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A REMARK ON THE ANISOTROPIC OUTER MINKOWSKI CONTENT
ANTONIN CHAMBOLLE, STEFANO LISINI, AND LUCA LUSSARDI

ApstracT. We study an anisotropic version of the outer Minkowski content of a closed
set in R™. In particular, we show that it exists on the same class of sets for which the
classical outer Minkowski content coincides with the Hausdorff measure, and we give

its explicit form.
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1. INTRODUCTION

As it is well known, the classical Minkowski content of a closed set S C R is defined by

{z € R™ : dist(zx, S) < e}

1.1 M(S) = lim
( ) ( ) e—07t 2e
whenever the limit in (1.1) exists and is finite; here | - | denotes the Lebesgue measure in R”.

The quantity M measures the area of “(n — 1)-dimensional sets”, and it is an alternative to
the more classical Hausdorff measure 7" ~!. With the role of surface measure, the Minkowski
content turns out to be important in many problems arising from real applications: for instance
M is related to evolution problems for closed sets [1, 10, 13].

Clearly, it poses as natural problems its existence and comparison with J#"~!. Let us
mention some known results in this direction. In [9, p. 275] the author proves that M(S) exists
and coincides with 2"~ 1(S) whenever S is compact and (n — 1)-rectifiable, i.e. S = f(K) for
some K C R ! compact and f: R"~! — R” is Lipschitz. A generalization of this result is
contained in [4, p. 110]. Here, the authors consider countably 7" '-rectifiable compact sets
in R", i.e.sets which can be covered by a countable family of sets S}, with j € N, such that Sy
is " Lnegligible and S; is a (n — 1)-dimensional surface in R™ of class C*, for any j > 0.
In this case, M(S) exists and coincides with #"~1(S) if a further density assumption on S
holds: more precisely there must exist v > 0 and 7 a probability measure on R” satisfying
n(B(xz,r)) > ~r", for each r € (0,1) and for each z € S, where B(z,r) is the open ball
centered in x of radius r. Counterexamples [4, p. 109] show that the countable rectifiability
is indeed not sufficient to ensure the existence of M.

More recently in [2], motivated by problems in stochastic geometry, a generalization of

the Minkowski content has been introduced, the so-called outer Minkowski content, which is
1
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defined by

R™ : di F) < E
(1.2) SM(E) := lim e € dist(z, ) < €} \ ’, E C R" compact.

e—0t €

In [2] the authors investigate general conditions ensuring the existence of SM: in particular,
they prove that if F is a set with finite perimeter and M(OF) exists and coincides with the
perimeter of E, then also SM(E) exists and coincides with the perimeter of E (in ).
Now, notice that the quantity which appears in the argument of the limit in (1.2) can be
rewritten as (provided the set E is “nice” enough)
1
(1B +2B(0,1)| - |B]).
We consider in this short note a variant of this content, which is an anisotropic outer

Minkowski content. The idea is to study the limit, as € — 0T, of
1
(13) 2(1B +<C| - |B]),

where C' C R™ is a closed convex body. It is standard that if E is convex, then |E 4 eC]| is a
polynomial in e (of degree n) whose coefficient of the first degree term (see also Remark 3.7

below) is precisely the anisotropic perimeter

(1.4) /aE he(ve)dA" 1,

where h¢ is the support function of C, defined by ho(v) = sup,ec @ - v, and vg the outer
normal to OF, see [11] for details. The convergence of (1.3) to (1.4) follows for convex sets E
and can be easily extended to (very) smooth sets.

We show here two (expected) results: first, as a functional defined on sets, (1.3) I'-converges
to the natural limit (1.4) as ¢ — 0.

Second, we show in Theorem 3.4 that given any set for which the (classical) outer Minkowski
content equals the perimeter, then the limit of (1.3), as ¢ — 0T, coincides with (1.4).

The proof of Theorem 3.4 is quite technical, because we wanted to work under the only
assumption of the convergence of the classical content. We show that this convergence implies
that the boundary is flat enough in a relatively uniform way, so that the convergence of (1.3)
holds.

Eventually, we also deduce a I-convergence result (see [5, 7| for details) for functionals of
the type
(1.5) E / (esssupu — u(z)) dz

€ z—eC
which coincides with (1.3) on characteristic functions of sets. The limit is (quite obviously)
given by [, ho(—Du) (where the minus sign accounts for the fact that the outer normal was
appearing in (1.4), and not the inner normal which corresponds more naturally to the gradient

of the characteristic function Xp)
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As a simple corollary, one is able to approximate functionals of the type

$(vp)dA™,
oF
for ¢ a positively one-homogenous convex function ¢ : R™ — [0, +00) (and positive away from

0). Indeed, it suffices to choose the convex body
C ={zeR":z-v<¢(v)VveR"}

and apply our results.

The paper is organized as follows: in section 3 we define the setting and we state the
results, then in section 4 we prove the I'-convergence result for (1.5), and then the pointwise

convergence result for (1.3).

2. NOTATION AND PRELIMINARIES

2.1. Notation. Let n > 1 be integer. Given a measurable set A C R", we will denote by
|A| its Lebesgue measure. If k € {0,...,n}, the k-dimensional Hausdorff measure of S C R"
will be denoted by #%(S). We will use the notation z -y for the standard scalar product

in R™ between x and y, B(x,r) for the closed ball of radius r centered in z. Finally, here

1
loc

convergence in L{ (£2) means convergence in L'(B N ) for any ball B. (Strictly speaking, it
is thus the convergence in L. (R™) of the functions extended with the value 0 outside of 2.)
() as j — +o0, if Xg,
converges to Xpg in Ll () as j — +o00, where Xg denotes the characteristic function of the

set S.

