N

N

ON KAC’S CHAOS AND RELATED PROBLEMS
Maxime Hauray, Stéphane Mischler

» To cite this version:

Maxime Hauray, Stéphane Mischler. ON KAC’S CHAOS AND RELATED PROBLEMS. 2012. hal-
00682782v1

HAL Id: hal-00682782
https://hal.science/hal-00682782v1

Preprint submitted on 26 Mar 2012 (v1), last revised 29 Mar 2013 (v5)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-00682782v1
https://hal.archives-ouvertes.fr

ON KAC’S CHAOS AND RELATED PROBLEMS

M. HAURAY AND S. MISCHLER

March 26, 2012

ABSTRACT. This paper is devoted to establish quantitative and qualitative estimates
related to the notion of chaos as firstly formulated by M. Kac [30] in his study of mean-
field limit for systems of N undistinguishable particles as N — oo.

First, we quantitatively liken three usual measures of Kac’s chaos, some involving the
all NV variables, other involving a finite fixed number of variables. The cornerstone of the
proof is a new representation of the Monge-Kantorovich-Wasserstein (MKW) distance
for symmetric N-particle probabilities in terms of the distance between the law of the
associated empirical measures on the one hand, and a new estimate on some MKW
distance on probability spaces endowed with a suitable Hilbert norm taking advantage
of the associated good algebraic structure.

Next, we define the notion of entropy chaos and Fisher information chaos in a similar
way as defined by Carlen et al [13]. We show that Fisher information chaos is stronger
than entropy chaos, which in turn is stronger than Kac’s chaos. More importantly,
with the help of the HWI inequality of Otto-Villani, we establish a quantitative esti-
mate between these quantities, which in particular asserts that Kac’s chaos plus Fisher
information bound implies entropy chaos.

We then extend the above quantitative and qualitative results about chaos in two
other frameworks. We first extend it to the framework of probabilities with support on
the Kac’s spheres, revisiting [13] and giving a possible answer to [13, Open problem 11].
Additionally to the above mentioned tool, we use and prove an optimal rate local CLT
in L norm for distributions with finite 6-th moment and finite L” norm, p > 1.

Last, we investigate how our techniques can be used in the context of probabilities
mixtures as introduced by De Finetti, Hewitt and Savage and general sequence of prob-
ability densities of N undistinguishable particles as N — oo, without assuming chaos.

Keywords: Kac’s chaos, Monge-Kantorovich-Wasserstein distance, Entropy chaos,

Fisher information chaos, CLT with optimal rate, proabability mixtures, De Finetti, He-
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1. INTRODUCTION AND MAIN RESULTS

The Kac’s notion of chaos rigorously formalizes the intuitive idea for a family of stochas-
tic valued vectors with N coordinates to have asymptotically independent coordinates as
N goes to infinity. We refer to [54] for an introduction to that topics from a probabilistic
point of view, as well as to [42] for a short survey.

Definition 1.1. [30, section 3] Consider E C RY, f € P(E) a probability on E and
GN e Psym(EN) a sequence of probabilities on EN, N > 1, which are invariant under
coordinates permutations. We say that (GV) is f-Kac’s chaotic (or has the “Boltzmann
property”) if

(1.1) Vi>1, G;V — f®I weakly in P(E’) as N — oo,
where G;-V stands for the j-th marginal of GN defined by

Gy ::/ GNdzjyy ... duy.
EN-j

Interacting N-indistinguishable particle systems are naturally described by exchange-
able random variables (which corresponds to the fact that their associated probability law
are symmetric, i.e. invariant under coordinates permutations) but they are not described
by random variables with independent coordinates (which corresponds to the fact that
their associated probability laws are tensor products) except for situation with no inter-
action! Kac’s chaos is therefore a well adapted concept to formulate and investigate the
infinite number of particles limit N — oo for these systems as it has been illustrated by
many works since the seminal article by Kac [30]. Using that definition of chaos, it is
shown in [30, 38, 37, 25, 43] that if f(t) evolves according to the nonlinear space homo-
geneous Boltzmann equation, GV (t) evolves according to the linear Master/Kolmogorov
equation associated to the stochastic Kac-Boltzmann jumps (collisions) process and GV (0)
is f(0)-chaotic then for any time ¢ > 0 the sequence G (t) is also f(t)-chaotic: propa-
gation of chaos holds for that model. As it is explained in the latest reference and using
the uniqueness of statistical solutions proved by [1], some of these propagation of chaos
results can be seen as a simple illustration of the “BBGKY hierarchy method” whose most
famous success is the Lanford’s proof of the “Boltzmann-Grad limit”, see [32].

In order to investigate quantitative version of Kac’s chaos, the above weak convergence
in (1.1) can be formulated in terms of the Monge-Kantorovich-Wasserstein (MKW) trans-
portation distance between G;-V and f®7. More precisely, given dg a bounded distance on
E, we define the correctly normalized distance dg; on E7, j € N*, by setting

. 1 J
(12) VX = (21,.0,2)),Y = (y1,.,9j) € BV dpi(X,Y) := ;ZdE(xi,yi),
i=1

and then we define W, (without specifying the dependence on j) the associated MKW
distance in P(E7) (see the definition (2.2) below). With the notations of Definition 1.1,
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GV is f-Kac’s chaotic if, and only if,
Vi>1, QGYf)=Wi(G), f¥) =0 as N — cc.

Let us introduce now another formulation of Kac’s chaos which we firstly formulate in a
probabilistic language. For any X = (x1,...,zy5) € EV, we define the associated empirical
measure

1
(1.3) pX(dy) == 5> 0, (dy) € P(E).

i=1

We say that an exchangeable EV-valued random vector XV is f-chaotic if the associated
P(FE)-valued random variable ,u%N converges to the deterministic random variable f in
law in P(FE):
(1.4) piy = f inlaw as N — oco.
In the framework of Definition 1.1, the convergence (1.4) can be equivalently formulated
in the following way. Introducing GV := Z(&X"N) the law of X", the exchangeability
hypothesis means that G € Pyyp, (EY). Next the law GV := Z(uy) of ¥y is nothing
but the (unique) measure GV € P(P(E)) such that

(G, @) = /E BN GNAX) Ve CP(E))

Then the convergence (1.4) just means that
(1.5) GN - 0y weakly in P(P(E)) as N — oo,

where this definition does not refer anymore to to the radom variables XV or ,ug N It is
well known (see for instance [26, section 4], [30, 55, 53] and [54, Proposition 2.2]) that for
a sequence (GV) of Py, (EYN) and a probability f € P(E) the three following assertions
are equivalent:

(i) convergence (1.1) holds for any j > 1;

(ii) convergence (1.1) holds for some j > 2;

(iii) convergence (1.5) holds;
so that in particular (1.4) or (1.5) are indeed equivalent formulations of Kac’s chaos. The
chaos formulation (ii) has been used since [30], while the chaos formulation (iii) is widely
used in the works by Sznitman [52], see also [53, 40, 46], where the chaos property is
established by proving that the “emperical process” ,u% ~ converges to a limit process with
values in P(F), solution to a nonlinear martingal problem associated to the mean-field limit
equation. Formulation (1.5) is also well adapted for proving quantitative propagation of
chaos for deterministic dynamics associated to the Vlasov equation with regular interaction
force [21] as well as singular interaction force [28, 27]. Let us briefly explain this point
now, see also [42, section 1.1]. On the one hand, introducing the MKW transport distance
Wi := Wy, on P(P(E)) based on the MKW distance W; on P(FE), (see definition (2.6)
below), the weak convergence (1.5) is nothing but the fact that

Q(GYN; f) = Wi(GN,6;) = 0 as N — 0.

On the other hand, for the Vlasov equation with smooth and bounded force term, it is
proved in [21] that

(1.6) VT >0, Vte[0,T] Wl(uﬁtN,ft) <Cr Wl(uﬁév,fo),
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where f; € P(E) is the solution to the Vlasov equation with initial datum fo and & € EV

is the solution to the associated system of edo with initial datum XJV. Inequality (1.6) is

a consequence of the fact that ¢ — ,ug ~ solves the Vlasov equation and that a local W
t

stability result holds for such an equation. When A} is distributed according to an initial
density Gév € Psym(EN ) we may show that A; is distributed according to GV € Py, (EN)
obtained as the transported measure along the flow associated to the above mentioned
system of edo or equivalently G is the solution to the associated Liouville equation.
Taking the expectation in both sides of (1.6), we get

[ Wil 1) G aY) = B, )

< CrEW(y. ) = Cr [ Wil o) G (aY)

for any ¢t € [0,7]. We conclude with the following quantitative chaos propagation estimate
Vie0,T] QG fi) < CrQ(Gy's fo).

It is worth mentioning that partially inspired from [26], it is shown in [45, 43] a similar
inequality as above for more general models including drift, diffusion and collisional inter-
actions where however the estimate may mix several chaos quantification quantities as {2
and €, for instance.

There exists at least one more way to guaranty chaoticity which is very popular because
that chaos formulation naturally appears in the probabilistic coupling technique, see [54],
as well as [36, 9, 8] and the references therein for more recent developments. Thanks to
the coupling technique we typically may show that an exchangeable EV-valued random
vector XV satisfies

N

1

E(NZ\XiN—ygVD 50 as N — oo,
i=1

for some EN-valued random vector YV with independent coordinates. Denoting by GV €

Poym (EN) the law of XN, f the law of one coordinate yiN , and W7 the MKW transport

distance on P(EY) based on the correctly normalized distance dgn in EY defined by

(1.2), the above convergence readily implies
(1.7) Qn(GN; ) =W (GN, f®N) - 0 as N — oo,

which in turn guaranties that (G%) is f-chaotic. It is generally agreed that the convergence
(1.7) is a strong version of chaos, maybe because it involves the all N variables, while the
Kac’s original definition only involves a finite fixed number of variables.

The first natural question we consider is about the equivalence between these definitions
of chaos, and more precisely the possibility to liken them in a quantitative way. The
following result give a positive answer, we also refer to Theorem 1.2 - part 1, 2, 3 & 4 in
section 2 where more precise versions are stated.

Theorem 1.2 (Equivalence of measure for Kac’s chaos). For any k > 0 there exist an
exponent v = y(d, k) > 0 and a constants C = C(d, k) € (0,00) such that for any f €
P(E), any GN ¢ Psym(EN), N > 1, and any j, ¢ € {0,...., N}, £ # 1, there holds
- 1\7
(G ) < Ot (UG ) + )
where M), = My (f) + My (GY) is the sum of the moments of order k of f and GY'.
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It is worth emphasizing that the above inequality is definitively false in general for
¢ = 1. The first outcome of our theorem is that it shows that regardless of the rate,
the propagation of chaos results obtained by the coupling method is of the same nature
as the propagation of chaos result obtained by the “BBGKY hierarchy method” and the
“empirical measures method”.

The proof of Theorem 1.2 will be presented in section 2. Let us briefly explain the
strategy. First, the fact that we may control 2; by €, for 1 < j </ < N is classical and
quite easy. Next, we will establish an estimate of g by €29 following an idea introduced
in [43]: we begin to prove a similar estimate where we replace €y by the MKW distance
in P(P(E)) associated to the H~*(R%) norm, s > d/2 + 1, on P(E) in order to take
advantage of the good algebraic structure of that Hilbert norm and then we come back to
Qo thanks to the “uniformly topological equivalence” of metrics in P(E) and the Holder
inequality. Finally, and that is the other key new result, we compare 2y and €y: that is
direct consequence of the following identity

VFN . GN € Py (EN)  Wi(GN,FN) = Wi (GN, FN)
applied to FV := f®N and a functional version of the law of large numbers.

A somewhat stronger notion of chaos can be formulated in terms of entropy functionals.
Such a notion has been explicitly introduced by Carlen, Carvahlo, Loss, Leroux, Villani
in [13] (in the context of probabilities with support on the “Kac’s spheres”) but it is
reminiscent in the works [31, 4]. We also refer to [51, 41, 10, 11] where the N particles
entropy functional below is widely used in order to identify the possible limits for a system
of N particles as N — co. Consider E C R% an open set or the adherence of a open
space, in order that the gradient of a function may be well defined. For a (smooth and/or
decaying enough) probability GV € Py, (EY) we define (see also section 3 for the suitable
definitions) the Boltzmann’s entropy and the Fisher information by
Ny._ L N N Ny._ L [VGN]?
H(GY) = ENG log G* dX, I(G ).—N e
It is worth emphasizing that contrarily to the convention adopted in [13, Definition 8|
we have put the normalized factor 1/N in the definitions of the entropy and the Fisher
information. Moreover we use the same notation for these functionals whatever is the
dimension. As a consequence, we have H(f®V) = H(f) and I(f®N) = I(f) for any
probabilities f € P(E).

Definition 1.3. Consider (GY) a sequence of Py (EN) such that the k-th moment
My(F}) is bounded, k >0, and f € P(E). We say that
(a) (GN) is f-entropy chaotic (or f-chaotic in the sense of the Boltzmann’s entropy) if
GY — f weakly in P(E) and H(GYN)— H(f), H(f) < oo;

(b) (GN) is f-Fisher information chaotic (or f-chaotic in the sense of the Fisher in-
formation) if

dX.

GY — f weakly in P(E) and I(GN) = I(f), I(f) < .
Our second main result is the following qualitative comparison of the three above notions

of chaos convergence.

Theorem 1.4. Assume E = R%, d > 1, or E is a bi-Lipschitz volume preserving defor-
mation of a convez set of R%, d > 1. Consider (GY) a sequence of Psym(E™N) such that
the k-th moment My(GY) is bounded, k > 2, and f € P(E).



6 M. HAURAY AND S. MISCHLER

In the list of assertions below, each one implies the assertion which follows:
(i) (GN) is f-Fisher information chaotic;
(i) (GN) is f-Kac’s chaotic and I(GN) is bounded;
(iii) (GN) is f-entropy chaotic;
(iv) (GN) is f-Kac’s chaotic.
More precisely, the following quantitative estimate of the implication (ii) = (iii) holds:

(1.8) |H(GN) — H(f)| < Op K Qn(GY; f)7,

with v :=1/2 —1/k, K = supy I(GN)Y/2 supy M (GN)V/* and Cg is a constant depend-
ing on the set E (one can choose Cp = 8 when E =RY).

The implication (i7) = (iii) is the most interesting part and hardest step in the proof
of Theorem 1.4. It is based on estimate (1.8) which is a mere consequence of the HWI
inequality of Otto and Villani proved in [48] when E = R? together with our equivalence
of chaos convergences previously established. We believe that this result gives a better
understanding of the different notions of chaos. Other but related notions of entropy
chaos is introduced and discussed in [13, 44]. Finally also notice that our definition
of entropy chaos ((a) in Definition 1.3) is slightly weaker that the notion of “entropic
chaos” introduced in [13, Definition 8]. However, thanks to Theorem 1.4, they are in fact
equivalent.

Subsequently, we want to illustrate our approach by generalizing our results in two other
frameworks:

- when the probabilities GV are supported by the Kac’s sphere, as introduced in [30];

- when the limit of G"V is not necessarily chaotic, as it is the case in [41, 10, 11] for
instance.

In section 4, we consider the framework of probabilities with support on the “Kac’s
sphere” ISy defined by

KSy :=={V = (v1,...,o5) € EN, v3 + ...+ v =N}, E:=R,

as firstly introduced by Kac in [30]. Our aim is mainly to revisit the recent work [13]
and to develop “quantitative” versions of the chaos analysis. We start with the proof of a
quantified “Poincaré Lemma” stating that o'V the uniform probability measure on KSy is
~v-chaotic, with + the standard gaussian, in the sense that the corresponding quantification
of chaos Qn(c; ) converges to 0 with rate 1/v/N. Next, we prove that for a large class of
probability densities f € P(E) the corresponding sequence of “conditioned (to the Kac’s
sphere) product measures” F is f-Kac’s chaotic, f-entropy chaotic as well as f-Fisher
information chaotic, and we exhibit rates for these convergences. In the present context,
we have to slightly modify the sense of entropy and Fisher information chaos. First, for
f € P(F) smooth enough, we define the usual relative entropy and usual relative Fisher
information

H(f|v) 3:/Eulogu7dv, I(f]v) ::/E

Vul?
| u‘ ydv, u:=f/y,

and similarly for GV € Py, (KSy), we define the (normalized) relative entropy and
relative Fisher information
1 1 VeV PP N
HGN|oN) = = gV loggN do, I(GN|oN) = = do™,
N Jksy N Jksy 9V
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where ¢V := df—g stands for the Radon-Nikodym derivative of GV with respect to o'V.

Then for f € P(E) and GV € Py, (KSn) such that GY — f weakly in P(E), we say
that (GV) is

(a') f-entropy chaotic if H(GN|o™N) — H(f|y), H(f|y) < oo;

(b') f-Fisher information chaotic if I(GN|o™Y) — I(f|y), I(f|y) < oc.

The main arguments in the above result is a (maybe new) L version of the Berry-
Esseen theorem, also called local central limit theorem, as well as a careful rewriting and
simplification of the proofs of the similar results (given without rate) in Theorems 9, 10,
19, 20, 21 in [13].

We next generalize Theorem 1.4 to the Kac’s sphere context. Additionally to the yet
mentioned arguments, we use a general version of the HWI inequality proved by Lott and
Villani in [35], see also [57, Theorem 30.21], and some Entropy and Fisher inequalities on
the Kac’s spheres established by Carlen et al. [14] and improved by Barthe et al. [2].

These results are motivated by the question of giving quantified strong version of prop-
agation of chaos for Boltzmann-Kac jump model studied in [43] by Mouhot and the second
author, where only quantitative uniform in time Kac’s chaos is established. As a matter of
fact, K. Carrapatoso in [15] extends the present analysis to the probabilities with support
to the Boltzmann’s spheres and proves a quantitative propagation result of entropy chaos.

Another outcome of our results is that we are able to give the following possible answer
to [13, Open problem 11]:

Theorem 1.5. Consider (GV) a sequence of Psym(EN) with support in KSn such that

(1.9) I(GNe™) < C,
for C > 0. Also consider f € P(FE), E :=R, satisfying Ma(f) =1 and
(1.10) f>exp(—alv/*+3) on E,

with 0 < k<2, a >0, B€R. If (GN) is f-Kac’s chaotic, then for any fived j > 1, there
holds

H(G;-V]f@) — 0 as N — oo,

where H(-|-) stands for the usual relative entropy functional defined in the flat space F7.
Remark that the condition on the second moment of f is useless if supy My (GY) < 400
for some k' > 2.

Contrarily to the conditioned tensor product assumption made in [13, Theorem 9] which
can be assumed at initial time for the stochastic Kac-Boltzmann process but which is not
propagated along time, our assumptions (1.9) and (1.10) in Theorem 1.5, which may seem
to be stronger, are in fact more natural since they are propagated along time. We refer to
[43, 15] where such problems are studied.

