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ABSTRACT. This paper is concerned with a complete asymptotic analysis as
v — 0 of the Munk equation 8;¢ — vA2yY = 7 in a domain Q C R2, supple-
mented with homogeneous boundary conditions for ¢ and 9,%. This equation
is a simple model for the circulation of currents in closed basins. A crude
analysis shows that as v — 0, the weak limit of v satisfies the so-called Sver-
drup transport equation inside the domain, namely 8;4° = 7, while boundary
layers appear in the vicinity of the boundary.

These boundary layers, which are the main center of interest of the present
paper, exhibit several types of peculiar behaviour. First, the size of the bound-
ary layer on the western and eastern boundary, which had already been com-
puted by several authors, becomes formally very large as one approaches north-
ern and southern portions of the boudary, i.e. pieces of the boundary on which
the normal is vertical. This phenomenon is known as geostrophic degeneracy.
In order to avoid such singular behaviour, previous studies imposed restric-
tive assumptions on the domain  and on the forcing term 7. Here, we prove
that a superposition of two boundary layers occurs in the vicinity of such
points: the classical western or eastern boundary layers, and some northern
or southern boundary layers, whose derivation is completely new. The size
of northern/southern boundary layers is much larger than the one of western
boundary layers (v1/4 vs. v1/3). We explain in detail how the superposition
takes place, depending on the geometry of the boundary.

Moreover, when the domain € is not connex in the z direction, ¥ is not
continuous in €2, and singular layers appear in order to correct its discontinu-
ities. These singular layer are concentrated in the vicinity of horizontal lines,
and therefore penetrate the interior of the domain 2. Hence we exhibit some
kind of boundary layer separation. However, we emphasize that we remain
able to prove a convergence theorem, so that the boundary layers somehow
remain stable, in spite of the separation.

Eventually, the effect of boundary layers is non-local in several aspects.
On the first hand, for algebraic reasons, the boundary layer equation is radi-
cally different on the west and east parts of the boundary. As a consequence,
the Sverdrup equation is endowed with a Dirichlet condition on the East
boundary, and no condition on the West boundary. Therefore western and
eastern boundary layers have in fact an influence on the whole domain €2, and
not only near the boundary. On the second hand, the northern and southern
boundary layer profiles obey a propagation equation, where the space variable
x plays the role of time, and are therefore not local.

Mathematics Subject Classification: 35J58, 35B25, 35B40, 35Q86

Keywords: Boundary layer degeneracy, geostrophic degeneracy, Munk boundary
layer, Sverdrup equation, boundary layer separation
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CHAPTER 1

Introduction

The present paper is mainly concerned with mathematical methods investi-
gating singular behaviours on the boundary of a domain €2, when the size of the
boundary layer depends strongly on its localization, and more precisely when it
becomes degenerate on some part of the boundary.

Such a situation has been depicted in many former works, but never really dealt
with insofar as additional assumptions were often made to guarantee that boundary
terms vanish in the vicinity of the singularity. This is the case for instance of our
study [5] of the 8-plane model for rotating fluids in a thin layer where we suppose
that the wind forcing vanishes at the equator. The same type of assumption was
used in the paper [18] of F. Rousset which investigates the behaviour of Ekman-
Hartmann boundary layers on the sphere. This holds also true for the work of
Desjardins and Grenier [6] on Munk and Stommel layers where it is assumed that
the Ekman pumping (which is directly related to the wind forcing) is zero in the
vicinity of the Northern and Southern coasts. The difficulty was pointed out by D.
Gérard-Varet and T. Paul in [8].

We intend here to get rid of this non physical assumption on the forcing, and to
obtain a mathematical description of the singular boundary layers. More generally,
we would like to understand how to capture the effects of the geometry in such
problems of singular perturbations on domains with boundaries.

1.1. Munk boundary layers

The equation we will consider, the so-called Munk equation, can be written as
follows when the domain 2 is simply connected:

Oy — A% = BT on Q,
¢|6Q =0, (n : Vw)wg =0.

This model comes from large-scale oceanography and is expected to provide a good
approximation of the oceanic vorticity potential assuming that

(1.1)

e the motion of the fluid is purely two-dimensional Q C R? (shallow-water

approximation),

e the wind forcing is integrated as a source term 7 € W*°(Q) (Ekman
pumping),

e the Coriolis paremeter depends linearly on latitude (betaplane approxi-
mation),

e nonlinear effects are negligible,
e the Ekman pumping at the bottom is negligible.

When (2 is not simply connected, the boundary conditions are slightly different.
We refer to paragraph 1.2.3 for more details.

1



2 1. INTRODUCTION

1.1.1. Derivation of the Munk equation.

Of course it is not completely clear whether our simplified model is really rele-
vant from the physical point of view. Let us therefore explain briefly the derivation
of this model (following Desjardins and Grenier [6]), and track the different simpli-
fications that should be compared with experimental data. For further discussions
regarding the physical relevance of such models, we refer to [15],[16] or [9].

e As usual in large-scale oceanography, we start with the 3D incompressible
Navier-Stokes equations in a rotating frame: the velocity field u is assumed to be
divergence-free

V-u=0,

and to satisfy the dynamical equation
\Y% 1
Ou+ (u-Vu+2wAu= %—I—g—l—;}"u

expressing the fact that the fluid evolves under the combined effects of the Coriolis
force, the pressure, the gravity and some turbulent dissipation mechanism. The
precise formulation of this last contribution (involving a turbulent viscosity)

1
—Fu = vpApu + v3033u
p

even commonly used by physicists, has no real justification, which is a first limita-
tion of our study.
These equations are set in a bounded domain

D:{$€QXR/hB(.Z‘h)S$3§0}

and supplemented by boundary conditions. On the bottom (which is described by
the topography hp) and on the lateral boundaries, we assume that the fluid-solid
interaction can be catched through a no slip condition (Dirichlet condition) :

u|x3:h3 = 0, u‘agh = 0.

For the sake of simplicity, the free surface is replaced by a prescribed spherical
boundary corresponding to the depth 3 = 0 (rigid lid approximation), and the
effect of the wind is modeled by some non homogeneous Navier condition

’ltn‘x?’:() = 0, I/h(vu + (VU)T)t‘x?’:O =T7.

This drastic but standard simplification is investigated for instance in [14], but has
no rigorous justification, which is the second weakness of the model.

e Far from the poles and the equator, i.e. around a latitude J¢ € (0,7/2),
these equations can be rewritten in scaled cartesian-like coordinates. This involves
many non dimensional parameters characterizing the physical properties of the flow,
especially

e the Rossby number which measures the relative size of the Coriolis force
U
€= —"—"—
2w sin ¥g L

where U and L are the typical velocity of the fluid and (horizontal) length
of observation;



1.1. MUNK BOUNDARY LAYERS 3

e the aspect ratio which characterizes the geometry of the domain

h

P:Z

h being the typical height of the ocean, and which will be assumed to be
of the same order as the curvature parameter L/Ry (R being the radius
of the Earth).

The Munk equation is obtained in the fast rotating limit with thin layer approxi-
mation, that is when ¢ — 0, with the following choice of scaling
p=0(e), v3=0(e)

and hg = —h(1+eng).

e A formal asymptotic analysis (based for instance on asymptotic expansions)
shows that the limiting flow is purely two-dimensional: we indeed obtain at leading
order

(1.2) uz =0, Ozup =0, Vp-u,=0.

Since these conditions are not compatible with the bottom and surface boundary
conditions, one has to introduce boundary layer corrections, referred to as Ekman
layers, which contribute to the global energy balance via Ekman pumping.

The dynamical equation is then obtained at next order (more or less as a
solvability condition): since uy, is divergence-free, it is indeed completely determined
by its vorticity:

(1.3) V(O +u-Viu— Byut) = V- (upApu — BT +nput — au)

where —aw is the Ekman pumping associated to the energy dissipation by friction
on the bottom, npu’ accounts for the effects of the topography, and —37 is the
source term resulting from the wind forcing. When the domain §2 is not simply
connected, (1.3) must be supplemented with further compatibility conditions (see
paragraph 1.2.3).

Note that this formal derivation can be justified by classical energy methods [6],
at least for well-prepared initial data (i.e. for initial data satisfying the constraint
equations (1.2)). Starting from the limiting system (1.2)(1.3), one can indeed build
a smooth approximate solution, then control its L? distance to the solution u. of
the Navier-Stokes equations using some strong-weak stability principle. Note that
one even obtains a rate of convergence.

e The apparition of Munk boundary layers and the intensification of oceanic
currents on western coasts we would like to describe with such a model are physical
phenomena which are typically linear and which result from the fact that the no-slip
Dirichlet condition on the coasts of the basin becomes a non admissible boundary
condition if the viscous dissipation is not a leading order term in the equation (1.3).

More precisely, we expect to exhibit such a behaviour when the remaining
rotating term SV - (yut) = Bu, (due to the inhomogeneities of the local rotation
vector) is large compared to vAV™ - u. In particular, we expect that boundary
layers

e should not depend on the topographical effects and Ekman pumping (if
B is large enough)
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e decouple from the convection (at least if boundary layers are stable in the
sense that their kinetic energy remain small)

e are quasi-stationary, meaning that the equation governing boundary layers
does not involve time.

We emphasize that our study remains entirely valid if the Coriolis factor sin 4 is
not linearized around a given latitude ¥g. In this case, in equation (1.1), 8 is not a
parameter, but a smooth function which remains bounded away from zero (namely

Bo cos V).

1.1.2. Asymptotic behaviour for the Munk equation. In the time-
dependent case, Desjardins and Grenier have proved the following

THEOREM 1 (Desjardins-Grenier). Let Q be a smooth domain, defined by
(14) Q:= {(I7y) € RQ; IEW(y) <z < xE(y)v Ymin < Y < ymar} ’

where 25, 2w € C?(Ymin, Ymaz). Assume that the wind forcing 7 = V+ - T €
L>([0,T], H*(R2)) vanishes identically in the vicinity of the North and of the South

(A0) >0, 7(2,9) =0 Y < Ymin + A 0T Y > Ynaz — A
and that it is small enough, i.e.

zw (y)
/ 7(2', y)da'

()

(Al) S C}xl/ )

where v is the (fized) horizontal viscosity and C is a universal constant depending
only on Q0 and .

Denote by ug = Vﬂ/}g any solution to the wvorticity formulation of the 2D
Navier-Stokes-Coriolis system

QA +u - VA + BOp — vA*Y = Br,
Yoo =0, (n-Vi)aq =0.
Then, for all N € N, if s is sufficiently large, there exists

N
ully = 3 4w+ uBL)
i=0
such that
g — |l oo ((0,7), L2000y < CB~N71/E,
The main order term ui™ = V90 is the weak limit of ug in L? as B — oo and
satisfies the Sverdrup relation

(15) 3z?/10 =T, w|01"E =0
where I'g is the East boundary

The boundary layers uP™ are located in a band of width (v/B)Y/* in the vicinity of
on.

The approximate solution gy, is computed starting from asymptotic expan-
sions in terms of the Coriolis parameter 3.
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e At order 8 in the interior of the domain, we get the Sverdrup relation

55m¢0 = BT .

We can then prescribe only one boundary condition, either on the Eastern
coast or on the Western coast.

e Since u{™ does not vanish on the boundary, we then introduce boundary
layer corrections, which are given by the balance between £d,¢PF and
vA%)BE Because the space of admissible (localized) boundary correc-
tions is of dimension 1 on the Western boundary, and of dimension 2 on
the Eastern boundary, we can recover all the boundary conditions except

IOPE = 0, which is chosen as the boundary condition for the Sverdrup

equation.

The proof relies then on a standard energy method. The assumption on 7 guar-
antees that 1" is smooth, and that the coefficients arising in the definition of the
boundary layer terms are uniformly bounded, and actually small enough to be ab-
sorbed in the viscosity term. Note that the smallness condition (A1) is required
only to deal with the nonlinear convection term.

From now on, we keep only one small parameter, namely v/, which we rename
as v. In other words, we work with 8 = 1; for the linear stationary equation (1.1),
the two visions are striclty equivalent. For the non-stationary equation, the case
v = 0O(1), 8 > 1 can be dealt with provided that we get convergence for times
of order 37!. The previous theorem implies in particular the following (weaker)
statement for the linear Munk equation:

COROLLARY 1. Let 2 be a smooth domain defined by (1.4). Consider some wind
forcing T = VL - T € L>([0,T], H?(2)) vanishing identically in the vicinity of the
North and of the South (i.e. satisfying assumption (A0)). Denote by u, = V=,
any solution to the vorticity formulation of the 2D Stokes-Coriolis system

DAY + 0p9p — VA =17,
Yoo =0, (n-Vi)aq =0.
Then, for all N € N, if s is sufficiently large, there exists

N
N _§ : i/3(, int BL
uapp_ v (ui +ui )
1=0

such that
= gl e (0.1, £2(2) < Cv NV,
The main order term ui* = V199 is the weak limit of u, in L* as v — 0 and
satisfies the Sverdrup relation
(16) aw¢0 =T, ’(/}PFE =0

and the boundary layers uBL have typical size v'/3.

Our main goal in this paper is to get rid of the assumption (A0) on the forcing
7, and to treat more general domains € (e.g. domains with islands, or which are
not convex in the z direction).
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Regarding the assumption (A0), the difficulty is that the incompatibility be-
tween the formal limit equation and the boundary conditions

Yoo =0, (n-Vi)aa =0

is not of the same nature depending on the part of the boundary to be considered:
at the North and at the South, the transport term is tangential to the boundary
and therefore is not expected to be singular even in boundary layers.

Introducing boundary layer terms to restore the boundary conditions, we will
find typically

Outhp,w — vOgbpw =0,
on the lateral boundaries, and
Oaton,s — vOjhN,s =0,

on the horizontal boundaries. This implies in particular that western and eastern
boundary layers should be of size '/ while northern and southern boundary layers
should be much larger, of size v'/*. Of course there are superposition zones, which
have to be described rather precisely if we want to get an accurate approximation.

Of course this is the first step towards the understanding of more complex
geometries. Additional difficulties will be discussed the next section.

1.1.3. Stability of the stationary Munk equation. Another important
difference with [6] comes from the fact that (1.1) is a stationary equation, so that
classical energy methods ([11, 20]) are irrelevant.

Denote by 14y the solution to the following approximate equation

Ouapp — VAP upp = T+ 67 on Q,
Yapplo =0, (1 Vibapp)jaa = 0.
In particular, denoting 1) = ¥ — 1)qpp, we have

0,010 —vA261p = 67 on Q,
Y190 =0, (n-Viy)aq =0.

(1.7)

(1.8)

A possible strategy to get some stability estimate is to introduce weighted
spaces as suggested by Bresch and Colin [1]. From the identities

- [@sversi =5 [ @ver

Q

/ (A269))e® o) = / (Ady)%e® + 2/ e A1) 0,00 + / e A1 6,
Q Q Q Q
together with Cauchy-Schwarz inequality, we indeed deduce that

1-v

3 /ngez+g/g(A5¢)2ex§*/Q5T5¢6x*2V/QA5w815¢6I.

Assume that d7 can be decomposed into

0T = 011 + 079,
with 71 € L?(Q), 7o € H=2(Q). Then, using the Poincaré inequality,

/ oTope”
Q

< C([|omllz2 109l L2 + 672l m 2| APl L2),
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while

/ﬂ " ASY amaw] < ClI A8 12 [:50ll 12 < ClIAGHIP 2 50]|L2.
It comes finally, assuming that v < 1,

o7 s
(1.9 5w+ laduls < 0 (lorl + 2720,

We then define some relevant notion of approximate solution.

DEFINITION 1.1.1. A function vy, € H?() is an approzimate solution to
(1.1) if it satisfies the approzimate equation (1.7) for some 67 € H=2(Q) such that
0T = 011 + 612 with

511|1? —5745]|%, -
(110) lim || Tl”L; +v || T2HH22
v—0 Hwappum + V||A7/Japp||L2

Plugging (1.10) in (1.9) we obtain
Iy — wapp”QL? +v||A(Y — 1ﬁapp)HZL2 = 0(H¢amz”%2 + V||A¢app||2L2)

meaning that gy, ~ 1.

By such a method, we exhibit the dominating phenomena in terms of their
contribution to the energy balance. In particular, for the oceanic motion, we expect
to justify the crucial role of boundary currents as they account for a macroscopic
part of the energy.

=0.

1.2. Geometrical preliminaries

The goal of this section is to state the precise assumptions regarding the domain,
under which we are able to derive a nice approximation for the Munk problem.

As we will see in the course of the proof, error estimates depend strongly on
the geometry of the domain, and especially on the flatness of the boundary near
horizontal parts.

We will therefore consider both

e the generic case, when the slope of the tangent vector vanishes polynomi-
ally;

e and a special case of flat boundary, for which the exponential decay is
prescribed.

1.2.1. Regularity and flatness assumptions.
First of all we assume, without loss of generality, that Q is connected!. We
further require that
(H1)
the boundary is a compact C* manifold, described by a finite number of charts.

In particular, the perimeter L is finite, and the boundary of €2 can be parametrized
by the arc-length s. If 99 is connected, we will often write 9Q = {(x(s),y(s)) /0 <
s < L}; if 99 has several connected components, such a representation holds on

¢ Q is not connected, since (1.1) is a local equation, we can perform our study on every
connected component, and we therefore obtain a result on the whole domain
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every connected component of 9€2. We further choose the orientation of the arc-
length in such a way that the local frame (¢,n) with n the exterior normal is direct.

Furthermore, by the local inversion theorem, there exists § > 0 such that any
point (z,y) € Q at a distance z smaller than § from 92 has a unique projection on
the boundary. In other words, on such a tube, the arc-length s and the distance to
the boundary z form a nice system of coordinates.

We thus introduce some truncation function xo € C2°([0,4+00), [0, 1]) such that

Suppxo C [0,6) and xo =1 on [0,d/2].

As mentioned in the previous heuristic study, we expect the boundary layers
to be singular on the horizontal parts of the boundary. In order to understand the
connection between both types of boundary layers and to get a nice approximation
of the solution to the Munk problem, we therefore need precise information on the
profile of the boundary near horizontal parts.

We assume that the horizontal part I' y UT'g of the boundary consists in a finite
number of intervals (possibly reduced to points where the tangent to the boundary
is horizontal). Denote by 6(s) the oriented angle between the horizontal vector e,
and the exterior normal n. By definition, we set

Iy :={s€099Q, cosf(s) =0 and sinf(s) = 1},

Ig:={s€ 99, cosf(s) =0 and sinf(s) = —1}.
We also introduce the following notation (see figure 1.1): let s1 < s < -+ < g
such that

cos(0(s;)) =0 1<i<k

and for all i € {1,---,k}, either cos(f(s)) is identically zero or cos(f(s)) does
not vanish between s; and s;41. Throughout the article, we use the conventions
Sk+1 = S1, So = Sk. We further define some partition of unity (p;)i<i<k

. € 0269, 0,1]) A(5) =
(1.11) p Zp

Supp p; ]Sifla 5i+1[~
We denote by I'g, I'yyy the East and West boundaries of the domain:
Ig:={s€dQ, cosb(s)> 0},
Iy :={s€09, cosf(s)<O0}.
Eventually, let
(1.12) I, .={ie{l,--- ,k}, s, € g}.

The profile assumption states then as follows: for any s;, for 0 = £ such that
cosf(s) # 0 on [s;, Sig1],
(i) either there exists n > 1 and C # 0 (depending on ¢ and o) such that as
s = 84, 8 € (84, 8i01),

cosO(s) ~ %(s —s)",

(H2(i)) .

(n—1)!

and W (s) ~ (s —s)" ! for 1 <1 <inf(3,n);
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FIGURE 1.1. Positions of the abscissa s;

(ii) or there exists C' # 0 and « > 0 (also depending on ¢ and o) such that as
§ = 8i, 8 € (84, 8i01),

cosf(s) ~ Ce/ls=sil,
(HQ(’LZ)) and 9/(8) N &B,Q/‘S,S”.
(s —s;)?
The first situation corresponds to the generic case when the cancellation is of finite
order. The second one is an example of infinite order cancellation: in that case,
which is important since it is the archetype of C*° boundary with flat parts, we
prescribe the exponential decay because there is no general formula for error esti-
mates. Notice that we do not require the behaviour of 6 to be the same on both
sides of s;, provided the function @ belongs to C3(952), so that (z(s),y(s)) € C*(9Q).
This profile assumption will essentially guarantee that, up to a small truncation,
we will be able to lift boundary conditions either by East/West boundary layers,
or by North/South boundary layers at any point of the boundary. This is therefore
the main point to get rid of assumption (AO0).

1.2.2. Singularity lines.

In the case when the domain 2 is not convex in the x direction, we will see
that the asymptotic picture is much more complex, especially because the solution
to the Sverdrup equation (1.5) may be strongly singular.

We will therefore need to build singular correctors which are not localized in
the vicinity of the boundary. This construction is rather technical, and for the
sake of simplicity, we will use the following additional assumptions (which are quite
general).
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The set {s, y(s)=y, and cos 6(s)=0}={t }JU{t }
is not connected.

FIGURE 1.2. Example of a domain when assumption (H3) is not satisfied

(H3) Yyo € R, the set
{s € 09, y(s) = yo, cosb(s) =0}
is a connected set (see figure 1.2).
(H4) Let s; € {s1,--- , sk} be a boundary point such that
® s e g Nalw;
e and  is not convex in z in a neighbourhood of (z(s;),y(s;)).
Then cos(s) = O(|s — s;|*) for s — s;.
Assumption (H4) will be discussed in Remark 3.4.6.

We also introduce the lines Y;;, across which the main order term will be
discontinuous, which will give rise to boundary layer singularities: we set

M
FE = U Fj,
j=1
where I'y, - - - , '3 are the closed connected components of I'z. For j € {1,---, M},

we set
Aji={(z,y) €2, Iy €R, (¢/,y) €T, and (ta + (1 - t)a',y) € 2Vt €]0,1]}.
We have clearly
M
0=|{]JA4,

Jj=1
We also define (see Figure 1.3)

(113) Zij = Az n Aj for 4 # j7 Y= U E”
l?j
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FI1GURE 1.3. Discontinuity lines of a general domain {2

It can be easily checked that every set 3J;; is either empty or a horizontal line with
ordinate y;; such that there exist x;,2; € R with (z;,yi;) € I's, (z;,y45) € T'j, and
either (z;,vy;;) € OT; or (x;,y;;) € OT;.

