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[1] The rheology of volcanic rock avalanches and dense pyroclastic flows is complex, and
it is difficult at present to constrain the physics of their processes. The problem lies in
defining the most suitable parameters for simulating the behavior of these natural flows.
Existing models are often based on the Coulomb rheology, sometimes with a velocity‐
dependent stress (e.g., Voellmy), but other laws have also been used. Here I explore the
characteristics of flows, and their deposits, obtained on simplified topographies by varying
source conditions and rheology. The Coulomb rheology, irrespective of whether there is
a velocity‐dependent stress, forms cone‐shaped deposits that do not resemble those of
natural long‐runout events. A purely viscous or a purely turbulent flow can achieve
realistic velocities and thicknesses but cannot form a deposit on slopes. The plastic
rheology, with (e.g., Bingham) or without a velocity‐dependent stress, is more suitable for
the simulation of dense pyroclastic flows and long‐runout volcanic avalanches. With
this rheology, numerical flows form by pulses, which are often observed during natural
flow emplacement. The flows exhibit realistic velocities and deposits of realistic
thicknesses. The plastic rheology is also able to generate the frontal lobes and lateral levées
which are commonly observed in the field. With the plastic rheology, levée formation
occurs at the flow front due to a divergence of the driving stresses at the edges. Once
formed, the levées then channel the remaining flow mass. The results should help future
modelers of volcanic flows with their choice of which mechanical law corresponds best to
the event they are studying.

Citation: Kelfoun, K. (2011), Suitability of simple rheological laws for the numerical simulation of dense pyroclastic flows and
long‐runout volcanic avalanches, J. Geophys. Res., 116, B08209, doi:10.1029/2010JB007622.

1. Introduction

[2] Pyroclastic flows (PF) are fast‐moving density currents
composed of hot gas and rocks. They generally comprise two
parts: a dense part and a dilute part [e.g., Lacroix, 1904;
Sparks, 1976]. The dense part follows existing valleys; its
thickness and density are thought to be close to those of the
deposit and its dynamics are probably ruled by the interaction
of its particles [e.g., Sparks, 1976; Branney and Kokelaar,
2002]. The dilute part of the flow is known as a pyroclastic
surge or ash cloud surge. It is less confined by the topog-
raphy and its dynamics are mainly governed by the gas it
contains [e.g., Valentine, 1987]. Only the dense portion of
the flow is studied here, and the abbreviation PF is used to
refer to this part alone. Long‐runout volcanic debris ava-
lanches (LRA) are sudden and rapid movements of rock due
to gravity, usually resulting from a collapse of the volcano
flank [e.g., Siebert, 1984; Voight et al., 1981]. LRA deposits

are several tens of meters thick and can extend to a distance
of some tens of kilometers from where the collapse occurred
[e.g., Shaller, 1991; Hayashi and Self, 1992].
[3] Even though PF and LRA are triggered by very dif-

ferent processes, they share a number of similarities. They
are both characterized by high mobility and an apparently
very fluid behavior [e.g., Sparks et al., 1978; Hayashi and
Self, 1992; Legros, 2002]. They are both composed of poly-
disperse rock fragments, ranging in size from fine ashes to
large blocks (in the order of one cubic meter for PF, and
more than several tens of cubic meters for LRA). In both
cases the deposit thickness is very small relative to the runout,
and the deposits are present on a wide range of slopes (0 to
∼30°). In addition they often share similar morphological
features, such as raised lateral edges (levées) and a rounded
front (Figure 1) [e.g., Sparks et al., 1978; Nairn and Self,
1978; Shaller, 1991].
[4] There is a real need to estimate the first order rheology

of these types of flows. In terms of hazard assessment, the
rheology determines the thickness, extension and the velocity
of simulated flows. A poor estimation of the rheology results
in a concomitantly poor estimate of endangered areas, thus
rendering numerical simulation useless. For example, a poor
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estimation of the velocity on natural topography will hinder
the prediction of whether a flow is able to cross a given
obstacle. Moreover, a calculated velocity which is too high
allows the numerical flows to escape the valleys and to
deposit on the interfluves, thus reducing the mass which
continues to flow down the river drainage. Hazard assessment
at Tungurahua volcano, for example [Kelfoun et al., 2009],
illustrates how an overestimation of the velocity induces an
underestimation of the hazards in some sectors. From a more
fundamental point of view the estimation of a correct first‐
order rheology of natural events is essential to test the validity
of future, more complex models of the physics of such flows:
even if, for computational reasons, for example, the future
models only focus on small volumes of material, a test of
their validity would be to reproduce and/or to explain the
first‐order rheology obtained by fitting simpler numerical
results to field observations.
[5] Since these dense flows are constituted of rocks, grains

and ashes, friction between these particles during emplace-
ment could confer a Coulomb behavior to the whole flow.
This is confirmed by the good fit between Coulomb simula-
tions and the behavior of small rock avalanches and granular
material in flumes and laboratory experiments [e.g., Gray
et al., 2003; Savage and Hutter, 1991; Iverson et al., 2004].
These results explain why the Coulomb model is often used
for the numerical modeling of PF and LRA, sometimes
associated with a velocity‐dependent term [e.g.,McEwen and
Malin, 1989; Wadge et al., 1998; Evans et al., 2001; Crosta

et al., 2004; Sheridan et al., 2005; Patra et al., 2005; Procter
et al., 2010].
[6] The angle of friction measured in PF and LRA deposits,