We say that a sequence of sets E/; C R" converges to £ C R" in Ll

loc

2.2. Geometric measure theory. In this paragraph we recall some basic notions of geo-
metric measure theory we will need; for an exhaustive treatment of the subject we refer the
reader to [12].

Let n > 1 be integer and let & € N with k& < n. We say that S C R™ is countably J€*-
rectifiable if S can be covered by a countable family of sets S;, with j € N, such that Sy is
% -negligible and S; is a k-dimensional surface in R" of class C1, for any j > 0.

Let £ C R™ be a measurable set and @ C R”™ be an open domain. We say that F
has finite perimeter in € if the distributional derivative of Xg, denoted by DXp, is a R"-
valued Radon measure on ) with finite total variation; the perimeter of E in €2 is defined
by Per(E;Q) := |DXg|(2), where |[DXg| denotes the total variation of DXg. The upper and
lower n-dimensional densities of E at x are respectively defined by

ENB ENRB
©; (E,z) := limsup M, Oun(E, z) = liminfM

N0 W™ ™0 wprt
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where wy, is the volume of the n-dimensional unit ball. If ©} (E, z) = ©,,(E, z) their common
value is denoted by ©,,(E,z). For every t € [0, 1] we define

(2.1) E' = {z €R":0,(E,z) =t}.

The essential boundary of E (or measure-theoretic boundary) is the set 0, F := R"\ (EYUE").
It turns out that if F has finite perimeter in Q, then 2"~ (9,F\ E'/?) = 0, and Per(E; Q) =
A HOENQ).

Moreover, one can define a subset of E'/2 as the set of points 2 where there exists a unit
vector vg(z) such that:

EF—x

—{yeR:y-vg(z) <0}, inLL.(R™) asr — 0,

and which is referred to as the outer normal to E at x. The set where vg(x) exists is called
the reduced boundary and is denoted by 0*E. One can show that 2" 1(0,FE \ 0*F) = 0,
moreover, one has the decomposition DXp = (—vg)#" 'L 9*E.

3. STATEMENT OF THE RESULTS

Let us assume that C' C R" is a closed convex body, that is, bounded and with 0 in its
interior. We denote its support function by hc(r) = sup,cc @ - v, and its polar function is
he(x) == supp, <1 @ - v. It is well known, then, that both hc and hg, are convex, one-
homogeneous and Lipschitz functions, moreover C = {hg, < 1}.

By assumptions, there also exist a,b with 0 < a < b such that B(0,a) C C C B(0,b), in
particular, we have for all v, x € R™

1 1
(3.1) alv] < holv) < bvl,  Jlz] < he(x) < —la].

Let © C R"™ be an open domain. Given a Lebesgue measurable set £ C {2, we introduce

the outer e, C-Minkowski content,
1
(3.2) SML o(E; Q) = (120 (E+:<0)| - |E]).

Actually, this definition is not very practical, since it can change drastically with Lebesgue-
negligible changes of the set E. For this reason, we introduce the functional, defined for a

measurable function wu:

(3.3) F.c(u;Q) = l/( esssup u — u(z)) dz
€Ja an(z—e0)

which takes values in [0, 4o00]. Notice that one can check easily (using Fatou’s lemma) that
F.cis Ls.c. in L{ (9). We then define

(3'4) SM&,C(E; Q) = E,C’(XE§ Q) :
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It is also easy to check that the definition coincides with S./\/(S’C on smooth sets, and in general

for a measurable set E we have

SMec(B;Q) = | min SMo(E}Q) = SMec(BL9) = SMo(Q\ E%Q)

where E! (resp., E”) is the set of points of Lebesgue density 1 (resp., 0) in Q (see (2.1)), and
AAB denotes the symmetric difference (A \ B) U (B \ A) of the sets A and B. Eventually,
one can check easily that F; ¢ satisfies a generalized coarea formula [14, 6]: for any function
we I ()

(3.5) F.o(u;Q) = /_OO SMeco{u > s};Q)ds.

Indeed, for any integer k and a.e. z € Q with u(x) > —k,

+o0
esssup u | +k = / esssup Xy} ds
QN(z—eC) -k Qn(z—eC)

so that

+o0

esssup u —u(z) = / essSup Xyuss} — X{uss}(7) ds,
QN(z—eC) -k QN(z—eC)

and sending k — +o0o we deduce (3.5).

Eventually, one can show that for any measurable sets, £ and F,
SMc(EUF;Q) +SM . c(ENF;Q) < SM.c(E;Q) +SM. c(F;Q)

from which it follows that F. is convex on LL (£2), see [6] for details.

Before stating our results we recall the following definition: we say that a family of func-
tionals (G¢)->0 defined on the Lebesgue measurable subsets of R™ I'-converges to G in Llloc(Q)
as ¢ — 0 if

e for any Lebesgue measurable set F, and for any family (E:).>o of Lebesgue measurable

sets E. — F in L{ (Q) as € — 0, we have
G(E) < liminf G.(E.),
e—0

e for any Lebesgue measurable set F, there exists a family of Lebesgue measurable sets
(E.)es0 such that B, — E in Ll (Q) as ¢ — 0 and

limsup G.(E.) < G(E).

e—0
In the same way, we say that a family of functionals (F.).o defined on L{. (Q) I-converges
to Fin Ll (Q) as e — 0 if

1

1. (Q), and for any family (u.).>¢ of elements of L{ () such that u. — u

e foranyu € L

in L

1o (2) as € = 0, we have

F(u) < liminf F(ue),

e—0
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1
loc

e for any u € Li (1), there exists a family (u.)c>o of elements of L{ (£2) such that

u: — uin L (Q) as € — 0 and

limsup Fy(u:.) < F(u).

e—0

We will show the following result:

Theorem 3.1. Ase — 0, SM.c and S./\/lgc I'-converge to

he(vg(z)) dA™ Yz if E has finite perimeter in €,
(36) Perhc(E; Q) = /a*EﬂQ ( ( )) ( )

+00 else
Tl
m LIOC

locally finite measure and sup,~oSMe c(E¢;§2) < 400, then, up to subsequences, E! converge
to some set E in Li ().