Last in section 5, we investigate how our techniques can be used in the context of
probabilities mixtures as introduced by De Finetti, Hewitt and Savage [18, 29] and general
sequences of probability densities GV of N undistinguishable particles as N — oo, without
assuming chaos.

In a first step, we give a new proof of De Finetti, Hewitt and Savage theorem which is
based on the use of the law of the empirical measure associated to the j first coordinates
like in Diaconis and Freedman’s proof [19] or Lions’ proof [33], but where the compactness
arguments are replaced by an argument of completeness. As a back product, we give a
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quantified equivalence of several notions of convergences of sequences of Psym(EN ) to its
possible mixture limit.

In a second step, we revisit the level 3 entropy and level 3 Fisher information theory for
a probabilities mixture as developed since the work by Robinson and Ruelle [51] at least.
We give a comprehensive and elementary proof of the fundamental result

(1.11) K(m)i= | K(p)m(dp) = lim = [ K()
P(E) J—=o0 ] JEi

for any probability mixture 7 € P(P(F)), where m; stands for the De Finetti, Hewitt
and Savage projection of 7 on the j first coordinates and K stands for the entropy or the
Fisher information functional. In our last result we establish a rate of convergence for the
above limit (1.11) when K is the entropy functional mainly under a boundedness of the
Fisher information hypothesis and we generalize such a quantitative result establishing
links between several weak notions of convergence as well as strong (entropy) notion of
convergence for sequences of probability densities GV & Psym(EN ) as N — oo, without
assuming chaos.

Acknowledgement. We would like to thank F. Bolley and C. Mouhot for many
stimulating discussions about mean field limit and chaos. The second author also would
like to acknowledge I. Gentil and C. Villani for discussions about the HWI inequality and
P.-L. Lions for discussions about entropy and mollifying tricks in infinite dimension. The
second author acknowledges support from the project ANR-MADCOF.

2. KAC’S CHAOS

In this section we show the equivalence between several ways to measure Kac’s chaos as
stated in Theorem 1.2. We start presenting the framework we will deal with in the sequel,
and thus making precise the definitions and notations used in the introductory section.

2.1. Definitions and notations. In all the sequel, we denote by E a closed subset of
R?, d > 1, endowed with the usual topology, so that it is a locally compact Polish space.
We denote by P(F) the space of probability measures on the borelian o-algebra % of E.

Monge-Kantorovicth-Wasserstein (MKW) distances.

As they will be a cornerstone in that article, used indifferent setting, we briefly recall
their definition and main properties, and refer to [56] for a very nice presentation.

On a general Polish space Z, for any distance D : Z x Z — R and p € [1,00),we define
Wpp on P(Z) x P(Z) by setting for any p;, p2 € P(2)

(Wpp(p1,p2)]P:= _ inf D(z,y)P 7(dx, dy)
well(p1.p2) J Zx 7z
where II(p1, p2) is the set of proability measures 7 € P(Z x Z) with first marginal p; and
second marginal po, that is (A x Z) = p1(A) and w(Z x A) = py(A) for any Borel set
A C Z. It defines a distance on P(Z).

The phase spaces £V (its marginal’s space E7) and P(E).

When we study system of N particles, the natural phase space is EY. The space of
marginals 7 for 1 < j < N are also important. We present here the different distances
we shall use on these spaces.

e On F we will use mainly two distances :

— the usual Euclidian distance denoted by |z — y|;
— a bounded version of the square distance : dg(x,y) = |z —y| A1 for any z,y € E.
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e On the space E’ for 1 < j, we will also use the two distances
— the normalized square distance |X — Y|y defined for any X = (z1,...,2;) € EJ
and Y = (y1,...,y;) € B/ by
1 J
X = YI5 == o — sl
‘7 i=1
— the the normalized bounded distance d; = dp; defined by

(2.1) dpi (X,Y) ZdE i, Yi)-

It is worth emphasizing that the normalizing factor 1/j is important in the sequel in order
to obtain formulas independant of the number j of variables.

e The introduction of the empirical measures allows to “identify” our phase space EV to a
subspace of P(E). To be more precise, we denote by Px(F) the set of empirical measures
Py(E) = {pX, X = (z1,..,2n) € BV} C P(E),

where ,u% stands for the emplrlcal measure defined by (1.3) and associated to the config-
uration X = (z1,...,2,) € EN. We denote by py : EY — Py (F) the application that
maps a configuration to its empirical measure : py(X) == p¥.

e On our phase space P(E), we will use three different distances

- The 121sual MKW distance of order two Wy defined as above with the choice D(z,y) =
|z =y

Walpr,pa)? = WipalprpeP = _int [ o=yl n(do,dy)
n€ll(p1,p2) JEXE
- The MKW distance W; associated to dg defined by
(2.2) Wi(p1,p2) = Wagi(p1,p2) := inf / dp(z,y) m(dz,dy)
n€ll(p1,p2) JEXE

From the Kantorovich-Rubinstein duality theorem (see for instance [56, Theorem 1.14])
we have the following alternative characterization

(2.3) Vpi,p2 € P(E)  Wi(p1,p2) = sup / p(x) (p1(dz) — p2(dz)),
lellpip<1/E
Where [|¢||Lip 1= sup,, % is the Lipschitz semi-norm relatively to the distance

dg. This semi-norm is closely related to the usual Lipschitz semi-norm since it satisfies

1
(2.4) 5 Vel + e = @(0)loo) < llellzip < 2(IVelloo + l[elloc) =2 2l flwrec.

It implies that W is equivalent to the (W1°°)"-distance denoted by Dyy1.00

1
(2.5) Dy :=  sup / o(x) (p1(dz) — p2(dz)), — Dy < W <2Dpyio.
Il <1/ E 2

- The distance induced by the H~* norm for s > %l : for any p, n € P(E)

o=l = [ 190~ 0P 5

where p denotes the Fourier transform of p (which may always be seen as a measure on

the whole R?), and (¢) = /1 + |€]2.
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e We will often restrict ourself to the spaces P (FE) of probabilities with finite moment of
order k > 0 defined by

Pi(E) :={p e P(E) s.t. M(p) = /E<v>lC p(dv) < +o0}.

The probability ”spaces” P(E"), its marginals spaces P(E’), and P(P(E)). The
next step is to consider probabilities on the configuration spaces.
e The space P(EY) will be endowed with two distances
— W the MKW distance on P(E?) associated to dyv and p = 1, which has the
same properties than the one of P(FE) and satisfies in particular the Kantorovich-
Rubinstein formulation (2.3).
— Wy the MKW distance associated to the normalized square distance | - |2 defined
above.
Remark that we will only work on the subspace Py, (E™V) of borelian probability measures
which are invariant under coordinates permutations.
e On the probability space P(P(F)), we can define different distances thanks to the
Monge-Kantorovich-Wasserstein construction. We will use three of them

— Wi, the MKW distance induced by the cost function Wi on P(E). In short

(2.6) Wl(al,ag) = thl(al,ag) = inf / Wl(pl,pg)ﬂ'(dpl,dpg),
mell(a1,a2) JP(E)xP(E)
— Wy, the MKW distance induced by the cost function W on P(E). In short
Wa(aq,a9)? = Wiy, a(a1,a0)® :=  inf / W3 (p1, p2) 7(dp1, dp2),
mell(ar,a2) JP(E)xP(E)
— Wpy-s, the MKW distance induced by the cost function |- ||2,_, on P(E). In short
Wir-s(ar,a2)? = Wy o(ar,a0)® == inf / lp1 = p2l|F-« w(dpr, dp2).
mell(an,a2) JP(E)xP(E)

e Remark that the application ”empirical measure® py allows to define by push-forward
a canonical map between P(E”) and P(P(E)). For G¥ € P(EY) we denote its image
under the application py by GV € P(P(E)) : GV = GgpN. It satisfies the duality
relation

(2.7) Vo € Cy(P(E)) (GN,q>>:/ () GV (dX).
EN

More properties of the space P(P(FE)).

e Marginals of probabilities on P(P(E)). We can define a mapping form P(P(FE))
onto P(E7) in the following way. For any o € P(P(E)) we define the projection a; €
P(E7) thanks to the relation

aj = /p‘g’j da(p).

It may also be restated using polynomial fonctions : for any ¢ € Cy(E7) we define the
monomial (of order j) function R, € Cy(P(E)) by

VpER(E)  Rolp)i= [ o(X)p (@),

We remark that the monomial functions of all orders generate an algebra of continous
fonction (for the weak convergence of measures) that are called polynomials. When FE is
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compact so that P(F) is also compact, they form a dense subset of Cy(P(E)) thanks to
the Stone-Weierstrass theorem.
In terms of polynomial fonctions, the marginal «; may be defined by

VoeCy(E))  (aj,¢) = (a,Ry,).

e Starting from GV € Py, (EY), we can define its push-forward GN and then for any
1 < j < N the marginals of the push-forward CZ’;V = (GN); € Py (E7). They satisfy the
duality relation

(2.8 Vo CuE) (G = [ R GV @),

We emphasize that it is not equals to Gév the j-th marginal of GV, but we will see later
that the two probabilities G;V and CZ’;V are close (a precise version is recalled in Lemma 2.6).
Different quantities mesuring chaoticity. Now that everything has been defined, we

introduce the quantities that we will use to quantify the chaoticity of a sequence GV €
Poym (EYN) of symmetric probability with respect to a profil f € P(E):

— The chaoticity can be mesured on EJ for j > 2. For any 1 < j < N, we set
(G f) = W(GY, [#7),
— and also on P(E) by

(G 1) = WGV, 55) = [ Wil £) 6N (@)
since there is only one transference plan o ® 07 in II(a, é¢).

2.2. Equivalence of distances on P(E), Py, (EY) and P(P(E)). .

To quantify the equivalence between the distances defined above on P(E), we will
need some assumption on the moments. The metrics Wy, Wy and ||.||z-s are uniformly
topologicaly equivalent in Py (F) for any k > 0. More precisely, we have

Lemma 2.1. Choose f,g € P(E). For any k > 0, denotes #y, := Mp(f) + My(g).
(i) For any s > 1 ifd=1, s > d/2 if d > 2 there exists C := C(d, s) € (0,00) such that
for any k > 0, there holds

d 2k
(2.9) Wi(f,9) < CA5 | f = gll =2
(ii) For any k > 2
(2.10) Wa(f,g) < 25" Wi(f.9)/> V5.
(iii) It also holds without moment assumptions for s > di; and a constant C(s,d)
1
Wl(fag)SWQ(fmg)? Hf_gHH_s SCWl(f,Q)Q

PrOOF OF LEMMA 2.1. The proofs is a mere adaptation of classical results on comparison
of distances in probability spaces as it can be found in [49, 16, 43] for instance. We
nevertheless sketch it for the sake of completness.

Proof of i).
We consider a truncation sequence xg(z) = x(z/R), R > 0, with x € C>*(R%),

IVxlloo < 1,0 < x <1, x = 1 on B(0,1), and the sequence of mollifers w.(z)

e~ w(z/e), e > 0, with w(z) = (2m)~ %2 exp(—|z|?/2), so that &.(£) = exp(—e? |£[2/2).
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In view of the equivalence of distance (2.5), we choose a ¢ € WH(R?) such that
llollwie <1, we define pp == @ XR, YR = ¥R * w: and we write

[ot@—as) = [onet@—do)+ [ (on—ene) @ - dg)+ [ (o= om) (@ — do)
For the last term, we have

]

M,
vr>0 | [on-o@-do)| < [ ol B s < B

For the second term, we observe that
lon = el < IVl | wu(o)lalde < C)=
and we get
[ or=pre) @ - ag)| < @)
Finally, the first term can be estimated by
[ onetar =) < ol 17 = ol

with for any R > 1 and ¢ € (0, 1]

lenellne = ([€2 1807 (0200 ac)
< loxaln 14" (@)l < Ols,d) R D,

In the estimation of ||{-)*' @&.()||cc We used s > 1. All in all, we have

M,
Wi(£.0) < Clod) (4 gk + BECD 1 = gl )

This yields to (2.9) by optimizing the paramater ¢ and R with

1/2

A

2s 2 d 2k
R = Mkd+2ks Hf _ gHHd_Jsr%s, and ¢ = Mkd+2ks Hf _ gHI(?_st .
Proof of ii). We have for any R > 1 the inequality
2k
Yo,y e B, |o—yl’ <R dp(n,y) + g (2" +[y]")

from which we deduce

Wa(f,9)> < R® inf / dg(z,y) 7(dz, dy)
m€ll(f,9) JExE

2k
oz sw [ (il nldo, dy)
Rk 27r€1'[(f,g) ExFE
2k;
< R*Wi(f,9)+ B2 (M (f) + My(g)),
and then we get with (R/2)* = .4, /Wy
(2.11) Wa(f,g) < 222 Wi (f,g)V 2V,

Proof of iii). The first point is classical. The second relies on the fact that
H(Sm - 5y||§{—s < CdE(x,y). U



CHAOS 13
Their is also a similar result on EV, where the H™* is less usefull.
Lemma 2.2. Choose FN G € Py, (EYN). For any k > 0, denotes
My, = M(FT) + Mi(GY).
For any k > 2, it holds that
(2.12) Wo(FN,GN) < 22 . F Wy (PN, GN )21k

It also holds without moment assumptions that Wi(FN,GN) < Wo(FN,GN).

PROOF OF LEMMA 2.2. The proof is a simple generalisation of (2.10) to the case of N
variables. We skip it. U

The inequalities of Lemma 2.1 also sum well on P(P(E)) in order to get
Lemma 2.3. Choose a, 8 € P(P(E)), and define

um:m@+M@:/Mmm+mm=mmﬂan

(i) For any s > 1 ifd=1, s > d/2 if d > 2 there exists C := C(d,s) € (0,00) such that
for any k > 0,

d
(2.13) Wi(a, B) < C M Wy (a, B) T

it) For any k > 2, it also holds that

=

(2.14) (i) Wale B) <28 4F Wi(o, B3 1,

1
i11) It holds without moment assumption that Wi < Wy and Wy-s < CW{ for s > di21
with a constant C(s,d).

Proor oF LEMMA 2.3. All the above estimates are simple summations of the correspond-
ing estimate of Lemma 2.1. We only prove i).

Wi(a,B) = ne%m/wl(p’")n(d”’ dn)
d _2k_
< C inf M M, 2% || p — l| T2 TI(dp. d
N Hehr%a,ﬁ)/[ k(p) + My(m)] 2% || p — nl| 55 T(dp, dn)
o 2ks
< o [ontiar o)™ (i [lo-ally i)
- wr g Hetl(a,) ) P M= 24P 4

d+gk

_d . s

< C[My(a) + My(B)] 7725 ( inf / o — nll3-- H(dp,dm)
Tell(o,B)

d__ 2k
< CM*Why-s(a, B) T2ks

where we have successively used the inequality (2.9), Holder inequality, the definition of
the moment of & and 3, and Jensen inequality. U
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2.3. Quantified equivalence of chaos. We begin with some probably well known el-
ementary inequalities and identities concerning Monge-Kantorovich-Wasserstein in space
product. For the sake of completeness we will nevertheless sketch the proofs of them.
Remark that the two first formulas are particularly simple thanks to the choice of the nor-
malization (2.1), and that they remains valid if we replace d; by the normalized I!-distance

LY, s — il

Proposition 2.4. a) - For any FY,GN € Py, (EYN) and 1 < j < N, there hods

(2.15) Wi(EN,GY) < (% {jﬂ])l Wi(FN GNY < 2 (PN GV,
b) - For any f,g € P(E), there holds

(2.16) Wi(fEN, g*N) = Wi(f. 9).

¢) - For any f,g,h € P(E), there holds

(2.17) 2Wi(f ®@h,g®h) =Wi(f,g).

As can be seen in the following proof, similar results also holds for MKW constructed
with arbitrary distance D and exponents p, and therefore for the Ws distance. We do not
state them precisely, but they will be useful in the proof of the next Lemma 2.5.

PROOF OF PROPOSITION 2.4.
Proof of (2.15). Consider 7 € II(FY,GY) an optimal transfer plan in (2.2). Introducing
the Euclidian division, N =nj+r,0<r < j— 1, we have

Wi(FN,GN) = / dpn (X,Y) w(dX,dY)
E2N

1 L
= N <Z] dp; (XZ7 Xz) + TdEr(XQ, Y0)> 71'(de dY)

E2N

> L Z/ s (X:, Y:) 7i(dX;, dX;),

with 7; € H(E, G, i), where F,and G; € P(E7) denote the marginal probabilities of F' N and
GY on the i-th block of variables. From the symmetry hypothesis, we have F; = [} = F; N
and G; = G = Gév for any 1 <7 < n. As a consequence, we have

/ dps (X3, i) 7®i(d X, dX;) > Wi(FN,GY),
B2

and we then deduce the first inequality in (2.15). Since the integer portion n := [N/j] is
larger than 1, we have

EAEs SV RPN HN §
N Llj nj+r  nj+j " 2

from which we deduce the second inequality in (2.15).

Proof of (2.16). We consider o € II(f,g) an optimal transport plan for the Wi (f,g)
distance and we define the associated transport plan 7 := a®V € TI(f®V, g®V) by

VA;,B;€ E 7(A] X..x AN X By X ... x By) = a(A; X By) X ... x a(An X By).
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By definition of Wy (f®V, ¢®V), we then have

N
WA < 3 [ ) X dY) = Wi(f.g),

Since the first inequality in (2.15) in the case j = 1 implies the reverse inequality, the
above inequality is an equality.

Proof of (2.17). On the one hand, from the definition of the distance Wj by transport
plans, we have for an optimal transport plan m € II(f ® h, g ® h) the inequality

1
Wi(f®h,goh) = §/E4(dE(mlay1)+dE(x27y2))W(dxladx27dyl7dy2)
1

> —/4dE(m1,y1)m(d$1ady1) =
E

2 Wl(f?.g)a

1
2
since the 1-marginal m; defined by 71(A x B) = (A X E x B x E) for any A,B € %g
belongs to the transport plans set II(f, g).

On the other hand, considering an optimal transport plan © € II(f,g) for the W,

distance, we define the associated transport plan 7(dz, dy) := w(dz1, dy1) ® h(dz2)dy,—z, €
II(f ® h,g ® h), and we observe that

1

Wilfohgoh) < 5 [ (@elermn) +dpas. ) 7(dor, o, din, )
E

1

1
= 5/ dE(£U1,y1)7T(dﬂf1,dy1):§W1(f,g)-
E‘4

We obtain (2.17) by gathering these two inequalities. O

As a immediate corollary of (2.15) with N := ¢, F*:= f®¢ and G* := GJ, we have
Theorem 1.2 - part 1. For any G € Py, (EY) and f € P(E), there holds

(2.18) VI<j<l<N QiGN f) <20,(GY; f).