as for many other rocks, ashes and sands, is about 30° [e.g.,
Yamashita and Miyamoto, 1993; Miura and Yagi, 2003;
Cecconi et al., 2010]. This can also be checked in the field
by using the repose angle of deposits. However, if this value
is used for the friction angle in numerical simulations, then
the resulting simulated deposits are simply piles accumulated
at the foot of the detachment scar, or close to the crater, and
do not resemble either LRA or PF deposits [e.g., Kelfoun
and Druitt, 2005; Kelfoun et al., 2009]. To reach the natural
runout using a simulation, the friction angle has to be
lowered: 1° to 5° for LRA, 10° to 15° for pyroclastic flows
[McEwen and Malin, 1989;Wadge et al., 1998; Evans et al.,
2001; Crosta et al., 2004; Sheridan et al., 2005; Patra et al.,
2005;Kelfoun and Druitt, 2005;Kelfoun et al., 2009; Procter
et al., 2010]. The mechanism for the reduction in friction for
such complex flows has not been fully explained and various
mechanisms have been evoked: fluid pressure, acoustic flu-
idization, mechanical fluidization, self‐lubrication, dynamic
fragmentation, etc. [e.g., Davies, 1982; Voight et al., 1983;
Campbell et al., 1995;Davies and McSaveney, 1999; Iverson
and Denlinger, 2001; Legros, 2002; Collins and Melosh,
2003].
[7] Since it is not clear which mechanism acts on the

dynamics of LRA and PF to increase their runout, it is
possible that these flows are subject to an overall mechanical
behavior that does not follow a purely Coulomb law, i.e., with
a friction angle that remains constant through time and
along the whole flow. This is all the more relevant since
studies have demonstrated that even glass bead flows in the
laboratory do not exactly follow a Coulomb law [Pouliquen
and Forterre, 2002]. Various rheological laws have been
invoked for the simulation of natural granular flows, with
the authors implicitly acknowledging that a simple Coulomb
behavior is not ideal, whatever the value of friction angle
used. Heinrich et al. [2001] and Mangeney et al. [2007], for
example, used a friction angle that varied according to the
velocity and thickness of the flows, based on the results of
Pouliquen [1999]. Debris avalanches have sometimes been
considered as viscous [Sousa and Voight, 1995]. Another
law, commonly found in the literature for both PF and LRA,
is the Bingham law (Table 1). It has been evoked to explain
the typical morphology of natural deposits (bulbous front,
levées), and is used in numerical simulations [e.g., Wilson
and Head, 1981; Voight et al., 1983; Rossano et al., 1998;
Takarada et al., 1999; Palladino and Valentine, 1995]. This
rheology is often interpreted by the authors as being related to
plug flow emplacement [Sparks, 1976]. Based on statistical
studies of LRA deposits,Dade and Huppert [1998] proposed
a plastic rheology, i.e., the shear stress is constant whatever
the thickness or the velocity of the flow. A plastic rheology
can be thought of as a Bingham rheology with no viscosity.
Kelfoun and Druitt [2005] have shown that the plastic
rheology (termed the constant retarding stress) allows the
morphology, lithology distribution and extension of the
LRA of Socompa to be reproduced successfully. Study of
Tungurahua volcano [Kelfoun et al., 2009] has shown that a
plastic rheology also appears to be well suited to PF simu-
lations, even if Bingham behavior with a minor viscous
response cannot be excluded.

Figure 1. (a) Morphology with levées and rounded front
of a debris avalanche (the ∼1 km3 secondary avalanche
of Socompa that formed on the toreva topography of the
principal avalanche ∼26 km3), Chile, 24°21′S, 68°18′W
(courtesy of P. Labazuy, LMV). The white triangles indicate
the deposit boundary. The scar is located 4 km to the south-
east and is not visible on the image. (b) Pumice flows of
Lascar volcano, Chile (23°23′20″S, 67°43′14″W). Mor-
phology calculated by ground lidar (D. E. Jessop et al.,
submitted manuscript, 2011).
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[8] To improve our understanding of PF and LRA
rheology, two complementary approaches can be used. The
first is to define the physics of natural flows accurately. This
approach is, at present, quite impossible to achieve due to
the very high complexity of the natural phenomena. The
second approach, which I follow here, is to determine first
order empirical laws by comparing numerical results with
observations and measurements of the natural events and,
then, to interpret the laws and the values obtained. In the
following sections I present numerical simulations of PF and
LRA carried out using the various rheological laws found in
the literature. I describe the typical features of each rheology,
i.e., the characteristics that are common to all topographies,
volumes, source conditions, etc., and explain how the simu-
lated flows are emplaced. Finally the simulated deposits are
compared with the characteristics (thickness, area of depo-
sition, morphology) of their natural counterparts.

2. Topographies and Source Conditions Used

[9] Three topographies are used. The first topography is a
simple mathematical expression that aims to capture the
main characteristics of the slopes surrounding pyroclastic
flows. The second topography mimics the slopes around
debris avalanches. The third topography is an inclined plane

that approximates the slope surrounding the front of pyro-
clastic flow deposits.

2.1. Pyroclastic Flow

[10] To calculate a mathematical expression that mimics a
natural slope, 4 volcanoes that have recently emitted pyro-
clastic flows have been chosen (Figure 2): Tungurahua
(Ecuador), Merapi (Indonesia), Lascar (Chile) and Soufriere
Hill (Montserrat). As can be seen on Figure 2, volcanoes that
emit pyroclastic flows vary in size, but generally share the
common characteristic that the slope is steep close to the
crater (30–35°) and decreases progressively downslope.
[11] The slope used for the simulations has been chosen to

be a mean value that aims to reproduce these characteristics.
The topographic elevation, z, is given by

z ¼ 2000� e�xh=3000 � 200 ð1Þ

where xh represents the horizontal distance from the crater.
The PF simulations for this topography are carried out in 1D.
This allows the rheological behavior to be observed under
the simplest possible conditions, and is compatible with the
common observation that PF are often confined to valleys
(note however that the interaction with the valley walls is
not taken into account in equations (6), (7), and (8)). The

Table 1. Mathematical Expressions of Rheological Laws Used in the Depth Average Forma

Name of the Law Equation

Coulomb T = �h g cos�þ u2

r

� �
tan8bed

u
k u k

One angle kact/pass = 1

Two angles kact/pass = 2
1� 1� cos2 8int 1þ tan2 8bedð Þ½ �1=2

cos2 8int
� 1

Viscous T = 3�
u
h

Voellmy (Coulomb + u2 term) T = �h g cos�þ u2

r

� �
tan8bed

u
k u k þ �� kuk � u

Plastic (constant retarding stress) T = T0
u

k u k
Plastic + u2 term T = T0

u
k u k þ �� kuk � u

Bingham (plastic + viscous) T = T0
u

k u k þ 3�
u
h

aTerms are r, density; h, thickness; g, gravity; a, slope; u, depth‐averaged velocity; r, slope curvature; 8bed, basal friction
angle; 8int, internal friction angle; kact/pass, earth pressure coefficient; m, viscosity; T0, yield strength; x, Voellmy coefficient.

