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ON KAC’S CHAOS AND RELATED PROBLEMS

M. HAURAY AND S. MISCHLER

ABSTRACT. This paper is devoted to establish quantitative and qualitative estimates
related to the notion of chaos as firstly formulated by M. Kac [39] in his study of mean-
field limit for systems of N undistinguishable particles as N — co.

First, we quantitatively liken three usual measures of Kac’s chaos, some involving the
all NV variables, other involving a finite fixed number of variables. The cornerstone of the
proof is a new representation of the Monge-Kantorovich-Wasserstein (MKW) distance
for symmetric N-particle probability measures in terms of the distance between the law
of the associated empirical measures on the one hand, and a new estimate on some MKW
distance on probability spaces endowed with a suitable Hilbert norm taking advantage
of the associated good algebraic structure.

Next, we define the notion of entropy chaos and Fisher information chaos in a similar
way as defined by Carlen et al [17]. We show that Fisher information chaos is stronger
than entropy chaos, which in turn is stronger than Kac’s chaos. More importantly,
with the help of the HWI inequality of Otto-Villani, we establish a quantitative esti-
mate between these quantities, which in particular asserts that Kac’s chaos plus Fisher
information bound implies entropy chaos.

We then extend the above quantitative and qualitative results about chaos in the
framework of probability measures with support on the Kac’s spheres, revisiting [17] and
giving a possible answer to [17, Open problem 11]. Additionally to the above mentioned
tool, we use and prove an optimal rate local CLT in L* norm for distributions with
finite 6-th moment and finite LP norm, for some p > 1.

Last, we investigate how our techniques can be used without assuming chaos, in the
context of probability measures mixtures introduced by De Finetti, Hewitt and Savage.
In particular, we define Fisher information for mixtures and prove as was done in [60]
for level 3 entropy that the level 3 Fisher information is l.s.c. and affine.
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1. INTRODUCTION AND MAIN RESULTS

The Kac’s notion of chaos rigorously formalizes the intuitive idea for a family of stochas-
tic valued vectors with N coordinates to have asymptotically independent coordinates as
N goes to infinity. We refer to [63] for an introduction to that topics from a probabilistic
point of view, as well as to [51] for a recent and short survey.

Definition 1.1. [39, section 3] Consider E C RY, f € P(E) a probability measure on
E and GN € Psym(EN) a sequence of probability measures on EY, N > 1, which are
invariant under coordinates permutations. We say that (GV) is f-Kac’s chaotic (or has
the “Boltzmann property”) if

(1.1) Vi>1, Gé»v — % weakly in P(E?) as N — oo,

where G;-V stands for the j-th marginal of GN defined by
G;V ::/ VGNdijrl---de-
EN-J

Interacting N-indistinguishable particle systems are naturally described by exchange-
able random variables (which corresponds to the fact that their associated probability laws
are symmetric, i.e. invariant under coordinates permutations) but they are not described
by random variables with independent coordinates (which corresponds to the fact that
their associated probability laws are tensor products) except for situations with no inter-
action! Kac’s chaos is therefore a well adapted concept to formulate and investigate the
infinite number of particles limit N — oo for these systems as it has been illustrated by
many works since the seminal article by Kac [39]. Using the above definition of chaos, it
is shown in [39, 47, 46, 34, 52] that if f(¢) evolves according to the nonlinear space homo-
geneous Boltzmann equation, GV (t) evolves according to the linear Master/Kolmogorov
equation associated to the stochastic Kac-Boltzmann jumps (collisions) process and G*¥ (0)
is f(0)-chaotic, then for any later time ¢ > 0 the sequence G (t) is also f(¢)-chaotic: in
other words propagation of chaos holds for that model. As it is explained in the latest
reference and using the uniqueness of statistical solutions proved in [2], some of these prop-
agation of chaos results can be seen as an illustration of the “BBGKY hierarchy method”
whose most famous success is the Lanford’s proof of the “Boltzmann-Grad limit” [41].

In order to investigate quantitative version of Kac’s chaos, the above weak convergence
in (1.1) can be formulated in terms of the Monge-Kantorovich-Wasserstein (MKW) trans-
portation distance between G§V and f®7. More precisely, given dr a bounded distance on

E, we define the normalized distance dg; on E7, j € N*, by setting
J
, 1
(12) VX = (21,.,2)),Y = (y1,.,95) € BV dpi(X,Y) := ;ZdE(xi,yi),
i=1
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and then we define W (without specifying the dependence on j) the associated MKW
distance in P(E7) (see the definition (2.2) below). With the notations of Definition 1.1,
G is f-Kac’s chaotic if, and only if,

Vi>1, Qj(GN;f)::Wl(Géy,f®j)—>0 as N — oc.

Let us introduce now another formulation of Kac’s chaos which we firstly formulate in a
probabilistic language. For any X = (x1,...,zy) € EVV, we define the associated empirical
measure

N
1
N —

(1.3) px (dy) = N ;5l‘i(dy) € P(E).

1=
We say that an exchangeable EV-valued random vector XV is f-chaotic if the associated
P(E)-valued random variable ,ngv converges to the deterministic random variable f in
law in P(E):

(1.4) piy = f inlaw as N — oco.

In the framework of Definition 1.1, the convergence (1.4) can be equivalently formulated
in the following way. Introducing GV := Z(&"N) the law of X", the exchangeability
hypothesis means that G € Py, (EY). Next the law GN .= ZL(pRn) of ¥y is nothing
but the (unique) measure GV € P(P(E)) such that

GV, @) = [E BN GNAX) Y e O P(B))

or equivalently the push-forward of GV by the “empirical distribution” application.
Then the convergence (1.4) just means that

(1.5) GN — 6; weakly in P(P(E)) as N — o0,

where this definition does not refer anymore to the random variables XV or ,ngv- It is
well known (see for instance [35, section 4], [39, 65, 62] and [63, Proposition 2.2]) that for
a sequence (GV) of Py, (EY) and a probability measure f € P(E) the three following
assertions are equivalent:

(i) convergence (1.1) holds for any j > 1;

(ii) convergence (1.1) holds for some j > 2;

(iii) convergence (1.5) holds;
so that in particular (1.1) and (1.5) are indeed equivalent formulations of Kac’s chaos.
The chaos formulation (ii) has been used since [39], while the chaos formulation (iii) is
widely used in the works by Sznitman [61], see also [62, 49, 55], where the chaos property
is established by proving that the “empirical process” ,ngv converges to a limit process
with values in P(E) which is a solution to a nonlinear martingal problem associated to the
mean-field limit equation. Formulation (1.5) is also well adapted for proving quantitative
propagation of chaos for deterministic dynamics associated to the Vlasov equation with
regular interaction force [26] as well as singular interaction force [37, 36]. Let us briefly
explain this point now, see also [51, section 1.1]. On the one hand, introducing the MKW
transport distance W; := Wy, on P(P(E)) based on the MKW distance W; on P(E),
(see definition (2.6) below), the weak convergence (1.5) is nothing but the fact that

Qoo (G f) = Wl(@N,5f) =0 as N — oo
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On the other hand, for the Vlasov equation with smooth and bounded force term, it is
proved in [26] that

(16) VT > 0? Vi€ [O?T] Wl(#gtl\”ft) < CT Wl(lu‘gé\faf())’

where f; € P(E) is the solution to the Vlasov equation with initial datum fo and XN € EV

is the solution to the associated system of ODEs with initial datum XZY. Inequality (1.6)

is a consequence of the fact that ¢ — ,ug ~ solves the Vlasov equation and that a local Wy
t

stability result holds for such an equation. When A} is distributed according to an initial
density Gév € Psym(EN ) we may show that A; is distributed according to GV & Py, (EN)
obtained as the transported measure along the flow associated to the above mentioned
system of ODEs or equivalently GI¥ is the solution to the associated Liouville equation
with initial condition Gév . Taking the expectation in both sides of (1.6), we get

L Wi 1) G aY) = Bl )

< CrEWy. ) = Cr [ Wil o) G (aV),

for any ¢t € [0,7]. We conclude with the following quantitative chaos propagation estimate
VEE0.T]  Quo(GPs fi) < CrQuo(GY's fo)-

It is worth mentioning that partially inspired from [35], it is shown in [54, 52] a similar
inequality as above for more general models including drift, diffusion and collisional in-
teractions where however the estimate may mix several chaos quantification quantities as
Q. and Q9 for instance.

There exists at least one more way to guaranty chaoticity which is very popular because
that chaos formulation naturally appears in the probabilistic coupling technique, see [63],
as well as [45, 12, 11] and the references therein.

Thanks to the coupling techniques we typically may show that an exchangeable EN-
valued random vector XV satisfies

N
1
E(N ,El‘XiN_yi]V’> —0 as N — oo,
1=

for some EV-valued random vector YV with independent coordinates. Denoting by GV &
Py (EN) the law of XN, f the law of one coordinate yiN , and W7 the MKW transport
distance on P(E™) based on the normalized distance dgyny in EY defined by (1.2), the
above convergence readily implies

(1.7) AN(GN; f) =W (GN, fN) 5 0 as N — oo,

which in turn guaranties that (G%) is f-chaotic. It is generally agreed that the convergence
(1.7) is a strong version of chaos, maybe because it involves the all N variables, while the
Kac’s original definition only involves a finite fixed number of variables.

Summary of Section 2. The first natural question we consider is about the equivalence
between these definitions of chaos, and more precisely the possibility to liken them in a
quantitative way. The following result gives a positive answer, we also refer to Theorem 2.4
in section 2 for a more accurate statement.

Theorem 1.2 (Equivalence of measure for Kac’s chaos). For any moment order k > 0 and
any positive exponent v < (d+ 1+ d/k)~", there exist a constant C = C(d, k,v) € (0, 00)
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such that for any f € P(E), any GN € Py (EN), N > 1, and any j, £ € {1, ..., N}U{co},
{ #£ 1, there holds

0,(CV: ) < 0.l (00 )+ 1)

where M), = My (f) + My(GY) is the sum of the moments of order k of f and G.

It is worth emphasizing that the above inequality is definitively false in general for
¢ = 1. The first outcome of our theorem is that it shows that, regardless of the rate,
the propagation of chaos results obtained by the coupling method is of the same nature
as the propagation of chaos result obtained by the “BBGKY hierarchy method” and the
“empirical measures method”.

The proof of Theorem 2.4 (from which Theorem 1.2 follows) will be presented in sec-
tion 2. Let us briefly explain the strategy. First, the fact that we may control €; by €, for
1 <j << N is classical and quite easy. Next, we will establish an estimate of 2., by 9
following an idea introduced in [52]: we begin to prove a similar estimate where we replace
Qs by the MKW distance in P(P(FE)) associated to the H~*(R%) norm, s > (d+1)/2, on
P(E) in order to take advantage of the good algebraic structure of that Hilbert norm and
then we come back to 24, thanks to the “uniform topological equivalence” of metrics in
P(E) and the Holder inequality. Finally, and that is the other key new result, we compare
Qoo and Qp: that is direct consequence of the following identity

VFEN . GN € Py (EY)  Wi(GN,FN) = wWi(GN,FN)

applied to FV := f®N and a functional version of the law of large numbers.

Summary of section 3. A somewhat stronger notion of chaos can be formulated in terms
of entropy functionals. Such a notion has been explicitly introduced by Carlen, Carvahlo,
Loss, Leroux, Villani in [17] (in the context of probability measures with support on the
“Kac’s spheres”) but it is reminiscent of the works [40, 6]. We also refer to [60, 50, 13, 14]
where the N particles entropy functional below is widely used in order to identify the
possible limits for a system of N particles as N — oco. Consider E C R? an open set
or the adherence of a open space, in order that the gradient of a function may be well
defined. For a (smooth and/or decaying enough) probability measure GV € Py, (EY) we
define (see section 3 for the suitable definitions) the Boltzmann’s entropy and the Fisher
information by

1

1 |[VGN |2
HGN) = =
(G7) N

GNlogGNdx,  I(GN):=—

= dX.
EN N EN GN

It is worth emphasizing that contrarily to the most usual convention, adopted for instance
in [17, Definition 8], we have put the normalized factor 1/N in the definitions of the entropy
and the Fisher information. Moreover we use the same notation for these functionals

whatever is the dimension. As a consequence, we have H(f®V) = H(f) and I(f®V) =
I(f) for any probability measures f € P(F).

Definition 1.3. Consider (GY) a sequence of Py (EN) such that the k-th moment
My(F}) is bounded, k > 0, and f € P(E). We say that
(a) (GN) is f-entropy chaotic (or f-chaotic in the sense of the Boltzmann’s entropy) if

G — f weakly in P(E) and H(GY)— H(f), H(f) < oo;
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(b) (GN) is f-Fisher information chaotic (or f-chaotic in the sense of the Fisher in-
formation) if

GY — f weakly in P(E) and I(GN) = I(f), I(f) < co.

Our second main result is the following qualitative comparison of the three above notions
of chaos convergence.

Theorem 1.4. Assume E = R%, d > 1, or E is a bi-Lipschitz volume preserving defor-
mation of a convex set of R%, d > 1. Consider (GV) a sequence of Psym(EYN) such that
the k-th moment My(GY) is bounded, k > 2, and f € P(E).
In the list of assertions below, each one implies the assertion which follows:

(i) (GN) is f-Fisher information chaotic;

(ii) (GN) is f-Kac’s chaotic and I(GN) is bounded;

(iii) (GN) is f-entropy chaotic;

(iv) (GV) is f-Kac’s chaotic.

More precisely, the following quantitative estimate of the implication (ii) = (i1i) holds:
(1.8) [H(GN) = H(f)| < Cp K Qn(GY; 1)1,

with v := 1/2 — 1/k, K := supy I(GN)Y/2 supy M (GN)'/* and Cg is a constant depend-
ing on the set E (one can choose Cp = 8 when E =RY).

The implication (i) = (i4i) is the most interesting part and hardest step in the proof
of Theorem 1.4. It is based on estimate (1.8) which is a mere consequence of the HWI
inequality of Otto and Villani proved in [57] when E = R? together with our equivalence
of chaos convergences previously established. We believe that this result gives a better
understanding of the different notions of chaos. Other but related notions of entropy chaos
are introduced and discussed in [17, 53]. But the one of [17], which consists in asking for
point (zi7) and (iv) above is in fact equivalent to ours thanks to the previous theorem.

Summary of Section 4. Here we consider the framework of probability measures with
support on the “Kac’s spheres” KSy defined by

KSy :=={V = (v1,...,o5) € RN, v} + .. +0% = N},

as firstly introduced by Kac in [39]. Our aim is mainly to revisit the recent work [17] and
to develop “quantitative” versions of the chaos analysis.

We start proving a quantified “Poincaré Lemma” establishing that the sequence of
uniform probability measure measures o on KSy is v-Kac’s chaotic, with 7 the standard
gaussian on R, ie. 7(v) = (2r)"'/2 exp(—|v|?/2), in the sense that we prove a rate
of converge to 0 for the quantification of chaos Qx(c™V;7). We also prove that for a
large class of probability measure densities f € P(E) the corresponding sequence (F)
of “conditioned to the Kac’s spheres product measures” (see section 4.2 for the precise
definition) is f-Kac’s chaotic in the sense that we prove a rate of converge to 0 for the
quantification of chaos Qo(F™; f). That last result generalizes the “Poincaré Lemma”
since f =« implies FV = o". The main argument in the last result is a (maybe new) L>°
optimal rate version of the Berry-Esseen theorem, also called local central limit theorem,
which is nothing but an accurate (but less general) version of [17, Theorem 27]. Together
with Theorem 1.2, or the more accurate version of it stated in section 2, we obtain the
following estimates.
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Theorem 1.5. The sequence (V) of uniform probability measures on the “Kac’s spheres”
is v-Kac’s chaotic, and more precisely
(1.9) YN>1  QycV;y) < “ Qn(a;7y) < Sy

-_ ) —_ N7 ) —_ N% N%
for some numerical constants C;, i = 1,2, 3.

More generally, consider f € P(R) with bounded moment My(f) of order k > 6 and
bounded Lebesgue norm ||f||z» of ewxponent p > 1. Then, the sequence (FY) of associ-
ated “conditioned (to the Kac’s spheres) product measures” is f-Kac’s chaotic, and more
precisely

(110)  YNZ1 (RN f)< ot oY) < (PN <
N2 Nz N3

for any v € (0,(2 +2/k)~Y) and for some constants C; = C;(f,~,k), i = 4,5,6.

Let us briefly discuss that last result. The question of establishing the convergence for
the empirical law of large numbers associated to i.i.d. samples is an important question
in theoretical statistics known as Glivenko-Cantelli theorem, and the historical references
seems to be [32, 15, 66]. Next the question of establishing rates of convergence in MKW
distance in the above convergence has been addressed for instance in [27, 1, 25, 58, 52, 10],
while the optimality of that rates have been considered for instance in [1, 64, 25, 4]. We
refer to [4, 10] and the references therein for a recent discussion on that topics. With our
notations, the question consists in establishing the estimate

(111) E(W (i ) = 073 ) < o7,

for some constants C = C(f) and ¢ = ((f). In the above left hand side term, X" is a EV-
valued random vector with independent coordinates with identical law f or equivalently
XN = X is the identity vector in EV and E is the expectation associated to the tensor
product probability measure f&V. When E = R, estimate (1.11) has been proved to
hold with ¢ = 1/d, if d > 3 and supp f is compact in [25], with ¢ < (. := (d' +d'/k)~!,
d = max(d,2), if d > 1 and My(f) < oo in [52] and with ¢ = (. if furthermore d > 3 in
[10].

To our knowledge, (1.9) and (1.10) are the first rates of convergence in MKW distance for
the empirical law of large numbers associated to triangular array XN which coordinates
are not i.i.d. random variables but only Kac’s chaotic exchangeable random variables.
The question of the optimality of the rates in (1.9) and (1.10) is an open (and we believe
interesting) problem.

Now, following [17], we introduce the notion of entropy chaos and Fisher information
chaos in the context of the “Kac’s spheres” as follows. For any j € N, and f,g € P(E7),
we define the usual relative entropy and usual relative Fisher information

1 1 |Vul? df

Hfg::—_/ u logu g(dv), Ifg::—_/ —g(dv), wuw:=—,
()= 5 [ wiogugtao). 1(7lg) == [ Fglan). wi= 9
where u = % stands for the Radon-Nikodym derivative of f with respect to g.

For f € P(E) and GV € Py, (KSy) such that GY — f weakly in P(E), we say that
(GN) is

(a') f-entropy chaotic if H(GN|o™N) — H(f|y), H(f|y) < oo;

(b') f-Fisher information chaotic if I(GN|o™) — I(f|y), I(f|y) < .
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In a next step, we prove that for a large class of probability measures f € P(R) the
sequence (FN) of associated “conditioned (to the Kac’s spheres) product measures” is
f-entropy chaotic as well as f-Fisher information chaotic, and we exhibit again rates for
these convergences. The proof is mainly a careful rewriting and simplification of the proofs
of the similar results (given without rate) in Theorems 9, 10, 19, 20 & 21 in [17].

We next generalize Theorem 1.4 to the Kac’s spheres context. Additionally to the yet
mentioned arguments, we use a general version of the HWI inequality proved by Lott and
Villani in [44], see also [68, Theorem 30.21], and some Entropy and Fisher inequalities on
the Kac’s spheres established by Carlen et al. [18] and improved by Barthe et al. [3].

All these results are motivated by the question of giving quantified strong version of
propagation of chaos for Boltzmann-Kac jump model studied in [52] by Mouhot and the
second author, where only quantitative uniform in time Kac’s chaos is established. As
a matter of fact, K. Carrapatoso in [19] extends the present analysis to the probability
measures with support to the Boltzmann’s spheres and proves a quantitative propagation
result of entropy chaos.

Another outcome of our results is that we are able to give the following possible answer
to [17, Open problem 11]:

Theorem 1.6. Consider (GV) a sequence of Psym (EN) with support in KSn such that

(1.12) I(GNe) < ¢,
for C > 0. Also consider f € P(E), E :=R, satisfying [v?f(v)dv=1 and
(1.13) f>exp(—alv/* +8) on E,

with 0 < k <2, a >0, B€R. If (GN) is f-Kac’s chaotic, then for any fized j > 1, there
holds
H(G;-V|f®j) — 0 as N — oo,

where H(-|-) stands for the usual relative entropy functional defined in the flat space E7.
Remark that the condition on the second moment of f is useless if supy My (GY) < 400
for some k' > 2.

Contrarily to the conditioned tensor product assumption made in [17, Theorem 9] which
can be assumed at initial time for the stochastic Kac-Boltzmann process but which is not
propagated along time, our assumptions (1.12) and (1.13) in Theorem 1.6, which may
seem to be stronger, are in fact more natural since they are propagated along time. We
refer to [52, 19] where such problems are studied.

Summary of Section 5. Here we investigate how our techniques can be used in the
context of probability measures mixtures as introduced by De Finetti, Hewitt and Savage
[23, 38] and general sequences of probability densities GV of N undistinguishable particles
as N — oo, without assuming chaos, as it is the case in [50, 13, 14] for instance. The
results developed in that section are also used in a fundamental way in the recent work
[31].

In a first step, we give a new proof of De Finetti, Hewitt and Savage theorem which is
based on the use of the law of the empirical measure associated to the j first coordinates
like in Diaconis and Freedman’s proof [24] or Lions’ proof [42], but where the compactness
arguments are replaced by an argument of completeness. As a back product, we give a
quantified equivalence of several notions of convergences of sequences of Psym(EN ) to its
possible mixture limit.
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In a second step, we revisit the level 3 entropy and level 3 Fisher information theory
for a probability measures mixture as developed since the work by Robinson and Ruelle
[60] at least. We give a comprehensive and elementary proof of the fundamental result

(1.14) Km) = [ K(p)m(dp) = lim ~ [ K(m))
P(E) )= ] JEI

for any probability measure mixture © € Pi(P(E)), k > 0 (see paragarph 5.1 where the
space Py (P(E)) is defined), where 7; stands for the De Finetti, Hewitt and Savage projec-
tion of 7 on the j first coordinates and K stands for the entropy or the Fisher information
functional. In our last result we establish a rate of convergence for the above limit (1.14)
when K is the entropy functional mainly under a boundedness of the Fisher information
hypothesis and we generalize such a quantitative result establishing links between several
weak notions of convergence as well as strong (entropy) notion of convergence for sequences
of probability densities GV & Psym (EN) as N — oo, without assuming chaos.

