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ABSTRACT. We study a class of dynamic thermal sub-differential contact problems with friction,
for long memory visco-elastic materials, which can be put into a general model of system defined
by a second order evolution inequality, coupled with a first order evolution equation. We present
and establish an existence and uniqueness result, by using general results on first order evolution
inequality, with monotone operators and fixed point methods.

1. Imtroduction. Despite of numerous recent progress, contact mechanics still remains a rich do-
main of various new problems, and the literature devoted to the subject is more and more extensive.
An early attempt at the study of contact problems for elastic viscoelastic materials within the
mathematical analysis framework was introduced in the pioneering reference works [5, 7, 12, 13, 15].
More recently, the dynamic Signorini’s problem for a cracked viscoelastic body is studied in [6].
Mathematical analysis of unilateral contact problems involving static, quasi-static and dynamic pro-
cess may be found in the recent self-contained book [8]. Further extensions to non convex contact
conditions with non-monotone and possible multi-valued constitutive laws led to the active domain
of non-smooth mechanic within the framework of the so-called hemivariational inequalities, for a
mathematical as well as mechanical treatment we refer to [9, 16].

Quasi-static contact problems, by taking into account the parameter of the temperature field, were
analyzed in [1], where the friction is described by a general normal damped response condition, there
the existence and uniqueness of weak solution has been established. The existence of solutions for
thermal viscoelastic dynamic contact problems with Coulomb friction law were treated in [8].

This work is a companion paper of the results obtained in [4]. In [4] we studied a class of dynamical
long memory viscoelastic problems, where the contact is bilateral and frictional obeying the Tresca’s
law. The variational formulation of the problem leads to a second order evolution inequality on the
displacement field. Then an existence and uniqueness result of ”weak” solution on displacement has
been proved.

Here we consider a class of dynamical long memory viscoelastic problems, the new feature in this
paper is that the contact is defined by a general sub-differential condition on the velocity, and with
heat exchange, putting then the problem into a coupled system, defined by a second order evolution
inequality on the displacement field, and a differential equation which governs the evolution of the
temperature field. On the other hand we investigate an existence and uniqueness result of ”strong”
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solution on displacement and temperature fields, i.e. solution with more regularity. For this pro-
posal we specify stronger assumptions on the data and operators, and use a new method based on
a version of first order evolution inequality with monotonicity, convexity and fixed point theory.

The paper is organized as follows. In Section 2 we describe the mechanical problem, specify the
assumptions on the data to derive the variational formulation, and then we state our main existence
and uniqueness result. In Section 3, we give the proof of the claimed result.

2. Statement of the problem. In this section we study a class of thermal contact problems with
sub-differential conditions, for long memory visco-elastic materials. We describe the mechanical
problems, list the assumptions on the data and derive the corresponding variational formulations.
Then we state an existence and uniqueness result on displacement and temperature fields, which we
will prove in the next section.

The physical setting is as follows. A visco-elastic body occupies the domain Q with surface I' that
is partionned into three disjoint measurable parts 'y, I'y and T's, such that meas(T';) > 0. Let [0, T
be the time interval of interest, where T' > 0. The body is clamped on I'y x (0,7") and therefore
the displacement field vanishes there. We also assume that a volume force of density f, acts in
Q% (0,T) and that surface tractions of density f, act on I's x (0, 7). The body may come in contact
with an obstacle, the foundation, over the potential contact surface I'3. The model of the contact is
specified by a general sub-differential boundary condition, where thermal effects may occur in the
frictional contact with the basis. We are interested in the dynamic evolution of the body.