Figure 2. Four topographies of volcanoes that recently emitted pyroclastic flows. The profiles have been
shifted both horizontally and vertically to place the crater rim (highest point of the slope) at the same hor-
izontal location (xh = 0) and the lowest point at z = 0. The thick black line is the topography used for the
simulations (equation (1)). Values indicate the slope of the topography in degrees.
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volume of PF chosen is 10 000 m3 per linear meter, which
is compatible with the volume of deposits observed in the
field, 6 to 8 km long and with a mean thickness of about 1 m
[e.g., Wilson and Head, 1981; Lube et al., 2007; Kelfoun
et al., 2009]. Numerical cells are 2 m long horizontally.
[12] Three source conditions are investigated. For all the

simulations, the source is a zone ∼236.41 m long (200 m
horizontally), horizontally defined between 40 < xh < 240,
and covering a slope between 33.3° and 31.6° (Figure 3).
The first case reproduces a dome collapse. The initial
thickness, calculated from the source zone normal to the
slope, is given by

h ¼ a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� xh � 140

100

� �2
s

ð2Þ

where a ∼ 53.76 gives a volume of 10 000 m3/m, calculated
normal and parallel to the ground. The mass is released
without velocity and accelerates by gravity alone. The two
other cases simulate a continuous feeding of the same vol-
ume (10 000 m3/m) over 60 s and 600 s, respectively. The
same volume is introduced into each cell at each time step
(the added thicknesses differ slightly since the surface of the
cells changes with the slope). The velocity of each source
cell is calculated from momentum conservation, the new
mass being introduced without velocity. Following Kelfoun
et al. [2009] the bulk density is assumed to be 1300 kg/m3

for pyroclastic flows.

2.2. Long Runout Debris Avalanche

[13] In a similar manner, the profile of the topography for
the LRA is obtained by fitting natural topographies of
actual volcanic debris avalanches to a simple mathematical
expression. The debris avalanches chosen are Shasta (USA),
Socompa (Chile), Llullaillaco (Argentina) and Mount St
Helens (USA). In the same way as for the pyroclastic flows
above, the first topography used is a simple 1D expression
(Figure 4a).
[14] The elevation of the sliding surface used for the

simulation is defined by

z ¼ 1500� e�xh=10000 ð3Þ

The initial thickness is a 15° wedge defined by

h ¼ 1000� xh tan 15�ð Þ ð4Þ

where h is positive (xh < 3732 m). The volume is a little less
than 2 × 106 m3 per linear meter. The extension of the
calculation domain is 60 km and the mesh size is 10 m
horizontally.
[15] However, because LRA are often emplaced onto an

open topography, a 2D mathematical expression is also used.
The domain of calculation is 70 × 70 km2 with mesh sizes of
100 × 100 m2. The slope is a function of xh alone (horizontal
along the y axis) and is also given by equation (3). The initial
shape of the mass is defined by a half cone with a 15° slope:

h ¼ 1000� d tan 15�ð Þ ð5Þ

where d =
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2h þ y2h

q
, the horizontal distance from a point

located at the center of the left margin (xh = 0, yh = 0,
Figure 4b). Equation (4) equals the profile of equation (5)
along the xh axis at yh = 0. The volume of the LRA is about
7.5 km3, more than that of Mount St Helens (2.5 km3 [Voight
et al., 1983]) and Llullaillaco (∼2 km3 [Richards and
Villeneuve, 2001]), but less than that of Socompa (26 km3

[Wadge et al., 1995]) and Shasta (26 km3 [Crandell et al.,
1984]). The bulk density is assumed to be 2000 kg/m3 for
debris avalanches [Kelfoun and Druitt, 2005].

2.3. The Flow Front in Detail

[16] To improve the observation of the morphology of the
simulated flows and of the deposits, the third topography is
2D and focuses on the final 100 m of the frontal area of
pyroclastic flows. The calculation domain is 110 m × 40 m,
with a resolution of 10 cm. The parameters are chosen to
approximate the characteristics of the pumice flow deposit of
the 1993 eruption at Lascar volcano (Figure 1b). The slope is
an inclined plane of 10° along the xh axis. This planar

Figure 3. Initial geometry used for pyroclastic flow simu-
lations. The mass of the dome collapse is released instanta-
neously. For the constant mass rate, the same mass is
supplied over 60 s and 600 s.

Figure 4. (a) Natural topographic profiles along the maxi-
mum extent of four debris avalanche deposits. As for
Figure 2, profiles have been shifted. The pale gray area
represents the topography used and the darker wedge the
initial shape of the mass that will flow. (b) 3D view of the
2D topography used and of the initial shape of the mass.
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topography has also been chosen to verify that conclusions
drawn from the first cases are not due to the exponential
law used. At the left side of the domain (x = 0), the flow is
considered to have a semielliptical shape, 1.5 m high and
10 m wide (surface ∼11.78 m2), with a constant x parallel
velocity of 3 m/s over a time frame of 30 s. After 30 s, the
source supply ceases. The volume of the deposit is ∼1057 m3

(11.78 m2 × 3 m/s × 30 s). These boundary conditions are
assumed from the morphology of pumice flow deposits and
from nondimensional comparison with granular flows in the
laboratory (D. E. Jessop et al., Lidar derived morphology of
the 1993 Lascar pyroclastic flow deposits, and implication
for flow dynamics and rheology, submitted to Journal of
Volcanology and Geothermal Research, 2011). The bulk
density is assumed to be 1300 kg/m3, as for the other simula-
tions of PF. Rheological parameters are fixed to approximate
the runout (∼100 m) and the thickness (∼1 m) of Figure 1b.