Acknowledgement. We would like to thank F. Bolley and C. Mouhot for many
stimulating discussions about mean field limit and chaos. The second author also would
like to acknowledge I. Gentil and C. Villani for discussions about the HWI inequality
and P.-L. Lions for discussions about entropy and mollifying tricks in infinite dimension.
Finally, we would like to thank N. Fournier for his suggestions that make possible to
improve the statement and simplify the proof of the result on the level-3 Fisher information
in section 5. The second author acknowledges support from the project ANR-MADCOF.

2. KAC’S CHAOS

In this section we show the equivalence between several ways to measure Kac’s chaos as
stated in Theorem 1.2. We start presenting the framework we will deal with in the sequel,
and thus making precise the definitions and notations used in the introductory section.

2.1. Definitions and notations. In all the sequel, we denote by E a closed subset of
R?, d > 1, endowed with the usual topology, so that it is a locally compact Polish space.
We denote by P(E) the space of probability measures on the Borel o-algebra &g of E.

Monge-Kantorovicth-Wasserstein (MKW) distances.

As they will be a cornerstone in that article, used indifferent setting, we briefly recall
their definition and main properties, and refer to [67] for a very nice presentation.

On a general Polish space Z, for any distance D : Z x Z — R and p € [1,00),we define
Wp,p on P(Z) x P(Z) by setting for any p1, p2 € P(2)

(Wpp(p1;p2))P := _ inf D(x,y)? m(d, dy)
m€ll(p1,02) Jzx 2
where II(p1, p2) is the set of proability measures 7 € P(Z x Z) with first marginal p; and
second marginal pg, that is 7(A x Z) = p1(A) and 7(Z x A) = pa(A) for any Borel set
A C Z. Tt defines a distance on P(Z).

The phase spaces £V (its marginal’s space E7) and P(E).

When we study system of N particles, the natural phase space is EY. The space of
marginals £/ for 1 < j < N are also important. We present here the different distances
we shall use on these spaces.

e On F we will use mainly two distances :

— the usual Euclidian distance denoted by |z — y|;
— a bounded version of the square distance : dg(x,y) = |z —y| A1 for any z,y € E.



10 M. HAURAY AND S. MISCHLER

e On the space E’ for 1 < j, we will also use the two distances

— the normalized square distance |X — Y|y defined for any X = (1,...,2;) € E’
and Y = (y1,...,y;) € E7 by

1 J
X —Y[3:= EZ |z — il
i=1

— the normalized bounded distance d; = dg; defined by
1 J
(2.1) dpi(X,Y) = 7 > dp(wi, ).
=1
It is worth emphasizing that the normalizing factor 1/ is important in the sequel in order
to obtain formulas independant of the number j of variables.

e The introduction of the empirical measures allows to “identify” our phase space EN to a
subspace of P(E). To be more precise, we denote by Py (E) the set of empirical measures

PN(E) = {M%’ X = (xl,...,xN) S EN} - P(E),

where py stands for the empirical measure defined by (1.3) and associated to the config-
uration X = (z1,...,2,) € EN. We denote by py : EY — Py (F) the application that
maps a configuration to its empirical measure : py(X) := ,u% .

e On our phase space P(E), we will use three different distances

- The usual MKW distance of order two W5 defined as above with the choice D(x,y) =
& =yl

Walpr,po)? = Wisslprpe = _int [ o= yf n(da.dy).
n€ll(p1,p2) JEXE
- The MKW distance W; associated to dg defined by
(22) Wi(p1,p2) = Waga(p1,p2) = inf / dg(z,y) m(dz, dy).
m€ll(p1,02) JEXE

From the Kantorovich-Rubinstein duality theorem (see for instance [67, Theorem 1.14])
we have the following alternative characterization

(23)  VpumeP(E)  Wilpp)= sup / () (1 (d) — pa(d)),
lellLip<1JE

where ||| Lip = Supm;«éy%

dg. This semi-norm is closely related to the usual Lipschitz semi-norm since it satisfies

is the Lipschitz semi-norm relatively to the distance

1
(2.4) 5 IVellss +lle = (O0)lec) < llelizip < 2(IVelloe + llelloc) = 2[l@llwee

It implies that W is equivalent to the (W1°°)-distance, denoted by Dy 1.0,

Diyre(pr.p2) = sup /E (@) (p1(dz) — pal(dz)),

llollyy1,00 <1

and more precisely

1
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- The distance induced by the H~* norm for s > Ql : for any p, n € P(E)

o=l = [ 1566 = 1P 75z

where p denotes the Fourier transform of p (which may always be seen as a measure on

the whole R%), and (&) = /1 + [¢]2.

e We will often restrict ourself to the spaces Py(FE) of probability measures with finite
moment of order k£ > 0 defined by

Pi(E) :={p e P(E) st. Mg(p) = /E<v>k p(dv) < 4o0}.

The probability ”spaces” P(E"), its marginals spaces P(E’), and P(P(E)). The
next step is to consider probability measures on the configuration spaces.
e The space P(EY) will be endowed with two distances
— W the MKW distance on P(E?) associated to dyv and p = 1, which has the
same properties than the one of P(FE) and satisfies in particular the Kantorovich-
Rubinstein formulation (2.3).
— Wy the MKW distance associated to the normalized square distance | - |2 defined
above.
Remark that we will only work on the subspace Py, (E™V) of borelian probability measures
which are invariant under coordinates permutations.
e On the probability space P(P(FE)), we can define different distances thanks to the
Monge-Kantorovich-Wasserstein construction. We will use three of them

— Wi, the MKW distance induced by the cost function W; on P(E). In short

(2.6) Wl(al,ag) = thl(al,ag) = inf / Wl(pl,pg)ﬂ'(dpl,dpg),
mell(an,02) JP(E)xP(E)
— W, the MKW distance induced by the cost function W on P(E). In short
Wi, a2)® = Wiy 2(0n, 2)® := inf / W3 (p1, p2) 7(dp1, dpa),
mell(a1,02) JP(E)xP(E)
— Wpg—s, the MKW distance induced by the cost function |- ||?,_, on P(E). In short
Wir-s(ar,a2)? = Wy olar,a2)” = inf / lpr = pallfy-- 7(dp1. dps).
mell(an,02) JP(E)xP(E)

e Remark that the application ”empirical measure® py allows to define by push-forward
a canonical map between P(EY) and P(P(E)). For GV € P(E") we denote its image
under the application py by GV € P(P(E)) : GN = GgpN. In other words, GV is the
unique probability measure in P(P(FE)) which satisfies the duality relation

(2.7) V& e Cy(P(E)) <GN,c1>>:/ () GN(dX).
EN

More properties of the space P(P(F)).

e Marginals of probability measures on P(P(E)). We can define a mapping form
P(P(E)) onto P(E7) in the following way. For any o € P(P(FE)) we define the projection
a; € P(E7) thanks to the relation

aj = /p‘g’j da(p).
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It may also be restated using polynomial fonctions : for any ¢ € Cy(E7) we define the
monomial (of order j) function R, € Cy(P(E)) by

(2. VpEP(E)  Rolp)i= [ o(X) (@),

We remark that the monomial functions of all orders generate an algebra of continous
fonction (for the weak convergence of measures) that are called polynomials. When FE is
compact so that P(F) is also compact, they form a dense subset of Cy(P(E)) thanks to
the Stone-Weierstrass theorem.

In terms of polynomial fonctions, the marginal a;; may be defined by

Vo e C(E)  (ay,0) = (o Ry).
e Starting from GV € Py, (EY), we can define its push-forward GV and then for any

1 < j < N the marginals of the push-forward CA?;V = (@N)j € Psym(E7). They satisfy the
duality relation

(2.9 VoeCE) ()= [ R GV @),

We emphasize that it is not equals to G§V the j-th marginal of GV, but we will see later
that the two probability measures Gév and Gév are close (a precise version is recalled in
Lemma 2.8).

Different quantities mesuring chaoticity. Now that everything has been defined, we
introduce the quantities that we will use to quantify the chaoticity of a sequence GV &
Psym (EYN) of symmetric probability measure with respect to a profil f € P(E):

— The chaoticity can be mesured on E7 for j > 2. For any 1 < j < N, we set
(G f) = W(GY, [#7),
— and also on P(E) by

Qoo (GN; f) = Wi(GN,6) = /EN Wi (X, ) GN(dX),

since there is only one transference plan o ® 07 in II(a, é¢).

2.2. Equivalence of distances on P(E), Py, (EY) and P(P(E)). .

To quantify the equivalence between the distances defined above on P(E), we will
need some assumption on the moments. The metrics Wy, Wy and ||.|| -5 are uniformly
topologicaly equivalent in Py (F) for any k& > 0. More precisely, we have

Lemma 2.1. Choose f,g € P(E). For any k > 0, denote #}, := My(f) + My(g).
s—1
(i) For any k > 0 and s > 1, there exists C := C(d) [1 + (%)T], such that there
holds

d

2k
(2.10) Wi(f,9) < C A5 |If — gl 525
(i1) For any k > 2, there holds

(2.11) Wa(f,g) < 22 .4 Wi (f, g)/> 1k,

(iii) Without moment assumptions and for any s > 4£1  there exists a constant C =

2 7
C(s,d) such that there holds
Wl(fag)SWQ(fmg)? Hf_gHHfs SCWl(me) :

=
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We remark that we have kept the explicit dependance on s of the constance appearing
in (7) in order to be able to perform some optimization on s later. The important point is
that the constant may be choosen independant of s if s varies in a compact set.

PrOOF OF LEMMA 2.1. The proofs is a mere adaptation of classical results on comparison
of distances in probability spaces as it can be found in [58, 20, 52] for instance. We
nevertheless sketch it for the sake of completness.

Proof of i). ~ We consider a truncation sequence xgr(z) = x(z/R), R > 0, with x €
CX(RY), [Vxlleo <1,0<x <1, x =1 o0n B(0,1), and the sequence of mollifers v.(z) =
e~ y(z/¢e), € > 0, with y(z) = (21)~%? exp(—|z|?/2), so that 4.(£) = exp(—&? |€]?/2). In
view of the equivalence of distance (2.5), we choose a ¢ € WH*°(R?) such that ||¢[|j1.c <
1, we define g := @ XR, PR = YR * V= and we write

[otar—ds) = [onetar—do)+ [ (on—ene) @~ dg)+ [ (o= om) (@ — do)
For the last term, we have
Jon-o@-dg)| < [l
Bg
For the second term, we observe that

o = prelle < IVl | 2ua)lalde < C@e.

k
M,
%(dfwg)g—’“.

€T
VR >0
- R Rk

and we get
[ or=pre) @ - ag)| < e
Finally, the first term can be estimated by

[ netar - dg>\ < llorellae If = glls,

with for any R > 1 and ¢ € (0, 1]

1/2
lonella = (102 19%RP @V o e

< lexrlm 1€* " 3:(€) = < C(d) RY72|(€)* (€)1

The infinite norm is finite and a simple optimization leads to
(s—=1)4

Ry e I

with the notation r; := max(0,r) and the natural convention 0° = 1. All in all, we have
for s>1

N

s—1

Wi(f,9) < C(d) [H (50 ] (e+%+R56(S” Hf—gHHs>-

This yields to (2.10) by optimizing the paramater ¢ and R with

2s 2 d 2k
R = Mkd+2ks Hf _ gHHd_Jsr%s, and ¢ = Mkd+2ks Hf _ g||}_11+_251cs .
Proof of ii). We have for any R > 1 the inequality
k

(" + 1y1°)

2
vway€E7 ’w_yIQSRQdE(x7y)+Rk_2



14 M. HAURAY AND S. MISCHLER

from which we deduce

Wa(f,9)> < R® inf / dg(z,y) 7(dz, dy)
ExXE

m€ll(f.g)
2 k k
+—r— sup / ;" 4 |ys|") m(d, dy
mz S0 ExE(| "+ [yl ™) 7 ( )
2k
< RQWl(fag)+W(Mk(f)+Mk(g)),
and then we get with (R/2)* = .4, /Wy
(2.12) Walf,g) < 22724 Wi (f, g) /2",

Proof of iii). The first point is classical. The second relies on the fact that
16: — 8,12, < Cdg(x,y). 0

There is also a similar result on EV, where the H~* norm is less usefull.
Lemma 2.2. Choose FN G € Py, (EN). For any k > 0, denotes
My = My(FIY) + My(GY)-
For any k > 2, it holds that
(2.13) Wo(FN,GN) < 2220 F Wy (PN, GN )Yk,
It also holds without moment assumptions that Wi (FN,GN) < Wo(FN,GN).
PROOF OF LEMMA 2.2. The proof is a simple generalization of (2.11) to the case of N
variables. We skip it. O
The inequalities of Lemma 2.1 also sum well on P(P(FE)) in order to get

Lemma 2.3. Choose a, 3 € P(P(E)), and for k > 0 define

My, = My(a) + My(B) = /Mk(/’) [a + B](dp) = My(ar) + My (B1).

(i) For any s > 1 and with the same constant C(d,s) that in point (i) of Lemma 2.1 we
have for any k > 0,

2k

d
(2.14) Wi(a, B) < C M Wy—s(a, B) T2 .
it) For any k > 2, it also holds

(2.15) (i) Whla,B) < 23 4 Wy(a, B)5F,

=
==

1
iii) It holds without moment assumption that Wi < Wy and Wy-s < CW{ for s > d%l
with a constant C = C(s,d).
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PROOF OoF LEMMA 2.3. All the above estimates are simple summations of the correspond-
ing estimate of Lemma 2.1. We only prove 7).

Wi(a,B) = He%ﬁgﬁ)/Wl(p,n)H(dp’ dn)
d _2k
< C inf M, M, 25 || p — nll T72F TI(dp. d
N Hehr%a,ﬁ)/[ k(p) + My(m)] 2% || p — nl| 5= Th(dp, dn)
T _2ks
< o [ontiar o) (i [lo-ally i) T
- wr g Het(a,) ) P = 24P 40

C[M M, TR f 2 . TI(dp,d i
< d+2ks 1 — s ,
< C[Mg(a) + Mg(B)] <H€11]I%a,6)/up nllg-s (dp n)>

d 2k
< CAE*H Wiy (o, B) T+2ms

where we have successively used the inequality (2.10), Holder inequality, the definition of
the moment of o and 3, and Jensen inequality. U

2.3. Quantified equivalence of chaos. This section is devoted to the proof of Theo-
rem 1.2, or more precisely, to the proof of the following accurate version of Theorem 1.2.

Theorem 2.4. For any GV € Py, (EN) and f € P(E), there holds

(2.16) (i) VI<Sj<LSN QiGN f) < 29/GY ),
(2.17) (@)  VI<j<N - Q(GYif) £ Qu(GYif)+ %
For any k >0 and any 0 < v < d+11+%, there exists a explicit constant C := C(d,~, k)
such that
218) @) 0n(GYip <0 (G + 1)

where as usual My, = My(f) + My(GY).
For any k > 0 and any 0 < v < ﬁ, with d = max(d,2), there exists a constant
I3

C:=C(d,v,k) such that

My, (f)V/F

Ny

Let us make some remarks about the above statement. Roughly speaking, the two
first inequalities are in the good sense: the measure of chaos for a certain number of
particles is bounded by the measure of chaos with more particles, and even in the sense
of empirical measure (i.e. with Q). Let us however observe that the second inequality
is meaningful only when the number j of particles in the left hand side is not too high,
typically j = o(\/N ). The third inequality is in the ”"bad sense” and it is maybe the
most important one, since it provides an estimate of the measure of chaos in the sense of
empirical measures by the measure of chaos for two particles only. It is for instance a key
ingredient in [52]. See also corollary 2.11 for versions adapted to probability measures with
compact support or with exponential moment. The last inequality compares the measure
of chaos at NN particles to its measure in the sense of empirical distribution. It seems new
and it will be a key argument in the next sections in order to make links between the
Kac’s chaos, the entropy chaos and the Fisher information chaos.

(2.19) () 8GN f) = Q@GN ) < C
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Remark 2.5. In the inequality (2.18), the Qg term in the right hand side may be replaced
by any 2y for £ > 2, but it cannot be replaced by 1, which does not measures chaotic-
ity, as it is well known. We give a counter-example for the sake of completeness. We
choose g and h two distinct probability measures on E, and take f := %(g + h). We con-
sider the probability measure G € P(P(E)), and its associated sequence (GY) of marginal
probabilities on P(EYN) defined by

1 1 1
G==(dg+0), GY:==g"N + - poN,
2( g + h)7 9 g + 9
As Gy = f, 0 (GN, f) =0 for all N, inequality (2.18) with Qg replaced by Qy will imply
that Qoo (G, f) goes to zero. But from inequality (2.17) of Theorem 2.4

W(G?, 1%%) = (G, f) < Qoe(GY, f) + %

There is a contradiction since G* # f©? except if g = h.

We begin with some probably well known elementary inequalities and identities concern-
ing Monge-Kantorovich-Wasserstein distances in space product. For the sake of complete-
ness we will nevertheless sketch the proofs of them. Remark that the two first formulas are
particularly simple thanks to the choice of the normalization (2.1), and that they remains
valid if we replace d; by the normalized {!-distance % Yol — il

Proposition 2.6. a) - For any FY,GN € Py, (EYN) and 1 < j < N, there hods

(2.20) wiEy, ey < (4 g])_l W(EN,GNY < 2w (P, G,
b) - For any f,g € P(E), there holds

(2.21) Wi(foN, g*N) = Wi(f, 9).

¢) - For any f,g,h € P(E), there holds

(2.22) 2Wi(f®@h,g®h) =Wi(f,9).

As a immediate corollary of (2.20) with N := ¢, F' := f® and G* := G, we obtain
the first inequality (2.16) of Theorem 2.4.

As can be seen in the following proof, similar results also holds for MKW distances
constructed with arbitrary distance D and exponents p, and therefore for the W5 distance.
We do not state them precisely, but they will be useful in the proof of the next Lemma 2.7.

PROOF OF PROPOSITION 2.6.

Proof of (2.20). Consider 7 € II(FY, G™) an optimal transference plan in (2.2). Introduc-
ing the Euclidian division, N =nj+r, 0 <r < j—1, and writing X = (X1, ..., X, Xo) €
ENY = (Y1,....Yn, Xo) € EN, with X;,Y; € B/, 1 <i <n, Xo,Yy € E", we have

wi(FN,GN) = / dpn (X,Y) w(dX,dY)
E2N

1

E—— s (X, X))+ dge(Xo, Vo dX,dY
N /o <ZZ1] i ( ) +7rder(Xo 0)) ( )

v

i< .
- dpi (X;,Y;) m(dX;, dX;),
N2 [ i (6 V) X )



CHAOS 17
with 7; € H(FZ-, él), where F; and G; € P(E7) denote the marginal probability measures

of ' N~ and GV on the i-th block of variables. From the symmetry hypothesis, we have
F,=F = F]N and G; = G = G;V for any 1 < i <n. As a consequence, we have

/ dps (X3, Vi) ®i(d X, dX;) > Wi(FN,GY),
B2

and we then deduce the first inequality in (2.20). Since the integer portion n := [N/j] is
larger than 1, we have

PN ni oy ni L

Nljy nj4+r _nj4+j5 " 2

from which we deduce the second inequality in (2.20).

Proof of (2.21). We consider a € II(f, g) an optimal transference plan for the Wi(f, g)

distance and we define the associated transference plan 7@ := o®V € TI(f&V, g®N) by
VA, B, e E ﬁ'(Al X ... XAy X By X ... X BN) = 04(141 X Bl) X ... X a(AN X BN)
By definition of W1 (f®V, ¢®V), we then have

N
Wl(f®N7g®N) < % ZZ:; /EQN d(mhyl) ﬁ(dX, dY) = Wl(f7 g)

Since the first inequality in (2.20) in the case j = 1 implies the reverse inequality, the
above inequality is an equality.

Proof of (2.22). On the one hand, from the definition of the distance W by transference
plans, we have for an optimal transference plan m € II(f ® h, g ® h) the inequality

1
Wi(f®h,goh) = §/E4(dE($1,y1)+dE(xzayz))W(dxlad9027dy17dy2)
1

1
> 5/ de(x1,y1) mi(dey, dyr) > §Wl(f,g)a
E4

since the 1-marginal m; defined by 71(A x B) = (A X E x B x E) for any A,B € %g
belongs to the transference plans set II(f, g).

On the other hand, considering an optimal transference plan = € II(f, g) for the W7 dis-
tance, we define the associated transference plan 7(dz, dy) := w(dx1, dy1) ® h(dza)dy,—g, €
II(f ® h,g ® h), and we observe that

Wilfohg@h) < 3 [ (doerm) + oo m) 7(dnr, doo.dyr, dy)
1

1
= 5/ dE(xlayl)W(dxl,dyl):§W1(f7g)-
E4

We obtain (2.22) by gathering these two inequalities. O

We next prove another lemma that allows to compare distance between measures on
P(P(E)) and distance between their marginals on E7, and thus to compare Q; and Q.

Lemma 2.7. For any distance D on E and p > 1, extend D on E’ with D;,(V,W)P =
% > D(vi,w;)?, and define the associated MKW distance Wp, , , on P(E7) and the MKW
distance Wyy,, , on P(P(E)) associated to Wp and p. Let a and B be two probability
measure on P(P(E)). Then, for any j € N,

(2.23) Wp, ,p(aj, Bi) < Wwp, ,p(, B)
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That is in particular true for the MKW distances W1 and W defined in section 2.1
Vi €N, Wa(ay,Bi) <Wala,B), Wi(aj, Bj) < Wi(a, B).