Let us recall now some classical notations, see e.g. [7, 14] for further details. We denote by Sy the
space of second order symmetric tensors on R? (d = 2,3), while “ - 7 and | - | will represent the inner
product and the Euclidean norm on Sg and R?%. Let Q ¢ R? be a bounded domain with a Lipschitz
boundary I' and let v denote the unit outer normal on I'. Everywhere in the sequel the indexes 7 and
j run from 1 to d, summation over repeated indices is implied and the index that follows a comma
represents the partial derivative with respect to the corresponding component of the independent
variable. We also use the following notation:

d
H= (L), H={o=(0y)|0y=0uel’Q) 1<ij<d},

Hi={ueH]|elu)eH}, Hi={occH|DiveecH}

Here € : Hi — H and Div : Hy — H are the deformation and the divergence operators,
respectively, defined by :

e(u) = (ei5(u)),  eij(u) = 5(uij +uze), Div o= (o).

The spaces H, H, H; and H; are real Hilbert spaces endowed with the canonical inner products
given by :

(u,v)g = /Quivi dz, (o, 7))y = /Qoijnj dz,
(w,v)m, = (w,v)n + (e(u),e(v)n,  (0,7)y, = (0,7)5 + (Div o, Div 7)y.

We recall that C' denotes the class of continuous functions; and C™, m € N* the set of m times
differentiable functions.

Finally D(Q) denotes the set of infinitely differentiable real functions with compact support in ;
and W™P m €N, 1 < p < +oo for the classical Sobolev spaces; and

HMQ) = {weW™(Q), w=0onT}, m>1.

To continue, the mechanical problem is then formulated as follows.



Problem @ : Find a displacement field w : Q x [0,7] — R? and a stress field o : Q x [0,T] — Sy
and a temperature field 6 : € x [0,7] — R4 such that for a.e. ¢ € (0,7):

o(t) = Ae(i(t)) + Ge(u(t)) + /t B(t—s)e(u(s))ds—60(t)Ce in Q (2.1)
0

i(t) = Dive(t) + fo(t) in Q (2.2)

u(t)=0 on I}y (2.3)

o(t)y = fyo(t) on T (2.4)

u(t) eU, o(w)—p(u(t)) > —o(t)v- ('w —u(t)) YweU on Iy (2.5)

0(t) — div(K.VO(t)) = —cij %(t) +q(t) on Q (2.6)

o 2 (tyn = k. (0(t) - 6) on T, @7)

H(t) =0 on Fl U FQ (28)

0(0) =0y in Q (2.9)

u(0) =up, u(0)=vy in Q (2.10)

Here, (2.1) is the Kelving Voigt’s long memory thermo-visco-elastic constitutive law of the body, o
the stress tensor, A is the viscosity operator, G for the elastic operator, Ce := (¢;;) represents the
thermal expansion tensor, and B is the so called tensor of relaxation which defines the long memory
of the material, as an important particular case, when B = 0, we find again the usual visco-elasticity
of short memory. In (2.2) is the dynamic equation of motion where the mass density o = 1. On the
contact surface, the general relation (2.5) is a sub-differential boundary condition, where
D) cUcCH

represents the set of contact admissible test functions, ov denotes the Cauchy stress vector on
the contact boundary and ¢ : I's x R? — R is a given function. Various situations may be
modelled by such a condition, and some concrete examples will be recalled below. The differential
equation (2.0) describes the evolution of the temperature field, where K. := (k;;) represents the
thermal conductivity tensor, ¢(t) the density of volume heat sources. The associated temperature
boundary condition is given by (2.7), where 0 is the temperature of the foundation, and k. is the
heat exchange coefficient between the body and the obstacle, and p,; : I's x Rt — Rt is a given
tangential function. Finally, wg, vg, 6y represents the initial displacement, velocity and temperature,
respectively.

To derive the variational formulation of the mechanical problems (2.1)—(2.10) we need additional
notations. Thus, let V' denote the closed subspace of H; defined by
D¢ cV={veH |v=0 on TI;}NU;
E={neH'(Q),n=0 on T;UTy}.

Since meas I'; > 0, Korn’s inequality holds : there exists C'x > 0 which depends only on 2 and I'y
such that

le@)lln = Ck lvlla,  YveV
A proof of Korn’s inequality may be found in [14], p.79.

On V we consider the inner product given by
(u,v)y = (e(u),e(v))n Vu,v €V,
and let || - ||y be the associated norm, i.e.
[vllv = lle(@)#  VveV.