(), where vg(x) is the outer' normal to O*E at x. Moreover, if {E.}.~q are sets with

In particular, we deduce from |6, Prop. 3.5]:

Corollary 3.2. Ase — 0, F, ¢ I'-converges to

TV o) = /th(—Du) ifue BV(Q),

+00 else

. 1
mn Ly

(Q), where he(—Du) stands for he( — dcllgz‘)d|Du| [8].  Moreover, if {u:}es>0 are

functions in Ll (Q) with sup, F. ¢ (ue; Q) < +o00, then {u.}eso is precompact in Li ().

loc

Indeed, Proposition 3.5 in 6] shows that for functionals such as F; ¢ which satisfy (3.5), the
I'-convergence of the functionals restricted to characteristics functions of sets to some limit
(Theorem 3.1) is sufficient to imply the I'-convergence of the full functionals to a limit which
is precisely the extension by co-area formula of the previous limit (here TV_¢ is the extension
of (3.6)). The compactness is shown in Section 4.1.

For any measurable set ¥ we can also consider
Ma,C(E§ Q) = (SMa,C(E; Q) + SM&,C(Q \ E; Q))/2
From Theorem 3.1 the following Corollary follows easily:

Corollary 3.3. Ase — 0, M. I'-converges to (Pery,. (E) + Pery,(Q\ E))/2 in L ().

loc

Concerning the pointwise convergence of S./\/lgc, we also have the following interesting
result, from which the I'-lim sup inequality in Theorem 3.1 follows in a straightforward way.

LObserve that with this classical but not so natural choice, we have Pery,, (E) = Jo he(—DXE).
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Theorem 3.4. Assume that the set E is a finite-perimeter set such that

(3.7) ;i_IR)SMS,B(O,I)(E; Q) = Per(E;Q).
Then,
(3.8) gigéS/\/lgC(E; Q) = Pery.(E;Q).

Remark 3.5. If we assume moreover that C'is 1! and “elliptic” (precisely: that h% /2 is both
uniformly convex and with Lipschitz gradient), then the two assertions in Theorem 3.4 should
in fact be equivalent. To check this, it requires to adapt the proof by replacing the Euclidean
ball and distance with C' and the corresponding anisotropic (nonsymmetric) distance. The
smoothness and ellipticity are required because, in the proof, we use the ellipticity of the
distance to control the difference of measure between a flat surface, orthogonal to a given
vector v, and a slanted C'™! surface with at least a point with normal 7 # v, see Fig. 1 and
the proof of (4.32) for details.

Remark 3.6. The sets which satisfy (3.7) are studied in [2]. A sufficient condition is that the
Minkowski content of the reduced boundary coincides with its (n — 1)—dimensional measure,
that is,

. dis *E) <
lim {z € Q : dist(z,0*E) < e}|

(3-9) e—0 2e

= Per(E;Q).

The proof is quite elementary (see [2, Thm 5|). Indeed, we observe first that (3.9) implies
that {dist(-,0*E) = 0} has zero Lebesgue measure. Then, we can introduce for x € Q the
(essential) signed distance function

dp(z) = dist(z, E') — dist(z, EY)

to the boundary. If dist(z, E') > 0 then clearly z is in the interior of EY, in the same way if
dist(z, EY) > 0, z is in the interior of E'. Hence |dg(z)| = dist(z, E') + dist(z, EY), and in
particular dg(z) = 0 if and only if for any p > 0, B(x, p) contains points of both E° and E*,
which in turn is equivalent to dist(z,0*E) = 0. It follows that |dg(z)| = dist(z,0*E) (and,
by (3.9) {dr = 0} is negligible, showing also that dg is the classical signed distance function
to OF! in ). Thanks to the co-area formula and the fact that |Vdg| =1 a.e., we have both

1 1

g\{x €N:0<dg(x)<e} = / Per({dg < es}; Q) ds,
0

0

§|{:c €N —e<dg(zx) <0} = /lPer({dE <eshQ)ds.

Now for any s, {dg < s} goes to either {dr < 0} (if s < 0) or {dg <0} (if s > 0) as e — 0,
which both coincide to F up to a negligible set. Hence by Fatou’s lemma,

1
Per(E;Q) < liminf —|{z € Q : 0 <dg(z) < e}/,
(3.10) =0 ;
Per(E;Q) < liminf -|{z € Q2 : 0 < —dg(x) < &}|.
e—=0 ¢
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Together with (3.9), it follows that the inequalities in (3.10) must in fact be equalities, and

the liminfs are limits. In particular, we deduce (3.7).

If OF is compact and rectifiable (that is, included in the image of a Lipschitz map from R"~!
to R"), and s#" 1 (OF \ 0*E) = 0, then the Minkowski content coincides with the perimeter,
see |9, Thm 3.2.39 p. 275|, and the previous analysis applies. It is easy to build examples,
though, where this is not true and still, (3.8) holds, see again [2].

Remark 3.7. In case E is a convex body, then it is well known that (see [11])
|E +¢C| = |E| + ePery, (E; Q) + O(¢?) .
As before, for any measurable set E C € we let
MO (B Q) 1= (SMU (B Q) + SMC (@ E5 )2
Then the following pointwise convergence result holds.
Theorem 3.8. Assume that the set E is a finite-perimeter set such that
lim M 5o 1) (E; Q) = Per(E;Q).

e—0

Then,
lim ML (E;Q) = (Pery,. (E;Q) + Pery (2\ E;Q))/2.
e— ’

In particular, we get

: ) — he(ve(x)) + he(—ve(®)) . 0
;%MQ,C(E,Q)_/B*E £ 5 BV dnen (x).