PROOF OF LEMMA 2.7. For simplicity we denote for any j, Wp, , = Wp. We choose
any transference plan II between o and 8 and write

Wolas 5 = [ ( / 5% a(dp), / 5 ﬁ(dp)>]p

_ (/ p® 7 (dp, dn), / n® x(dp, dn)ﬂp

< / Wp (p%7, n®7) m(dp, dn)r

< / Wolp, )P n(dp, di),

where we have used the convexity property of the Wasserstein distance, the equivalent of
equality (2.21) in our general case, and Jensen inequality. By optimisation on 7 we obtain
the claimed inequality. O

As a consequence of a classical combinatory trick, which goes back at least from [35],
we have

Lemma 2.8 (Quantification of the equivalence G;-V ~ C?jv) For any GN € Py (EN) and
any 1 < j < N, we have

. (i_1 A (i1
HG;V — GjNHTV S 2 % and Wl(ij,Gév) S ‘%,

and in particular the first marginals ar equal: GY = G’{V

PrROOF OF LEMMA 2.8. For the first inequality, we refer to [54, Lemma 2.14 estimate
(2.27)] which precisely claims that the RHS term is bounded by 2j(j — 1)/N.
JiG=1)

In order to prove the second inequality with bound =5, we show that for any measure

p and 1 on EJ,
1
Wi(p,n) < §HP = nllzv.

The same inequality with the factor 1/2 changed by 1 is classical, and it is proved for
instance in [67, Proposition 7.10]. In the proof below we use in a fondamental way that
dgpi < 1. To obtain that inequality, we shall only construct a transference plan that does
not move the mass that p and 7 have in common. Precisely, the mass they share defines
a positive measure which may be given by

1
min(p,n) := min (17 %) p=5lp+n—Ilp—l),
where Z—Z stands for the Radon-Nikodym of the part of n which is absolutely continu-
ous with respect to p. Then we define two positive measures 77 := 1 — min(p,n) and
p := p —min(p,n) which correspond to the ”"excess part“ of the two measures. As p and
1 are two probability measures, we have ||pll7v = ||7]lrv = 3|p — nllrv. Now we choose
the transference plan 7 € II(p,n) defined by

pldzr) @ 7(dy)

7 := min(p, n)(dx)dy—r + -
ol
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For this plan, the transportation cost is less than
_ 1
[ asteyan <lillev = 3o~ nlv.
EixEI

and we conclude since by definition Wi (p,n) is less that the above LHS term. O

Applying the previous lemmas 2.7 and 2.8, we can bound ; by €}, and some rest.
This is the second inequality (2.17) of theorem 2.4.

PROOF OF INEQUALITY (2.17) IN THEOREM 2.4. We simply write
J AN J N
< = GV,0¢) = = 4+ Qoo(GY f),
thanks to the two previous lemmas 2.7 and 2.8. U

We establish now the key estimate which will leads to the third inequality (2.18) in
Theorem 2.4 where 0, is controled by . Following [52, Lemma 4.2], the main idea is
to use as an intermediate step the H~® norm on P(F), rather than the Wassertsein W)
distance, because it is a monomial function of order two on P(E), and thus has a nice
algebraic structure. This fact is stated in the following elementary lemma.

Lemma 2.9. For s > d/2, define ®,: R = R by

e d
(2.24) VzeRY, By (2) ::/ izt &
R4

(€)2
The function @4 is radial, bounded, and furthermore if s > di;, it is Lipschitz. For any
p, n € P(E)

(2.25) [lp—nl3-. = / O (z—y) (p%°—p@n)(dz, dy)+ / O (z—y) (n**—n@p)(dz, dy),
R2d R2d

and for any p € P(E)

[rd- =/ ®(z — y) p¥*(d, dy),
R2d

which means that the norm H~* on P(E) is the monomial function of order two associated
to the function (x,y) — ®s(z —y).

PROOF OF LEMMA 2.9. We obtain that ® is bounded from the fact that [pa (€)~2 d¢
is finite for s > d/2, and that it is Lipschitz from the fact that [p, (¢)'72°d¢ is finite
when s > (d+ 1)/2. We now prove (2.25). Using the Fourier transform definition of the
Hilbert norm of H—*(R%), we have for any p,n € H~*(R), and then for any p,n € P(E) C
P(RY) C H™*(RY),

dg

o=l = [ (€ =i(6) (GO =) 555

—i(x— d§
— / (p(d) — n(dz) (p(dy) — n(dy)) e 7798 =
R3d <§>
= / (2 —y) (p°° — p @ n)(dz, dy) + / (2 —y) (** —n @ p)(dz, dy).
R2d R2d
The last identity follows from (2.25) by choosing n = 0. O

Thanks to that Lemma, we will be able to obtain the following key estimate.
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Proposition 2.10. For any s > L there exists a constant C = 2||®| s < 3 2z +dcd1 €

(0,00) (where cq denotes the surface of the unit sphere of R?) such that for any G €
Pyym(EN), N > 1, f € P(E), there holds

NI

(2.26) Wi-(GN,07) < C (WG, f & f)

PROOF OF PROPOSITION 2.10. Because P(E) ¢ P(R?) ¢ H~*(R?) for s > ¢ and
H(GN,éf) ={GV ® d¢}, we have

~ 2 ~
(Wi—(GN00)| = il Il7] = 1(GN @),
T€ll(GN ,8;)

= [[ o=l mldp. ).
P(E)xP(E)
Using Lemma 2.9, we have

6 o) = [ [ @067 oo iy} 6 )

with cost functional

2 AN
e[ AL = s i} 6
= //E? Ps(z —y) [éév(d:c, dy) — é]lv(dx) F(dy)]
// [f(dz) f(dy) — f(dz) GY (dy)].

Now we may bound the cost functional as follows:

1GN @67] < 1@y [Wi(GY.GY @ )+ WilF @ f.f @ GY)]
@i [Wi(GY, f @ ) +2Wi(f © £.GY @ )]
< N0llea WG £ © )+ Wi(f,GY)]
< 2 @ullzip WA(GY f @ f),

where we have used successively the Katorovich-Rubinstein duality formula (2.3), the
triangular inequality, the identity (2.22), and the first inequality in (2.20) together with
the fact that (GY); = G¥. O

Putting together Proposition 2.10, Lemma 2.8 above and Lemma 2.3 on comparaison
of distance in P(P(E)), we may prove inequality (2.18) of Theorem 2.4.

PROOF OF INEQUALITY (2.18) IN THEOREM 2.4. We define s := 5= — %. Notice that

2y
5> d+1 > 1 thanks to the conditions satisfied by « and k. We can thus applied the point

i) of Lemma 2.3, Proposition 2.10 and then Lemma 2.8 in order to get

IN

~ —d ~
Qoo (GN1f) = WA(GN,65) < C(d, )M Wiy (GN 6 ) 728

< %%dﬁ’QkSW(GN f®2)d+2ks

C(d777k) % N ®2 2 K
— _d/k_d_lf%k Wl(G27f )+N )
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since v = ﬁ. This is the claimed inequality thanks to the definition of Qy. It is

important to notice that the constant C'(d,~, k) of the last line depends on d, k and v via

s. But as explained at the end of lemma 2.1, it can be choosen independent of k and - if
1 d

§ = 5- — 5 Temains in a compact subset of R+. O
v

With stronger moment conditions on the probability measures f and GV, we may

improve the exponent in the right hand side of (2.18) and therefore the rate of convergence
to the chaos. Introducing the exponential moment

(2.27) VF eP(E), Ms\(F):= / M F(dr),
E

E =TR% 3,\ >0, we have the following result.

Corollary 2.11. (i) There ezists a constant C' = C(d) such that if the support of f and
GY are both contained in the ball B(0, R), for a positive R, then

In <QQ(GN;f) + %) '

(ii) There exists a constant C = C(d,3) such that if the f and GY have bounded expo-
nential moment of order Mg\ for 3,\ > 0, there holds

(2.28) Quo(GN; f)<CR (QQ(GN;f) + %) !

1 1
C 1\ @1 1\ |15
(229)  Quo(GN;f) < — KD (Qz(GN;f) + N) In (QQ(GN;f) + N)
AB

where K := max(Mg \(f), Mg A(GY)).

PrOOF OF COROLLARY 2.11.
Step 1. The compact support case. Here we simply have M (f) < R¥ and the same for
the moments of GI¥. Applying (2.18) with the explicit formula for the constant C, we get

1 d
forany0<’y<mandk>m

C(d,, k 1\?
0(GYif) < it (i 4 5 )

And we use the remark at the end of the previous proof that allow to replace C(d,~, k) by
Cd)if s = % — % is restricted to some compact subspace of [1,400). It will be the case

in the sequel since we shall choose k large and ~ close to Fll' Letting k£ — +o00 leads to

N, C(d) N, 1y”
Qoo (G af)SmR<Q2(G af)+N> :

Denoting o := % —d—1and a = Q(GY; f) + + which we assume smaller than 3, the
r.h.s can be rewritten

Qe (G f) < C(d) B at/@vive),
(63

(d+1)2

. It comes
[Inal

Some optimization leads to the natural choice o = 2

QOO(GN7 f) < C(d)R ’ lna\ al/(d—‘,—l)al/(d+1+a)—1/(d+1).

: 1 1
Since 737 — griga < <

a 1
(d+1)2 = 2[Inal’

g1/ (@+1+0)=1/(@+1) < (=1/(2|mal) _ .3

we deduce

and this concludes the proof of point (7).
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Step 2. The case of exponential moment.
kI8 eMx‘B, we get the following bound on the

Using the elementary inequality z* < ()\Lﬁe)
k moment i

/B
MR < (50 ) T Maa(F),

1
and it implies with our notations ./Z;* < ()\Lﬁe)l/ﬁ(QK)l/k. Applying (2.18) with the
explicit formula for the constant C' and the notation a of the previous step, we get for any
0< v < d——}-l and k > ﬁ

C(d) k1/8
Qo (GN: f) <
(@7 f) < (A\Be)l/BA=1 —dk=1 —d—1

Here we cannot take the limit as kK — oo, but optimizing in k the second fraction of the
r.h.s, we choose k satisfying % —d—1= % and get the bound

C(d,B) 4d
2\L/B (fy—l —d— 1)1+1/ﬁ
(d+1)2

[Inal

KYk g,

Qoo (GN; f) < KYFa,

Still denoting a = % —d—-1= %d, the choice o = 2 leads this time to the bound

Q. (GN: f) < C)(\cli/,ﬁﬁ) K@D/ 2y g1+1/8 1/(@+1)

which concludes the proof. O

Remark 2.12. Inequality (2.18) in Theorem 2.4 says in particular that for any k > 0
and 0 < v < (d+ 1+ d/k)~! there exists a constant C := C(d,~,k) such that for any
f € P(E), there holds

1/k
(2.30) Qo (19N ) < ST

For such a tensor product probability measures framework, the above rate can be im-
proved in the following way.

Theorem 2.13 ([52, 10]). 1. For a moment weight exponent k > 0 and an exponent
() vy =7:=2+1/k)" whend =1,
(ii) v € (0,7.) with v, := (2+2/k)~! when d = 2,
(iii) v =7e = (d+d/k)~! when d >3,
there exists a finite constant C := C(d,~, k) such that (2.30) holds.
2. Moreover, for any moment weight exponents \,3 > 0, there exists a finite constant
C:=C(d,\ B, Mg(f)) such that
(2.31)
Qu(fo; ) < 0 P (n NP
N1/2 N1/d
On the one hand, using similar Hilbert norm arguments as those used in the proof of
Proposition 2.10 and inequality (2.18) in Theorem 2.4, the first point in Theorem 2.13 has
been proved in [52, Lemma 4.2(iii)] with however the restriction v € (0,v.) when d > 1.

Cifd=1,  Qu(f*N;f)<C if d > 2.

The optimal rate O(1/N@+/M™"Y in the critical case v = 7., d = 1, is not mentioned in
[52, Lemma 4.2(iii)] but follows from a careful but straightforward reading of the proof
of [52, Lemma 4.2(iii)]. The better rate obtained in Theorem 2.13 with respect to (2.30)
is due to the fact that for a tensor product measure one can work in the Hilbert space
H~% with s > d/2 rather than with s > (d + 1)/2 in the general case. The second point
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in Theorem 2.13 follows by adapting the proof of Corollary 2.11 to this tensor product
measures framework.

On the other hand, using matching techniques, it has been proved in [25, 10] that
(2.30) also holds true for the critical exponent 7. = 1/d in the compact support case
(or exponential moment with 3 = 1) when d > 3 and v, = (d + d/k)~! in the case
of finite moment of order k when d > 3. These last results thus slightly improve the
estimates available thanks to our Hilbert norms technique. It is worth mentioning that
the critical exponents are known to be optimal, see for instance [25, 4]. A natural question
is whether the rates in inequality (2.18) and in Corollary 2.11 may be improved using
similar arguments as in [25, 10].

We come to the proof of the last part of Theorem 2.4, which will be a consequence of
the following proposition

Proposition 2.14. For FN GV € Py, (EN), there holds
(2.32) Wi (EN,GN) = Wi (FN,GN).

PROOF OF PROPOSITION 2.14. We split the proof into two steps.
Step 1. A reformulation of the problem. Since we are dealing with symmetric probability
measures, it is natural to introduce the equivalence relation ~ in EV by saying that
X = (z1,...,2N),Y = (y1,...,yn) € EV are equivalent, we write X ~ Y, if there exists a
permutation o € Gy such that Y = X, 1= (25(1),- -+, To(n))-

We also introduce on EN the ”semi”-distance w;

(2.33) wi(X,Y) = inf dpn(X.Yo) = inf < Z dE (i, Yo
which only satisfies wi(X,Y) = 0 iff X ~ Y. We then introduce the associated MKW
functionnal WlJr For FN GN € Py, (EY),

wi(FN,GN) .= inf / wi (X, V)7V (dX,dY).
aNell(FN,GN) JENx EN

It is in fact a distance on the space of symmetric probability measures, but this point will

also be a consequence of our proof. It is a classical result (see for instance [67, Introduction.

Example: the discrete case|) that

(2.34) VX, Y € BN, Wi, ud) = wi(X,Y),

(shortly, it means than we do not need to split the small Dirac masses when we try to
optimize the transport between to empirical measures). We recall the notation py defined
in section 2.1 for the application that send a configuration to the associated empirical
measure : py(X) = u.

Remark that its associated push-forward mapping restricted to the symmetric proba-
bility measures

Py Py (EN) = P(Py(E)) C P(P(E)), GV — GN = Glpn,

is a bijection. Its inverse can be simply expressed thanks to a dual formulation: for
a € P(Pyn(E)), its inverse & = pp'« is the probability measure satisfying

N g = o(p)a
vee BN, [ et0ax) = [ sl
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where 3(p) = = Y vcsy P(Xo), for any given X such that p = p¥. Similarly, defining
P, (EN x EN) the subset of P(EY x EV) of probability measures which are invariant
under permutations on the first and second blocks of IV variables separately, we have that

Py Po (BN x BN) - P(Py(E) x Pn(E)), V7Y =xl(pn,pn),

is a bijection.
The identity (2.34) and the bijection py allows us to establish the identity

(2.35) vFNGN e P(EN), WTIFN,GN) =W (FN,GY).
Indeed, denoting Il s(FN,GN) = H(FY, GN) NP, o(EN, EY), we have
wi(FN,GNy = inf / w1 (X,Y) 7N (dX,dY)
) JENxEN

WNEHS,S(FNvGN

- .f Wi (py (X),pn (V) 7 (dX, dY
WNEHS}ﬂFN7GN)ANxEN 1(pN(X), pn(Y)) 7 (dX,dY)

inf / Wi(p,n) 7 (pn, pv) (dp, dn
WNEH&S(FNvGN) PN(E)XPN(E) ( ) #( )( )

- we Wip,m) #(dp, dn) = Wi (BN, GV,
#ET(FN ,GN) JP(E)xP(E)

where we have essentially used the invariance wi(X,Y) = wi(X,,Y;) for any 0,7 € Gy

and the fact that ﬁ%Q is a bijection.

Step 2. The equality Wf = Wi. The interest of the reformulation (2.35) is that we can
now work on one space: EV. Remark that since w1(X,Y) < dgn(X,Y), we always have

I/VlJr < W1, and the equality will hold only if one transference plan for Wf is concentrated
on the set

C:= {(X,Y) e EN x EN st. wi(X,Y) = inf dpn(X,Y,) :dEN(X,Y)}.
€6y

We choose an optimal transference plan 7 for WlT . For simplicity we will assume that 7
is symmetric, i.e. unchanged by the applications P, : (X,Y) — (X,,Y,) for any o € Gy.
If not, we replace it by its symmetrization % > o T# P> which will still be an optimal
transference plan of FV onto GV. Starting from 7, we will construct a transference plan
7 € I(FN,GYN) such that

- i) 7 is concentrated on C.

-ii) In[r] = [w(X,Y) m(dX,dY) = [w(X,Y) 7*(dX,dY) = In[r*]
Both properties imply then that

Wi (FN,GNy = / w(X,Y)n(dX,dY) = / w1 (X,Y) n*(dX,dY)
ENxEN ENxEN

= [ dm(Y)r@x.ay) = wiEN,eY)
ENxEN

which is the desired inequality.
We define 7* in the following way. First, we introduce for any X,Y € EV

Cxy = {Z€E"; Z~Y anddpn(X,Z) =wi(X,Y)} C EN
1 *
XYy = Nxoy Z 5(X,Z) € P(EN X EN% Nx.y = #Cx,y € N*.

ZeCx;y
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We note that Z € Cx.y iff Z ~ Y and (X,Z) € C, so that Supppx,y C C. It can be
shown that (X,Y’) — Nx.y is a borelian application (it takes finite values and its level
set are closed) and that EN x BN — P(EN x EN), (X,Y) = px.y is also borelian if

P(EN x EV) is endowed with the weak topology of measures. This allows us to define a
transference plan 7* by

* ::/ px.y m(dX,dY) € P(EN x EN),
ENxEN

or in other words, for any ¢ € Cy(EN x EV), we have

] 1
(m*,¢) = / N ) L BXLY) Sx,z)(dX',dY") 7N (dX,dY)
E XY ZeCry E

_ 1 7TN
_ /E S w(X, 2) 7V (@x,dy).

2N N .
XY pledy

It remains to proof that 7* satisfy the announced properties. Since px.y is supported in
C for any (X,Y) € EN x EN it is also the case for 7*. It is also not difficult to show that
the transport cost for wq is preserved. Indeed, we have

1
/ dpn (X',Y) 7 (dX',dY") = / > dpn(X,Z) | w(dX,dY)
EQN EQN NX;Y ZECX<Y

_ /Ew LS wxy) | mdx,ay)

Nx.
XY ZeCx.y

_ / wi(X,Y) w(dX,dY).
E2N
The fact that 7* has first marginal F'V is also clear since for any ¢ € Cy(E™Y)

/ (X)) 7 (dX',dY") = / !
2N pn \ Nx.y

:/ cp(X)w(dX,dY):/ o(X) FN(dX).
E2N EN

> e(X) | w(dX,dY)
ZeCx,y

For the second marginal, we shall use the following properties of Cx,y and Nx.y

V7 € 6N, Z,€ CXT;YT s 7€ CX;y, and thus NXT;YT = Nx;y.
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Thanks to the invariance by symmetry of 7 and GV, we can write for any ¢ € C,(EY)

1
[emraxay) = [ 5= ¥ e(2)| stx.ay)
EQN EQN XY
’ ZGCX;Y

1 1
-y /EQN T > o)) wx.ay)
TEGN

TaYT ZGCXT;YT

_ % 3 /E N LS w2 | wlax,ay)

Nx.
TEGN XY ZeCx.y

_ /Ew Nl S #(2) | w(dx,dv)

XY ZeCxyy
_ / F(Y) 7(dX, dY)
E2N
:/ @(Y)GN(dX)z/ p(Y) GN(dX),
E2N E2N

where we have introduced the symmetrization of ¢ defined by 3(Z) := 3 Y vesy P(Zo)

and we have used that ¢(Z) = ¢(Y) for any Z € Cx.y and the fact that GV is symmetric.
This concludes the proof. O

Putting together Proposition 2.14 and (2.30), we obtain the inequality (2.19) of Theo-
rem 2.4.

PROOF OF INEQUALITY (2.19) IN 2.4. We have
N (GY, ) = Qoo GV N = WGY, fEN) = Wi(GY, 6)
= (G F2N) = Wi (GN5)]
< WOV, 6p) = Qual(F2 f)

C My(f)"/*

S TN
where we have used the definition of Qp, Q4, the triangular inequality, Proposition 2.14
and (2.30). O

3. ENTROPY CHAOS AND FISHER INFORMATION CHAOS

In this section E C R? stands for an open set or the adherence of a open space (so that
the gradient of a function on E' is well defined).

3.1. Entropy chaos. The entropy of a probability measure on a compact subset of R?
with density fdxz is well defined by the formula [ fIn f. On a (possibly) unbounded set
FE, we have to be more careful because the entropy may not be defined for probability
measure decreasing too slowly at infinity. This is a well known issue, but we present here
a rigourous definition for probability measures F' € P(FE7) having a finite moment M), for
some k > 0. It will be usefull in the section 5 where we define the level 3 entropy and
Fisher information on P(P(FE)).

We emphasize that in the sequel we shall use the same notation F' for a probability
measure and its density F' dx with respect to the Lebesgue measure, when the last quantity
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exists. For any k > 0 and F € Pp(E’) N L', we define the (opposite of the Boltzmann’s)
entropy

(3.1) H;(F) = / F log F
Ei
_ / WF/GI) G+ / FlogGl (= HY(F)
E E
with GZJ(V) = c; exp(—|v1|¥ — ... — |vj|¥) € P(E7), ¢k chosen so that G; is a probability

measure, and h(s) := s logs — s+ 1. The RHS term is well defined in R U {400} as the
sum of a nonnegative term and a finite real number, and it can be checked than it is equals
to the middle term, which has thus a sense. Next, we extend the entropy functional to
any F € Pp(E7) by setting

(3.2) Hj(F):= sup {(F,(;S]) —H*(¢])} —|—/ F logGi (=: H(Z)(F))
¢;€CH(ET) E

where

H*(¢;) = /Ej h*(¢;) Gy

and where h*(t) := e’ —1 is the Legendre transform of h. Finally, we define the normalized
entropy functional H by

(3.3) VE € Py(E’)  H(F):= %Hj(F).