It follows that || - |z, and || - ||y are equivalent norms on V' and therefore (V|| - ||v) is a real Hilbert
space. Moreover, by the Sobolev’s trace theorem, we have a constant Cy > 0 depending only on €,
I'y, and I's such that

[oll2y) < Collolly  VoeV.



In the study of the mechanical problem (2.1)-( ), we assume that the viscosity operator A :
Qx Sqg — S84, (&, 7) — (aijrn(x) k) is linear on the second variable and satisfies the usual
properties of ellipticity and symmetry, i.e.

(i) @ijrn € WH(Q);
(i) Ao - T =0 - AT Vo, T € Sy, a.e. in §;

(iii) there exists m 4 > 0 such that (2.11)
AT -7 >myl|T|? V1 € Sy, ae. in Q
The elasticity operator G : Q2 x S; — Sy satisfies :
(i) there exists Lg > 0 such that
|G(x,€1) — G(x,€2)| < Lgler — eaf
Ver, €2 € Sq, a.e. € )} (2.12)

(ii) @« G(x,¢€) is Lebesgue measurable on Q,Ve € Sy ;
(iii) the mapping « — G(x,0) € H

The relaxation tensor B : [0,7] X Q x Sq — Saq, (t,@,T) — (Bijrn(t, @) Tin) satisfies

(i) Bijkn € WH(0,T; L=(Q));
(i) B(t)o - = o - B(t)T (2.13)
Vo, € S4, ae. t € (0,T), a.e. in Q

We suppose the body forces and surface tractions satisfy

Ffo € WH2(0,T; H), fo € WH2(0,T; L3(T9)%) (2.14)

For the thermal tensors and the heat sources density, we suppose that
C. = (cij), cij=cji € L®(Q), qe&W"0,T;L*(Q)) (2.15)
The boundary thermic data satisfy
ke € L®(Q; RT), 0r € WH2(0,T; L*(T')) (2.16)

The thermal conductivity tensor verifies the usual symmetry and ellipticity : for some ¢, > 0 and
for all (&) € R4,

K. = (kij), kij =kji € L=(Q),  ki; &&5 > o &b (2.17)

Finally we have to put technical assumptions on the initial data and the sub-differential condition
on the contact surface, in order to use classical results on first order set valued evolution equations.
Many various possibilities could be considered (see e.g. ([2, 3, 11]). Here we use a general theorem
taken in ([11]) p. 46, in a simplified case, which is enough for our proposal and applications.

We assume that the initial data satisfy the conditions

wp €V, vy € VNHZN)Y, 6y€ ENHQ) (2.18)

On the contact surface, the following frictional contact function

vw)= [ olw)da



verifies
(i) ¥ : V— R is well defined, continuous and convex;

(ii) there exists a sequence of differentiable convex functions
Yn) : V. — R such that Vw € L?(0,T;V),

/ U (w dt—>/ Y(w(t))dt, n — 4o0;

2.19
(iii) for all sequence (w,) and w in W'2(0,T;V) such that (2.19)

w, —w, w, = w' weakly in L*(0,T;V),

then hmlnf/ U (Wi ( dt>/ P(w

n—>-+o0o

(ivy)VweV, (w=0 on I's=VneN, ¢/ (w)=_0y)
Here 1], (v) denotes the Fréchet derivative of 1, at v.
To continue, using Green’s formula, we obtain the variational formulation of the mechanical problem
Q@ in abstract form as follows.
Problem QV : Find w: [0,7] — V, 0:[0,T] — E satisfying a.e. t € (0,7T):
(a(t) + Aa(t) + Bu(t) + CO(t), w—u(t))vxv

t
+ (/ B(t — s) e(u(s)) ds, e(w) — e(u(t)))n + (w) — P(u(t))

0

= (f(t), w—a(t))yxy YweV;

O(t) + KO(t) = Riu(t) + Q(t) in E';
U(O) = Uog, U(O) = o, 0(0) = 00.