4. PROOF OF THE RESULTS

4.1. Proof of Theorem 3.1. In order to prove the I'-convergence, we must show that for
any F,
o if . — F in LL (Q), then

loc

(4.1) Per;,. (E;Q) < limi(l)nfS./\/l&C(Ee;Q),
E—r
e and that there exists £, — FE with

(4.2) limsup SM. c(E:; Q) < Pery (E;Q).

e—0

As it is standard that one can approximate any set FE with finite perimeter by means
of smooth (enough) sets such that Per(Ej;$2) — Per(E;Q) (for instance, minimizers of
ming Per(F; Q) + k|EAF| will have a C! boundary, up to a compact singular set of small di-
mension) then (4.2) will follow, using a diagonal argument and Remark 3.6, from Theorem 3.4

(which we will prove later on).
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Hence, we focus on the proof of (4.1). We will also prove, simultaneously, the last claim
of the theorem, which is the compactness of a family (E.) with equibounded energies. Let us
introduce the anisotropic (essential) distance function to a set E:

distc(z, E) = essinf hS(z — y).
istc(z, E) essin oz —y)

(Equivalently, this is the h¢-distance to the set E' of points where the Lebesgue density of E
is 1, or to the complement of E°.) Then, distc(z, E) < ¢ if and only if there exists a set of
positive measure in E of points y with hg.(z —y) < €, or, in other words, such that x —y € eC,
which is equivalent to say that 2 € E' + eC'. In particular, it follows that

(E'+eC\EYNQ={zcQ\ E' : distc(z, E) < &}

On the other hand, if one lets d(z) := distc(x, E), it is standard that d is Lipschitz and that
he(Vd) = 1 ae. in {d > 0}, and h¢(Vd) = 0 ae. in {d = 0} D E'. The proof of this fact
follows the same lines as in [3]: first, for any x,y € Q, if 6 > 0, one can find a set with positive
measure in E of points 3 with d(y) < hg(y —y') < d(y) 4+ d. Then, for these points,

(4.3) d(z) —d(y) < hg(z—y)—hely—y)+d < ha(z —y)+6

and sending § to zero and using (3.1), it follows that d is Lipschitz. Moreover, Vd = 0 a.e.
in {d = 0}. Now, from (4.3) we also see that d(x + tz) — d(x) < thy(z) for all z; therefore, if
d is differentiable at x it follows that Vd(z) -z <1 for all z € C, hence h¢(Vd(z)) < 1.

We show the reverse inequality for points x where d(z) > 0: for such a point, there exists
y € B! with d(z) = hg(z — y). For each 2’ € (y,2] (which means that 2’ # y and 2’ lies on
the line segment with extreme points y and z), one has d(z') = h:(2’ —y) > 0, otherwise
there would exist ' with hg (2" — ') < hg (2" — y), but then, it would follow that

ho(x —y) < hg(z—a') + he(a’ —y) <hg(z —a') + he (2’ —y) = he(z —y)
since o’ € (y,z], a contradiction. It follows that for 2 =z —y, t € (0,1),
dlx —tz) = hg(z —tz —y) = (1 — t)d(z),
and if in addition z is a point of differentiability, it follows that
—Vd(z) -z = —d(z) = —h¢(2).

But since ho(Vd(x)) < 1 and z/hg(2) € O, it follows that ho(Vd(x)) = 1. If moreover hg,
is differentiable as well in  — y, we find in addition that Vd(z) = Vhg(x —y). If he is
differentiable in Vd(z), we find that y = x — d(x)Vhe(Vd(x)) and in particular, in that case,
the projection y must be unique. For a general convex set C' this might not be the case, even
at points of differentiability.

Let us now show (4.1) and the compactness. We let {E.}.~¢ be a family of sets, with
liminf. ;o0 SM. c(E:;2) < +00. We consider a subsequence Ej, := E, such that this lim inf

€k
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is in fact a limit. We will show both that, up to subsequences, it converges to a set E in
L () and that (4.1) holds. We have

loc
(B +e,C)\EH)NQ D {zeQ: 0<diste(z, By) < e}

(the difference being the possible set of points x ¢ E} with distc(z, Eg) = 0). It follows,
letting di(z) := min{distc(z, Ex)/ex, 1},
1

/ he(Vdiste(z, Ex)) de = /hC(de(x))dx.
€k J{o<distc(-,Ey)<ep}

Q

In particular, (dj)r>1 have equibounded total variation: we may assume that a subsequence
(©). (And, in fact, we
may even assume that the convergence is pointwise, out of a negligible set.)

By assumption, [{0 < d < 1}| < [{dy < 1} \ E}| < ¢z, in particular we deduce easily that
d €{0,1} a.e. in § (for instance, by checking that di(1 — di) — 0). We call E = {d =0}. In
particular, X = 1 — d. Observe that if B is a ball in R",

/ ’XEk — XE]dm
B

:/ |dk—d|d$+/ |XE|—|—/ |dk—d|d$
BNE} BN({dx<1}\E}) Bn{d,=1}

< ||dk — dllz1(Bray + cer — O

(not relabelled) converges to some limit d, with values in [0,1], in L]

1
loc

as k — 00, so that Ey, — E in L, .(B), hence showing the compactness.

1

Thanks to Reshetniak’s lower semicontinuity Theorem, it follows from the L; .

of dj, to 1 — X that

-convergence

k—o0

/ ho(—DXp) < limini / ho(Vdy(@))de < lim SMe, c(Ei ).
0O 9] — 00

Since [, ho(—DXg) = Pery, (E;Q), (4.1) follows.

