,Skfl) / SJ<O) =1 and Sj € Y()\j,. . 7)\k> VJ € [1,]€ - 1]}
We have a natural map
[ ]Q()\l,,)\k) —>F<)\1,,)\k)

which send the point s = (S1,...,Sk-1) € G(A1,...,Ax) to the isomorphism class
[s] € F(A1,...,Ar) of the fresco

s:= A/ A(a—A.b).ST .S (@ — M\b).

REMARK. We have a natural projection
T Q()\l,,)\k) —>Q()\2,,)\k)

defined in forgetting S;. It corresponds to the quotient map E — F / F;  where

Fy is the first term of the principal J-H. sequence of FE. OJ
Lemma 4.1.1 Let Ti,...,T; be invertible elements in Cl[[b]] and consider the
action of

Pj = 7}(& — )\j+1.b).j}+1 . Tk,1.<a - )\kb)Tk

on Ey,. We have P;.Ex, +Y()\;,..., )., = Ey;, where ey, is a standard
generateur of E;.
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PROOF. First remark that T}, acts bijectively on E), and respect the b—filtration.
Remark also that for any p € C the operator (a — p.b) on Ej; is also closed
for the b—adic filtration. So P;.E); is closed with finite codimension image and
contains bV .E); for N > 1. Then, to complete the proof, it is enough to show that
foreach ¢ > k—j,q # pj+---+pj4 foreach [ € [0,1; —1], there exists an element
in Pj.FE),; with initial term equal to b%.ey,. But applying P; to fy.bq_kﬂ.e)\j will
give such an element for a good choice of v € C*, because for each h > j + 1,
the action of T} changes the initial term by a non zero constant and the action of
(a — Ap.b) changes the initial term by the action of b and by a non zero constant,
as our choice of ¢ implies that at each step the initial term is not in the kernel of
(a — Ap.b). Remark that for h > j+1; we have A\, —\; € N. |

Proposition 4.1.2 Let X a connected reduced complex space and let ¢ a
k—admissible section on X of the sheaf Eg?,[/)\@)‘/ where V' is a finite dimensional
complex vector space. Then

i) For all k—admissible section ¢ in Egév/)\ ® V' such that the corresponding
frescos have fundamental invariants i, ..., \p there exists

Py:=(a—M.b).S7t . S (a = Ag).S !

where S; are global sections on X of the sheaf Ox|[[b]] satisfying S;(0) =1,
such that A.Py, is the annihilator ideal of ¢ n the sheaf Ax.

i) Moreover, we may choose locally on X another local k—admissible generator
v of A.p in order that the annihilator of 1 is of the form P, where
S1,..., Sk satisfy the extra condition

S;€O0x @Y (Nj,..., ) Vje[l,k—1] and S,=1

PROOF. Let E := A.cp and let [Fp_; its corank 1 term of its principal J-H.
sequence. Thanks to the theorem 3.1.7 and lemma 3.1.8 we have an isomorphism
E/Fr-1 >~ Ox[[b]].s* 1. Then the image of ¢ is equal to Sg.s™' where Sy is
a global section of the sheaf Ox[[b]] which is locally (and so globally) invertible.
Then (a — A.b).S; "¢ is (k — 1)—admissible and generates Fj_;.

The (k — 1)—admissibility is consequence of the lemma 3.1.6. To show that ¢
generates Fp_; let o € Fy_; and write o = P.Sk_l.go where P := Zf;é P;.d,
and divide P by a — A\;.b:

P=Q.(a—\.b)+U

where U is a section of the sheaf Ox[[b]] and @ a section of the sheaf Ay which
is a polynomial of degree k£ — 1 in a. Then we have

o=PSo=0Q.(a = \.b).S; o+ S U
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and as the image of o is 0 in E/Fk,l we obtain
S,;l.U.s“\’“’1 =0

which implies that U = 0, and this shows that o = Q.(a — M\..b).S; ..

Now by induction on £k, the point i) is proved.

We shall prove the point ii) by induction on k. As the case k=1 in consequence
of the lemma 3.1.8, we shall assume the result proved in rank & — 1 > 1. Let
E = Ax.¢ and F; ~ Qxl[[p]].s" ! the first term of the principal J-H. of .
So applying the induction hypothesis, as the fundamental invariants of K / F, are
Ao, ..., \g, we find a local generator [p] of E/Fl, which is (k — 1)—admissible,
induced (locally) by a local k—admissible section ¢ of E, such that

Pr1:=(a— Xy, b).55" ... S (a — A\p.b)

generates the annihilator of [¢] where S;,j € [2,k — 1] satisfy 5;(0) =1 and
S;eY (N, ..., \;) for j € [2,k]. Define the (local) section 7" of Ox][[b]] by the
equality Py 1.0 = T.s~1. As it has to be a generator of F; the section T(0)
is invertible in Ox. Now the lemma 4.1.1, as we are working on a Stein open set,
allows to find a section S; of the sheaf Ox[[b]] such that

S](O) =1, Sj eO0x® Y()\l, .. ,)\k) and T(O)Sl —T e bP,_.F.

Note that, as P,_;.F; contains bY.F; for N > 1, it is easy to show that
P, / bN.F, is a Ox—coherent subsheaf of a locally free (Ox—sheaf, and then
to use the surjectivity of the Ox—linear maps

P Fi /N Fi@ (Y(A, ..., ) ® Ox) — Fy /6N Fy

and -
Fi /6N Fy == Py_y .F1 [0V Fy

will allow to use H. Cartan theorem B on a Stein open set. So, using again the
lemma 4.1.1 and the fact that we work on an open Stein set of X, we may find with
the argument above a section x of F; such that

Pi_1.x = (T(0).8; — T).sM 7%,

Then ¢ =5, '.p—x isagain k—admissible and generates E. Moreover it satisfies

P14 =T(0).5;.s"1 and then
(a - Alb)Sl_lPk_lw =0.

Then it is easy to see that P, := (a — A1.b), Sy generates the annihilator of . W
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4.2 The existence theorem.

Theorem 4.2.1 The tautological family E'“t  parametrized by the affine space
Gr =G(A1, ..., \x) whose value at Sy,...,Sk_1 is given by the sheaf

Ag, JAg, (@ —M.b).STh S (@ — Apb)

is holomorphic®. Moreover this family is locally versal at each point of Gi..

PROOF. To prove the holomorphy of E!“ we shall construct by induction on
k >1 a k—admissible global section ¢, of the sheaf

with annihilator generates in AGk by the section
P = (a—M\.b).S7t . S (@ — Ag.b).

Then we shall show that the family E[Gy]| := Agk.wk is locally versal near each
point.

The rank 1 case is obvious as G is one point. Then E(G;) is the rank 1 fresco
E,,. Note that in this case, this family is locally universal thanks to the lemma
3.1.8.

Now assume k£ > 2 and that we have already constructed ¢;_; with annihilator
generated by P,_; and such that we obtain a locally versal family. As we may
increase A without problem, we shall assume that A contains all [);],7 € [1, k].
We have a natural projection 7 : Gy — Gi_1 := G(Ag,..., ;) and we may lift
¢r—1 successively to a section of the sheaves E(Gk;i) ® CFH! c E(Gk;}\) ® CF where
we define C* := C*"1 @ C .e,. Define now ¢, as the solution of the equation

(a — )\kb)(pk = Sk71-[71'*(<,0k71) ) O]

satisfying the following condition :

e The component of ¢, on Egtll\) ® C.e; is equal to s 1 ® ey,

It is easy to see that such a solution exists and is unique with this extra condition.
To prove that ¢, is admissible, as o, a.¢y, . .., a* 1@, clearly generates Ag, P
as a Og, [[b]]—modules thanks to the k—admissibility of ¢j_1, it is enough to prove

that a relation like -
Z Tj.aj.gok =0
§=0

6in fact polynomial !
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where T},j € [0,k —1] are local sections of the sheaf Og,[[b]] implies that T7; =0
for each j. But a simple computation shows that it is equivalent to prove that a
relation like

N

-1
To-©r + Ty.a’ . (a — M\e.b).or = 0
1

<.
Il

also implies the vanishing of the local sections TJ for j € [0,k —1]. Looking at the
component on Eg;i) ® C .e;, we see that Ty =0 and the (k— 1)—admissibilty of
wr—1 allows to conclude.

As it is clear that P, generates the annihilator of 4, to conclude the proof we
have only to show the local versality of the holomorphic family defined by ¢y.

So let E be a holomorphic family of frescos parametrized by a connected com-
plex space X with fundamental invariants A{,...,Ax, and let x5 be a point
in X. Up to replace X by a small Stein connected open set X, containing

Top we may assume that E} Xo is generated by a k—admissible section ¢ of the

sheaf E%)A ® V'  where V is a finite dimensional complex vector space. The

proposition 4.1.2 allows, up to skrink Xy, to replace ¢ by a generating section
¢ with annihilator Py := (a — A\.b).S7 " ... S, .(a — \,) with the conditions
S;(0) =1 and 5; € Ox ® Y(Aj,...,A;). Then this defines a holomorphic map
f:Xo— G(A, ..., M), and it is clear that f*(E""") is then isomorphic on X

)
A

with the sheaf A1) = A.p ~ E‘XO. |

We study in detail the classification of rank 3 frescos in the Appendix. This gives
many examples of locally universal holomorphic families of such frescos (see also
[B.10] for more such examples.)

5 The theorem of the semi-simple part.

5.1 The statement.

The aim of this section is to prove the following result

Theorem 5.1.1 Let E be a holomorphic family of [A]—primitive frescos parametrized
by a reduced complex space X. Then there exists a dense Zariski open set X' in
X on which the family of semi-simple frescos (S1(E(z)),z € X') is holomorphic.

Note that we may not avoid to restrict our family to a dense Zariski open set in
general because of the example of the rank 2 family

E(z) := A/APZ

where P, := (a — A1.b).(1+ 2.0°)"L(a— (A +p—1).b) where z € C, A\ > 1 is
in Q and p € N*. This holomorphic family satisfies S;(E(z)) ~ E), for z € C*
because E(z) is a theme in these cases, and E(0) is semi-simple.
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REMARK. Some more results will be obtained in the proof of this theorem

i) There is natural Ax—subsheaf S1(E) C E on X which is a finetely generated
Ox|[b]]—=module such that on a dense Zariski open set X’ in X it induces
the holomorphic family of the semi-simple parts.

ii) The subsheaf Si(E) is normal and the quotient S;(E)/b.S1(E) isa Ox—coherent
subsheaf of the locally free Ox—module E / b.E.

iii) It is probably not difficult to extend the above theorem to a general holomorphic

family of frescos using the same lines that in our proof.