Eventually, we parametrize every set I'; by a graph, namely

L ={(@%0):9)s Yrin <Y < Yhpas)-

1.2.3. Domains with islands.

When the domain 2 is not simply connected, the boundary conditions on 02
are slightly different. This case has been studied in particular in [2], where the
authors investigate the weak limit of the Munk equation in a domain with islands.
Let Qy,---Qx be C* simply connected domains of R?, such that

e (0, €y fori>2;
e QN =0for2<i<j<K;
o () :=() \UiZQQi satisfies (Hl)—(H4)

Let C; = 09); for ¢ > 1. Notice that of course, the presence of islands gives rise to
discontinuity lines ¥ as described in the preceding paragraph.
Then the Munk equation can be written as
Opt) —vA%p =7 in Q,
(1.14) Optp = 0 on 09,
Yo, =0, Yo, = ¢ for i > 2.
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The constants c; are different from zero in general: indeed, the condition u-n5q = 0,
where © = V14 is the current velocity, becomes 1) = constant on every connected
component of Q2. However, the constants are not required to be all equal. In fact,
the values of cs,- -+, cx are dictated by compatibility conditions, namely

(1.15) Vi > 2, y/ 8nAw—/ Tt n=0,
Cj Cj

where 7 = curl T.

In the rest of this paragraph, we will first present in a few words where con-
dition (1.15) comes from. Then, we will prove that the coeflicients ¢; are uniquely
determined by the condition (1.15). Eventually, we will explain how the study of
(1.14)-(1.15) can be deduced from the one of (1.1) in an arbitrary domain satisfying
(H1)-(H4).

e The compatibility condition (1.15) is inherited from the Navier-Stokes system
satisfied by u = V1 (see [13] for a similar argument in the inviscid case). Indeed,
we start from the stationary Stokes-Coriolis system in dimension 2, with S-plane
approximation, namely

1

—(1+ Bey)ut —vAu+Vp=f, in Q,

€
(1.16) divu =0 in €,

Ulpn = 0.

The idea is to take the curl of the first equation in order to get rid of the pressure
term. However, for ® € L?()?, the identity curl ® = 0 does not imply the existence
of ¢ € HY(Q) satisfying ® = Vq. Indeed, ® is a gradient if and only if its circulation
around any closed contour C in ) vanishes:

foi-o
c

where ¢ is the tangent vector to the curve C. If curl ® = 0, this condition becomes
fC‘ ® .t =0 for all i > 2. Hence we obtain

quHl(Q)’ e=Vqg { zlrlll(rilﬁcig'tzofor all 7 > 2.
Therefore (1.16) is equivalent to
Bus — vAcurlu = curl 7 in €,
divu = 0,

ujpn =0,

1// Au~t+/ T-t=0 Vi>2.
C; C;

This amounts to (1.14)-(1.15) with u = V11 (notice that, as above, the existence
of 1) is ensured by the divergence free condition on u and by the Dirichlet boundary
conditions).

e In order to check that the constants ¢; are well-defined, we introduce, as in
[2], the functions 1, -+ , 1K such that

Opth1 — VA2 =7 = curl T,

1.17
(L17) Yrjo0 =0, On¥P1jp0 =0,
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and for i > 2,
azwz - VAQQ/JZ' = 07
(1.18) Onthijan =0,
Yic, =0 Vie{l,- K}

The existence and uniqueness of the functions 1; € H?(2) follow for instance from
the Lax-Milgram Lemma. We then have

(1.19) =11+ Y e,

i>2
and condition (1.15) reads, for all j > 2
Zciy/ O AY; = —1// On Ay +/ T+ n.
i>2 Cj Cj Cj

Therefore we have to prove that the matrix (v |, o. OnA;)2<; j<i is invertible. We
} <ig<

prove in fact that for all (ag,--- ,ax) € RE!
(1.20) Zaiajl// OnAY; = —1// |A1/)a|2 <0,
i c; Q

where 1, = ZZKZQ a;1;. The invertibility of the matrix (v fcj OnA;)a<; <K follows
easily.
We have
Outha — vA*1h, =0,
Ontajon =0,
Yajcy =0, Yooy = @iy © 2> 2.

Therefore, since C; is a closed contour,

1 X
Opahq = = a?/ er-n =0,
/ 225" Je

and

K
u/ |Awa\2+2aiu/ O A,
Q i=2 Ci
,,/ |A¢a\2+2aiaj/ O A
Q i C;

v /Q A2y,

The identity (1.20) follows.

e The formula (1.19) shows that it is sufficient to understand the asymptotic
behaviour of the functions ;. Indeed, the coefficients ¢; (which depend on v) are
obtained as the solutions of a linear system involving the functions ;. It is proved
in [2] that for any domain V' C € such that VNX = (), where X is defined by (1.13)

P — ¢ in L3(Q),
Yy — P in LA(V),
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. - ey

FIGURE 1.4. Definition of the domains B;

where 19 is the solution of the Sverdrup equation (1.5), and
Y — 1p, in L*(Q),
Vi — 1p, in L*(V),

where B; is defined by

Bi:={(z,y) €Q, I €R, (a/,y) €C;iNlg
and (tz + (1 —t)z',y) € QVt € (0,1)}.

This result is in fact sufficient to compute the asymptotic limit of v [ o, On A,
and thereby, of the coefficients ¢;, which converge towards some constants ¢;. We
refer to section 2.5 for more details. We will go one step further in the present
paper, since we are able to compute an asymptotic development for the functions
1;, and therefore give a rate of convergence for the coefficients ¢; and the function

.

1.3. Main approximation result

We will prove the existence of approximate solutions in the form

(121) wapp = wint + wE,W + wN,S + wz
where
o i is a regularization of ¢ (+ 3/, &1p, when the domain Q has is-
lands), and ° is as previously the solution to the Sverdrup equation (1.5)
vanishing on the eastern boundary
85311[10 =T,
wIOFE =0 where 'gp ={z€dN /e, -n >0}

Furthermore, |9t — 99|12 = o(||4™| 12);

e Y w groups together eastern and western boundary terms, the decay of
which is of order v'/3;

e YN s is the contribution of southern and northern boundary layers, the
size of which is typically v1/4;
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e and ¢~ is a boundary layer term, located in horizontal bands of width
v1/4 in the vicinity of every singular surface Yij.

Notice that ¥ g w, ¥ns and 1* do not have the same sizes in L? and
H?: typically, if the boundary condition to be lifted is of order 1, the size in L? of
a boundary layer type term is A~'/2, where A~! is the size of the boundary layer,
while its size in H? is A3/2. As a consequence, we roughly expect that

(1.22) 19"z > [owslice ~ 1972 > |vpwllie,
N——
~1 ~ul/8 ~pl/6
while
(1.23) 197 |2 ~ ¥ slmz ~ [0 ne < |[vew a2,
NV—3/8 NV71/2

Our result is the following;

THEOREM 2. Assume that the domain Q) satisfies assumptions (H1)-(H4). Con-
sider a mon trivial forcing T = curl T € W4>(Q), and let 1) be the solution of the
Munk equation (1.1) (or (1.14)-(1.15) when Q has islands).

Then there exists a function Vqp, of the form

Vapp = V™™ +vpw + Un,s + ¥
such that
H‘/} - 77Z1app||L2 = O(Vl/g)v ”1/} - ¢app||H2 = 0(]/73/8)'
More specifically, VPP is a good approximation of 1, in the following sense: let

V C Q be a non-empty open set. Then, for a generic forcing term 7, the following
properties hold:

o Approximation of the interior term: if V€ Q is such that VNY = 0,
then

19— 0l L2 vy = o(I19°ll L2(v));
o Approzimation of the 3 boundary layers: if V. € 2 is such that VNY;; # ()
for somei # j€{l,--- M}, then
9 — ("™ + ™) Iz vy = o([9™ + ¢ L2v)),
[ = (™ + ™) |2 vy = o[ + % || g2(v))-
e Approzimation of the North and South boundary layers: if VN f‘N,S £ ()
and VNTepw =0, VNI =0, then
[ = (¥° + ¥n.9) L2 vy = o(19° + ¥n sl 2(v))s
1 = ¥nslla2 vy = olll¥n,sll a2 v))-
e Approzimation of the West boundary layer: if VAT # 0 and VAT 5 =
0, VvNE=0,VNTg=0,
I = Ywllaz(vy = o([[Yw | m2(v))-

In the above Theorem, the term “generic forcing” is necessarily unprecise at this
stage. It merely ensures that the terms constructed in the approximate solution are
not identically zero. We will give a more precise assumption in the next chapter (see
Definition 2.4.1). The interior of I'y, g, namely IO“N,S, is to be understood through
the induced topology on 0f.
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REMARK 1.3.1. e One of the main features of our construction lies in the
precise description of the connection between boundary layers. In particular, we
prove that the sizes and profiles of the North/South and East/West boundary layers
are unrelated; the transition between both types of boundary layers occurs through
their amplitude only. Notice that this result is rather unexpected: indeed, most works
on boundary layers (see for instance [8]) assume that an asymptotic expansion of
the form

b~ ™+ Pl (s, M(5)2)
holds, where the size of the boundary layer, ™', is defined on the whole boundary
and is continuous. Here, we exhibit a different type of asymptotic expansion, which
shows that a superposition of two types of boundary layers occurs on the transition
zone. Also, on this transition zone, the ratio between the sizes of the two boundary
layers is very large, so that the asymptotic expansion above cannot hold.

e The analysis we present in this paper can be extended without difficulty to very
general anisotropic degenerate elliptic equations, in particular to the convection-
diffusion equation

O —VAY =T
which has been studied for special domains by Eckhaus and de Jager in [7], followed
by Grasman in [10], and more recently by Jung and Temam [12]. Note that in the
case of the convection-diffusion equation, the mazimum principle (which does not
hold anymore in our case) can be used to prove convergence in L>. In the paper [7],
the authors exhibit parabolic boundary layers on the North and South boundaries,
but only treat the case when the domain §2 is a rectangle.

Note that the tools we develop in the present paper allow to consider more
general geometries, for which

e there is a continuous transition between lateral and horizontal boundaries,
o there are singular interfaces ¥;;, and even islands.

For the sake of simplicity in the presentation, we have not dealt with Fast
and West corner singularities (typically the case when Q = [—Z,Z] X (—7,7] is a
rectangle), but the corresponding connection between lateral and horizontal boundary
layers is actually simpler, and can be handled exactly as the connection between the
> and West boundary layers, which is treated in paragraph 3.5.

In view of the energy estimate (1.9), the idea is to prove that 1y, satisfies
equation (1.7) with an error term 67 = d71 + d73 such that

(1.24) l671ll20) = oV®), 167l -2y = o(v"/%).

Notice that the energy estimate (1.9) allows us to capture both types of boundary
layers and the interior term: the boundary layers of size v/ can be seen both in
L? and H? norms, while the interior term is identified through the L? norm only,
and the West boundary layer through the H? norm only.

We therefore use the following notion:

DEFINITION 1.3.2. In the rest of the paper, we say that T = d71 + 672 is an
admissible error term if it satisfies (1.24).

Since the proof of Theorem 2 is very technical, we have chosen to separate as
much as possible the construction of 1,,, and the proof of convergence. Therefore
the organization of the paper is the following;:
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e In Chapter 2, we expose the main lines of the construction of the boundary
layer type terms, namely ¥g w, ¥n,s and ¥”, without going into the
technicalities.

e In Chapter 3, we give all the necessary details for the construction, and
we estimate the sizes of the four terms defining .

e Eventually, in Chapter 4, we prove the estimate on the error term (1.24),
which entails that 14y, is an approximate solution.

Moreover, as a very large number of notations are introduced throughout the paper,
an index of notations is available after the Appendix.






CHAPTER 2

Multiscale analysis

Searching as usual an approximate solution to the Munk equation (1.1)
Optp — VA =7

in the form
wapp = 1/}0 + ¢BL
with 0 satisfying the Sverdrup relation

aw¢0 =T,

we see that both /° and 1P present singularities near the North and South bound-
aries of the domain, i.e. as cosf vanishes, as well as on the interfaces ¥;;.

e First, the main term of the approximate solution, 1, is singular near all
“North-East” and “South-East corners”. More precisely, combining the
integral definition of 1° together with equivalents for the coordinates of
boundary points given in Appendix A, we see that the y derivatives of ¥°
explode near such corners.

e Moreover, as we explained in paragraph 1.1.2, the size of the boundary
layer becomes much larger as cosf — 0, going from v'/3 to v'/%. This
also creates strong singularities in the boundary layer terms, which are
completely independent from the singularity described above. In fact,
there is a small zone in which both boundary layers coexist and are related
to one another through their amplitude.

e Finally, for complex domains, i.e. for domains where the closure of the
East boundary I'g is not connected, the solution of the interior problem °
has discontinuities across the horizontal lines ¥;;. These discontinuities
gives rise to a “boundary layer singularity”, which is apparented to
the North and South boundary terms, the size of which is therefore v/4.

Because of these three types of singularities, the construction of the solution is
quite technical. We therefore start with a brief description of all kinds of boundary
type terms (see Figure 2.1).

2.1. Local coordinates and the boundary layer equation

As usual in linear singular perturbation problems, we build boundary layer
correctors as solutions to the homogeneous linear equation

(2.1) ) — vA%p =0,

19
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North boundary layer, size v'*

Discontinuity
boundary layer,
sizev* T T —— T — — ==

113

West boundary layers, size v

FI1GURE 2.1. Overall view of the boundary layers

localized in the vicinity of the boundary (therefore depending in a singular way of
the distance z to the boundary)

Y = Bl (s, \2) with 9,98 = o ¢PL > 9,BL

PPl = 0as Z — oo,

and lifting boundary conditions

wBL(sv O) = _¢int(s7 O)v

Note that the parameter A > 1 is expected to measure the inverse size of the
boundary layer, it can therefore depend on s.

It is then natural to rewrite the homogeneous Munk equation in terms of the
local coordinates (z,s). We have by definition of 8, s and z,

979 (5,0) = =8,9™(s,0).

or o
(2.2) 9z Os | [—cosf (1+20)sinf
| oy oy | \—sin@ —(1+426")cosd
0z Os
so that
0z b
9z 9y _ —cosf —sinf
Os Os N (1+Z€’)7lsin0 *(1+29/)71C080 .
dx  dy
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We therefore deduce that the jacobian of the change of variables (z,y) — (z,s) is
equal to (1 + 26")~!. Furthermore,

sin 6
1+ \"1Z¢

On most part of the boundary the second term is negligible compared to the first
one. Nevertheless we see immediately that on horizontal parts the first term is zero,
so that we have to keep the second one. Since A > 1, we approximate the jacobian
term (1 +A"1Z6)~! by 1.

Similar computations allow to express the bilaplacian in terms of the local
coordinates (which involves more or less twenty terms). However in the boundary
layers, we expect that the leading order term is the fourth derivative with respect
to 2

!
OBt = —cos NI BL + o 0BL + %Z@ZWBL .

A2¢BL — A4aéwBL 4 O(/\B)
We will thus consider only this term and check a posteriori that the contribution of
other terms is indeed negligible. Note that, as we want to estimate the H~2 norm
of the remainder, we will only need to express the laplacian in local coordinates.
We will therefore define boundary layer correctors as (approximate) solutions
to the equation

/
(2.3) —Acos 007pPE + sin 0(0,4PF + %Zazw“) —vAogyBl =o.

This equation remaining still complicated, we will actually consider two regimes
depending on the precise localization on the boundary. For each one of these
regimes, we will neglect one of the first two terms in (2.3) (i.e. part of the 9,
derivative), so that the size of A as well as the profile of ¢ZL will be different. Of
course we will need to check a posterior: that the term which has been neglected
can be dealt with as a remainder in the energy estimate.

2.2. East and West boundary layers

In this section, we construct the boundary layers on the lateral sides of the
domain. We retrieve rigorously the result announced in the introduction, namely
the intensification of Western boundary currents and the dissymetry between the
East and West coasts.

2.2.1. The scaled equation.

Along the East and West coasts of the domain, on intervals on which cos#
remains bounded away from zero, it can be expected that the main terms in the
boundary layer equation (2.3) are Acos 09z f(s,Az) and vA*0% f(s, A\z). Hence we
take A such that

| cos 6| 1/3
2.4 A =
(2.4) BwW ( > ;

and f such that

(2.5) 0% f = —sign(cos(0))0z f.

We recall that Z is the rescaled boundary layer variable (Z = Az), so that Z €
(0,00).
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We look for solutions of the above equation which decay as Z — oo. Conse-
quently, the dimension of the vector space of solutions of the simplified boundary
layer equation (2.5) depends on the sign of cos(f):

o If cosf > 0 (East coast), decaying solutions of equation (2.5) are of the
form

f(s,2) = A(s) exp(—2)
o If cosf < 0 (West coast), decaying solutions of equation (2.5) are of the
form

f(s,2) = As(s) eXp(—ei’T/3Z) +A_(s) exp(—e*”/SZ),

Notice that we retrieve the dissymetry between the East and West coasts: indeed,
only one boundary condition can be lifted on the East boundary, whereas two
boundary conditions (namely, the traces of ¥° and 8,,1°) can be lifted on the West
boundary. As a consequence, ¥ must vanish at first order on the East coast, so
that the role of L on I'p is merely to correct the trace of 9,¢°. Note that, in
order that the trace and the normal derivative of ¥° 4+ B% are exactly 0 on I'g,
we will actually need an additional corrector, which is built in the next chapter.

In first approximation, the boundary layer terms on the East and West coasts,
denoted respectively by ¥ g and vy, are thus defined by

Vi(s, Z) = Als) exp(=2),
Yw(s, Z) =Y As(s) exp(=e*"3Z),
+

where the coefficients A, A, A_ ensure that the trace and the normal derivative of
Y0(s, 2) + BL(s, \gw2) vanish at main order on the East and West coasts. This
leads to

(2.6) A(s) = Ag'Ontpa(s),

i) I O I )

; Sy —1 0
(2.7) _ L (et S (Yol

V3 \e /6 iy 00 (s)
Let us emphasize that the precise value of A on East boundaries is in fact irrelevant
in energy estimates, since equation (2.6) implies that A = O(v'/?) on zones where
cos 6 does not vanish. Therefore the East boundary layer itself is not captured

by energy estimates. But its incidence on the interior term, through the fact that
IOFE =0, is clearly seen in the L? estimate.

2.2.2. Domain of validity.

Simplifying (2.3) into (2.5), we have neglected the terms MA\~1Zd f and 9, f.
As f is an exponential profile, the term corresponding to MA\~1Z0,f is smaller
than vA10% f and Acos(0)f as long as

\
B

which leads to

(2.8) V310" | cos ] 77/3 <« 1.

4 |cosf|*/3
<Xl = =
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As for the term 0,f, if w‘om and 8,L77/1|089 are smooth with respect to s, the
corresponding error terms can be neglected as long as

A cos(8)] > 1, ie. |cos(h)] > v'/%.

This last condition is less stringent than (2.8). Hence we only keep (2.8) in order
to determine the interval of validity of the construction.

The intervals on which the East and West boundary layers are defined follow
from the validity condition (2.8). More precisely, if cos@ # 0 on (s;, s;4+1) (West or
East coasts), we set

st = sup { c ( +2+) V30| |cos o] > 1},

S; + 8
Siyq = inf {s € (z_'—QH_l,sHl) 310 [cos 0] 7T/2 > 1}.
Notice that s}, s;,; depend on v and are well-defined as long as 6 € C*([0, L]).
By definition,
V30 | eos8] 773 <1 Vs € (s],s5,,),
and it is easily proved that cos(f(sF)) vanish as v — 0, so that
gi_% st =si, gl_f)% Sii1 = Sit1-

REMARK 2.2.1. Notice that (2.8) is not satisfied in the vicinity of s;,s;, ;.
Moreover, the derivatives of 1/1‘069 and &ﬂbﬁm with respect to s may become very
large as s approaches s; and s;+1. Chapter 4 is devoted to the estimation of the
corresponding error terms and to the proof of their admissibility.

2.3. North and South boundary layers

In this section, we construct the boundary layer terms near the intervals where
cos 6 vanishes. Notice that these intervals may in fact be reduced to single points.

2.3.1. The scaled equation. We consider in this section an interval (s;, $;41)
on which cos 6 is identically zero and sin § = —1 (South boundary), so that equation
(2.3) becomes

A/
(2.9) Osf + Xzazf +vXNOLf=0.

As in section 2.2, we have to choose A and f so that the above equation is satisfied.
The simplest choice is to take

(2.10) Ay, =v /4

so that A = 0, and the boundary layer equation becomes a diffusion-like equa-
tion, with the arc-length s playing the role of the time variable. Note that such
degenerate parabolic boundary layers have been exhibited in [7] for instance.
This raises several questions:
e What is the direction of propagation of “time” in (2.9)? In other words,
what is the initial data for (2.9)7

e Is equation (2.9) well-posed?

e What is the domain of definition (in s) of the South boundary layer term?

e How are the South, East and West boundary layers connected?
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We will prove in this section that equations of the type
Dsf +04f=0, s€(0,T), Z>0,

Jls=0 = fin

fiz=0 = fo, 0zfiz—0 = f1,

with fi, € L?(0,00), fo, fi € W1(0,T), are well-posed, and we will give some
energy estimates on the solutions of such equations. In the present context, this
means that on South boundary layers, equation (2.9) is a forward equation (in s),
while on North boundary layers it becomes a backward equation. This is consistent
with the definition of the interior term v°: in all cases, the boundary condition in
s is prescribed on the East end of the interval.

Let us also recall that the domain of validity of the West and East boundary
layer terms does not reach the zone where cos = 0 (see (2.8)). As a consequence,
the South boundary layer term must be defined for s < o, < s; and s > UzH > Sit1

where the arc-lengths o; o7, ; will be defined later on and should satisfy

O’ < s, O’i+1>0'i.

i
This requires to slightly modify the boundary layer equation. From now on,
we define the South boundary layer term g as the solution of

1
Osths —v Zlbs— 8z¢s—0 s>o;, Z >0,
(2.11) D)

bsiz=0 = Yo, Oz¥flz—0 = V1,
with Uy, ¥; to be defined later on (see (2.14)).