To extend the compactness result to Corollary 3.2, one can consider for each § > 0 and
function u,. a function
1)
Ue = Z SkX{Sk+12ua>Sk}’
kEZ
where s, € (kd, (k + 1)0) is a level appropriately chosen so that

SMeoc({ue > sk} Q) < (1 +sup Fro(ue;Q2))/6.

e>0

Then, the previous compactness result (and a diagonal argument) shows that there exists a

/

a positive infinitesimal sequence ¢j, such that u;kn converges to some u'/™ in LL (Q), for all
n > 1. Since Huéim - u;l{nﬂw < 2/min{m,n} and [[u!/™ — u!/"| s < 2/min{m,n} for all
m,n,k, we easily deduce that (up to a subsequence), there exists u such that u., — u in

LL (Q).

loc
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As already mentioned, the proof of (4.2) will follow from Theorem 3.4, which is proved in

the next Section.

4.2. Proof of Theorem 3.4. Now, we consider a set £ C 2 such that (3.7) holds. We
will identify F with the set of points where its Lebesgue density is 1, moreover, a necessary
condition for (3.7) is that E = (.. E + B(0,¢) coincides with E up to a negligible set, in
other words, |E \ E| = 0.

A first remark is that, clearly, using (3.1),

aSMge,B(o,n(E; Q) <SM(E;Q) < bSMge,B(O,l)(E; Q)

hence any limit of SMS,C(E; ) is in between aPer(F; Q) and bPer(E; ). In particular, we

can introduce the non-negative measures
1 n
He = - (XE+€C - XE) H

which are equibounded, since by definition p.(Q2) = SMS,C(E; Q). Then, up to a subsequence,
we have i, X 4 as measures in Q, with a1 L 9*E < p < b L §*E. In order to
prove the result, we need to show that yu is equal to he(ve)s#" 1 L 0*E.

For this purpose, we introduce the Besicovitch derivative g of the measure pw.r.t. " 1 0*E,

defined by

. B(z,
9(x) = ;1—% t%”"_l/z(g*é ﬂp;)(x,p))
(observe that g(z) € [a,b]) and which is defined for J#" '-a.e. x € QN J*E. Moreover, since
0*F is rectifiable, it is also given a.e. by
B(x
(1.0 gle) = ling L)
where «,, = w,_1 is the measure of the n — 1 dimensional unit ball.

As mentioned, Theorem 3.4 will follow if we can show that g(z) = he(ve(x)) for 71
a.e. ¥ € 0*E. Observe that from (4.1), it follows that g(x) > he(vp(z)) for " tae. x €
0*E, so that we just need to show that g(z) < ho(vg(x)) for #" 1 ae. z € O*F.

A first step, which is classical, is to blow-up the space around a point & where the Besicovitch
derivative exists, and by a diagonal argument, to consider the situation where the set is close
to a half space, orthogonal to vg(z). We thus fix from now on a point z € 0*E where (4.4)
holds.

We recall that
n—1 * B(x
L ATNPENB@)
p—0 appn1

45 I ‘x e Xiy <ot | dy = 0O
(4.5) 250 B(0.1) £ {y:yve(@)<0}| 4Y
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hold. We denote v = vg(z) and without loss of generality we will assume that it is the
direction of the last coordinate z,,. We will use the notation z = (2/,z,) € R"! x R to
distinguish between the component =’ | v and z,, (along v) of a point z € R™.

We also introduce the measures

1
Ae =

=z (XpteBop) — XE) ™ > e

the main assumption of Theorem 3.4 ensures that these measures converge weakly-* to A =
b#" "1 O'E as ¢ — 0. Now we use a classical procedure: since for a.e. p > 0,

pe, (B(Z, p)) = n(B(Z,p)) and A, (B(Z, p)) = MB(Z, p)),

(see [4] Proposition 1.62 and Example 1.63) we can build an infinitesimal sequence (pg)ken
with €}, = e /pr — 0 as k — oo such that

(4.6) lim Mw = ¢()
o0 Qn Py,

and

(4.7) tim 2 B@o0)

k—o0 Qn Py,

The rest of the proof would be relatively easy if we could ensure that e, ~ pp as k — oo,
using then a blow-up argument. The reason is that in this case, at the scale pj, the set E
would look like a half-space while (E+bB(0,¢)) \ E would look like a strip, of constant width
~ b(ek/pr). The fact that the volume of this strip goes precisely to the volume of a straight
strip (which (4.7) tells us) would then imply that it is essentially straight, up to a small error.
This would, in particular, show that at the scale ¢, OF is almost flat and we would be able
to estimate precisely the volume of (E + ¢,C) \ E.

However, this is not clear in general, and we need to consider the general situation, where
er = o(px), hence €j, — 0. The workaround will be to consider, after a blow-up at scale py, a
covering of the (flat) limit surface with cubic regions of scale €}, and show that “most of” these
regions are good, meaning that they can be roughly analyzed at scale ¢} with the arguments
previously mentioned, while the other regions are not enough to contribute significantly to the
limit.

As is usual, we do a blow-up using the change of variables x = T + pry. We let E} =
(E — z)/pk, and we observe that from (4.6), (4.7) and (4.5),

1
48 1 X , _X d — _
(4.8) e anel /B(o,1)( Bte,c — Xp)dy = g(2),
1
4. li , _ du = b
(4.9) oo Qnel /B(O’l)(XEkJrekB(O,b) XE,) dy )

k—00 B(0,1)
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Moreover, for any 8 > 0 (small), one can check easily that if we replace in (4.9) and (4.10)
B(0,1) with B(0,1— ), or even with C(0,1— ) := {(¢/,yn) € B(0,1) : || <1-p}, (4.10)
still holds and the right-hand side in (4.9) is replaced with b(1 — 8)"~!. Indeed, it follows
from (4.1) (with C' = B(0,b)) and (4.10) that for any open set A C B(0, 1),

n— |
b HAN{y - v =0}) < 11]€Iggf%A(XEk+e;B(o,b) —Xg,)dy.