Here, the operators and functions A, B : V — V' C : FE—V' ¢ :V —R K: E— F,
R:V —EFE, f:[0T)— V' and Q:[0,T] — E’ are defined by Vv € V, Vw € V,Vr € E,
vn € E:

w)vixy = (Alev), ew)y;

w)yixv = (G(ev), ew)y;
Cr, >V’><V— —(7Ce, ew)y;

(A
<
(
(f(t ) w)yixy = (fo(t), w)r + (f2(t), w)r2(r,))4;

(QU),mexE = keﬂR(t)ndar+/Q(t)ndx;
T3 Q
or On )
<KT77E/XE’LJZI/ Zjaxj 8.(1,‘Zd +/F3 ke7'~77da,

81%
Ro.n\ g = — | e 20 da.
(Rv,m)pxE /QCJ &rjn x

Theorem 1. Assume that (2.11)—(2.19) hold, then there exists an unique solution {u, 6} to problem
QV with the regularity :

{ we W220,T;V)NW?2>(0,T; H) (220)

6 c W20, T; E)nWh>(0,T; F).

Before giving the proof, we show in the following two typical examples of sub-differential conditions.



Example 1. Tresca’s friction law.

The contact condition on I's is bilateral, and satisfies (see e.g. [7, 15]):
Uy = 07 |UT‘ S 9,
lo| < g = 4, =0, on I's x (0,T).
o] =g = U, = —Ao,, for some \ >0,

Here g represents the friction bound, i.e., the magnitude of the limiting friction traction at which
slip begins, with g € L>(T'3), g > 0 a.e. on I'3. We deduce the admissible displacement space:

V:={w € Hy; withw=0o0nT7; w, =0 on s},
and the sub-differential contact function:
p(x,y) = g()|y, (| Yz eTls, yeR?,
where Y. ;) = Y = Yu ()Y (), Yu(x) = Y - v(x), With v(x) the unit normal at € I';. We have then

¥(v) ::/ glvslda, YvoeV
s
is well defined on V' with the property: for some ¢ > 0,
[p(w) = P(v)| < cllv —wl[L2ryye, Vo, weV.
Let us show that assumptions in (2.19) are verified.

Firstly it is clear that ¢ : V — R is convex. By using the continuous embedding from V into
L?(I'3)? and the last inequality, we find that

1 is Lipschitz continuous on V.

This gives ( )(i). To approximate the function v, we use the sequence

(v / \/\le2+ da Yv €V, Vn € N*,

Now we claim that v, ( n € N* ) is Frechet differentiable and the Frechet derivative of v, is given
by

/ (v, Br)re —da, VheV. (2.21)
I's

Indeed. Let fix n € N* and v € V. For any h € V:

1
st w0 = [ (yflo+hope = o D
thus ) )
T h'r - T
o) / o, + By 2 = v ”
Ts \/Iv7+hf|2+%+\/|vr|2+%
and )
mhr h:
o+ 1) o) = [ g 2Cht B,
ry \/Iv7+hl2+ +y/lo-2+ 1
As
1 1 2
s+ h 2+ = A2+ = > =,
\/|'v+ |+n+\/|v|+n_\/ﬁ
we have

b |?

g
h Vioet e+ b\ floo o+ 2

da € O(Hh||2L2(F3)d) as h — Oy.



Hence
| |?

g
ASVmw+m2+i+JWﬂ+l
We obtain as h — Oy:

2 Tah T?h
(v 'U )Rd 'U7-7 ]Rd \/|’U7-| +_\/|,UT+h |2 ) ( )

VI +hef2+ L+ \/m\z \/|'v 2+

where O(1) denotes some scalar function of h bounded in a neighborhood of Oy .

da € O(|h||?) as h — Oy.

Previous computations show that

1 1
\/UT|2 + ﬁ - \/|’U‘r + h’T‘Q + E = (vTahT)]Rd O(l) as h— Oy.