_1/4(:059

2.3.2. Study of the boundary layer equation (2.11):
In this paragraph, we give a well-posedness result for equation

Dsf +b(s)0zf + u(s)0xf =0, se(0,T), Z>0,
(2.12) fis=0 = fins
fiz=0 = fo, 0zfiz=0=f1-

We first note that, up to lifting the boundary conditions, we are brought back

to the study of the same parabolic equation with homogeneous boundary conditions
and with a source term: indeed f is a solution of (2.12) if and only if

9(s,2) = f(s,2) = fo(s)(Z + 1) exp(—=Z) — fi(s)Z exp(—Z)
is a solution of
Bsg + b(s)0z9 + u(s)0%9 = S(s, %), s€(0,T), Z>0,
9ls=0 = Gin;
giz=0 =0, 0z9,z—0 =0,
where
gin = fin — [0(0)(Z + 1) exp(=Z) — f1(0)Z exp(—2)
and
S(s,2) = —fo(s)(Z+1)exp(=Z) — [1(s)Z exp(—Z)
+b(s) fo(s)Z exp(=Z) — b(s) f1(s)(1 — Z) exp(—2)
— () fo(s)(Z — 3) exp(—=Z) — p(s) f1(s)(Z — 4) exp(—2).
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Our precise result is then the following:

LEMMA 2.3.1. Let T > 0, and let p € L*(0,T), b € L*(0,T), fo,f1 €
CY([0,TY), gin € L?*(0,00), and S € L*((0,T), L*(R4)).
Assume that there exists pg > 0 such that

w(s) > po  for ae se (0,T).
Then the equation
Dsg +(8)029 + 1(5)0%9 = S(s,Z), s€(0,T), Z>0,

(213) 9ls=0 = YGin,
giz=0 =0, 9z9,z=0 =0,

has a unique solution g € C([0,T], L*>(R))NL?((0,T), H?(R)) which satisfies the
energy estimate

1 S
5972 ms) +/0 u(s)10Z9(s ) Iz mor ) ds”

s 2
< HginH%2(R+) + (/0 ||S(Sl)||L2(R+)dS/> .
PRrROOF. Let
V.= {’U I~ _E[Z(O,OO)7 U|Z:0 = 0’ aZU|Z:O — 0}
For u,v € V, s € (0,T), define the quadratic form

a(s,u,v) = / b(s)0zu(Z) v(Z) dZ + ,u(s)/ 0%u(Z) 0%v(Z) dZ.
0 0
Then for all u,v € V, the map

s+ a(s,u,v)

is measurable, and for almost every s € (0,T)

la(s,u,v)] < (bl (o,1) + Il o) llull 2y [Vl 2R )
a(s,u,u) > poll0Zulza g,
> po(lullfre @,y — 10zulli2m,) — lullizg,))-
Notice that if u € V,
ozulft = [ (02w =~ [ udhu
0 0
JullZ2 | 10ZulZ.
- 2 2 '
We infer eventually that
Ho 310
a(s,u,u) > ?HUH%I?(RQ - 7||UH%2(R+)'

Using Theorem 10.9 by J.L. Lions in [3], we infer that there exists a unique so-
lution g € L%((0,T),V) N C([0,T], L3(Ry)) of equation (2.13) such that dsg €
Lz((oa T)> Hiz(R-l-))'



26 2. MULTISCALE ANALYSIS

Multiplying equation (2.13) by ¢ and integrating on R, we infer

1d [~
s L Lo i) [ ioaoR = [ 86 2005.2) a2,
Therefore
d |1 2 ° ! 2 N2 1
75 |29z + ; n(s)0z9(s)||z2ds
< [1S(s)llzzllg(s)ll 2
s 1/2
< VAISEl |Gl + [ a0zt s
Integrating with respect to s leads then to the desired inequality. [

We deduce easily that (2.11) has a unique solution on any interval of the form

(07,0 1) such that sin6 does not vanish on [o; , 0}, ], and that it satisfies

los@)lmsy < CUTo)] +1%1(8)] + [Tolor)] + [¥1(07)])
+c/ ()] + [ (s")]) ds’

e / )+ (Do ()] + [ (s')]) ds',

with pu(s) = —1/sinf(s), b(s) = —v~*cosO(s)/sin O(s).

2.3.3. Boundary conditions for s € (s;, s;+1). Inorder to satisfy the bound-
ary conditions

Yoo =0, Onjaq =0,
the South boundary layer term constructed above must be such that for s €
(8i,8i+1)s

Vs(s, 2 =0) = _¢|069(3)7
v 1 0705(s, Z = 0) = —0ntbhg (s).
In equation (2.11), we therefore take, for s € (s;, $41),

(2.14) Wo(s) := —1fha(s),
(2.15) Wy(s) = /0,00 s).
There remains to define ¥o and ¥ for s € (0, , 8] U [si41,07,).

2.3.4. Connection with East and West boundary layers.

e In the most simple cases, the North or South boundaries are connected on
the one hand to the East boundary, and on the other hand to the West boundary.
This corresponds to the situation when
- the North boundary y = y; is a local maximum of the ordinate;

- the South boundary y = y; is a local minimum of the ordinate.

Without loss of generality, we assume that the corresponding piece of 9f2 is a
“South” boundary, meaning that cos# < 0 in a neighbourhood on the right of s;41,
cosf > 0 in a neighbourhood on the right of s;, and sinf = —1 for s € [s;, $;+1].

The connection with the East boundary is fairly simple: we will introduce
some truncation x, of 7 close to the East corner (parametrized by s;). Therefore
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the solution to the transport equation 9,1 = 7, is identically zero in a vicinity
of (z;,yi), so that we merely require wS\s:af =0.

Concerning the connection with the West boundary layer, the situation is not
as straightforward. In order to satisfy the boundary conditions

Yoo =0, Onjan =0,

the West and South boundary layer terms must be such that

Yw(s, Z=0)+vs(s,Z=0) = _"/}?w(l(s)»
AwOzbw (s, Z = 0) + AsOz¢s(s, Z = 0) = —0n1)f) 9 (5)

in a vicinity of s = s;11. As a consequence, we take

Yw (s, Z = 0) = —piy1(s)¥]aa(s),
Dz¢w (5,2 = 0) = =Xy 0ir1(8)0n¥]) 9a (),
and
¥s(s,Z =0) = —(1 = pis1(5))¥goa(s),
Dz95(5,Z = 0) = =Ag (1 — 9i41(5))0ntfla0(s),
where ;11 is a truncation function which we will define precisely in the next
chapter. We emphasize that with this definition, the South and West boundary

layers are related via their amplitude only: in particular, the sizes and profiles of
the boundary layers are not related.

e In more complex cases, the line y = y; intersects the interior of €2, and we get a
singularity which is not only localized in the vicinity of 9€2. Techniques of boundary
layers allow however to understand the qualitative behaviour of the solution in the
vicinity of the line of singularity. This heuristic approach is presented in the next
paragraph.

2.4. Discontinuity zones

Discontinuity zones occur when the East boundary 'y is not connected. At
leading order, we expect the solution to (1.1) to be approximated by the solution
Y to the transport equation with suitable truncations y, near East corners

am’l/J? = TXv;
0
’l/)t‘rE == O
If the domain  has islands, we add to ! the quantity Z]K:Q ¢jlp,. We will
give more details on this case in the next paragraph. Note that, because of the

truncation y,,, the main order approximation 1Y now depends (weakly) on v.
Therefore on every set A;, 1) takes the form

o z% (y) / .
W(a,y) = —/ (@) de'.

Unlike the main order term in Theorem 1, 1Y does not belong to H*(Q) in general. It
is indeed obvious that 1 and 5'y1/)? may be discontinuous across every (nonempty)
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line X;;. More precisely, the jump of ¢ across a given line ¥;; takes the following
form (up to an inversion of the indexes i and j)

zj
s, = [ () ) de'
x;
The existence of such discontinuities in the main interior term is a serious im-
pediment to energy methods. Indeed, inequality (1.9), for instance, requires the
approximate solution to be at least in H?(2). In fact, we will prove that this
discontinuity gives rise to a “boundary layer singularity”: the corresponding
corrector is a boundary layer term located in the vicinity of ¥;;. Since the normal
vector to ¥;; is parallel to e,, this boundary layer term is apparented to the North
and South boundary terms constructed in Section 2.3, and therefore the size of the
boundary layer is v/4.
We now define what we have called in Theorem 2 a “generic forcing 77:

DEFINITION 2.4.1. We say that the forcing T is generic if all the following
conditions are satisfied:

e For alli# j such that X;; # 0, there exists c¢s; > 0 such that

K
¢?+Zcz1&] > cx;
s

=2

for all v sufficiently small,

ij

o If f‘N75 # 0 (for the induced topology on 09), then for any V C T'n g,
there exists ¢y > 0 such that

for all v sufficiently small, ||'¢J?|6QHL2(V) > cy;

e For any nonempty V C Uy, there exists cyy > 0 such that

K
for all v sufficiently small, <¢? + Z 0113,> > cy.

1=2 102l L2(v)

e From now on, for the sake of simplicity, we restrict the presentation to the case
when M = 2, i.e. ['g has two connected components, and 1 has exactly one
line of discontinuity. Of course, our construction can be immediately generalized
to the case when there are more than two connected components, and therefore
several lines of discontinuity: we merely add up the local correctors constructed in
the vicinity of every ¥;;. In particular, when 2 has islands, there are always at
least two discontinuity lines. We will sketch the necessary adaptations in the next
paragraph and leave the details to the reader.

Thus we henceforth assume that Q has the following form (see Figure 2.2):

O=0"uQ U,
where

QF are non empty, open and convex in z;
at = {(x’y) €, Yy >y orer> xl};

Q" ={(z,y) €Q, y<y; and z < x1 };
Y={(z,1n) €Q, v <z}



2.4. DISCONTINUITY ZONES 29

Q+

@&,

FIGURE 2.2. Two possible configurations for the domain €

and (z1,y1) = (z(s1),y(s1)) for some s; such that cosf(s;) = 0. Without any
loss of generality, we further assume that siné(s;) = —1. This type of domain can
correspond to two different configurations (see Figure 2.2).

We will use the following notations

X =1loca 1y<y1a X+ =1-x"
which somehow stand for 1g+ : their role is to avoid any artificial singularity on
99, and T't = 90+ NT'». We parametrize each set T'E by a graph (z5(y),y).
As explained above, the function ! and its y derivative are discontinuous
across . More precisely, for © < x1,

["/’?]IE('%yl) = w?(x,yf)—w?(%yf)
x5 (y1)

z;(yl)
- - / (o) (@) e’ + / (o) (@ 1) de’

z;(yl)
- / (1) (@' 1) da’.
5 (Y1)

Notice in particular that the jump is constant along 3. In a similar way, since
(xv)(x5(y), y) vanishes in a neighbourhood on the left of y,

Pyeilis(@ ) = —@@p) () (mx) @k ), m)

IJEr(yl)
- / By (r) (@', 1) de.

e(v1)
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We now construct the boundary layer type correctors 1!t 1)*. The role of it
is to counterbalance the jump of 99, and of its normal derivative @,@Z)? , across X

W5 = ~[yls, (0,9 s = —[0,9]]s -

When we lift these boundary conditions, we introduce a source term in the equation.
This source term is then handled by a boundary layer type term 1>, which has no
discontinuity across ¥: ¥ € H%(Q).

At first sight, if we consider the whole singular corrector 1" 4+4/> this problem
could seem underdetermined. Indeed there are two jump conditions to be satisfied,
and possibly two boundary layers (on Q7 and on Q7), each of which is the solution
of an equation of the type (2.11), and therefore having each two entries (¥, and
Uy).

However, when looking at the error terms, we see that the traces of 851/1}? and
65’ Ilgt appear in the energy estimates. Therefore we have further to request that

[ajwlift]z _ [8;3,(/)1ift]2 =0.

Because of this constraint, the energy of the boundary layer discontinuity is dis-
tributed on both sides of ¥. The boundary term "' 4+ 1> is unequivocally de-
fined, since roughly speaking, there are four jump conditions and four entries for
the boundary layer terms.

If we could have nice formulations for the North and South boundary layer
operators (i.e. a nice formulation for the boundary layers in terms of ¥; and
Ug), we would expect to get (1'% + ¢¥) by a rather simple process, obtained by
application of the previous results. Nevertheless, as

e the boundary layer equation is highly nonlocal (propagation with respect
to s),
e the fictitious boundary is not perfectly horizontal,

we are not able to proceed in such a way. We will now explain in more details our
construction.

2.4.1. Lifting the discontinuity.

Let us start by introducing some notation. Consider the closed set {s €
09, y(s) = y1}. We denote by I its connected component containing s;. Then Ij
is a closed interval (possibly reduced to a single point). Without loss of generality,
we assume that s; = sup 7, which means (recall that sin(s;) = —1) that s; is the
West end of I;. Hence we have either Iy = {s1}, or I} = [sg, s1] with sg < s1. As
in equation (2.11), we introduce a point o~ which will be the initial point for "
and ¢, and which we will define more precisely in the next chapter (see (3.37)).

In order to keep the construction as simple as possible, we use that the can-
cellation of cos® near s = inf I is strong (assumption (H4) in section 1.2), which
implies in particular that the boundary of Q% near the junction point s = inf I;
has C* regularity.

The role of ¥ is to lift both the jumps of ? and 9,9 across ¥, and the
traces of 1Y and 9,9 on the portion of 9§ between ¢~ and sy, so that ¥ + !t
belongs to H?(12).

We have indeed the following
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PROPOSITION 2.4.2. Let 1) be a function on 2 such that
Yo+ € H(QY), tho- € H(Q7), and Y]y = [0n¢]x = 0.
Then ) belongs to H2(2).

PRrROOF. The squared L? norm being additive, the only point to be checked is
that
AY = Ajar + Athjg-
in the sense of distributions, which is obtained by a simple duality argument.
For any ¢ € C2°(12), because of the jump conditions on 9,1 and 1, we have

(¢, AY)ppr = /Q Ap(x™ +9x7)
— —/anqﬂﬂ\m _/m Vo - V(vx™)
+/Zay¢¢‘2, _/Q, V¢ - V(PxT)
:/m ¢A(wx+)+/2¢8y1/)|z+ _/Q, qu(wx‘)—/E(é@yw\z*

= [ ot + Awx)
from which we deduce that Ay € L2(Q), and Ay = A(wxy) + A(¥x-). O

We therefore seek 4!t in the form

i y—y
(2.16) 0 Ga) = (L) lato) + 0Ga) - )],
where the truncation x € C5°(R) is such that
(2.17) Suppx € [~1,1], x(y) = 1 for [y < 1/2,

and satisfying the conditions
' lif 0 _
(1) Yiparroa = —(1 = @)¥jaq, for s € (07, 51),
anwllg;mm =—(1- gp)annglaﬂ for s € (67, $1),

(i) P = ~[)s, Ol = —[0,4]]s-
As in section 2.3, ¢ is a truncation function in s, whose role is to ensure a smooth
transition between the East/West boundary layer on [0, inf I;] and the disconti-
nuity boundary layer.

A straightforward computation then provides the following formulas for the
coefficients a and b

ba) = (1 (s)) [~ sinBs)0ntgon(s) + cos B(s)0utan(s)
— €08 9(5)80/7/’?|89(3)a
a(z) = —(1—@(s)¥haals) = b(z(s))(y(s) —w),
for x1 <z =xz(s) < x(c~), and by
(@) =101, o

b(x) = —[0y¢t]s
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For > x(0™), we merely take a(xz) = b(z) = 0.

Of course, however, 9"t is not a solution of (1.1), even in the approximate
sense. More precisely, we have the following lemma :

LEMMA 2.4.3. With the previous definition and notations,

(0n — vA?) (9] + wlift) =7+ 67" <$v yy_1/?11> + Tk, + T

where

V1/8) 1/5/8)7

sl L2 (0) = of o sl -2 (o) = of

and
(STlift(,'L‘7Y) _ X+(xa y + V1/4Y)X (Y) |:a/($) + y1/4b/(§(;)Y:|
X @,y VYD) [ale) + v (@)Y |
—Ax T (z, 1 + v NS (YV)b(x).

DEFINITION 2.4.4. In the rest of the paper, we set
(2.18) it = ’l/)? + "/’lift§

which is consistent with the statement of Theorem 2, in which V""" was described
as an H? regularization of ¥°.

SKETCH OF PROOF. By Proposition 2.4.2, ¥ + ¢!t belongs to H2(2) and

0,00+ 0 = i () @) + ) - )
A +y) = XA+ M) + x7(AY).
Moreover, as we have the following trace identities on 9QF
(AP s =0, (9,A9")5 =0,

applying again Proposition 2.4.2, we get

i y—y
VAKXTAPT) = wxTx < V1/41> (@™ (@) + b () (y — 1))
+43 Ay (yyf/%f) v (x)

y—y
st (L) @) 46 @)y - )

ot (L) ffe) 4 o) - )]

y—y
Jr4’/1/4X+X(3) <x, 1/1/41> b(z).
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‘We thus define

rin = 435 (L) 0 @)+ 202y (S ) (0 () + 6 (@) (g — )
14 / v /

= 0w = 0+ () @) + 8@ - )
—vA*(xT) — —v A (x D).
so that
(0z — vA?) (¢ + ")

i Yy~
= 74 o7l (x, i/ > + Thig + T

e The remainder terms will be dealt with in the last chapter, using some
technical estimates on a, b and their derivatives (see Lemmas 3.1.1 and
B.1 and paragraph 4.1.2).

e The source term 678 is not an admissible error term in the sense of
Definition 1.3.2. Therefore it has to be corrected by yet another boundary
layer type term.

O

2.4.2. The interior singular layer. The lifting term "t has introduced
a remainder 67" which we now treat as a source term. By analogy with North
and South boundary layers, we therefore define 1)* as the solution of the following
equation

Dptp™ — O p™ = —orft 2 < z(e7), Y>Y_(x)
Vhieao) =00 Pyoy (o) = ¥y () = 0,

where the function Y_ parametrizes the lower boundary of the interior singular
layer

(2.19)

e which has typical size J,, where ¢, is any parameter such that d, > pi/4,
e which is of course included in 2.
Note that we use here cartesian coordinates  and Y = (y — y1)/v'/4, since the
discontinuity line ¥ is essentially horizontal (which is not the case for North and
South boundary layers which are extended on macroscopic parts of the adjacent
East and West boundaries).
More precisely, define ¢;” and ¢] by

§1+ =inf{s > s1, |y(s) —y(s1)| = 0y}, tf =inf{s > s1, |y(s) —y(s1)| = 20,}.

Denote by y(x) the ordinate of the point of 92 with abscissa x in the vicinity of
(r1,91) and of (z(s0),y(s0)). Then Y_ is any C* function satisfying the following
conditions:

Y_(z) = m for x € (z(¢]"),x(07)),

(2.20) Y () =Y. >80 Y forz < a(th),
Vk <4,Yp>1, 3C > 0, HYfHWM(:E,m(a*)) < C”Y*||W’“*P(x(<f’)@(ff‘))’

where Z is an arbitrary fixed point such that the vertical line # = Z does not
intersect (2.
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Q+
WX

Interior singular layer

0Q)

F1GURE 2.3. The interior singular layer

Then the solution 1* of equation (2.19) can be expressed as
U (2,Y) = o7 (2, Y — Y_(2)),
where ¢* is the solution of the backward equation

06" — Y1 (2)026" — D40” =
(2.21) =62, Y_(2)+ Z), x<z(c7), Z>0,
Pomato—) =00 G720 = 029729 = 0.

which is precisely an equation of the type (2.13). In the equation above, we still
denote the rescaled boundary layer coordinate by Z, in order to be consistent with
(2.13). However, in the present context, Z is just a scaled cartesian coordinate.

Notice that 1> and ¢> depend in fact on v through the function Y_ and the
coefficients a and b. The asymptotic value of ©> as v vanishes will be given later
on.

This indeed requires a refined version of Lemma 2.3.1 giving high order a priori
estimates on the solutions to the singular layer equation (2.19), as well as Lemma
B.1 controlling the sizes of a, b and their derivatives.

2.5. The case of islands
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When  is not simply connected, the solution of (1.14)-(1.15) is given by

K
Y =11+ Z ci¥is
i=2
where 1 is the solution of (1.1), ¥; solves, for 2 <i < K,
Dty — v = 0,
8nwi\89 =0,
Yijc; = 0i;
and the constants ¢; satisfy a linear system whose coefficients depend on the ;.
Therefore, as explained in the introduction (paragraph 1.2.3) the main issue
is to compute the asymptotic behaviour of every function ;. Following the steps
described in the preceding sections (and which will be developed in the next chap-
ter), we are able to construct a function ¢;*? for every 1 < i < K. Of course, there
are a few minor changes, due to the non homogeneous boundary condition, but we
leave those to the reader, as they do not bear any additional difficulty.
Let us admit for the time being that Theorem 2 holds for the functions ;,
namely that we are able to construct ¢{*” such that
(2.22) s = 7" 2 = o(W"/®), [l = 4™ ||z = 0w ™).

Hence, in order to prove Theorem 2 for the function v, it suffices to define
K
Yapp = Y1 + Z ;PP
=2

where the constants ¢;”” are such that
(2.23) le; — 7P| = o(VY/®), PP = 0(1).

According to (1.22), (1.23), we have ||| = O(1), [|[%§7P|| g2 = O(v~/2), so
that (2.22) and (2.23) imply

llv — 1/)appHL2 = O(Vl/S)’ [ — wappHH? _ O(V_3/8).

We now turn to the proof of (2.23), which relies on the following Lemma:

LEMMA 2.5.1. For all i € {2,--- K}, let g; € C>(Q) such that g; = 1 in a
neighbourhood of C;, and Supp g; N C; =0 for i # j.
Let us define the following matrices:

woe (v f a.55)
Ci 2<i,j<K

i (< [ o)
Q 2<i,5<K

together with the vectors

DY = (1// On At +/ Tt n) ,

2<j<K
D o= (/(ng+¢‘fpp5xgj)+/ TL'”)
Q c;

2<j<K
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Then the following facts hold:
o [M¥ = M| = o(y115), D — D] = o(u/5);
o MY, M%P are invertible matrices, with (M)~ = O(1),(M*P)~1 =
o();
e DP = ((1).
Before addressing the proof of the lemma, let us explain why (2.23) follows: by

definition,
2
MY = MVYc= D",
CK
so that
MY (¢ — cPP) = (M*PP — M"¥)c"PP + DY — DPP,

where ¢®PP is defined by
MOPP APP _ app.

Using the last two items of Lemma 2.5.1, we infer that ¢*”? = O(1). Therefore
MY (¢ — ¢P) = o(v1/8).
Since (M¥)~! = O(1), (2.23) holds.