2.4. Model

[17] The numerical model is based on the depth average
resolution of mass conservation (6) and momentum balance
equations (equations (7) and (8)). For the simulations on a
2D topography, horizontal in the y direction, the conserva-
tion equations are as follows:

@h

@t
þ @

@x
huð Þ þ @

@y
hvð Þ ¼ 0 ð6Þ

@

@t
huð Þ þ @

@x
hu2
� �þ @

@y
huvð Þ ¼ gh sin�

� 1

2
kact=pass

@

@x
gh2 cos�
� �� Tx

�

ð7Þ

@

@t
hvð Þ þ @

@x
huvð Þ þ @

@y
hv2
� � ¼ � 1

2
kact=pass

@

@y
gh2
� �� Ty

�
ð8Þ

The terms including v and y disappear for simulations on 1D
topographies. The flow thickness is h (calculated normal to
the ground), t is time, u = (u, v) is flow velocity along the
slope, a is ground slope, r is the bulk density of the flow.
The gravity is g (9.8 m/s2), and x and y denote directions
along the slope. Details about the equations and VolcFlow,
the code that solves them, are presented by Kelfoun and
Druitt [2005] and Kelfoun et al. [2009]. The variable T =
(Tx, Ty) expresses the basal shear stress, which varies
according to the rheology chosen. Table 1 gives the mathe-
matical expressions of T for the different rheologies used.

[18] The Coulomb friction relates the shear stress T to
both the normal stress at the base of the flow and the friction
angle 8bed between the flow and the ground (Table 1). Two
models are used. In the first model, the internal friction of
the flowing material, 8int, implicitly equals the basal friction
angle between the flow material and the ground surface,
8bed, and the internal stress is considered to be isotropic
(kact/pass = 1, equations (7) and (8)). In the second model, 8int
differs from 8bed and modifies the effect of the pressure
gradient through kact/pass, the earth pressure coefficient
(equations (7) and (8)). Equations describing how kact/pass is
calculated from 8bed and 8int are developed by Iverson and
Denlinger [2001] and are given in Table 1. For all the other
rheological laws used in the following sections, the internal
stress in the flow is considered as being isotropic (kact/pass = 1).
[19] Viscous rheology relates the basal shear stress to the

velocity, the viscosity and the inverse of the thickness of the
flow (Table 1): under the same conditions a thin flow will
move more slowly than a thick one. The Voellmy law
(Table 1) consists of adding to the Coulomb friction a stress
which depends on the square of the velocity, incorporating a
coefficient, x, which is used to represent the effect of tur-
bulence and/or collisions [Hutter and Nohguchi, 1990;
Evans et al., 2001].
[20] A plastic solid (sometimes called a yield stress fluid)

remains at rest while the shear stress applied to it is inferior to
the yield stress T0. Then, once movement begins, the shear
stress exerted by the material is constant (i.e., it equals T0)
regardless of its thickness and velocity. If the driving stress
drops back below T0 the material decelerates and stops. A
Bingham friction is one in which a viscous term is added to
the plastic term (Table 1). In this case, once the yield
strength, T0, is overcome, the velocity of the flow is related
to T0, and to the viscosity, thickness and the shear stresses
applied.

3. Results

[21] More than thirty simulations were performed, varying
the source conditions, the topographies and the rheology.
Their characteristics are listed in Table 2. Simulations
incorporating viscous behavior (purely viscous, Coulomb +
viscous, Bingham) are only evoked in the text, the velocity,
the thickness and the deposit morphology being comparable
to what is presented with the addition of a stress related to the
square of the velocity (u2 term, Table 1). For each topography
and source condition, the values of the rheological parameters
(e.g., basal friction angle or yield strength) are chosen to fit
best to the runout of natural phenomena. This estimation,

Table 2. Simulations Performeda

Coulomb 1 Angle: 8bed Coulomb 2 Angles: 8bed 8int Voellmy 8bed x Plastic T0 Plastic + f (u2) T0 x

PF, 1D, dome (1) 15° (4) 15° 30° (7) 5° 0.1 (10) 20 kPa (13) 3 kPa 0.1
PF, 1D, 60 s (2) 15° (5) 15° 30° (8) 5° 0.1 (11) 20 kPa (14) 3 kPa 0.1
PF, 1D, 600 s (3) 15° (6) 15° 30° (9) 5° 0.1 (12) 20 kPa (15) 3 kPa 0.1
LRA, 1D (16) 4° (17) 4° 30° (18) 4° 0.1 (19) 80 kPa (20) 20 kPa 0.1
LRA, 2D (21) 2° (22) 2° 30° (23) 2° 0.1 (24) 30 kPa (25) 10 kPa 0.1
FF, 2D (26) 11° (27) 11° 30° (28) 11° 0.1 (29) 2 kPa (30) 2 kPa 0.1

aNumbers in parentheses indicate the case number, the others the rheological parameters used. Cases in italic are not presented on figures. PF, pyroclastic
flow; LRA, long‐runout avalanche; FF, flow front in detail.
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often followed by modelers who attempt to reproduce an
existing event, is not based on mechanical estimations.