We conclude by another lemma that allows to compare distance between measures on
P(P(E)) and distance between their marginals on E7, and thus to compare €2, and €.

Lemma 2.5. For any distance D on E and p > 1, extend D on E’ with D;,(V,W)P =
% > D(vi,w;)P, and define the associated MKW distance Wp, , on P(E7) and the MKW

distance Wy, , on P(P(E)) associated to Wp and p. Let a and 3 be two probability on
P(P(E)). Then, for any j € N,

(2'19) WDj,pvp(O‘j?ﬂj) < WWD,p,P(O‘75)
That is in particular true for the MKW distances W1 and Wa defined in section 2.1

v] €N7 WQ(aj7ﬂj) SWQ(QHB)7 Wl(ajaﬁ]) Swl(aaﬁ)'
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PROOF OF LEMMA 2.5. For simplicity we denote for any j, Wp, ,
any transference plan Il between a and S and write

W8P — :WD ( / 5% a(dp), / e ﬁ(dp)>]p

= |7 (/ p® 7 (dp, dn), / n® x(dp, dn)ﬂp

< / Wp (p%7, n®7) m(dp, dn)r

= Wp. We choose

< / Wolp, )P n(dp, di),

where we have used the convexity property of the Wasserstein distance, the equivalent of
equality (2.16) in our general case, and Jensen inequality. By optimisation on 7 we obtain
the claimed inequality. O

As a consequence of a classical combinatory trick, which goes back at least from [26],
we have

Lemma 2.6 (Quantification of the equivalence G§V ~ CZ’;V ). For any GV € Py (EYN) and
any 1 < j < N, we have
A G -1 A iG -1
yyajV—GjynyVSQT and Wl(GjV,Gjy)gT,

and in particular the first marginals ar equal: GY = G{V

PROOF OF LEMMA 2.6. For the first inequality, we refer to [45, Lemma 2.14 estimate
(2.27)] which precisely claims that the RHS term is bounded by 2j(j — 1)/N.
In order to prove second inequality with bound %, we show that for any measure p

and 1 on B,

1
Wip,m) < 5”/) —nllrv.
To obtain that inequality, we shall only construct a transference plan that does not

move the mass that p and 1 have in common. Precisely, the mass they share defines a
positive measure which may be given by

min(p,n) := min <1, ZlTZ) 0,

where Z—Z stands for the Radon-Nikodym of the part of n which is absolutely continu-
ous with respect to p. Then we define two positive measures 77 := 1 — min(p,n) and
p := p —min(p,n) which correspond to the ”"excess part“ of the two measures. As p and
1 are two probability measures, we have ||pll7v = ||7]lrv = 3o — nllrv. Now we choose

the transference plan 7 € II(p,n) defined by

pldzr) @ 7(dy)

7 := min(p, n)(dxr)dy—r + -
ol

For this plan, the transportation cost is less than
N 1
[ asteyan <lillev = 3o~ nlv.
EixEI

and we conclude since by definition Wi (p,n) is less that the above LHS term. (]



CHAOS 17

Applying the previous lemmas 2.5 and2.6, we can bound §2; by ¢ and some rest. This
is the second part of theorem 1.2.

Theorem 1.2 - part 2. For any GV € Py, (EN) and f € P(E), there holds

, N. N. j°

(2.20) VISTSN  GY ) <0G f) + %

Of course, that part is usefull only when j << v/N. It will be completed at the end of
the section by a inequality valid also for large j.

PROOF OF THEOREM 1.2 - PART 2. We simply write

-2

)
J AN J N

< = =7

< N+W1(G ,0r) N+520(G ),

thanks to the two previous lemmas 2.5 and 2.6 U

We establish now the key estimate which will leads to the inequalities in Theorem 1.2
where Qg is controled by Q9. Following [43, Lemma 4.2], the main idea is to use as
an intermediate step the H~° norm on P(F), rather than the Wassertsein W, distance,
because it is a monomial function of order two on P(FE), and thus has a nice algebraic
structure. This fact is stated in the following elementary lemma.

Lemma 2.7. For s > d/2, define ®,: R = R by

e d
(2.21) VzeRYL,  By(2) ::/ izt %
R4

(€)>

d+1
2

The function @4 is radial, bounded, and furthermore if s >
p,n € P(E)

(2.22) |lp=nllF-s = / O (x—y) (0% —pen)(dz, dy)+ / Oy (z—y) (*?—n@p)(dx, dy),
R2d R2d

, it is Lipschitz. For any

and in particular, for any p € P(E)

ol =/ ®(z — y) p¥*(da, dy),
RQd

which means that the norm H~* on P(E) is the monomial function of order two associated
to the function (x,y) — ®s(z —y).

PROOF OF LEMMA 2.7. We obtain that ® is bounded from the fact that [p, (€)= d¢
is finite for s > d/2, and that it is Lipschitz from the fact that [, (€)' ™2 d¢ is finite when
s> (d+1)/2. We now prove (2.22). Using the Fourier transform definition of the Hilbert
norm of H—*(R%), we have for any p,n € P(E) C P(RY) ¢ H~*(R%)

d§

o=l = [ (60 =€) (G =) 755

= /de(p(dx) —n(dx) (p(dy) — n(dy)) o~ (z—y)E d§

(€)%
= / Oy(z —y) (0% — p @ n)(dx, dy) + / Oy(z —y) (n®* —n @ p)(dz, dy).
R2d R2d

The last identity follows from (2.22) by choosing n = 0. O
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Thanks to that Lemma, we will be able to obtain the following key estimate. We remark
that the estimate is still true if we replace the bounded distance dg by the usual one | - |
(with the constant C(d, s) = 2||V®,||o in that case).

Proposition 2.8. For any s > 4 there ezists a constant C = C(d,s) = 2||®||Lip €

(0,00) such that for any GV € Py (EYN), N > 1, f € P(E), there holds
1
2

(2.23) Wi-+(GN.8p) < C [Wi(GY . F @ f)

PROOF OF PROPOSITION 2.8. Because P(E) C P(RY) ¢ H=*(R?) for s > ¢ and
H(GN,éf) ={GV ® d¢}, we have

~ 2 ~
(W—(GN00)| o= il T[] = 1(GN @),
T€ll(GN ,8;)

with cost functional

=[] o= nli%-. w(dp,dn).
P(E)xP(E)

Using Lemma 2.7, we have

6 o) = [ [ @067 oo iy} 6 )
T — ®2 _ T N
# o UL =0 65 £ )} 6 )
= [ [ #uta =) 65 (o) — G o) s ()
+ [ wla =) () ()~ ) G )

Now we may bound the cost functional as follows:

16N @8] < 110y [MGY, Y @ )+ Wi(f & £, @ G
@i [W1(GY, f @ ) +2Wi(f & £.GY @ )|
< N0ullea |G £ © )+ Wi(f, 6]
< 2 @ullzip WA(GY, f @ f),

where we have used successively the Katorovich-Rubinstein duality formula (2.3), the
triangular inequality, the identity (2.17), and the first inequality in (2.15) together with
the fact that (G2); = GY. O

IN

Putting together Proposition 2.8, Lemma 2.6 above and Lemma 2.3 on comparaison of
distance in P(P(F)), we have

Theorem 1.2 - part 3. Forany 0 <y < d—i_l and k > ﬁ, there exists a constant
C = C(d,v, k) such that for any GV € Py (EN) and f € P(E), there holds

(2.24) (@Y f) < O} <92<GN; n+ %)y

where as usual M), == My(f) + Mp(GY).
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Remark that the constant C(d,~,k) may be choosen decreasing in k, which is quite
interesting for distribution with many moment, for instance decreasing exponentially or
even with compact support.

Remark 2.9. Thanks to Theorem 1.2 - part 1, the Qg term in the right hand side of (2.24)
may be replaced by any Qy for £ > 2. But it cannot be replaced by 1, which does not
measures chaoticity, as can be seen with the following example. We choose g and h two
distincts probabilities on E, and take [ := %(g + h). We consider the probability G €
P(P(E)), and its associated sequence (G) of marginal probabilities on P(EN)
_1 N_ L env 1 en

G—2(59+5h), G =59 +2h .
As Gy = f, 0(GN, f) =0 for all N, inequality (2.24) with Qo replaced by Q1 will imply
that Qo(GN, f) goes to zero. But from Theorem 1.2 - part 1 and with a little anticipation
Theorem 1.2 - part 3 (See (2.30))

SWA(G, 172) = S0,(GN, 1) < O (GY, 1) < (G, £) +0(1).

There is a contradiction since G? # 92 except if g = h.

PROOF OF THEOREM 1.2 - PART 3. We define s := % — %. Notice that s > dLQI >

1 thanks to the conditions satisfied by 7 and k. We can thus applied the point ¢) of
Lemma 2.3, Proposition 2.8 and then Lemma 2.6 in order to get

A d A
Q(GY; f) = Wi(GN,55) < C(d, )M, Wiy (GN | 65) T
_d R
< Cd,s) T W (GY, o2y T

1 2\"7
< CO+ M)+ (Wl(Gév,f®2)+N> ;

since v = ﬁ This is the claimed inequality thanks to the definition of 2s. O

Remark 2.10. In particular Theorem 1.2 - part 8 says that for any 0 < v < 1/(d+1) and
k>d(yt—d—1)""! there exists a constant C := C(d,~, k) such that for any f € P(E),
there holds
C My, (f)V/*¥
Ny

It has been proved in [43, Lemma 4.2(iii)] a more accurate version of (2.25), namely that
for any 0 <~y < 1/d and k > d' (v~ —d')~L, with d = max(d,2), there exists a constant
C = C(d,v,k) such that (2.25) holds. It turns out that the above “tensorial case” is
simpler and that we can apply similar technics with H=* for s > d/2 rather than s > di21
in the general case. This explain the gap in the exponents between the two theorems.

In the case when f is compactly supported in the ball of radius D, the bound (2.25)

implies
C(d,v)D 1
(SN f) < (Niz) for any v < .

It is almost optimal since it has been shown ([20] and reference therein) that the previous
inequality is valid for v = é in the compact case.

(2.25) Qo(foN; ) <

We come to the proof of the last part of Theorem 1.2, which will be a consequence of
the following proposition
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Proposition 2.11. For F'N,GN ¢ Psym(EN), there holds

(2.26) Wi(FN,GNY = Wy (N, GN).

PROOF OF PROPOSITION 2.11. We split the proof into two steps.

Step 1. A reformulation of the problem. Since we are dealing with symmetric prob-
abilities, it is natural to introduce the equivalence relation ~ in EY by saying that
X = (21,...,zN),Y = (y1,...,yn) € EV are equivalent, we write X ~ Y, if there ex-
ists a permutation o € &y such that Y = Xy 1= (25(1), -+, To(n))-

We also introduce on EV the ”semi”-distance w;

N
. . 1
(2.27) wi(X,Y) = inf dpw(X,Yo) = inf ; A (i, Yo(i)),
which only satisfies W1(X,Y) = 0 < X ~ Y. We also introduce the associated MKW
functionnal WlT For FN,GN € Py, (EY),

Wi (FN,GNY:=  inf / wy(X,Y) 7N (dX,dY).
N Ee(FN,GN) JEN x N

It is in fact a distance on the space of symmetric probabilities, but this point will also

be a consequence of our proof. It is a classical result (see for instance [56, Introduction.

Example: the discrete case|) that

(2.28) VXY € BN, Wi(uk, ) = wi(X,Y),

(shortly, it means than we do not need to split the small Dirac masses when we try to
optimize the transport between to empirical measures). We recall the notation py defined
in section 2.1 for the application that send a configuration to the associated empirical
measure : py(X) = u.
Remark that its associated push-forward mapping restricted to the symmetric proba-
bilities
PN Py (EY) = P(Pn(E)) c P(P(E)), GV GV :=Glpy,

is a bijection. Its inverse can be simply expressed thanks to a dual formulation: for
a € P(Py(E)), its inverse & = ﬁjvla is the probability satisfying
Vo GEY), [ e)aldx) = [ lpatdp)
EN Pn(E)

where ¢(p) = % Y vesy P(Xo), for any given X such that p = p¥. Similarly, defining

P, (BN x EN) the subset of P(EN x EY) of probabilities which are invariant under
permutations on the first and second blocks of N variables separately, we have that

Py Po (BN x BN) - P(Py(E) x Pn(E)), V7" :=xl(pn,pn),

is a bijection.
The identity (2.28) and the bijection py allows us to establish the identity

(2.29) VFNGN e P(EY), WIEFN,GN) =W (FN,GV).



CHAOS 21
Indeed, denoting s o(FY,GN) = TI(FN,GN) NP, s(EN, EN), we have

wiFN, 6Ny = wi (X, V) 7N (dX,dY)

inf /
aNells s(FN,GN) JEN x EN

WNEHS,ISI%FN7GN)/EN><EN l(pN( )PN( ))7'(' ( )

= inf /
WNEHS,S(FN7GN) PN(E)XPN(E)

—  inf / Wi (p, 1) #(dp, d) = Wi (BN, GV),
#EM(EN,GN) JP(E)xP(E)

Wi(p, ) 7 (pn, o) (dp, dn)

where we have essentially used the invariance w(X,Y) = wi(X,,Y;) for any 0,7 € Gy
and the fact that ﬁ%Q is a bijection.

Step 2. The equality VVIJr = Wi.

The interest of the reformulation (2.29) is that we can now work on one space: E™.
Remark that since wi(X,Y) < dg~n(X,Y), we always have VVIJr < Wi, and the equality
will hold only if one optimal transport for Wf plan is concentrated on the set

C:= {(X,Y) € EN x BN st. wi(X,Y) = inf dpv(X,Y;) :dEN(X,Y)}.
oeG N

We choose an optimal transference plan 7 for WlT . For simplicity we will assume that 7
is symmetric, i.e. unchanged by the applications P, : (X,Y) — (X,,Y,) for any o € Gy.
If not, we replace it by its symmetrization % > o T# P> which will still be an optimal
transference plan of FV onto GV. Starting from 7, we will construct a transference plan
7 € I(FN,GYN) such that

- i) 7 is concentrated on C.

-ii) In[r] = [w(X,Y) m(dX,dY) = [w(X,Y) 7*(dX,dY) = In[r*]
Both properties imply then that

wi(FN,GNy = / wi(X,Y)n(dX,dY) = / wi (X, Y) 7 (dX,dY)
ENxEN ENxEN

= [ dm(Y)r@x.ay) = wiEv,eY)
ENXEN

which is the desired inequality.
We define 7* in the following way. First, we introduce for any X,Y € EV

Cxyy = {Z€EBY;Z~Y anddpn(X,2) =wi(X,Y)} Cc BV
1
PXY T Z dx,z), Nxy :=#Cxy.
XY ZeC.
XY

We note that Z € Cx,y iff Z ~ Y and (X,Z) € C, so that Supppx,y C C. It can be
shown that (X,Y’) — Nx.y is a borelian application (it takes finite values and its level
set are closed) and that BN x EN — P(EN x EV), (X,Y) +— px.y is also borelian if
P(EYN x EV) is endowed with the weak topology of measures. This allows us to define a
transference plan 7* by

= / pxy m(dX,dY) € P(EN x EN),
ENXxEN
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or in other words, for any w € Cy(EN x EN), we have

() = XY 8 2y (XY N (dX, dY )
N
E2N XY ZeCx

:/ 1 Z W(X, Z) 7N (dX, dY).
E2N

Nx.
XY ZeCx.y

It remains to proof that m* satisfy the announced properties. Since px.y is supported in
C for any (X,Y) € EN x EN it is also the case for 7*. It is also not difficult to show that
the transport cost for wq is preserved. Indeed, we have

/ dpn (X', Y') 74 (dX, dY") = /
E2N E2N

> dpn(X,Z) | w(dX,dY)
ZECXY

:/ LS w0,y | w(dx,ay)
2N

Ny,
XY ZeCx,y

= / w (X, Y) m(dX,dY).
E2N

The fact that 7* has first marginal F'V is also clear since for any ¢ € Cy(E™N)

AR 3 ! ! _ 1 -
/EgNw(X)w(dX,dY) = /Ew 5 > e(X) | m(dX,dY)

XY ZECX;Y

= [0 m@x.ay) = [ o0 Y ax),
E2N EN
For the second marginal, we shall use the following properties of Cx.y and Nx.y
V7€ 6N, Z:E€ CXT;YT Y A= Cx;y, and thus NXT;YT = NX;y.

Thanks to the invariance by symmetry of 7 and GV, we can write for any ¢ € Cy(EY)

* _ 1 T
/E e(Y)at(dX,dY) = /E N > w(2) | m(dX,dY)

NX;Y ZeCx,y
- = / > 9(Z)] w(dX,dY)
N reGN E2N NXT;YT Z€Cx. .v.
_ 7. dX,dY
/ 1 > @#(2) | m(dX,dY)
g 7]' y
E2N NX;Y ZGCx;y

_ /EQNLﬁ(Y)w(dX,dY)
:/ @(Y)GN(dX):/ oY) GN(dX),
E2N E2N
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where we have introduced the symmetrization of ¢ defined by 3(2) = 3 Yvesy P Zs)

and we have used that ¢(Z) = ¢(Y) for any Z € Cx.y and the fact that GV is symmetric.

This conclude the proof. O
Putting together Proposition 2.11 and (2.25), we have

Theorem 1.2 - part 4. For any 0 <y < 1/d" and k > d (yv~' —d'), d = max(d, 2),
there exists a constant C := C(d,~,k) such that for any GV € Psym(EN) and f € Pr(E),
there holds

My (f)V/*

(230) ‘QN(GNaf)_QO(GN7f)’ <C N7

PRrROOF OF THEOREM 1.2 - PART 4. We have
OGN, ) = Q(GY, )l = Wi(GN, fEN) =W (G, 6)
= (G, FEN) = iGN, b))
< WI(FEN,87) = Qo(fN: )

C My(f)"/*

S
where we have used the definition of Qx, g, the triangular inequality, Proposition 2.11
and (2.25). O

3. ENTROPY CHAOS AND FISHER INFORMATION CHAOS

In this section E C R? stands for an open set or the adherence of a open space (so that
the gradient of a function on E is well defined).

3.1. Entropy chaos. The entropy of a probability on a compact subset of R¢ with density
[ dz is well defined by the formula [ fIn f. On a (possibly) unbounded set E, we have
to be more careful because the entropy may not be defined for probability decreasing too
slowly at infinity. This is a well known issue, but we present here a rigourous definition
for probability F' € P(E’) having a finite moment My, for some k > 0. It will be usefull
in the section 5 where we define level 3 entropy on P(P(E)).