ProOF OF LEMMA 2.5.1. e The first step is to use the equation satisfied by
every v; in order to express the coefficients of M"Y, DY as integrals on 2. More
precisely, we have, since Vg; = 0 on a neighbourhood of 912,

l// 8HA¢] = V/ gianij

C; o

V/ giAZZ[}]‘—FV/ VAﬂijgz
Q Q

/giaﬂ/)j *V/ V;A%g;

Q Q

= */l/fjamgﬂrtsij/ €m'n*V/¢jA29i-
Q Ci Q

Since C} is a closed curve, we obtain eventually

I// 871A’¢j = —/ wjawgz_l// ’L/)JAQ.gl
i Q Q

In a similar way,

*1// OnAyYn :/(ng+¢1azgj)+V/¢1A2gi~
o, 0 Q

The energy estimate (1.9) shows that ||¢;]|2 = O(1) for 1 < j < K, so that

MY = <—/ ¢j3x9i> +O0(v),
Q 9<ij<K

DY = (/Q(ng + 110,9;) +/ij Tt n) +0(v).

2<<K

(2.24)

Replacing every function ¢; by 47"

the first point of the lemma.

and using the error estimate (2.22), we obtain
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e To prove the second point of the Lemma, we use identity (1.20) in the intro-
duction, from which we deduce the following coercivity inequality: there exists a
constant C' > 0, independent of v, such that

(2.25) Ya = (ag, - ,ax) € RE, ZMi'}aiaj < —Clal*.

Of course this entails easily that (M")~! is bounded. Using the first item of the
Lemma, we infer that M“PP satisfies the same type of coercivity property, and
therefore (MPP)~! is bounded as well.

Let us now prove (2.25). Let a € R¥~! be a fixed vector. Let V C Q be an
open set such that V' is a neighbourhood of I'yy, namely

e OV NN C Ty (notice that this implies that V does not interset T'y g,
nor I'g);

e VNY =0 (V does not meet the discontinuity boundary layer) ;

e VNB; #0,and OV N B;NTy # 0 for all 2 < i < K (V intersects the
West boundary of every set B;).

Then we may write, with %P = 3~ ;7P
1// |AY,|? = y/ |AYIPP |2 4 o(11/4al?)
Q Q
v [ 18w ot )
.

K
o3[ i o ),
i=2 VNB;

On every set V N B;, by definition?!,

vV

%

6:I:i71'/6

YIP = g, (1 + x0(2) Z

exp(— Ay e ™/32) | .
NG p(—Aw ))

+5i7/6 ) 2
HT/3 | ds dz

Consequently, at the main order,
e
Z exp(—Awe

v [ aep = va [
VNnB; VNB; =+
)

> Cva?/ (s ds
VNB; mFW

> Cd2.

K2

Gathering all the terms, we obtain (2.25).

e The fact that D?? = O(1) is obvious and follows from (1.9), which yields
[91llz2 = O(1). 0

For the sake of completeness, we also give the system satisfied by ¢ = lim,, g c =
lim,, _, ¢ c®PP:

INotice that on B;, the main order of wgpp is 1p,, whose normal derivative on 9% is zero
(away from the end point of ¥). As a consequence, several corrector terms, whose construction is
necessary in the general case, are identically zero here.
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COROLLARY 2. Let ¢ be the solution of
Mé=D,

N = <_ / e n> ,

oB;NC; 2<i j<K

D:= </ (tg9; + ¢08w9j) +/ Tt n)
Q C;

Then ¢ = lim, o ¢;.

where

2<G<K

PROOF. We pass to the limit in the formulas (2.24). It is proved in [2], and it
can be easily deduced from our construction, that

¢; = 1p, inL*(Q)for2<j <K,

/ % zGi — — / awgz = / €y - T
aA_jﬂCi

Hence the identities (2.24) imply easﬂy that
MY —- M, DY — D.

Passing to the limit in inequality (2.25), we infer that M is also coercive, and
therefore invertible. Thus ¢ is well-defined. The corollary follows.

and therefore

O



CHAPTER 3

Construction of the approximate solution

The approximate solutions to the Munk equation (1.1) are obtained by gath-
ering together the different elementary pieces described in the previous chapter,
namely

e the interior term which is essentially the solution to the transport equation
(1.5), regularized in the vicinity of “East corners” and of the interface ¥;

e East and West boundary layer terms, which lift locally the boundary
conditions but become singular in the vicinity of the points s;;

e North and South boundary layer terms, which lift the boundary conditions
on the horizontal parts of the boundary but in a non local way.

We have now to understand the interplay between those different elementary pieces.

Of course, the equation (1.1) being linear, the errors induced by all these terms
are simply added, so that the control on the remainders in the approximate equation
will be rather simple to obtain. The point to be stressed is that we need that each
elementary term to be smooth enough (namely H?), with suitable controls on the
corresponding derivatives.

More precisely, we will consider here only one basic problem among (1.17)(1.18),
say the case (1.17) with homogeneous boundary conditions g = 9,9q = 0 and
forcing 7. We will further assume, without loss of generality, that we have the
simple geometry described in the previous chapter

Q=QTuQ Uz,
where
QF are non empty, open and convex in x;
O ={(z,9) €Q, y>yrorz > 11 };
Q" ={(z,y) €Q, y<yr and z < 21 };
Y={(z,1n) €Q, x <z}
and (z1,y1) = (z(s1),y(s1)) for some s; such that cosf(s;) = 0 and sinf(s;) = —1.
We emphasize that the only simplification here regards notations, and that more
complex domains satisfying assumptions (H1) — (H4) are handled exactly in the
same way.

In the present chapter, we will actually focus on the following difficulties

e the precise regularization process for the interior term in QF (section 3.1);

e the fact that the East boundary layer does not lift simultaneously both
boundary conditions, which implies that one has to introduce an addi-
tional corrector defined on a macroscopic domain in the vicinity of the
East boundary but far from corners (z;,y;) where it would be singular
(section 3.2);

39
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e the connection with North/South boundary layers (even if the correspond-
ing horizontal part of the domain is reduced to one point (z;,y;)): we in-
deed expect these boundary layers to lift the boundary conditions both on
the horizontal parts and on the East/West boundaries close to the corners
(24,y;) (section 3.3). Note that, since these North/South boundary layers
are defined by a non local equation, we need to check that they do not
carry any more energy beyond some point, so that they can be truncated
and considered as local contributions;

e the truncation of the surface layer near its West end, in order that its
trace on the West boundary is not too singular (see 3.4);

e the precise definition of the West boundary layers, which have to lift the
traces of all previous contributions (see 3.5).

We will also derive estimates on the terms constructed at every step.

Note that, for boundary layers, the construction must be performed in
a precise order, starting with East boundaries, then defining North/South
(and surface) boundary layers, and finally lifting the West boundary con-
ditions. This dissymmetry between East and West boundaries is similar to what
happens at the macroscopic level for the interior term.

3.1. The interior term

As in the previous chapter, we define

ze(y)
(3.1) W ey) = - / (e, y) de,

where zg(y) is the abscissa (or longitude) of some point in T'g with ordinate (or
latitude) y. We have seen that ¢)° does not belong to H%(Q) in general: indeed,

e The function g has singularities near the points y;,7 € I;
e Since xp takes different values on Q and Q~, the function ¢ and its y
derivative are discontinuous across X.

Therefore, ¢/° cannot be used as such in the definition of the approximate solution
PP of (1.1).

Let us first consider separately the domains Q%. We remove the singularities
by truncating the function 7 near the end points of I'r (with abscissa s;,7 € I.).

The size of the truncation depends on the rate of cancellation of cos 6 near s;.
Since the rate of cancellation may be different on the left and on the right of s;, we
seek for truncation functions with different behaviours on the left and on the right
of every cancellation point. More precisely, let

(32) Xo(,y) == ] xile — iy — wi)
il

where (z;,y;) are the coordinates of the point of 02 with arc length s;. Each
function y; takes the following form:

xi(z,y) = =t éﬁ) oo
e (m ,61) if 2 < 0,
Y
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and the function Y is defined by

1= x(z,y) = (1 =x1(2)(1 = x2(y)) (2,y) € R,
with %1, x2 € C*(R), and

1
Xi(z) =1if [z[ > 1+ m; Xi(x) = 0if [z] <1,

xe(y) =1if [y > 1, xao(y) =0if [y] < 1/2.

The above definition calls for a few remarks:

e Notice that the rate of cancellation in y, namely J,, is the same for every
function y;. It is far from obvious a priori that such a choice can lead
to a suitable truncation. However, in order not to further burden the
notations, we have chosen to anticipate on this result, which follows from
the proof of Lemma 3.1.1 below.

e The functions y; all belong to C§°(R?). Indeed, it can be easily checked,
with the definition of y, that all the x derivatives of Y vanish for z = 0.

e The x derivative of the function Y is unbounded (it is of order |Ind,| in
L*°). This choice is mandatory in the case of an exponential cancellation
of cosf around s; (assumption (H2ii)). If the cancellation around s; is
algebraic (assumption (H2i)), the function y can be any smooth function
vanishing near zero and such that 1 — x has compact support.

e The function y satisfies obviously

0<x<1,
1
X(@,y) =0if [yl < 5 and |z] < 1,

1
x(z,y) if [y > 1 or [z] > 4-|1n5y|

We set (see Figure 3.1)
0 we(y) / / /
(33) W) == [ ) de
xr

With this definition, ¢ € H?(QF), but ¢ ¢ H?(Q): indeed ¢ and 9,1 are
still discontinuous across ¥.. The term "' constructed in paragraph 3.4.1 of the
present chapter will lift this discontinuity.

Moreover, by definition of 1Y, we have

Dptp? —vA*YY =74+ 61 on QT UQT

with

(3.4) 61 = 1(xp — 1) — vAZYY.

Let us now give the definition of the truncation rates. We take
(3.5) 0y = 4 vV (In | Inv|) =P,

for some arbitrary exponent 8 > 0. The definition of J, is a little more involved.
If v (y) is defined on both sides of y;, i.e. if s; belongs to the interior of I'g, then
we set

(3.6) 5;74_ = |rp(yi Foy) —xil, 0y = |zrp(y;i £Jy) — x;| where £ = sin0(s;).
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S
3 S,
. 7 I 25,

25,
Sy —
077
7777 Z
s
s, 0

FIGURE 3.1. The function 7 is truncated in the hatched zones. In
the picture, Iy = {1,2,3,4}.

If x5(y) is defined only on one side of y;, say for y > y;, then we take

(37) 5;_,'_ = 5i7_ = |1'E(yz + 5y) - QL‘L|

The following result holds:

LEMMA 3.1.1. Assume that § satisfies assumptions (H1), (H2). Let 8 > 0 be
arbitrary, and let §,, 6, as in (3.5), (3.6)-(3.7). Then

Im(xv = Dll-2(0) = o(*/®),
A 20ty = o(v3/8).

This lemma will be proved in Chapter 4.

We conclude this paragraph by giving some estimates on the trace of 1Y and
OptpY. These estimates will be useful when we construct the boundary layer terms
lifting these boundary conditions. For the sake of readability, we introduce the
following majorizing function

1
M(y) = ]' + . H 15;;§2|y—y7:|§1 :
infier, |(y —vi) Inly —uil| ier,

LEMMA 3.1.2. Let ) be defined by

ze(y)
W2, y) = / (o) (o) di.
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e Trace estimates on 0¥): There exists a constant C, depending only on Q and
T, such that for all s € 01,

W?\QQHLOC(BQ) < C,

IN

0000 (9)] 5 |ln§y| Z Ljy(s)—ys|<s, + M(y(s))

i€l

Moreover, for all s € 0Q such that (x(s),y(s)) ¢ 2,
|8s¢?|an(3)| +5y|333n¢?\39(8)|

- |5co|si§5|| Z Liy(s)—yil<s, T | cos0(s)| M(y(s))
and
0268 50 (3)] + 81020065 g ()] < c(;+5|h§'|)
10209 50, (5)] + 0,020,009y ()] < g(lJr |c§z9| . |c(?593).

FEventually, on the Fast coast, we have the following more precise estimates:

Ty
J |Cos€( ly(s)—yi| 28, /25

iely

|02 On 4, (5)]

0'(s)
0700, () S O |2H (o) il 26, /2

e Jump estimate on X: The jumps )]s, [0,¢?]s are constant along ¥. More-
over, there exists a constant C such that

c
H¢?]E‘§0a Hang]z‘gm

Proor. The L* bound on z/ng 5q 1s obvious: we merely observe that

[¥RoallL=@a) < ITlLe@ — sup  Jo—a'|.
(z,y),(z' Yy )EQ

As for the bound on 9,1?, we have 9,, = cos 03, + sin 60y, so that

(3-8) Ontoa(s) = —sinb(s)zp(y(s))(Tx.) (xe(y(s)), y(s))
zg(y(s))

(3.9) —sin 0(5)/ Oy(Tx0) (2, y(s)) dz
a(s)

(3.10) +cosO(s)(Txu)(x(s),y(s)).

Using the definition of x,, notice that if (zg(y),y) € Supp ., then

either inf M (xE(y)l—_x’)i > 1.

> L f
— or inf su
el 5y 2 i€l ip z,+
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According to (3.6)-(3.7), the above condition becomes

— 1 o
either inf ly=wil > — or inf sup (zp(y) — =)+
i€ly Oy 2 i€ly + |xp(y; Fsinb(y;)dy) — x;)|

Since z g is a monotonous function near y = y;, this amounts to

inf |y — ;| > 6, /2.
feIh'y yil > 6,/

We infer that

Oy

(3.11) (@B(y),y) € Suppxy = Vie Ly, y—yil = o
The formulas in Appendix A imply that for all ¢ € I, in the vicinity of y;

C
3.12 25 (y)] <
(312) e Ty = il
so that o

<
(ze(y),y) € Suppxy = |2p(y)] < CM(y) < 5,1 d,|

Recalling eventually that for all ¢ > 1, for v sufficiently small,
10y xwlloe = O(8,1),
Supp dyx, C U [w, — 06;77, i + 05;7+] X [yi — Oy, i + 9y],
i€l
with 6%, . = O(|Iné,| "), this leads to the estimate on anzp?lm. We have indeed
(3.13)
zr(y(s)) zp(y(s))
’/ 0y (Tx0) (, y(s d:r’ < 10y xwllseLjy—yi <s, /( ) Liga,|<cs, Ao

i€l

y(s))
" Z/ X0y 7] (2, y(s))de

i€l

0z
Yy

The estimate on ;v is obtained by differentiating the identity

0 . z5(y(s))
¢t|an(3) = - (7x0) (@, y(s)) dx

with respect to s. Using identity (A.1), we infer that
dstiioa(s) = cosf(s)an(y(s)(Tx)(@E(y(s)), y(s))
+sin6(s)(mxu)(z(s), y(s))

(y(s))
—cosf(s) /( : Oy (Tx0)(2,y(s)) dz.

The estimates (3.12) and (3.13) above yield the desired inequality.

The other trace estimates are derived in a similar fashion. Notice that is is
hard to derive a sharp global estimate, since the angle 6(s) for s € T'yy is in general
different from the angle 8(s’), where s’ € I'g is such that y(s) = y(s’). Therefore,
there is no simplification for terms of the type cos?(6(s))z’s(y(s)) when s € Tyy.
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On the East coast, however, we can use the formulas in Appendix A, from which
we deduce that

0'(s)
cos B(s)

cos?(0(s)) % (y(s)) = Vs € I'g.
Notice also that 1Y vanishes on I'p by definition, that an¢§|FE is supported in
{ly(s) — yi| > 6,/2}, and that all terms of the type

E(y(s)) .
/( : 0y (Txv)(z,y(s)) dx

are zero for s € I'g. The upper-bounds for afanqulrE, aganuzgrE follow.
As for the jump estimates, we recall that with the notations of Chapter 2,
Section 2.4,

x;(yl)
[]s = —/ (Txv)(z,y1) dz,

1

and therefore the jump of v is of order one. Notice that the assumptions of Chapter
2, Section 2.4 imply that 21 = 2 (y1). The jump of the y derivative is given by

Byl = —af (1) () @h ) v),
g (1) (mx) (@5 (v1), 91)

954;5(2/1)
- / By () (@ 11) d.

z1

The points (Jcﬁ(yl),yl) do not depend on v. Therefore, either (m%(yl),yl) is an
East corner (1 € 1), and then (7, ) (x5 (y1),y1) = 0 for all v > 0, or (z5(y1),y1) is
not a corner, and then :I:g(yl) is bounded by a constant independent of v. Hence
the first two terms of the right-hand side above are bounded as v — 0. Using
inequality (3.13), we infer that

C

xE(yl)
< — .
/ 8y(7'Xu)(x7yl) dl‘ — 5y|1n6y|

Z1

At this stage, we have built on each subdomain Q% an interior term 1?

e which belongs to H? (typically with derivatives of order O(d, 1) in the
vicinity of East corners),
e and which approximately satisfies the transport equation 9,9 = 7.

Nevertheless 99 does not fit the boundary conditions, and therefore boundary layer
correctors must be defined. Following the direction of propagation of the equation
at main order, we start with the East boundary layers.
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3.2. Lifting the East boundary conditions

In this section, we focus on an interval (s;,s;+1) C I'g. We recall that the
domain [s;, s;,,] C [si, si+1]) of validity of the East boundary layer is given by

sf = sup{s € (SZ‘, 814—2814-1> B0 | cos 07T > 1},

Siv1 = inf{s € (Si—'_;iﬂ,siﬂ> w310 [ cos0]7T/3 > 1}.

Easy computations based on the explicit rate of cancellation of cos § near s; provide
then the following Lemma, which shows in particular that, because of the trunca-
tion, the trace of 9,9 is zero outside the domain of validity of the East boundary
layer.

LEMMA 3.2.1. Under assumption (H2i),

1
5§ — 8 ~ Ciymis

Under assumption (H2ii),

4 In|l 1
N e LALL Y GEIR
v Inv Inv Inv

PROOF. Lemma 3.2.1 is obtained by straightforward computations :
o If (H2i) is satisfied, then for s > s;

4n+43
3

V310 (s)] | cos 0(s)|~T/2 ~ C'VY3 s — 5]
so that there exists a positive constant C; such that

(3.14) s — 8y ~ CypTrs.

7

o If (H2ii) is satisfied, then for s > s;

4o
exp —
VR0 ()] | cos B(s)] T ~ cml/si(“s )

(s —s;)?
so that

4o Inv
—2In(sf —s8)+ ————=—-InC' — — 1).
n(s; S)+3(Sj_—81‘) n 3 +o(1)

Computing an asymptotic development of sj — s; leads to

4 In|l 1
(3.15) N Ly PR LU Y G
v Inv Inv Inv

O

Using the formulas in Appendix A, we infer in particular that in case (H2i),

n+1
y(st) — yi ~ Cv b,
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and (n+1)/(4n +3) > 1/4, so that |y(s]) — y;| < 6,. In a similar way, if (H2ii) is
satisfied,

Inv In|Inv|
—yl o~ 2 — + + 1
|y(si ) — yil Cllnv| " exp <a (1 6 oo O(|Inv]| )>)

1
~ C|lnv| ?exp (rlz/ + %ln|lny| + O(l))

~ Cllny| Y2t « 5,

Therefore, in all cases, we have |y(s;) — ;| < &, so that the extremities of the
domain of validity of the East boundary layer are in the truncation zone.

3.2.1. Traces of the East boundary layers.
By definition of ¢?, we have

(¢?)\FE =0.
We thus define the East boundary layer to lift the trace of 9, i.e.
VE(s, Z) = =5 (5)0ntyr,, (s) exp(—2)

where

v

rs(s) = <COS€>1/3'

But then 9 + BL (s, Agz) does not satisfy anymore the zero trace condition
on I'g. More precisely, since 8n1/J?|FE vanishes for |y(s) — y;| < d,/2, we have the
following trace estimate:

LEMMA 3.2.2. The trace of ¥g satisfies the following bound

1/3

(3.16) W/E|Z:0(5)| |1/3M(y(s)).

<C——FF—m
~ |cosf(s)
Moreover, its derivatives with respect to s satisfy

10s¢E|1z=0(s)] < OV1/35;1| cos 0]*/3 M(y(s)),
2 < 1/35—1 10'(s)]
‘aswE|Z=0(8)‘ — CV 5y |COS9(S)|1/3M(y(S))’

prms(s) < g LTOE )
s YE|Z=0 = y |COSG(S)|4/3 Yy .

N

These estimates are a straightforward consequence of Lemma 3.1.2 and of the
formula defining ¥ .

Hence the remaining trace on I'g is non-zero, and must be corrected. Note in
particular that the bounds above are too singular in the vicinity of s;,2 € Iy in
order that we can lift the remaining trace by a simple macroscopic corrector. We
lift the trace in two different ways depending on the value of s:

e If s is far from any point s;,7 € I, we lift the trace thanks to a macro-
scopic corrector ¥§’"", which we construct in the next paragraph;

e If s is in a neighbourhood of size one of any s;, we lift the trace of ¥g
thanks to the North and South boundary layer terms; we will explain the
latter construction in the next section.
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3.2.2. Definition of the East corrector.
The idea is therefore to split each East boundary component [s;, s;+1] in three
subdomains (independent of v)

e one which is far from the singularities
[Uj_?ai_-i-l] Clsiy siy|
so that we have uniformly small bounds on the trace of ¢/ 5% on [0;r o4l
e two which are (macroscopic) neighbourhoods of the singularities and such
that
(3.17) Vs € [si,aj] Ulogg,siv1],  [sinf(s)] >

)

[N

so that we can extend the North or South boundary layers on these parts
of the boundary.

We therefore define suitable truncation functions ¢}, ¢, € C*(R,[0,1])

1
ef(s)=1if s > o], @j‘(s)infsga(si—l—aj),

_ . _ _ ) 1 _
Yi(s)=1if s <o, @i (5)=0if s> ~(sit1 +0;,,).

(3.18)

[\

The East corrector is then expected to lift g@jgo;_lz/JE‘Z:o, which is the part of
the trace which is known to be small. More precisely, we set, for s € [s;_1, s;],

(3.19) F(s,2) = —Up1z=0(8)0; (8)@i_1(s)x0(2).
Using Lemma 3.2.2, we infer that
(3.20) Y& () = O@H?) Ym < 3.

Moreover, w%‘)‘g{z\FE =0, and anw;ﬁgﬂ = 0 by definition of xo. Notice also that

(W + ¥p(s, Ap2) +¥E™) g+ o= =0,
On(¥r + ¥E(s, Ap2) +VE ), = 0.