5.2 Preparations.

The proof will need some preparations. First we have to recall some facts which are
proved in [B. 12]. Let E be a fresco.

i) A necessary and sufficient condition for a fresco E to be semi-simple is that

E may be embedded in 2\ @V for some finite set A C]0,1]NQ and some
finite dimensional complex vector space V. We may choose V in order that

dime(V) < rk(E).

ii) For any E there is a maximal semi-simple submodule S;(E) (see section 2.3).
This submodule is normal, so it is a semi-simple fresco. Its rank will be noted
d(E). If E is embedded in EgN) ® V' then we have

SE)~EV @ V)NE.

The following proposition is the key of the description of semi-simple part of a
[A]—primitive fresco which will be used in presence of holomorphic parameters.

Proposition 5.2.1 Let E be a [A—primitive fresco with rank k and fundamental
invariants Ai,...,\g. For p € [N\ define K, as the kernel of (a — pu.b) acting
on FE. Then the following properties hold:

i) The vector space K, [b.K, 1 has dimension 1 if —(u—06(E)+1) is a root
of the Bernstein polynomial of Sy(FE), the semi-simple part of FE.

it) The vector space K, /b.K, 1 is {0} in all other cases.
iii) For p> A\,+k—1 the dimension of K, is equal to 6(E) the rank of Si(E).
w) For p>XNe+k—1 and q> pu— A\ we have the equality

Si(E) = (b™°.C[[b]].K,) N E

in Eb~'] = E @cpy C[D]][b71].
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The proof will use some lemma.

Lemma 5.2.2 Let E be a [N—primitive fresco with rank k and fundamental
invariants i, ..., \g. Define the non negative integer p by the formula

If we have an embedding E — E&N)@)V then, in fact, E is contained in bP,Eg\N)@)V_

PROOF. First recall that in our situation we have A\; > k—1 and A isin |0, 1]NQ.
So the integer p we defined above is non negative.

We shall prove the lemma by induction on the rank &k of FE. Note first that for
k =1 the result is obvious. Assume that the result is proved for k—1 for k> 2
and consider a rank k& fresco E. Note Fj_; the rank k£ — 1 submodule of the
principal J-H. of E. Then the fundamental invariants of Fj_; are Ai,..., Ag_1.
Consider an embedding of E in =M gy given by the image ¢ of a generator
of E. Up to change ¢ by an invertible element in C[[b]] we may assume that
¥ = (a — \;.b).¢ generates the image of Fj_;. The inductive hypothesis implies
that ¢ lies in bp“.EE\N)@V. Then ¢ and also E is contained in bp.EE\N)(X)V. ]

Corollary 5.2.3 Let E be a [\—primitive fresco with rank k and fundamental
invariants Ai,...,\g. Let p €[N and q €N such that p—XM\ <qg—k+1 we
have

(b~ L.Clb)].K,) N E=(b".C[b]].K,)NE

in E @cppy C[[D]][b7!] where we put as above K, := Ker[(a — p.b) : E — EJ.

PROOF. We want to prove that if z is in C[[b]].K, N b E then 2 is in
b. C[[b]].K,. Choose an embedding” of E in E(AN) ®V and define p € N asin

the lemma 5.2.2. Then z isin VTL.E C bp”“.Eg\N) ® V. If we write x =y + 2
where y € K, and z € b.C[[b]].K,, we will have y = p.s*~ for some p € C. So,
if p # 0, we must have

p—1>A+p+qg=M+q—Fk+1
contradicting our assumption; so p =0 and z =2z isin b. C[[b]].K,,. |
Lemma 5.2.4 Let E be a (a,b)-module and let xy,...,x, be C—linearly inde-

pendant elements in E  satisfying (a — p.b).x; =0, Vj € [1,p]. Then they are
independant over the ring C[[b]].

"such an embedding always exists for a [A]—primitive fresco thanks to the theorem 2.2.2.
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PROOF. Consider Si,...,S, in C[[b]] such that at least one of them is not zero
and satisfying

=

2{: E%(b)ag =0 in E.

j=1
Assume, as b is injective on FE, that not all S;(0) vanishes. Applying (a — p.b)
to the previous equality gives, using again the injectivity of b,

p
> Si(b).x; = 0.
j=1

So we have the same relation for any derivative of the S;. This gives, using
b—completion to prove Taylor formula in C[[b]],

> (Z %-S§”’<b>.<—b>v) =0

j=1 v=0

which implies %

“=1 5j(0).z; = 0. And this contradicts our assumption. [
CONSEQUENCE. We obtain from the previous lemma, observing that a rank 1
sub-module is always contained in S;(E), that dimc K, < rank(S:(F)), with
equality for pu large enough, because in a semi-simple module F the rank 1
sub-modules of F generates F”, the maximal simple pole sub-module in F, which
has same rank than F (see [B.12] section 2). O

PROOF OF PROPOSITION 5.2.1. Consider an element x in E \ b.E such that
a.x = p.b.x. Then C[[b]].z is a normal rank 1 sub-(a,b)-module of FE, so it is
contained in S1(E) andso u—d(F)+1 is the opposite of a root of the Bernstein
polynomial of S;(E).

This prove that, in the case where p—3d(F)+1 is not the opposite of a root of the
Bernstein polynomial of S;(F), an element x € F such a.x = p.b.x isin b.E.
But if = 0b.y we have, as b is injective, y € K, and so K, = b.K,_;. This
proves i) and ii).

Note that in the case i) p— k + 1 is also the opposite of a root of the Bernstein
polynomial of £, so there exists j € [1, k] such that p—d§(E)+1 = \;+j—k. Then
p=2A+j—1+FE)—k forsome je[l,k]. Sowehave p <\, +k—1. So for
p > A +k—1 we have, using the consequence of the lemma 5.2.4, dimc¢ K, = 6(E),
and point iii) is proved.

To prove point iv) remark that b~ C[[b]].K,, is a semi-simple (regular) (a,b)-
module, as direct sum of rank 1 regular (a,b)-modules. As it has rank equal to
dime K, = 0(E), it is enough to prove that (b~%2. C[[b]].K,)N E isnormalin £ : it
is contained in S7(E) and with the same rank, so normality will give the equality
“dth_;gl(fD)
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To prove normality let z € E such that bx € (b79.C[[b]].K,) N E. Then
z € (b~ L. C[[b]].K,) N E and the equality proved in the corollary 5.2.3

(b"%.C[b]].K,) N E= (b"".C[b]].K,) N E
for p>XM+k—1 and ¢>p— A +k—1 allows to conclude. [ |

5.3 Coherence of £,.

We begin by a very simple remark.

REMARK. Let E be a locally free finite type Ox|[[b]]—module. If U is an
open set in X and if o € I'(U,E) satisfies o(x) € b2.E(z),Vx € U (resp.
o(z) =0,V € U) then o isin IT'(U,P.E), (resp. o =0).

Let us give now a version with parameter of the corollary 5.2.3 and of a part of the
proposition 5.2.1.

Corollary 5.3.1 Let E an holomorphic family of [\|—primitive frescos parametrized
by a connected reduced complex space X. Note Ai,..., A, the fundamental invari-

ants of the E(z) and define
K, : Ker[(a— p.b) : E — EJ.
Then for ¢ > pu—M+k—1 we have
(b1 L.Ox[[b)].K,) N E = (b9.0x[[b]].K,) N E

in b7 LE.
Moreover for > XN, +k—1 we have b.K, =K, 1.

PROOF. Let « a germ of section of the sheaf (Ox[[b]].K,) N bTL.E and write
a = 3+ where B is a germ of section of K, and 7 a germ of section of

b.Ox[[b]].IC,. Now embed (locally) E in E&N} ® V. Then the lemma 5.2.2 implies

that E is contained in pr(AN)g ® V. Then write S8 = p.s*~! where p is a germ

of section of Ox. If p# 0, we have
p—1>A—=1+p+qg+1

which contradicts our assumption. So a =~ isin b.Ox[[b]].KC, and we conclude
using the injectivity of b.

To prove the second statement let o be a germ of section of ;41 where we assume
> A, +k—1. Foreach x we have o(z) € E(x) whichisin K,4i(z) =b.K,(x)
where we note K, (z) the kernel of a — pu.b acting on E(z) and we apply the
proposition 5.2.1. Using the remark which begins the section 4.3, we conclude that
o isin bE andsoin b.KC,. |
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Lemma 5.3.2 Let E be a rank k fresco with generator e. Then its saturation
E* by b~la is a free rank k C[[b]]—module with basis {b~7.a’.e, j € [0,k —1]}.
Moreover, the images in E*/E of b7.d’.e,j € [1,k—1] form a C—basis of
E*/E. Assuming that (a—X1.b).S57" ... 5 .(a—\.b) generates the annihilator of
e and defining eq,..., e, by the relations ey :=e and (a— \;.b).e; = Sj_1.€j_1
for j € [1,k] (with the convention ey :=0), then the set {b=".e;,j € [1,k]} isa
Cl[b]]—basis of E* and the images of the b=**i.e; j € [I,k—1] give a C—basis
of Eﬁ/E.

PROOF. Let Fj_; be the sub-A—module generated by ez_;. Then it is easy to
deduce from the relation (b~'.a — \).ex = Sk_1.b7t.ex_1 that the equality

Ef=E+b LF (@)

holds. Using induction on the rank we obtain that {077.a7.Sy_1.ex_1,7 € [1,k—1] }
is a C[[b]]—basis for F*.

This implies that e, and {b771.a’.Sp_1.ep_1,5 € [1,k — 1]} generate E* as a
C[[b]]—module. Then the equality

bl Sy .ep1 = b_j_l.aj.(a — A\i.b).ep = b7 e — Neb T a by,

implies our first statement using the identity in A

j—1
a’b=bad + Z Th,j.b"*h“.ah
h=0

as we know that FE is free of rank k& on CJ[[b]]. Now the relation (@) shows
that E*/E ~ b‘l.FIS_l/Fk,l, as we have b"L.FfNE = F because Fj_, is
normal in F£. Using again induction on the rank, we may assume that the set
{B=kDe; j € [1,k—2]} isa C—basis of F;f,l/Fk_l- Then, thanks to the
isomorphism above, it is enough to add b~ '.ex_; to the V¥V*.e; € [1,k—2] to
generate the vector space FE* / E. And it is easy to show that b~'.e;,_; is not a
linear combination of the ¥ ~".e;,j € [1,k — 2].

We leave as an exercice for the reader the proof of the other statements. ]

Corollary 5.3.3 Let ¢ € E(AN)g ®V  be a k-admissible section and put E := Ax.go.