We emphasize that in the sequel we shall use the same notation F' for a probability and
its density F' dx with respect to the Lebesgue measure, when the last quantity exists. For
any k > 0 and F € Pp(E7) N L', we define the (opposite of the Boltzmann’s) entropy

(3.1) Hj(p) = Hj(F) := / FlogF = / h(F/GL) G + / FlogG) (= HV(F))
B E E

with G, (V) := ¢/ exp(—|v1|F — ... — Jv;[¥) € P(E7), k > 0 and ¢ = ¢(k) choosen so that G;
is a probability , and h(s) := s log s —s+1. The RHS term is well defined in RU{+o0} as
the sum of a nonnegative term and a finite real number, and it can be checked than it is
equals to the middle term, which has thus a sense. Next, we extend the entropy functional
to any F' € Pj(E7) by setting

(3.2)  H;(F):= sup _{(F,¢j>—H*(¢j)}+/ FlogGy (= HP(p))
$;€CH(ET) E

where
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and where h*(t) := e! —1 is the Legendre transform of h. Finally, we define the normalized
entropy functional H by

(3.3) VF cPL(EY) H(F):= %HJ(F).

We start recalling without proof a very classical result concerning the entropy.

Lemma 3.1. Let us fix k > 0. The entropy functional Py(E) — R U {400}, p — H;(p)
is well defined by the expression (3.2) is convex and is Isc for the following notion of
converging sequences: p, — p in the weak sense of measures in P(E) and (py, |v|™) is
bounded for some m > k (the same holds of course for H). Moreover, H;(F') does not
depend on the choice of k used in the expression (3.2),

H(F) = logc(k) — My(f)  VF € Py(E),
and H(F) < oo iff F € L' |, F log F € LY(E), and then H(F) = HY(F).
We also recall the definition of the (non-normalized) relative entropy between two prob-
abilities p and 7 of P(EY) :
dp
(3.4) Hj(pln) == [ In{—=)dp= | (glng+1-g)dn
Ej n Ej

with g = %737 if p is absolutely continuous with respect to n. If g is not defined, then
H;(p|n) := +o00. Th associated normalized quantity is simply H(p|n) := %Hj(p]n). The
relative entropy can also be defined using a dual formula similar to (3.2). Let us remark

that the relative entropy is defined without moment assumption since the quantity under
the last integral is positive. For a fixed 7 it has the same properties than the entropy.

We now give two elementary and well known results which are fundamental for the
analysis of the entropy defined on space product.

Lemma 3.2. On P,,(E’), m > 0, the entropy satisfies the identity
(3.5) VfePL(E)  H(f®)=H(f).

ProoF or LEmMMA 3.2. If f € P,,(F) is a function such that H(f) < oo, then we may
use (3.1) as a definition and

H(f%9) = % /E 7 o 71 = /E f(01) Tog £ 01, ) = H ()

In the contrary, H(f) = oo and H;(f®7) = occ. O
Lemma 3.3. (i) For any functions f,g € L. (E) NP(E), m > 0, there holds

(3.6)  H(f) = /E flogf > /E flogg, or H(flg) = /E £ log(f/g) > 0.

with equality only if f =g a.e..
(ii) More generally, for any nonnegative functions f,g € LL (E), m > 0, there holds

F
/ flogi > Flog—, avec F ::/ f, G:= / g.
E g G E E
(iii) A consequence of (i) is that if F € P(E7) has first marginal f with H(f) < 400, then

H(F)> H(f) with equality only if F = 7 a.e..
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(iv) The entropy is superadditive: for any F € P, (E™7) N Py, (E™Y), 4,5 € N*, m > 0,
the following inequality holds

(3.7) Hiyj(Fiyj) > Hi(F;) + Hj(F}), (non-normalized entropy),

where Fy as usual stands for the k-th marginal of F'.

PrOOF OF LEMMA 3.3. (i) To obtain the inequality, write H(f|g) = [ h(f/g)f and use
the fact that h(s) = slogs — s+ 1 is a non-negative function. next there is equality only

if h(f/g) =0 a.e. on {f > 0}. Since h vanishes only at s = 1, it means that f = g a.e. on
{f > 0}. And form the fact that [ f = [ g =1, we obtain the claimed equality.

(i) We write
[l [ srutlE [ ot

the first term is nonnegative thanks to (3.6) and the second term is the one which appears
on the RHS of the claimed inequality.

(iii) We use the first inequality (3.6) on E’ with F and f®J
1 1 ,
H(F) = —,/ FlogF >~ [ Flogf® = [ F(V)log f(v1)dV = H(f).
J JEi J JEi Ej
Using again the point i), we see that equality can occurs only if F' = f®7 a.e..

(iv) Denote hy := Hy(Fy). If hiyj = +oo there is nothing to prove. Otherwise, we have
hit+j < oo which in turn implies F' € LY*(E*), then F, € L'(E?), F; € LY(E?), so that
the entropy may be defined thanks to (3.1). In RU {—o00}, we compute

hitj —hi—h; = / Fiyjlog Fiyj
Eiti
—/ Fz‘+j10gFi(Ula--avi)_/ Fiyjlog Fy(viy1, .., vitj)
Eiti Eiti

= / _Fi+j10gFi+j_/_ FipjlogF; @ Fj > 0,
Eiti Eiti

thanks to (3.6). O
Our first result shows that entropy chaos is a stronger notion than Kac’s chaos.

Theorem 3.4 (Entropy and chaos). Consider (GV) a sequence of Psym(E™N) such that
(G |v|™) < a for some m,a >0 and f € P(E).

1) If G§V — F; weakly in P(E?) for some given j > 1, then
(3.8) H(F;) <liminf H(GN).
In particular, when (GN) is f-Kac’s chaotic, (3.8) holds for any j > 1 with Fj = %I,
2) On the other way round, if (GV) is f-entropy chaotic, then (GV) is f-Kac’s chaotic.
PROOF OF THEOREM 3.4. Step 1. For any N > j we introduce the Euclidian decompo-
sition N =nj+r, 0 <r < j— 1. Iterating n times the superadditivity inequality (3.7)

we have

Hy(FN) > nHy(FN) + H(EN),

with the convention H(FV) =0 when r = 0. We get (3.8) by passing to the limit in that
inequality using that H is Isc and that H(F!V) is bounded by below thanks to Lemma 3.1
and the condition on the moment.
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Step 2. We assume that (GV) is f-entropy chaotic, that is
GY — f weakly in P(E) and H(GY)— H(f) < cc.
Let us fix j > 1. The sequence (ij) being bounded in P, (E?), there exists F; € P(EY)
and a subsequence (G') such that Gé»v " — Fj weakly in P(E7). Thanks to step 1, we
have
H(Fy) < liminf H(GY') < liminf H(GN) = H(f) = H(f%).

Since the first marginal of F} is (F})1 = limn_ 400 GY = f, the third poind of Lemma 3.3
gives that I} = f® ae.. As a conclusion and because we have identified the limit, we
have proved that the all sequence (G;V ) weakly converges to f®7. (]

3.2. Fisher chaos. We now establish similar results for the Fisher information functional.
For an arbitrary probability G € P(E7), we define the normalized Fisher information by

VG2 ) , e
= IVInG|*G e RU {400} if Ge WHY(EY),
Ei B

(39  LV(G) = G A
+00 if G ¢ Whi(E),
For G € P(E7), we also give an alternative definition
@) WP
(3.10) I;7(G) = sup (G, 5 divey) € RU {+o0}.
YpeCy (E7)d

Lemma 3.5. for all j € N, The identity I](I) = I](?) holds on P(E7), and we simply denoted
by I; the usual (non-normalized) Fisher information and by I = 51 I; the normalized
Fisher information on the all set P(E7). The functionals I; and I are proper, convez, lsc
(in the sense of the weak convergence of measures) on P(E7).

PrOOF OF LEMMA 3.5. For the sake of simplicity, we only deal with the case j = 1. We
split the proof into two steps.

Step 1. Assume that f € WHl. Since for all 1 € C}(E)?

WP _
T

2
105 = [1vwgerz [ (vimgoe-0) g

For any sequence (1,,) of smooth functions approximating V In f

2
Vinf|> = Vinf-¢+ Vlnf—% >0,

we have

%, we obtain that

2
M — ( Inf- _M>
(f) weg;&j)j/E Vinf-y—=—]f
2
(3.11) = sup / [Vf¢—f%:| = 1B ().
YeCH(E)EJE

The remaining equality I® = I® is just a simple integration by parts. Remark that
maximizing sequences (1) must converge (up to some subsequence) pointwise to 2V In f
a.e. on {f # 0}. We shall use that point in the sequel.

We also remark that this reformulation () is also exactly the one obtained when using
the general Fenchel-Moreau theorem on the convex function (a,b) — % (that is used in
the integral defining I(1).
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Step 2. It remains to check that the equality IV = I® is also true on P(E)\W1(E).
In other words that if f ¢ WUL(E) then I®)(f) = +o00. In what follows, we prove the
contraposition : I (f) < 400 implies f € WH(E). Once it will be done, we will have
I = 1) everywhere, from which follows that I is Isc in the sense of the weak convergence
of measures.

Consider f € P(E) and assume I?)(f) < co. We deduce that for any 1 € C}(R%) and
any t € R

/ £l t2 — —tdivy] < ID(f),
so that by optimizing in ¢ € R and using that f € P(E), we get

/E fdivep 2

That inequality implies f € BV (E) and ||V f|lry < /1@ (f). Using that f € BV(E) and
making an integration by part in the definition of I®(f), we find

2
10~ sup [ (vfu- g L =100,

YeCH(E)}EJE

1/}2
vy € Ch(RY) <) [ 15 <190 .

Now, for any compact subset K C F with zero Lebesgue measure, we may find a sequence
Y. € CL(R?) such that 0 < ¢. <1, 1. =1 on K and 1. — 1f a.e., so that for any ¢t > 0
and using that f € BV(E) C L'(E), we get

2
¢ [ vl <tmigt [ (9600 1255 <100,
K e—0 E 4
Passing to the limit ¢ — oo, we deduce that V f vanishes on K, which precisely means

that V£ is a measurable function. We have proved f € WH1(R9). O

Similarly, we define for two measures p and 7 on E’ their (non-normalized) relative
Fisher information I(p|n) by

[Vg/? / dp |
3.12 Li(pln) == / dn = dp,
(3.12) i(pln) Ty = |
where g = Z—Z if p is absolutely continuous with respect to n. If not, I;(p|n) := +oc.

The associated normalized quantity is simply I(p|n) := %Ij(pm). For a fixed 7, the
relative Fisher information has roughly the same properties than the Fisher information.
In particular, if  as a derivable density, we have the equality

v , 2
(3.13) Ii(pln) = sup ) / (—w-%—dlw ’Z’ > dp.

peCL(RI)i JRI

Lemma 3.6. For any f € P(E) there holds I(f®7) = I(f).

PROOF OF LEMMA 3.6. If I(f) < oo then f € WL(E) and also f® € WL(EJ). The
following computation is then meaningful

®jJ ‘vEﬂf®J’2 ’vEf‘ ®(— 1)
1(5®9) = ]/Ejif@ /E LY 1),

Since I;(f®7) < oo implies f® € WH(E7) and then f € WH(E), we also have I;(f®7) =
J L) I() = oc. 0
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Lemma 3.7. For any F € Py (E7) and 1 < { < j, then holds

(i) I(Fy) < I(F).

(ii) The Fisher information is super-additive. It means that

(3.14) I;i(F) > 1)(Fy) + Ij—¢(Fj—¢), (non-normalized Fisher information),

with in the case Iy(Fy) + I;—¢(Fj—¢) < +oo equality only if F' = F; ® Fj_y.
(iii) If I(F}) < +00, the equality I(Fy) = I(F) holds only if F = (Fy)®7.

PrOOF OF LEMMA 3.7. We give two proofs of (i), each one laying on one of the two
equivalent definitions of I.

Proof 1. If I(F) = +oo the conclusion is clear. Otherwise, we have I(F) < co and then
F € WH(E7). We are able to perform the following computation

1 |VE? / V1 F|? /
I(F) = - ( X0 f DMAE F,V,F).
(F) j/Ej = [ = [ urv)

Thanks to the equivalent definition I®® of the Fisher information, we have

2
I(F) = sup / (1,[) VL F - FM>
YeCy(ET) JEI 4
A 1542
> sup / (¢®1]_€-V1F—FM>
ey (Bt J Ei 4

_ < WPy
= sup w-vng—Fg 4 = U(Fg,vng),
Et EY

PECH(EY)
and the last term is nothing but I(F}).
The superadditivity. The first proof of that result seems to be the one by Carlen in [12,
Theorem 3|. We sketch now another proof that uses the third formulation I (). In fact,
we recall that
3) P>
LE) =10 = swp [ (9fw- s
YeC}(Ei)idJE
where the sup is taken an all 1 = (¢1,...,1;), with all ¢; : B9 — R?. We will restrict the
supremum over the ¢ such that :
- The / first 1); depend only on (1, ...,x,), with the notation ¥¢ = (1,[)1, ey yp).
- The (j—/¢) last 1; depend only on (z¢41, . .., x;), with the notation It = (g1, . .. 05).
We then have the inequality
L(F) > sup / Vef W+ Ve 0 = f %]
wt,pi=t JEs
s
4

= sup /EZ[er-W—fe ]

¢€€C;(E€)£d
s
4

v s v g

wj—eeC;(Ej—f)(j—e)d
= Li(F)+ Ij—o(Fj)
If the inequality is an equality, we use the remark made at the end of Step 1 in the proof

of Lemma 3.5 : Maximizing sequences 1!, and 1/)%4 for respectively I, (resp. I;_;) should
converge pointwise towards 2V In f; (resp. 2V 1In f;_) up to some subsequence, a.e. on
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{fe # 0} (vesp. {fj—¢ # 0}). If we have equality, we also must have (¥, ¢%4) —2Vinf
on {f # 0}, a set that is included in {f; # 0} x {fj—¢ # 0} and thus

Vin f = (V In fg, Vin fj_g) =V ln(fg &® fj_g),
which implies the claimed equality since f and f, ® f;j_; are probabilities.
The case of equality iii). Using recursively the superadditivity in that particular case, we
get with the notation F} = f

ji—1 1 ji—2 2

I(f)=1(F) = TI(Fj71)+ ;I(f) > TI(F]'*2)+ ;I(f) > > I(f).

Therefore, all the inequalities are equalities. We obtain that

F=F1®f=F_20f®f=..=f%,
by applying recursively the case of equality in (3.14). U

It is well-known that for (f,) a sequence of P(F), the conditions
fn — f weakly in P(E), My(f,) bounded, k£ >0, and I(f,) <C

imply that H(f,) — H(f). A natural question is whether a similar result holds for a
sequence (FV) in P(EY). Before answering affirmatively to that question, we establish a
normalized non-relative HWT inequality for a large class of sets E C R?. It is a variant of
the famous HWI inequality of Otto-Villani that will be the cornerstone of the argument.
Let us mention that its good behaviour in any dimension is of particular importance here.

Proposition 3.8. Assume that E C R? is a bi-Lipschitz volume preserving deformation
of a convex set of RY, d > 1: there exists a convex subset By C R% and a bi-lipschitz
diffeomorphism T : Ey — E which preserves the volume (i.e. its Jacobian is always equals
to 1). Then, the normalized non relative HWI inequality holds in E: there exists a constant
Cg € [1,00) such that

(3.15) VEN GN e P(EN)  HFN) < HGN)+ CpWo(FN,GN) \/I(FN).

More precisely, the above inequality holds with Cg == |VT oo ||[VT " ||eo where |VT|oo =
SUPyeE SUP|p|a<1 IVT'(v) 2.

PROOF OF PROPOSITION 3.8. We proceed in three steps.

Step 1. E =R%. Let us first recall the famous HWT inequality of Otto-Villani. Consider
p = e V@ dz a probability measure on RP such that D?V > 0. For any probability
measures fo, f1 € Po(R”), there holds

(3.16) Hp(folp) < Hp(f1lp) + Wa(fo, /1) V/In(folp),

where Hp and Ip stand for the (non normalized) relative entropy and relative Fisher
information defined in (3.4) and (3.12) respectively, and W stands for the non normalized
quadratic MKW distance in R based on the usual Euclidian norm V| = (322 | Ju;]2)1/?
for any V = (vq,...,up) € RP. Inequality (??) has been proved in [48], see also [56, 57, 47,
7, 17]. We easily deduce the “non relative” inequality (3.15) from the “relative” inequality
(3.16). In order to do so, we simply apply the HWI inequality (3.16) in R”, D = dN,
with respect to the Gaussian v (v) := (27A)~P/2¢= /22 and we get

Hp(FN|y) < Hp(GN ) + Wo(FN,GN) A/ Ip(FN|vy).
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We write the relative entropy and the relative Fisher information in terms of the non-
relative ones, and we get

N
Hp(FN|yy) = Hp(FY) - /FN In(y) = Hp(FY) + glog(%)\) + %7
ID(FNh/)\) = /FN‘VIHFN—F%‘Q: ‘|‘§/’L)Vf0—|—M2)\(2f0)
= D) - 22 1),

22

Inserting this in the relative HWI 1nequality, simplifying the terms involving log(27\),
letting A — 400 and dividing the resulting limit by IV, we obtain the claimed result.
Step 2. E C R? is convex. The proof is the same as in the case E = R¢ using that the
HWTI inequality (3.16) holds in a convex set. We have no precise reference for that last
result but all the necessary arguments can be find in [57]. More precisely, [57, Chapter 20]
explains that the HWI inequality (3.16) holds when the entropy is displacement convex,
while it is proved in [57, Chapters 16 and 17] that the entropy on a convex set F is
displacement convex, exactly as on R

Step 3. General case. We choose two absolutely continuous probabilities FV and G on
EN | and defined the corresponding probabilities F{¥ and G on EY¥ by

FlN(vl, Ce L UN) = FN(T(vl), ., T(vN)) = FNo T®N(V),

and the same formula for G{. Tt can be checked that Vo, FN = VT (vj) Vo, FNoT®N so
that [Vy, F{¥| < VT ||oo |V, FY o T®N|. Turning to Fisher information, it comes

FN2 FN o T®N)|2
1= [ B Lav <yor [ TRl av < jori ),
gy Y BN

FN o T®N

where we have used the fact that T" preserves the volume.
For the MKW distance, remark that |(T~1)®N (V) —(T-HEN (V)| < [|VT Y| [V =V|.
Therefore,

WalF, G)° = inf V= VP (dV,dV’)
m eI(FN,GY)
= —1\®N (1/7\|2 ’
eIl gll\f’ GN)/’ — (T ) (V)P r(dV,dV")

< VT gggGN/W V| n(av,av’)

= VT Y% Wa(FY,GY)2.
For the entropy, the preservation of volume ensures the equality H(F{¥) = H(F), and

a similar one for G. Finally, using the HWI inequality in F; proved in step 2 and the
above properties, we get

H(FY) = H(F) < H(GY) + 1/ I(F) Wa(F", GT)
< H(GY) + VT oo VT Hloo A/ L(EN) Wa(FN, GV,

which is exactly the claimed result. O

Let us finally prove now our main result Theorem 1.4 which is a consequence of the
characterization of the Kac’s chaos in Theorem 1.2 together with Proposition 3.8.
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PROOF OF THEOREM 1.4. We split the proof into two steps.