Together with (4.9), we deduce that as soon as " 1 (AN {y-v =0}) =0,

_ .1
(4.11) b HAN{y-v=0}) = lim — /A(XEkJrejcB(O,b) —Xg,)dy.

k—o0 €L

We fix a (small) value of 8 > 0. Then, we choose a value # > 10b and we consider the points
z € Z" 1 such that the hypersquares (6} (z 4+ (0,1)""1)) x {0} are contained in B(0,1 — 3).
There is a finite number Nj of such squares and we enumerate the corresponding points
{z’f,...,zfcvk}. Fori=1,..., N, we let

CF = [(Beh(F + (0, ) x RINB0,1), O = (84(=F + (0,1)" 1)) x {0}.

7

We then let
(4.12) af = /Ck |XEk —X{yngo}‘ dy < 2(0ep)"
and 0 = 5\2“1 a¥: from (4.10) we know that J; — 0 as k — co. We then consider

Zk:{Z:L,Nk : af S (5]6(82:)”71},
Z ={1,...,Ni}\ Z. It follows that &, > /dx(c},)" '#Z] and then
(4.13) ()" #2Z < Vo

which gives a control on the “bad” surface, of the cylinders C’Z-k where the integral af is “large”.
On all the other cylinders, if we blow-up the coordinates at scale ¢) we will still have that Ej,

is close, in some sense, to {y, < 0}.

For each 7 =1,..., Ni, we have
1 1 Vi=y” ,
(4.14) %/Ck ‘XEkJre;cB(O,b) —Xg,| dy = %/c"c/—m XEy 1<, B0b) — XEy | dyndy

> b|{y e CF A (W) xRN (BO.) N ED) > 0,58 (W'} x B) N (BO1) \ E) = b |

since clearly, each time a point (', y,) € Ej, then (v, yn + s) € Ej, +€,.B(0,b) for |s| < &)b.
We denote by DY the set in the right-hand side of (4.14). For y' € DF,

Viy? 5
/_W‘XE'“_X{%SOH dy > /B-eb > -
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as soon as €}, < /B/(2b) (which we assume in the sequel). It follows that |CI*\ DF| < 24k //B,
hence if i € Zy, so that af < /6 (e})" 1 = VO, CIF| /671 we get that

2/0,
(4.15) b|DF| > b|C] (1 - %) e (1 - K 5k) .
To sum up, (4.14) and (4.15) show that for any i € Zy,

1
v
€k

k
XBre Oy — XE | dy 2 b|C; !(1—K 5k> :

In particular, it follows that (using (4.13))

4.1 li f
(416) Hmint 3 - L.

dy

X Ey+el, B(0,b) — XEy

Ny

et

i=1

> b lim ( —(as;)"—l#zg> (1-KVo) = anb(1-p)!

and together with (4.11) (which bounds the lim sup, for A = C(0,1 — 3)) we deduce that

1
5, = —/ X
EIEY)

1E€EZ)

k k—o0
BotelBO) — XEy | dy — bCT| <1 - K 5k)> ).

So now we introduce

dy — b|C(k|(1—K 5k> < (e;ﬁ)"l\/i},

and its complement Zj = Z, \ Zj. Then as before, one sees that 8, > /&, (¢})" '#Z} and

consequently
(4.17) (R)" ' H#Zy, < 1\/5-

This controls the total surface of the squares C{k such that in the corresponding cylinder C¥,

Zk = {iEZk : —/ ‘XEk‘f'&k B(0,b) — XE,
€k

the measure of Ej, +¢}, B(0,b) \ Ey, is far from the measure of a perfectly straight strip of width
ei.b. In the other cylinders, we will be able to show that the boundary of Ej, is almost flat.

We see at this point that (4.16) still holds if Zj, is replaced with Zj, and Z, with Z; U Z,;
Together with (4.11) (with again A = C(0,1 — /3)) it follows that

. 1
lim sup — B(Ob) — XE,| dy = 0,
k‘—)OO 6k ( )\Uzezk 7
and as a consequence
. 1
(418) hmsupe—// N XEk+€;€C — XEk dy = 0.
koo €1 JOWO.1-8)\Uje 7, CF
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We now need to estimate the quantity (1/¢7) [« XEy e, 0 — X, | dy for i € Zy,, hence when

(4.19)
Ik 1 Ik 5]/4,‘
. — < — < ’ —
b|C |<1 K 5k) <7 /Cf dy < b|C] |<1 K0 + 70

and (from (4.15))

XEy+e] B0,p) — XEy

Vo
on—1/B"
The estimate will rely on the fact that, whenever (4.19)-(4.20) hold, the boundary of Ej, must
be flat enough so that we can control also the volume of (Ej +¢,.C) \ Ek.

We choose k € N and i € Z, so that (4.19) and (4.20) hold, and consider the change
of variable y = 2F + &,9. We let F' = (B — 2F)/e),, Q = (CF — 2F)/el. o (0,0)" 1 x
(—V/B/e},VB/ey), D = (DF — 2F)/e}. We find that

(4.20) |C*\ DF| < 2101

5
(4.21) / (XpiBop — Xr| dj < b0"71 <1 CKE b,@/ni) |
Q
; - Vo

(422) / Xp—X in dy < af(&’) n < ’

o)l 2 7 < 3
while (4.20) yields

0

(4.23) ’(O,H)n_l \D‘ S 9 Ek,

where we recall that
D = {5 0,600 AU} xR)NQAF) > 0, (({#'} x R)NQ\ F) > b} .
Let us set F, = F'+ B(0,b) = {g € R" : dist(y, ') < b}, and
Fs={y € F, : dist(g,0F,) > b— s}.

We observe that F' C Fy for any s € [0, b].