Therefore, at this point, we have restored both boundary conditions on the

subdomain [0, ;] of [si, i+1], but not the condition on the trace in the neigh-

borhoods of the singularities. This is handled by the North and South boundary
layers, which we now address.
In the next section, we set

(3.21) V=) + U+ Yp(s, Ap(s)2),
so that
ll’Z‘OQ\FE = w?lBQ\FEv
ntioarre = Iy
(si,s01) = (1= 7 0111 )VE|z=0(5),
Omyr, =0,

where (s;, $;41) is a connected component of I'g.
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3.3. North and South boundary layers

In order to lift the boundary conditions both on the horizontal parts and on
the East/West boundaries close to the points (z;,y;) for 1 <i <k, we then define
North and South boundary layers. Without loss of generality, we focus on the case
of South boundaries (the case of North boundaries can be deduced by a simple
symmetry).

Denote by s; and s;_1 the curvilinear abscissa of the endpoints of the horizontal
part to be considered, with s; = s;_ if it is just an isolated point of the boundary
with horizontal tangent.

There are several point to be discussed in the present section:

e In the first paragraph, we give a precise definition of the interval on which
energy is injected in the South boundary layer (i.e. we define the support
of the functions ¥y and ¥y appearing in (2.11));

e The second paragraph is devoted to the derivation of regularity and mo-
ment estimates on g;

e Eventually, we explain how we truncate 1 g beyond the support of ¥y and
U, .

3.3.1. Definition of the initial boundary value problem.
We first define the extremal points of the interval on which some energy
is injected in the boundary layer :

o If cosf(s) > 0 for s > s; (East boundary), we need to lift the East
boundary condition on a macroscopic neighborhood of s;, namely [s;, J;L ]
where o is defined by (3.17).

Similarly, if cos 8(s) > 0 for s < s;_1, we define o;_; by (3.17). Truncation
functions ¢, ¢, , are then defined by (3.18).

o If cosf(s) < 0 for s > s; (West boundary), we only need to lift the West
boundary condition on a small neighbourhood of s;, precisely when the
West boundary layer become too singular (Recall that the trace of ¢ is
not zero in general in the vicinity of s; on West boundaries). We therefore
denote by af the arc-length beyond which no energy is injected in the
boundary layer, and we expect that o} > 5] > s;, and |0} — s;| < 1.

Note that, in order that the transition between the two types of
boundary layers is not too singular, we have to choose |J;r - sj| as large
as possible. But in order that the transport coefficient b in (2.11) remains
bounded in L', we need that cos(s) is small for s < o;". We thus choose
o) satisfying the condition

ot
(3.22) / | cos O(s)| ds = v/,
S

We further define ] € C*°(R, [0, 1]) such that
(3.23) ¢ (s) =0if s <sf and Supp(l — ¢]") C (—o0, 0.

Similarly, if cos(s) < 0 for s < s;_1, we define o,_; by

Si—1
/ | cos O(s)| ds = /4,

i—1
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and ¢; ; € C>*(R,[0,1]) such that
Supp(l — ;) Clo;_4,00) and @;_,(s) =01if s > s;_;.

For technical reasons, we also require that if (s;,s;41) C I'y and if
cos 6 vanishes algebraically in a neighbourhood on the right of s;,

. oT
(3.24) Supp Dyt ( s+ '2') ;

of course a similar assumption holds for ;.
We further impose that for all kK € N,
10307 [l = O(ls7 — o3| ™" + |87 — sl %) if (s, 80 £1) € Tw,

3.25
329 10205 lloo = O(ls — o3 7*) if (5,80 £ 1) C T

REMARK 3.3.1. There are two cases of South boundary layer terms which will
not be considered in this section, since they both give rise to interface boundary
layer terms:

o whencosB(s) <0 fors < s;—1 (West boundary on the right) and cos 0(s) >
0 for s > s; (East boundary on the left);
e when cosf(s) > 0 for s < s;_1 and for s > s; (East boundary on both
sides), with s;_1 < 8;;
We will indeed consider the corresponding South boundary together with the
singular interface ¥ in the next section.

As in Lemma 3.2.1, we can compute asymptotic developments for a;r and o;_.

LEMMA 3.3.2. The transition functions o= have controlled variations :

o If cos > 0 for s € (s;,8,+1) (East coast), then there exists a constant
¢ > 0 such that

|si —oi"| 2 C,
and therefore
10507 [loo = O(1) V.
o Ifcosf <0 fors € (s;,8i41) (West coast), then

+ y 1
o — s ~ Ciyan+i

if (H2i) is satisfied in a neighbourhood on the right of s;, and
4 In|l
+ a@ (1_Sn|nl’|+o(|lny|—1))

g, — §; =
if (H2ii) is satisfied in a neighbourhood on the right of s;.
In this case,

CInv Inv

10707 Nloo < CLM/T.

PROOF. The proof follows from the definition of aj' and cpj' on East and West
coasts. We check in particular (see Lemma 3.2.1) that we always have ;7 > s;. In
the case of a West coast, using assumptions (3.25), we have

k _+ _ —k/(4n+3) k _+ _ [ Inv|?
105 ¢i [l = O ) (resp. 050 [loo = O )

In|Inv|
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if assumption (H2i) (resp. (H2ii)) is satisfied in a neighbourhood on the right of s;.
Notice that the most singular case corresponds to (H2i) with n = 1, which leads to
the estimate of the Lemma. O

s> 0" g, compensates
the traces of ¥, 9 ¥

si+ Si
“Mixed” zone
South coast:

s< s’y compensates cos 8=0, sin 6=-1
the traces of y, 4 ¥

FIGURE 3.2. The interplay between the North/South and
East/West boundary layers

Define
(3.26) Yicri = (1= )(1 - ®i 1) -
The South boundary layer is therefore described by
Oss +b(s)0zs + p(s)dzts =0, s> 074, Z >0,
Yz1x=0 = Yo, Oz¢s)z—0 =1

where b(s) = —v~/*cosf(s)/sinf(s), u(s) = —1/siné(s), with boundary condi-
tion

(3.27)

Uy (s) := —%71,1‘1/;\352(3),
Uy(s) := —1/1/4%—1,16711;\89(5)7

and zero initial data prescribed at s = o0;,_;. We recall that 1 is defined by (3.21).

Note that, when the two types of boundary layers meet (that is on the support
of (7vi—1,:)’), the width of the North/South boundary layer is much larger than
the one of the East/West boundary layer. Indeed, the width of the North/South
boundary layer is always v/, while that of the East/West boundary layer is, using
Lemma 3.2.1,

AL (sH) = v 13 < ynrs ‘ in case (H2i),
BWAT cos0(s]) - /4 1Inv|=3/2  in case (H2ii).

(3.28)
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Therefore, it seems more accurate to talk about a superposition of the boundary
layers, rather than a connection.

3.3.2. Estimates for ¢y g.
LEMMA 3.3.3 (Trace estimates). The functions defined by
Wo(s) = —yi—1,i¥j00(s),
Uy (s) := —V1/4%—1,i3n15\89(8)7
for s € (o;_1,8i+1) are such that
|05Wo| e + 050 [ < Co7 for ke {0, 3},
0sWollLr + (|05 W12 < C,
10200111 + 620110 < €6, [0 Woll g + 9304 s < Co; w17,

Moreover,
[0Wollrr + [[b¥1 ]2 = O(1),

05 (0%0)[| L1 + (|05 (b¥1)] 1 = o(v~1/0),
192(6%0) || 11 + |02 (6T )| = O(v=2/7).

PROOF. We recall that ¢ = 1 + %™ + (s, \g(s)z). Notice that thanks to
assumption (H3), ¥ is continuous (and even C?) on the interval (o;_,,0;"). The
estimates are slightly different depending on whether (s;_2,s;—1) and (s;, s;+1) are
portions of I'g or I'yy. We focus for instance on the portion (o, 4, s;—1), keeping
in mind that the portion (s;, o) is analogous.

Connection with West boundaries.
If (0;_4,8i—1) C I'yy, then by definition of o;_,

(3.29) Vs € (0, 1,8i-1), |y(s) —u| <v/* <4,
Moreover, 1) = ¥ on (0;_1, ;) in this case. Therefore Lemma 3.3.3 is a consequence
of the trace estimates on v stated in Lemma 3.1.2.

First, the L bounds together with the definition of ;_; imply that ||¥¢|p~ =
O(1). Moreover, for s € (0;_4,s;), using Lemma 3.1.2 and inequality (3.29), we

have | 6(s)|
00 < |4 Leosbs
oruiiant)] < 0 (14 ),

so that, using the definition (3.17) of o* together with the definition (3.5) of d,,

o'+
105900l 1o sy S CQ +u*1/4|1ny|*6/5(1n|1ny|)ﬂ/_ |cos O(s)| ds
Ti-1
< C(1+|nv[~%5(n|mv])?).
We infer that
”\Ilé)”Ll(ai‘_l,si) < ||¢?|a§zHOOHaSSOi”Ll(gi—_l,si) + ||as¢?|ag|‘L1(J;_l’si) <C.

In a similar fashion, Lemma 3.3.2 and assumption (H2) yield

A

H‘Ifl ||Loo(g;1,s,i) = V1/4H8n¢?|39 HLoc(g;l,si)

1
Ccvt/t (1 + > <C,
by|In 0y |

IN
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and eventually
13

IN

1/1/4”85@1'“[/1(0-;7175,) an’ll)to‘aﬂ||[‘00(g—;71,si)

+CV 05001 0

Lt(oi 1:84)

ol V1/4 /Si (1 n |2COS 9| )
o7, \0y 62| In d,|
1/4 1/2
< O<1+V + o )gO.
dy 62| In 6|
The higher order estimates are obtained in a similar way. We use the estimates
of Lemma 3.3.2, namely

105 pillo0 = O™ 7),  [0Fgills = O(w=(=1+/7);
In a similar fashion,

|| cos® HHLOC(J;I)SI,) =O0W"®), | cos* 9||L1(g;1,si) =

IN

O(V(k+1)/8).

Lemma 3.1.2 implies that for s € (o;_, ;)
2 5
w41 < o (o7 (14 DY (3 sl
Y Oy Oy
C (10267 | + 1020 1)
|cos| |cosf|?
5,
Y Y
coria (10 0200)
y 5,
cos (s _
2O0) 4 ozt + 030,
y

from which we easily infer the estimates of the Lemma.
The estimates on bW and bW, are a consequence of the following estimates on

DPUo(s)] + [P0 ()] < C@IQ+

+Cv 27 (1 +

b:

b=0on (s;-1, i),

HbHLl(o’lil,si,l)

by definition of o;_; on West coasts, and
Hb”Loo(g;—lvsi—l)’ Hasb”Ll(gz:uSi—l) = O(V71/8)7
HaEbHLl(U = O~ 19).

i_1Si-1)
Indeed

_1:8i—1)"

|‘8§b||L1(U;17Si_1) <C(1+ 1/71/4H8§0||L1(0;

Using assumption (H2) together with the definition of o;_,, we infer the desired
result; notice that the most singular case corresponds to n = 1 in (H2i) for the
estimates on b and 9,b, and to n = 2 for the estimate on 92b.

Connection with East boundaries
If (0;_4,8i—1) C I'g, the estimates are different in several regards:

e The function 7;_1,; has bounded derivatives;
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e Because of the truncation Y, the traces of ¥) and 9,1? are identically
zero on the vicinity of s;_1;
e The trace of ¥ is zero on (0;_, 8i—1).

e The normal derivative of ) = 9 + ¥ + Y™™ is identically zero on
(0;,_1,8i—1) by definition of g, so that ¥; =0 on (0;_, si—1);
Therefore it suffices to prove that v;_1 ;9 g satisfies the desired estimates on the
interval (o;_4, si—1). Notice that the estimates on (s;_1, s;) can be treated with the

same arguments as in the first case.

We use the estimates of Lemma 3.2.2 and assumption (H2), together with the
formulas of Appendix A, in order to compute y(s), cosf and 6’ in terms of s. We
infer that on (o,_q, s;—1), ¥o satisfies the following bounds:

o If (H2i) is satisfied in a neighbourhood on the left of s;_1, then for k =
1,2,3, CES (0;_1,87;,1)7

4

[y

IN

_an+s _
Cv'f? (|3 —si1| 77 |In(sizy — s)| 1106§/(’L+1>S\s—si_1\51/2 + 1) ’

k 1/35—1 —n_k -1
|6§ \I/0| S v / 5y (‘S - S¢_1| 3 |1H(Si_1 - 8)‘ 105;/(n+1)§|5—81‘71|§1/2 + 1) .
We infer in particular that

_ _4n+43
1Woll oo (o= | siy) < Ovt/36, 5 1§, |1,

Since % < 4/3 for all n > 1, we infer that
||‘I’0|\Loo(a;l,si,1) < Cu1/35y_4/3‘]ny‘_1 < C|lny|™t.

As for the other estimates, we have, for kK = 1,2, 3,

_ n+3k

1R W0 | e o ar ) < CVH26,10, 705 |,
_ n43(k—1)

105 ol 1 o, )y < CVP8,18, 2T [Iny| 7

It is easily checked that the most singular estimates on the L norm, and
on the L' norm as soon as k > 2, correspond to n = 1. We obtain

”83\110”1:1(0;1,371_1) < Cllny|™t,

0.8 ey 120 o o < Com 2 ]
HO290 e o i1y NO3C0 o,y < Cv72 4 w7,
||a§‘1’0||1;x(gi—71)3i71) < CV_1/3|1n1/|_1.

Notice that these estimates are always of lower order than those derived
in the first case.

o If (H2ii) is satisfied in a neighbourhood of the left of s;_1, then for s €
(0;_1,8i—1) and k =1,2,3,

4o
1/3 ~1
[Wo(s)| < Cv /3]s — s;_1| L exp <3|s—sz_1|> 1iy(s)—yi1|>68,/2>
3o i «
08T (s)| < Oyl/‘séy Ys —si_1| 71 7% exp (3|s—sl|> Liy(s)—yi 1125, /2-
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Moreover, in case (H2ii), we recall that
y(5) = yi-1 ~ C(s — si-1)* exp <—a> ;
|s — si—1]
so that for £k =0,1,2

R L o L

1:8i—1)? i_18i—1)

< Cu1/35y_4/3| lnu|2k_% < | lnu\gk_%
and similarly

Hag‘yo”};oo(a;l < C|ln1/|13/3.

,8i—1)

Therefore we retrieve the desired on the norm of ¥y. Concerning the
estimates on b¥g, we use the following inequalities on (o;_;, si—1)

pRo(s)] < O cos B M(y(s)),
Ou(bo(s)] < Cv (8, cos 7 + 16/ (3)] | cos B/ ) M(y(s))
2 1/12( s—1 2/31p/ 10" (s)|
OOV < Cot12(8,  cos OO ()] + o L ) MU(s))

Once again, we distinguish between (H2i) and (H2ii), and we obtain
160l < ClInv|™,
10 (%) < CvY/*25,1 < Cv=/¢|Inv|~/?|In|Inv|?,
192(bWo) || < CVM/125,7/6 < Cu?/2,
O

By Lemma 2.3.1, we then have the well-posedness of equation (3.27), as well
as suitable a priori estimates for the solution ¥g

[¥s(s)llz2my) < C(IWo(s)+ [Pa(s)])

(3.30) +C/a:_1 (1o (s")] + [Wi(s)]) ds

+ C/_ (1(s") + [b(s)) ([ Wo(s")] + [W1(s')]) ds”.
Ti1

In order to show that the South boundary layer is stable, we will need additional

estimates on the boundary layer terms, namely regularity and moment estimates.

LEMMA 3.3.4 (Regularity and moment estimates). Let ©¥g be the solution to
(3.27) with boundary conditions (3.28), defined on

{s>0;,/Vs €lo;_4,5],sinf(s) # 0}.
Then
11+ Z")s (s, Z)l| L (22 + 11+ 2805 0s]l2 , = O(1),
(3.31) 11+ Z")0s9sll Lo 12 + 1L+ Z7)03050s]l2 , = O3, ™),
11+ Z9)02sl e (2 + (1 + 2705035l 2 , = O™ V2 Inw| 7).
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PROOF. Such a priori estimates are obtained by combining precised energy
estimates for the parabolic equation (3.38), together with high order estimates on
the traces.

e Define as in the previous chapter
S(s,2) := —Vy(s)(Z+1)exp(—Z) — ¥} (s)Z exp(—Z)
+b(s)To(s)Zexp(—Z) — b(s)P1(s)(1 — Z) exp(—Z)
— p(s)Wo(s)(Z — 3) exp(—=Z) — u(s)¥1(s)(Z — 4) exp(—2).
From the trace estimates in Lemma 3.3.3, we deduce that, for all k£ > 0,
12582 < C,
12%0,8||px < €50, 12702810 < Co 7 w7
Notice also that by definition (3.18), (3.23) of ¢F, we have Supp(l — ¢; ;) C

lo;_1,00[, so that ¥y and ¥, are identically zero on a neighourhood of o;_ ;. There-
fore Oftpg,_,- = 0.
e In order to derive estimates on 9¥1g for k > 1, we lift the boundary conditions
to get
Dsg + b(5)dz9 + u(s)0%g9 = S(s,2), s€(0,T), Z>0,
(3.32) gls=0 =0,
giz=0 =0, 0z9,z—0 =0,
then differentiate the equation and proceed by induction on k. We start with
5(059) + 9% (b(5)979) + 0 (u(s)dz9) = OLS .

Integrating against 0%g, we get
S

1
S0k, + [ n(s)l0z0ka) I, s

< [ 0ESEl 10kl g s

1—1

k—1 s
+3 ¢l / 198 Ib($) 10288 (s") 1, 105 g 2 A
j=0 7

1
k=1 s ' '
+>_G / 10208 9() 1 102 () 1105 029(s )l 1, ds
j=0 i1
and therefore, since p is bounded from below,

k112 ka2 112
”asg”Li’Q((oiil,s),L%) + HaSaZg”LQ((Uiil,s),L%)

k k
< ClUOSSI (o 0,22 190590 Lo (o7, 9),22)

k—1
— i nl/2 i 1/2
+C YNl s, 1029112 12 10205913012 |95 e a2
7=0
k—1

+C Z Hag_jMHLOO(Ui__l,s) ||355%9HL§(L22) ||3§3%9HL§(L2Z)~
§=0
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Eventually, using the Cauchy-Schwarz inequality, we obtain for k < 2

(333) 050l .-

k
71,8)7[/2%) + Has 8%9”2

L2((o0;_4,s),L%)
(334)§ CHafS”ill((oiil,s),LQZ)

k—1

+C Z ‘|8§7Jb||i4/3(o_i__l’s) ||a§9||Loo((g;1,s),L2Z) ||a§3%9”L2((g;1,s)xR+)
j=0
k—1

k—j,,112 j 92 2
+CZH85 j:u’H 00(1711178)HagangLz((Uiil,S)><R+).

J=0
Next recall that p is bounded, and that all its derivatives are of order O(1)
p>po>0,  [0plle <C.

In order to bound the term involving b, we have to distinguish between the cases
when (81;2, 81;1) CTI'gor I'y:
o If (si_2,5,_1) C I'y, then b = v~ /% cos Ay satisfies

_ 1,31 _
||8Sb||L4/3(Uiil’a'i+) = O(V T3 s) — O(l/ 5/32)7
Hagb||1;4/3(0;1701_+) = O(y‘i‘*‘%flz) - O(V—S/lﬁ)-

Notice that in this case, we also have (s;, s;4+1) C I'w since we have
excluded for the moment the case leading to a discontinuity line X.
Inequality (3.33) therefore yields, for k = 0,

gl zg) +11039llzz , < ClISllnrg) < C.
then, for k =1,
1059l Lo (22 + ||6%859||L212 < C’(Sy‘l,
and, for k = 2,
1029 () t 10%029|| .2 L < 05;1V*3/16 _ O(V77/16).

o If (s;—2,8,—1) C ', then for s € (0;_{,si-1)
HaﬁbHLm(U;l,s) = O(V_1/4)
for all j and for all s > o;_ ;. In this case, we refer to the proof of Lemma
3.3.3 and we state that
HS||L1((U;_1,51-,1),L§) =O(|lnv|™Y),
HassHLl((0571781;71)711%) = 0(1/_1/6),
1025112 (o o023y = 072,
Inequality (3.33) therefore yields, for k = 0,
190l L (0 sim0)22) + ||a%9||L2((g;_l,si,l),L’zZ) < Clly| ™,
then, for &k =1,

10u9ll (o s0-1y.22) F 102059 L2 (o )22y < Cv7 4 w7
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and, for k = 2,
||8‘§g||Loo((0/L:17377*1)71’22) + H8%6529||L2((a;17s,-,,1),L22) < CV_l/Z‘ 1n1/|—1.

There remains to derive bounds for s > s;_;1. There are essentially two
cases:
— either (s;,$;41) C 'y, and in this case the estimates on (s;_1, O’;r)
are similar to the ones of the case (s;_2, $;—1) C I'y. The only change
lies in the initial data: we merely replace

8§g|820;1 =0
by
105 g1s=s, Iz = O™ 4 Inv|™Y) for k=0,1,2.
We infer that

90l rz) + llgllzz , = O(1),
1059l e 22y + 105922 , = 05, ),
ez + 1029l = O™ Inv|™).

193]

— or (s, 8:+1) C I'g. Notice that in this case, s; = s;_; (i.e. there is no
flat horizontal boundary), otherwise the corresponding piece of flat
boundary would be the beginning of a ¥ layer, which will be treated
in the next section. Whence we can treat the interval (s;, o;") exactly
as (0;_4,8i—1), and we obtain

l9ll Loz + llgllzz , = O(] | ™),
1059l (22 + 1059l 2 , = O™/ Inv| Vfor k = 1,2.
e We get moment estimates in a similar fashion
95(Z"g) + Z*(b(5)0z9) + Z*(1(s)839) = Z*S .

Integrating against Z*g, we get

S

) (
2593 + [ )12 020 ds

Ti—1

S
< [ 12l 1125 s s

i—1

s
+2k/7 ()12 ()12 12" g(s") | 2 ds”

i—1

+2k/_ ()1 Z°0%9(s ) p2 1 2° 1 029(s") | 3, ds’

i—1

+k(k—1) /_ (1 2*0%9(s") | 22 12" 29(") | L2 ds”
Ti1
A simple recursion then leads to the expected uniform bound for the moments of
s and 0%1s.
e Combining both arguments we obtain the moment estimates for higher order
derivatives.

O
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3.3.3. Extinction and truncation.