We start recalling without proof a very classical result concerning the entropy.

Lemma 3.1. Let us fix k > 0. The entropy functional Py(E) — R U {+o0}, p — H;(p)
is well defined by the expression (3.2) is convex and is l.s.c. for the following notion of
converging sequences: p, — p in the weak sense of measures in P(E) and (py, |v|™) is
bounded for some m > k (the same holds of course for H). Moreover, H;(F') does not
depend on the choice of k used in the expression (3.2),

H(F) zlogck—Mk(F) VFEPk(E),
and H(F) < oo iff F € L' |, F log F € LY(E), and then H(F) = HY(F).

We also recall the definition of the (non-normalized) relative entropy between two prob-
ability measures p and n of P(E7) :

(3.4) Hj(pln) = /Evln <Z—z> dp = /Ej(glnngl —g)dn

J

with g = g—f] if p is absolutely continuous with respect to n. If g is not defined, then

H;(p|n) := +o00. Th associated normalized quantity is simply H(p|n) := %Hj(p]n). The
relative entropy can also be defined using a dual formula similar to (3.2). Let us remark
that the relative entropy is defined without moment assumption since the quantity under

the last integral is positive. For a fixed 7 it has the same properties than the entropy.

We now give two elementary and well known results which are fundamental for the
analysis of the entropy defined on space product.

Lemma 3.2. On P,,(E’), m > 0, the entropy satisfies the identity
(3.5) VfePu(E)  H(f¥)=H(f).
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ProOOF OF LEMMA 3.2. If f € P,,(E) is a function such that H(f) < oo, then we may
use (3.1) as a definition and

H(f®7) = L ) f® log f®7 = E_f®j(v1,..-,vj) log f(v1) = H1(f)-

In the contrary, H(f) = oo and H;(f®7) = occ. O
Lemma 3.3. (i) For any functions f,g € L. (E) NP(E), m > 0, there holds

(3.6)  H(f) = /E Flogf > /E flogg, or H(flg) = /E £ log(f/g) > 0

with equality only if f =g a.e..
(ii) More generally, for any nonnegative functions f,g € LL (E), m > 0, there holds

/flogizFlogE, with F = /f, G:= /
E g G

(iii) A consequence of (i) is that if F € P(E7) has first marginal f with H(f) < 400, then
H(F) > H(f) with equality only if F = %7 a.e..

(iv) The entropy is superadditive: for any F € Py, (E™) N Py, (E™Y), 4,5 € N*, m > 0,

the following inequality holds

(3.7) Hij(Fiyj) > Hi(F;) + Hj(F}), (non-normalized entropy),

where Fy as usual stands for the £-th marginal of F'.

PROOF OF LEMMA 3.3. (i) To obtain the inequality, write H(f|g) = [ h(f/g)f and use

the fact that h(s) = slogs — s+ 1 is a non-negative function. Next there is equality only

if h(f/g) =0 a.e. on {f > 0}. Since h vanishes only at s = 1, it means that f = g a.e. on
{f > 0}. From the fact that [ f = [ g =1, we obtain the claimed equality.

(ii) We write
/flog—— /f/Fl /fl

the first term is nonnegative thanks to (3.6) and the second term is the one which appears
on the RHS of the claimed inequality.

(iii) We use the first inequality (3.6) on E’ with F and f®J
H(F) = 1/ FlogF>2 [ Flogf® = F(V)log f(v1)dV = H(f).
J JEi J JEI Ei
Using again the point i), we see that equality can occurs only if F' = f®J a.e..
(iv) Denote hy := Hy(Fy). If hiyj = +oo there is nothing to prove. Otherwise, we have
hit+j < oo which in turn implies F € L'(E"™), then F; € L'(E"), F; € L*(E7), so that
the entropy may be defined thanks to (3.1). In RU {—oc}, we compute

hivj —hi—h; = / Fiyjlog Fiyj
Ei+i
— Fiyjlog Fi(vy,..,v;) — Fiyjlog Fj(vig1, -, Vigs)
Eiti Eiti
= _ _Fi—i-jlogFi—i-j_/_ Fitjlog F; @ Fj > 0,
Eiti Eiti
thanks to (3.6). O

Our first result shows that entropy chaos is a stronger notion than Kac’s chaos.
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Theorem 3.4 (Entropy and chaos). Consider (GV) a sequence of Psym(E™N) such that
(G |v|™) < a for some m,a >0 and f € P(E).

1) If Gév — Fj weakly in P(E7) for some given j > 1, then
(3.8) H(F;) < liminf H(G").
In particular, when (GN) is f-Kac’s chaotic, (3.8) holds for any j > 1 with Fj = %I,
2) On the other way round, if (GN) is f-entropy chaotic, then (GV) is f-Kac’s chaotic.
PROOF OF THEOREM 3.4. Step 1. For any N > j we introduce the Euclidian decompo-
sition N =nj+r, 0 <r <j—1, exactly as in the proof of Propsoition 2.6. Iterating n
times the superadditivity inequality (3.7) we have

Hy(FY) 2 n Hy(F]Y) + H(EY),

with the convention H(FN) = 0 when r = 0. We get (3.8) by passing to the limit in
that inequality using that H is Ls.c. and that H(FY) is bounded by below thanks to
Lemma 3.1 and the condition on the moment.

Step 2. We assume that (GV) is f-entropy chaotic, that is

GY — f weakly in P(E) and H(GY)— H(f) < cc.
Let us fix j > 1. The sequence (ij) being bounded in P, (E?), there exists F; € P(EY)
and a subsequence (G') such that Gé»v " — Fj weakly in P(E7). Thanks to step 1, we

have
H(F;) <liminf H(GY') < liminf H(GN) = H(f) = H(f®).
Since the first marginal of F} is (F}); = limy_, 00 GI¥ = f, the third poind of Lemma 3.3

gives that F; = f® a.e.. As a conclusion and because we have identified the limit, we
have proved that the all sequence (ij ) weakly converges to f©7. U

3.2. Fisher chaos. We now establish similar results for the Fisher information func-
tional. For an arbitrary probability measure G € P(E7), we define the normalized Fisher
information by

VG / 2 : L,1( i
1 — = VInG)*G e RU{+ tGe W (E7),
sy @ =] [ 56 = [ Ivmo oo} i ()
+00 if G ¢ Whi(EY),
For G € P(E7), we also give an alternative definition
2
(3.10) IJ(-Q)(G) = sup (G, Wl divyp) € RU {+o0}.

peCH(Bi)d 4

Lemma 3.5. For all j € N, the identity I](l) = ](2) holds on P(E?), and we simply denoted

by I; the usual (non-normalized) Fisher information and by I = gt I; the normalized
Fisher information. The functionals I; and I are proper, convex, l.s.c. (in the sense of
the weak convergence of measures) on P(E7).

ProOOF OF LEMMA 3.5. For the sake of simplicity, we only deal with the case j = 1. We
split the proof into two steps.

Step 1. Assume that f € Wbl Since for all 1 € C}(E)?

WP _
A

2
Vinf|> = Vinf-¢+ Vlnf—% >0,
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we have
2
1) = [1vmgerz [ (vmgoe- 0 1
E EJ
For any sequence (1,,) of smooth functions approximating Vln f = Tf’ we obtain that
1 . Wn\Q
() = lim | (Vinfovn === ) f
2
= sup /(Vlfzp |¢|>f
peC (Biydi JE
!1/1\2 3
(3.11) = sup / Vf-—f— =: I()(f).
peCl(B)4 JE

The remaining equality I® = I® is just a simple integration by parts. Remark that
maximizing sequences (1,,) must converge (up to some subsequence) pointwise to 2V In f
a.e. on {f # 0}. We shall use that point in the sequel.
We also remark that this reformulation 1) is also exactly the one 0b2tained when using
10|

the general Fenchel-Moreau theorem on the convex function (a,b) — =~ (which is used in
the integral defining I(M).
Step 2. It remains to check that the equality IV = I® is also true on P(E)\W1(E).
In other words that if f ¢ WUL(E) then I®(f) = 4oo. In what follows, we prove
the contraposition : I®(f) < +oo implies f € WHH(E). Once it will be done, we will
have I(Y) = I everywhere, from what follows that I is Ls.c. in the sense of the weak
convergence of measures.

Consider f € P(E) and assume I?)(f) < co. We deduce that for any 1 € C}(R?) and
any t € R

_p ¥t @)
[ 117 vl < 1907),

so that by optimizing in ¢ € R and using that f € P(E), we get

2
Vo € ChmIS <a1(g) [ 55 < 100 ol

That inequality implies f € BV (E) and ||V f|lryv < /1@ (f). Using that f € BV(E) and
making an integration by part in the definition of I®(f), we find

¢2
1= s [ (viow- T =10,
peCl ()4 J B 4

Now, for any compact subset K C E with zero Lebesgue measure, we may find a sequence
Y. € CHRYY such that 0 < 4. < 1,9. =1 on K and ¥. — 1k a.e., so that for any ¢ > 0
and using that f € BV(E) C L'(E), we get

t2 ¢€

¢ [ Vo <timint [ (95100 12 5 <10,

Passing to the limit ¢ — oo, we deduce that V f vanishes on K, which precisely means
that Vf is a measurable function. We have proved f € Wh1(R9). O
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Similarly, we define for two measures p and 7 on E’ their (non-normalized) relative
Fisher information I(p|n) by

[Vgl? dp|?
3.12 Li(p|ln ::/ ——dn = Vin—| dp,
3.12) o = [ 8y~ [ |om
where g = Z—Z if p is absolutely continuous with respect to n. If not, I;(p|n) := +oc.

The associated normalized quantity is simply I(p|n) := %Ij(pm). For a fixed 7, the
relative Fisher information has roughly the same properties than the Fisher information.
In particular, if  as a derivable density, we have the equality

\Y ) 2

(3.13) Ii(pln) = sup / (—w-—n —divey - %) dp.
pECy (B7)%4 JRI U

Lemma 3.6. For any f € P(E) there holds I(f®7) = I(f).

PROOF OF LEMMA 3.6. If I(f) < oo then f € WLH(E) and also f® € WL(EJ). The
following computation is then meaningful

o 2 2 ,
1y = [ BELL o [ B g o0 = 1)
Since I;(f®7) < oo implies f&/ € WH1(E7) and then f € WH(E), we also have I;(f€7)
GIf) i I(f) = oo

Lemma 3.7. For any F € Psy,(E7) and 1 < € < j, then holds

(i) I(Fy) < I(F).

(ii) The Fisher information is super-additive. It means that

(3.14) I;i(F) > 1)(Fp) + Ij—¢(Fj—¢), (non-normalized Fisher information),

with in the case Io(Fy) + I;—¢(Fj—y) < +0o equality only if F = Fy @ F;_y.
(iii) If I(Fy) < 400, the equality I1(Fy) = I(F) holds only if F = (F})®7.

ol

PrOOF OF LEMMA 3.7. We give two proofs of (i), each one laying on one of the two
equivalent definitions of 1.

Proof 1. If I(F) = +oo the conclusion is clear. Otherwise, we have I(F) < oo and then
F € WHY(EJ). We are then able to perform the following computation

1 |VE? / V1 F|? /
I(F) = = - - F,V,F).
(F) j/Ej = [ = [ wrvi)

Thanks to the equivalent definition I®) of the Fisher information, we have

2
I(F) =  sup /_(w-vlF—F%>
ECy (B JE
, 15—¢|2
> sup / (¢®17*£-V1F—FM>
peCy (B0 JBi 4
2
= sup / (v-ViF - R %) = I(Fy).
wecb(EZ)dZ E¢

The superadditivity. The first proof of that result seems to be the one by Carlen in [16,
Theorem 3]. We sketch now another proof that uses the third formulation I3, We recall
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that in the definition of I](.3) (F') the supremum is taken over the ¥ = (91, ...,1;), with all
i+ B9 — R% We now restrict the supremum over the 1 such that:
- The / first 1); depend only on (z1,...,x,), with the notation ¢ = (1, ..., ).
- The (j—£) last ¥; depend only on (2411, ..., x;), with the notation 97 =¢ = (¥py1,...,1;).
We then have the inequality

s o e LA

L) 2 swp [ (9! 9w -

Pl it
£|2
= sup / [V fe- o' = fo —W4’ ]
weecg(Ee)Zd E¢

[
T

+ sup /Ejz IV fie- 7™ = fie

W*ZGCI}(EJ'*Z)U—“W
= L(F) + I-e(Fj—0)
If the inequality is an equality, we use the remark made at the end of Step 1 in the proof

of Lemma 3.5 : Maximizing sequences ¢!, and W‘L—e for respectively I, (resp. I;_;) should
converge pointwise towards 2V 1In f; (resp. 2V 1In f;_s) up to some subsequence, a.e. on

{fe # 0} (vesp. {fj—¢ # 0}). If we have equality, we also must have (1%, Wi = 2Vingf
on {f # 0}, a set that is included in {f, # 0} x {fj—¢ # 0} and thus

Vinf = (Vinf,Vin fj—¢) =VIn(fe ® fj-e),

which implies the claimed equality since f and f, ® f;j_; are probability measures.

The case of equality iii). Using recursively the superadditivity in that particular case, we
get with the notation F} = f

ji—1 1 ji—2 2
I(f)=1(F) = TI(Fj71)+ ;I(f) > TI(F]'*2)+ ;I(f) > > I(f).
Therefore, all the inequalities are equalities. We obtain that

F=F.@f=F20fef=..=[f%,
by applying recursively the case of equality in (3.14). O

It is well-known that for (f,) a sequence of P(F), the conditions
fn — f weakly in P(E), My(f,) bounded, k£ >0, and I(f,) <C

imply that H(f,) — H(f). A natural question is whether a similar result holds for a
sequence (FV) in P(E"). Before answering affirmatively to that question, we establish a
normalized non-relative HWT inequality for a large class of sets E C R?. It is a variant of
the famous HWI inequality of Otto-Villani that will be the cornerstone of the argument.
Let us mention that its good behaviour in any dimension is of particular importance here.

Proposition 3.8. Assume that E C R? is a bi-Lipschitz volume preserving deformation
of a convex set of R%, d > 1: there exists a convex subset By C R% and a bi-lipschitz
diffeomorphism T : Ey — E which preserves the volume (i.e. its Jacobian is always equals
to 1). Then, the normalized non relative HWI inequality holds in E: there exists a constant
Cg € [1,00) such that

(3.15) VFN, GN e Py(EYN)  H(FN) < H(GN) 4+ CpWo(FN,GN)\/I(FN).



CHAOS 33

More precisely, the above inequality holds with Cgp = |[|[VT|loo [VT s where
[VT oo 1= sup,cg supjp,<1 VT (v) hla.

Before going to the proof, remark that the class of set £ which are bi-Lipschitz volume
preserving deformation of convex set is rather large. For instance, it is shown in [30,
Theorem 5.4] that any star-shaped bounded domain with Lipschitz boundary (and some
additional assumptions) is in the previously mentioned class.

PrROOF OF PROPOSITION 3.8. We proceed in three steps.

Step 1. E =R%. Let us first recall the famous HWT inequality of Otto-Villani. Consider
p = e V@ dz a probability measure on RP such that D2V > 0. For any probability
measures fo, f1 € Po(RP), there holds

(3.16) Hp(folp) < Hp(filp) + Wa(fo, f1) V' Ip(folp),

where Hp and Ip stand for the non normalized relative entropy and relative Fisher in-
formation defined in (3.4) and (3.12) respectively, and W, stands for the non normalized
quadratic MKW distance in R” based on the usual Euclidian norm |V| = (Zil || 2)1/2
for any V = (v1,..,vp) € RP. Inequality (3.16) has been proved in [57], see also
[67, 68, 56, 9, 22]. We easily deduce the “non relative” inequality (3.15) from the “relative”
inequality (3.16). In order to do so, we simply apply the HWI inequality (3.16) in R,
D = dN, with respect to the Gaussian v, (v) := (2rA)2/2e="*/2A and we get

Hp(FN|yy) < Hp(GN ) + Wa(FN,GN)\/Ip(FN|y).

We write the relative entropy and the relative Fisher information in terms of the non-
relative ones, and we get

N
Hp(FN|y) = Hp(FY) - / FNu(y,) = Hp(FN) + glog(%)\) + %ﬁ“)
) = [FYTEY 43 =10 + 3 [0 v+
- <fo>—@+M§<2f0>.

Inserting this in the relative HWI inequality, simplifying the terms involving log(2m\),
letting A — +o0 and dividing the resulting limit by N, we obtain the claimed result.
Step 2. E C R? is convex. The proof is the same as in the case E = R? using that the
HWI inequality (3.16) holds in a convex set. We have no precise reference for that last
result but all the necessary arguments can be find in [68]. More precisely, [68, Chapter 20]
explains that the HWI inequality (3.16) holds when the entropy is displacement convex,
while it is proved in [68, Chapters 16 and 17] that the entropy on a convex set F is
displacement convex, exactly as on R,
Step 3. General case. ~We choose two absolutely continuous probability measures FV
and GV on EV, and defined the corresponding probability measures F{¥ and G on EYY
by

FN(i,...,on) == FN(T(v1),...,T(vn)) = FN o T®N(V),
and the same formula for G¥'. Tt can be checked that Vo, FY = T (v;)Vy, FNoT®N so
that |V, F{V| < VT |l Vo, FY o T®N|. Turning to Fisher information, it comes

N |“1N|2 vV <|VT|% [VEN o TEN? V = IVTI2 I(FN
= < _— =
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where we have used the fact that T' preserves the volume.
For the MKW distance, remark that [(T~1)®N(V)— (T~ HEN (V)| < |[VT 7w [V =V).
Therefore,

Wo(FN,GN)? = Enlgf L om /|V V> 7 (dV,dV")
™ 1
_ £ T HEN V2 x(dV,dV’
ot [T ) = R vy

< VT4 m]gGN/yv V| w(dV,dV")
Tell(F

= VT Wa(FY,GY)2
For the entropy, the preservation of volume ensures the equality H(F}¥) = H(F"), and

a similar one for G. Finally, using the HWI inequality in F; proved in step 2 and the
above properties, we get

H(FY) = H(FY) < H(GY) + 1/ I(F) Wa(F", GT)
< H(GY) + VT oo VT Hloo A/ L(EN) Wa(FN, GV),

which is exactly the claimed result. U
Let us finally prove now our main result Theorem 1.4 which is a consequence of the
characterization of the Kac’s chaos in Theorem 2.4 together with Proposition 3.8.

PROOF OF THEOREM 1.4. We recall that the implication (iii) = (iv) has been yet proven
in Theorem 3.4. We split the proof into two steps.

Step 1. (i) = (ii). Fix a j € N, there exists a subsequence of (GV), still denoted by
(GY), and some compatible and symmetric probability measures F; € P(E7), such that
G;V — Fj weakly in P(E7). In particular F} = f. As a consequence of Lemma 3.5 and
Lemma 3.7 point (i), we have

I(f) < I(Fy) < liminf I(G}') < liminf I(GY) = I(f).

Using now the third point of Lemma 3.7 we deduce F; = f®/. The uniqueness of the limit
implies that the whole sequence GV is in fact f-Kac’s chaotic.

Step 2. (ii)) = (iii).  We write twice the normalized non relative HWI inequality of
Proposition 3.8, and get

H(GN) = H(f*Y)| < CpWa(GN, 1) (\JIGN) + 1/ 1(£5Y)).
Using the previous inequalities together with the inequality of the Lemma 2.2
WGV, V) < Cp 2t [My(GY) + M (D) F W GV, o)1k
we get (1.8) since My(f) < sup My(GY) and I(f) <supI(GV) . O

4. PROBABILITIES ON THE “KAC’S SPHERES”

We generalize the preceding two sections to the important case of probability measures
on the “Kac’s spheres”. We refer to [19] where similar results are obtained to the (even
more important) case of probability measures on the “Boltzmann’s spheres”.
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4.1. On uniform probability measures on the Kac’s spheres as N — oo.

Definition 4.1. For any N € N* and r > 0, we denote by o™ the uniform probability
measure of RN carried by the sphere SN~1 defined by

SN=L.— (v eRY; V]2 =+%).

We define o € P(EN), E = R, the sequence ¥ := oNVN of probability measures
uniform on the Kac’s spheres

KSy = SN i={V eRY; |V]> = N},

N
We begin with a classical and elementary lemma that we will use several time in the

sequel.

Lemma 4.2. (i) For any 1 <{ < N — 1, there holds
N ’VP)

g 1 _—

V)= (1-75

where we recall that |S¥Y| = 27%/2 /T (k/2).

(ii) For any fived £, the sequence (oY )n>n, is bounded in L™ (with Ny = £ +4), in H®
for any s > 0 (with Ny = N (¢, k) large enough) and the exponential moment M2,1/4(O'{V)
defined in (2.27) is bounded (uniformly in N ).

(i4i) For any function ¢ € Co(RN), anyr >0 and 1 <€ < N — 1, there holds

N72272 ’S{V—K—l ‘

v NS

|SN7€71 |

7’2— 2 _
[ evvnds¥ vy = [ SRS [ vy e v v,
S2 B(r) | r | S 2 v2

where V€ R and V' € RN=L. This precisely means that
N n _ N N—¢
oM (dV,dV") = o, (dV) O'\/m(

PROOF OF LEMMA 4.2. (i) One possible definition of o™ is

1 1 N(y. N.
W}‘%E (lBN(r+h) - lBN(r—f—h))a B7(p) :={V eR"; [V] < p},

av’).

oV .

where the surface V=1 |SN =1 of the Sphere SN~! stands for the normalization constant
such that o™V'" is a probability measure. For any ¢ € Cy(E*), 1 < ¢ < N — 1, we compute

<lB(p)7 ©® 1Nf€> — /RZ 1\V|2§p2 (p(V) { /RN—Z 1$§+1+---+ﬂ3?\r§/’2_|v|2 dxpyq ... dmN} dv
Nt
= [N VT v,
where w® = |B¥(1)| is the volume of the unit ball of R¥. We deduce

I d | N2 2N W0 0Ny
- g VR = S e - v

or ()

We conclude using the relation |S¥~1 = kw*.