Step 1. (i) = (ii)). Fix a j € N, there exists a subsequence of (GN ), still denoted by
(GY), and some compatible and symmetric probabilities F; € P(FE7), such that G;-V — F;

weakly in P(E7). In particular I} = f. As a consequence of Lemma 3.5 and Lemma 3.7
point (i), we have

I(f) < I(Fy) < liminf I(G}) < liminf I(GN) = I(f).

Using now the third point of Lemma 3.7 we deduce F; = f®7. The unicity of the limit
implies that the whole sequence GV is in fact f-Kac’s chaotic.

Step 2. (ii)) = (iii).  We write twice the normalized non relative HWI inequality of
Proposition 3.8, and get

H(GN) = H(FPN)| < CpWa(GN, 1Y) (\JIGN) + [ 1(£5Y)).
Using the previous inequalities together with the inequality of the Lemma 2.2
Wa(GV, foN) < Op22 [M(GY) + Mi(D]Y* Wi(GN, o8 /2
we get (1.8) since My(f) < sup My(GY) and I(f) <supI(GV) . O

4. PROBABILITIES ON THE “KAC’S SPHERE”

We generalize the preceding two sections to the important case of probability measures
on the “Kac’s spheres”. We refer to [15] where similar results are obtained to the (even
more important) case of probability measures on the “Boltzmann’s spheres”.

4.1. On uniform probability measures on the Kac’s sphere as N — oc.

Definition 4.1. For any N € N* and r > 0, we denote by o™¥'" the uniform probability
measure of RN carried by the sphere SN~1 defined by

SN=L.— (v eRY; V]2 =72

We define oV € P(EN), E = R, the sequence o := oNVN of probability measures
uniform on the sphere of Kac’s collisions

KSy := 5%1 ={VeRY, [V|?=N}.

We begin with a classical and elementary lemma that we will use several time in the

sequel.

Lemma 4.2. (i) For any 1 <{ < N — 1, there holds

O'N(V) _ <1 _ |V|2> N_QZ_2 |S{V_z_1|
f N e N2

where we recall that |S¥Y| = 27%/2 /T (k/2).

i) For any fized £, the sequence (o) )n>n, is bounded in L™ (with N, = ¢+ 4), in

L 2N

L for any k > 0 (with Ny = £+ 1), and in H® for any s > 0 (with Ny = N (£, k) large
enough).

(iii) For any function o € Cy(RY), any r >0 and 1 < < N — 1, there holds

(V, V) doN (V,V') = LW (V,VYdoNTE (V') 3 dV,
g P T ey |SNTY gy PO Vri=ve ’
; Vv
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where V € RY and V' € RN=¢. This precisely means that
N !
(dV,dV") = o, N@dv)e \/m(dV ).
PROOF OF LEMMA 4.2. (i) One possible definition of o™ is

. 1 1
oM = W Jim — (lBN(r+h) lBN(r—f—h))a BY(p) :={V e RY; [V| < p},

where the surface V=1 |SN 1| of the Sphere SN~! stands for the normalization constant
such that o™V'" is a probability measure. For any ¢ € Cy(E*), 1 < ¢ < N — 1, we compute

<1B(p)7 P& 1N*£> — /]Rg 1\V|2§p2 (P(V) { /RN , 1$£+1+ +23N<p2—|v|2 d.%'ngl dl’N} %

N—¢
= [N VT v,
where w¥ = |B¥(1)| is the volume of the unit ball of R¥. We deduce

1 d Nt N (N — ¢ N
o) = g gt [P VR = S G e e T

We conclude using the relation |S¥~1 = kw*.

(ii) The estimates on oY are deduced from its explicit expression after some tedious but
easy calculations.

(iii) We come back to the proof of (i). We set m = ¢ and n = N — £ and we write

1 1

N,r :
o, = lim — —
< ?) ZNy h—=0 h [/BN(T—HL) v /BN(T‘) SD]

= m 80 80
ZN,r h—0 h o|<r+h J o/ | </ R)Z—[o 2 i< J o)</t h)P—[o]2

+ lim — / / p— / /

ZN?" h—0 h [ [v|<r S|V |<+/ (r+h) 2 \0\2 [v|<r J]v'|< r2 |v|2

1
— lim / / ¥
ZNero h <|v|<r+h J [ |<y/(r+h)2—[v]?

1 1
/ lim — / - / wl.
INr Jpp b0 B | g (ferp=po?) S /o)
We invert the integral and the limit on the last line using dominated convergence, since

the integral on v" are bounded by [|¢||so/+/7% — |v|2. The first term is bounded (for any
0<h<r)by

1 1
lim + / / o] < Oy lllz lim VA =0,
ZN,r h—0 h r<|v|<r+h J|v'|<V3rh " h—0

and the second term converges to

Z
ny/r2 = o /
/m(r) T‘W‘ gn—1 80(7}7/0 )da\/m(v ) d’U,
Vr2—|v2

which is exactly the claimed identity. O
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Let us recall the following classical result.

N

Theorem 4.3. The sequence o is y-chaotic, where v still stands for the gaussian dis-

tribution y(dz) = (2r) Y2 e **/2dx on R, and more precisely
‘+3
(4.1) o — A% < 2 %H pour tout 1 <{¢ < N —4.

The fact that o'V is y-chaotic is sometime called “Poincaré’s Lemma”. In fact, it should
go back to Mehler [39] in 1866. Anyway, we refer to [19, 13] for a bibliographic discussion
about this important result, and to [19] for a proof of estimate (4.1). We also may prove
the following quantitative version of the “Poincaré’s Lemma”.

Theorem 4.4. There erxists a numerical constant C € (0,00) such that

C
4.2 Wi (o, 2Ny < —.
Remark 4.5. It is worth observing that it is not clear that one can deduce (4.2) from
(4.1) or that the reverse implication holds. In particular, using(4.1) and Theorem 1.2 we

obtain an estimate on Wy (o™, v®N) which is weaker than (4.2).

PROOF OF THEOREM 4.4. There is a simple transport map from vV onto ¢ which
is given by the radial projection P : V — % with the notation |V = (N71Y; [u;|F)1/k
for any k > 0 for the normalized distance of order k. The fact it is an admissible map
comes from the invariance by rotation of ¥®Y and ¢¥. Is it optimal? It is not obvious
because P(V) is not necessary the point of XSy wich is the closest to V' € R¥, for the |-|;
distance (for which it costs less to displace in the direction of the axis). However, it may
still be optimal for rotationnal symmetry reasons, but it is less obvious. Nevertheless, it

will be sufficient for our estimate. Since,
1
P(V) = VI = |z = 1] IV
we get as all our distances are normalized

Wi®,o) < [ IPOV) - Vi)
RN

“+oo N-1
= ‘ﬂ - 1( RNeR2 qr) 15| V]y do™ ).
0 " (2m)N/2 sN-1

Using that |V|; < |V|2 because of the normalization, we may bound the last integral by

/N Vhdo® < /N [|V]pdo™ = N7I2,
ST ST

1 1

Remark that this integral is also equal to ﬁMl (o) which can be explicited thanks to

the formula for o) of Lemma 4.2. Using this in the previous inequality and performing
the change of variable R = vV NR', we get

SN—l “+oo L
WPt < ¢|N<2W>N|—/z/o VN — RIRN e ™2 dR
‘SNfl‘N%

+o0o
_ pl(p"\N-1_-NR?/2 ;11
(27T)N/2/0 11— R|(R)NLe iR
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We can simplify the prefactor, using the formula for |S™V~!| and Stirling’s formula

ISN-UYNET N%
(27T)N/2 o F(%)QN/Q—l
\/N@N/Q

Turning back to the transportation cost, we get

+oo N-1
Wi(y®N, o) < Gf[ +O(1/N)] / (ReO=RY/2) " e=R*/2)1 - R|aR.
0

After studying the function g(r) = re(1=r*)/2 we remark that it is strictly increasing form

0 to 1, then strictly decreasing from 1 to +oo, that its maximum in 1 is 1, and that
g(1+¢)=1-¢%+ 0(c3). We shall also use the less sharp but exact bound

82

1
gl+e) <1-—, foree[—i,ﬂ—l].

1/2 +o00
We can now cut the previous integral in three parts / + / + / . We bound the
0 /2

1/2 1 N_1
/ < aa ()T
0

first part by

and the third part by

—+00 40
/ oS g(VNT / e Prdr = g(vV2)N e,
V2 V2

For the last part, we perform the change of variable r = 1 + u/ V/N. It comes

V2 (V2-1)VN N-1
/ L. o= / 1_{_\/_) |u|efu/\/ﬁfu2/2Ndu
1/2 VN/2
(V2-1)VN L\ N—1
< / — i lu| du
V) 4N>
er 1L2
< o >>/OO e Jul du
< Latrowy
- N

Putting all together, we finally get

(1+O(N"1) + CVNAY,

with A = max(g(v/2),9(1/2)) < 0.86. This implies the claimed inequality. O
4.2. Conditioned tensor products on the Kac’s sphere. We begin with a sharp

version of local central limit theorem (local CLT) or Berry-Esseen type theorem which
will be the cornerstone argument in this section.
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Theorem 4.6. Consider g € P3(RP) N LP(RP), p € (1, 00|, such that

(4.3) / zg(r)dr =0, / z®xg(r)dr = Id, / |z|? g(z) dz =: Ms.
RD RD RD

We define the iterated and renormalized convolution by

(4.4) gn(z) == VN g*N (VN z).

There exists an integer N(p) and a constant Cpr = C(p, k, M3(g), |lg|lr) such that
CBE

4.5 VN >N o < ——

(4.5) ZN@) o =l <

Remark 4.7. Theorem 4.6 is a sharper but less general version of [13, Proposition 26].
The proof follows the proof of [13, Proposition 26] and uses an argument from [13, Propo-
sition 26], see also [34]. The first local CLT have been established in the pioneer works

by A. C. Berry [5] and C.-G. Esseen [22] who proved the convergence in O(1/v/N) uni-
formly on the distribution fonction in dimension D = 1, see for instance [23, Theorem
5.1, Chapter XVI]. Since that time, many variants of the local CLT have been established
corresponding to different reqularity assumptio made on the probability g, we referee the
interested reader to the recent works [50], [6], [2] and the references therein.

The proof of Theorem 4.6 use the following technical lemma which proof is postponed
after the proof of the Theorem.

Lemma 4.8. (i) Consider g € P3(RP) satisfying (4.3). There exists 6 € (0,1) such that
VEEB(0,0)  [9(©) < e

(1) Consider g & P(RD) N LP(RD); p € (1,00]. For any & > 0 there exists k =
k(Ms(g),llg|lzr,0) € (0,1) such that

(4.6) sup [§(§)| < #(9).
€[>0

PROOF OF THEOREM 4.6. We follow closely the proof of [13, Theorem 27] which is more
general but less precise, and we use a trick that we found in the proof of [24, Theorem 1].
We observe that

an(€) = @E/VN)YN, A€ = FE/VN)Y

Because g € L'NLP, the Hausdorff-Young inequality implies § € L' N L™ with p’ € [1, 00),
and then gy (€) = (§(&/V/N))N € L' for any N > p'. As a consequence we may write

lgn (2) = ()] = (2m)"

[ an© -3)ee ds‘ <) [ law—Alde
RD RD

We split the above integral between low and high frequencies

lay — = < / | de + / 41 de
|€|>VN & |¢|>VN &

+/ lgn — 4| d€ (=Ty + T+ T3).
l€l<VN §
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For the first term, we have

(&

e (s
' €[>V NS N
N—p'

<sup !9(?7)!) N2 / 9 ()" dny
[n|>d n>é

< w(O)YT NG, gl

with ¢ € (0,1) given by point (i) of Lemma 4.8, x(d) given by point (ii) of Lemma 4.8 and
N > p'. The second term may be estimated in the same way, and we clearly obtain that
there exists a constant Cy = C1(D, p, ||g||z») such that

)‘N ¢ = Nd/Q/| I~ dn

IN

(47) TV+15 < %
Concerning the third term, we write
lgn(€) = AN (] 013
T3 = d
’ /IEIS\/Na ik I,
with
i —an© _ 1 [IEVEY AR
&P NS €/V N
1 oV -V
T N g/
N—-1
x| D E/VN ANV
k=0

Estimate (i) of Lemma 4.8 implies

N-1
> 9E/VN)F A VNN
k=0
N-1 2 2 2 2
< e_‘f_‘ke_‘Q&(N_k_l) SNQ_%% SNG_%
k=0
We deduce
_ 1 19(n) =) _l? s
Iy = W(S%pT RDNe s [€]° dg
1
< iz Mslg) + Ms(v)) Cra-
We conclude by gathering the estimates on each term. U

Proor orF LEMMA 4.8. Thanks to a Taylor expansion, we have

2
o) = 1-5 +0(s0) e)

2
w(§) = 1-7+ O(EP),  wa)=—=e",
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from which we deduce that there exists 6 = §(M3(g)) € (0,1) small enough such that

VEeBs 9§ <1- ggz <€), @)= et

That is nothing but (i). On the other hand, (ii) is a consequence of [13, Proposition 26,
(iif)]. 0

For a given “smooth enough” probability f € P(E), E =R, we define

Z = ON ggNr 7} ::/ L doNT = .
N(T) /SNI(r)f o ) N(T) SN-1(p) 7@]\[ o ’Y®N(T‘)

We give a sharp estimate on the asymptotic behavior of Z}, as N — oo.

Theorem 4.9. Consider f € Pg(R) N LP(R), p € (1,00], satisfying
(4.8) / fvdv =0,
R
and define
1/2
(4.9) E = / f v dv, Y= </ (v? — E)? f(v) dv) .
R R

Then Zn(r), Z(r) are well defined for all ¥ > 0 and there holds with the above notations

o= o (ool - () )

where

an(s) = s2lem

N|w

and  |[|Rn oo < C(p, | fllp, Me(f))

As a particular case, there holds

(4.11) Zhy = ZN(VEN) = \/; (1 + O(N*%» .

PROOF OF THEOREM 4.9. We follow the proof of [13, Theorem 14] but using the sharper
(but less general) estimate proved in Theorem 4.6 instead of [13, Theorem 27].

Before going on, let us remark that it is not obvious that Zy(f;r) is well defined for
all » > 0 under our assumption on f which is not necessarily continuous, since we are
restricting f®V to surfaces of R™. But, in fact the product structure of f®V make it
possible. To see this, take f and g two measurable functions equal almost everywhere,
and call N the negligible set on which they differ. Then the tensor products f®V and
g®N differs only on the negligible set N = U; R®0—D x N x REWN=9_ Tt is not difficult
to see that because of the particular structure of N, the intersection of N N SN~ is also
oN-negligible for all 7 > 0. Therefore f®V and g®V are equals o.¥-almost everywhere on
SN=1 and there is no ambiguity in the definition of Zy(f,r) for all » > 0.

We now define the law g of v? under f

(412) W) = 5= (F(Va) + (Vi) Luso,

‘ -

B
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remarking that A € P3(R) N LY(R) with ¢ > 1 as it has been shown in the proof of [13,
Theorem 14]. Consider (V;) is a sequence of random variables which is i.i.d. according to
f. On the one hand, the law sy(du) of the random variable

N
Sn = Vil
j=1

can be computed by writing

Be(sw) = [ e ([ N w o)) dr

= [ etisy s (f o PNV V) —

which implies

1
snldu) = 5 1SN u? ! Zy (Va).

On the other hand, we have sy = h*N). Gathering these two identities, we get
1 /2 e—T2/2
RON) (p2) — 1 gN-1|,.N-2 5 _ N=2 1
(T ) 2 | 1 |T N(T) P(N/Q) r N(T) (27T)N/2

an(r?) Zy(r)
T(N/2) 2N/

Let us define g(u) := X h(E + X u), so that g € P3(R) N LY(R) and
/ 9(y)ydy =0, / 9(v) yl* dy =1.
R R

Applying Theorem 4.6 to g and using the identity ¢ON)(u) = SAUN(N E 4+ Su), we
obtain

(4.13) =

(4.14) sup
r>0

h(*N) (7“2)

1 <T2—NE>‘<CBE
VN '\ VNy )| NS

where Cpp is the constant given in Theorem 4.6 and associated to g. Gathering the

Stirling formula

(4.15) L(N/2) = VAN ay(N) 2754 (14 O(N71))),

with (4.13), (4.14), we obtain

2 ! 2 2
Vr >0 an(r®)Zy(r) B 1 exp <7“ NE) )| < CBE.
VAN ay(N)2(1+O(N-1/2))  V/NXV2r VN Y NX
Estimate (4.10) readily follows. O

For a given f € Pg(R) N LP(R), p > 1, we define the corresponding sequence of “condi-
tioned product measures” (according to the Kac’s sphere KSy ), we write FV := [f*N]is,,
by

1
(4.16) FN = — — — fON N

Zn(f;VN)
We show that (F7) is well defined for N large enough and is f-chaotic.



CHAOS 39

Theorem 4.10. Consider f € Pg(R) N LP(R), p > 1, satisfying
(4.17) /fvdv:O and /vadvzl.
R R

The sequence (FN ) of corresponding conditioned product measure is f-chaotic, more pre-
cisely

C 2
VN

Remark 4.11. The f-Kac’s chaoticity property of the sequence FN = [f®N]is,, is stated
and proved for smooth densities f in the seminal article by M. Kac [30]. Next, the same
chaoticity property is proved with large generality (on f) in [13]. Theorem 4.10 is a
“quantified” version of [13, Theorem 4, 9] and [30, paragraph 5].

QuFN, f) = Wi(F), f%) < HFN f <

ProOOF OF THEOREM 4.10. As in Theorem 4.9, it is not obvious that FY is well
defined under our assumption on f which is not necessarily continuous, since we are
restricting f®V to a surface of RY. But the argument given at the beginning of the proof
of Theorem 4.9 shows in fact that the restriction of f&V to KSy is unambiguously defined.
Since, Theorem 4.9 implies that Zy(f,v/N) is finite and non zero for N large enough, we
deduce that FV is well defined for N large enough.