Thus
2(’07—,’1 ) UT>h )Rd

VIor +he2+2 4+ Jlo 2+ 1 \/|UT\2+7_

Consequently

/ (’U.,-,h )Rd d _/ 'UTa
a
S PR TR N |2

This ends the proof of the claim as

O(lh-|34) as h — Oy.

d + O(|h|3) as h — Oy.

('UT, h‘T)Rd

g
Lo yfloe |2+ 3

is a linear continuous functional. O

heVi— da

To continue, we deduce from the Frechet derivative’s formula that 1, is of class C'. Direct algebraic
computations show that for all & > 0, § > 0 such that a + § = 1, and for all reals z and y, n > 1:

1 1 1
\/(aa:+5y)2+n§a\/x2+n+ﬁ y2—|—ﬁ. (2.22)

Then 1, is convex for all n > 1. The convergence property in (2.19)(ii) follows from Lebesgue’s
dominated convergence theorem.

To justify (2.19)(iii), consider a sequence (w,,) and w in W12(0,T; V) satisfying
w, — w, w, = w weakly in L*(0,T;V).

As
Y (wy) > Y(wy), VneN',
then

T
. S
gg/wmnm7mglwwwm
Now using the compact embedding theorem, we obtain

w, — w, w, = w weakly in L*(0,T;V) = w, — w stronly in L*(0,T; L?(T'3)%).

Because of the continuous embedding from V into L?(T'3)?, we deduce that

w,, — w stronly in L?(0,T; V).



As ) is Lipschitz continuous on V', we have that the functional
T
w e L2(0,T;V) >—>/ wlw(?)) dt
0
is well defined and is continuous. Consequently

timint [ v, @)dt = tim [ wwa@)a= [ o)

which gives the property (2.19)(iii).
Finally (2.19)(iv) is immediate from the formula stated for the Frechet derivative of 1, (see (2.21)).

O

Example 2. Thermal contact problem with normal damped response and Tresca’s
friction law

The normal damped response contact condition with Tresca’s friction law (see e.g. [10]) is defined
by:

~0, = ko i, [y, s < g,

o] < g = 4, =0, on T3 x(0,T).

lo-| =9 = U, =—-No,, forsome A >0,

Here 0 < r < 1and g, kg € L*°(T'3), g > 0, kg > 0. The coeflicient kg represents the hardness of the
foundation, and g the friction threshold. The admissible displacement space is given by:

Vi={we Hy; withw=0o0nT;}

and the sub-differential contact function

oz, y) = ko () [y )"t + g(®)|y,(x)] Vo els, yeRE

r+1
Then denoting by p := r + 1, we have the contact function well defined on V' by

(o) ;:/ @|vy|Pda,+/ glv,|da, Vv eV,
rs P I's

Here 1 < p < 2. Then the mapping x > 0 — zP is convex, which implies that 1 is convex on V.
Using the continuous embeddings from V into L?(T'3)?, and from L?(I'3) into LP(I'3), we verify also
that

1) is Lipschitz continuous on V.

To approximate the function ¥ we use the sequence

k 1\ % 1
(V) ::/ —O(|UV|2+7)2da—|—/ gy/|lv:]2+ —da, Yv eV, VneN".
ry P n I's n

We verify that the Frechet derivative of v, is given by

da, YheV.

w;(v).h;:/ko . 72da+/ (vr, hr)pa
Ty (|Uu\ 2 Ts J|v 2+ 2

From the fact that the mapping x > 0 — 2P is convex increasing, and using ( ), we verify that
¥y, is convex for all n > 1. Similarly we have the conditions (ii)-(iv) in (2.19) by the same arguments
in the previous example.

Then we conclude that the assumptions in ( ) are also satisfied in this example. (|



3. Proof of Theorem 1. The idea is to bring the second order inequality to a first order inequality,
using monotone operator, convexity and fixed point arguments, and will be carried out in several
steps.