(ii) The estimates on o) are deduced from its explicit expression after some tedious

but easy calculations. We only prove the last one which will be a key argument in the
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proof of the accurate rate of chaoticity in Theorem 1.5. For any k& > 1 and introducing
= (N —4)/2, we easily estimate

2%k N PN
o d == d
/2 [01]™ 03’ (dv) o / |01 ) v

2. N—4

/O\F K“(l %)Tdr
Nkﬂ/olsk <1—s>nds.

Thanks to k + 1 integrations by parts, we deduce

1
/ 01| o) (dv) < NFH / (1—2)kz2"dz
R2 0

IN

1
— Nk+1 k /(1_Z)k1 ZnJrld,U
n—l—l 0
ok 2 1 1
N n+l " n+k—1n+kn+k+1’
and then
=1
2
/e” MolNw)ydv < k/ [v1|?* o (dv)
R2 — k'4

w1 (2n + 4)FH1
- ZZ’“(n—i—l)...(n—i—k—i—l)

(iii) We come back to the proof of (i). We set m = ¢ and n = N — ¢ and we write

BN (r+h) BN(r)
et 1 R L [y
= m — ©p — ¥
ZNy h=0 T | Jjo|<rtn J o' | <o /irrh) =10l lol<r J o/ | < /R =0l
[.1 o)
ZN?"hHO h [ lo|<r Jv'|< r+h2 \0\2 [v|<r J]v'|< r2 |v|2

= lim — / / ¥
Zthaoh <|v|<r+h J [V |<y/(r+h)2—[v]?

N,r

1
(V) = lim

N
=
>
1
o
S

_|_

1
/ lim — / p— / wl.
INr Jpp b0 B | g foep=pe?) - S/
We invert the integral and the limit on the last line using dominated convergence, since

the integral on v’ are bounded by ||¢]|co/+/72 — |v|2. The first term is bounded (for any
0<h<r)by

1 1
iny 1 / ol < Cws gl lim Vi =0,
ZNT‘ h—0 h S‘U‘Sr"’h ‘U"S\/?ﬂ‘h " h—0
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and the second term converges to

7z s
/Bm(r) nZTQnW /S”l P00 Aol V)
’ VrZ—jv|2
which is exactly the claimed identity. O
Let us recall the following classical result.

Theorem 4.3. The sequence o is ~v-chaotic, where ~ still stands for the gaussian dis-

tribution (dz) = (2r) Y2 e=**/2dx on R, and more precisely

+3

(4.1) Haév_'Y(WHLl < zm

pour tout 1</l < N —4.

The fact that oV is y-chaotic is sometime called “Poincaré’s Lemma”. In fact, it should
go back to Mehler [48] in 1866. Anyway, we refer to [24, 17] for a bibliographic discussion
about this important result, and to [24] for a proof of estimate (4.1). We give now a
different quantitative version of the “Poincaré’s Lemma”.

Theorem 4.4. There exists a numerical constant C' € (0,00) such that

C
(4.2) QN(JN§’Y) = WI(JNVY@)N) < ﬁ
Remark 4.5. [t is worth observing that it is not clear that one can deduce (4.2) from
(4.1) or that the reverse implication holds. In particular, using (4.1) and Theorem 2.4 we
obtain an estimate on Wy (o™, v®N) which is weaker than (4.2).

PROOF OF THEOREM 4.4. There is a simple transport map from vV onto ¢ which
is given by the radial projection P : V % with the notation |V = (N71Y; Ju;|F)1/k
for any k > 0 for the normalized distance of order k. The fact it is an admissible map
comes from the invariance by rotation of ¥®Y and ¢¥. Is it optimal? It is not obvious
because P(V) is not necessary the point of XSy wich is the closest to V € RY, for the |-|;
distance (for which it costs less to displace in the direction of the axis). However, it may
still be optimal for rotationnal symmetry reasons, but it is less obvious. Nevertheless, it

will be sufficient for our estimate. Since,

P(V) =Vl = |z = 1] IV

1
V2
we get as all our distances are normalized

WiV, oY) < / P(V) — Viy®N(dv)
RN

_ /RN |k = 1| VEa®Y (av)

+o00 N-—1
_ VN N _—R?/2 ‘S ‘ N1
</0 ‘VR 1(3 e dR) o | Jys V| do™1

Using that |V|; < |V|2 because of the normalization, we may bound the last integral by

/ \V!ldaNg/ V|pdo™N = N~1/2.
sN-1 sN-1
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Remark that this integral is also equal to ﬁMl (oV) which can be explicited thanks to

the formula for oV of Lemma 4.2. Using this in the previous inequality and performing
the change of variable R = VNR , we get

SN_1| +oo )
Wi (&N, o) < |7/ VN — R|RN "t B /124pR
1('7 ) — \/N(QW)N/Q 0 ’ ‘
N
|SN_1|N5 /+OO 1 p\N—-1_—NR?/2 1p/
—_— 1-R|(R dR'.
(27T)N/2 0 | |( ) €
We can simplify the prefactor, using the formula for |[SV~!| and Stirling’s formula
|SN-1 NE N?
(2m)N/2 o F(%)QN/Z—l
\/NGN/Q
= ——[1 1/N)].
1+ 0(1/)
Turning back to the transportation cost, we get
N 400 N—-1
Wi (@Y, o) < e\/_[1 + O(l/N)]/ (Re<1—R2>/2) e~7*/2|]1 — R|dR.
VT 0
After studying the function g(r) = re(l_r2)/2, we remark that it is strictly increasing form

0 to 1, then strictly decreasing from 1 to 400, that its maximum in 1 is 1, and that
g(1+¢)=1—-¢%+0(3). We shall also use the less sharp but exact bound

82

1
g(l—i—g)gl—z, forse[—i,\/i—l].

1/2 +o00
We can now cut the previous integral in three parts / + / + / . We bound the
0 /2

1/2 1
1\N—-1
/ . < 59 (5) s
0
and the third part by

+oo +oo
/ o< g(\/E)N_l/ ey dr = g(vV/2)N=te L,
V2

first part by

V2
For the last part, we perform the change of variable r =1+ u/ V/N. It comes
V2 (V2-1)VN N-1
/ o= / 1 + \/_u_) lufe~u/VE-u2/2N gy,
1/2 VN/2 N
(V2-1)VN S\ N—1
< — L u| du
/\/_/2 4N> lu
er 1L2
< o) [ e
< Zarow )
- N

Putting all together, we finally get

Wi(y*V, o) < —=(1+O(N1)) + CVNAY,

B
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with A = max(g(v/2), g(1/2)) < 0.86. This implies the claimed inequality. O

PRrROOF OF (1.9) IN THEOREM 1.5. The proof of the last estimate in (1.9) follows from
(4.2) and Lemma 4.2-(ii) together with (2.29). O

4.2. Conditioned tensor products on the Kac’s spheres. We begin with a sharp
version of local central limit theorem (local CLT) or Berry-Esseen type theorem which
will be the cornerstone argument in this section.

Theorem 4.6. Consider g € P3(RP) N LP(RP), p € (1,00], such that

(4.3) /RD z g(z)dx =0, /RD z®xg(r)dr = Id, /RD |z|? g(x) de =: Ms.

We define the iterated and renormalized convolution by

(1.0 ov(@) = VN ¢ (VI 2)

There exists an integer N(p) and a constant Cpr = C(p, k, M3(g), |lg|lr) such that

Cpr
(4.5) VN>N(p) gy =7z~ < N
Remark 4.7. Theorem 4.6 is a sharper but less general version of [17, Proposition 26].
The proof follows the proof of [17, Proposition 26] and uses an argument from [17, Propo-
sition 26], see also [43]. The first local CLT have been established in the pioneer works
by A. C. Berry [7] and C.-G. Esseen [28] who proved the convergence in O(1/v/N) uni-
formly on the distribution fonction in dimension D = 1, see for instance [29, Theorem
5.1, Chapter XVI|. Since that time, many variants of the local CLT have been established
corresponding to different reqularity assumption made on the probability measure g, we
refer the interested reader to the recent works [59], [8], [3] and the references therein.

The proof of Theorem 4.6 use the following technical lemma which proof is postponed
after the proof of the Theorem.

Lemma 4.8. (i) Consider g € P3(RP) satisfying (4.3). There exists 6 € (0,1) such that
vEEB(0,0) (9O < e

(1) Consider g & P(RD) N LP(RD); p € (1,00]. For any 6 > 0 there exists k =
k(Ms(g),|lg|lzr,0) € (0,1) such that

(4.6) sup [g(§)] < #(0).
g6

PROOF OF THEOREM 4.6. We follow closely the proof of [17, Theorem 27] which is more
general but less precise, and we use a trick that we found in the proof of [33, Theorem 1].
We observe that

an (&) = @E/VNYN, A = AE/VN)N.

Because g € L'NLP, the Hausdorf-Young inequality implies § € LP' N L™ with p/ € [1,00),
and then g (€) = (§(¢/vV/N))N € L' for any N > p/. As a consequence we may write

lgn (z) = ()| = (2m)"

[ ax© -5y ds‘ <0 [ 1oy —lde
RD RD
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We split the above integral between low and high frequencies

low — e < / x| dé + / 151 de
|€|>VN § |€|>V/N &
—|—/ lgn — A d€ (= Ty + T+ T3).
|€|<VN &

For the first term, we have

e /2 A VN
no< [ g<—)' de =N [ g an
' e>vms |- \VN In|>5

N—p'
< <sup rmmr) N2 / g ()P dn
|n|>6 >4

< w&(ONTNCy gl

with § € (0, 1) given by point (i) of Lemma 4.8, k(d) given by point (ii) of Lemma 4.8 and
N > p'. The second term may be estimated in the same way, and we clearly obtain that
there exists a constant Cy = C1(D, p, ||g||z») such that

(47) T+ 15 < &

VN

Concerning the third term, we write

98 (&) = AN (O] (.13
T3 = d
3 /|§|§\/N5 |£|3 |£| 5’

with
an(© i@l 1 [V A/ V)|
GE - N32 €/V/N 3
1 [iEVE) = AV
R €/VNP
N—-1
X |3 9E/ VN A(E/VN)N TR
k=0

Estimate (i) of Lemma 4.8 implies

N-1
> G(E/VN)FAg/ VNN R
k=0
N-1 2 2 2 2
< e_‘f_‘ke_‘Q&(N_k_l) < Ne_% % < Ne_%
k=0
We deduce
1 19(n) —W(n)l) / _le? s
T3 = —— |sup—=t——"— Ne s d
s = o (o) L <[ ae
1
<

~i73 (Ma(g) + M3()) Ca-

We conclude by gathering the estimates on each term. O
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Proor orF LEMMA 4.8. Thanks to a Taylor expansion, we have

2
9(§) = 1- 5 T O(M3(g) ¢I)
£2 1 2

@6 = 1= HOM),  wle) = oo

from which we deduce that there exists 6 = 6(M3(g)) € (0,1) small enough such that
. 3 . . g2
VEEBs (96 <126 <a(), @(E) = et
That is nothing but (i). On the other hand, (ii) is a consequence of [17, Proposition 26,
(iii)]. O
For a given “smooth enough” probability measure f € P(FE), E = R, we define

&N
_ @N ; Ny / o f Nr_ ZN(r)
Zn(r) = /SN—I(r)f do™", Zn(r) = /SN—I(r) —7®N do™" = SN ()’

We give a sharp estimate on the asymptotic behavior of Zj; as N — oo.

Theorem 4.9. Consider f € Pg(R) N LP(R), p € (1, 00|, satisfying
(4.8) / fvdv =0,
R
and define
1/2
(4.9) E = / f v dv, Y= </ (v? — E)? f(v) dv) .
R R
Then Zn(r), Z(r) are well defined for all ¥ > 0 and there holds with the above notations

r? — 2 r
(4.10) Z(r) an(r?) = g an(N) <exp{ - (%) } + R&WN))

where

an(s) = 52

As a particular case, there holds

£l

M

lef

(4.11) Zly = ZN(VEN) = g (1 + 0<N—%>> .

PROOF OF THEOREM 4.9. We follow the proof of [17, Theorem 14] but using the sharper
estimate proved in Theorem 4.6 (instead of [17, Theorem 27]).

Before going on, let us remark that it is not obvious that Zy(f;7) is well defined for
all » > 0 under our assumption on f which is not necessarily continuous, since we are
restricting f®V to surfaces of RY. But, in fact the product structure of f®V make it
possible. To see this, take f and g two measurable functions equal almost everywhere,
and call NV the negligible set on which they differ. Then the tensor products f®V and
g®N differs only on the negligible set N' = U; R®(—1) x &/ x REWV=9)_ Tt is not difficult
to see that because of the particular structure of A, the intersection of N'N SN~1 is also
oN-negligible for all 7 > 0. Therefore f®V and g®V are equals o¥-almost everywhere on
SN=1 and there is no ambiguity in the definition of Zy(f,r) for all » > 0.
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We now define the law g of v? under f
1
(412) ) = 5= (F(V) + F(=Vi) Luso

remarking that A € P3(R) N LY(R) with ¢ > 1 as it has been shown in the proof of [17,
Theorem 14]. Consider (V;) is a sequence of random variables which is i.i.d. according to
f. On the one hand, the law sy(du) of the random variable

N
Sn =YVl
j=1

can be computed by writing

Bosx) = [ et ([ e an)) ar

= [ etisy s ([ LY Nt

which implies

1
sn(du) = |V w2 (Va).

On the other hand, we have sy = h*N). Gathering these two identities, we get
1 aN/2 e~ /2
h(*N) 2 —_ = SN—l N-2 7 — N-2 Z/
(T ) 2 | 1 |T N(T) F(N/2) r N(T) (27T)N/2

an(r®) Zy(r)
I'(N/2) 2N/2°
Let us define g(u) := X h(E + X u), so that g € P3(R) N LY(R) and

/ 9(y)y dy =0, / 9(y) lyl* dy = 1.
R R
Applying Theorem 4.6 to g and using the identity ¢ON)(u) = SAUN(N E 4+ Su), we
obtain
2
h(*N)(’r2)— 1 ’y<’l" —NE> CBE’
VNY VNY J| 7 NZ

where Cpg is the constant given in Theorem 4.6 and associated to g. Gathering the
Stirling formula

(4.15) L(N/2) = VAN an(N) 275+ (14 0(N712))
with (4.13), (4.14), we obtain

(4.13) =

(4.14) sup
r>0

2\ 71 2 2
Vr >0 an(r®)Zy(r) B 1 exp <7° NE) 2| < CBE.
VN ayn(N)2(1+O(N-1/2)  VNV2r VN NY
Estimate (4.10) readily follows. O

For a given f € Pg(R) N LP(R), p > 1, we define the corresponding sequence of
“conditioned product measures” (according to the Kac’s spheres KSy), we write F'V :=

[f®N] sy, by
1

4.16 FN .= — —  fONN
(4.16) ZN(f;\/N)f
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We show that (F'V) is well defined for N large enough and is f-chaotic.

Theorem 4.10. Consider f € Pg(R) N LP(R), p > 1, satisfying

(4.17) /Rfvdv:O and /Rfvzdvzl.

The sequence (FN) of corresponding conditioned product measure is f-chaotic, more pre-
cisely

O (FN ) N oty o LN e 0_52
(5L f) = Wi, f )52“Fz F¥h < ;

2

for some constant C = C(f) € (0, 00).

Remark 4.11. The f-Kac’s chaoticity property of the sequence FYN = [f*N]|s, is stated
and proved for smooth densities f in the seminal article by M. Kac [39]. Next, the same
chaoticity property is proved with large generality (on f) in [17]. Theorem 4.10 is a
“quantified” version of [17, Theorems 4 & 9] and [39, paragraph 5.

Proor oF THEOREM 4.10. As in Theorem 4.9, it is not obvious that F is well
defined under our assumption on f which is not necessarily continuous, since we are
restricting f®V to a surface of RY. But the argument given at the beginning of the proof
of Theorem 4.9 shows in fact that the restriction of f&V to KSy is unambiguously defined.
Since, Theorem 4.9 implies that Zy(f,v/N) is finite and non zero for N large enough, we
deduce that FV is well defined for N large enough.

Let us fix £ > 1 and N > £+ 1. Denoting V = (V4,V, n), with Vi = (vj)i<j<es
Vi.n = (vj)e+1<j<n, we write thanks to the equality (iii) of Lemma 4.2

®e QN4
Poan = (£) o) ST (L) ) o VT i) o ) v
N

so that, coming back to the notation V =V, = (v;)1<;j</ € R, we have

Zy (/N —=|V]?)
Z\(VN)

o fy) .
5=\ 11555 o' (V)= | TT£(0) | OV,
j=1 " j=1

if we define the quantity 0y, by

W 2 (/N =VP)
Z(VN)

The key point is now to prove that 6y, goes to 1. Recalling the Stirling formula I'(k) =

NES (%)k (1+ O(k™1)), we write o} as

N

e

(4.18) On (V) == (27) N (V).

N—0—2
oy = BN VE, ®
|SN- N2
2
OéN,g(N— ’VP) e_% 62

N-2ay(N) (27)2
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from which we deduce

Zy_o(\/N = |VI2) any_o(N - |V]?) a

GN,Z(V) = ZEV(\/N) N_%QN(N) 1|v‘§\/ﬁ(1+0(ﬁ))
—|v|2
an_o(N — ¢ e_(“——“) +O((N —0)~1/2 2
- _g(XN N)) 1+ O(N(—(l/Q) : ) 1\V|S\/N(1 + O(N))
(lz V|2 )2 2
(4.19) = [e \Y""=) Lo((N-0)"V)| 1+ O() i<y
G}VZ(V) 00

where we have successively used (4.10), (4.11) the definition of ay_¢(N —¢), and a calcu-
lation yielding
« N,g(N — 6)
N~2ay(N)
It implies in particular the two following estimates on 6y, which will also be very useful
in the proof of the next theorems

=1+ O(f*/N).

Cr? V4
(4-20) HN,K(U) S Cl|v|§\/ﬁ, |9N,€(V) - 1| E N1/2 + C N1/21|V‘>N1/8
Once they are proven, the conclusion follows since from the second one
IEY = % = 1One—1) f®£\|1
062
< — Iflh+ N1/2 [0 f 1

It only remains to prove the estimates (4.20). The first uniform estimate in (4.20)
is clear from 4.19 since |0} ,|lc and 63, are also uniformly bounded. For the second
estimate, we first control

08, (V) =11 = 105, (V) = ULy janiss + |08 o(V) = 1 Ly s s
(v’ - vt
S |2 (ﬁ) ‘|‘O(N 1/2)|1‘V‘§N1/8 +CN1/21|V|>N1/8
Cr? 45

< N1/2 Lyjcnis +C Nl/zl\V|>N1/8’
which implies a similar bound for 6y since
On,e(V) =1 < |08, (V) 0N, (V) = 1 + 103 ,(V) = 1]
< o) -0k

Cr? 45
N1/2 +C N1/2 Lyjzns-

This concludes the proof. O

PRrOOF OF (1.10) IN THEOREM 1.5. The proof of the two last estimates in (1.10) follows
from Theorem 4.10 together with (2.18) and (2.19). O
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4.3. Improved chaos for conditioned tensor products on the Kac’s spheres. In
this section, we aim to prove rate of chaoticity for stronger notions of chaos for the sequence
(FN) defined in the preceding section. Let us first recall the notion of entropy chaos and
Fisher information chaos in the context of the “Kac’s spheres” as they have been yet
defined in the introduction. For f € P(E) smooth enough, we define the usual relative
entropy and usual relative Fisher information

H(f[v) 3:/EU1Ogu7dv, I(f]y) ::/

E u

[Vul?

ydv, u:=f/y,

and similarly for GV € Py, (KSn), we define the (normalized) relative entropy and
relative Fisher information

H(GN|oN) = S gV log gV do, I(GN|oV) = S w do™,
N Jisy N Jksy 9
where gV := ‘f—g stands for the Radon-Nikodym derivative of GV with respect to o'V.

Definition 4.12. We say that a sequence (GV) of P(KSy) is
i) f-entropy chaotic if GY — f and

H(GY|o™) = H(f]y),
ii) f-Fisher information chaotic if GY — f and
H(GY|o™) = I(flv).

It is worth emphasizing again that our definition is slightly different (weaker) that the
corrseponding definition in [17]. But they are in fact equivalent as we shall see in next
section (Theorem 4.19).