Define E* as the Ox[[b]]—module generated by the sections b= .a’.p, j € [0,k —1].
Then E* s a free rank k Ox[[b]]—module, stable by b~ .a and for each = € X
we have

PROOF. It is clear from the previous lemma that the set {b=7.a’., j € [0,k — 1]}
is a Ox/[[b]]—basis of E*. Also the quotient E?/E is a free. Ox —module with basis
{b7.a7.¢,5 € [1,k —1]}. So the exact sequence of Ox—modules

0>E—E - E/E—0
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splits. Then for each z the map E(x) — E*(x) is injective. As E? has a simple
pole the lemma 5.3.2 allows to see that the map induced between E(z)* and Ef(z)
is bijective. ]

Lemma 5.3.4 Let ¢ € EE\N} ®V be a k-admissible section and let A\i,..., )\, be
the fundamental invariants of the corresponding holomorphic family of frescos. Let
p €[N and N € N such that N > pu— M\ + k. Then if o is a section of the
sheaf E* such that (a — p.b).c € bBN+LE!P then there exists T € BF such that

i) (a—pb)T=0 ;
i) o — T is a section of the subsheaf bN.E!.
PROOF. Write (a — p.b).oc = b¥*1.zy, and look for a zy € Ef such that
(@ — p.b).(c +bN.zy) isin bV*2EL The equation
(a—pb).(oc +0".ay) =Ny
is then equivalent, as b is injective with
(bta—(u—N))oy = —znp1 + by.

But on a Stein open set U in X the map (b7'.a — (u — N)) is bijective® on
(U, E* / b.E*) and we have also the exactness® of the sequence

0— (U, bE") - I'(UE") — I'(UE/bE*) = 0

which allows to find a solution zy € T'(U,Ef) for our equation. Then an easy
induction on j > 0 allows to define a sequence (xy;);>0 of elements in T'(U, EF)
such that, if we define 7 € I'(U,E*) as

o
N
T: =0+ g AR NI
J=0

it satisfies the conditions ¢) and 41). [

Corollary 5.3.5 In the situation of the previous lemma, assume that o 1is now a
section of E such that (a — p.b).c € bNTLE. Then there exists a section T € E
such that

i) (a—(u+k)b)r=0 ;

i) b*.0c — 1 is a section of the subsheaf bN.E

8Recall that A; 4+ 1 — k is the smallest eigenvalue of b~ '.a acting on E* / b.E* by definition
of the Bernstein polynomial.

recall that EF is a free rank k Ox/[[b]]—module, and we have on the Stein open set U
HY (U, Ox[[p]]) = 0.

40



PROOF. As a consequence of the lemma 5.3.2 the inclusion 0*.Ef C E holds. The
corollary is now an easy consequence of the lemma above. |

Lemma 5.3.6 Let E be a [M—primitive fresco with fundamental invariants
A1,y Ak, and let € [N]. Then for N > p— A\ + k the linear map

Ker|(a—p.b) : E— E] — Ker|[(a— p.b) : E/VN.E — E/b".E|
1S 1njective.

ProOF. If x € Ker (a—pu.b)NbN.E, write x =b".y. Then (a— (u—N).b).y =0
and this implies y =0 as pu— N <A\ +1—k. |

Corollary 5.3.7 Let E be a holomorphic family of [\]—primitive frescos parametrized
by a reduced complex space X. Assume X connected and note Ai,...,\p the
fundamental invariants of the frescos E(x). Then for p € [N and N >p—XM+k
the map induced by the quotient E — E/bN.E is injective on the sheaf IC,.

PROOF. Obvious from the remark which begins the section 4.3. [

Proposition 5.3.8 Let E be a holomorphic family of [A]—primitive frescos parametrized
by a reduced complex space X . Define for p € [\ the Ox—module

K,:Kerl(a—pb):E—E].

Then this sheaf is a coherent Ox—module.

PROOF. Note Iny the kernel of a — p.b acting on the sheaf E/bN.E. Then we
have the commutative diagram

bk
Ky—— Kyt

lQN+1 lQN

N41 b N
/C“ — IC;H—k

where the horizontal maps are induced by b* and the vertical map are the obvious

quotient maps. The corollary 5.3.5 gives the equality in Iny ok

O* (KN = an (Kpu)-

Now the corollary 5.3.7 gives that the map ¢y is injective for N > pu+ k — A;.
As the sheaf IC;]X is Ox—coherent for any choice of 1 and N because it is the
kernel of a Ox—linear map between coherent (in fact locally free) Oxy—modules,
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the conclusion follows from the injectivity of ¢y choosing N large enough. |

Recall that for a fresco E we denote 6(E) the rank of S;(E) the maximal
semi-simple sub-module in FE.

Proposition 5.3.9 Let E be a holomorphic family of [A]—primitive frescos parametrized
by a reduced complex space X .There exists a dense Zariski open set in. X on which

the function
z— §(E(x))

1s locally constant.

PROOF. We may assume that X is irreducible. Fix p and an integer m > 1
such that for any x € X the map K,(z) — K'(x) is an isomorphism, where K,
(resp. K)'(z)) is the kernel of a — p.b acting on E(z) (resp. on E(z) /0™ E(x)).
This is possible thanks to the proposition 5.2.1 the lemma 5.3.6 and the corollary
5.3.5. Choose now a dense Zariski open set X’ in X on which the Ox—linear
map

a—pb:E/V"E—E/V"E

has constant rank. Then its kernel K" is a locally free finite type Ox—module,
and we have for each = € X’

Ki'(z) = Ker [a —p.b: (E/b™ E) (z) — (E/b™.E) ()] .
But as E / b™.E is locally free on Ox we have for any x € X an isomorphism
So for each x in X’ we have

Ky (z) = K (7) ~ K ().

I

This implies that on X' we have 0(E(z)) = rank(K}}). |

REMARK. If we choose X' smaller in order that the sheaf IC, is also locally free
and isomorphic to K7, we see that on this smaller dense Zariski open set in X we

have the free Ox[[b]]—module Ox|[[b]].KC,, which is contained in S;(E) as it will
be defined in the proof of the theorem 5.1.1 which is given in the next subsection.

5.4 The proof.

Lemma 5.4.1 Let E be a [N—primitive fresco with fundamental invariants
Ay Ag. Assume that §(E) = 0(Fy—1) + 1 where Fy—y is the (k—1)—th
term of the principal J-H. sequence of E. Then let —u be the root of the Bernstein
polynomial of Si(E) such that —p — 1 is not a root of the Bernstein polynomial
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of S1(Fx—1) and define r:= pu— X\g,. Then r is a non negative integer and we
have an exact sequence of semi-simple frescos

0 — Si(Fieo1) = S1(E) = b (E/Fpq) = 0

where the first map is the obvious inclusion and the second is induced by the quotient
map E — E/Fk,l ~ E,,.

Note that, as —p is a root of the Bernstein polynomial of S;(F) there exists
Jj€[1,k] such that p=X;+j—0(E) <\ +k—0(F) andso r <k —d(E).

PROOF. As we have Si(Fj_1) = S1(E)NFr_1 (see [B.12] section 2), the kernel of
the restriction to S;(F) of the quotient map E — E/Fk,l is S1(Fj_1). As we
assume the equality 0(Fi_1) = 6(E) — 1 the image of the second map has rank 1
and so is equal to b".E), for some non negative integer 7. Now this implies that
A+ 1 is the opposite of a root of the Bernstein polynomial of S;(F). The roots of
the Bernstein polynomial of S;(E) are pairwise distinct (see [B.12] section 2), and
the roots of the Bernstein polynomial of S;(Fy_1) are of the form —v — 1 where
—v is a root of the Bernstein polynomial of S;(F). This shows that u = A\, + 7
is well defined by the condition that —p is the root of the Bernstein polynomial
of Si(F) such that —pu—1 is not a root of the Bernstein polynomial of Sy (F;_;).H

Proposition 5.4.2 For each holomorphic family E of [A]—primitive frescos parametrized
by a reduced complex space X there exists a Ax—subsheaf Si(E) C E with the
following properties :

i) For a holomorphic map f:Y — X we have a natural fly—map
F(SiI(E)) = Si(f(E))

where f* s the pull-back for the Ax—modules to Ay —modules'®.
For X = {pt} parametrizing the [N—primitive fresco E we have S;(E)
equal to Sy (E).

ii) When we have an exact sequence
0>F—-E—-E/F—0
of holomorphic families of [\]—primitive frescos parametrized by X we have
S1(F) =& (E)NnF.

Note the following special case : iof 1 :F — E s an isomorphism then the
above condition says that n induces an isomorphism of Ax—sheaves between
Sl(IF) and Sl(E)

Owhich is the same than the pull-back for the Ox|[[b]]—modules to Oy [[b]]—modules when we
forget the action of a.
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iii) We have S1(E)NbE = b.5(E).
i) The sheaf Si(E)/b.S\(E) is Ox—coherent.
v) On an open set X' in X on which the sheaf S\(E)/b.S1(E) is a locally free

finite type Ox—module and on which its inclusion in E/b.IE s a constant
rank map of holomorphic vector bundles, the natural map

S1(E)(z) — E(x)

induces an isomorphism on a normal semi-simple sub-module of Sy(E(x)), for
each point x € X'.

vi) There exists a dense Zariski open set X' in X such that v) holds.

PROOF. Of course we may assume that X is connected. So the rank k and the
fundamental invariants A;, ..., A\r of the frescos E(z) are independent of x € X.
Choose p € [A] such that u > A,+k—1 and ¢ € N such that ¢ > u—X\ +k—1.
Then define

Sl(E) = (bquX[[b]]’CM) N E

First we shall prove that S;(E) is independant of the choices of p and ¢. An
immediate consequence of the corollary 5.3.1 is that the sheaf we defined depends
only on p—gq. So fixnow pu> A\, +k—1; we have for ¢ > p— M +k—1

(b1 LOx[[b]].Kuyr) N E = (b79.0x[[b]].K,) N E
as K,41 = b.K, thanks to the corollary 5.3.1, and we have
(b1 L.Ox[[b)].K,) N E = (b79.0x[[b]].K,) N E
thanks again to the corollary 5.3.1. So we proved that the subsheaf of E
(b-9.0x[[b]].K,) N E is independant of p and ¢ satisfying p > A\, +k —1 and
q > p— A1+ k — 1. The property iii) is then consequence of the equalities
b.S1(E) =0. [(b*q*I.OX[[b]].ICM) N E} = (b72.0x|[[b]).K,) N b.E =& (E)Nb.E.
The proof of i) is standard and ii) is easy as we have for any p the equality
K.F)=K,E)nF

For the proof of iv) we shall use the following lemma.

Lemma 5.4.3 In the situation of the previous proposition, the sheaf Si(E) is
finitely generated on Ox[[b]].
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PROOF. Fix p large enough and let si,...,s, be a local generator of the sheaf
K, as Ox—module. This exists as we proved that this sheaf is Ox—coherent. For
q large enough we shall show that the Ox—module F generated in b~2.E by the
sections b77.s;,0 € [1,p],5 € [1,q] is Ox—coherent. This is a consequence of the
fact that for m > ¢ we have FNd™.E = {0} and so the map

F—b"E/b"E

is an isomorphism on the coherent Oy —submodule generated in b=2.E/b™.E (which
is a locally free finite type Ox—module) by the images of the sections b~7.s; where
(1,7) € [1,p] x [1,q]. Then F NE which is the kernel of the Ox—linear map
F = b 1E / E between two Ox—coherent modules is O x—coherent.