Let us introduce the velocity variable
vV =1u.
The system in Problem QV is then written for a.e. t € (0,7T):
t
u(t) = ug —|—/ v(s) ds;
0
(0(t) + Av(t) + Bu(t) + CO(t), w —v(t))vixv

+ (/0 B(t —s)e(u(s)) ds,e(w) —e(v(t)))n + P(w) — ¥ (v(t))
> <f(t), w — ’U(t)>v/><v Yw € V;

0(t)+ K0(t) = Ru(t) + Q(t) in E';

’U(O) = Vo, 0(0) = 0(),

with the regularity
{'v € Wh2(0,T; V) nWhe>(0,T; H)

0 c W0, T; E) NWH(0,T; F).

Various abstract formulations concerning the existence and uniqueness result on parabolic variational
inequalities of the second kind, could be found in the literature, depending on the assumptions on
the operators and data (see e.g. [3, 7, 11]). We will use a version taken in ([7]) p. 46, which is
sufficient for our proposal, and which we recall as follows.

Theorem 2. Let A : V — V’ be linear continuous coercive, {u; (1,)} verify the hypotheses
(2.19), F € W20, T; V'), and vy € V satisfy there exists a sequence (vy) in V, there exists a
bounded sequence (h,,) in H such that vy — vg in V and for all n € N,
<Av8’ w>V’XV+<wn(v0)a w>V'><V:(hna w)H7 Yw e V.
Then there exists an unique
v e Wh(0,T; V)N W">(0,T; H)
satisfying:

(0(t), w —o(t )>V/xv + (Av(t), w —v(t))vixy + P(w) —P(v(t))
> <F( ) >lev, YweV, aete (O,T),
and v(0) = vo.

|
We can apply the Theorem 2 by using ( ); the conditions on vy in ( ) imply that there exists
a sequence (vf}) in D(Q)? such that v§ — v for || - || g2(gya. Then
’(/J;L(’Ug) =0y, VneN
and
h, := Avy = —Div(A(ev()) — —Div(A(evy)) = Avy in H.
Thus (h,,) defines a bounded sequence in H.
|

To continue, we assume in the sequel that the conditions (2.11)—(2.19) of the Theorem 1 are satisfied.
Let define

W= {n e W"2(0,T;H), n(0) = G(eug) — 0y C..}.



We begin by
Lemma 1. For all n € W, there exists an unique

v, € WH2(0,T; V) nWh>(0,T; H)

satisfying
(0 (1) + Avy(t), w — vy () vixv + (n(t), e(w) — e(vy(t)))n
+Y(w) — (vy(t) = (f ( )y w —vy(t)vixv, 3.1)
YweV, ae te(0,T); '
v,(0) = vo.
Moreover, 3¢ > 0 such that Vni, no € W:
ors(®) =0 O+ [ o = vl < [ Im—mlf. e 0.7 (32)

Proof. Let n € W. The existence and uniqueness of v,, follows straightly from Theorem 2, where
we apply F' defined by for all ¢ € [0, 7],

(Ft),w)vixv = (f(t), w)vxv — (n(t), e(w))n, YweV.
The assumptions in ( ) imply that F € W12(0,T;V").

Now let m1, o € L2(0,T;V’). In (3.1) we take (n = n1, w = v,,(t)), then (n = N2, w = vy, ().
Adding the two inequalities, we deduce that for a.e. t € (0;7):

<i)7]2 (t) - i’m (t)a Uny (t) — Uy (t)>V' xV T <A Uny (t) —A Uy (t)v Uny (t) — U (t)>V’><V
—(m2(t) — (1), €(vn, () — vy, (1)))2-

Then integrating over (0,t), from (2.11)(iii) and from the initial condition on the velocity, we obtain:
¢
vt € [0,T], v (t) = va, (O +ma /O [0 (5) = v, (8)IIF ds

t
< = [ m(s) = m (). (00 (3)) = e, () s
Then (3.2) follows.
O
Here and below, we denote by ¢ > 0 a generic constant, whose value may change from lines to lines.