3.1. The Coulomb Rheology

[22] The Coulomb basal sliding is the law which is most
frequently used in the simulation of PF, LRA and granular
flows in the laboratory [e.g., McEwen and Malin, 1989;
Wadge et al., 1998; Evans et al., 2001; Crosta et al., 2004;
Sheridan et al., 2005; Patra et al., 2005; Pudasaini and
Domnik, 2009; Procter et al., 2010]. It is thus necessary to
explore its behavior in detail to determine which character-
istics of long runout events it is, or is not, able to reproduce.
[23] The first simulations of PF (cases 1–3, Table 2) are

carried out with an internal isotropic stress (kact/pass = 1,
equations (7) and (8)). A basal friction angle of 15° is
necessary to reach distances of ∼6 km (Figure 5), commonly
reached in reality by pyroclastic flows [e.g., Ui et al., 1999;
Cole et al., 1998; Kelfoun et al., 2000; Kelfoun et al., 2009].
[24] For the three source conditions chosen (cases 1–3,

Table 2), the behavior is rather similar. The mass leaves the

source area and accelerates where the slope of the flow
surface (very close to the topographic slope) is steeper than
the basal friction angle, i.e., for about 3000 m along the
slope (xh ∼ 2734.5 m). Acceleration over such a distance
gives the flow a velocity of nearly 100 m/s (Figure 6). Then
the velocity diminishes but the high inertia allows the flow
to travel about 3300 m more. The mass then accumulates
over a limited distance (<1 km long, Figure 5) into a 15 to
40 m thick pile (Figure 7) with an upstream slope equaling
the basal friction angle and a gentler downstream slope, due
to inertia. For all the simulations done with a Coulomb
material, the front stops while the tail is still flowing. The
acceleration on slopes steeper than the friction angle,
whatever the thickness of the flow and the shape of deposits,
is typical of a material exhibiting a Coulomb basal friction
[see Pudasaini and Hutter, 2006, and references therein]. A
similar deposit shape is obtained by Doyle et al. [2010,
Figure 9] for simulations carried out with Coulomb friction
alone.
[25] The differences in behavior between the three simu-

lations are related to the initial shape of the mass that flows.
For a dome collapse (case 1), the rounded shape induces a
higher initial pressure gradient than for the other simulations
and thus a greater acceleration. Moreover, the center of mass
is slightly higher initially than for the other cases. Thus this
flow reaches the furthest runout.
[26] Simulations were also performed using two different

friction angles [Iverson and Denlinger, 2001] (cases 4–6).
As in the previous simulations, the basal friction angle is
fixed at 15°, and in addition an internal friction angle of 30°
is applied (the normal value for a pyroclastic deposit [e.g.,
Yamashita and Miyamoto, 1993; Miura and Yagi, 2003;
Cecconi et al., 2010]). Results obtained are very close to the
previous simulation. The internal friction angle acts on
kact/pass and thus on the stress induced by the pressure gradient
(equations (7) and (8)). The stress induced by the pressure
gradient being weak compared to the stress induced by the
weight, because the flow is very thin over a large portion of
its path, the effect of a high internal friction is consequently
weak too. Deposits obtained with an internal friction angle
are slightly shorter and more spread out because the internal
friction opposes the convergence of material at the accu-
mulation position (Figure 7).
[27] The density value has no influence on the emplace-

ment of a Coulomb flow (see equations (6), (7), and (8) and

Figure 5. Distances covered by Coulomb flow deposits
according to their basal friction angle. Other conditions
are similar to case 2 (Table 2). Captions present the deposit
geometries for 8bed = 13°, 20° and 30°. The three points rep-
resent the location of the tail, the maximal thickness and the
head of deposits, from left to right (volume: 10,000 m3/m) The
three gray points are obtained with a volume of 20,000 m3/m
and 8bed = 15°. The gray line locates the area where the
topographic slope equals the basal friction angle.

Figure 6. Velocities of the fronts of simulated pyroclastic flows for different rheologies and different
source conditions.
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Table 1) because the term r is canceled out. Figure 5 shows
that the runout changes according to the basal friction angle
but that the deposits share similar characteristics.
[28] The behavior of a Coulomb flow, as shown above,

remains similar whatever the source conditions, the dimen-
sions, the volume and the value of the basal friction angle.
However, for LRA, the mean slope of the surrounding
topography is generally low (Figure 4) and thus a very low
basal friction angle (<5°) is required to reach the natural
runout. The deposit then covers a large area compared to the
area covered by the PF deposits of cases 1 to 6. For case 16
(Table 2 and Figure 8), the deposit covers about 40 km of
the slope and the front forms a very thin wedge, passing
progressively from 110 m to 0 m over about 30 km. The
angle of this frontal wedge (<0.3°) is lower than the basal
friction angle (4°) due to strong spreading caused by inertia.
For case 17 (Table 2) the internal friction angle is higher
than the basal friction angle, thus opposing the flow of the
mass, and thereby decreasing its runout. Its effect is stronger
than for the PF case because the topographic slope is gentler
and the flow is thicker. The deposit for case 17 is thus
emplaced closer to the source. The front also forms a thin
wedge (Figure 8).
[29] For the simulation of a debris avalanche on a 2D

surface (case 21), the mass flows on slopes steeper than the
basal friction angle to accumulate as a pile on a limited
range of slopes (Figure 9a). The effect of deposit accumu-
lation over a large distance, observed in 1D for the LRA
simulation, is less marked in 2D because the mass is free to
flow around the mass which is already at rest. When the
internal friction angle is higher than the basal friction
angle (case 22) there is less lateral spreading of the mass
(Figure 9b).

[30] For 2D simulations focused on the flow front, the
flow can reach a runout of about 100 m only if the basal
friction angle is slightly higher than the slope of the inclined
plane. The slope being constant, the Coulomb material can
be deposited over the whole domain of calculation. For
higher basal friction angle values, the deposits accumulate
closer to the source. For values lower than the slope, the
flow accelerates continuously and no deposit forms. One
particular characteristic of case 26 (Table 2) is that levées
can be observed close to the source area: the thickness
imposed by the boundary condition (1.5 m) is higher than
the surrounding thickness of the flow (<0.4 m), since the
flow is spreading rapidly. When the imposed velocity ceases,
the mass of the left border accelerates due to the strong
thickness gradient. This increased velocity enables the down-
slope deposit to remobilize the mass close to the source,
forming a thinner center compared to the unaffected edges.