We emphasize that 1/)S|S:Ui+ is not small in general: there is still some energy
in the South boundary layer, even though the boundary conditions are absorbed by
the West boundary layer only for s > o;". We deal with this somewhat unexpected
phenomenon by propagating the boundary layer term g beyond O';r . We prove
that when cos @ becomes bounded away from zero, g vanishes. As before, there
are two cases, depending on whether (s;, s;11) is a part of 'y or Tg:

e First case: (s;,8,+1) C I'g: looking closely at the proof of Lemma 3.3.4, we
see that in this case,

(3.35) 195l Lo ((s1,5),2) = O Inv| ™)

for all fixed 5 > o (independent of v) such that |sinf| > 1/2 on (s;, 5). Therefore
g is small on the West boundary layer, on intervals of size one.
e Second case: (s;,8;41) C I'y: we use the following result:

LEMMA 3.3.5 (Extinction of the South boundary layer). Let ¢ be the solution
to (3.27) with boundary conditions (3.28), defined for s > o,_, as long as sinf(s) <
0. Then

/7 4 cos B(s') s (s') |2 ds’ < C.

i—1

Before proving Lemma 3.3.5, we now explain how we truncate the South bound-
ary layer on (s;, s;+1). We introduce a function %;_1,; € C*(99) by

SuppAi—1,; C]Si—2, si+1[N{sinf < 0},
(3.36)

Yi—1; = 1 on a neighbourhood of Supp(1 — ;) N Supp(1 — ¢; ;).
Notice than we can always assume that 4;_; ; has bounded derivatives.
The South boundary layer on (s;—2, s;4+1) is then defined by

Fi—1,i(8)Vs(s, v,

Using either Lemma 3.3.5 or estimation (3.35), we infer that [|¢s]| 2 = O(|/lnv|™)

on the support of 4;_; ;. We will prove in the next chapter that this is enough
to ensure that the error terms generated by 7;_1; are admissible in the sense of
Definition 1.3.2.

PROOF OF LEMMA 3.3.5. By Lemma 3.3.4, for every s € (s;, $;41) such that
sinf(s) < 0,
sup  [|(1+ Z2)¢slrz = O(1),

s€lo;_q,8]

and

S
/ (15 ()] + [P (s)] + (k(s) + [b(s) ) ([Po(s)| + [W1(s)])) ds = O(1).
Ti—1
Moreover, for s > o, Wy (s) = U1(s) = 0. Integrating (3.27) against Z1g, we infer
that there exists a constant C' > 0, which does not depend on v, such that

/ Z%(s) dZ + /; v Y4 tan 0(s")| 7 H|s(s) |22 ds’ < C.

0 o1

Since |tan |~ > | cos 6], we obtain the desired estimate. O
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3.4. The interface layer

Let us now focus on the interface ¥ = 9Q+N9Q~. We recall that, by construc-
tion, vY is discontinuous across ¥ so that

e we need to lift this discontinuity to get a smooth (H?) approximate solu-
tion,

e we then have to define a corrector (in the form of a singular layer term)
to remove the energy created by the lifting term.

3.4.1. The lifting term ",

We first construct the term ¢"'f* which lifts the discontinuity across . The
construction has already been explained in Chapter 2. Since U;t is now defined
precisely by (3.22) for West boundaries and (3.17) for East boundaries, we can
define o~ in the following way

O'; if Il = {81},
(3.37) 0" =4 o, if 1 =[sg,s1] and (o;,50) C I'w,
so  if I1 = [sg,s1] and (oq ,s0) C T'g.

Notice that if I; = {s1}, then we always have (o7 ,s1) C 'y (an isolated point
of cancellation of cosf on the East boundary does not create a discontinuity line).
The reason why we choose to take sy instead of oy as an initial point in the last line
is essentially technical: we have chosen to write the equation on the discontinuity
type boundary layer in cartesian coordinates, rather than curvilinear ones (see
equation (2.19)). This is legitimate as long as cosf < 1, so that the normal vector
coincides almost with —e,, while the tangent vector coincides with —e,. However,
by definition of O'Z-i on East boundaries, cosf takes ”large” values on (og,So),
and therefore the present construction cannot be used. We by-pass this problem by
considering separately the East boundary for s < sg and the discontinuity boundary
layer (which will be justified in Remark 3.4.4).
We thus define a truncation ¢ by

9017 if L = {51},
pi=19q @y ifI1 =[so,s1] and (o ,50) C I'w,
0 if Iy = [so,s1] and (oq ,s0) C I'g.

Notice that in the last case, Y vanishes identically in a neighbourhood of (zg, yo),
and thus there is no need for a truncation in s.
We then take (see (2.16))

0o = () ) + b)),

where x is a truncation function as in (2.17) and a and b are defined by

b(z) = —(1—@(s))sind(s)ontfoq(s)
+(1 = ¢(s)) cos 0(s)0spn (s) — cos0(s)' (5)raa(s),
a(z) = —(1—@()¥aals) — b(z(s))(y(s) —w),
for x1 <z = xz(s) < x(o~), and by
a(z) = —[¢/]s, for x < z.

b(x) = —[0y¢f]s
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For x > x(0™), we merely take a(x) = b(z) = 0.

Eventually, in order to simplify the present analysis, we truncate the function
7 in the vicinity of inf I; and sup /;, even in the case when these points do not
belong to I;. Of course, this does not change anything to the estimates of Lemma
3.1.1.

3.4.2. The interior singular layer . In the previous chapter, we have
described how the singular layer is connected to some North/South boundary layer
at the East end. Assuming that the junction point (z1,y1) is some South-East
corner, meaning that [sq, s1] corresponds to some South boundary and [sq, s2] to
some East boundary (as in Figure 2.2), the singular term is given by ¢*(z,Y) =
¢*(x,Y — Y_(x)), where

0: 0> = Y' (2)07¢% — 040" =
(3.38) =672, Y_(2)+ 2), x<az(c7), Z>0,
\Z,»i:z(f) =0, ¢|EZ:O = 82(15%:0 =0.

where 6711 is defined in Lemma 2.4.3 and Y_ is defined by (2.20).

The energy estimates for North and South boundary layers given in Lemma
2.3.1 can be extended to account both for the geometry and for additional regularity,
which leads to

LEMMA 3.4.1. Let ¢% be the solution to (3.38), and ¥=(z,Y) = ¢*(z,Y —
Y_(x)).

Denote by (V. y1) = (z(s?V),y(s}V)) the projection of (x1,y1) on the West
boundary.

Then, for all z < x}V,

b
19 2o (2005 ), 227 00y) = O
b —1/19
1029l a2y 220700y = O T1),
> _
1024 L2 (@005 ) L2(v- 00y = OV 2/19),

Furthermore, for all integers k,l with k+1 < 3,

_ 142148k

HaﬁalZ@bE”L‘”(i,x(t?)) < Cv 8§x19

REMARK 3.4.2. The function Y= is defined beyond the West end of {(x,y) €
Q) /y = Y_}: indeed, for some values of s in a neighbourhood of s\, x(s) may
be smaller than xV (notice that this is the case as soon as sin@(sV) # 0, i.e. as

soon as the tangent to Q) at s = sV is not vertical). Thus the trace wlzl‘w involves

values of Y= at points x < ziV.

PROOF. Such a priori estimates are obtained by combining precised energy
estimates for the parabolic equation (3.38), together with a refined description of
the geometry Y_, and high order estimates on the source terms.

¢ Estimates on ¢>.
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Denoting by S = S(x, Z) the right-hand side of (3.38), we recall that

$@,2) = (1= Locr, 247 <o) X(Z + Y-(2)) ['(2) + v/ (@)(Z + V- ()]
— (1= Lecn 24y @<0) XV (2 + Y- () [al@) + 1/ b(2)(Z + Y- ()|
- 4 (1 - 1w<w1,Z+Y, (w)<0) X(B) (Z +Y (x))y1/4b(x)

Notice that the indicator function does not create any singularity on the domain
of integration x € (Z,2(c7)) x (0,00): indeed, x(*) and x*) are identically zero in
a neighbourhood of zero, so that 1y -ox®)(Y) is in fact a C> function for k > 2.
Moreover, for x < x1, a and b are constant, so that

LicanLz4y <o X(Z + Y- (@) (a/(@) + /% (2)(Z + Y- (x))) = 0.

Eventually, for z = x1, Y_ =0, so that 1z501z4y_(2;)<0 = 0.
It is easily checked that

1S (@, M2y < Cllal + |a'| + v/ 4p] + v/ 4p')),
so that, using Lemma B.1 in Appendix,

ISI1 L2 (@20 ), L2 @4 )) < C.

According to Lemma 2.3.1, we then have
167 L= 720,21 ) + 10207 (| L2 (@20 )y xR y) = O(L)-

In order to derive estimates on 9¥¢* for k > 1, we differentiate equation (3.38)
and we proceed by induction on k. Notice that because of the various truncations
and of the choice of 07, ¢* is identically zero in a neighbourhood of x = z(c ™),
so that the initial data is always zero, together with the boundary conditions.
Moreover, as explained before, the indicator function in the right-hand side does
not raise any singularity. Using the same kind of estimates as in Lemma 3.3.4, we
infer that

> 2 ok %
(3.39) 1050 | Lee L2y + 1020, HLiz

< ClIESI (@ (0-),2 (R )

k—1
k—1
+C S IV s o agoyy (10667 gz + 105050522, )
=0

e Estimates on 9%S.

" are ob-
tained when cos 6 vanishes algebraically near s = s, with the lowest possible ex-
ponent n. Moreover, by assumption (H4)), the exponent n above satisfies n > 4.
Hence we have

As in the proof of Lemma 3.3.2, the most singular estimates for y®

YD < O[] /54720,

(3.40)
||Y,(k)HL4/3 < C|In 1/|1/51/(%_"’)%.
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We now use the estimates of Lemma B.1 in Appendix B together with (3.40).
We have

1025 L1 22
102511 22

C (A1 + A3) + [V [|oo (Ao + A1) ,

C(As + A3) + |V ||oo (A1 + As2)

OV [loo + [V2II%) (Ao + Av),

C(Az + Ay) + ||V ||oo (A2 + A3)

OV [loo + [YLIZ) (A1 + As)

UV oo + 1Y oo Y loo + V2 13) (Ao + A1),

IN A

IN

1025l e

so that
(3.41) ||3];SHL;(LZZ) < CyH19
o Wk estimates on ¥™:
e Gathering (3.39), (3.40) and (3.41), we prove easily by induction that for
ke {03},

1056 | o (@t 22 ) + 1020507 | a2 224y = O ).

The first estimates on > follow from the identities
0% (2,Y) = 0,0%(x,Y —Y_) =Y 070" (2, Y —Y_),
2P (x,Y) = 02¢%(x,Y —Y_) —2Y' 0,074 (x,Y —Y_)
Y96 (2, Y —Y_) = Y' 2056 (2, Y — Y_).
Then, notice that for x < 2(t]), Y_ = Y_, so that
19 koo (e )y x (7 00)) = 187 ke (2,069 % (0,00))-
We then use Sobolev inequalities in order to bound the L> norms. More precisely,

we use repeatedly the following Lemma, whose proof is postponed to the end of the
paragraph:

LEMMA 3.4.3. There exists a constant C > 0 such that for any f € H*(R,)
satisfying flz—o = 0z fz—0 = 0, we have f € W3’°°(R+) and for k=0,1,2,3,

10% Il my) < C||f||Lz

||3Zf||L2(R+)

Notice that for z < x(t]), ¢~ satisfies
0:0” — 036" = (1yp7-<o — IX(Z +Y )@+ v*(Z +Y7)),
so that for k > 2,
ok =030k 19", z<ax(t]),Z>Y".
Lemma 3.4.3 and equation (3.38) imply that for & > 1,

k5 k3 7/8 E,.xnl/8
10567 | o (i xooey < N0507 N e (12 10205071 12
7/8 1/8
e L [N [t AT
< Cv~ S;ICIQV sk;llg
< CV*%*W’
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while
(7—21)/8 1421)/8
105" 1= (@i px ooy S ClOTITmirty 1056™ 1000
(1+21)/8
< O (110267 uz) + 1SNz 22))
1421
< (Cy~&xis,

Similar estimates can be derived for terms of the type 989, ¢*, with k+1 < 3. This
concludes the proof of Lemma 3.4.1.
O

REMARK 3.4.4. e Because of the function Y_ and the coefficients a and b,
the profile 1> depends on v in general, which is not entirely satisfactory for an
approzimate solution. However, the estimates of Lemma 3.4.1 show that > is
uniformly bounded in L>°(L*) N L?(H?).

Let z € (%,21) arbitrary. Then xz(t]) > z for v small enough, so that Y_(x) =
Y_ for x € (z,z). Estending ¥* by zero below Y_, we infer that 1% is uniformly
bounded in L*((Z,z), H*(R)). Up to the extmctzon of a sub-sequence, > converges
towards a function ¢* weakly in L?*((Z,z), H*(R)). Passing to the limit in the
equation satisfied by 1>, we obtain

00" — 034> = S(Y), in D'((Z,2) x R),

where
zF(y1)

S(Y) = —ax™(Y), with a = —/ T(z,91) da.

352(2!1)

e Notice that once Y1 and > are constructed, there remains a non zero trace
on the East part of the boundary (s1,s2), and also on (sg—1,50) if (Sk—1,80) C g
(notice that o~ = sg in this case according to (3.37), and therefore the trace of Vg
on (og ,80) is not lifted by it ).

These traces correspond to Y pjz—o(1 — ©Tvy) and VYE1z—0(1 — o Pi_1). They
can be lifted thanks to South type boundary layer terms, exactly as explained in the
previous section.

We conclude this paragraph with the proof of the Sobolev estimates used in
Lemma 3.4.1:

PROOF OF LEMMA 3.4.3. The estimates on f and f’ are derived in a classical
fashion: for instance, write

f(2) = 2 /Z S K 2)os(2) az,

so that
1£1% < 201 fl12102 2.
Integrating by parts and using the fact that f|z—o = 9zf|z=0 = 0, we infer that

l02f13 = - /R 031
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and similarly
(3.42) 10Zf113 = | fozf.
Ry

Using several times the Cauchy-Schwarz inequality leads to

1£lloe < V2(1£113/ 51105 F1155.

The estimate on dzf goes along the same lines. The estimate on 9% f is a little
more tricky: we write

102 1% < 2102 F 1200212
(3.43) 20112 10% fllall 0% £ 11"
On the other hand, an integration by parts yields

1037112 = /R 0% 0% F — 0%f12-00% f17—0
+

IN

and
04 fm0= -2 [ 935041
Ry
Therefore, using (3.42)
1/2 3/2 1/2 1/2
1024113 < CIIAIlL 1025115 + C1105  loc 107 £ 112" 195 112"
We deduce that
192 £113 < CIIF 52105157 + Cllog FIaP 0% £15°.
Inserting the above inequality into (3.43) and using Young’s inequality leads even-
tually to
103 £11% < CIFI3 102 £115",
so that » ”
103 £ll2 < ClIFI l0Z 15
The last estimate on |03 f||« follows easily.
O

3.4.3. Connection with the West boundary. The question is then to de-
scribe the West junction, that is the connection with the West boundary layer. The
traces of the discontinuity terms 1 + >y (%) on the West boundary create

v
yet another singularity in the West boundary layer term: indeed, the coefficient
A(s) in (2.7) now lifts the traces of ¥ 4+ 4>, and thus changes abruptly near the
point s}V € I'yy. We recall that ™t = 9 + olift,

At this stage we encounter another difficulty: the function d;A can be written
as

v |1/3 .
0sA+(s) = Pz ‘ 9‘ cos 0(s) sin 0(5)8§wmt(m(s),y(s))
cos

+differentiable terms.
The function 85(1/}? + 1) is discontinuous across ¥: more precisely,

(05 (7 + 4] = [059¢]s,

and the jump of 851/}? across X is constant along ¥ and of order 4, 2. As a conse-
quence, A’ is not continuous, which is problematic, because the error estimates for
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the West boundary layer involve L? norms of A”, as we will see in the next chapter
(see the proof of Lemma 4.2.4).

In order to avoid the apparition of a Dirac mass in A”, we add yet another
corrector term which has the following form

corr __ Yy—Uh ZL’—.’E(SW)
(3.44) P = = (02 11y, (¥ — 11)°X ( i > X <log1/|11/5> :

It is obvious that Y& € H?(Q2). Moreover, %" satisfies the following estimates:
LEMMA 3.4.5. For all k € N, we have
o _k=2 -
I8 o = O3, 20~ 7 ) = o(v™*/1).

Moreover,
1@ — vARWE™ | 20y = o).

PROOF. The estimates are fairly straightforward, noticing that for I € {0, 1,2},
= 0.

keN,
H(y —y1)'x™ (yI;/i/l) .
Therefore, recalling that &, = v'/4|Inv|/5|In|Inv| |~ for some 3 > 0,
105457 oo = 00,202l v /%) = O(| nw| | In | Inv| [7),
1054 (oo = 00, 20"5) = O™ /4 In |/ In | Inv| [7).

The W estimates follow easily. Moreover, since the support of Y™ is included
in the rectangle

[z1" —2| 1nV|_1/5,$}/V +2|1In V‘_1/5] X [y1 — 2w/ yy + 2y1/4],
we infer that
0.0 | 120y = O(| Inv| =3 In [ Inv| 28| Inv|~Y/1001/8) = o(u1/3),
|A2487 | 20y = O~ In |~/ In | nv| [ ny| =/ 1001/) = o(y /%),

d

In the rest of the paper, we set

D 1= I Ty (Z‘J g yl) + o,
y

By definition, 1y, is localized in the vicinity of ¥ and such that
e Y + 95 belongs to Hz_(Q),

e the energy created by s, on Q7 is negligible.

Note further that, by assumption on ¥, the trace of ¥y, + P + @N,S on the
boundary I'yyy vanishes in the vicinity the points s; € I'yy.

REMARK 3.4.6. If one looks carefully at the construction above, there are several
reasons why the assumption (Hj) is necessary: some of them are technical, and
others are probably more fundamental. We first notice that if I = [sg, s1] with
so < s1, assumption (HJj) is always satisfied, as OQ is C* near so. Therefore we
focus on the case Iy = {s1}.
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o First, assumption (H4) is required so that the coefficients a and b have
derivatives of order four; if cos @ vanishes only at order n near sy, withn <
3 in (H2i), then such a regularity is not achieved in general. Therefore,
if (H4) is not satisfied, an additional regularization of a and b must be
performed.

e Moreover, the estimates on 1> are more singular if the cancellation of
cosf near s = sy has a lower order. This could have two different conse-
quences: on the one hand, it could be possible that the estimates on > and
its derivatives in the interior of  are not sufficient to prove that the error
terms are admissible. This, however, is unlikely: indeed, the estimates are
exactly the same as the ones for North and South boundary layer terms,
for which we are able to prove that the error terms are admissible even
when cos 6 vanishes at the lowest possible order.

On the other hand, if cos@ vanishes at a low order near s = sy, the
estimations on ||1> ||y become much more singular, and therefore the
trace of ¥> and its derivatives on the West boundary are much larger.
In this regard, assumption (H4) does not seem to be merely technical: it
is possible that the discontinuity boundary layer may destabilize the West
boundary layer if > becomes very large. This could in fact be achieved
with a low order of cancellation of cos € near s;. However, such consider-
ations go beyond the scope of this paper.

3.5. Lifting the West boundary conditions

We recall that the boundary layer term on West boundaries takes the form
Yw (s, Z) = A(s)' f(Z), where A(s) is defined by

L (e g (0 + ds)ions)
(3.45) Als) = ﬁ<6_m/6 M;;Y ><8n(w?+1/122)?9?1(5))

for s € 'y and
exp (—e”/?’Z)

1(2) = (exp (ei”/ffZ)) :

LEMMA 3.5.1. Define the amplitude of the West boundary layer by (3.45). Let
(84, 8i41) be a portion of Ty .
Then there exists a constant ¢y such that the following estimates hold:
e Far from the West end of X, i.e. for |s — s{V| > cody, and for all s €
Supp(e ¢i_1),

[A(s)]

AN
Q

(346) |A(s)] < O 1+ =m0 > Ay(—gyl<s, + | cosOIM(y(s))
y‘ln y| j€I+

1 (cos 0)?
4 A" < —+ .
o If|s—slV| < cody,

(3.48) 0FA(s)| < Cv= 5515 for k € {0,1,2).
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PRrOOF. Consider a component [s;_1, s;] of the West boundary. There are two
zones on which the s derivatives of A become singular:

e near s;_1 and s;, or, more generally, near points of 9 such that |y(s) —
yjl =0 (yj # y1); on such zones, the derivatives of the function ¢ become
unbounded, while 1)y, is identically zero.

e near s}V, the end point of 3; we recall that the trace of 1? is discontin-
uous at this point, and that this discontinuity is lifted by the term .
Additionally, the s derivative of 9,1! is also discontinuous, and this dis-

corr

continuity is corrected by the term ¥§"" introduced in equation (3.44).
Notice however that on this zone, cos @ is bounded away from zero.

Away from these zones, A and its derivatives are bounded, and cos € is bounded
away from zero. Whence we now focus on the two pathological zones. Since the
proof of the estimation on each zone is rather different, we separate the two.

e Estimate near points such that |y(s) —y;| < 1 (y; # v1):
In the vicinity of such points, thanks to assumption (H3), 9! is C* (with
derivatives which are not uniformly bounded). We also use the following bound:

n+1
— v T3 in case (H2i)
sup A (s)l < C _ : 2
seSupp(e; ©f ,) vV/4Inv|71/2  in case (H2ii),

so that sup 5 At (s)] < v'/* < §,. In the rest of the proof, we write

s€Supp(p; @i
A for A\y. Using Lemma 3.1.2, we infer that for all s € Supp(p; »; ),

(3.49) |A(s)| < C (1+[A(s)|""M(y(s))) <C.

The estimates of the s derivatives are a little more involved. Using (3.45), we have

) - N
A1 < (10:oae)] + W1 0.00080a(o)] + |35 | 10,8000

Notice that on the support of ¢; @i |,

N V1/3‘9/|

ﬁ _WS‘COSH|

thanks to the validity condition (2.8). Lemma 3.1.2 then implies, for s € Supp(¢; ¢;~ ),

, cos 6
|A (5)| <C |1+ (5|1er § 1|y(s)—yj|§5y + |COSG|M(y(S))
Y Y jelL

In a similar fashion,

!’

1A"(s)] < CO@%&WMQHW;

(0.0, 05
(%)

160'|2 + 16" | cos 8]).