Theorem 4.13. For any f € Pg(R) N LP(R), p > 1, satisfying the moment assump-
tions (4.17) of Theorem 4.10, the corresponding conditioned product sequence of mea-
sures (FN) defined by (4.16) is f-entropy chaotic. More precisely, there exists C =
C(p, I fllze, Ms(f)) such that

C
421 H(FN|o™N) - H < —.
(421 H(FY0™) ~ 1) <
PROOF OF THEOREM 4.13. With the notation F¥ := [f®N]cs, , we write for any N > 1
1 < QN N
— log 7) dF
N Jisy N Zy(f) e

= [ (o) B = 10w 23,

Thanks to the bound (4.10) on Z}(f) which implies that (Z(f)) is bounded, we deduce
H(FN|oN) = / N <log %) + O(1/N).
R

Recalling the notation fy := Oy, defined in (4.18) and the estimates (4.20) it satisfies,
we may then write

H(FV oY) = H(fl7) + /

R

H(FN|o™)

(On 1)/ <1og f) +O(1/N),

=T
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with
|T|gc/|9N—1|f(1+|v|2)dv+/IHN—llfllogfldv-
R R

~~

:;Tl :ZTQ
In order to deal with 77, we use the second estimate of (4.20) and get

c ) C . C
TISW/Rd<U> de—Fw/l\%d(’l» fd’l):w

In order to deal with T5, we make the more sophisticated (but standard) splitting: for any
N, R, M > 1, we write

/ Ox — 1] f|log ) +Ce/ f11og f1
Br B,

15

IN

IN

sup |6y — 1/ C; + G / Flog f)s 151 + Co / F0g )4 Lass ot
Br B}c? BIC%

+Cy (log f)-1}5 s ooz + Co /B Fog f)-1 jups psq:
R

f
Bg
For the second term, we write f (log f), < f4P)/2 < fp/Af=1/2 on {f > M}. For the
third term, we write f (log f)y < f logM < f (log M) |v|®/R® on {f < M, |v| > R}. For
the fourth term, we write log f > —|v|? on {f > exp(—|v|?)}, and thus f(log f)_ < f |[v]? <
FIv|8/R* on {1 > f > e |u| > R}. For the last term, we write f (log f)— < 4/ on
{0< f <1}, and thus f (log f)— < 4e "*/2 on {e= 1" > f >0, |v| > R}. We deduce

1 log M 1
T, < CfSUP|9N—1|+Ce< +( s )++ +6_R>
Br

M®-1)/2 RS Rt
Clf1lp, Ms(f))
> N1/2 )
with the choice R = N'/® (which allows to use the second estimate of (4.20)), and then
MP—1/2 — RS O

Before stating a similar result with the Fisher information, we introduce a notation:
the gradient on the Kac’s spheres KSy will be denoted by V.
Vev

_V.VE(®V)
V|2

N v

V.F(V): =P, .VF(V) = <Id — > VE(V)=VF((V)
if F'is a smooth function on RY. Py 1 stands for the projection on the hyperplan perpen-

dicular to V. We will use many times that
V 1 V 1 v
(1.22) v [F <_>} - Lp.vr <_> _ Lo,r <_> |
V] vy i) V] V]

Theorem 4.14. For any f € Pg(R), satisfying the moment assumptions (4.17) of The-

orem 4.10, the corresponding conditioned product sequence of measures (FN) defined by
(4.16) satisfies

sup I(FN|oy) < +o0
NeN

J

if I(f) < +oco. If moreover

2
(v)? dv < +o0,

f'(v)
f)



CHAOS 47

the sequence FN is Fisher information chaotic.

PROOF OF THEOREM 4.14. We only proof the second point. The first point (bound-
edness of the Fisher information) can be deduced from the above proof. It suffices in fact
to use the simple bound |V,G| < |VG]| instead of equality (4.23).

Remark also since £ = R, the bound on the Fisher information implies that f is
bounded. Therefore, the LP (for p > 1) assumption which is necessary in theorem 4.10 is
implied by our bounds on Fisher information. We can therefore apply the estimates (4.20)
on the quantity Oy ; for i = 1,2 defined in (4.18). They implies in particular that ||y |/~
is uniformly bounded and that 6y ; converges point-wise towards 1. We start with the
formula

I(FN|0N):%/’CS IV, In <£®N> 2 FN V).

As V, is the projection on the Kac’s spheres of the usual gradient, we have from (4.22)
for any function G on RY

(4.23) VoG(V)P = [VGV)P — V- VGV

Using this with G = In (7§x> in the Fisher information formula, it comes

1 RN 1 QN
I(FN‘O'N):N/’CS Vln<£®N> FN(dV)—m/KS V. vm(f >

N
Recalling that F}¥ = f Oy, from (4.18), by symmetry, the first term in the right hand side

is equals to
azy [l ma - 1gm + [ |

The last term goes to zero from the hypothesis on f, the uniform bound |6y ;| < C and
the pointwise convergence of fy 1 to 1. To handle the second term in the RHS of (4.24),
we compute

FN@av).

2 2

(On1(v) —1)f(v)dv.

+o

A TR
N2 V-Vin <7> = 33 (;% [hl;} (Uz'))
_ %éﬁ([mﬂ )2 ;vw] [m ] [mﬂ(/vj).

After integration, it comes thanks to the symmetry of FN

2
=), (4"
— V.- Vin( =
N2 Jisy

y

2

FN(@V) = % /R v? <[ln ﬂ@)) FN (dv)

N -1

+ N L VU2 [ln %}(vl) [ln £:|(’L)2) FN(dvy, dvs).

Using the uniform bound F{¥(v) = On1(v) f(v) < Cf(v), and the hypothesis on f, we
obtain that the first term of the r.h.s. is bounded by % The second denoted by Ra(N) is
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equals to
Ry(N) = N]\—r 1 g V103 [ln %](Ul) [ln %}(02) f(v1) f(ve) dvidug
5 Lo [ [ feonatn e -1 st dna
N-—-1

= X[ e o) dv>2+Rg<N>=Rg<N>,

after an integration by parts and because of the equality [ v2df = 1. The term R3(N)
goes to zero by dominated convergence since
f(v1) f(v2) dvidvg = (/ v
R

/11@2 VU2 [ln ﬂ(/vl) [ln ﬂ(w)
Sf(f\'y)/Rv?df.

This concludes the proof. O

2

[m ﬂ(/v) () dv)

4.4. Chaos for arbitrary sequence of probabilities on the Kac’s spheres. In that
last section, we aim to present the relationship between Kac’s chaos, entropy chaos and
Fisher information chaos in the Kac’s spheres framework.

We begin with a result which is the analogous for probability measures on the Kac’s
spheres to the lower semi continuity of the Entropy and Fisher information yet established
on product spaces.

Theorem 4.15. For any sequence (GV) of P(KSy) such that Gév — G, weakly in P(E7),
there holds

H(Gj ™) < lminf H(GV|o™),  I(Gh®) < limint I(GN]o™).

For the proof, we shall need the following integration by parts formula on the Kac’
spheres, which proof is postponed to the end the proof of Theorem 4.15 .

Lemma 4.16. Assume that F (resp. ®) is a function (resp. vector field in RN ) on on
the Kac’s spheres KSy with integrable gradient. Then the following integration by part
formula holds

N-—-1
(4.25) / [VJF(V) - O(V)+ F(V)div, (V) — TF(V)(I)(V) . V] de™M(V) =0
KSn
where div, stands for the divergence on the sphere, given by
N N
. . V-Vo,(V)
div, ®(V) := ; Vod;(V) - e; = div®(V) — ; v

where the last formula is useful only if ® is defined on a neighborhood of the sphere.

PROOF OF THEOREM 4.15. We refer to [17, Theorem 17] for a proof of the inequality
involving the entropy and give only the proof of the second inequality, which in fact relies
on the characterization I® of the Fisher information. Precisely, the previous Lemma 4.16
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can be used to get a reformulation of the Fisher information on the sphere information

relative to oV
2
KSy DeCLRN)N JKSN 4
_ 2
(4.26) = sup / (M@(V) -V —div, ‘P(V) |(I)( )| ) GN(dV)
seci®N)N Jksy \ N 4

Next applying the equality (3'13) to the probability measure 723 we get that for or any
e > 0, we can choose a ¢ € C}(R7)7 such that

L (R <1 Vi — di P pigay
_j( "Y )_5_3 o p-Vi— IVW_T ( j)'

Remark that the r.h.s. is quite similar to (4.26). With the notation N =nj+r, 0 <r <j
and Vy = (Vj,h s Vi, V}), we define

O(Vi) = (p(Vj1s- -, 9(Vin), 0) € Gy (RV)Y
and use it in the equality (4.26). We get

Lo NN 1 N-1 - 2V
el > L Vv — _ EVNIT
NI(G o) > I ICSN< I O (Vy) - Vy — div, @(Vy) 1 G™ (dVy)
W[ (N- | VP oo RolV)
> 5 [ (Frem v - aivemy - EEIEY @) + 240,
where

N

N
RN =+ (Z[vwi(vnvi) v = [ (25
i=1

il

we | GN(dVy)

-~/ Z v | G (av;) = o(1),

if V¢ decrease sufficiently quickly at infinity. Passing to the limit, we get

1 2
liminf I(GN o) > 3/ <Lp-Vj—diV<p ’“1 ) FI(dV;) > I(FI|y%9) —
RI

N—+o00
which concludes the proof. O
PROOF OF LEMMA 4.16 As before, we will use the normalized norm [V 1= /4 > v2.

Choosing any smooth function ¢ on (0, +00) with compact support, we define

Vv Vv
oy =avo)r () # ()
Its divergence is given by

. q'(|V1]2) ( 14 ) <V> Vo q([V]) ( 4 ) <V> V
divew = F Y + voP(—)o(2). 2
N V2 Vi) V. " Vi V2 V1) Vs

e ( 4 ) ! ( 7 >
n F divy ® [ — ) .
V]2 V12 \4P




50 M. HAURAY AND S. MISCHLER

Integrating this equality, and using polar coordinate, we get

0 = (/KSN (Vo E(V)-@(V)+ F(V)div, ®(V)] UN(dV)> (/OOO q(ryrV=2 dr)
+% < s, FV)®(V) - VUN(dV)> (/OOO q'(r)erdr> .

Since [ ¢'(r)rN"tdr = —(N = 1) [;° q(r)rV 2 dr, we obtain
/ [V(,F(V) SB(V) + F(V)divg ®(V) — YL F(V) - (V). V] do™ (V) =0,
KSn N

which is the claimed result. O

The next theorem will be the key estimate in the proof of the variant of Theorem 1.4
adapted to the Kac’s spheres. It relies on the HWI inequality on the Kac’s spheres, which
allows to quantify the convergence of the relative entropy.

Theorem 4.17. Consider (GV) a sequence of P(KSy) which is f-chaotic, f € P(E).
Assume furthermore that

Mk(GN)% <K fork>6, and I(GN|JN) <K.
Then f satisfies My(f) < oo, I(f) < 0o, and (GV) is f-entropy chaotic. More precisely,
there exists C1 := C1(K) and for any vy < %Ig—ﬁ a constant Coy(7y2) such that
H(GN|o™) = H(fl)] < O (WG £ + CoN )
with y1 :=1/2 — 1/k.
The proof use the following estimate

Theorem 4.18. ([18, Theorem 2], [5, Theorem 2]). For any sequence (GV) of P(KSy),
there hold

VI<k<N, H(GY|oN)<2H(GN|6™) and I(GY|o)) <21(GN|oN).
PROOF OF THEOREM 4.17. STEP 1. Thanks to Theorem 4.18, we have
1(GYeN) < 2K.

Using the strong convergence of o1V to v stated in 4.2, we pass to the (inferior) limit and
get
I(fl7) <2K andthen I(f)<2K.

Introducing the restriction FN = f&N /7Z(v/N)oV of &N to KSy defined in (4.16) and
using point i) of Theorem 4.14, we get

sup [(FN|o™) < Cs.
N

Step 2. Because the Ricci curvature of the metric space KSy is positive (it is K := (N —

1)/N) we may use the HWT inequality in weak C'D(K, co) geodesic space (see [68, Theorem
30.21]) which generalizes the standard HWI inequality (3.16) quoted in Proposition 3.8.
However, we have to be careful, because it is now valid with W5 replaced by the MKW
distance constructed with the geodesic distance on the sphere, and not with the distance
induced by the square norm of RY. Fortunately, both distance are equivalent, and if we
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add a constant 7 in the right hand side, we can still write the HWI inequality with our
usual distance W5. We then have

HFN|oN) = HGN|oN) < Z4/I(FN|oN) Wo(FN,GN),
N| _Ny _ N| Ny T N|sN N AN
H(G o) = HFY oY) < 216N o) Wa(PY, ),

|H(FN o) — H(GN|o™)| < Co Wo(FN,GM).
We rewrite it under the form
|H(GY|o™) = H(fly)] < Cs [Wa(GN, fEV) + Wo(FN, fEN)] + [H(FN|o™) — H(f|y)-

[\)

and

so that

For the first term, we have using inequality of Lemma 2.2
WQ(GN, f®N) <4 K Wl(GN, f®N)1/2_1/k-
For the second term, we have for any € > 0

Wa(FY, fON) < AKQu(FY; )l

N 1 N1/2-1/k
B
1 1 \1/2-1/k
< C; <QQ(FN; f)TFHE £ CLN 2+s+2/k¢)
1/4—1/2k
< (C.N 2+eF2/k ,

where we have successively used Lemma 2.2, the inequality (2.18), (2.19) and Theorem 4.10
in the case d = 1 (and then d’ = max(d,2) = 2). The third and last term is bounded by
C' N~1/2 thanks to Theorem 4.13. O

The lower semi continuity properties of Theorem 4.15 and Theorem 4.17 allow us to
give a variant of Theorem 1.4 in the framework of probability measures with support on
the Kac’s spheres.

Theorem 4.19. Consider (GV) a sequence of Psyn(KSn) such that Mg(GY) is bounded
and GY — f weakly in P(R).
In the list of assertions below, each one implies the assertion which follows:

(i) (GN) is f-Fisher information chaotic, i.e. I(GN|a™) — I(f|y), I(f) < oo;

(ii) (GN) is f-Kac’s chaotic and I(GN|o™) is bounded;

(iii) (GN) is f-entropy chaotic, that is H(G™|o™) — H(f|y), H(f) < oo;

(iv) (GN) is f-Kac’s chaotic.

PROOF OF THEOREM 4.19. The proof is very similar to the one of Theorem 1.4. i) < i)
and i) < dv) relies on the ls.c. properties of Theorem 4.15. And i) < 4ii) uses

Theorem 4.17. We omit the details. O
We finally conclude this section with the proof of Theorem 1.6.

PROOF OF THEOREM 1.6. We only deal with the case j = 1, but the general case j > 1
can be managed in a very similar way because we already know that G;V — f®7 weakly

in P(E7) thanks to Theorem 4.17 and Theorem 4.19. With the notations of Theorem 1.6,
we have to prove

H(G{V\f):/log(G]lV/f)G{V — 0 as N — .
E



52 M. HAURAY AND S. MISCHLER

First, we observe that since GV is symmetric and has support on the Kac’s spheres,
Mo (GN) = 1. Moreover,

1GYIoY) = [ [V1ogGY - Viogal PGP
E
= I(G{V)+/[2Alog0{v+|V10g0{V|2]G]1V,
E
so that
I(G{V) < I(G{VIJ{V)—%/(2AlogU{V+\Vloga{V]2)_G]1V.
E

We easily compute
2Alog ol +|Viegol|? =

— N-3 (21))2/]\72 2/N (21)/N)2
o2 { A—v/NP 0-o/M) Q _v2/N)2} L2cy

and then
N —3 (4v?/N —1)_ 1
N (1—v2/N)z “vsNA
- T(-1/42 9

(2Alog o + |Viogal |?)_

Thanks to the boundedness assumption (1.12) we get that I(GY) < C for some constant
C € (0,00), and then I(GY|y) < 2[[(GY) + Ma(GY)] < C.

Next, we introduce the splitting

HGY) = HGY ) - H(fly) + /E -GV log£

=T

=:T5

and we show that T; — 0 for any ¢ = 1,2. For the first term, using twice the HWI

inequality we have
il < (V163 1) + VIR ) WG ) =0

because of the uniform bounds on the Fisher information and on the k-th moment, k& > 2,
together with the weak convergence G — f as N — oo.

Before dealing with the last term, we remark that the bound on the Fisher information
of f implies some regularity, precisely that +/f and then f are %—Hélder. Therefore 111% is
continuous and satisfies from the assumption (1.13) the bound

2
L] <+l 4191+ 5 < o2

Using, then the fact that My(f) = 1, the regularity of f and the weak convergence of
GY towards f, we can conclude that 75 — 0. Precisely, we choose ¢ > 0, and A > 1
sufficiently large so that f|v|>A(1 +v?) f(v)dv < e. We split

hli::hl—i-hg, with hlzlniXA, hQZIHi(l—XA),
Y Y Y
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where x4 is a smooth function such that x4(v) =1 on [—A, A] and 0 outside [—2A4,2A4].
Since h; is smooth and compactly supported, it is clear that [ (GY — f)hy — 0. Next, we
have

1 [ = pn

< c / (1= xa(@)(1 +)[EY () + F()] dv

< Ce+2C - C/XA(U)(l + 201GV (v) dv,

which in turns implies

I%ninf /(G{V — fhe| < Ce+2C— C/XA(v)(l + v f(v) dv
—00
< Ca—i—C/(l—XA(v))(l—i—vQ)f(v)dvSQC&.
That concludes the proof. O

5. ON MIXTURES ACCORDING TO DE FINETTI, HEWITT AND SAVAGE

In this section we develop a quantitative and qualitative approach concerning the se-
quence of probability measures of Psym(EN ), E C R% in the general framework of con-
vergence to “mixture probability ” (here we do not assume chaos property).

Depending of the result, we will need some hypothesis on the set £ that we will make
precise in each statement. While in the first and second sections the results hold with
great generality only assuming that

- E is a Borel set of R,
we shall assume in the third and fourth sections that

- E =R or E is an open set of R with smooth boundary in order that the strong
maximum principle and the Hopf lemma hold (that we furthermore assume to be bounded
in the third section);
and we shall also assume in the fourth section that

- the normalized non relative HWI inequality (3.15) holds in F (e.g. it satisfies the
assumptions of Proposition 3.8).

5.1. The De Finetti, Hewitt and Savage theorem and weak convergence in
P(EY). We begin by recalling the famous De Finetti, Hewitt and Savage theorem [23, 38]
for which we state a quantified version that is maybe new.

Theorem 5.1. Assume E C R is a Borel set. Consider a sequence (17) of symmetric
and compatibles probability measures of P(E?), that is 7 € Pyyy(E?) and (ﬂ'j)|Ee =nt
for any 1 < £ < j, and consider (77) the associated sequence of empirical distribution
in P(P(E)) defined according to (2.7). For any s > %, the sequence (#7) is a Cauchy
sequence for the distance Wy —-s, and precisely

N =~ 2 1 1
(51) [WH—s(WN77TM)] S QH(bsHoo <M + N) s
where ®4 is the function introduced in Lemma 2.9. In particular, the sequence (7/) con-
verges towards some © € P(P(E)) with the speed Wy—s(79,7) < % The limit 7 is

characterized by the relations

(5.2) Vi>1, 7l =m ;:/ p¥ w(dp) in Py (EY),
P(E)
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or in other words, with the notations of section 2.1
(5.3) Vo € CUE) (i) = | el )

Reciprocally, for any mizture probability measure m € P(P(E)), the sequence (m;) of prob-
ability measures in P(E7) defined by the second identity in (5.2) is such that the m; are
symmetric and compatible.

PROOF OF THEOREM 5.1. We split the proof into two steps.

Step 1. In order to estimate the distance between 7%V and # we shall use as in proof of
Proposition 2.10 the fact that || - [|%,_, is a polynomial on P(E), but we have to choose a
good transference plan. Fortunately, their is at least one simple choice. The compatibility
and symmetry conditions on (7) tells us that 7V is a admissible transference between
7V and 7M. Using the symmetry of 7V and the isometry between (EV /Sy, w;) and
(Pn(E), W) stated in step 1 in the proof of Proposition 2.14, we will interpret it as

a transference plan #V*M on Py(E) x Py (E) between 7V and #M. More precisely,

FNTM ¢ P(P(E) x P(E)) is defined as the probability measure satisfying
Yo GR(E) x P(E) (T M0) = [ ) eV (X, Y ),
ENxEM

With that transference plane we have

“ “ 2 ~
Wi GY AP < [ ol 7 (dpdi)
P(E)xP(E)

T — ©2 _ :
= /P(E)XP(E) </R2d 2 vl P
+ (n®? —n ® p))(da, dy)) #NTM (dp, dn),

with the help of (2.25). We can then compute

L2l = 0 )% i o Yo dy) ) 7+ (0, a7

(
/ (/de sz —y) (1) — iy’ @ pX](d, dy)) VM (dX, dY)

A —
+ =

N M
1 1
= /(N2 D almi—w5) = 57 D el —yp) | 7YX, AY)
i,j=1 ij'=1
1 ¥ 1 &
A o N+M
+/ M2 Z sy — i) — wg Zl Oy(zi —y;) | 7T (dX, dY)
v,y = CRVES
o, N-1
< ]\(]0) + (- y) 7 (dz, dy) —/q)s(fﬂ—y)WQ(dx’dy)

20, Bu(a ) e (da,dy) — [ Bl ) 7(d,dy)



CHAOS 55

and we conclude with

Wi (3N, 2M]% < (% 4 %) ((I)s(o) —/@s(x—y) WQ(dx,dy)>

1 1
W0l (374 5 )

The existence of the limit 7 is due to the completeness of P(P(FE)).

IN

Step 2. Now it remains to characterize the limit 7. We fix j € N, we denote by =; its

j-th marginal defined thanks to the second identity in (5.2) and by fT]N = (#V); the j-th

N as defined in (2.9). We easily compute

2

marginal of the empirical probability measure &

I [ e ap) = [ pinldp)
P(E) P(E)

A =il =

H-—s

= inf / %7 — n®I11(dp, dn
HEeT(7N ) P(E)[ i ) Hes

< inf / p% — n®I||%,_ TL(dp, dn
nentoy ) Je) | 7= TI( )

2 _C

- W —5 AN, < —.

[ s (7 77)} =N

Next we fix s > %d, so that using Sobolev embeddings on R, |¢|lec < C|l¢l|ms for

any ¢ € H*(R/?%), which implies by duality that ||p|z-« < C|pllzv for any p € P(RI%).

Using the Grunbaum lemma 2.8 and the compatibility assumption 71'5\7 = 77, we get the
inequality

, Cj?
<N N AN N AN
|77 =7 s = 7 =75 (g < C 7" =7 lry < N
Combining the two previous inequalities leads to
, S . C Cj?
I =l < = e A = e < o
which implies the claimed equality in the limit N — +oc. U

Let us now introduce some definitions. For k > 0, we define
Py(P(E)) = {x € P(P(E)); My(r) := My(m) < o0}
and for k,a > 0, we define
BPa(EY) = {F € P(EY); My(Fy) < a}.