Now we have

Si(E) = Ox[[t)).K, +F N E

from our definition of F, as K, is a subsheaf of E. So the lemma is proved. W

END OF THE PROOF OF THE PROPOSITION 5.4.2. Now as S;(E) is a subsheaf
of Ox|[b]]—modules of the sheaf E which locally free and finite type on Ox|[[b]],
we shall deduce that iv) holds, using iii). We have, near each point in = € X,
01,...,0, a local generator of the sheaf S;(E) on Ox][[b]]. Then we have a
surjective  Ox|[[b]]—linear map ¥ : Ox|[b]]? — Si(E) € E. Then X induced
a Ox—linear map between Ox—coherent sheaves (Ox)? — E / b.E with image
S1(E)/b.S1(E) C E/bE thanks to property iii) already proved above.

The proof of v) is again standard, using our hypothesis which allows to locally split
on Ox of the exact sequence

0— Si(E)/b.S1(E) - E/bE — E/VE + S (E) — 0,

because it implies that S;(E) is locally a direct factor of E as a Ox|[[b]]—module.
So the tensor product giving the evaluation at = € X’ gives an isomorphism of
the fiber at = of S;(E) into a normal'’ submodule of (b79. C[[b]].K,(x)) NE(z)
where K,(x) denotes the kernel of (a — p.b) acting on [E(z). But we have the
equality (b~9. C[[b]]. K,(z)) NE(z) = Si(E(z)) thanks to the proposition 5.2.1.

To prove vi) it is enough to remark that for any morphism of Oy —coherent modules
there exists a dense Zariski open set X’ of X on which the coherent modules are
locally free and the morphism has constant rank. [

PROOF OF THE THEOREM 5.1.1. We may assume that X is irreductible. We
shall make an induction on the rank k& of the frescos in the holomorphic family
E. In the rank 1 case we have a family which is locally isomorphic to a constant
family, so we have S;(E) =E and the result is clear.

Hpecause direct factor over C[[b]].
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Assume now k > 2 and the theorem proved for &' < k — 1. Consider the family
Fi_1 given by the rank (k—1)—th term in the principal Jordan-Holder sequence of
[E. Tt is holomorphic, thanks to the theorem 3.1.7. Consider now the exact sequence
of Ay—sheaves, consequence of properties ii) of the proposition 5.4.2

0— Sl(Fk_l) — Sl(E) — E/Fk_l.

This induced an exact sequence of coherent Ox—modules (see property ii) iii) and
iv) in 5.4.2)

0— S (Fi 1) /0.8 (Fi_1) = Si(E) /b.51(E) — E/(Fs_y + b.E).

Now from the property vi) of 5.4.2 there exists a dense Zariski open set X’ on X
such that on it the family S;(FFy_;) is holomorphic, the sheaf Si(E)/b.Si(E) is
locally free and the map ¢ has constant rank. Now cutting X’ with the dense
Zariski open set given by the proposition 5.3.9, we may assume that the rank of
Si(E(x)) is constant ; denote this rank &(E). Then, using the lemma 5.4.1 the
sheaf E/(Fk_l + b.E) is locally free of rank equal to 0 or 1. Now we shall prove
that the family given by the sheaf S;(E) is a holomorphic family.

The first case is when the rank of E / (Fr—1 + b.E) is 0; the conclusion is obvious
from the inductive hypothesis.

When the rank is 1, in the exact sequence of the lemma 5.4.1 corresponding to the
evaluation at = € X7, the integer r(x) is constant because the image of S;(E)
in E/F,_; ~E,, isa Ax—module which is locally free rank 1 Ox/[[b]]—module.
Then on X] we have an exact sequence of sheaves

0— S1(Fr-1) = S1(E) = Eyr — 0

where Ej, 4, ~ br.(E/Fk_l) is a holomorphic family, thanks to the theorem 3.1.7.
Now we conclude that Si(E) induces a holomorphic family on X{ using the
theorem 3.2.3.

To finish the proof we have to show that, up to a restriction to a smaller dense
Zariski open set in X, the map S;(E)(z) — Si(E(z)) is an isomorphism for each
x. As we already know that this map is injective and that the image is a normal
(semi-simple) submodule of S;(E(x)), it is enough to show that the rank of this
image is equal to J(E). A sufficient condition for that purpose is to know that for
p > 1 the dimension of the image of K,(x) in K,(z) is at least equal §(E),
thanks to the lemma 5.2.4. But there exists a dense Zariski open set in X on which
the coherent sheaf KC, is locally free of rank 6 and locally direct factor of E as
Ox—module. The assertion 6 = 6(E) is consequence of the fact that K,NFr_q
has rank 6(E)—1 from our assumption and the fact that in this second case K,NF
is strictly contained in K, and the quotient cannot be a torsion sheaf on Ox as
this quotient is a subsheaf of the locally free Ox|[[b]]—module b".(E/Fj_;). |
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6 Change of variable for holomorphic
parameters.

6.1 Definition and statement of the theorem.

When we consider a sequence of variables p := (p;)ien we shall denote by C|p] the
C —algebra generated by these variables. Then Clp][[b]] will be the commutative
C —algebra of formal power series

> Pp)b”

v=0

where P,(p) is an element in C[p] so a polynomial in py,..., pnw) where N(v)
is an integer depending on v. So each coefficient in the formal power serie in b
depends only on a finite number of the variables p;.

EXAMPLE. When we shall consider unimodular changes of variable
O(a) :=a-+ Z 0;.a°
=2

we shall use the notation C[f] for the algebra associated to the algebraically ind-
pendant variables 6;,7 > 2.

Definition 6.1.1 Let E be a (a,b)-module and let e(p) be a family of elements
in E depending on a family of variables (p;)ien. We say that e(p) depends
polynomially on p if there exists a fized C[[b]|—basis eq,...,ex of E such
that

ep) = Silp)e;

where S; is for each j € [1,k] an element in the algebra C[p][[b]].

REMARKS.

1. It is important to remark that when e(p) depends polynomially of p, then
a.e(p) also. Then for any u € A, again u.e(p) depends polynomially on p.
Note that this uses the stability of the algebra C[p][[b]] by derivation in b.

2. It is easy to see that we obtain an equivalent condition on the family e(p) by
asking that the coefficient of e(p) are in C|p][[b]] in a C[[b]]—basis of E
basis depending polynomially of p.
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3. The invertible elements in the algebra C[p][[b]] are exactly those elements with
an invertible constant term in b in the algebra C[p]. When the variables
(p)ien are algebraically independant, the invertible elements are those with a
constant term in b in C*. This will be the case when we consider unimodular
changes of variable : the variables 6;,7 > 2 are algebraically independant.
But this is not the case for general changes of variables. 0

Proposition 6.1.2 Let E be a rank k fresco and let A\, ...,\p its fundamental
invariants. Let e(p) be a family of generators of E depending polynomially on a
family of algebraically independant variables (p;)ien. Then there exists Sy, ..., Sk
in Clp][[b]] such that S;(p)[0] =1 foreach j € [1,k| and such that the annihilator
of e(p) in E is generated by the element of A

P(p) :=(a—A.b).S1(p) ... Se_i(p) t(a — Me.b).Se(p)t

PrRoOOF. The key result to prove this proposition is the rank 1 case. In this case
we may consider a standard generator e; of E which is a C[[b]]—basis of E and
satisfies

((l — )\1.b).61 = 0.

Then, by definition, we may write

e(p) = Si(p)-ex

where S; isin Clp|[[b]] is invertible in this algebra, so has a constant non zero
constant term in b. So, up to normalizing e;, we may assume that S;(p)[0] =1
and then define

P(p) := (a— \.b).S1(p) "
It clearly generates the annihilator of e(p) for each p.
Assume now that the result is already proved for the rank & — 1 > 1. Then con-
sider the family [e(p)] in the quotient FE/F,_y where Fy_; is the rank k —1
submodule of FE in its principal J-H. sequence. Remark first that [e(p)] is a
family of generators of E / F. 1 which depends polynomially on p. This is a trivial
consequence of the fact that we may choose a C[[b]]—basis ej,...,e; in E such
that eq,...,ex_1 isa C[[b]] basis of Fy_; and e; maps to a standard generator
of E/Fy_1 ~ E\,. So the rank 1 case gives Sj, € Clp][[b]] with Si(p)[0] =1
and such that (a — A\g.b).S(p)"t.e(p) isin Fj_; for each p. But then it is a
family of generators of Fj_; which depends polynomially on p and the inductive
assumption allows to conclude. |

We shall apply this result to the change of variable of a given fresco.

Theorem 6.1.3 Let E be a rank k fresco with fundamental invariants Ay, ..., A\,

and let 0 € C[[a]] be an unimodular change of variable. Let e be a generator of
E such that

P = (a— Ab).(S9) L (SO ) (a — A.b).(S0) !
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where SY € C[[b]] satisfies S(0) =1 Vj € [1,k], generates the annihilator of e
in E. Denote by s the family of variables associated to the non constant coefficients
of k elements Si,...,Sy in C[[b]] and s° the value of these variables for our
giwen P°. Then there exist Si(6,s),...,S:(0,s) elements in C[0,s][[b] satisfying
forall j €1,k S;(id,s%) = S7,5;(0,5)[0] =1 and such that the generator e of
0.(F) has its annihilator in 0,.(F) generated by the action on E of

H(B, S) = (Oég — )\1.ﬁ9).51<¢9, 80)[6.9]71.(049 — )\2./89> Ce (O{g — )\kﬁg)sk<9, 80)[69]71.

Moreover, for each integer q there exists an integer m(q) depending only on q
and Ai,...,\g such that for any j € [1,k] the coefficient of b7 in S;(0,s) is
independant of 0; and sp; for i >m(q).

REMARKS.

i) As the action of a change of variable of the form 6(a) = £.a on the annihilator
of a generator is obvious, the previous theorem implies the analog result for a
general change of variable where we have to replace the algebra

Cl0] = Cl[6s,05,...] by the algebra Cl[s.05...][x(0), x(8)7'].

ii) Note that the actions on a and b on 6.(E) are given by g :=0(a) and
Bg = b.0'(a) soin 6,(F) the annihilator of the generator #(e)'? in A (for
these actions of a and b on 6,(F)) is generated by

P(0,5°) := (@ — A, 0).5:1(0,s")[b] " ... (a — \g.b).Sk (6, s%)[b] .

iii) Let e(p) be a family of generators of a rank k fresco E depending polyno-
mially on a family of variables p, and assume that we have Si(p),...,Sk(p)
depending polynomially on p with S;(p)[0] =1 Vj € [1,k] and such that

P(p) :=(a— M.b).S1(p) ... Sp_1(p) " (a — \p.b).Sp(p)
satisfies P(p).e(p) =0 in E. Then we shall have in F
10, 5).e(p) =0 (0, )

where s” are the polynomials in p defining Si(p),...,Sk(p) for each p. O

6.2 Proof of the theorem 6.1.3.

We shall prove the theorem by induction on the rank £ of the fresco FE. Let first
give the key of the rank 1 case.