+C <|A—1 [(820017) 100(s)| +

N
‘(;) <oV

|<6nw?>m<s>|) :

‘We have
1/3

- |cos€\7/3(
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Since cos 6 vanishes always at a higher order than ¢’, we infer that on Supp(y; ¢;" ,),

N ! V1/3|9/‘
— <C———= < C.
()\2> = |cosO|7/3 —

Eventually, we obtain, for s € Supp(¢; ¢;~ ),
1 (cosf)?
|[A"(s)| < C < + ) .
6y 02|Ing,|

e Estimates near the end point of X:

As explained above, since the interior term is now 1Y + 1, the coefficient A(s)
changes abruptly near s}”, on an interval whose length is of order §,. Moreover,
since (H3) is satisfied, we have

cosO(s]") # 0,

so that ¢} ¢ | and its derivatives are O(1) in a neighbourhood V of s}V indepen-
dent of v. As before, we use (3.45) and we obtain

ALy < O + dsllpe + 3]0 + Ps|lwiee),
A |Levy < C(lvY + vs|lwr. +V1/3||¢? + s ||w2.).

The W norms of the right-hand side are to be understood in a neighbourhood
of size O(1) in Q of (z(s}V),y(s}")). We now recall that thanks to the addition of

the corrector term "™, the amplitude A’ is differentiable at s = sV, and

1A” [ L vy < CU147 + dsllwzeo + 207 + Psllwss).

We now estimate [[t)) + s ||y s using Lemmas 3.1.2, 3.4.1, 3.4.5, together with
the explicit definition of ¥''f*. We infer that

109 + s ||ye~ = O™ T~555)  for k € {0,---,3},

which leads to the desired estimates.






CHAPTER 4

Proof of convergence

The approximate solution 14y, we have built in the previous chapter

(i) satisfies exactly the boundary conditions

Yapp g = (Onthapp) o0 =0

by definition of the boundary layer terms;

(ii) has H? regularity, but with non uniform bounds on the derivatives (see for
instance the definition of the interior term near East corners and surface
discontinuities);

(iii) but does not satisfy the Munk equation, only the approximate version

OzxWapp — I/Azi/}app =7+ 0T,

where d7 comes from both the interior and boundary terms.

The goal of this final chapter is to estimate the different contributions to this
error term 07, and to check that it is admissible in the sense of Definition 1.3.2.
At this stage, there are no more conceptual difficulties: all the proofs are based on
technical computations.

4.1. Remainders stemming from the interior term ™ = 9 4 !t

Going back to the construction of the interior term, we see that its contribution
0Tint to the remainder is made of two kinds of terms.

e Because of the truncation, the solution 1! to the transport equation sat-
isfies the Munk equation with source terms 7(1 —x,) and —vA2y?, which
are admissible remainders according to Lemma 3.1.1.

e The lifting term which restores the H? regularity near discontinuity sur-
faces also introduces correctors. Part of them are considered as source
terms for the singular surface boundary layers and will be dealt with in
the next section. The other ones will be proved to be admissible remain-
ders as stated in Lemma 2.4.3.

4.1.1. Error terms due to the truncation y,.
Let us first prove Lemma 3.1.1, i.e. the following estimates :

I7(x0 = Dll-2(0) = o(*®),

[AYY || L2y = o(v™/8).

71
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e We start by localizing the problem around (z;,y;) thanks to a partition of unity:
for i € I, let f; € C5°(R?) such that

Z fi=1 onQ,
i€l
and
e for alli € I, f; =1 in a neighbourhood of (z;,y;),
o for all i # j, d((zi,v:), Supp f;) > 0.
Then, according to the definition of x,, for v small enough,

TXv = Z fiTxw

i€l
= Z firxi (@ =z y — yi) -
i€l
Thus, defining ¢? by
ax¢? = fZTX’L (.’E — LY — yz) )
0
ille — 0,
we have 1Y = >~ 9?, and it suffices to prove that under the assumptions of Lemma
3.1.1,
Ifim Ixi (2 — @i,y — yi) — 1]||H*2(Q) = 0(V5/8)7
||VA2¢?HH—2(Qi) = V||A1/)?HL2(Qi) = 0(V5/8)~
In order not to burden the notation, we drop the indices i and we shift the
origin of the arc-length parametrization so that s; = 0. We also shift the origin of
the axes so that (x;,y;) = (0,0), and we rename respectively 7 and y, the functions

fim and x;(z —x;, y —y;) (which have the same regularity as the original functions).
Note that, by definition of x,, we have the obvious estimates

S1 9S2 |1n5y| 81 1\ %2
0210y xwllL < Cmgx( = 5)

s S- 1115 S1 1 So
1051 0,% (1 — xu)|| 22 < Cmfx <(| 6;") (6) (52:51})1/2) _
z y

e We now give an upper-bound for the source term 7(1 — x,) in terms of §F, Oy.
Without loss of generality, we can assume that s = 0 is a North boundary point of
I'g. Define, for (z,y) € Q,

o= [ o [ OO d2(x — 1)(2).

(4.1)

so that
8§¢V =x,—1, ¢(z,y) =0for (z,y) € Q, d((z,y),00) > d;,d,.
Since the support of 1 — x,, is included in the rectangle
[0, (L4 [Indy[ 1), 0F (L + |Indy[71)] x [y, 8],
we have
bu(z,y) = 0if 2 > 65 (1 + [Ind,| ™) or @ < =6, (1 + |Ind,| ™),
and ¢, (z,y) =0if y < —4,.
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FIGURE 4.1. cos® has a local minimum at s =0

Notice also that
60z, y)] < O, + lylo,) V(z,y) € Q.
Therefore, parametrizing locally 9Q by a graph (x, yn(z)), we obtain

yn (z)
||¢u||2Lz(Q) <C (53 + 5§y2) dy dz.
2 <67 (1+|In o, |-1) J =5,

In order to bound the right-hand side of the above inequality, we have to distinguish
between two cases, depending on whether cos 6 has a local extremum at s = 0.

e No local extremum at s = 0: either cos changes sign across s = 0, or
cos 6 is identically zero in a neighbourhood on the left or on the right of
s = 0. Notice that in this case, zg(y) is only defined on a neighbourhood
of the left of y = 0, and thus we have §, = 0] =: d,. Moreover the
function yn(z) remains non-positive for |z| < d,(1 + [Ind,|~!). In this
case, we simply obtain

2 5
g 1720y < Cy 6.

e Local extremum at s =0 (see Figure 4.1) : we have

0

160 Bagey < CB3F +C / (631yn (2)] + 62|y (2)?) d.
7(5;(1+|1n6y|*1)

We now estimate the right-hand side using the formulas in Appendix A :

yn(z) ~ Cz" ™ in case (i),

yn(z) ~ Cx?exp (—ﬁ) in case (ii).
T

As a consequence,

/0 lyn (2)] do < C (05 )"+ in case (i),
—67 (1+]In 6, [~ 1) Yn = (65 ) exp (,W) in case (ii)
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and
/ 0 (@) di < c{ ) m case (i)
57 (14 o, |- 1) - (6 )8 exp (—Wﬁm) in case (ii)
We infer that in all cases,
16w 13200y < CO30F + 7).
Therefore, by definition of 6 and 0y, we get
1T (O = Dllg-20) < lbullzzce) + 201600y TllL2 (@) + 160057 L2(0)
(4.2) < COll7llwaee ™ Inv Y2 (In | Inv])~58/25, = o(v*/®),
since in the worse case
o 4o
§p = max(8;}, 6, ) ~ Td,| ~ T’
e It remains then to estimate the viscous term vAZ2y? in H=2(Q%), that is to
estimate vAyY in L2(QF). We indeed recall that, by Proposition 2.4.2,
At = \F At 4y~ Agpint,
We then start from the identity

zE(y)
AW = Bu(rx) - 2 / -~

(4.3) = XuO0sT + 70 X0 — / (XV8§T + 20,70y x0 + T@jxu)
(4.4) =225 () (X0 Oy T + TOy X)) jp=2p(y) — TEW) (TX) (@E(Y),Y)
(4.5) —|@B W) (0027 + T0X0) | g—a () -

Using (4.1), we can easily check that
1(4-3)]| 2 < max (1 +8L2(5E5) 72 In g, | + 5;#5;3/2) ,

Note that we use here in a crucial way the fact that there is no discontinuity line
in the domains QF : the singularity is localized in a rectangle of width 4.
As for (4.4), (4.5), we use (3.11) together with the formulas of Appendix A:

e Case (i): we deduce that

1/2 1/2
c :
ladl < 5( / |x9;<y>|2dy> +c</ xsg<y>|2dy>
Y ly|=6y /2 ly|=6y/2

__n__ 1 _ 3n+41
S 05y n+1 2 — O(Sy 2(n+1)7

1/2
C
I45)ll: < max—= </ Im’};(y)l‘*dy)
v \JIy1>8,/2

_ 1 1_ 2n _ 3n+tl

<08, T = 06, T

Hence the choice 6, = v*/4|In(v)|/>(In | In(v)|)~#, with 8 > 0 arbitrary,
ensures that 47 is an admissible remainder. Notice that any choice of the

type 6, = 7, with vy € ( 45((57;116)), 43(%7;111))), also works in this case.
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e Case (ii): similarly, we have

C 1 i 1 v
44, < = / ————dy| +C / ey vy
[[(4.4)]]2 5y < y|>cs, y2(In|y|)* ) ( ly|>cdy y*(In [y])*

< 8,2 o[~

A

C 1 1/2
4.5 < max — / ——d
1451z 767 ( e, ¥ y|)® y)
< €53 [Inls, |75

Thus, with the choice &, = v/4|In(v)|*/®(In|In(v)|)~#, we infer that 67
is an admissible remainder.

This completes the proof of Lemma 3.1.1.

4.1.2. Error terms due to the lifting term . We give the rest of
the proof of Lemma 2.4.3. Since we have already checked that all the terms are
well-defined, there only remains to estimate the size of the remainders coming from
1t More precisely, we prove that

(46) Ikl = o), Irflla-2 = o),
where
y—vy y—vy
= w9/ (A ) ) e () @) + ) - )

e = vl = )+ o (L) @@ 60— )

We rely on Lemma B.1 in Appendix B, which yields
‘ 2012y (yl/:/?) (@ +b"(y — 1)) + Wy <yyz/i”) b’

= O (la" |2 + v H 6" ][ 12)) = o(w/®).

L2 ()

As for r2;,, we have already proved (see Lemma 3.1.1) that 7(x, — 1) = o(+*/®) in
H~2(Q). And we have clearly

ot (L) @) + 8@ - )

= o (i (L) @+ - m) )

so that
Irfelli-2c0) = o™®) + O (/3 (la” |12 + v/ 4" |12)) = o(w*/%).

Gathering all the terms, we obtain (4.6).
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4.2. Remainders coming from the boundary terms

Following the construction of the approximate solution, we now turn to the
remainders coming from boundary layer terms. This step is more technical since
boundary terms are defined through rescaled curvilinear coordinates, so that esti-
mating the bilaplacian requires tedious computations.

Actually most of the terms will be estimated in H 2 norm, so that we will need
to compute only one iteration of the laplacian.

4.2.1. Laplacian in curvilinear coordinates. In order to get the boundary
layer equation (2.3), we have kept only the leading order term of the bilaplacian,
i.e. the fourth derivative with respect to the scaled normal variable Z. Rewriting
this boundary layer equation as a Munk equation with remainder terms, we have
to estimate the lower order terms of the bilaplacian, which can be done thanks to
the following

PROPOSITION 4.2.1. Denote as previously by (z,s) the local coordinates on a
tubular neighbourhood of the boundary. Let f = F(s,\(s)z) be a smooth function
with Supp f C Supp xo¢-

Then, we have the following error estimate

[Af = 0:2f1 < C (|0 F| + (N /N)?|022F| + [N /A | 2052 F)
g
LC < 0 N6

1

\izo.F
N | 120 F I+ 153

)\I/
220, 7| + ‘A

120, F| + |)\0’|8ZF|> .

In particular,

e if \ does not depend on s
1/

By
e if F is an exponential profile with respect to Z, namely if F(s,Z) =
A(s) exp(—aZ), with oo € C a constant of order one with positive real

(.7) Af—d.f|<C (assﬂ |

20, + |>\9'|3ZF|) :

part,
0" pY
(4.8)  |Af—-0..f] < C (|8SSA| + < BB ) |85A> o—Z
)\/9// )\// , )\/ 2 o

where ¢ = R(a) /2.

PROOF. We start from the expression of the Laplacian in curvilinear coordi-
nates

- {az((l +20)0.) + 0, (leeaﬂ .
Given the specific form of the profile f = F(s, A(s)z), we thus have
Af =N20y7F + A79/321? - L(@F + Nz0,F)
1+ 20 (1+20")3

(4.9) .

t T

OssF 42X 20,7 F + N'20,F + (N2)?07F)
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Then, using the fact that on the support of xg the jacobian of the change of variables
is uniformly bounded from above and from below

1
0< = <1+20<C,
oS <
we immediately get the first, general, estimate.
For North, South and discontinuity layers, we always choose
A= /4
so that A’ = X = 0. The remainder consists then only on three terms.

For East and West boundary layers, f is a combination of exponential profiles.
Therefore, multiplying by Z or differentiating with respect to Z does not change
the size of the error term.

O

In order to get the expected estimates on the remainders, we first note that
A? = ()\Qazz)g + A(A — )\2822) + (A — )\QQZz)()\Qazz)
=(N0z22)% + (A +X2022)(A = XN0z2) + [A — X022, X024]

e The first term of the right-hand side has been considered in the equation
for the boundary layers, so it does not introduce any remainder.

e For the second term, we expect that it can be estimated in H 2 using
the previous proposition together with the controls on the boundary layer
profiles and their derivatives up to second order.

e The difficulty comes then from the third term, which is a commutator
between two second-order differential operators. Roughly speaking, it
should be a third-order differential operator, so that we could estimate
the corresponding remainder in L? in terms of the third-order derivative
of the boundary layer profiles.

However we will not proceed exactly in that way, first of all because the com-
mutator [A — A?9%,,A20%,] involves too many terms so that the computations
would be very tedious, and overall because some terms are not small in L? and
need to be estimated in H 2. The proof will actually be adapted to the case to
be considered: recall indeed that for North, South and discontinuity layers, A does
not depend on s, whereas for East and West boundary layers, F' is an exponential
profile with respect to Z.

4.2.2. Error terms associated with North and South layers.

In order to simplify the presentation, we focus on a South boundary layer, as
we did in the preceding chapter. Of course, the case of North boundary layers is
strictly identical. We denote by s;_1, s; the end points of the South boundary under
consideration, and we introduce a truncation function 4;_1; as in (3.36).

LEMMA 4.2.2. Let g be the solution to (3.27).
Then
[0, — vA?] (%—1,1'(8)7#5(8, V71/4Z)X0(Z)) =71 +717,
with
It 20y = 0@W'®), rfllm-20) = o(”®).
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PROOF OF LEMMA 4.2.2. Since g satisfies (3.27), there are several kinds of
terms in

[0, = v2?] (V5.0 251 4(5)x0(2))

e All terms in which at least one derivative of xo or 4;—1,; occurs are small:
indeed, we have one derivative with respect to z less acting on g, so that we gain
a power v'/4. Typically

3
vOL(vsxo) — vxodivs = v 3 ClNOus(s, 020 xo

=0
OW®|[vsl2mz) in L*(2)
+OW*|07¢s]|2 ) in H™2(9).

(4.10)

In the same way,

Ps (5,012, (x0(2)Fi—1,i(5))

= sl 12) | TR0 1))+ eos6(8) 5149002

Using the estimates of paragraph 3.3.3, we infer that

st(s, y1/4y) cos&(s)’yi_u(s)ﬁzxg(z)‘

= 0¥ Inv|™h).
L2(Q)
Moreover, on the support of ds%;—1,;, either ¢g is zero or |[¢hs| Lo (r2) = O(|In v=1).
We deduce that

Hg[}g(s, v~ Y42)sin 9(5)85%,171-(3))(0(2)‘ = 08| Inv|™Y),

L2(Q)

so that eventually
(4.11) s (5,7 *2)00 (x0(2)Fi-1,1(9) | 2 () = O3 Inw| 7).

e The terms stemming from the 0, derivative applied to g can be split into a
remainder term coming from the jacobian

20" sin 0 ~ B
T g X0 Ti1i(s)0us (5,071 42),
and

Xo(2)7i=1,i(s) (V_1/4 cos 00715 (s, V_1/4Z) + sin 60,95 (s, V_1/4Z)) ,

which will simplify with the term vA*xo(2)%i—1.:(s)(0%)¥s(s,v~/42) coming from
the bilaplacian.
From the moment estimate in (3.31), we thus deduce that

26’ sinf .
1_’_20/ Yi—1,3

(4.12) (s)X0(2)0stbs (s, v~ 1/12)

. — O(V1/8V1/45y_1).

e The most technical part is the control of the remainder terms coming from the
bilaplacian. For the sake of simplicity, instead of commuting the whole laplacian
with A20%, we will first get rid of the corrections coming from the jacobian, then
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commute the remaining part of the laplacian. More precisely, we start from (4.9)
with a constant A

A% - (3
= A(A = )\20%) + (A — N20%)\*0%
/ "
— A(A = N20,5) + (1 ieze, 07 - jia,)gag ta +lze,)2aqs> A28z
= A(A — \2855) + N2, ()\0’82 — 2070, + ass) —2N0" Dy,
B (/\z(ﬁ’)Qaz _ 20"((1+ 20")2 — 1)) (1+20)% -1
14 20" (14 26")3 (1+20")2
We have, using the regularity and moment estimates (3.31)
V(A = N0z2)bs
/ —1zgn
— S 0rhs — v O + agEdents
= O(wv Y8 2 + O(VV1/46;11/1/8)L2 + O(wv™ 2| Inv| 1 /®) .
We now use the following commutator estimates, of which we postpone the proof:

LEMMA 4.2.3. Let p € H?(2), with support in {d(z,0Q) < &}, and let f €
L?(0Q x R,). We set A := v~ Y4, Then

as + ass) A2aZZ-

2
(s, 2)(203) £ (5.2 5y < CIN 21 f |2 oxmy S 1950l -
k=0

(s, DA (5, A2l -2y < CIN2 1 2 omren lollwe -

The second commutator estimate of Lemma 4.2.3 implies
(4.13) 1x0(2)3i—1,i(5)VA(A = N0z2)) s (s, A2) | -2() = 0(™®).

In the same way, we have

VA0 0705 — 120" 0s1hs + vOssths
= O(wr VW8 2 + O(VV1/45;11/1/8)L2 + 0w 2| Iny| 1 Y/8)

so that, using the first estimate of Lemma 4.2.3,
(4.14) UX0(2)%i-1.1(8)N2027(A\0' Dz — 20”0, + 845)hs = o(V*/®) -2 .

For the corrections coming from the jacobian, we use the first estimate of the
commutator lemma 4.2.3:

(A0, () 1), (a8 -1,
- ; _ s SS >\
XoTi-1, (1+z:9’ z 112017 T ey O ) N Ozzvs H-2(@)
O(W'/®)|1 Z07vs|| ) o
= 14 2 1T 0 i—1y
ZVSILE 2 || T+ 200 XL W2.00(Q)
0"(1+20)°—1) _
1/8,,1/2y) 72 2 i—1,1
+O(V v )H as,(/)S”Ls,Z z(1+29’)3 XYL W2.00(Q)
0"((1+20")2—1) _
1/8,,1/4|| 752 i1,
—I—O(V v )H as’l/)S”ng Z(1+20/)2 X07Yi—1,i W (@)
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which implies that
(4.15)

Az(6)? _20"((1+ 20")3 — 1))8 n (1+20)% -1
1+200"7 (1+20/) ST T (14 20)2

UX07Yi—1,i ( 3ss> N0z 715

The only remaining term is

(4.16) 20A20" x0(2)Fi—-1.i(5))0zss = O(Vu_l/zdy_lul/g)p.

Combining estimates (4.10)-(4.16) shows that the remainders coming from the
South and North boundary layers are admissible in the sense of Definition 1.3.2. [J

We now prove the commutator estimates:

PROOF OF LEMMA 4.2.3.

e Let us first recall that A9z : H*(Ry) — H®* !(R,) is a bounded operator
(uniformly wih respect to v) for all s.

Let ¢ € H?(Q2) be an arbitrary test function such that ¢p0 = Onpjan = 0.
Then, using the Cauchy-Schwarz inequality,

| p(6:200%03) £ (5, XDl 2)(1 420 s s

/Q F(5, X202 (p(s, 2)p(s, 2) (1 + 20)) dis d

2
CINT2(Ifllz200xry) D 105 (p0) |20
k=0

IN

2

CINT2 (£l 2 paxrp @l 20 D 102 pll L ()
k=0

IN

By definition of H2(Q),
65, )023) 75 2 e

= sup / p(s,2)(N20%) f(5,A2)p(s,2)(1 + 20') ds dz,
PEHF(Q), JQ
HSOHHZ(Q)S:L
from which we deduce the first commutator estimate.
e Concerning the second inequality, we merely develop the commutator [A, p].

We have
p(s,2)Af(s,Az) — A(p(s, 2) f(s,A2)) —2VpV(f(s,Az)) — Apf(s, A2)

= —2div(f(s, A2)Vp) + Apf(s, Az).

The estimate follows.
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4.2.3. Error terms associated with East and West boundary layers.
We recall that the boundary layer term on the East or West boundary [s;, s;+1]
takes the form

vEw (s, Z) = (¢f 0i1)(s)A(s) f(2),
where
o A(s) = —/\El(s)anz/JﬂFE(s) and f(Z) = exp(—Z) on East coasts,
e A is the matrix defined by (3.45) and
exp (—ei™/3Z7
f(Z) = (expp((—e_”/3Z)))
on West coasts.