Figure 7. (a) View of the topography defined by equation (1). Coulomb deposits are restricted to a
limited area (in the frame). (b) Close‐up of frame in Figure 7a. (c) Deposit thicknesses obtained for the
three different source conditions for a Coulomb material with 8bed = 15° and kact/pass = 1. (d) Deposit
thicknesses obtained for a Coulomb material with 8bed = 15° and 8int = 30°. The gray area shows the
location of the curves from Figure 7c.

Figure 8. A 1D simulation of debris avalanches with a
basal friction angle of 4° (solid line), a basal friction angle
of 4° plus an internal friction angle of 30° (dotted line),
and a plastic rheology of 80 kPa (shaded).
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As will be shown in the following sections, this mechanism
of levée formation differs from the mechanism exhibited by
the plastic rheology.

3.2. Coulomb Rheology Plus a Velocity‐Dependent
Law

[31] A velocity‐dependent term is often used in the liter-
ature [e.g., McEwen and Malin, 1989; Wadge et al., 1998;
Evans et al., 2001], for example adding a viscous law or
using a Voellmy law (Table 1). With an additional velocity‐
dependent stress, the friction angle must be lowered to reach
the same runout as previously described. Figure 10 shows
results obtained for PF simulated using a Voellmy law
whose parameters are 8bed = 5° and x = 0.1 (case 7). As for
the previous models, the Coulomb material begins to flow
whatever the thickness. However, its velocity is reduced by
the velocity‐dependent term. The deposit forms a pile as
previously described, but due to the lower inertia of the
flow, the mass accumulates closer to the point where the
slope equals the friction angle. The higher the coefficient x,
the closer the center of mass is to this point.
[32] If Coulomb friction is combined with viscous stress,

deposits form whose morphology is similar to cases 1 to 6
(purely Coulomb), but only after a very long calculation
time (an infinite time is needed for all the mass to stop). This
is because the resisting stress of the viscous law is propor-
tional to the inverse of its thickness, i.e., a thin flow dis-
places very slowly. Note that the use of velocity‐dependent
laws alone (e.g., a viscous law or a law related to the square
of the velocity) does not allow a deposit to form; instead the
mass flows out of the calculation domain.

3.3. Plastic Rheology

[33] To reach a realistic runout of PF with the plastic
rheology and dome collapse conditions (case 10), the value
of the basal shear stress should be about 20 kPa (Figure 11).
At the source, a shear stress of 20 kPa is very low compared
to the driving stresses induced by the weight and the pressure
gradient of the dome, thus the acceleration is high and the
flow reaches a very high velocity of more than 100 m/s. The

constant stress rheology is very sensitive to source and geo-
metrical conditions chosen. Decreasing the source rate
reduces the flow velocity drastically, and thus the runout. A
feeding time of 60 s (case 11) forms flows whose maximal
velocity is 70 m/s. The flow emplaces in three pulses: at the
source the mass accumulates, but remains in place until its
thickness is such that the driving stress exceeds the yield
stress, T0. It then accelerates, forming a flow that thins, but in
doing so it lowers the driving stress to less than T0, thus it
decelerates and stops. At the source, the mass accumulates
again. When the driving stress once more exceeds the yield
strength, a new pulse forms and restarts movement in the
previous pulse which had come to a standstill. With the
conditions in case 12 (a slow mass rate over 600 s), the flow
emplaces by 12 pulses with peak velocities of the front of less
than 40 m/s (Figure 6). The flow front stops after a runout of
less than 3.5 km. The lower the mass rate is, the lower the
velocity of the flow, and the greater the number of resultant
pulses. If the mass is supplied over a duration of 600 s, a
value of ∼12 kPa is needed to reach a runout of ∼6 km. For
the equivalent runout in 2D models T0 should have a value
of only a few kPa, since the mass spreads laterally, thus

Figure 9. A 2D simulation of a debris avalanche with (a) Coulomb behavior with 8bed = 2°, (b) Cou-
lomb behavior with 8bed = 2° and 8int = 30°, and (c) plastic rheology of 30 kPa. Profiles D and E are
located by the rectilinear black lines. Note the formation of levées and of a well marked front. Contours
indicate the deposit thickness in meters.

Figure 10. Deposit obtained with a Voellmy law, 8bed =
5°, x = 0.1 and a dome collapse (case 7). Due to the
low inertia of the material, the center of mass is close to
the point where the slope equals the friction angle. Vertical
exaggeration = 4.
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reducing the thickness of the flow and consequently the
driving stress.
[34] A common characteristic of the plastic rheology

(cases 10, 11, 12, 19, 24, and 29) is that the deposits cover
all the areas reached by the flows and that their thickness
increases where the slope angle decreases. The front of both
the flow and the deposit is rounded (Figures 8, 9, 11, and 12
and Animation S1 of the auxiliary material).1 In contrast to
the Coulomb rheology, the tail of a given pulse stops while
the front is still flowing and the front only stops after the
source has ceased.
[35] On 2D topography, the formation of levées and a

bulbous front is characteristic of this rheology (Figures 9c
and 12). It occurs with all volumes, all source conditions
and all topographies tested, and whatever the value of T0:
from 2 kPa for the PF in case 29 to some tens of kPa for
LRA (Figures 9 and 12). This particular morphology forms
at the flow front and is explained by the directions of the
displacements and the driving stresses. The rounded shape
of the flow front forces the mass to move laterally in this
region, toward the horizontal slope of the y axis. The stress
induced by the weight (oriented downslope), the stress
induced by the pressure gradient and the momentum (both
with a marked y parallel component) are not oriented in the
same direction. At the sides of the flow front the flow
spreads, thins and decelerates when the resulting driving
stress is inferior to the yield strength T0 and stops once a
certain thickness is reached. This process forms static edges
that channel the upstream mass (Figure 12b). Once the flow
is channelized by these lateral static edges (Figure 12c), its

momentum, weight and pressure stresses, all oriented down-
slope, favor flow which is thinner than the lateral edges.
This forms the typical levée morphology (Figure 12c). The
thicknesses of the deposits and of the levées are directly
related to the value of T0 chosen.