12this notation is used to recall that we consider here e as an element in 6, (F).
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Proposition 6.2.1 We consider unimodular changes of variable. Let A be a new
variable. There exists an unique (invertible) element S € C[0, N|[[b]] such that, for
each complex value of X\ the element €(0,\) in E\ := A/A(a — A.b) defined as
e(0,\) := S(0,\)[Bol.ex satisfies :

ag.e(0,\) = X\.Bp.c(0,\)
where ap :=0(a) and [y :=0.0'(a).

Proor. We shall prove first that there exists, for each integer n, an invertible
element y,, € C[0, A][[b]] such the following identity holds in E) :

b".ex = B3 -xn(0, A)[Bo]-€x ()

where [y :=b.0'(a).
Remark that ay := 0(a) and [y are two C —linear endomorphisms of FEj,
compatible with the b—filtration, which depend polynomially on 6. Now the
equality

b". C[[b]].ex = Bg- C[[Bs]]-€x

implies the existence and the uniqueness of y,, foreach n € N for each value given
to # and A. So it is enough to show that x, depends polynomially on (0, \). Fix
an integer p > 1 and consider the basis of the vector space V, := E)\/bp.E,\. We
have two basis of V), given by b%.ey and fj.ey for ¢ € [0,p—1] and they satisfy

Bley = bley+ 07V, Vg€ [0,p—1].

So the corresponding base change is triangular with entries equal to 1 on the diag-
onal. Let us show by induction on i € [1,p] that the coefficients of the (p—i)—th
column of the corresponding matrix depends polynomially in (0, A). For ¢ = 1, this
is clear. Assume it is proved for ¢ > 1 and consider the equality

P
éfl.e)\ = bi_l.e)\ + Z ci_Lj.bj.e)\
j=i
in V. Then applying Sy = 0.0'(a) to both sides gives
. . p .
Byex =0.6'(a) b e+ ci1;.0.0'(a).b ey
j=i

Now the conclusion follows from the following lemma and the inductive hypothesis:

Lemma 6.2.2 For each integer q there exists T, in C[0,\|[[b]] with constant
term in b equal to 1 and satisfying

0'(a).b%.ex = b1.T,(6, \).ey

in E\, where ey is a standard generator of Ey such that (a — A\.b).ey = 0.

50



PROOF. As it is clear that for each (0,\) the element 7,(0,\) exists and is
unique in CJ[[b]] the point is to prove the polynomial dependance in (6, ). But
as ¢'(a) is affine in 6 and as the coefficient of ¥ in T,(6,\) depends only on
0y, ...,0,, it is enough to prove that there exists S, ,(A\) in C[A][[b]] such that

al bl.ey =015, ,(N).ex.
It is an easy exercice to show that S,,(A) = A+¢q)...(A+¢+p—1).0? and
T,(0,7) =1+ Zin J.0;.8j-14(A). u
END OF THE PROOF OF THE PROPOSITION 6.2.1. Remark that we have
Qg.) — )\.b.@)\ + Z Lj.ﬁj.b7.e)\
=2

where L;(A) ;== A (A+1)...(A+j —1). So using our previous statement, we may
write

g.€\ — )\.69.6)\ + 692}%(6’, )\)[ﬁg].e,\
where R € C[f, A][[b]]. Now the desired equality, with S € C[f, A][[b]]

CY@.S[B@].G)\ = A.B@.S[ﬁg].@)\

is equivalent to

S[ﬁg] [)\.ﬁg.@A + BgR[ﬁg]e,\} + 692.5'[69].@ = )\.ﬁg.S[ﬁg].@A

where S’ is the derivative in b of S € C[0, A][[b]] ; and after simplification we find
the differential equation :

S'"+R.S=0.
Let R(A,\) be the primitive in b without constant term of R(6, ). Then we

obtain S = exp[—R] € Cy[f, A][[p]] and its constant term (in b) is equal to 1, so
it is invertible in C[6, A][[b]]. |

PROOF OF THEOREM 6.1.3. Let us prove first the rank 1 case. So let e be
a generator of F),. We may write e = T.e; where e; is a standard generator
of E), and T € C|[b]] satisfies T'(0) = 1. Then the previous lemma gives an
S € C[][[b]] such that S(0)[0] =1 and such that e(0) := S(0)[fs].e1 satisfies

ag.e(0) = A\.0p.2(0).

But the formula (*) in the proof of the lemma 6.2.1 gives an element U € CI[d][[b]]
such that U(6)[0] =1 and satisfying for each 6

er =U(Py).e.
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So we obtain, if V' € C[f][[b]] is the inverse of S.U,

e(0) = (S.U)[Pol

and then
(g — )\1.69).(1/(«9)[69])*1.6 =0

concluding the rank 1 case.

REMARK. The coefficient of 6?7 in U does not depends on the coefficients of b"
in T for r>q+1. O

Assume now that the case of rank < k—1 is proved and consider a rank k fresco
E. Let F; be the rank 1 submodule of E in its principal J-H. sequence and
define G := E/F,. Now the image [e] of e in G is a generator of G with
annihilator generated by

Q%= (a— M\o.b).Sy . STh (@ — Apb).S;

So the induction hypothesis gives S;(6) € C[0][[b]] for j € [2,k] with S;(0)[0] =1
and such that the annihilator of [#(e)] in 0.(G) is generated by

Q) := (a — )\Q.b).SQ(G)[b]*l co(a— )\k.b).Sk(H)[b]*l.
This means that

(g — Aa-B39).S2(0)[Ba] " ... (g — Mi. o). Sk(0)[Bo]] "

annihilates [e] in E/F) for each unimodular 6.

Now we have Q(6).[0(e)] = 0 in 6.(E/F) = 6.(F)/6.(F1) which means that
Q(6).[0(e)] lies in 0,(F)) = F1(0.(F)) ~ E),. So applying now the rank 1 case
gives the conclusion.

To prove the existence of the integer m(q) it is enough to remark that in the rank
1 case, the coefficient of 7 in S1(6,\;) depends neither on 6; for [ > ¢+ 1 nor
on the coefficient of b in T for r > ¢+ 1 using the remark following the proof
of the rank 1 case. |

6.3 Polynomial dependance in F.

Fix now the fundamental invariants \{,..., A\, for a fresco.

Definition 6.3.1 Consider now a complex valued function f defined on a subset
X of the isomorphism classes F(A1,...,\x) frescos with fundamental invariants
Ay.ooy Ag. We shall say that f depends polynomially on the isomorphism
class of the fresco F € X if the following condition is satisfied :

Let s be the collection of variables corresponding to the coefficients of k élements
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Si,.., Sk in C[[b]] satisfying S;(0) =1 Vj € [l,k] and consider for each value
of s the rank k [A—primitive fresco E(s):= A/A.P(s) where

P(s) == (a— A1.b)S1(s) 7 ... (@ — A\p.b).Si(s)

where S1(8),...,Sk(s) correspond to the given values for s.
Then there exists a polynomial F € Cls| such that for each value of s for which
E € X s isomorphic to A./A.P(s) the value of F(s) is equal to f([E]).

Corollary 6.3.2 Assume that we have a family E(p),ec of rank k frescos with
fundamental invariants \i,..., Ny defined by a familly of generators e(p)ec in
a giwen (a,b)-module &, such that e(p) polynomially depends on p € C. Let
f:FA, ..., ) = C be a function which depends polynomially on [E]. Then the
function

p = F([E(p)])

s a polynomial.
PROOF. For such a family FE(p),cc the theorem 6.1.3 implies that there exist
Si,...,S, in Clp][[b]] such that
) S0 =1 Ve LK,
ii) For each p the annihilator of e(p) in & is generated by
P(p) = (0= MB)Si(p) " (a — Aeb).Su(p) "

This gives a polynomial map p — (s(p)) and the map p+— f([E(p)]) is equal to
p — F(s(p)) which is a polynomial. |

EXAMPLE. Let (s;)ien+ a family of algebraically independant variables and let
S(s):==1+32, s.b' € C[s][[b]]. Define E(s) := A/ A.(a—A\.b).S(s) " .(a— Aa.b)
where A\; > 2 isrational and Ao := Ay +p; —1 with p; € N*. Define a(s) :=s,,.
Then the number «a(s) depends only of the isomorphism class of the fresco E(s)
and defines a function on F (A1, A2) which depends polynomially on [E] € F(A1, A\2).
This is an easy consequence of the classification of rank 2 frescos (see [B.12]). O

7 Construction of quasi-invariant parameters.

7.1 Holomorphic parameters.

Let F(A1,...,Ax) be the set of all isomorphism classes of frescos with rank & and
fundamental invariants Aq,..., .. We have a natural map

T:GO, . ) = Fu o )

from the basis of the versal family which is given by s — [E““(s)] which is
surjective.
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Definition 7.1.1 Let Fy be a subset of F(Ai,..., \x) and let
f :Fo— C

be a function. We shall say that f is a holomorphic parameter on F, when
there exists a locally closed analytic subset Gy C G(\1,..., \x) containing 1~1(Fp)
and a holomorphic map

F go —C
such that for each s € Gy with I(s) € Fy, we have f(I(s)) = F(s).

We shall say that f is polynomial on F(\,..., ;) when we may choose for F
a polynomial on the affine space G(Aq,..., \g).

Corollary 7.1.2 (Corollary of theorem 6.1.3.) For any change of variable 6
in Clla]] the map
O F( M, M) = F(A1, -5 M)

define by the change of variable 6 is polynomial in the sense that for any polynomial
function

FiFO.. o ) = C

the function fo@,:F(A,..., ) — C is again polynomial.
This implies that for any holomorphic parameter f : Fo — C and any change of
variable 0 the function fo@, : (0,) Y (Fy) — C is again a holomorphic parameter.

This is a consequence of the theorem 6.1.3 applied to the tautological family we
constructed on  G(Ay,...,\x) : it gives, choosing locally a k—admissible gener-
ator, a polynomial map @ which (locally) lift to G(\1,...,\;) the map 6 on
F (A1, ..., k). But, of course, this map is not canonical and may not gobalize.

Fix 1<i<j <k andlet
gl,]f()‘laa)\k)_)./t.()\“,A])

the map which sends [E] to [Fj/F,_1] where (Fj)nepn is the principal J-H.
sequence of F. It is a consequence of the uniqueness of the principal J-H. sequence
of a [A]—primitive fresco that this map is well defined. Then the following obvious
proposition will be used to produce inductively holomorphic parameters.

Proposition 7.1.3 Let Fy be a subset of F(A1,...,\;) and
f:Fo—C
be a holomorphic parameter (resp. polynomial parameter), then
Jogi;: gi_,jl(]:o) —C

is a holomorphic parameter (resp. a polynomial parameter).
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Definition 7.1.4 Let Fy be a subset of F(Ai,...,A\r) which is invariant by any
change of variable. We shall say that a holomorphic parameter

f :Fo— C
15 quasi-invariant of weight w € N if for any change of variable 6 we have

fo®=x(0)"f
on Fy. We shall say invariant when w = 0.