By construction, given any point § € OFj, there is a ball B(2,b — s) such that B(2,b —
s)NFy =0 and y € 9B(2,b — s). Formally, it means that the curvature of OF; is less than
1/(b — s). However, a similar inner ball condition (with radius s) is not guaranteed. We
introduce the set F, which is the union of all balls of radius s which are contained in F,. We
have for s € (0,b)

(4.24) F+ B(0,s) = {§ e R" : dist(§,F) < s} C F, C F,.

We will show that if k£ is large enough, the boundary of Fj is essentially flat inside Q). Let
us first establish that the boundary OF; crosses “most” of the vertical lines in the cylinder
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(0,0)" 1 x R. We let:
D' = {y 0,9" LA ({9 <RONQNE) = 0},
D" = {0 ({7} xRy)NQ C K},
D" = {§ € (0,0)" " : A{J} xR)NQN(F\ F)) > 2b} .

The definition of D ensures that if ¢/ € D, |{¢'} x R)n@QnN (F \ F)| > b. From (4.21)
and (4.23), we have that
0
0"+ /8, > bD\ D"|+2bD"| > b|D|+bD"| > b6" " +b|D"| — 2b /Fk’

hence

5,
. o< = /
(4.25) D" b G2

We easily deduce from (4.22) that both |D’| and |D” \ D”’| are bounded by a constant times
V0 indeed, if § € D"\ D", |(§ x Ry)NQ\ F| < 2b so that

(Fotin <0 0 {linl < Y] = L2 -2,

and (4.22) yields

|D//\D///| < \/E 52 <9 5_k
€, VB — 2be), IS
as soon as £, < /3/4b). The estimate for |D'| is even simpler. It follows from this and (4.25)
that there exists a constant K’ (still depending on 6, §) such that
(4.26) \D'UD"| < |D'|+|D'\D"|+|D"| < K’ ( 5 + \/5;6) .

Now, each time ' € (0,60)"~\ (D’ U D"), one can find in ({§'} x R_) N Q points which
belong to F (hence to Fy or F for all s € [0,b]), and in ({'} x R, )NQ, points which are not in
F,: as a consequence there are also, in ({§/} x R) N Q, points in OF, or dF}, for any s € [0,b],
with the set Fy or F, “below” the point (or the normal, if it exists, pointing upwards). It
follows that

(4.27) ANORNQ) > 0 = K (Vo +/5)
and (applying the coarea formula to the distance function to 0F}) that
b
4.28) |[(B\F)NQ| = / AN OF, N Q)ds > bt —bK! (V3 +/6;)
0

Inequalities (4.21) and (4.28) yield that (here the constant K’ may vary from line to line,
keeping the same kind of dependency in the parameters)

(4.29) (F\F)NQ| < oK’ 5,§+\/@.



THE ANISOTROPIC OUTER MINKOWSKI CONTENT 17

Let us choose 1 > 0, small, and observe that (using (4.27) and (4.21))

2
(4.30) /n,%”"_l(anmQ)ds = \(Fb\FO)mQ\—/ A" HOF, N Q) ds
n (0,6)\(n,2n)

Y e e Canr A 5k+\/¥)) < g0t K ( 5k+@)

so that there exists § € [n,2n] with
K’
) n—1 2 < pn—1 1y
(4.31) A ORNQ) < 0 (VB +/5)

The surface dFs is “almost” like a C1! graph, and converges to a flat surface, with con-
vergence of its measure as k — oo. If it were a graph, it would be easy to deduce uniform
convergence. Let us show that in this setting, it must also be essentially flat. More precisely,
we will establish it for OF5.

Consider first a point § € dFs N OF5, that is, where Fs has both an outer ball condition
with radius (b— §) and an inner ball condition with radius s. In particular, there are at § two
tangent balls to OF3 of radius 7 inside and outside the set. The common normal to these balls
is normal to OF; (and BFS) and we denote it 7. Given ¢ > 0, let us assume that |7-v| < 1—C.

Then, for ¢ small, we consider the ball B(y,tn¢) (which we assume is in @, and we let
r = tnC). The surface OFs passes, in B(y,r) in between two spherical caps of radius 7, which
are tangent in § and normal at that point to 7. We call . the subset of B(7,7) bounded by
these two caps (see Figure 1). A simple calculation shows that the trace of these spherical
caps on the sphere 0B(y,r) is given by the intersection of this sphere with the hyperplanes
{ly—9)-v= :E%’I“} (hence, . C B(y,r)N{|(y —9) - 7| < %r}) In particular, the surface
A" Y OF;NB(j,7)) can be estimated from below with the surface of the corresponding discs,
that is, a,r"1y/1 — t2C2/4n71.

Let us now estimate from below the surface "1 (0F; N Q\ B(y,7)). Since we know that
given any ' € (0,0)"" 1\ (D' UD"), 0Fs N ({7} x R)NQ # 0, it is enough to estimate
from above the projection of .% onto (0,6)" !, which we denote by II,(.#). This, in turn, is
bounded by the projection of

B 0y s =i -rl < Grf = {a+rore 1 < 5l < Vima e =of.