Lemma 2. For all n € W, there exists an unique

0, € W0, T; E) nW1(0,T; F)

satisfying

0,(t) + K 6,(t) = Rv,(t) + Q(t), in E', ae. tec(0,7T), (33)

0,(0) = 6p. '
Moreover, 3¢ > 0 such that Vny, no € W:

t
1602, (£) = O, (D) |7 < ¢ /0 g, — vy, I, VE€[0,T]. (3.4)
and
t
|&Mw—%xm@3cé [og, — onll3, ae. t e (0,7). (3.5)

10



Proof. The existence and uniqueness result verifying (3.3) follows from classical result on first order
evolution equation, which can be seen as a particular case of Theorem 2 applied to the Gelfand
evolution triple (see e.g. [17] p . 416).

EcCF=F CFE.

We verify that the operator K : E — E’ is linear continuous and strongly monotone, and from
the expression of the operator R,

v, € WH2(0,T;V) = Rv, € W"2(0,T; F),
as Q € Wh2(0,T; E') then Rv, +Q € WH2(0,T; E').

Now for n1, ne € W, we have for a.e. t € (0;T):

<97]1 (t) - 9”]2 (t)’ 9771 (t) - 07]2 (t)>E’><E + <K 07]1 (t) - K 9”]2 (t)5 97]1 (t) - 97]2 (t)>E'><E
= (Rvy, (t) — Ry, (1), 0y, (t) — 05, (1)) B/ x -

Then integrating the last property over (0,¢), using the strong monotonicity of K and the Lipschitz
continuity of R : V — E’, we deduce (3.1).

To continue, from
6, € L*(0,T; E)
and from (3.3) which implies
0,(t) + K 0,(t) = Ru,(t) + Q(t) ae. t € (0,T) = 6, € L*(0,T; E'),
we deduce that
0, € C([0,T]; F).

Then that for 1y, 72 € W, we have for a.e. t € (0;7):
<énl (t) - é% (t)7 ém (t) - énz (t)>E’><E + <K ém (t) - Ké?h (t)v 97]1 (t) - 9772 (t)>E'><E

= <Ru?71 (t) - Runz (t)v 9?71 (t) - éﬁ'z (t)>E/><E'
Integrating the last property over (0,t), and with similar arguments we deduce
t
100 = 60n Ol < ¢ [y = wnlfy et € 0.7

And (3.5) follows.

Proof of Theorem 1. We have now all the ingredients to prove the Theorem 1.
Consider the operator A : W — W defined by for all n € W:

An(t) = G(e(uy(t))) +/0 B(t — s)e(uy(s)) ds — 0,(t) Ce, ¥Vt €[0,T],
where

t
u,(t) = ug +/ v,(s)ds, ¥t €[0,T); w, € W2%(0,T;V).
0

Then from (2.12), (2.13), and Lemma 2, we deduce that for all 71, o € W, for all t € [0, T7:

1A (8) = A2 ()3, < 16, (1) — Onp (D)]|7 + ¢ / [0y, (5) = v, ()3 ds
0 (3.6)

t
<e / [0 () — 0y (5)]2 ds.
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Again from (2.13) and (2.12), we have

([ Bty et s = [ B 5)stams (o))

2

H

t
< et (1) — g (B)]2 + ¢ / [t (5) — 2ty (5) 2 ds

t
<e / [0, (5) — w0 (3)]2 ds.
and

| (6tetemn (09) ~Getum ) [, < clon () —wn @R
Then

d 2 t
|5 (Am @ - am )], <cllon® = vn@lf e [ Ton6) -on@lFds G0
H 0
oW using an , after some algebraic manipulations, we have for any g > 0:
N i d f lgebrai ipulati have f 8>0
t
| e (1m ) = A )+ 10 ) = A (7))
c t
<5 [ e (I = m )+ i (7) = o) )

We conclude from the last inequality by contracting principle that the operator A has a unique fixed
point n* € W. We verify then that the functions

t
u(t) == uO+/ vy, VEE[0,T), 0:=0,-
0

are solutions to problem QV with the regularity ( ), the uniqueness follows from the uniqueness
in Lemma 1 and Lemma 2. 0
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