LEMMA 4.2.4. Let A, f be defined by the expressions above and (3.45).
Then
[0 — vA?] (WEw (s, A,w2)x0(2)) = TJIE,W + r125‘,W7
with
0(1/1/8)

) HT%«?,W”H—Q(Q) = O(VS/S)'

Irwlliz@) =
Proor or LEMMA 4.2.4. Throughout the proof, we write A instead of Ag w,
and we set ¢; = @] ;. 11+ Since [ is an exponential profile, we will use the second
part of Proposition 4.2.1 to estimate the remainder terms in the bilaplacian. In a
first step, we bound the error terms rE w and rE w by expressions involving v, §
and A, and in a second step, we prove that these bounds yield the desired estimates.
First step: estimates in terms of the amplitude A
We claim that for all 4 such that (s;,s;41) C T'w NTg,

(0 — vA?)(i(5)A(s) f(N2)) = ri + 77,

where

Irillze) < CVS/G”(SDiA)HHL?(aQ)
(4.17) +CV 2 2| (0 A) || L= (00
+Cyt/0 | Al Lo (892,

and
, 1/3 1/2
||Ti2||H—2(Q) < Cv (/(632(901‘4))2 m dS)
, 5/3 1/2
. L s
(4.18) +C (/(85(%14)) cos(0(3)) d )

1/2
+C </ A(s)2(0")2v°/3| cos 9 711/3 ds>
Supp ¢

+C|| Al oo™ 8 + Cv K exp(—C/v/4).
We recall the expression of 0, in curvilinear coordinates:
0 0 sinf 0

oz __60503 N 1+ 20" Os
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Throughout the proof, we use the following estimate:
(4.19) Vs € Supp i, Apw(s) > Cr /4

This is a consequence of assumption (H2) together with Lemma 3.2.1.
We now estimate

[0 — vA?] (0i(5) Als) exp(=A(5)2) x0(2)) -

e We start by commuting the differential operator 0, — vA? with the multipli-
cation by xo. Since xo(z) = 1 for z in a neighbourhood of zero, all terms in which
at least one derivative of xg appears are exponentially small: indeed, for all £ > 1,
and for a € {1, e7/3},

|05 x0(2) exp (—aX(s)2)| < Crexp(—Cr~ /%) V(s,z) € Suppp; x Supp Xo-
We also have (see Lemmas 3.1.2, 3.4.1, 3.4.5)

‘8k Ok (pi(s)A(s ) exp(—a(s)2))| < Cr~ K exp(—cA(s)z2)),

for some positive constants ¢, C, K. Hence we infer that
[0 — vA?] (i(5)A(s) exp(—A(s)2)x0(2))
= x0(2)[0: — vA?] (i(s) A(s) exp(—A(s)2))
+O(v K exp(—Cv~Y%)) in L2(Q).
e The terms stemming from 9, (¢;(s)A(s) exp(—A(s)z)) can be split into
Acos Opi(s)A(s)(9z ) (A2),

which will simplify with the term vA*¢;(s)A(s)(0%)f(A\z) coming from the bilapla-
cian, and a remainder term
sin 0

1520 [0 (0 A) f(A2) + A(s)pi(5)2X (92 f)(A2)] -

In order to replace the jacobian term by 1 in the expression above, we use the
following estimates, of which we postpone the proof:

(4.20)

LEMMA 4.2.5. Let I C TgUT'w be a closed interval, and let X € L>°(I,C) such
that inf; R(A\) > 0
Let ¢ € L™°(Q) such that Supp ¢ C I. Then

1/2
H¢@Mﬁ@ﬁmM—A@Hm«nS<7(ﬁ¢@ﬁw&®»_1%>
and

[6(s)x0(2) exp(=A2)[| -2 (0

1/2
< C(/I¢(s)2(3%/\(s))—5ds> + C|¢lloo exp(—C'inf R).

Therefore, replacing (1+26')~! by 1 in (4.20) yields an error term whose square
L? norm is bounded by
e[ o (10aeR + g lAG) d
Supp s | cos 0]
< Cv|Inv|||0s(p:; A )HLoc(aQ) + CV5/7||A||2Loo(aQ)-
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Indeed, by definition of ¢;,

Supp ¢; C (57, 57,1),

and using assumption (H2), it can be easily proved that for all ¢ such that (s;, $;4+1)
is a western or eastern boundary,

/ 02 cos 0171 = O(|In ),
i

Si

Sit1
/ 0" cos 0|2 = O(v=2/7).
st
Then, using Lemma 4.2.5, we infer that
Isin 6x0(2)0s (9 4) f(A2) -0

5/3
ds + O(v™ K exp(=Cr~1/4))

IN

C (68 (‘piA))Q

and
Isin Ox0(2) A(s)i(5) 2 F(A2) I3

< C A(5)20"20°/3| cos 6] 7112 ds + O (v exp(—Cv~Y4)).
Supp ¢;
e We now develop the bilaplacian of (¢;A)(s)f(Az), using Proposition 4.2.1.
We bound all the derivatives of 6 by a positive constant. Moreover, thanks to the
compatibility condition (2.8) and the definition of <p2i, it can be checked that for
s € Supp ¢,
)\//

)\2

(\)?

| <L

bl < 1, <1,

5

Therefore we obtain
[(A = X0722)(0iA)(s) f(A2)]

)\/
< o (1)1 + 3] 1ap1+ naal) esp(-chiia)

We now evaluate the right-hand side of the above inequality in L?(2) (after multi-
plication by xo). By Lemma 4.2.5, we have

1(AA:)(5) exp(=el A=) x0(2) | 2y < ClAPAY2] = < CllAlloor /5.
Therefore
A ((Api)(8) f(A2)) = (Api) ()N " (Az)

+ 0 ([ Allzr ™ 4+ (A N2 12 + (A X2 52)

Commuting once again yg and A, we infer that
vx0(2)A% ((Api)(5) f(A2)) = vxo(2)A ((Ap:) (5)A* f”(A2)) + Olexp(—=Cv'/*)) 12
+ O Alloot™ + vI[(Aps) XA 12 + | (Ap) N2 12) -2

Notice that on Supp ¢;,
VINAT32 < A2,
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so that

y 5/3 . 1/2
cos(8(3)) y

It remains then to deal with the first term vyo(z)A ((Ap;)(s)A2f"(Az)). We
develop the laplacian one more time. Since f is an exponential, we can use the
computations above and simply replace A by AA2. Remember also that thanks to
(2.8), on Supp ¢;, we have

v[[(Api) A2l 2 = 0 (/89(85(%14))2

)\/2)\—1/2 < )\5/2’
IV A2 < N5/,
Therefore
vXo(2)A ((Ap:) (5)A*f" (A2))

= (AN + A (o) N ()

+vO(|[A@iX>"2 || 12 + || (Aps ) N A2 | 12) in L2(9).

We estimate the second term of the right-hand side in H=2(Q). This is the only
time where we really need to commute the jacobian terms with the z derivatives,
as explained at the end of paragraph 4.2.1. Using Lemma 4.2.5, we have

XO(Z) . (Awi)//A%f//(Az)

(1+20)

> Xo(2) N

— o (e s00)
HESETAT 0 ) - 6 X0 F 0 )

+O(I1(Ap:) "N 2|z exp(~C/w4))

= 0l (Ae) A2

Notice also that on Supp p;,

L2(9)

+0(l(Ag) N2 2)

-2(Q) L2(Q)

‘V)\/Al/2‘ <o ’ v ’1/27
cosf
so that
1(A@:) XA 12 < Cll(Api) [loor™ /I w |2,
Gathering all the terms, we obtain (4.17), (4.18).
Second step: quantitative bounds for r}, r2:

We now use the definition of A together with Lemma 3.1.2 and Lemma 3.5.1 in
order to estimate the right-hand sides of (4.17), (4.18). Notice that the estimates
on West coasts are always more singular than the ones on East coasts: indeed, ¢;
has bounded derivatives on East coasts, and unbounded on West coasts. Moreover,
the estimates of Lemma 3.1.2 show that A is always larger on West coasts, together
with its derivatives. Therefore, we focus on a West part of the boundary in the
following, i.e. we assume that (s;, s;41) C T'w.
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Following Lemma 3.5.1, we treat separately the estimates in the vicinity of s}V’
and in the vicinity of points s such that cos# = 0 or y(s) =y, for some j € I.. In
the rest of the domain, the estimates on 7} and r? are easily proved.

e Estimate near points such that |y(s) —y;| <1 (y; # y1):
Let us first recall (see Lemma 3.3.2)

105 ¢slloe < CvHT k€ {0,1,2}.
Therefore
Iz < € (/5] Al + 2 1 u V2 + 5707
Inequalities (3.49), (3.46), (3.47) yield respectively
(421) Al =0Q1), [Alle = (6 In6y[), [|A" e = 08,2y [7),

so that ||r}]|z: = o(¥*/®). We now address the bound of r?. Using once again
(4.21), we have
1/3 1/2
ds)

v ( / (02 (piA))?
oN

v (19" lloo + 119 oo 14”0 + 14" loo) (/ Lsupp ¢,

1/2
Cr*3 |yt (/ 1supp ¢: cos@|_1/3) .

Using the formulas in Appendix A together with the definition of sj‘, Si11s

be proved (treating cases (i) and (ii) in assumption (H2) separately) that

cos(6(s))

IN

1/2
cos 0|1/3>

IN

it can

(4.22) / |cosB(s)| ™7 ds = O(v™/4|Inv|~2+37/2)),
Supp ¢;

v ( | @y
o0

In a similar way, we have

[ @reosel 1 =0 (w32 my 12).
Supp ¢;

‘We infer that

v

cos(6(s))

1/3 1/2
ds) = o(v%/®).

so that
1/2
(/ A(s)2(0')205/3| cos )~ 11/3 ds> = O(ve~ 3| Iny| Y4 = o(°/®).
Supp ¢;
We now tackle the term

5/3
ds.

14

(4.23) /aQ A?(5)(0si(5))? cos(0(s))

By definition, the support of 0s¢p; is located in neighbourhoods of s; and s;11, so
that we can use assumption (H2). We distinguish between the cases (i) and (ii).
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At this point, assumption (3.24) is necessary. In a neighbourhood of s = s;, in case
(i), we have

0507 (s)] < Cv~ w1

_1 1
CovnF3 <s—s;<2CovIn+3’

so that (4.23) is bounded by

Ovi— Tt (-%) — o (,,lgliiél) = o(%/%).

In case (ii), using Lemmas 3.2.1 and 3.3.2, we infer that

In|Inv|

+ +
S G i ke
|S i | (1 V)2 ’

while
/ |cos 0] %/% < Cv=3/12|In v |79/,
st

We deduce that the contribution of (4.23) is bounded by

K2

o
st — oF| 720573 /i |cos 0753 = O(*/4Inv|~Y2(In | Inv|)~2) = o(v°/4).

s;

There only remains to check that

[ ey
Supp ¢;
We use inequality (3.46). We have

5/3
v /

cos(0(s))

/ (A'(5))?| cos 0| 7°/3 ds
Supp ¢;

< C | cos 0] 75/3 ds + C | cos 6]1/3 M(y(s))
Supp ¢; Supp i
¢ 1/3
+65|h175y‘2 /Suppw. | cos 0] / Z Liy(s)—y;|<5, -
¢ JEI4

Using (4.22), it can be checked that the first term is o(r~5/12). There remains to
estimate the second and third term of the right-hand side. We have to distinguish
between two cases:

o If | cosf| < 1 in a neighbourhood of the point where |y(s) —y;| < 1, then
we can use assumption (H2) and the estimates of Appendix A. We infer
that

/ |COS€|1/3 Z 1|y(s)7yj|§6y §C5;/3|ln5y|74/3,
Supp ¢; jel,
[ eosel e atu(s)) < 08, a0
upp ¥i

e If cosf is bounded away from zero at the point where y(s) = y; for some
s € Supp p;, j € I, then we can use the change of variables s — y in the
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integrals. Since dy(s)/ds = — cosf(s), the jacobian is not singular, and
we have
/ [cos 0112y " 115y, <6, ds < C ldy < C4,,
Supp ¢; jel, [y|<dy
| cos 0]/3 1supp o,
; - 15 ) —us
/mmAW@—%me@—vaIyQM>%“
Jely
< cf [yl (n ly)) 2
oy /2<y|<1
< 68, Ing,|72.

In both cases, we infer that
u5/3/ (A'(5))?| cos 8] 75/3 ds = o(v°/4).
Supp ¢;

This concludes the estimates in the neighbourhood of a point s € 0 such that
cos 0 vanishes or y(s) = y; for some j € I.

¢ Estimates near the end point of X:
Using once again Lemma 3.5.1, we infer that ||r}| 2 is bounded by

while [|r?|| -2 is bounded by

1 5

C(U%78x19 + V€7%78><19 61/2 + y€7%78x19 5;/2) = 0(1/5/8).

This concludes the proof. ([

There remains to prove the Lemma giving the sizes of East and West boundary
layer terms in L? and H~2:

PROOF OF LEMMA 4.2.5. We begin with the L? estimate. We recall that the
jacobian of the change of variables (z,y) — (s, 2) is equal to (1 + 26’)71, and is
thus bounded in L*°. As a consequence,

||¢>(s)xO(Z)exp(—Az)HiQ(Q)
§
= //¢(s)2><o(z)2exp(—m(A)z)u+z9’)*1dsdz

c / > ( / exp( 2%()\)z)> dsdz

< qﬂwm»*

IN

As for the H~2 estimate, we have

¢(s)xo(2) exp(=Az) = (¢ A(s)) ™% exp(—Az))

+2¢(8) 6( )( ) "exp(—Az)
—6(s)x0(2) exp(=A2).
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The last two terms are supported in {§/2 < z < ¢}, hence they are exponentially
small in L2. More precisely, they are bounded in L>(2) by

O]l exp(~5 inf R()/2)

As for the first term, if ¢ € HZ(Q2) is an arbitrary test function, then
82
Q022

) 82 » .
_ /1 / (B0 exp(-12)) C(5,2) s d=

= [ [ s enx) 2 (cto o1y ) as e

5 1/2
< Cli¢lm2@) </I/O ¢(8)2|/\|4exp(—2?R(A)Z)dsdz>

1/2
Ol ( / ¢2<m>-5) .

By definition of the H~2 norm, we infer the estimate of Lemma 4.2.5.

(6(s)x0(2)(A\(8) ™2 exp(=A2)) ((z,y) dz dy

A

IN

O

4.2.4. Error terms associated with discontinuity layers.

Since we have already proved that the error terms associated with """ are
admissible in the sense of Definition 1.3.2 (see Lemma 3.4.5), there only remains to
prove that

Yy—Un Yy—un i Yy—Un
(0 — vA?) (wz (J:, 174 )X< 5, )):67’1ft (x, i/ )—f—r%—i—r%,

where

Irsllz2c) = oW'®),  |[rgllm-2() = o(*/®).

Note that the computations here are much simpler since all the formulas are given

in cartesian coordinates.
By definition of 1>, we have

(8, — vA?) (1/}2 (m, y :/Zl) X (Z/ g y1>> _ sl (x, Y :/Zi1>
174 y 14
- _ Yy~ lift Y=
y—y y—y
(425) (202 1 02)0 (wz (x W;) N ( : 1))

3
S . . Y—1U . Y—1y
(4.26) —v )y Cl e y” (x’ J1/4 )X(4 7 (%)

J=0

The term (4.24) is supported in

{ly— il < v} fly — 1| > 6, )

Since 0y > v1/4, (4.24) is zero for v small enough. Moreover, using Lemma 3.4.1,
we infer that (4.25) is O(vv=2/Y91/8) in H=2(Q). Eventually, using the same
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type of commutations as in the proof of Lemma 4.2.2, we prove that (4.26) is
O(V1/8)L2 =+ O(Vs/S)H—Z.
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Appendix A: Equivalents for the coordinates of boundary points near
horizontal parts

In the vicinity of a cancellation point sy € OI'g, the East part of the boundary
can be described as the graph of some function y — zg(y). Assumption (H2)
provides then asymptotic expansions of the function zp.

Let (x(s),y(s)) be the coordinates of the point with arc-length s on 9. By
definition, if cos(6(s)) > 0,

2(s) = 2u(y(s)).

Moreover,
d (xz(s)\ _ ( sin(6(s))
(A1) ds (y(s)) o <— cos(f s)))
and
25 (y(s)) = —tan(0(s)),
(A.2) 0'(s

We set the origin of the axes so that (z(so),y(so
In case (H2i), we have

y(s) ~ C(s — s9)" Tt ~ Cx(s)" 1,
and thus
zn(y) ~ Cly| ™,
(A.3) wp(y) ~ C'ly| =,
2h(y) ~ Oyl 2.
In case (H2ii), using the same kind of calculations as above, we infer that as
y vanishes

C
C/
A4 x ~—
(A W) iy
" Cl/

2p(Yy) ~ 55
5(¥) y*(Infy[)?
We have used the following fact:

s 2
a 5— 8o a
/exp(— - >ds’~()exp<— > as s — Sg.
s s — s a 5— 80
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Appendix B : Estimates on the coefficients a and b.

LEMMA B.1. Let
Tmin = nf{x € R, Jy € R, (z,y) € O},
Tmaz = sup{z € R, Jy €R, (z,y) € Q}
Then for all k € {1,--- ,4},

At = 10O i ) 0 IO 28 0e) = OO ).
Additionnally,
@]l 2 (@i ) + VIO Lo (@i i) = O(1),
Ha“||L2(:cmm,xmaz) + V1/4HbNHN(Jcmm,xmw) = O(Vl/z)-

PrOOF. We recall that a and b were defined in paragraph 3.4.1. Since a and
b are constant for x < x1 and for x > x(o™), it suffice to prove the estimates on
(z1,2(c7). On this interval, @ and b are defined through formulas of the type

a(xz(s)) = a(s), b(x(s)) = B(s).
Differentiating these inequalities with respect to s, we obtain
a'(s)a’(z(s)) = o/ (s),
and thus, using the formula (A.1),
/
0ls) = s
Iterating this process and using the fact that sin # remains bounded away from zero
in the interval under consideration, we infer that for all k € {0,---4},

k
[P a(s)| <Y 10D (),
=0

and eventually, for all p € [1, o0],

k
la® Lo aato) < C D10 L)
=0

Of course the same type of inequality holds for b as well. Therefore we now compute
the derivatives of a and 8 with respect to s up to order 4. Since

a(s) = —(1 = o(s))¥taa(s) — B(s)(y(s) — y)-

we start with the derivatives of 5. The computations are lengthy but do not raise
any difficulty. It can be easily checked that the most singular estimates correspond
to the case when cos 6 vanishes algebraically near s = inf I; (assumption (H2i)),
with the lowest possible exponent n. Indeed, if cosf vanishes exponentially near
s = inf Iy, then for all £ > 0

105 L= = O v[*),
while in case (i)

K

105l L = O™ 3).

Similar formulas hold for 351/}?‘ a0 8§5‘n1/1?| 20



Therefore in the rest of the proof, we only treat the case (H2i) with n = 4
(Remember that because of assumption (H4), cos § vanishes at least like (s—inf I1)*)
near inf I1). We explain with some detail the estimates of 8 and 3’, and we leave

APPENDIX B

the rest of the derivatives to the reader.
First, we recall that by definition of o~ (see (3.37)),

for all s € (67, s1). Therefore, using the estimates of Lemma 3.1.2, we have

so that

ly(s) —yi| < vt <4,

1
< ~1/19
1B(s)| _C(§y|ln6y| +v cos9(5)> ,

v4Blloe = O Inp| ™) = o(1).

Differentiating S with respect to s, we obtain, for s € (67, s1),

Bs) =

so that

B'(s) <

(1= ) [0 cos 00,15 o, — 5i1 00,0t
—6’ sin 00, d’?mn + cos 98?1#3 89}
+¢’ {sin 00,1790 — 208 001] 5o + 0’ sin nglag]

" 0
—¢" cos 0y g0

|cosf]  |cosf|?
1-— 1
ot - 1+ 5+
1
/ /"
_— a].
FOI| s + 1" osd)

Eventually, we retrieve

18']|z2 = O nv| ™).

The same kind of estimate yields, for k = 2, 3, 4,

Now, since

a®) —

we infer, for k > 1,

Iz <

18® | = O(w =45 |Iny| Y.

k
- dFty(s) —
ZC}Ig (Sp(l)af l¢|aﬂ - B(l) (;{S(kzl yl)) )

=0

Clle™ || 1

+C Y v 0 o0l o- s
1=0%~1

O3 [l
1=0*

d*(y(s) —y1)
dsk—1

Le=(o~,s1)
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It can be checked that for [ € {1,--- 4},
|00l (e o,y < Cllnw| w51,

’ d'(y(s) — 1)

dst
Gathering all the terms, we obtain, for k > 1,
la®]11 = O@'™).

The estimates of o’ and 5" in L? go along the same lines.

< CvE

Loe(sN sy)

Notations

A;, B; subdomains of Q where the solution to the Sverdrup equation is continuous,
p- 10, 14

I'g, I'yy East and West parts of the boundary, p. 8
I'v, I's North and South parts of the boundary, p. 8

7i,i—1 truncation of the boundary conditions to be lifted by the North/South bound-
ary layers, p. 51

Aii—1 > 7Vii—1 truncation of the North/South boundary layers, p. 59
6, = v/4|Inv|/5(In|Inv|)~# truncation parameter with respect to y, p. 41
88% = 2p(y; £ 6,) — vp(y;) local truncation parameter with respect to x, p. 42

0(s) angle between the horizontal vector e, and the exterior normal to the boundary,
p- 8

I set of indices corresponding to East corners (s; € 9T'g), p. 8
AE, Aw inverse sizes of the East and West boundary layers, p. 21

)\NZAS:/\ZZV_U4

inverse size of the horizontal boundary layers, p. 23
M majorizing function, p. 42

p; partition of unity, p. 8

s curvilinear abcissa, p. 8

s; curvilinear abcissa of the singular points (s; € OTg UdT'w ), p. 8

szi extremal points of the domain of validity of East and West boundary layers (if
relevant), p. 23

ti’ curvilinear abcissa of the East end of 3, p. 33
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+

o;  extremal points where energy is injected in North and South boundary layers

(if relevant), p. 48, 49
Y surfaces of discontinuity (ordonnates of critical points), p. 28
7 forcing term (coming from Ekman pumping), p. 1

Lpf truncation dealing with the transition between East/West and North/South
boundary layer terms, p. 48, 49

Xo localization near the boundary, p. 8

X+ localization on QF, p. 29

X truncation of 7 near the singular point s;, p. 41

x% = x%(y) graphs of the East boundaries of QF, p. 29

21V abcissa of the West end of X, p. 61

(z4,y;) coordinates of the singular points ((z;,y;) = (x(s;),y(s:))), p. 8
19 solution to the transport equation, p. 40

Y solution to the transport equation with truncated source term, p. 41
¥n,s North and South boundary layer terms, p. 24

Ye,w East and West boundary layer terms, p. 22

Yl interior singular terms lifting the discontinuities of 1%, p. 60

> interior singular layer terms, p. 33

Ying = V9 + Uit regularization of the solution to the Sverdrup equation, p. 32

Y = ) + g + Y sum of all terms whose trace is lifted by the North/South
boundary layers, p. 48

by, = Pt ¥y (%) + 957" sum of all singular layer terms whose trace is lifted
on the West boundary, p. 66

Y~ parametrization of the interior singular layer, p. 33

Q=0 \ UK ,Q; domain with islands €;, p.11

O*F subdomains of £ where the transport equation has a continuous solution, p. 28
z distance to the boundary, p. 8

Z = A(s)z scaled distance to the boundary, p. 20
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