3.4. Plastic Rheology With a Velocity‐Dependent Law

[36] Simulations presented in Figure 13 are carried out with
a constant shear stress of 3 kPa and a large stress related to
the square of the velocity x = 0.1 (cases 13–15, Table 1).
The profiles of these deposits share the same characteristics
as a purely plastic flow: a progressive increase of thickness
as the slope angle decreases, and a markedly rounded front.
The effect of the velocity‐dependent term is principally to
reduce the velocity and the runout of the flow. For example,
the velocity of pyroclastic flows generated by a dome col-
lapse is less than 35 m/s (case 13). With this high value of the
coefficient x, the shape and location of the deposit is almost
independent of the source rate (Figure 13). A high coefficient
x also tends to mask pulse formations because it smoothes
velocity differences by reducing the highest velocities and
also because it decreases the overall flow velocity, allowing
the pulses to merge together close to the source. The lateral
levées, which are related to inertia, also disappear when a
high velocity‐dependent stress is introduced.

4. Discussion

4.1. Coulomb Rheology

[37] Simulations carried out with the Coulomb basal
friction reproduce the emplacement and the shape of sand
deposits in the laboratory, sand being a material that is
considered to have a Coulomb behavior at this scale [e.g.,

Figure 11. Simulations of PF using a plastic rheology. (a) View of the topography used and of the loca-
tion of the source. The black rectangle indicates the location of Figure 11c. (b) Thickness of deposits
showing a progressive increase in thickness downstream. (c) Enlargements of rectangle from Figure
8a, with the same scale for the x and z axes.

1Auxiliary materials are available in the HTML. doi:10.1029/
2010JB007622.
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Gray et al., 2003; Pudasaini and Hutter, 2006]. They also
resemble deposits formed at the foot of cliffs by rockfalls
[e.g., Pirulli and Mangeney, 2008, Figure 2; Lipovsky et al.,
2008, Figure 1].
[38] The results show, however, that the Coulomb model

does not reproduce the morphology of PF and LRA deposits.
Coulomb deposits only form as piles on a limited range of
slopes, while their natural counterparts present sheet–like
geometries if not topographically constrained, can be
observed on all slopes <30°, with their thickness progres-

sively increasing as the slope decreases, and often exhibit
levées and a rounded frontal lobe [e.g., Nairn and Self, 1978;
Shaller, 1991]. The runout distance of a Coulomb body only
increases slightly when the volume increases (Figure 5),
whereas natural flows are strongly influenced by this
[Hayashi and Self, 1992]. Finally, the friction angle that fits
natural flow runouts is often less than 15° for PF and less
than 4° for LRA [e.g., McEwen and Malin, 1989; Heinrich
et al., 2001; Sheridan et al., 2005; Kelfoun and Druitt,
2005; Kelfoun et al., 2009]. With such a low value for

Figure 12. Simulation of a plastic flow for T = 2 kPa and a planar topography (case 29). (a) A 3D view
of deposits. Black lines indicate location of Figure 12d. (b–c) The zone of displacement is shown in black.
Note the formation of static edges. (d–e) Cross section of the flow at xh = 60 m and t = 24.5, 25, 27.5, 30,
37.5, 39, 40, 41 s and the deposit. At any location covered by the flow, the thickness and the width rapidly
increase with time. When the feeding rate stops, the mass of the central part drains down. The final
deposit exhibits well‐defined levées and a well‐marked frontal lobe which is thicker than the upper parts.
(f) Longitudinal section of numerical deposits (at y = 0).
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the basal friction angle, the mass that accelerates on slopes
steeper than the friction angle may accelerate over several
kilometers, particularly for PF emitted at the summit crater.
This can induce unrealistic velocities, of around 100 m/s,
on intermediate slopes even for small‐volume PF (<106 m3).
If used on a natural topography, the high velocity of sim-
ulated flows allows them to escape out of the drainage
channels and to affect the interfluves, whereas in the field
they are channelized, which makes it questionable to use the
Coulomb model for PF simulation and, consequently, for
hazard assessment of PF. Adding a velocity‐dependent term
allows more realistic velocities to be obtained, but still
forms deposits with unrealistic morphologies for long‐runout
events.

4.2. Plastic Rheology

[39] Characteristics of deposits obtained using a plastic
rheology resemble the natural long‐runout deposits in the
following features. First, they form well‐defined levées and
a rounded, bulbous frontal lobe, as often observed in the
field (Figures 1, 9, and 12). Second, the plastic rheology
forms sheet‐like deposits on all the slopes, with the thick-
ness increasing downslope. Note that the absence of levées
on any natural deposit cannot be automatically used to reject
the plastic model. According to the results, the levées form
only on open topographies. They cannot be observed if the
flow is confined, or on gentle slopes where inertia is low.
[40] The pulses produced by the model resemble the pulses

which are often observed during real PF emplacement [e.g.,
Schwarzkopf et al., 2005; Kelfoun et al., 2009], and lead to
lobes comparable to those observed on deposits (Figure 1).
However, to my knowledge, it is impossible from field
observation to determine that pulses are linked to the rheology
of the flows or to variations in source conditions.
[41] For the simulation of PF where there is a high rate of

mass release onto steep slopes, (case 10, dome collapse), the
velocity obtained with the plastic rheology is too high to be
compatible with any natural examples of observed velocity.
PF reach a velocity of 100 m/s, which is unrealistic for this
kind of flow [e.g., Hoblitt, 1986; Yamamoto et al., 1993;
Cole et al., 1998; Kelfoun et al., 2000; Jolly et al., 2002].
Two explanations can be envisaged. It is possible that a
velocity‐dependent term really affects the rheology of LRA
and PF, for example due to particle collisions or turbulence.
An alternative explanation is that this term may be an artifact