Definition 5.2. For given sequences (FN)n of Psym(EN), (mp)n of P(P(E)) and 7 €
P(P(E)), we say that

- (FN) is bounded in Py(EN) if there exists a > 0 such that My(F{Y) < a;

- (my,) is bounded in Py (P(E)) if there exists a > 0 such that My(mp,1) < a;

- (FN) weakly converges to m in Pi(E?)y;, we write FN — 7 weakly in Py(E7)y;, if
(FN) is bounded in Pr(EN) and F]N — ; weakly in P(E7) for any j > 1;

- (mn) weakly converges to m in Prp(P(E)) if (my,) is bounded in Pr(P(E)) and m, — «
weakly in P(P(E)).
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With that (not conventional) definitions, any bounded sequence in P (P(E)) is weakly
compact in Pi(P(E)), and for any sequence (F) of probability measures of Py, (EY)
which is bounded in Py(EN), k > 0, there exists a subsequence (F') and a mixture
probability measure m € Py (P(E)) such that FY' — 7 in P(E7)y;.

We now present a result about the equivalence of convergences for sequence of Psym(EN ),
N — oo, without any chaos hypothesis.

Theorem 5.3. Assume E C R? is a Borel set.
(1) Consider (FN) a sequence of Psy(EYN) and m € P(P(E)). The three following
assertions are equivalent:

(i) }TN — 7 in P(E7)y;, that is FjN — 7; weakly in P(E7) for any j > 1;

(ii) FN — 7 weakly in P(P(E));

(iii) Wi (FN,7n) — 0.
2) For any v € |55, ) (recall that d' = max(d,2)), and any k > S E—— 1, there

2d" d

’Y_lfd’
exists a constant C' = C(v,d, k) such that the following estimate holds
. CM 1/k
(5-4) VN>1  Wi(FY, ) = Wi(FY, )| S%.

(3) With the same notations as in the second point, we have for any mizture probability
measures o, f € P(P(E))

. C My (o)
(5.5) Wi(6j,a) < — 5
where & is empirical probability distribution in P(P(E)) associated to the j-th marginal
a; € P(EY), as well as

O(My(on) ¥ + My(B1)*)

(5.6) Wi(a, B) - -

< Wiy, Bj) < Wio, B).

PrOOF OF THEOREM 5.3. Step 1. Equivalence between (i) and (ii) is classical. Let us
just sketch the proof. For any ¢ € C,(E7) we have from the Grunbaum lemma recalled in
Lemma 2.8 that

(FN.Ry) = (FN,p@18N-4) + O(j*/N)
= (", ¢) + O(j*/N).

We deduce that the convergence (N, R,) — (m, R,) is equivalent to the convergence
(FJN @) — (mj, @) since that (7, R,) = (7, p) thanks to Theorem 5.1.
Therefore, 4) is equivalent to the convergence (FN,®) — (r,®) for any polynomial

function ® € Cy(P(F)). But now, the family of probability measure F (and 7) belongs
to the compact subset of P(P(FE))

K:={aeP(P(E)), st. aqy = F1},

and also any converging subsequence FN'" should converge weakly towards a probability
measure 7 having the same marginals than 7. Since by Theorem 5.1 marginals uniquely
characterize a probability measure on P(P(F)), it implies 7 = 7 and then weak con-
vergence again polynomial function implies the standard weak convergence of probability

i).
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It is classical that the MKW distance is a metrization of the weak convergence of measures.
Even in that ”abstract” case, ii) is equivalent to W, (F N ,m) — 0. Thus, for sequences
having a bounded moment My (F}) for some k > 0, the equivalence between (ii) and
(iii) will be a consequence of (5.4). For sequences for which no moment M}, is bounded,
the same conclusion is true. The correct argument still relies on a version of inequality
(5.4), with a slower and less explicit rate of convergence, which can be obtained from an
adaptation of Lemma 2.1.

Step 2. We now prove (5.4). For 7y we have the following representation:

(5.7) i = [0 w(an) = [ 07N ntdp).
Thanks to Proposition 2.14, we may compute

Wi(FN, an) — Wi(EN, 7)) = [Wi(EN, 7y) — Wi (BN, )|

< Wi(dn,m) =W (A(E)@ﬂ(dp)’A(E) 5p”(dp)>
</ 0 (57%0,) () = [ oxo)atip)

P(E)
C(d,v,k)

N7 Mk(ﬂ—l)l/ka

C(da s k) / 1/k
< SO () r(dp) <
N e ()" (dp)
where we have successively used the triangular inequality for the W, distance, the relation
(5.7), the convexity property of the W, distance and the definition of the chaos measure
so. We also used the bound (2.30) and the Jensen inequality (recall that 1/k € (0,1]) in
the last line.

Step 3. We now prove the third point. For the first inequality, choose s = % — %. Then
by our assumptions, s > max(1, %) and we can apply Lemma 2.3 on the comparison of
distance in P(P(F)) and Theorem 5.1 to get
1
2k CM.(a)®
Wl(dj,oz) <C Mk(al)% WH—s(dj,Oz) d+2ks < %
J

For the first part of the second inequality (5.6) we write

Wi, B) < Wi(aw, &) + Wilay, B;) + W5, B),

we use the inequality just proved above and the identity (2.14). The second part of the
second inequality (5.6) is a mere application of Lemma 2.7. O

5.2. Level-3 Boltzmann entropy functional for mixtures. In this section we recover
some well known results on the Boltzmann entropy for mixture probability measures as
stated in [2] and proved By Robinson and Ruelle in [60]. However our proof differs from
the one of [60], and in particular it does not use the abstract representation result of
Choquet and Meyer [21] but an abstract Lemma 5.6 that we introduce for our purposes.

Let us assume that £ C R? is a Borel set and let us fix a real number m > 0. Then,
for any m € P,,,(P(E)) we define

(5.8) Him):= | H(p)w(dp),
P(E)

where H is the Boltzmann’s entropy defined on P, (E).
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Theorem 5.4. (1) The functional H : P,,(P(E)) — RU{oo} is proper, affine and l.s.c.
with respect to the weak convergence in P, (P(E)). Moreover, for any © € P, (P(E)),
there holds

(5.9) H(m) = sup H(m;) = lim H(7;),
jEN* J—00
where ; is the j-th marginal of ™ defined in Theorem 5.1 and H is the normalized Boltz-
mann’s entropy defined on P, (E7) for any j > 1.
(2) Consider (FN) a sequence of Py (EYN) and m € Py, (P(E)) such that FN — &
weakly in P, (E7)y;. Then

(5.10) H(r) < liminf H(FY).

N—oo

The proof of Theorem 5.4 uses the two following lemmas.
Lemma 5.5. For any m € P,,,(P(E)) we define
H' () := sup H(m;)
JEN*
The functional H' : Pp(P(E)) — R U {oco} is affine, proper, and l.s.c. for the weak

convergence, and

(5.11) H' () = lim H(m;).

j—00
The proof of Lemma 5.5 is classical. For the sake of completeness we nevertheless
present it.

PrROOF OF LEMMA 5.5. Thanks to (3.1), for any j > 1, we have
H(ny) 2 og e — [ o} dm
E

so that H' is proper on P,,(P(E)). It is also l.s.c. as the supremum of l.s.c. functions,
since Hj is l.s.c. on P, (E7) as it has been recalled in Lemma 3.1 and since the inequality
of the right of (5.6) shows that 7 — ; is also continuous for the weak convergence of
measures.

As a second step, we establish (5.11). For any fixed £ > 1 and any j > ¢ we introduce
the Euclidian decomposition j =nf+r, 0 <r < £ —1, and a direct iterative application
of inequality (3.7) together with (3.1) imply

Hj(mj) = nH(me)+ Hp(mp)
> nHy(mg) + (5 — 1) [(log ) - — My ().

We deduce that for any ¢ > 1

lim inf H (7;) > liminf = Hy () = H(m;),

Jj—o0 j—o0 ]
from which (5.11) follows.

We conclude by establishing the affine property of H'. Let us consider F, G € P, (P(FE))
and 0 € (0,1), and let us assume that H(Fj) < oo, H(G;) < oo for any j > 1, the case
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when H(F;) = oo or H(G;) = oo being trivial. Using that s — logs is an increasing
function and that s — s log s is a convex function, we have

1

HOF +(1-0)Gj) = —./ (0F; +(1-6)G,) log(0 F; + (1— 6)G,)
EI

J

= [ 10F 1080 1) + (100G og((1 - 6)G)
J JEI

= 0H(F;)+(1 —H)H(Gj)—i-%[ﬁ log 6 + (1 —6) log(1 — 0)]

v

> H@F +(1 _a)Gj)Jr%[e log 0 + (1 — 6) Tog(1 — )],

Passing to the limit j — oo in the two preceding inequalities and using (5.11), we get

HOF+1-0)G)>0H (F)+(1-0)H(G)>HOF+ (1-0)G),

which is nothing but the announced affine property. O

We establish now in the following abstract lemma the last argument which allow us to
prove the first equality in (5.9) and which will be useful in the next section in order to get
the same property for the similar functionals on P, (P(E)) built starting from the Fisher
information.

Lemma 5.6. Consider a sequence (K;) of functionals on P, (E7), m >0, such that

(1)

K; : Py (E) — RU{+o0} is convez, proper and lLs.c. for the weak convergence
of measures on P, (E’) for any j > 1. Moreover, either m =0 and K is positive
for each j, or m > 0 and there exists k € (0,m), a constant Cy, € R* such that
the functional

P(E7) = RU{co}, G Kj(G) + j[Cy + My(G)]
is non-negative and is l.s.c with respect to the weak convergence in P(E).
JUEG(f97) = Ku(f) for all f € Py (E) and j > 1.
K;(G) > Ki(Gy¢) + K (Gy) for any G € P(E?) and any {,r such that j = {+r.
The functional K' : Py (P(E)) — R U {400} defined for any m € P,,,(P(E)) by
(this a part of the theorem that the sup equals the lim)
1 1
K'(m):=sup = K;(m;) = lim = K;(7;),
() ]211)] 5 (m5) oo 5 (m5)

where m; denotes j-th marginal defined thanks to Theorem 5.1, is affine in the
following sense. For any probability measure m € P, (P(E)) and any partition
partition of P, (E) by some sets w;, 1 < i < M, such that w; is an open set in
E\(wbiU...Uwj—q) forany 1 <i < M —1, wpy = Pm(E)\(w1 U...Uwp—1) and
m(w;) >0 for any 1 <i < M, defining

, 1
a:=7(w;) and ' :=—1, 7P, (P(F))
Q;

so that
7T:Oé1’)’1—|-...+OéM’)’M and o1+ ...+ay =1,
there holds
K'(m)=a1 K'(4Y) + ... + ay K'(¥™M).
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Then under the above assumptions, for any m € P,,(P(E)), there holds

() = Ko(m) o= [ ROLLD:

The functional K : P, (P(E)) — RU {oo} is affine, proper and l.s.c. with respect to the
weak convergence in P, (P(E)).

Moreover, it satisfies the following T'-l.s.c. property. For any sequence FN of Psym(EN)
and m € P(P(E)) such that FN — 7 weakly in P, (E7)y;, then

(5.12) K(m) < liminf K(FY).
N—oo

PrROOF OF LEMMA 5.6. We split the proof into five steps.

Step 1. A fist inequality K > K’ We skip the proof that the lim equals the sup in point
iv). This is a consequence of the hypothesis iii) - and the bound by below in point 7) in
the case m > 0 - and has already been proved in the proof of Lemma 5.5 for the entropy.
We fix 7 € P,,,(P(F)). Thanks to assumptions (i) and (ii), we easily compute

1 j
km = [ R

Taking the supremum over j in this inequality, we get a first inequality

v

K(m) > sup lKj(?Tj) = K'(m).
j>1J
Step 2. J is Ls.c. on P, (E) with respect to the W;-metric.
We consider the case when m > 0, and choose k € (0,m) such that (i) holds. We
explain in the step 3’ below the necessary adaptation to do in the case m = 0.
For any § > 0, by compactness, we can find a family of finite cardinal A of balls
B; := B(pi,6) = {p € Pp(E); Wilp, pi) < 8}, pi € BPy, 15, of radius § so that
N
BPm,l/(g C U B;.
i=1
We associate to that partition and ”almost” partition of unity by

) - _ Wl(p’ pl) ] — sz(p)
¢Z(p)'_2[1 26 L’ o) S 6i(p) +6

Finally, we set for any p € P, (E)

N
T(p) = 0i(p) J,
i=1
where
JO:= inf J(p) and J(p):= Ki(p) + Cr + My(p).

pEB(pi,26)

We claim that by construction the functional J° is Lipschitz with respect to the W7 metric
on P(F), and satisfies

1BPm,1/5 (,0)

inf  J(p) < J(p) < J(p),
T L (") (p) < J(p)

(5.13) Vp € P (E),
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where 1 denote the indicator function. To obtain both inequalities, we introduce I 5(/)) =
{1 <i<N, Wi(p,p?) <20}, and rewrite

T(p):= > 0i(p)J}.
i€1%(p)
But for any 4 such that Wi (p, p;) < 26 we have

inf  J(p)<JP= inf J() < J(p).
s () < J; s (r) < J(p)

The upper bound in (5.13) follows form the second inequality (on the right). Since J(p) > 0
by hypothesis (i), the first above inequality implies that

Jé(p) > ( Z 9i(P)> inf J(,OI) > %é\il ¢j(p) 0 J1(p/).
i€I¥(p) P'€B(pi,49) ijl ®j(p) + 0 P'EB(pi19)

The bound by below in (5.13) then follows because any p € BP,, /5 is at least in one
of the B; for some 7, and then Zé\i1 ®j(p) > ¢i(p) > 1. The inequalities (5.13) and the

hypothesis that J is L.s.c. with respect to the weak convergence on P(E) implies that

(5.14) p € Pu(E), lim J°(p) = J(p).

We can now introduce the functionals J° and J defined for all 7 € P,,,(P(E)) by
7w = [ P
P (E)
g = [ P R) = K() 4 Ot M),

Since J? is Lipschitz with respect to the Wi-metric, the Kantorovich-Rubinstein duality
theorem [67, Theorem 1.14] implies that the functionals J° is continuous with respect to
the Wi-metric. Moreover, the upper bound in (5.13) implies that J°(7) < J(7), for any
m € P, (P(E)). Finally, an application of Fatou’s Lemma together with (5.14) implies

liminf J7°(7) = lim inf/
6—0

F(yeldp) = [ limint () n(dp)
P (E)

m(E)

> /P o)) = T @)

All in all, we get that

vr € Pu(P(E)), J(m)=sup T’ (),

and that implies that J is l.s.c. with respect to the W;-metric since the J % are continuous
with respect to that metric.

Step 2°. A necessary adaptation in the case m = 0. In that case, things are in some sense
simpler since the functional K is already positive, so that we may try directly to apply
Step 2 with J = K. However, there is one difficulty : the compact sets BP,,, 1,5 does not
covers P(F); even if we take their union for § > 0 and m > 0.



62 M. HAURAY AND S. MISCHLER

However, we can still do a correct proof if we fix 7w at the beginning. We then choose a
increasing function
(5.15)

g:R" - R" such that lim g(v) = +oc and My(m) = / g((v)) 1 (dv) < 0.

v—r+00 E
Then we can restrict ourselves to the set Py := {p € P(F), My(p) < +o0}, since the last
hypothesis on g implies that W(Pg(E)) = 1. If we now replace in step 2, the sets BP,, 1/5
by the still compact sets
BPg,l/é = {p7 Mg(p) < 571}7

and follow the same strategy, we will conclude that () = sup;.q K’ (7) were the K° will
be continuous with respect to the Wi-metric. It implies that K is l.s.c. at 7. Since 7 is
arbitrary, /C is globally l.s.c.

Step 3. K is Ls.c. with respect to the weak convergence of measures on P, (P(E)).

In the case m = 0, that step is useless since in step 2’ we proved that K = 7 is Ls.c.. So
it remains only to treat the case m > 0. Since J = K + My + C}, is Ls.c. with respect to
the Wi-metric on P, (P(E)), the conclusion will follows if we show that M, is continuous
with respect to the weak convergence on P, (P(E)), defined in Definition 5.2.

For this, we choose p, u € P, (F). Since

Vo, € F [(0)* — (W)*] <k min(L, [v — ']) ((0)* + ()F),

we obtain if we chose an optimal transference plan 7 (for the distance dg on F) between
p and p

(M) = Mi(p)| < [ [0)F = @ (v, )

3=

< ([ oo B wtdvde)) " (0000) + M)

so that
1—k

| Mi(p) — Mi(p)| < (Min(p) + My (1) ™ Wi, 1),

where we have used Holder inequality and the fact that dg < 1. Choosing now two
a,f € P, (P(E)) and an optimal transference plan 7 (for the distance W; on P(FE))
between them, we get

My(a) — My(8)] = \ [ M) = (o) wldp )

k

= k/ (M (p) + Mo ()™ Wi (p, )1 mm(dp, dp),
and then
[(Mi(a) = Mi(B)] < k (M (@) + Myn(8)) 7 Wil )" 7,

where we have used Holder inequality. This concludes the step since weak convergence on
P..(P(E)) exactly means that W; goes to zero and the moment of order m are bounded.

Step 4. Proof of the remaining inequality K' > K. Because P,,(E) endowed with the
MKW distance W is a Polish space, for any fixed € > 0, we can cover it by a countable
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union of balls B, := B(fy,,¢) of radius . For a given m € P,,,(P(E)), we can choose M
such that

wyr =P (E)\(B1U...UBy—1) satisfies w(wy) <e
and denote w; := Bi\(Bl U...UB;—p) for all 1 <i <N — 1. We define then

M

1 . 4

= m(wi), V= =Y s, A= /P(E) p~' (dp).
¢ i=1

For any 1 <i < M, we have
. 1 . .
K'(y') = sup - K;(v;) = Ki(7).
i>1]

Using the affine property (iv) of K, the above inequality and the definitions of 7 and
K, we get

K'(m) = a1 K'Y+ ... + ap K (4M)
(5.16) K'(m) > o Ki(y) + .. + ay K1 () = K(=M).
M

We observe that because 7" = 71, we have
(mi! Jof™) = (w1, [o]™) = Min(m) < o0,

and in particular 7 € P,,,(P(E)). Moreover, defining 7™ : P(E) — {+!,....,¥™} by
TM(p) = +' for any p € w;, we have 7 = (T'M),7 and then

W1(7T,7TM) < <(id®TM)ﬁ7T, Wl(.,.)> < 2e.

We consider now a sequence ¢ — 0 and the corresponding sequence (7) for which we
then have by construction 7 — 71 weakly in P,,(P(E)). Inequality (5.16), the above
convergence and the l.s.c. property of K proved in step 2 and 3 imply the second (and
reverse) inequality

K(m) <liminf K(z) < K'(n).
M—o0

Step 5. The I'-L.s.c. property of K. We give the proof only in the case m > 0, the case
m = 0 being simpler. We consider (F) a sequence of Psy,,,(E") and 7 € P(P(FE)) such
that FV — 7 weakly in P,,(E?)y;, in particular M,,(F{") < a for some a € (0,00). For
any fixed j > 1, using the Ls.c. property of Kj, introducing the Euclidian decomposition
N =nj+r, 0<r <j—1 and using iteratively the inequality (iii) of the hypothesis as
in the proof of Lemma 5.5 as well as the lower bound on K, provided by hypothesis (i),
we get

1 o1 N
3Kj(ﬂj) < l}ggoijj(F})

... 1 N N
< e -
= l}ﬂlonof nj{KN(F ) —r K (F7)}

. . 1 N 1
< J— —
< l}\rfnlnf{anN(F )+n(C'm+a)}

= liminf N~ KN (FN).

N—oo

We deduce (5.10) thanks to (5.9). That concludes the proof. O

PrROOF OF THEOREM 5.4. The proof is just an application of the two previously proved
lemmas. First, let us observe that H;, % and #H’ fulfill the assumptions of Lemma 5.6
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since that (7) is nothing but (3.5), (i7) is a consequence of Lemma 3.1, (7i7) is nothing but
(3.7), and a stronger version of (iv) has been established in Lemma 5.5. Then (5.9) and
(5.10) are exactly the conclusion of Lemma 5.6 applied to the entropy. (]

5.3. Level-3 Fisher information for mixtures. We state now a similar result for the
Fisher information for mixtures of probability measures.

Let us assume that £ = R? or F is an open connected and bounded set of R? with
smooth boundary. Then, for any 7 € P(P(E)) we define

(5.17) 7(r) = [ L

where [ is the Fisher information defined on P(F).

Theorem 5.7. (1) The functional Z : P(P(E)) — RU {oo} is affine, non-negative and
l.s.c. for the weak convergence. Moreover, for any m € P(P(E)), there holds
(5.18) I(mw) = sup I(mj) = lim I(m;),
jEN* J]—00
where I stands for the normalized Fisher information defined in P(E’) for any j > 1.

(2) Consider (FN) a sequence of Psym(EN) and m € P(P(E)) such that FN — 7 weakly
in P(E7)y;. Then

(5.19) Z(r) < liminf I(FN).

As for Theorem 5.4, the proof of Theorem 5.7 relies on the abstract lemma 5.6. The
hypothesis of that lemma are proved to be true in the lemma 5.10 below. Two useful
intermediate results are stated in the next two lemmas.

Lemma 5.8. There exist :
- a family of reqularizing operators Sy : P(E) — P(F) defined for any t > 0,
- a family (Cy) of positive constants
- a family e of positive constants such that e — 0 when t — 0
- for any k > 0, a family (},) of positive constants so that €}, — 0 when t — 0
such that for any p € P(E) and any t > 0, denoting p; := S(p) we have

(5.20) Ipe) < I(p),  Mi(ps) <28 (Mi(p) +ert),  [VInpilloo < Cy
and Wi(p,pt) < &;.