The next proposition is the first basic stone from which we shall build a lot of
quasi-invariant holomorphic parameters (in fact polynomial).

Proposition 7.1.5 Assume that p; := Ao—A1+1 isin N*. Let a: F(A,Ag) = C
the map defined by the coefficient of bP* in a standard presentation of a rank 2
fresco. Then « s a quasi-invariant polynomial parameter with weight py.

PROOF. As «(F) # 0 is a necessary and suffisant condition in order that [E] in
F (A1, A2) is a theme, the polynomial map

0 a(0.(E))

for a given FE, which is a polynomial in @, is either identically zero when FE is
semi-simple, either never zero when FE is a theme, thanks to the proposition 2.4.5.
But a polynomial on an affine space which never vanishes is constant, so we have
a(0.(E)) = a(E) for any unimodular 6. It is then clear that we have a quasi-
invariant polynomial parameter of weight p;. ]

From the result of [B.12] we may also build another quasi-invariant polynomial
parameter.

Proposition 7.1.6 Let Fy(A1,...,A\x) be the subset of F(A1,...,\g) of iso-
morphism classes of [N —primitive frescos E  such that Fy_1 and E/F1 are
semi-simple, where (Fj)jep 4 the principal J-H. sequence of E. Then the func-
tion

0 Fo — C

given by the a—invariant built in [B.12] section 3.2 is a quasi-invariant polynomial
parameter with weight py + -+ + pr_1.

PROOF. The proof is almost the same than in the previous proposition because for
such a fresco E we have the equivalence between FE semi-simple and 6(E) =0 :
the polynomial function

01— 5(0.(E))

is either identically zero or never vanishes, as semi-simplicity is stable by change of
variable thanks to the proposition 2.4.5. So it has to be constant by any unimodular
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change of variable for any given [E] € Fo(A1,. .., A\g).

Here we have to use for Gy the subset defined in G(Aq,...,\z) by the condition
that the terms F; and Fj_; of the principal J-H. sequence are semi-simple, which
is a closed analytic (in fact polynomial) condition thanks to [B.12]. |

So our aim now is to prove the theorem 7.4.1 which produces another basic stone
for building quasi-invariant holomorphic parameters.

7.2 The sharp filtration.
Let E be arank k fresco. Denote
O=FhCHC---CF,1CF,=FE
the principal J-H. sequence of F.
Definition 7.2.1 Define for n € N and h € [0,k — 1]
Dt ="y +0"TLE.

The filtration of E by the vector spaces (®,),>0 will be called the sharp filtration
of F.

Lemma 7.2.2 The sharp filtration has the following properties :
i) it is strictly decreasing, o = E and N,>¢ ®, = {0}.

ii) For each v € N the dimension of the complex vector space CID,,/Q),,H s 1
it is generated by the image of b".ex_p for v=mn.k+h with h €0,k —1].

iii) We have a.®, C @, and b.9, C P, y.

iv) The sharp filtration is invariant by any change of variable.

PROOF. We leave to the reader as an exercice the proof of the properties i) to iii).
The property iv) is consequence of the fact that the principal J-H. sequence of E is
invariant by any change of variable and also the filtration (bm.E ,m € N) because
we defined the sharp filtration only in term of these subspaces.

The next lemma is less obvious.

Lemma 7.2.3 The sharp filtration satifies also the following properties :
a) For k:=rk(E) we have a*.®, C ®, 0.1 Vv € N.

b) If bx € O,y then x € d, VveN.

c) If ax € @,y then x € P, VveN.
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PROOF. We leave to the reader the easy verifications of the properties b) and c).
Note that they are optimal : take xz :=e; the standard generator of Fi.

Let ej,...,e; be a standard C[[b]]—basis of E. So e := e, generates E as
a A—module and we have (a — \;.b).e; = S;_1.¢;_; for each j € [1,k] with the
convention ep := 0 and where S; € C[[b]] satisfies S;(0) =1 for j e [1,k—1].
It will be convenient to define p; := Sj(0) for j € [1,k—1].

We want in fact to show that we have for each n € N and each j € [1, k]

k 1n
a“.b".e; € Pp pqr—jr2k—1

because b".e; induces a basis of q)n,kJrk,j/q)n,Hk,jH = ®(y43).k—j—1, for each
n €N and j € [1,k] and we may use the property iii). As an easy induction on
k shows that we have for any integers k and n

ab b = bk 4k b a T 40 A
we see that it is enough to show that we have a*
each j € [1,k] and a*le; € Popj_;.
The second point is obvious as e; isin ®;_; thanks to the property iii).
For the first point we shall prove that a’.e; € ®g,_; for each j € [1,k].
As a.e; = A\.b.eg € Dy 1 because e; € ®p_q, the property is true for j = 1.
Assume that it is proved for j > 1 and consider a/*'.e;;;. We have

.ej € (I)k—j—I—Zk—l = (I)?,k—j—l for

a.ej+1 = )\j+1.b.6]’+1 + Gj + [Lj.b.@j + bz.Fk_j (Fk—j C (bk—j)
so, we obtain
i1

e = aj.ej + aj.()\j+1.b.ej+1 + pj.bej) modulo Psp_j C Dop_y.

Now a.b.ej;; isin Djthrh—j—1 and a.b.e; € ®jipip_j; 50 a/Tlej —ale; lies
in ®y;,_;. Then ak.ej = ak*].a].ej is in (I)Qk_1+k_j = (I)3k—j—1- |

7.3 Change of variable in rank 3.

Lemma 7.3.1 Let 0(a) := a+6y.a>+03.a*>+... an unimodular change of variable,
let a:=06(a) and [ :=0.0'(a), and fit > 1 in Q. Then there exists an unique
S, € C[[b]] with S,(0) =1 such that ¢, := S,(B).e,, where e, is the standard
generator of E,, satisfies

(o —p.pB).e,=0.
Moreover S),(0) = Og.pu.(n — 1).

PROOF. We want to prove that the equation
(a - N-B)-Su(ﬁ)-eu = Su(6)~(a - N-ﬁ)ﬁu + 62-5,2(6)-6;1 =0
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has an unique solution such that S,(0) = 1. But we know that E, = C[[8]].e, as
the C[[f]]—module. Then put a.e, = p.3.7(5).e, where T'(0) =1 leads to the
equation

5.5,(5) + m-Su(B)-(T(8) ~1) =0

which has clearly an unique solution in C[[3]] with constant term equal to 1, using
the recursion formula (with the obvious notations for the coefficients of S, and T)

(n+1).8p41 = —p. Z Spt1—j.t; Vn > 0.
j=1

The term of degree 1 in S is given by s; = —u.t;. But
a.e, = a.e, + 92.a2.eﬂ + b?’.Eﬂ

and so a.e, = p.b.e, +0s.u.(u+1).0%e, +b*.E,. Now we have $%.E, =b*.E, and
B.e, =b.e, + 2.05.u.b% e, + b*.E, which implies b.e, = B.e, — 2.0,.u.5%¢, + 3>.E,
and also b.e, = %, + 3°.E,. So finally

a.e, = fi. [ﬁ.eu — 2.92.;1.62.%} + 0o (e + 1).52.% + Bg.EM
and so t; =05.(1 — ) and s; = Oy.pu.(u —1). [

Proposition 7.3.2 Let E be arank 3 fresco with fundamental invariants Ay, Aa, A3.
We assume that p; ==X o — A1+ 1 and py == A3 — A+ 1 are different from 1.
Assume that FE is generated by e such that the element in A

P:=(a—A.b).S; (@ — Xg.b).(1 +v.P2) "L (a — As.b)

generates the annihilator of e, where Si(0) =1, and where the complex number v
is 0 when py is not an integer > 2. Let 6(a) = a + a®.7(a) be a change of
variable. Then there exists a generator € of 0.(FE) with annihilator generated by

(@ — A.b). Ty (@ — Ag.b).(1 +v.0P2) 1 (a — A3.b)

with T1(0) =1 and T7(0) = S}(0).

REMARKS.

1. In fact the only assumption really made in the previous lemma is the fact that
p1 and po are different from 1, because any rank 3 fresco with this condition
admit a generator with such an annihilator, thanks to the classification of rank
2 frescos.

2. For p; =1 the number S7(0) is the parameter of the rank 2 fresco Fy, so
the assertion is obvious.
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3. When p; # 1 and the coefficient S7(0) is determined by the isomorphism
class of E then the classification of rank 3 frescos shows that the isomorphism
class of E is completely determined by the parameters of F, and FE / F
and the coefficient of b in S;. As the parameters of F; and E/F1 are
invariant by any unimodular change of variable (i.e. 6; = 1), the previous
lemma shows that in these cases we have 6,(F) ~ E for such a change of
variable. This will reduce mainly our study of the changes of variable to the
special case of the form 6(a) = a + 7.a®> for rank 3 frescos.

PROOF. Define e3:=e,e3 := (1 +v.bP2)"1.(a — A3.b).e and
e1:= Sy . (a — Ap.b).(1 +0v.bP) "L (a— A3.b).eS;t.(a — No.b).es.
Then we shall construct a corresponding C[[5]]—basis &1,¢e2,e3 such that

(Oé — )\1.6).81 = 0,
(v = Xo.B).co =T1(B).e1 and
(O[ — )\3.6).53 = (1 + U.ﬁp2).€2.

The first step is easy, thanks to the lemma 7.3.1 ; up to a non zero constant we must
choose

g1 = S,\l(ﬁ).el. (1)

As the principal J-H. sequence of FE is invariant by any change of variable, we
must have &5 which is a generator of F,. But, up to F; and a non zero
multiplicative constant, €, has to coincide with €9 := Sy, (3).€2; so we shall define
gy := €9+ W(B).e;. We shall define U by the relation (a — \y.0).€5 = U(8).e;
where we normalize e; and ej,es, e3 by the same non zero constant if necessary
to have U(0) = 1.

Now, with the same argument, we must have

£3:= p.Sy(B).es + X(B).e5 + Y (B).c1

where p isin C*. Now the last equation (o — A3.[3).e3 = (1 4+ v.0P2).e5 gives

p.(a — X3.8).5x, (B).e5 + (Ay — X3).8.X(B).€5 + B2 X(B).€5 + X (B).U(B).e1
+ (M = A3).B.Y(B)er + B2Y(B)er = (1 +0v.87).e) + (1 +v.8P2).W(B).e;. (Q)

As we have a3.FE +b.a>.E C ®5 thanks to lemma 7.2.3 and S),(3) = 1+ 3. C[[4]]
using 0> = 0 and lemma 7.3.1, when we compute (a—M\3.3).5),(5).es modulo ®s,
we find only (a — A3.b).e3 = es modulo ®;. But we have also &) = e, modulo
®5, and [.e1 € &5, so our equation above reduced modulo &5 to

p.e2 — (pa — 1).X(0).b.ea + X (0).c1 = e5 + W(0).e; modulo Ps.
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So we must have p = 1,X(0) = W(0) and X(0) = 0 as p; # 1, looking
successively in @1 /@y, @, /@3 and ®4/P5. Then we obtain that W(0) =0 and
then

(0 — \p.B).c0 = U(B).c1 + B2 F C .