Let us fix £ > 1 and N > ¢+ 1. Denoting V = (V;,Von), with V; = (vj)1<j<s,
Vi.n = (v)e+1<j<n, we write thanks to the equality (iii) of Lemma 4.2

®f ®N—¢
Ndv) = (%) (Ve) 7T (i/ﬁ) <£> (Von)oN =5 N_‘pr(dV&N) ol (Vy) dVy,
N

so that, coming back to the notation V =V = (v;)1<;j</ € R, we have

One(V),

4 l
£() | Zud VN ZTVP)
115G Zr) 1}

if we define the quantity Oy by

By VN TVE)

(4.18) Ono(V) = (2m)2 € W
N

The key point is now to prove that 6y goes to 1. Recalling the Stirling formula I'(k) =

\/%( ) (1+ O(k™1)), we write aév as

N—(—2
oiy) = BN VE, ”
|SN- NT*
an (N =|V]*) e o

N~2ay(N) (Qw)é
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from which we deduce

Zy_o(/N = |V]?) ay_¢(N = |V} 2

One(V) = 1 (1+0(%))
7\ (VN) N-fan(n) V=V N
_(e=vi?
_ anN=0e (3%) OO avoly
N~=3ay(N) 1+ O(N~1/2) VisvN N
~(5s) e £
(4.19) = (e VT 1 o((N =07 | (14 O() iy
02,
G}M(V)

where we have successively used (4.10), (4.11) the definition of ay_¢(N —¢), and a calcu-
lation yielding
an—¢(N — 1)

: =1+ O(*/N).
N_EaN(N)

It implies in particular the two following estimates on 6y, which will also be very useful
in the proof of the next theorems
Cr? 45

(4.20) HN,g(U) < Cl|V|§\/N’ ‘HN,g(V) — 1‘ < N2 +C N1/21|V‘2N1/8.

Once they are proven, the conclusion follows since from the second one

1Y = £ = 10ne = 1) fh
ol C e
< 5 W+ <77 100 flh

It only remains to prove the estimates (4.20). The uniform estimate is clear from 4.19.
In fact [0} lloc and 63, are also uniformly bounded. For the second estimate, we first
control

08 (V) =1 = [0y ,(V)—1] 1y j<nis + 05 (V) = 1] Liy>nus
(V2 - v
< ’2 <ﬁ> +O(N 1/2)’1\V\§N1/8 +CW1|V|2N1/8
Cr? 45

= N1/2 Lyjcnis +C N1/21\V|2N1/8’
which implies a similar bound for 6y since
One(V) =11 < 103, (V)] 10, (V) = 1 + [63,(V) = 1]
EQ
6} —1 —
C 10 (V) 1]+ C 5

Ce? o v
N1/2 + N1/21\V\2N1/8'

IN

This concludes the proof. O
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4.3. Improved chaos for conditioned tensor products on the Kac’s sphere. We
define the notion of Entropy and Fisher information chaos for sequences We present the
relationship between chaos and entropic chaos in the Kac’s sphere framework. We first

recall the definition of this two notions which involves the normalized entropy and Fisher

information with respect to o™V.

Definition 4.12. We say that a sequence (GV) of P(KSy) is
i) f-entropy chaotic if GY — f and
H(G"|o™) = H(flv),
ii) f-Fisher (information) chaotic if GY — f and
L(GN|o™) = I(f]7)-

It is worth emphasizing again that our definition is slightly different (weaker) that the
corrseponding definition in [13]. But they are in fact equivalent as we shall see in next
section (Theorem 4.19).

Theorem 4.13. For any f € Pg(R) N LP(R), p > 1, satisfying the moment assump-
tions (4.17) of Theorem /.10, the corresponding conditioned product sequence of mea-

sures (FN) defined by (4.16) is f-entropy chaotic. More precisely, there exists C =
C(p, I fllze, Ms(f)) such that

C
421 H(FN|oV) - H < —.
(421 H(FY0™) ~ 1) <
PROOF OF THEOREM 4.13. With the notation FV := [f®N]s, , we write for any N > 1
N

1 707
Zh(H

N Jxsy

= /R(logg) FlN—%longv(f)-

Thanks to the bound (4.10) on Z)(f) which implies that (Z}(f)) is bounded, we deduce

H(FN|oN) = /RFIN <log %) + O(1/N).

Recalling the notation fy := Oy, defined in (4.18) and the estimates (4.20) it satisfies,
we may then write

HEYI™) = H(fh) + [

R

HFN|oN) = <10g dFN

oy = 1)1 (102 ) +o01/m)

=T

with
|T|gc/|9N—1|f(1+|v|2)dv+/IHN—llfllogfldv-
R R

N~

=T =T

In order to deal with 77, we use the second estimate of (4.20) and get

C ) C i C
TlSW/Rd<U> de+N1/2 /Rd<1)> fd’l)—m
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In order to deal with T5, we make the more sophisticated (but standard) splitting: for any
N, R, M > 1, we write

T, < / |9N—1|f|10gf|+00/ £ og £/
Br Be,

IN

sup|fy — 1) Cy + Cy / J(log f)+ Lroar + Co / F(log f)s Larsyor
Br B, Be,

+Cy (log f)- 1,5 45 12 + Co /B flog f)-1 s s
R

f
By
For the second term, we write f (log f)4 < f#P)/2 < fp/M@P=D/2 on {f > M}. For the
third term, we write f (log f)+ < f log M < f (log M) |v|®/R® on {f < M, |v| > R}. For
the fourth term, we write log f > —|v|? on {f > exp(—|v|?)}, and thus f(log f)_ < f |[v]? <
flvl6/RYon {1 > f > eI’ |v| > R}. For the last term, we write f (log f)— < 4+/F on
{0 < f <1}, and thus f (log f)- < 4e10P/2 op {e“”‘2 > f>0, |[v] > R}. We deduce

L (ogM), 1. g
I, < Cf5;11£)|9N—1|+CO (M(Pl)/2+ T TR
Clf1lp, Ms(f))
> N1/2 )
with the choice R = N'/® (which allows to use the second estimate of (4.20)), and then
M®-1/2 = RS, O

Before stating a similar result with the Fisher information, we introduce a notation :
the gradient on the Kac’s sphere XSy will be denoted by V,

Vev
V2
if F'is a smooth function on R¥. Py, 1 stands for the projection on the hyperplan perpen-

dicular to V. We will use many times that

wn s [e()]- () e ()

Theorem 4.14. For any f € Pg(R), satisfying the moment assumptions (4.17) of The-

orem 4.10, the corresponding conditioned product sequence of measures (FN) defined by
(4.16) satisfies

V.VF(V)

N v

VoF(V) = Py .VF(V) = (m - > VF(V)=VF(V) -

sup I(FN|oy) < 400
NeN

if I(f) < +oo. If moreover

/ v 2
/]R ff((v)) <v>2 dv < 400,

the sequence FN is Fisher information chaotic.

PROOF OF THEOREM 4.14. We only proof the second point. The first point (bound-
edness of the Fisher information) can be deduced from the above proof. It suffices in fact
to use the simple bound |V,G| < |VG]| instead of equality (4.23).

Remark also since £ = R, the bound on the Fisher information implies that f is
bounded. Therefore, the LP (for p > 1) assumption which is necessary in theorem 4.10 is
implied by our bounds on Fisher information. We can therefore apply the estimates (4.20)
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on the quantity Oy ; for i = 1,2 defined in (4.18). They implies in particular that ||y ;|-

is uniformly bounded and that 6y ; converges point-wise towards 1. We start with the
formula

RN
I(FN|oN) = = \VoIn FN2 FN(aV) = = |V, In f 1> FN(@av),
N N
KSn KSN ’Y

As V, is the projection on the Kac’s sphere of the usual gradient, we have from (4.22) for
any function G on R

(4.23) VoG(V)2 = VGV — < V- V()

N
Using this with G = In (%) in the previous calculation, it comes

1 RN 1 QN
I(FN‘O'N):N/’CS Vln<£®N> FN(dV)—m/KS V. vm(f >

VEN
Recalling that F{¥ = f0 ~,1 from (4.18), by symmetry, the first term in the right hand side

is equals to
(4.24) /R d, In "; EZ; FN(dv) = I(f|y) + /R i{f}?

The last term goes to zero from the hypothesis on f, the uniform bound |fx,;| < C and
the pointwise convergence of fx 1 to 1. To handle the second term in the RHS of (4.24),

we compute
2
1 Al
- = (z;v [m;} (vi)>

QN |2
V.-Vin <f>
N 2

>
_ %;ﬁ({mﬂl > NQZUZU] [m ] [mﬂ(/vj).

i#j

FN@av).

2 2

(Ona(v) —1)f(v)dv.

+ v

N2

After integration, it comes thanks to the symmetry of FV

&N |2
LQ/ V-Vln<i>
N= Jisy 0

FNV) = % /R v? ([m ﬂ,(v)f FN(dv)
+ % /R V1V [m ﬂ(,vl) [m ﬂ(,vz) FN(dvy, dvs).

Using the uniform bound F}N(v) = On1(v) f(v) < Cf(v), and the hypothesis on f, we
obtain that the first term of the r.h.s. is bounded by % The second denoted by Ra(N) is
equals to

Ry(N) = % o V1V [ln %](vl) [ln g}(w) f (1) f(v2) dvyduvg
+N]\; 1 g V1V2 [ln g}(vl) [ln £:|(’U2)(6N72(’017’02) —1) f(v1)f(v2) dvyduy
_ 2
= % (/R (vf’(v) +1)2f(v)) dv) + R3(N) = R3(N),
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after an integration by parts and because of the equality [v?df = 1. The term R3(N)
goes to zero by dominated convergence since

/R oo [m ﬂ(,vl) [m ﬂ(vz)

where the last equality follows from a simple integration by parts and the moment prop-
erties of f. This concludes the proof. O

F(v) dv> :

.,
o)
< I(fh) /[R oEdf = I(f]7) = I(f) 1,

f(v1) f(v2) dvidvy = </Rv

4.4. Chaos for arbitrary sequence of probabilities on the Kac’s sphere. We begin
that section with a result which is the analog for probabilities on the Kac’s sphere of the
lower semi continuity of the Entropy and Fisher information.

Theorem 4.15. For any sequence (GV) of P(KSy) such that Gé»v — G weakly in P(E7),
there holds

H(Gj ™) < lminf H(GV|o™),  I(Gh®) < limint I(GN]o™).

For the proof, we shall need the following integration by parts formula on the Kac’
sphere, which proof is postponed to the end the proof of Theorem 4.15 .

Lemma 4.16. Assume that F (resp. ®) is a function (resp. vector field in RY ) on on the
Kac’s sphere KSn with integrable gradient. Then the following integration by part formula
holds

N-—-1
(4.25) / [VUF(V) < P(V)+ F(V)div, ®(V) — TF(V)CD(V) . V] de™M(V) =0
KSn
where div, stands for the divergence on the sphere, given by
N N
_ . V-Vo,(V)
div, ®(V) := ; Vo (V) - e; = divd(V) — ; v

where the last formula is useful only if ® is defined on a neighborhood of the sphere.

Proor orF THEOREM 4.15.

We refer to [13, Theorem 17] for a proof of the inequality involving the entropy and
give only the proof of the second inequality, which in fact relies on the characterization
I®) of the Fisher information. Precisely, the previous Lemma 4.16 can be used to get a
reformulation of the Fisher information on the sphere information relative to o

2
KSy DeCLRN)N JKSN 4
[2(V)?

(4.26) = sup / (E (V)-V—div(,@(V)—i) GN(dV).
veci®N)N Jksy \ NV 4

Next applying the equality (3.13) to the probability Y%/, we get that for or any £ > 0, we
can choose a ¢ € C}(R7)’ such that

L (Rl <1 Vi — di P pigav
L'y —e< - | (¢ V- e == (dVj)-
J ] JRri
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Remark that the r.h.s. is quite similar to (4.26). With the notation N =nj+r, 0 <r <j
and Vy = (Vj,h s Vi, V}), we define

(Vi) = (@(Vi, - ¢(Vin), 0) € C(RM)Y
and use it in the equality (4.26). We get

_ 2
LIEYeY) = (MM/N) Viv — divy ®(Viy) M) G (V)
N KSn 4

N N

n o (N1 . [LODEY vy, el
> 2 - - NV — ) P ) :
> 5 [ (Frem v - ey - EOEY @) + 240,

N
R,(N) = % / (Z[V-Vq)i(V)]vZ) GV (Vi) = % / Z Gotvive | 6N (av)
=1

g
-~/ Z ot | G avy) = o),
if V¢ decrease sufﬁ(nently quickly at infinity. Passing to the limit, we get

1 2
liminf I(GN o) > 3/ <Lp-Vj—diV<p ’“1 > FI(dV;) > I(FI|y%9) —
RI

N—+o0
which concludes the proof. O
PROOF OF LEMMA 4.16 As before, we will use the normalized norm |V]s := /4 > v2.

Choosing any smooth function g on (0, 4+00) with compact support, we define

wv) = oV F () @ (7 )

Its divergence is given by

: ¢ ([V1]2) ( 4 ) <V> Vo a([V]2) ( 14 ) <V> 4
divw = F O — | — + VoF | — | ®| — | - —
N V2 Vi) Wiz Vi V2 Vi) IVl

0 (1) ol
+ F dive ® | — | .
V]2 V]2 V]2

Integrating this equality, and using polar coordinate, we get

0 = (/KSN (VoF(V) @)+ F(V)div, ®(V)] JN(dV)> </Oooq(r)rN2dr>

i VoV OO "V N1 dr
+N< [ Few)v (dV)> (/0 {(r) d>.
Since [ ¢'(r)rN"tdr = —(N = 1) [;° q(r)rV 2 dr, we obtain

N

/ [V(,F(V) L B(V) 4+ F(V)dive ®(V) — —_1F(V) L B(V)- v] do™¥ (V) =0,
KSy N

which is the claimed result. O

The next theorem will be the key estimate in the proof of the analog of Theorem 1.4
on the Kac’s sphere. It relies on the HWI inequality on the Kac’s sphere, which allows to
quantify the convergence of the relative entropy.
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Theorem 4.17. Consider (GV) a sequence of P(KSy) which is f-chaotic, f € P(E).
Assume furthermore that

Mk(GN)% <K fork>6, and I(GN|JN) <K.

Then [ satisfies My,(f) < 0o, I(f) < 0o, and (GV) is f-entropy chaotic. More precisely,
there exists C1 := C1(K) and for any vy < %Ig—ﬁ a constant Co(7y2) such that

H(GV o) = H(fI7)] < €1 (Wi(GY, foN) + 6N ),
with vy :==1/2 —1/k.
The proof use the following estimate

Theorem 4.18. ([14, Theorem 2], [3, Theorem 2]). For any sequence (GV) of P(KSy),
there holds

VI<k<N, HGYo))<2HGN oY) and 1(GY|od) <21(GN|o™).
PROOF OF THEOREM 4.17. STEP 1. Thanks to Theorem 4.18, we have
1(GYeN) < 2K.
Using the strong convergence of oi¥ to vy stated in 4.2, we pass to the (inferior) limit and
get
I(fly) <2K andthen I(f)<2K.

Introducing the restriction FN = f®N/Z(v/N)oN of f®N to KSy defined in (4.16) and
using point 7) of Theorem 4.14, we get

sup I(FN|o™) < Cs.
N

Step 2. Because the Ricci curvature of the metric space KSy is positive (it is K := (N —

1)/N) we may use the HWI inequality in weak C' D (K, co) geodesic space (see [57, Theorem
30.21]) which generalizes the standard HWI inequality (3.16) quoted in Proposition 3.8.
However, we have to be careful, because it is no valid with W, replaced by the MKW
distance constructed with the geodesic distance on the sphere, and not the distance induced
by the square norm of RY. Fortunately, both distance are equivalent, and if we add a
constant 5 in the right hand side, we can still write the HWTI inequality with our usual
distance W5. We then have

H(FN|oN) — H(GN|oV) < g I(FN|oN) Wy (FN,GN),
and
N| Ny N|_N ™ NI -N N AN
H(GT|o™) = H(FT o) < S/ LGN |oY) W2 (F7, GT),
so that

|H(FN o) — H(GN|o™)| < Co Wo(FN,GM).
We rewrite it under the form

[H(GY|o™) = H(flv)| < C3 [Wa(GY, ) + Wo(FN, f)] + [H(FN|o™) — H(f]7)|-

For the first term, we have using inequality of Lemma 2.2

WQ(GN,f®N) S 4KW1(GN,][‘®N)1/271/]€.
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For the second term, we have for any € > 0

Wa(FY, oY) < AR Qu (P R

N 1 N\1/2-1/k
< 4K (Q(FN; f) + C. Nz )
1 1 N1/2-1/k
< C. <QQ(FN;f)2+E+1/]€ +C.N 2+s+2/k¢)
1/4—1/2k
< C. N 2z+et2/k

where we have successively used Lemma 2.2, the inequality (2.30), (2.24) and Theorem 4.10
in the case d =1 (and then d’ = max(d,2) = 2). The third and last term is bounded by
C N~'/2 thanks to Theorem 4.13. O

The lower semi continuity properties of Theorem 4.15 and Theorem 4.17 allow us to
give a variant of Theorem 1.4 in the framework of probabilities with support on the Kac’s
spheres.

Theorem 4.19. Consider (GV) a sequence of Psym(KSn) such that Mg(GY) is bounded
and GY — f weakly in P(R).
In the list of assertions below, each one implies the assertion which follows:

(i) (GN) is f-Fisher information chaotic, i.e. I(GN|o™N) — I(f|y), I(f) < oo;

(ii) (GN) is f-Kac’s chaotic and I(GN|oN) is bounded;

(iii) (GN) is f-entropy chaotic, that is H(GN|o™N) — H(f|y), H(f) < oo;

(iv) (GN) is f-Kac’s chaotic.

PROOF OF THEOREM 4.19. The proof is very similar to the one of Theorem 1.4. i) < i)
and i) < dv) relies on the ls.c. properties of Theorem 4.15. And i) < 4ii) uses

Theorem 4.17. We omit the details. O
We finally conclude this section with the proof of Theorem 1.5.

PrROOF OF THEOREM 1.5. We only deal with the case j = 1, but the general case j > 1
can be managed in a very similar way because we already know that Gév — f®J weakly

in P(E7) thanks to Theorem 4.17 and Theorem 4.19. With the notations of Theorem 1.5,
we have to prove

H(G{V\f):/log(G]lV/f)G{V — 0 as N — 0.
E

First, we observe that since GV is symmetric and has support on the Kac’s sphere,
Ms(GN) = 1. Moreover,

1GY oY) = / Viog GY — Viego P G
E

= I(G{V)%—/[2Alog0{v+|VIOg0{V|Q]G{V,
E
so that

@) < 16Ve) + / (2Alogol + [ViegolP)_ G
E

We easily compute
2Alogo) +|Viegol | =

N-3 (27))2/]\[2 2/N (QU/N)2
T2 {2(1_7}2/N)2_2(1—U2/N)+(1_U2/N)2}1v2§N
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and then

N—3(4v2/N—1)_1
N (I—w?/N)z "v=NA
= T(-1/42 9

2Alogol + |[ViegoM 2. = 2
1 1

Thanks to the boundedness assumption (1.9) we get that I(GY) < C for some constant
C € (0,00), and then I(GY |v) < 2[I(GV) + M2(GM)] < C.