linked to the incapacity of the existing numerical models to
simulate the initial stage of rock dismantling during dome
collapse and LRA simulations. Strong frictional forces might
be present during the dismantling stage and could have a
strong influence in reducing the initial velocity of the flow.
The velocity‐dependent term is correspondingly high since
the velocity is high. It could then artificially reproduce a
similar effect because the highest velocities are located close
to the source. For the simulation of the pyroclastic flows of
Tungurahua, for which the mass rate was relatively low
(∼0.15m3/s for each square meter of the source area) [Kelfoun
et al., 2009], and of the debris avalanche of Socompa where
the basal slope was gentle (about 13°) [Kelfoun and Druitt,
2005], the velocity‐dependent term does not exist or is
small enough to be undetectable. Quantification of this
velocity‐related stress is difficult without very accurate
measurement of the flow rates, volumes and velocities of
natural flows.
[42] The results show that some mechanisms that occur in

the dynamics of PF and LRA modify their behavior to the
extent that the plastic rheology describes their emplacement
and the deposit more accurately than any other simple law.
However, the plastic rheology should be considered as no
more than a first order description of the rheology of long‐
runout granular flows. With the simple topographies used, it
is not able, for example, to reproduce the small‐scale
structures that often characterize LRA deposit surfaces, such
as hummocks. It neglects the initial stage of LRA where
destabilized rocks initially behave as a Coulomb body and
probably slide en masse before forming an avalanche (e.g.,
Mount St Helens avalanche [Voight et al., 1981]). It is also
able to form deposits on slopes >35° and neglects the fact
that materials revert to a Coulomb behavior after, or at the
end of, flow.
[43] Moreover, the plastic rheology is not explained from

a mechanical point of view. It stipulates that the shear stress
at the base of the flow is independent of the thickness of the
flow (in contrast to the Coulomb model, for example). One
explanation would be that the material constituting LRA and
PF exhibits a cohesive frictionless behavior, the static angle
of friction being eliminated during the flow. Other explana-
tions for the constant stress can also be envisaged. For
example, assuming that the Coulomb friction is the main
stress in the flow, a constant basal friction of the flow T =
rgh tan 8bed can be obtained if the friction angle 8bed
increases as the flow thickness, h, decreases. This increase
of the friction angle is present in the law used by Mangeney
et al. [2007] and also allows them to form levées. Although
speculative, several hypotheses can be envisaged to explain
this inverse relationship between thickness and friction angle.
Among them, the presence of resistant blocks or coherent
panels in a fluidized matrix could increase the solid interac-
tion with the ground where flows thin to a value close to that
of the thickness of the blocks. It is also well known that
interstitial gas (volcanic or atmospheric) acts on particles to
reduce their interaction and that, for the same permeability,
thin flows lose their gas more rapidly than thicker ones [e.g.,
Geldart, 1986; Roche et al., 2004; Druitt et al., 2007, and
references therein]. Thus the friction angle increases more
rapidly in thin flows relative to thick ones.
[44] A vertical structure within the flow that would induce

an increase in the resisting stress from the base of the flows

Figure 13. Deposits obtained with a plastic rheology and a
term related to the square of the velocity (T0 = 3 kPa, x =
0.1). The three curves obtained by varying the source condi-
tions (case 13–15) are nearly overlapping.
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up toward their surface might also be another explanation
for the inverse relationship between thickness and friction.
In thick flows, the low‐friction interior in contact with the
ground would permit flow even on gentle slopes, the more
frictional outer part simply being rafted. As the flow thins,
the influence of the more resistant part would increase. The
morphological resemblance between PF and LRA deposits
and lavas (lobes, levées and rounded fronts) appears to
support a vertical variation of the rheology in long‐runout
natural flows. This concept is close to the plug flow model
proposed from field observations for mudflows, debris ava-
lanches and pyroclastic flows [e.g., Sparks, 1976; Branney
and Kokelaar, 2002, and references therein]. It is compatible
with detailed observations of the Socompa avalanche, which
has been interpreted as a fluid‐like interior surrounded by a
more resistant brittle exterior [Kelfoun et al., 2008]. This
upward increase in the friction may be induced by the vertical
variations of the flow granulometry. Deposits often present
strong inverse grading: the base is composed of a matrix of
fine particles, and the mean size of particles increases toward
the surface. This has been observed in LRA deposits [e.g.,
Shaller, 1991, and references therein] as well as in PF
deposits (Figure 14). Gas, for example, is one mechanism
which is more efficient at reducing friction between finer than
coarse particles. [e.g., Geldart, 1986]. With such a vertical
structure, where the flow thins, the influence of the coarser
frictional surface would induce an increase of the friction
angle at the base of the flow.

5. Conclusion

[45] This article explores the behavior of flows using
simple first‐order rheologies for the simulation of pyro-
clastic flows and long runout volcanic avalanches. I carried
out more than 30 simulations on simple topographies that
are representative of the characteristics of natural relief. The
plastic rheology reproduces, to the first order, the main
morphological features of natural long‐runout granular flow

deposits: levées, inverse relationship between thickness of
deposits and slope, bulbous front. Future models of PF and
LRA will have to reproduce a global behavior close to the
plastic behavior in order to be validated and will have to
explain why the plastic rheology fits the morphology of PF
and LRA deposits better than the Coulomb rheology. While
this question remains, as yet, unanswered, the success of the
plastic rheology over the Coulomb rheology might indicate
that the friction angle at the base of LRA and PF decreases
depending on the thickness of the flow and cannot be con-
sidered as constant, although it is not clear which process
induces this behavior. The results show, however, that for a
high mass rate of material (dome collapse for example) this
first‐order rheology is too simple, perhaps because it does
not describe the dismantling stage, or because a real velocity‐
dependent stress acts on fast flows. To refine this first‐order
rheology and improve our knowledge of its limitations,
accurate field data are needed, and volcanic monitoring needs
to focus on the acquisition of pyroclastic flow characteristics
during their emplacement, for example volume, flow rate and
velocity. In the meantime, the data available are accurate
enough to state that the simple Coulomb friction is too far
removed from natural deposits to be suitable for the simula-
tion of PF and LRA. Thus, given our current state of
knowledge, behavior laws based on a plastic rheology are a
better alternative.
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