So we have T7(0) = U’(0). But now
(0 — Xa.3) .0 = S\, (B).(a — \a.B).e0 + B2 Fy C ¥y
= (a — )\2.()).62 + (I)G
= Sl(b).el + (I)6 =&+ U/(O).ﬁ.é‘l + (I)G

where we uses the fact that «®>.F, and b.a®>.F, arein ®g;. So as
e1 =¢; modulo &g

we conclude that 77(0) = U’(0) = S7(0).

Of course, we know ”a priori” that such a C][[]]—basis &1,e2,e5 exists thanks to
the classification of rank 2 frescos and the invariance by an unimodular change of
variable of the parameter of a rank 2 [A\]—primitive fresco. |

Proposition 7.3.3 Let E be arank 3 fresco with fundamental invariants Ay, Aa, A3.
We assume that p; == X o — A1+ 1 and ps := A3 — Ao + 1 are different from 1.
Assume that E is generated by e such that

P:=(a—X.b).S" (a— X.b).(1 +0.672)" (a — \3.b)

generates the annihilator of e, where S(0) =1 and where the complex number v
is 0 when py is not an integer > 2. Let 0(a) = a + 7.a> with 7 € C. Then
there exists a generator ¢ of 0.(E) with annihilator generated by

(@ — A.b). Ty (@ — Ag.b).(1 +v.bP2) 7 (a — A3.b)
with T(0) =1 and T'(0) = S"(0) — 7.L where L:= (p1 —1).(p1 +p2—1).

Note that the result is also true for p; =1 as S7(0) is the parameter of F» which
is invariant by any unimodular change of variable.

PROOF. We shall follow the same line than in the proof of the previous proposition.
Now we have o :=a+ 7.a> and S :=0b+ 27.b.a. Define

si=1N.(N—1) i=1,2,3;
g1 := Sy (B).e1, €3:= 5\, (8).es;
€3 .= p.S)\B (6).63 + X(ﬁ){fg + Y(ﬁ)El

We we want to define e, := &) + W (S).e; in order to have

(O[ — )\3.6).83 = (1 + U.ﬁp2).€2. (@@)
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We also define U € C[[5]] by the equation (a—A2.53).c9 = U(f).e7 with U(0) =
(after a normalization if necessary of the initial basis ey, ey, e3). Then

g1 =e;+ s7.b.eg + Py
€Y = ey + s9.(b.ey + 27.b.ey) + Pr
Now the equation (QQ) gives modulo ®g using
Sxa(B)-(r = Ag.B).e5 = (14 s3.0).[(a — A3.b) + 7.(a — 2)A3.D).a] .5 + P
= (1+53.8).[e2 + 7.(a — 2X3.0)(A3.b.e3 + €2)] + P
= €3+ S3.60 + T[Ag.b.ea + Aa.bes + e + S'(0).b.e; — 2X3.b.e2] + P
we have, from the relation (o — A3.0).63 = (14 v.3P2).(e5 + W(B).€1)
p-es+ p.7[(Aa — A3).b.ea + 1 + 5(0).b.es] — (po — 1).X(0).8.£5 + X (0).e1+
+ (X.U)(0).8.61 — (p1 +p2 — 2).8.Y(0).e1 = &5 + W (0).e; + W’(0).8.2, + P.
Using the basis e, eq, e3 this gives
p.es —ey =0 1in <I>1/<I>2 so p=1
T.e1+ X(0).e; —W(0).ey =0 in @/P3 so
W(0)=X(0)+7
and modulo ®5 we obtain
S3+ 7. (A2 —A3) — (p2 — 1).X(0) —se =0 and so
(p2 —1).X(0) = =7[(p2 — 1) + Aa.(X2 — 1) — A5.(A3 — 1)]
This implies
W(0) =7.(2\2 + p2 — 2)
Now we are looking for the value of 77(0) where T is defined by the relation
(v — Xo.3).e2 =T(B).€1.
As we have
(@ —X.B).ey=U(B).e1 =, +U'(0).8.e;, modulo &g
(v = X B).W(B).e1 = (A — X2).5.W(0).e; modulo g
we obtain that
7'(0) = U'(0) = (pr — 1).W(0).
So to conclude, it is enough to compute U’(0). As € = S),(5).e2 we have
(= X.B).€5 = (1 +52.8).(a — X\o.8).es modulo &= p*E =V".F
= (1+ s2.0). [a—)\2b+7' a — 2X\y.h). } es modulo &g
(14 $2.08).[S.e1 + T.(a — 2X2.0).(Aa.bes + (1 4 5(0).b).e;)] modulo P4
(14 s9.59). [61 +5'(0).b.e; + 7.(\ — Ag).b.el] modulo @
=e; + s9.b.e; + [S (0) —7.(p1 — 1)} .b.e; modulo ®g
=&+ [S’(O) —7.(p1 — 1)+ 59 — 51} B.e1 modulo Pg
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So we have U'(0) = S'(0) —7.(p1 — 1) + so — s; and
T'(0)=5(0) —7.(p1 — 1)+ 7.(p1 — 1).(2A1 + p1 — 2) — 7.(p1 — 1).(2Aa + p2 — 2).
This gives L = (p1 — 1).(p1 +p2 — 1). |

7.4 Constructions of quasi-invariant holomorphic
parameters.

Theorem 7.4.1 (The new parameter in rank 3.) Let E be a rank 3 fresco
with fundamental invariants Ai,p1,pe. Let Si, Sy € CI[b]] with S1(0) = 1,
S2(0) =1, such that E is isomorphic to

AJA (@ — M.b).ST (a — Nab).Sy (@ — Ag.b).

Then the number

V(E) = (p2 —1).51(0) = (p1 — 1).55(0)
depends only of the isomorphism class of E. For any unimodular change of variable
0(a) =a+T1.a* +--- € Cl[[a]] we have

Y(O0(E)) =v(E) = (p1 — 1)(p2 — 1) (p1 + p2 — 1).7.

PROOF. Remark first that the classification of rank 3 [A]—primitive frescos which
is given in the appendix implies immediately the theorem when we assume that
Sy = (1 + p.b"?) where [ is the parameter of E/F1 : with this assumption, if
pe # 1 we have S5(0) =0 and then (F) = (p — 1).7, where v = S7(0). So
the result is clear thanks also to the propositions 7.3.2 and 7.3.3. For p, =1 the
number S5(0) is the parameter § of E / F1, so the result is again clear.

So the only point to prove is that for a general choice for Sy and with py # 1, v(E)
coincides with the invariant ~ which appear in the classification of the appendix
and in the proposition 7.3.3. Using the basis ej,es,e3 of E deduced from the
generator e and satisfying

(@ — A3.b).e3 = Ss.es with e3:=¢
(CL — )\Q.b).eg = 51.61
(a — )\1.b).61 =0

then we look for ey :=e9+ T.€1,65 := e3+ X.es + Y.e; in order to have

(CL — )\2.()).82 = Rl.el,with R1<0) = 1,
((1, — )\3.1)).63 = (1 + 6.bp2).52.

Then this last relation implies

(CL — )\3.b).83 = 52.62 + ()\2 — )\3).b.X.€2 + bz.X/.€2—|—
+ X.Sl.el + ()\1 - )\3).[).}/.61 = bQ.Y’.el = (1 + 6.bp2).(62 + T.el)
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So we have to consider the equations

VX' —(pp—1).b.X = (1+8.6")— S, and (@)
XS —(p1+p2—2).bY +02Y = (1+ B.67).T (@@)

for which we know that a solution exists for a good choice of T" € C[[b]].
But in fact we are only interested in the computation of R}(0) with the assumption
that po # 1. We have

((1, - )\2.[)).(62 + T.Gl) = 51.61 + ()\1 - AQ).b.T.el + bQ.T'.el

which gives R} (0) = S1(0) — (p1 — 1).7(0). So the computation of 7'(0) is enough
for our purpose. The equation (QQ@) gives X(0) = T(0) as 51(0) = 1. The
equation (@) gives —(p2 —1).X(0) = —S5(0) for ps # 1 and we conlude then

that

-1
Ry(0) = S1(0) = L=.84(0) for pp £ 1L

This completes the proof. |

Theorem 7.4.2 Let S(A1,...,\x) the set of isomorphism class of frescos with
fundamental parameters Ay, ..., ;. Define the rational numbers p; := X\j 11—\ +1
for jell,k—1]. For 1<i<j<k—2 define the function

TG S()\l, .. ,)\k) —C
by the formula

Tij(E) = (p;—1).(pjr1—1)-(pj+pj1—1) 7 (E) = (pi—1).(pix1—1).(pi+piy1 —1) .75 (E)

where  Y(E) = Y(Fyp2/Fn-1) for h € [,k — 2], with F, the h—th term
in the principal J-H. of E. This function is a holomorphic parameter which is
quasi-invariant of weigth 1 by change of variables.

PROOF. This is an easy consequence of the theorem 7.4.1 and the covariance of the
principal J-H. sequence by change of variables. ]

REMARK. Il we have a holomorphic family E of frescos parametrized by a con-
nected reduced complex space, then for each [A] we have a holomorphic family
of [A—primitive frescos corresponding to the [A|—primitive parts of the E(x)[A]
(thanks to proposition 3.1.5 ) and the theorem 5.1.1 gives a Zariski dense open set
X’ in X on which the semi-simple part of the holomorphic family E[A] is holo-
morphic. Then we may apply the previous theorem to this family and get on X’
holomorphic functions which only depends on the the isomorphism classes of E(z)
modulo an unimodular change of variables.

These functions cannot be obtained, in general, without using the theorem on the
semi-simple part, because, even for a [A]—primitive fresco, the semi-simple part is
not given, in general, by a term of the principal J-H. sequence.
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8 Appendix : Classification of rank 3 frescos.

8.1 The main computation.

We fix a rank 3 frescos with fundamental invariants Aq, A, A3. We assume that
inside a class modulo Z the A; are such that A; +j is increasing. In the case
where a class modulo 1 has exactly two members we shall assume that they are Ay
and A3. We fix a C[[b]]—basis ej,eq,e3 such that

(CL — )\3.()).63 = 52.62 (CL — )\Q.b).eg = 51.61 and (CL — )\1.()).61 =0

where So = 1+ .72 when A3 = Ay +py—1 with py € N* and g € C is
the parameter of E/Fl,Fl = C[[b]].e; ~ E,, and where Sy = 1 in all other
cases. We assume S51(0) = 1 and we want to give a unique normal form of the
type X1 =1+ ~.b+ a.bPr +0.0P P2 to S}, of course as simple as possible, up to
an isomorphism of E (so in fact by a change of C][[b]]—basis).