Next, we introduce the splitting

HGY|) = HGYP) - H(fh) + /E (f -GN 1og§

=T

=:T5

and we show that T; — 0 for any ¢ = 1,2,3. For the first term, using twice the HWI
inequality we have

T < ( 1(EN ) + I(fh)) Wa(GY, 1) =5 0

because of the uniform bounds on the Fisher information and on the k-th moment, k& > 2,
together with the weak convergence GI¥ — f as N — oo.

Before dealing with the last term, we remark that the bound on the Fisher information
of f implies some regularity, precisely that +/f and then f are %—Hélder. Therefore 111% is
continuous and satisfies from the assumption (1.10) the bound

2
v
] <l alef 151+ 5 < 00

Using, then the fact that My(f) = 1, the regularity of f and the weak convergence of
GY towards f, we can conclude that 75 — 0. Precisely, we choose ¢ > 0, and A > 1
sufficiently large so that f|v|>A(1 +v?) f(v)dv < e. We split

hli::hl—{—hQ, with hlzlni)(A, hgzlni(l—XA),
Y Y

)

where x4 is a smooth function such that x4(v) =1 on [-A, A] and 0 outside [—2A4, 2A4].
Since hp is smooth and compactly supported, it is clear that [ (GY — f)hy — 0. Next

e =nn| < e [a-xana+ et e + sl
< Ce+20 - C/XA(’U)(l +0vH)GY (v) dv
l}ggof /(G]lv — f)ha| < Ca—i—QC—C/XA(U)(1+U2)f(v)dv
< C€+C/(1—XA(U))(1+?}2)f(1))d1)SQC&‘.
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5. ON MIXTURES ACCORDING TO DE FINETTI, HEWITT AND SAVAGE

In this section we develop a quantitative and qualitative approach concerning the se-
quence of probabilities of Pgy, (EN), E Cc RY, in the general framework of convergence to
“mixture probability ” (here we do not assume chaos property).

Depending of the result, we will need some hypothesis on the set £ that we will make
precise in each statement. While in the first and second sections the results hold with
great generality only assuming that

- E is a Borel set of R,
we shall assume in the third section that

- E =R?or E is a open set of R? with smooth boundary in order that the strong
maximum principle and the Hopf lemma hold;
and we shall also assume in the third and fourth sections that

- the normalized non relative HWI inequality (3.15) holds in E.

5.1. The De Finetti, Hewitt and Savage theorem and convergence in P(E").
We begin by recalling the famous De Finetti, Hewitt and Savage theorem [18, 29] for which
we state a quantified version that is maybe new.

Theorem 5.1. Assume E C RY is a Borel set. Consider a sequence (77) of symmetric
and compatibles probabilities of P(E7), that is 7 € Py (E?) and (Wj)‘Ee = 7t for any
1 <1 <3, and consider (#7) the associated sequence of empirical distribution in P(P(E))
defined according to (2.7). For any s > %, the sequence (#7) is a Cauchy sequence for the
distance Wy-s, and precisely
AN 2 1 1

(51) [WHfs (7TN,7TM)] < 2Hq)s||oo <M + N) ,
where ® is the fonction introduced in Lemma 2.7. In particular, the sequence (7) con-
verges towards some m € P(P(E)) with the speed Wy—s(#7,m) < % The limit 7 is

j
caracterized by the relations

(5.2) Vi>1, o =m:= / PP w(dp) in Py (E?),
P(E)

or in other words, with the notations of section 2.1

(53) Yo eOB) ()= [ Ru(o)=(dp)

Reciprocally, for any mizture probability m € P(P(E)), the sequence (mj) of probabilities
in P(E7) defined by the second identity in (5.2) is such that the ; are symmetric and
compatible.

PrROOF OF THEOREM 5.1. We split the proof into two steps.

Step 1. As in proof of Proposition 2.8, we shall use the fact that || - ||%,_. is a polynomial
on P(FE), but we have to choose a good transference plan. Fortunately, their is at least a
simple choice. The compatibility and symmetry conditions on (7V) tells us that 7V+M
is a admissible transference between 7V and 7. Using the symmetry of 7V M and the
isometry between (EY /&y, w1) and (P (E), W1) stated in step 1 in the proof of Proposi-
tion 2.11, we will interpret it as a transference plan 7V +M on Py (E) x Pas(E) between 7V
and #M. More precisely, #V+M € P(P(E) x P(E)) is defined as the probability satisfying

I3

Yo e GR(E) X P(E) (T M0) = [ ) eV (X, Y ),
ENXEJM
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We have
n R 2 -
Wi, 7] < [ lp = 12— 7+ (dp, diy)
P(E)xP(E)
< / (/ D,(z —y) [(p¥° — p@n) + (1®* —n @ p)](dz, dy)) #NHM(dp, dn),
P(E)xP(E) \JRr2d

with the help of (2.22). We can then compute

[WHfs(er,er)]z <
S / (/]R?d Q(z —y) [(M%)@)Z — ¥ ® ,u]\y/[](dx, dy)> 7TN+M(dX’ dy)

+/ (/RM Oy(z —y) [(ny)®* — py! ® pi(da, dy)> NEM (g X dY)

N M
1 1
< / 3 30 i)~ D0 B ) | AV X, AY)
i,j=1 i,j'=1
1M®4, 1M¢4 3| AN ax, dy
+ WZ s(yz’_yj/)_w' ‘ sy —y) | ™ (dX,dY)
i/,5'=1 =1
0,000 N-1
< 202 [y s dy) - [ (-9 v andy
N N
o, M—1
J\E_IO) + =7 [ ®sle —y)n®(dr, dy) /(I)s(fﬂ—y)ﬂz(dx’dy)’

and we conclude with

(Wi (7Y, #)]?

IN

(L) (340~ [ e~y eae. )

1 1

The existence of the limit 7 is due to the completness of P(P(E)).

IN

Step 2. Now it remains to characterize the limit 7. We fix j € N, we denote by ; its
j-th marginal defined thanks to the second identity in (5.2) and by frjv = (#V); the j-th
marginal of the empirical probability 7%V as defined in (2.8). We easily compute
2

7Y —mllf-. = / p®jﬁN(dp)—/ p® 7 (dp)
P(E) P(E) H-s

= inf / ®7 — n®I11(dp, d

eniy ) P(E)[p n=? 1 (dp, dn)

H-—s

< inf / p®7 — |2, T1(dp,dn
et ) Joee) | [ 7-< TI( )
C

= [WH—s(ﬁ'N,ﬂ')]2 < —

— N'
Next we fix s > %d, so that using Sobolev embeddings on R/, |¢|lec < C|l¢lgs for

any ¢ € H*(R/?), which implies by duality that ||p||z-s < C|lpll7v for any p € P(RI%).



CHAOS 51

Using the Grunbaum lemma 2.6 and the compatibility assumption 7T§V = 7/, we get the
inequality
i AN N AN N __~N Cy?
|77 — 7 | -s = I — 7 |- S Cllm" =75 |7y < N
Combining the two previous inequalities leads to
, , C Cj?
~ N ~ N
I = e < 10 = 2 e Y = mlaee € o+ S
which implies the claimed equality in the limit N — +oc. U

Let us now introduce some definitions. For k > 0, we define
PL(P(E)) == {m € P(P(E)); My(m) := My(m) < oo}.
We adopt the following convention. For given sequences (FV) of Py, (EYN), 7V of
P(P(E)) and 7 € P(P(E)), we say

- (FY) is bounded in Py (EY) if there exists a constant a > 0 such that My(F}) < a;

- (my,) is bounded in Py (P(E)) if there exists a constant a > 0 such that My (7, 1) < a;

- (FN) weakly converges to 7 in Py (E7)y; if (FY) is bounded in Py (EY) and FjN — 7
weakly in P(E7) for any j > 1;

- (my,) weakly converges to 7 in Pi(P(E)) if (m,) is bounded in Pi(P(E)) and 7, = 7
weakly in P(P(E)).

With that (not conventional) definitions, any bounded sequence in P (P(E)) is weakly
compact in Py (P(E)), and for any sequence (FV) of probabilities of Py, (EY) which is
bounded in Py(EN), k > 0, there exists a subsequence (FV') and a mixture probability
7 € P(P(E)) such that FY' — 7 in P(E7)y;.

We now present a result about the equivalence of convergences for sequence of Psym(EN ),
N — oo, without any chaos hypothesis.

Theorem 5.2. Assume E C R? is a Borel set.
(1) Consider (FN) a sequence of Pgyn(EYN) and m € P(P(E)). The three following
assertions are equivalent:

(i) FN =7 in P(E%)y,;

(i) FN — 7 weakly in P(P(E));

(iii) Wi (FN, 7n) — 0.
(2) For any v € (57, %) (recall that d' = max(d,2)), and any k > %l_d, > 1, there
exists a constant C = C(~,d, k) such that the following estimate holds
< CMk (Wl)l/k
SN

(8) With the same notations as in the second point, we have for any mizture probabilities
o, € P(P(E))

(5.4) YN >1  [Wi(FN, 7)) = Wi(EN, )]

) C My (an)*/*
(5.5) Wi(ay,0) < —H 20—,
where &; is empirical probability distribution in P(P(E)) associated to the j-th marginal
a; € P(E7), as well as

c<Mk<a1>%+ M,(B1)*)

(5.6) Wi(a, B) - -

< Wiley, B5) < Wila, B).



52 M. HAURAY AND S. MISCHLER

PROOF OF THEOREM 5.2. Step 1. Equivalence between (i) and (ii) is classical. Let us
just sketch the proof. For any ¢ € C,(E?) we have from the Grunbaum lemma recalled in
Lemma 2.6 that

(FN,Ry) = (FY,p@18N=0) + O(j*/N)
= (F",0) + O(j*/N).
We deduce that the convergence (FN ,R,) — (m,R,) is equivalent to the convergence
(FJN @) — (mj, ) since that (7, R,) = (7, ) thanks to Theorem 5.1.

Therefore, i) is equivalent to the convergence (F N ®) — (r,®) for any polynomial
function ® € Cy(P(E)). But now, the family of probability FV (and 7) belongs to the
compact subset of P(P(FE))

K:={aeP(P(E)), st. aqg = F1},

and also any converging subsequence FN' should converge weakly towards a probability 7
having the same marginals than 7. Since by Theorem 5.1 marginals uniquely characterize
a probability on P(P(FE)), it implies 7 = 7 and then weak convergence again polynomial
function implies the standard weak convergence of probability ii).

It is classical that the MKW distance is a metrization of the weak convergence of measures.
Even in that ”abstract” case, ii) is equivalent to Wl(F N 7) — 0. Thus, for sequence
having a bounded moment My (F}V) for some k > 0, the equivalence between ii) and iii)
will be a consequence of (5.4). For sequence which do not possess any moment My, it
is still true. The correct argument still relies on a version of inequality (5.4), with a
slower and less explicit rate of convergence, which can be obtained from an adaptation of
Lemma 2.1.

Step 2. We now prove (5.4). For 7y we have the following representation:

(5.7) i = [0 w(ap) = [ 07N ntdp).
Thanks to Proposition 2.11, we may compute
(Wi(FY,wn) = WY, m)| = I (FY fy) = Wi(EY )]

Wl(ﬁ'N,ﬂ') =W (/P(E) p®N7T(dp),/P(E) 6p W(dp))

/P(E) Wy <@,5p) m(dp) = /P(E) Qo(p) 7(dp),

C(d,v, k)
N7

IN

IN

= C(?fz’ k)/ M (p)/* (dp) < My ()%,

P(E)
where we have successively used the triangular inequality for the W distance, the relation
(5.7), the convexity property of the W, distance and the definition of the chaos measure
Q. We also used the bound (2.25) and the Jensen inequality (recall that 1/k € (0,1]) in
the last line.

Step 3. We now prove the third point. For the first inequality, choose s = % — %. Then
by our assumptions, s > max(1, %) and we can apply Lemma 2.3 on the comparison of

distance in P(P(E)) and Theorem 5.1 to get

1
e f
Wila,0) < C Mi(an)t Wy-»(ay, a)aiam < CMr@)E JW
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For the first part of the second inequality (5.6) we write
Wi(a, B) < Wi, é;) + Widy, B;) + Wi(B;, B),

we use the inequality just proved above and the identity (2.11). The second part of the
second inequality (5.6) is a mere application of Lemma 2.5. O

5.2. Level 3 functional: an abstract setting. We present a general result which state
how we may defined a functional on P(P(E)) from a family of compatible functionals
on Pyy,(E7). The above theorems will be applied to the Boltzmann entropy functional,
recovering classical results, as well as on the Fisher information.

Proposition 5.3. Consider K; a sequence of functionals on P,.(E7), m >0, such that
(i) G () = Ki(f) Vj 2 1, V f € Pp(E);
(ii) any K; : Py (E?) — R U {400} is proper, convex and lsc in the sense of the
weak convergence. More precisely, we assume that there exists a class of smooth
functions C and a functional K7 : C — R U {+o0} such that

VE € Pu(B) K(F) =sup{(F.v) - Kj (o)},
p€
where 1 := [p] € C(E7) satisfies 1/{v)™ — 0 when |v| — oo;
(iii) there exists (K%)i~o such that Kt : P, (E) — [=Cy, Cy], C; € (0,00), is continuous
in the sense of the weak convergence for anyt > 0, and
VpePu(E) Ki(p) / Ki(p).
Then for any m € P, (P(FE)), we have
(5:8) () = sup Ky () = Ka(r) = [ () wldp),
jEN* P(E)
where m; denotes j-th marginal defined thanks to Theorem 5.1, and we simply denote
K(m) := Ki(m) = Kao(m) that quantity. Then K : P, (P(E)) — R U {400} is proper,
linear, l.s.c. for the weak converge of P, (P(E)).
Proposition 5.4. In addition to the assumptions of Proposition 5.3, we assume
(iv) for any j > 1 and a € (0,00) there exists 0;(N) and €;4(N) such that 6;(N) — 1,
€j,a(N) = 0 when N — oo and
VF € BP, (EY)  N'Kn(F)>0;(N)j 'K;(Fj) —¢ja(N),
where F; stands for the j-th marginal of F'.

Then we have the following additional characterization of IC
(5.9) K(m) = lim j~'Kj(m;).
j—oo
Moreover, for any sequence (FN) in Pgym(EN) NPy (EYN) and 7 € P, (P(E)) such that
FN — 7 in Py, (E7)y;, we have
(5.10) K(m) < liminf N" KN (FYN).
N—o0

PROOF OF PROPOSITION 5.3. We split the proof into five steps. We fix 7 € P,,,(P(FE))
and we establish the identity (5.8).

Step 1. For j > 1 and € > 0 fixed, there exists p; € Cp(E’) and 9; = 1b[p;] such that
Kj(mj) < (mj,45) — K5 (0)) +e,
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so that from the definition of ICy, we get

Ko(m) = j°! / K;(p7) n(dp)
. /P oS (0) = K () n(dp)

0 €Cy(ET)

v

")~ K o)} ()
P(E)
= 57 (i) = K5 (9y)) 2 5 K () — e

Taking the supremum over j in this inequality, and then passing to the limit ¢ — 0, we
get the first inequality

(5.11) Ki(m) = sull)j_lKj(ﬂj) < Ka(m).
Jjz

Step 2. For given w;, 1 <1i < N, a partition of P,,(F), we introduce
. 1
r=a1v' + ... +anV, ~ = - 1., m o= / m(dp),
i w;

and

N
=> a;dy, fz~::%=/ pY'(dp).
=1

For any 1 <i < N, we have
Ki(v') = iglgj’lffj(v;) > K1(71) = K1(fr)-
Using the convexity of Iy (consequence of the convexity of each Kj), the above inequality
and the definitions of 7V and Ko, we get
Ki(m) > a1 Ki(y") + ... + an Ki(v"Y)
> o Ko ( f1) + ... +an Ki(fn)

/ K1 dp) ICQ(?TN).

(5.12)

Step 3. Clearly

P, (P(E)) - R, m— Kix / Kl(p)n(dp) = (m, K})

is continuous because K{ € Cy(P,,,(E);R). The Beppo—LeV1 monotone convergence theo-
rem implies that KL(w) 7 Ka(n) for any 7 € P, (P(E)), and therefore Ky is lsc.

Next, for any fixed ¢ > 0, we may cover BP,, |/, by a finite number of small balls
B; = {f € BPy,1/:; Wi(f, fi) < €}, 1 < i < N — 1 because of the compactness of
BP,, /.. We define a partition of P,(E) by the family (wi)1<r<ny by setting w;y := By,

o wg = Bp\(B1U...UBg_1) forany 1 < k < N—1 and wy := P,,,(E)\(B1U...UBy_1). We
consider now a sequence ¢ — 0 and the sequence (7TN ) associated to the above partition
thanks to the construction made in step 2. We also define TV : P(E) — {~},..,7/"}
by TN (p) = +* for any p € w;. We notice that 7V = (TV)ym and then Wi (m,7V) <
((id @ TN )ym, Wi (.,.))) < e. From 7Y = m and 7w € P,,,(P(E)), we get

(), o™y = (w1, [v]™) = My (7) < 0.
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All together, we have proved 7% — 7 weakly in P,,,(P(E)).

As a conclusion, inequality (5.12), the above convergence and the lsc property of Ko
imply the second (and reverse) inequality

(5.13) Ks(m) < lim inf Ko(nV) < Ky ().
—00

The other properties of K follow straightforwardly from those of Ky and Ks. U

PROOF OF PROPOSITION 5.3.  On the one hand, for any 7 € P,,,(P(E)), we have from
(iv)
N'En(nn) > 0;(N) j Kj(m5) —€ja(N) VN >j>1,
since M, ((mn)1) = My, (m1) =: a < co. Passing to the limit N — oo, we get
liminf N Ky (ny) > j7 Kj(m) Vi >1,
N—ro0
which in turn implies

liminf N"' Ky (7y) > limsup j~ K (),

N—o00 j—00

and finally (5.9).

On the other hand, let us consider (FV) a sequence of Py, (EY) and 7 € P(P(E))
such that FY — 7 weakly in P,,,(E?)y;, in particular (F{¥,|v|™) < a for some a € (0, 00).
For any j > 1, we have

—1 . . —1 N
JTEG(my) < liminf 5K (FY)

A

l}\l;ninfﬂj(N)_l{N_lKN(FN) +&ja(N)}
—00

= liminf N"'Ky(FY),
N—o0

where we have used successively the Isc nature of K and the inequality (iv). We deduce
(5.10) thanks to the definition of ;. O

5.3. Boltzmann entropy and Fisher information for mixtures. We first recover
some well known results on the Boltzmann entropy for mixture probability as stated in
[1] and proved in [51]. It is obtained as a direct consequence of Propositions 5.3 and 5.4
and the properties of the entropy recalled in section 3.

Theorem 5.5. Assume E C R% is a connected open set with smooth boundary. Let us fix
a real number m > 0.