PROOF OF LEMMA 5.8. We only consider the case E = R%. The case when F is a
smooth bounded open set can be handled similarly by using for (p;) the solution of the
heat equation (with Neumann boundary conditions) and the strong maximum principle.
We define
n(z) == %67<Z/t> = %ef\/ AR and py o=y * p.

Observing that

Vo)l _ 1l _ 1

m(z)  t{z) Tt

we deduce that for any € R%, we have
[Vpi(z)] < %/ me(z —y)p(y) dy = %Pt-
R4

The inequality on the moment of order k is a consequence of the inequality
(@ +y)" <25((@)" + "),
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Which leads to the claimed inequality with eg; = My(n;) = t* My (n1).
As py is also an average of translations of p (which have the same Fisher information
that p), the convexity of the Fisher information implies that

o0 =1( [ ot~ Dmia) < [ 1ot~ ) mia) = 16p)

We finally observe that for any p € P(E) there holds

Wilps pt) = Wilp, pne) < /d |2 me(2) dz = Cat,
R
and that proves the last estimate. O

Lemma 5.9. Consider m € P(P(E)) and define the reqularized family m, € P(P(E)), for
t >0, by push-forward by Si, m := Sy or equivalently

(m, @) = (m,®y) VO € Cp(P(E))

where ®; € Cy(P(E)) is defined by ®4(p) := ®(pt) and p; is the defined in Lemma 5.8.
Also denote by m; € P(E7) the j-th marginal of m; defined thanks to Theorem 5.1. For
any t > 0 and any X7 := (z1, ) € E7 there holds

(5.21) V1 Inm (X7)| < .

PrROOF OF LEMMA 5.9. Thanks to Lemma 5.8, we write

| V17 (X7)| [Vipe(z1)pP? ™ (@, ... xj)n(dp)
L o (X;)m(dp)
< 3 =
= Ct ﬂ_tj(X]) Ct,
which is nothing but (5.21). -

Lemma 5.10. For any 7 € P(P(E)) we define
T'(mr) == sup I(7;).
JeN*
The functional ' : P(P(E)) — R U {oc} is non-negative, Ls.c. for the weak convergence,
satisfies
(5.22) T'(r) = lim I(m )

J—00

and is affine in the same sense as formulated in point (iv) of Lemma 5.6.

PROOF OF LEMMA 5.10. The fact that Z’ is non-negative and l.s.c. is clear and (5.22)
comes from the monotony property I(mj_1) < I(mj), Vj > 2 established in Lemma 3.7
(7). Tt remains only to prove the linearity property of Z'. For the sake of simplicity we
only consider the case when M = 2 and w; is a ball. The case when w; is a general open
set can be handled in a similar way and the case when M > 3 can be deduced by an
iterative argument. For some given © € P(P(F)) which is not a Dirac mass, f; € P(E)
and r € (0,00) so that

0= W(BT) € (0’ 1)’ B, = B(fla’r) :{PaWI(P,fl) <T}’

we define 1 )
F.=-1 =
gle™ G =1y

1[5?7'('
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so that
F,GeP(P(E)) and 7=0F+ (1-0)G,
and we have to prove that
(5.23) I'(r) =07 (F)+ (1 -0)T'(G).
We split the proof of that claim in four steps.

Step 1. Approximation and estimation of the affinity defect. As explained for 7 in the
statement of Lemma 5.9, we define F; and Gy to be the pushforward of the measures F
and G by the regularizing operator S, and then Fy; and Gy; are their projection on P(E7)

th ::/ p®JFt(dp) :/ p;?JF(dp), or th, / R Ft dp)
P(E) P(E)

via duality, for any ¢ € C,(E’) where R, is the polynomial on P(E) associated to ¢
thanks to (2.8). The same holds for G. We also remark that these two above operations
(regularization and prOJectlon on E7) commute if we define the regularization S; on EJ
by the convolution with 77 . It is worth emphasizing that we do not need here, in order
to define these objects, that F and G are probability measures, but only that they are
measures on P(E).

For any given j € N, we define

Agj = 01(Fy;) + (1= 0) I(Gyy) — 1(0 Fyj + (1 - 0) Gyy),
= 9/ |VFtJ —0) VG / | VGtJ + OV [
Gij 0)Gyj + OF;
After reduction to the same denominator, and some snnphﬁcatlon, we end up with
Gt 'Ft i Gt
Ay = 0(1-6 J_ 1 Viln =2
tg ( )/ 1—0)Gy, +0F,;| ' " Fy

G Fyj ' 12
< 29(1—9)/ (e (\vllnFt]\ + Vi Gyl*).

We can estimate the r.h.s. term thanks to Lemma 5.9 by

Gy Fyi
Ay < 40(1 — a)ct/ = e)gtjti o

Step 2. Disjunction of the supports. Let us introduce for any s € (0,7) the two measures

on P(FE) (which are not necessarily probability measures)

1
—1p,m, F”:leT\BSF, sothat F'+F'=F

F' =15 F =
BS 0 S

and let us observe that

i [ F(dp) =l [ 16,15, (p)F(dp) =0,

S—Tr

by Lebesgue’s dominated convergence theorem. For any ¢ > 0 and j > 1 there holds
F}; + Iy, = Fy; with Fj} > 0, so that we may write for any & > 0

Ay < 46(1—6)C Gk 400, | F"
i < 4001-0)G 100G, +oF, 0] T
J

46(1 — 9)C / Cily
') A=0Gy, ror; o

IN
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taking s close enough to r, and this independently of j and t because

.F’]’»:/ Ft”:/ F.
Ei P(E) P(E)

Step 3. Concentration. We introduce the real numbers u = "% and § = 5%, depending

2
on ¢, as well as the set
w =X = (21, 1), Wi, i) < u} C EY

which is nothing but the reciprocal image of the ball B, C P(E) by the empirical measure
map. Using that

Gt]F‘ItI G + F/
(1—0)Gy; +0F]; ~ =gCute o 9 =
we get
(5.24) Ay < 4G, <(1 - 9)[ Gij + 9/ ng> te
By B

If p belongs to the support of F’ and X/ € BC, we have thanks to the last estimate in
Lemma 5.9

Wi(iess f1) — Wifr. p) — Wilp, pr)
u—s—Cyt>4/2,

for any ¢t € [0,T(¢)], T(g) > 0. We assume for the moment that = € P,,,(P(E)) for some
m > 0, which implies also that F,G € P,,(P(E)). Gathering this information with the
Chebychev inequality, estimate (2.30) and estimate (5.20), we conclude that

[or = [ ag)r)
G P(E)

>
>

2
< 2L (] mitd. oo @xh) Fan
P(E) \JEI
C L C 1/m
< —_—
(5.25) S 5 gy M0 ) < 5 (MonF) i)

with v :=1/(d+2+d/m). With exactly the same arguments, we prove that for any € > 0
and any t € [0,7(¢)]

2C
(5.26) Gy < 5 M (G)V™ 1 e

Gathering (5.24) with (5.25) and (5.26), we get that for any ¢ > 0, t € (0,7'(¢)] and
J=1,

AC, My, () Y™
Ay < T + 3¢,
and then for any € > 0, ¢t € (0,7'(¢)]
(5.27) limsup Ay < 3e.
Jj—00

Step 3’. Adaptation for m ¢ P,,(P(FE)). In the case where 7 as not finite moment, for
all m > 0, we can still prove that (5.27) holds true for any € and ¢ € (0,7'(¢)) where T'(¢)
is small enough.
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The idea is the same that in the proof of Lemma 5.6. We choose a function g satisfying
(5.15) and moreover g(2z) < 2g(z) for all x > 0. We use moment with respect to g({-))
rather than (-)". The property ¢g(2z) > 2¢g(z) ensures that the estimates on the moments
of Lemma 5.8 is still true with the moment M,. Next using projection on the ball of radius
R, it is still possible to deduce from the already known concentration results that

J @i gxiy < C g4 2Malp)
L W p)o030) < SR+ e
Summing up with respect to 7, choosing R large enough and letting j — 400, we get the
claimed inequality for the limsup (with maybe a 4¢ in place of the 3e).
Step 4. Conclusion. The regularization by convolution (or with the heat flow) implies
that for any a € P(P(E))

Z(ow) = supI(oy;) = sup (o) < supl(a;) =Z(a).
<1 <1 <1

Moreover, the last point in Lemma 5.8, implies that a; — « with respect to the Wj-metric.
Thanks to the previous inequality and the Ls.c. property of Z’, we obtain

(5.28) T'(a) = lim Z'(oy).
t—0

Turning back to the definition of A;;, the estimate (5.27) and the above properties, we
obtain for any € > 0, ¢t € (0,7'(¢)]

I'(m) T'(m)
QII(Ft) + (1 — 9) I/(Gt) — 3e.
First passing to the limit ¢ — 0 and using (5.28) we get

T'(m) > 0T'(F)+ (1 -0)T'(G) — 3¢,

for any e > 0, which concludes the proof of (5.23) since the reverse inequality is just a
consequence of the convexity of the functional Z'. O

>
>

PROOF OF THEOREM 5.7. We only have to observe that I;, Z and Z' fulfil the assump-
tions of Lemma 5.6. But the assumption (i) is a consequence of Lemma 3.6, the assump-
tion (i7) is a consequence of Lemma 3.5, the assumption (iii) is proved in Lemma 3.6
and assumption (iv) in Lemma 5.10. Then (5.18) and (5.19) are exactly the conclusion of
Lemma 5.6 adapted to the Fisher information. O

Proposition 5.11. Consider m € P(P(E)) and (wj) the associated family of compatible
and symmetric probability measures in P(E’) defined as in the De Finetti, Hewitt & Savage
theorem. For any p € [1,400], the following equality holds

1

1 , 1
(5.29) m — Suppess {[|pllp, p € P(E)} = sup|jmjllp = lim ||
jeN J—+o0

It is part of the result that the limit exists. In particular, it implies the equivalence
Vj € N, I lioen) < CF = 7 — Suppess {llpl. p € P(E)} < C.
PROOF OF PROPOSITION 5.11. First remark that there is nothing to prove for p = 1 since

we are dealing with probability measures. Now, one inequality is a simple consequence of
the De Finetti, Hewitt & Savage theorem. In fact, using the definition of 7;, we get

/ p® m(dp)
P(L2)

171y =

< / 1029, w(dp) = / lolld m(dp),
, e P(E)
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and the last quantity is clearly bounded by M7, M := m — Suppess {||pll,, p € P(E)}.

For the reverse inequality, we denote by ¢ € (1,400] the real conjugate to p. Because
LY(E) = (LP(E))’, the Hahn-Banach separation theorem infers that for any A < M there
exists f in the unit ball of LY(E) so that the set

B:={peP(E /f p(dx) > \}

is of m-measure positive : § := fB m(dp) > 0. Now for any j € N

Il > [ s am = [ ([ o) ano) = o
Ei P(E) \JEj

1
which implies the reserve inequality M < lim;j_, o ||7j]|7. O

5.4. Strong version of De Finetti, Hewitt and Savage theorem and strong con-
vergence in P(EY). We begin that section by an HWI inequality valid on P(P(E)),
which is just a ”summation” of the usual one and will be very useful in the sequel.

Proposition 5.12. Assume E = R? or more generally that (3.15) holds for N = 1. For
any o, f € P(Pa(FE)), we have

(5.30) H(a) < H(B) + Cev/I(a) Waa, B)
As a consequence, the entropy H is continuous on bounded sets relatively to Z. In more
precise words, if (m,) is a bounded sequence of P, (P(E)), m > 0, such that

T — 7 weakly in P(P(E)) and Z(m,) <C,
then H(mp) — H(m).
PROOF OF PROPOSITION 5.12. A first way in order to prove (5.30) is just to pass in
the limit in the HWI inequality (3.15) for an and Sy and use the inequality stated in

lemma 2.7 for the quadratic cost, and the result of the previous section about level 3
entropy and Fisher information 5.9 et 5.18.

Another possibility is to sum up the HWI inequality (3.16) for p € P(F). Choosing an
optimal transference plan II for W5 between « and 3, we have

/ H(p)(dp,dn) < H(n) (dp,dn) + VI(p)Wa(p,n) I(dp, dn),
P(E) P(E)
so that

2

H(a) < H(5)+< /P (E)I(p)ﬂ(dp,dn)> (P(E)W2(P777)2H(dﬂ7d77)> ,

thanks to Cauchy-Schwarz inequality. It leads to the desired inequality.
The second point is obtained by two applications of the previous inequality, leading to

() = Hm)| < (VI + V) Walma, ),

and then using the l.s.c. property of the level 3 Fisher information in order to prove that
Z(m) < oo. We conclude by remarking that the RHS converges to 0 as n tends to co. [

The results of the preceding section and the HWI inequality make possible to compare
different senses of convergence for sequences of P(E"), N — oo, without any assumption
of chaos.
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Theorem 5.13. Assume E = R% or E C R? is a bounded connected open subset with
smooth boundary and that (3.15) holds. Consider (FN) a sequence of Pgym(EN) and
7 € P(P(E)) such that FN — 1 weakly in Pr(E7)y;, k > 2.
(1) In the list of assertions below, each assertion implies the one which follows:

(i) I(FN) = I(r), Z(7) < oo;

(ii) I(FN) is bounded;

(i4i) H(FN) — H(r), H(m) < oco.
(2) More precisely, the following version of the implication (ii) = (iii) holds. There exists

a numerical constant C' such that for any k > 2 and K > 0, and for any any sequence
(FN) of Psym (EN) satisfying

YN M (FN)<K* I(FY) < K2,
there holds

In(K N
(5:31) YN () M| < KW(FY ) + 00 )
with 7 := m and as usual d' = max(2,d).

(3) In particular, for any sequence (7j) of symmetric and compatible probability measures
of P(E?) satisfying
My(m) < KF — Vvji>1 I(r;) < K2
there holds
o In(Kj)

J

for the same value of . In other words, (5.32) gives a rate of convergence for the limit
(5.9).

(5.32) vji>4,  |H(m) - H(r)| < CK

The fact that the constant C' do not depend on k is interesting when the space F is
compact or the measures FN have strong integrability properties, for instance a exponen-
tial moment. It allows to choose large k and get almost the largest exponent ~ possible.
Precise version of the point (iii) are stated (without proofs) in the corollary below.

Corollary 5.14. (i) In the case where E is compact, we denote K := max(diam(FE), \/Z(r)).
Then there holds for all j > 4%4
In(,)

(5.33) |H () — H(n)| < CK?

ith v =
A
(i) If Mg (m1) == [g eMx‘ﬁm(dm) < 400 for some A > 0 and Z(7) < 400, there exists
a constant C(d, B, X\, Z(r)) such that for j large enough (> C'1In Mg \(m1))
In 411+d' /8
7[ nj]_ with v = .
47 2d+1

PROOF OF THEOREM 5.13. We split the proof into four steps.

(5.34) |H (m;) - H(m)| < C

Step 1. i) implies ii) is clear. For ii) implies iii), we use the HWI inequality (3.15) and
we write

|H(FY) =H(x)| = |[H(FY) = H(ny) + H(my) — H(7)]
CE( I(FN) + I(WN)) Wa(FN, 1y) + [H(nn) — H(m).

IN
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We know from (5.9) that H(7) = lim H(7y) and from (5.18) and (5.19) that
I(nn) < Z(w) < liminf I(FY) < K, from which we conclude that there exist a sequence
£x(N) — 0 such that

|H(FN) = H(r)| <20 K Wo(FN,mx) 4 £(N).

We now aim to estimate ¢(/N) more explicitly as claimed in point (3). Then (2) will be
a direct consequence of (3) and the above estimate.

From now on, we only consider the case E = R? since the general case is similar (and
the case when F is compact is even simpler).

Step 2. From [12, Theorem A.1] we know that for any R,§ > 0 we may cover P(Bg)
by N(R,§/2) balls of radius 6/2 in W; distance (which is less accurate than the one
considered in the above quoted result) with

)

I R\ CL(R/5)1

where the constant Cf and C} are numerical. Let us fix a > 1 and recall that we de-
fine BPy o(E) = {p € P(E) s.t. My(p) < a}. Next, for any p € BPy ,(E), we define
pr € P(BR) by pr = p(Br) ! p1lp, for R large enough (so that it defines a probability
measure), and we observe that for any f € P(E) we have

Wi(p, f) < Wi(pr, f) + Wi(pr. p),

and that for any R such that R¥ > 2a

Wl (pRa p)

IN

1 Cc
lor = pllrv < 1= — |+ p(BR)

1 c a
< (1 i) #0035

since then p(Bgr) > 1 — o > %

As a consequence, for any § < 1 and a > 1, choosing R such that 3a/RF = §/2 in the
two preceding estimates, we may cover BP}, ,(E) by N,(6) = N(R,§/2) balls of radius ¢
in W7 distance, with

d g d
1 Coakd k
S~ < Na6) < (claia—l—%) ’

The above lower bound on AN, (d) is straightforwardly obtained by considering balls cen-
tered on Dirac masses distributed on a line. In the sequel, we shall often use the shortcut
N = N, (). Let us then introduce a covering family w? C BPy ,(E), 1 < i < N,(4), such
that

Na(6)
sup Wi(p,n) <26, winwd=0ifi#j, BPu(F)= U w?,
pmEw; i=1

as well as the masses and centers of mass

7l
0 6
o = | 7w, f=— [ pn(dp).
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We also denote wi := [BPjo(E)]° and of := fwg m, so that Zﬁo a? = 1. Denoting
Zi={i=1,..,Nu(6); a? > N (0)~?}, we finally defined

Na(6)
7= )" Bl6ys, with B =
i=1

)
= ificZand Bl = 0ifi ¢ Z.
2jez

Remark that by our moment assumption

ad < / m(dp) < / Mk_(p)w(dp) _ Mi(m)
(w§)e pE) @ a

Since gz > a? < N71 < 4, we necessarily have Z # ) if § + % < %<1 an
assumption that we will make in the sequel. We fix now the value of a to be so that

As we shall see that will lead to the optimal inequality. With that particular choice, the
condition above simply write § < 4, and the upper bound on N may be rewritten

o\ Co rdgd(1+%)
(5.35) N(G) == N, (8) < <01 K(S_l_%)
In that case, we have
1
(5.36) D, aj<20, 12} af>1-202c.
JjE€Z,520 JEZ

Now, by convexity of the Fisher information
5 1
I(fi) < — [ 1(p)m(dp),
ag Juw?

which in turns implies that

1
e dD / 1) nldp) <277,

Na(6)
I(x) = Y BI(f) <
=1

Similarly, for the moment of order k :

Na(6)

MGl = Y BIMY) < s 3 [ Ml nldp) < 2(m).
=1

1)
2jez O ez ot
In order to prove (5.32), we introduce the splitting

(5.37) [H(m;) = H(m)| < |H(mj) — H(m})]

+HH(7§) = H(n)| + [H (") = H(m)],

where we have written 77? = (m%) j- We now estimate each term separately.



CHAOS 73

Step 3. On the one hand, defining 7° : P(E) — {fJ,.... fy}, T°(p) = f2 if p € f,
T%(p) = f§ = & if p € w) and B3 := 0, we compute

N N N
Wi (3 aldys) + Wi (3ol 655, > 57655
=0 1=0 i=1

N
/ Wip,n)(Td e T + || 302 = 1) 35
P(E)xP(E) i—0 ‘

Wl (7T7 7T6)

IN

IN

TV

IN

N
/P 1y MO T () 7(dp) + 37 o] = Bl + o
=1

M
< 5+$ + 60 < 86,

where we have used several times estimation (5.36), in particular in order to get the
inequality

N

1
Slof o= (1 g ) Sa s oaf <yt
=1 i€2% ) ez i¢Z idZ

Using lemma 2.3 and the bound on My(79), we obtain a bound on Wy(n?, ) as follows
(we recall that the constant C' that appears is numerical : C' = 23/2)

Wa(7®, ) < C My (m))YE Wy (0, )2k < 40 K§Y/2 1k,

Now, we use the HWI inequality on P(FE) stated in Proposition 5.12 and we bound the
first term in (5.37) by

H(7°) — H(m)| < [\/I(w‘s) + \/z(w)] Wa(n0, ) < 2 K Wh(n®, 7),

and the third term in (5.37) very similarly

HGED - H)| < [ + /16| Waledm)
|:\/I(7T5) + \/W} Wa(r®, 1) < 2 K Way(xl, 7),

where we have used the properties (5.18) of the level 3 Fisher information and Lemma 2.7
in order to bound W5 by W5. All together, we have proved

(5.38) [H(x%) = H(m)| + [H(x]) = H(my)| < C K> /2VE,

IN

for some numerical constant C' < 26.

Step 4. We estimate the second term in (5.37). Using that 77? =B (f)%T ... 4+B (f3)%,
we write

1
H(w?) = E/ijﬁlogﬂ?

N O (£0\R®7 6 0 \®j
- Zﬁfﬂ(ff)ﬁ/Eﬂ?A(ﬂl(f%) g i )

Vi ™
=1 J
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with A : {U = (u;) € RY, 3, u; = 1} — R defined by
§ 6
A(U) :=uy log <%> + ... +uy log (B > .

1 UN

=

Observing that A is in fact (the opposite of ) a discrete relative entropy, we have for any
UeRY with > u; =1

—log(N?) < log(min 39) < A(U) < 0,
we deduce 5
H() = H(x)] < 2 1og ,(0).
Step 5. All in all, observing that thanks to (5.35)

log N(8) < C K640+ 8) 1 + In K —1nd),

we have
C7UH(m;) — H(m)| < K26Y27 1k 4 LS [1+1In(K51)].
’ - j §d(1+3)
We can now (almost) optimize by choosing § = 77, with r~1 := % - % +d(1+ %) we
obtain

In(Kj
O H () — ()| < K 2D
J
for the integers j > 4Y/" so that the the condition § < i is fulfilled (in order to ensures
that Z # (). But it can be checked that for k € [2,+00), d < + < 2d. So that the previous

condition on j is fulfilled for j > 4%¢, O
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