So we look for a new basis €1, 9,3 with the following properties :

(@ — A3.b).e3 = S9.69 (@ — Ag.b).eg =367 and (a— A.b).e; = 0.
We shall look to this new basis by looking for X,Y,T € CJ[[b]] such that
ez:=e3+Xeg+Ye ey:=ea+T.e; and g1 =ey.
The relation (a — A3.b).e3 = Sa.e5 leads to the following two equations

(A2 — A3).b.X +02.X' =0 (@)
(AL — X3).b.Y +02Y' = S, T — X.S;. (@@)

Assume A3 — Ay & N ; the first equation gives X = 0 and the second equation
becomes b2Y' — (A3 — A1).b.Y = Sy.T. This forces T(0) =0 as S(0) =1 and

defining T = b.T" the second equation becomes
LY ' —(Ag—\).Y =S,.T (Q@bis)

Remark that A3 — Ay is not in N with our convention and so for any choice of
T there exists an unique solution in Y. So the equation (QQbis) imposes no
condition on 7' in this case.

Now, when we have find a solution for X,Y,T we want to choose *; in order to
have

(@ — Ag.b).co = ¥1.61  which gives (A} — Xo).b.T + 02T =%, — S (Q@@)
Note that if 7(0) = 0 this implies the condition ¥; —S; € b*. C[[b]]. This means

that in this case our change of basis keep the coefficient in b fix in 5;.
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REMARK. If we want to keep the normal form for F / F
EJF ~AJA(a— X.b).S;".(a — \3.b)

and also the condition (a — Ag.b).e9 € Ker(a — A\1.b) \ {0} we may always nor-
malize by a non zero constant our initial basis in order to have £; = e; and then
g9 = ey + T.e; is necessary because we assume Si(0) = ¥1(0) = 1. Then the
condition S5(0) = 1 forces the fact that e3 := e3 + X.es + Y.e;. So the form we
choose for the new C[[b]]—basis does not reduce the generality. O

8.2 The different cases.
The case Ay — A\ € Z.

With our convention, this implies A3 — A\; € Z so we have an unique solution Y
for any choice of T for the equation (@@bis). Then there exists an unique solution
T for the equation (@Q@QQ@) with ¥ := 14 +.b where ~:= 5/(0). In this case we
have an unique ~ € C such that

B~ AJA(a—M.b).(1+7.0) 7 (a— Xa.b).Syt (a — As.b). (1)

NOTATION. Remark that with our convention, in all other case the fresco E is
[A]—primitive. So p; and py are natural integers.

The case where p; > 2 ,p, >2 with F, a theme (a #0).

We have X = g.bP27! for some o € C and the equation (@QQ@) forces again
T(0) = 0. Now to have a solution to the equation

b.Y — (p1+p2—2).Y = S,. T — o.bP272.8, (Q@ter)

we must have no term in "1 7P272 in the right handside of (QQter). Let « # 0
be the parameter of Fy which is also the coefficient of b in S;. Then to have
a solution we must choose o in order that S.t, _; = o.a where ¢, _; is the
coefficient of bP*~! in T. This shows that we may choose such a o for every
choice of T. So the only constraint on 7 is T(0) = 0 and we may choose
X =1+4+v.b+ a.bP’', where ~ is the coefficient of b in S;. We conclude that in
this case we have

E~AJA(a—Mb).(1+7b+abtP) ™ (a—Ad).(1 4 B072) (a—A3b)  (2)

where a# 0 and [ are the parameters respectively of F, and E / F} and where
~ is a complex number uniquely determined by the isomorphism class of FE.
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The case where p; >2,p, > 2 with F, semi-simple (a=0).

We have to add to the previous computation the condition fS.t,,_; = 0. Assume
first that [ # 0. So to solve the equation

b.T' — (p1 —2).T = (1 — S1) /¥, (QQ@bis)

as S has no term in "' from our assumption, we may choose >»; = 1+~.b where
7 is the coefficient of b in S;. For =0 the equation (@QQ@bis) does not imply
a condition on 7 and we may make the same choice. Then we find independantely
of the value of § the same normal form than in the previous case (but a =0 by
assumption !).

E~A/A(a—Mb).(1+7.0) " (a—Ab).(1+ B.072) " (a — M\3.b). (3)

The case p; > 2,py = 1.

In the previous computation we now must choose o = T(0) = ¢, and to have
a solution in (@QQ@) we must ask to ST — 0.5; to have no term in b as
p1+ p2 — 1 = p;. This forces t,, + B.t,,—1 = to.a. Now T is solution of (QQQ)
which is now

b.T — (p — 1).T = (£, — 1) /b. (Q@@ter)
This implies, as X, := 1 +7.b + a.bP* + §.bP1TL the following conditions :

—(p1—1)to=7v— 51(0) Bitp,—1=tlo.ax — 1y, tpy =0 — Spi41

where « and s, 41 are the coefficient of ' and b in S;. If 8 +#0, as we
may choose the coefficient ¢, _; as we want for a solution of (Q@Qter), we may
take v =09 =0. Then choose o =ty = 57(0)/(p1 —1) and we find

E~A/A(a—Mb).(1+abP) (a—Ab).(1+80) (a— b))  B#0. (4)

But for =0 the previous relations forces t, =4 — sp,4+1 = (5'(0) —7)/(p1 — 1).
So we may choose 6 = 0 and then ~ is determined uniquely. Then there exists
an unique 7y € C such that we have

E ~ ./Zl//l(a —Ab). (1 +7.b+abP) (a— Np.b).(a — Ap.b) case B=0. (4)

REMARK. For a# 0 and =0 we may also choose v =0 and find an unique
0 € C such that

E~AJA(a—Mb).(1+ab? + 5.7 (@ — Mab).(a — Ao.D)

where ~ and ¢ are linked by the relation a.y = (p; — 1).9.
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The case p; > 2,py = 0.

The equation (@) gives X =0 as A3— Xy = —1 and then 7 = b.T and equation
(Q@bis) gives, as Sy =1,

LY —(pr—2)Y =T.

So we must have no 17! term in T to find a solution Y. Then the equation
(Q@@) leads to choose ¥; =1+ v.b+ a.b’* where v := S7(0) and « is the
parameter of F,. The previous computation implies the uniqueness of ~. Then in
this case

E~A/A(a—Mb).(1+7b+abtP) " (a—Aab).(a— (Ao — 1).D). (5)

The case p; =1,p; > 1.

The equation (@) gives X = ¢.b?~! and this implies T = b.T for p, > 2 and
T(0) =0 for p,=1.
Assume first py > 2. Then we have from (QQbis)

bY' — (pa—1).Y = S, T — 0.bP*72.8,.

So to have a solution we need that the right handside has no term in 271, If a,
the parameter of F5,, which is the coefficient of b in Sy, is not zero, there is a
unique choice of o to satisfy this condition. So the conditions on 7" are 7'(0) =0
and b?.7" = ¥; — S;. Then we may choose ¥ = 1+ a.b and obtain the normal
form

A/A.(a—)\1.())(1—|—Oé.b)_1<(l—)\1.b).(1+B.bp2)_1.(a—)\3.b) for a#0,p2 > 2. (6)

For o = 0, we have the extra condition on T that it has no b”*> term which forces
that ¥; —S; has no b”2t! term. So we must choose ¥; =1+ §.0P2' where §
is the coefficient of ”2*! in S;. Then E is isomorphic to

AJA(a—M.b).(1+0.072T) Ha—Mb).(1+B.07) T (a—Asb) a=0,pr>2. (6)
In the case ps =1 we choose T'(0) =0 and (QQbis) is now
VY =S, T —T(0).5

which have a solution if and only if 77(0) + 8.7(0) = «.7'(0) where [ is the
parameter of E/Fl. The equation (QQQ) is then V2.7 =%, —S;. If B#a we
may choose T"(0) as we want and deduce T'(0) =o. So ¥; =1+ a.b.

If 8 =a wemust choose ¥; =1+ a.b+d0.b> where § is the coefficient of b in
S1. So we have normal forms

/Nl/jl.(a —Ab).(1+ab)  (a—A.b).(1+B.b) " (a—Ns.b) for B+#a (67)
fl/jl.(a —Ab).(1+ab+0.6*) " (a—Ab).(1+ab) t(a—A.b) B=a. (67)
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The case p; =1,p; =0.

The equation (@) gives X =0 and this implies T = b.T. We have A3 — )\, = —1
the equation (@QQbis) gives no condition on T'. To solve the equation (QQQbis)
with p; =1 there is again no condition on 7', so we have

E~A/A(a—Mb).(1+7.0) " (a—Ab).(a— (A — 1).b) in this case.  (7)

The case p; = 0.

Assume first p, > 2. Again we have X = o.b?2~1 and T = b.T. Now in equation
(QQ@bis) we have A3 — A = py —2 >0, so, to have a solution Y we must have no
term in 272 in 7. This implies via equation (@@@bis) that we have no b2 in
Y1 — S1. Then we have to choose ¥ =1+ ~.b+4d.6"> with v = 57(0) and 0 the
coefficient of 72 in S;. Then in this case we have the normal form

AJA(a=X0.b).(1+7.b+8.72) " (a— (A —1).b).(1+B.072) L (a—Ag.b)  p2 > 2. (8)

For p, =0 we have X =0 and again 7 = b.T. Then there is no condition on T
to solve (@@bis) and we conclude that we may choose ¥ =1+ ~.b.
For p; =1 we must choose T'(0) =0 = X and we want to solve

VY +0Y =S, T —T(0).5;
which has a solution for any choice of 7. Then the equation (QQ@) is
b.T' +T = (- S)/b

and choosing ¢ = —S57(0) we may have ¥ =1 in this case.
This may be summarized as follows

pr=1 E~A/A(a—M.b).(a— A —1)b).(1+8b) " (a— (M —1)b) (8)
p2=0 E~A/A(a—AD).(1+7D) " (a— (M —1)b).(a— (A —2)b) (87)

REMARKS.

1. The only choices of py,ps where the number ~ is not determined by the
isomorphism class of the fresco F with fundamental invariants (A;, p1, p2)
satisfy ps = 1. So for py # 1 the function defined on F (A1, Ay, A\3) by this
number 7 is a non trivial holomorphic parameter.

Note that the proposition 7.3.3 implies that for p; # 1 and p; + py # 1,
with the changes of variable 6(a) = a + 7.a%, the number ~(0,(E)) takes all
complex values (with fix a and () when 7 describes C.

2. Note that for p; € N and p;+ps € N* we may change the order on Q/Z to
have new fundamental invariants p; = Ao+1, s = Ay — 1, u3 = A3 so we have
Py =—p1 and ph=p;+ps—1 where ps =y +py—1, 13 =ps+ps,—1. So
we reach with this new order our initial hypothesis in the case where a class
modulo 7Z contains exactly two of the fundamental invariants.
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