(1) For any m € P, (P(E)), there holds

(5.14) / H(p)n(dp) = sup H(mj) = lim H(m;),
]EN* _]*)OO

where 7 is the j-th marginal of m defined in Theorem 5.1 and H s the normalized
Boltzmann’s entropy defined on P, (E7) for any 7 > 1. Moreover, the functional H :
P..(P(E)) — RU{oo} is proper, linear and Isc.

(2) Consider (FN) a sequence of Psym(EN) and m € P(P(E)) such that FN — 7 weakly
in Pp,(E?)y;. Then
(5.15) H(w) < liminf H(FY).

N—oo
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PrROOF OF THEOREM 5.5. The claims are straightforward consequence of Proposi-
tions 5.3 and 5.4 since (3.5) implies (i), (3.2) implies (ii), (3.7) and the lower bound in
(3.1) imply (iv), and we only have to verify that (iii) is fulfilled. In order to do so, we
introduce the family H® : P,,,(E) — R, t > 0, defined by p € P(E) — H'(p) = H(p),
where p; is the solution to the heat equation

(5.16) Opr — Apy =0, po=p € P(E),

with Neumann condition when E # R?. We easily compute

) /E o () = /E o AW < I /E o (),

so that p; € Pi(P(E)) for any ¢ > 0. That bound allows to define the entropy H(p;) and
we may then compute

V 2
OcH (py) = / (1+1log pt) Apy = — / NVal”
E

E Pt

We deduce that H(p;) < H(p) for any ¢t > 0. Moreover, p; — p weakly in P(E) when
t — 0, so that H(p) — H(p) when ¢ — 0, because H is l.s.c.. Also, we clearly have
p — H(p:) is continuous from P(E) into R for any ¢ > 0 thanks to the smoothing effect
of the heat equation. All in all, we have proved that

H? is continuous; H' 2 H ast\,0,
which is nothing but (iii). O
We state now a similar result for the Fisher information of mixing probabilities.

Theorem 5.6. Assume E C R? is a connected open set with smooth boundary.
(1) For any m € P(P(F)), there holds

(5.17) Z(m):= /P(E) I(p)m(dp) = sup I(m;) = lim I(7;),

JEN* Jj—00
where I stands for the normalized Fisher information defined in P(E7) for any j > 1. The
functional T : P(P(E)) — RU{oo} is proper, linear and lsc for the weak convergence.
(2) Moreover, the entropy H is continuous on bounded sets relatively to Z. In other and
more precise words, if (1) is a bounded sequence of P, (P(E)), m > 0, such that

T — 7 weakly in P(P(E)) and Z(m,) <C,

then H(my,) — H(m).

(3) Consider (FN) a sequence of Psym(EN) and m € P(P(E)) such that FN — 7 weakly
in P(E7)y;. Then

(5.18) Z(n) < liminf I(FN).

PROOF OF THEOREM 5.6. Step 1. Since the assumption (i) in Propositions 5.3 is a
consequence of Lemma 3.6, the assumption (ii) in Propositions 5.3 is a consequence of
(3.10) and Lemma 3.5, and the assumption (i) in Propositions 5.4 is a consequence of
Lemma 3.7, we only have to verify the assumption (iii) in Propositions 5.3, and that is
the aim of the next lemma. That will end the proof of statements (1) and (3).
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Step 2. We prove (2). We come back to the proof of Theorem 5.5, considering again
p¢ the solution to the heat equation (5.16) for any given p € P,,(F), and the associated
mollified entropy functional

Ha(m) = [ Hip)n(dp).
P(E)
On the one hand, because p — H(p;) € C(P,,(E);R) for any t > 0, we have
|Hi(mn) — He(m)] = 0 when n — oo.
On the other hand, because 0 < I(ps) < I(p) for any s > 0, we have
t
Hip) = 1) = | [ 1o ds

from what we deduce that for any oo € P(P(E))

Hy(a) — Ha)| < /P ) =~ H) adp) < 1 T(a),

< t1(p),

We finally write
H(mn) = H(m) = (H(mn) — Hi(mn)) + (Hi(mn) — Hilm)) + (He(m) = H(m)),

and we conclude gathering the two preceding estimates on H; and the fact that Z(r) < C
thanks to its l.s.c. property. O

Lemma 5.7. There exists I' : P, (E) — R, m > 0, continuous, such that I'(f) / I(f)
for any f € P(FE). As a consequence, condition (iii) of Proposition 5.3 is fulfilled.

PROOF OF LEMMA 5.7. Step 1. We start with two elementary and classical computations.
The Gateaux derivative of I writes

/ Vf VfI?
h = 2Ih —

Then, thanks to an integration by part on the v; variable, we get
1 1 1
ORI E T O
oif 1
= Fajf dijf — 7
1 1 2 1
- - %j/(ﬁ 000, ~ 2051) =t =5 I(D).

We come back to the mollifying argument already used in the proof of Theorem 5.5. We
denote again p; the solution to the heat equation (5.16) for any given p € BP,, .(E),
a > 0. The smoothing properties of the heat equation imply that p; is a smooth function
for any ¢ > 0. First, for any ¢t > 0, we have ||p¢|z1 g2 < Ci(t,a) < co. That implies
H(p;) < oo and the following equation is licit

SH(p) = ~1(p0).

As a consequence, H(p;) is decreasing and also fg I(ps)ds < oo, so that I(p;) < oo a.e.
t > 0. We then may compute

d

T (o) = I'(pe) - Apy = =T (pr) < 0.

h.

0ii fOii f + / %@fajfaijf - %@‘f(ajf)z
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Again, that implies I(py) < I(p) € RU {400}, I(pt) / when t N\, 0. Since furthermore
I(p) < liminf I(p;) from the lsc of Fisher information, we get I*(p) := I(p;)  I(p) for
any p € P, (E).
Step 2. We show that I' : P,,(E) — R, p — I'(p) is continuous. For any k € (0,m),
k < 2, we define
2
()= [ gt 1= [ Tk o) = [ 1071080 p0)
E E P

and we remark that H(p;) < Ca(t,a) < oo for any t > 0 and p € BP,, (E). Next, we
compute

diﬁ(pt) < () + CH(pr).

That inequality implies inf,cjg [ <t fo (ps)ds < Cs(t,a) for any t > 0. The
evolution of the weight Fisher mformamon is

—J(pt) + R(pr)

—I =
dt (pt)
where, with the notation ¢ := (v)¥,

1 1
R(f) = —2/?5jfaijf3i80+ / ﬁazf(ajf)Q Ditp.
Observing that afjf = f@fj log f+ f~toif 0;f and f10;f = 0;log f, we may estimate

the last term as follows

R(f) = -2 / £0;10g f 92 log f dip — / 0:f (0;10g f)? Orp
- —2/fa log f & 10gf3z¢+/f3 (9, 1og £)?) z<p+/f010gf) P
- / £ (9 10g [)? 02 < CLI().

We deduce form the resulting differential inequality and the first bound on I (pt) that
I(pt) < Cy(t,a) for any t > 0. Finally, from ||p¢ 11 < C1(t,a) we deduce when E = RY

_ e y\Q R =
pe(x) > o fly)e >ce te fy)dy
B Bgr
_Rr> = a =
> e te i (1—ﬁ>—Kte t

In the general case, we also have thanks to the strong maximal principle, the Hopf lemma
and the Neumann condition :

pr(x) > rer>0 Vt >0, Ve € EN Bg.

As a conclusion, for k € (0, min(2,m)) fixed, we write

Vi |? Vpi|?
I'(p) :/ Vo +/ ﬂ
Br Pt e Pt

The first term is clearly continuous with respect to p € BPy, o(E) for any fixed R > 0
thanks to the above uniform inferior estimate on Br and the H? bound, and the second
term is smaller than Cy(t,a)/R". O

We can now use lemma 2.5 to get an HWI inequality on P(P3(E)). It is stated in the
following proposition.
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Proposition 5.8. Assume E = RY or more generally that (3.15) holds for N = 1. For
any a, f € P(Pa(FE)), we have

(5.19) H(a) < H(B) + VI(a) Wa(a

PROOF OF PROPOSITION 5.8. A first way in order to prove (5.19) is just to pass in
the limit in the HWI inequality (3.15) for an and Sy and use the inequality stated in
lemma 2.5 for the quadratic cost, and the result of the previous section about level 3
entropy and Fisher information 5.14 et 5.17.

Another possibility is to sum up the HWI inequality (3.16) for p € P(F). Choosing an
optimal transference plan II for W5 between « and 3, we have

/ H(p)Wdp,dy) < [ H(p)T(dp,dy) + / VI Walp, ) Ti(dp, di),

P(E)
so that
1
2
H(a) < H(6)+</ I(p)11 dp,dn) (/ Wa(p,n (dp,dn)> ;
P(E)
thanks to Cauchy-Schwarz inequality. It leads to the desired inequality. O

Proposition 5.9. Consider m € P(P(E)) and (7;) the associated family of compatible and
symmetric probabilities in P(E?) defined as in the De Finetti, Hewitt & Savage theorem.
For any p € [1,+0o0], the following equality holds

1 1

(5.20) m — Suppess {|pllp, p € P(E)} = sup |m;llp = lim |l
]e ]_)+

It is part of the result that the limit exists. In particular, it implies the equivalence
Vi € N, [|mjll 1oy < C7 <= m — Suppess {||p|l, p € P(E)} < C.

PROOF OF PROPOSITION 5.9. First remark that there is nothing to prove for p = 1 since
we are dealing with probabilities. Now, one inequality is a simple consequence of the De
Finetti, Hewitt & Savage theorem. In fact, using the definition of 7;, we get

| [ inan)| < [ 1o lmtde) = [ ol
P(B) , e P(B)

and the last quantity is clearly bounded by M = 7 — Suppess {||p|/p, p € P(E)}.

For the reverse inequality, we denote by ¢ € [1,400) the real conjugate to p. Because
LY(E) = (LP(E))’, the Hahn-Banach separation theorem infers that for any A < M there
exists f in the unit ball of LI(FE) so that the set

B:={peP(E /f p(dx) > \}

Imillp =

is of m-measure positive : § := fB m(dp) > 0. Now for any j € N

Il > [ 5% an = [ (/ ,f@jp@’j)dw(p)zw,
Ei P(E) \JEj

1
which implies the reserve inequality M < lim;j_, 1 ||7j]|7. O



60 M. HAURAY AND S. MISCHLER

5.4. Strong version of De Finetti, Hewitt and Savage theorem. The preceding
results together with some smoothing techniques and the HWI inequality makes possible
to compare different senses of convergence for sequences of P(EY), N — oo, without any
assumption of chaos.

Theorem 5.10. Assume E = R% or more generally assume that E C R? is a connected
open subset with smooth boundary and that (3.15)holds. Consider (FN) a sequence of
Pyym (EN) and m € P(P(E)) such that FN — 7 weakly in Py(E7)y;, k > 2.
(1) In the list of assertions below, each assertion implies the one which follows:

(i) I(FN) = T(m), T(r) < 00;

(ii) I(FN) is bounded;

(iii) H(FN) — H(r), H(7) < oc.
(2) More precisely, the following version of the implication (ii) = (iii) holds. For any
k> 2 and K > 0, there exists a constant C such that such that for any any sequence (F™V)
of Psym(EN) satisfying

VN Mp(FY) <K, I(FV)<K,

there holds
In N
(5.21) YN >2  |HFYN) - Hr)| < CK? |[Wo(FN, mn) + % ,

: o k—2
(3) In particular, for any sequence (7j) of symmetric and compatible probability measures
of P(E?) satisfying

Mk(ﬂ'l)SK, VJ21 I(T('J')SK,
there holds
: In j

(5.22) Vi =2, [H (m;) — H(m)| < Cj—,y,
for the same value of v. In other words, (5.22) gives a rate of convergence for the limit

(5.14).

Remark 5.11. In the case where E is compact, the choice "k = 400 “ is possible and the
previous inequalities are true with v = 574 d1+ 7.

PROOF OF THEOREM 5.10. We split the proof into four steps.
Step 1. i) implies ii) is clear. For ii) implies iii), we use the HWI inequality (3.15) and
we write

|H(FY) = H(x)| = |[H(FY) = H(ny) + H(my) — H(7)]
CE( I(FN) + I(WN)) Wa(FN, 1) + [H(nn) — H(m)).

We know from (5.14) that H(7) = lim H(7y) and from (5.17) and (5.18) that
I(nn) < Z(w) < liminf I(FY) < K, from which we conclude that there exist a sequence
ex(N) — 0 such that

|H(FYN) — H(r)| < 2Cg K Wo(FN, mx) 4 £(N).

We now aim to estimate ¢(N) more explicitly as claimed in point (3). Then (2) will be
a direct consequence of (3) and the above estimate.

IN

From now on, we only consider the case E = R? since the general case is similar (and
the case when F is compact is even simpler).
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Step 2. From [9, Theorem A.1] we know that for any R,J > 0 we may cover P(Bg)
by N(R,§/2) balls of radius /2 in W; distance (which is less accurate than the one
considered in the above quoted result) with

N(R, ) < (

Let us fix a > 1 and recall that we define BPy, ,(F) := {p € P(F) s.t. My(p) < a}. Next,
for any p € BPy o(E), we define pr € P(Bgr) by pr = p(Br) ! plp, for R large enough
(so that it defines a probability), and we observe that for any f € P(F) we have

Wilp, f) < Wilpr, f) + Wilpr, p),

and that for any R > a!/*

ot R) Cy(R/5)
; .

Wilpr.p) < lpr —pllrv < (1 - @( + p(Bg)

1 c a
< (1 i) o0 <05

since then p(Bg) > 1 — 4 > 1.

As a consequence, for any § < 1 and a > 1, choosing R such that 3a/RF = §/2 in the
two preceding estimates, we may cover BPy, ,(E) by N,(8) = N(R,§/2) balls of radius ¢
in Wy distance, with

1 1 1\ C2 ko=
;< Na(0) < (Claw—l—z>
The above lower bound on N, () is straightforwardly obtained by considering balls cen-

tered on Dirac masses distributed on a line. In the sequel, we shall often use the shortcut
N = N,(0). Let us then introduce a family w? C BPy o(E), 1 < i < N,(0), such that

Na ()
sup Wi(p,n) < 29, w?ﬂw?:@ifi#j, BPy .(E U w?
pinEWS
as well as the masses and centers of mass
1
) = / o f) = —5/ pm(dp).
wy & Jof
We also denote wy := <U?i‘1(5) wf) and of = [ 5 T 80 that Z = 1. Denoting
Z={i=1,..,N(0); af > N,(6)72}, we finally deﬁned
Na(9) 046
7= Z ﬁféﬁs, with 39 Izilf’LEZaDdﬁé =0ifi ¢ Z.
i=1 Yiez

Remark that by our moment assumption

QSS/ w(dp) S/ Mil) 7 (gp) = Mlm) o K
(BP . (E))e P(E) @ a a

Since Zi¢z a? < N7 < 6, we necessarily have Z # () if § + % < % < 1, an assumption
that we will make in the sequel. In that case, we have
Na(9)

(5.23) 1220@5:2@?_2@?21_%_

jezZ j=1 iz

IN

o
vV
DO | =
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Now, by convexity of the Fisher information
1
1) < = [ 1) ntap).
o) Jus
which in turns implies that
Na(6)

1) = 3 I < o 3 [ Towtan) < 27(r)
i=1 j€2 Y iez
Similarly, for the moment of order k :
Na(9)
M) = Y BIMU) < s 3 [ Ml wldp) < 2 ().
-1 Z]E’Z Y jez vl
In order to prove (5.2 ) we introduce the splitting
(5.24) |H(mj) = H(m)| < |H(mj) - H(m))]
+ H (x}) = H(x®)| + [H(7") = H(m)],
where we have written 71';5 = (n%) j- We now estimate each term separately.

Step 3. On the one hand, defining 7° : P(E) — {fg,...,f/‘i/}, T(p) = 7 if p € WY,
T%(p) = fg =dyifpe wg and ﬁg := 0, we compute

N N N
Wi(m, Y al 8y ) + W (Z ol b5, Zﬁf 15
1=0 i i

Wi(p,n)(Id @ T°)fm + ol —B%)o
Joos ey Wil 04 & T HZ g

Wi (m, 7'('5)

IN

IN

IN

/ Wi(p. T (9)) w(dp>+2|a?—ﬁf|+|a8|
=1

K
5<5+—>,
a

where we have used several times estimation (5.23), in particular in order to get the
inequality

N k(m)
;‘ai_ﬂi’:<l_g>za +) af <3<5+ >

€2 i¢Z

IN

Using the lemma 2.3 and the bound on My (7$), we obtain a bound on Wy(n?, 7) as follows
(we recall that the constant C' that appears is numerical : C' = 23/ 2)

1/2—1/k
Wa(w0, 7) < C My(m))* Wy (0, m)V/2~ Yk < 0 KUK <5 + E) .

Now, we use the HWI inequality on P(F) stated in Proposition 5.8 and we bound the first
term in (5.24) by

H(7°) — H(m)| < |:\/I(7T5) + \/Z(TI’):| Wa (0, ) < CWa(r®, ),
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and the third term in (5.24) very similarly
H(m8) = Hm)| < (/1) +\/1(my)) Wa(ad, )

< (WI(@0) 4+ VI(7)) Wa(r, ) < 20Wy(n0, 7)),

where we have used the properties (5.17) of the level 3 Fisher information and Lemma 2.5
in order to bound W5 by W,. All together, we have proved

529 ()~ A+ |H ()~ ) < € (5 5)

for some constant C' only depending on the bound K.

Step 4. We estimate the second and last term in (5.24). Using that 7T§ =B (fO)® +...+
Bf\/( fﬁ/)@’j , we write

)

1
H(TF?) = ;/EJ W?logﬂg
_ 5 s (BLUDY B (D)™
- ZIB (fl) ~/Ej7TjA< 71'? )ty 7‘? 9

with A : {U = (u;) € RY, 3, u; = 1} — R defined by

§ 6
AU) :=uq log <51> + ... +upn log (Bﬁ[/>

Observing that A is in fact (the opposite of ) a discrete relative entropy, we have for any
UeRY with >, u; =1

—log(N?) < log(min 57) < A(U) <0,
we deduce

|[H(x§) = H(n )|< log Na(0)-

J

Step 5. All in all, observing that log N, (d) < C(Sfd(pr%)a% In(a'/%6=1), we have

) -1k 8 .
T |H(m;) — < [(6+- — ————In(a®d ).
) -Hml < (3+7) s iy ata )
We can now (almost) optimize by choosing § = a=!, a = j", with =1 := % — % +d(1+ %)

we obtain (5.22) for the integers j large enough so that the the condition § + % < % is
fullfiled in order to ensures that Z # ). For smaller values of j we may choose a (larger)
constant C' so that (5.22) also holds, and that concludes the proof. (]
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