Now, this projection is a subset of the vertical projection of the diameter of B(7,r) perpen-
dicular to 7, that is, A = {g+7r¢ : [{| < 1,£-v = 0}, plus the disk II,,(B(0,rt(/2)). It follows
(see the expansion of the volume of Minkowski sums of convex sets in [11], ¢f Remark 3.7)
that

L ()] < [L(A)] + Per(H,,(A))% + o(rt(C) -
Here, Per(I1,(A)) is the (n — 2)-dimensional perimeter of IT,(A) in (0,0)""!, and a simple
scaling argument shows that o(rt(¢) is of the form r"~1o(t¢), where the latter ‘o’ depends only

on the geometry of the vertical projection of the unit ball, that is, on v - ¥ — and, in fact,
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The surface in the ball is at least this diameter

The surface out of the ball projects at

/ least on this shaded region

=

FIGURE 1. If the normal at § to OF5 is away from v, then its surface must
exceed 0"~ by some quantity which is estimated.

would be largest for v = . Now, since Per(IT, (A)) < 5" 2(0A) = (n—1)a, 7" 2, we obtain
that

rtC

1L ()] < |v-7lopr™ + 2(n — Dapr™ 2= < apr™ 11— (1 = (n— 1)t)¢)
2

if ¢ is small enough. It follows
(4.32)

n—1
AN OFsNQ) > 0" = K'(\/6,+ \/i)Jranr"*l (\/1 — % —1+(1—(n- 1)t)g> .

For ¢t = 0, the quantity between the right-hand side parentheses is ( > 0, and it decreases
with ¢. It follows that one can find ¢ > 0 (depending only on n and () such that (4.32) reads

ANORNQ) > 0" — KB+ \J5) + anling) 5

Together with (4.31), it follows that if k is large enough (depending on K’ n,(), we get a
contradiction, and therefore |7 - v| > 1 — (, provided ¢ is at distance at least tn¢ from 9Q).

We must observe at this point that we also have v-v > 0. Indeed, the same proof will show
that if, for instance, v-v < —1/2, then for k large enough, (4.31) cannot hold. Indeed, in this
case, thanks to (4.22), the surface of OF; near ¢, which is of order !, has to be added to a
surface of 9F; N Q (out of (D’ U D") x R) already of order §”~!, a contradiction if k is large
enough. It follows than when & is large, one must have 7-v > 1—¢, at any § € dFsNOFsNQ,
at distance at least tn¢ from 0Q).
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We can deduce that OFj is almost flat. The reason is the following: given B(g,5) C Fj, if
we translate this ball in any direction (1 — {)e — /((2 — {)v, for e a unit horizontal vector
(normal to v), then it will never touch 0Fs, at least until it reaches a distance tn¢ to 9Q).
Otherwise, necessarily, it would touch at some point where v - [(1 — {)e — +/((2 = ()v] > 0,
which yields 7 - v <1 — (. We denote

Q¢ = {§€Q : dist(,0Q) > in¢} .

Since by construction each point in dF; belongs to the boundary of a ball B(y,5) C F, we find
as a consequence (taking also into account (4.21) and (4.22)) that in Q¢, Fj is the subgraph

{Jn < w(y')} of a Lipschitz function w, with Lipschitz constant /¢(2 —¢)/(1 — ¢) < 2v/C
(since ( is small).

We deduce that there exists a value o such that
(4.33) OFsNQS c{ijeQ 0 < §-v< o420}

for k large enough, with moreover FN Q¢ C FsNQ C {§ € Q° : §-v < o +2y/Ch}. In
particular, it follows that (FNQ%)+C)NQS C {§-v < heo(v)+o+2y/C0}. Observe however
that this does not control the volume of the possible points in (F' 4+ C') N Q which could come
from (F'\ Q%)+ C. Since C' C B(0,b) and we can assume #n¢ < b, these points are outside of
(20,0 — 2b)"~! x R, so that

(4.34) (F+O)\F)NQ < (Fs\F)n@Q) U (F+C)\ F5)NQ)
C((F\F)NQ) U ((F\ F) Q) \ (25,0 — 26)" " x R))
U(((FNQY) +C)\ F) N
C((F\F)NQ) U ((F\ Fs) N Q) \ (25,0 — 26)" ! x R))
U {’QGQC to<y-v< 0+2\/59+hc(1/)} .
The last set in the right-hand side has volume bounded by 6"~ !(h¢c(v) + 24/C6), which is
the desired order, and we need to show that the two other sets are much smaller. To estimate

the volume of the second set, we first check that exactly for the same reasons for which (4.27)
holds, we have for s € [0, ]

AN OF, N QN (26,6 — )" xR)) > (60— 4b)" " — K (Vo + \/52) ,

so that, still integrating from 0 to b and using the coarea formula,

I(Fy\ Fo) N QN (20,0 — 20)" "L x R)| > b(d — 4b)""L — bK’ ( 5% + \/@ .
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Hence, using again (4.21), we find
(435) [(Fy\ Fo) N Q\ (26,6 — 25" x R)

< b8 [0 b0 — a4 bR (Va0 5)

< 4(n—1)b20"2 4 K" ( 5% + \/@ .
Exactly in the same way as (4.30) we also see that
(Fs\F)NQ| < 50" + K’< 5k+\/@ ,

which combined with (4.29) yields

(Fs\F)NQ| < 2n™ ' + (b+1)K’< Sk + ﬁ) .
This and (4.35) show that (4.34) can be estimated as follows:

(F+C)\F)NQ| < 0" 12O+ ho(v)) + 200" " + 4(n — 1)b*0" 2 + %,

where %), is a rest which goes to zero with d;, and d}, and does not depend on the particular
cylinder Cf we were examining. Returning to the original sets C’ik, we find that if k,i € Zj,

and k is large enough,

1 4(n — 1)b? 1
(4.36) 8—,/Ck Xptepc — Xpldy < |G| (hc(u)+2\/29+2n+ ( 9 ) +0"1'@’“> .
k JC;

Together with (4.18), (4.36) yields that

dy < Oén(l—ﬁ)n_l (hc(y) +2\/ZH_|_277_|_ M) )

) 1
hmsup—,/ ‘XEkJre;cC—XEk 0

k=0 &g

Sending first ¢, then n to zero and eventually € to +oo, and using (4.8) and (4.11), we deduce

dy < bap(1—(1—=8)""1 4+ a,(1-8)""he(v),

1
« ) = lim — ‘X ’ — X
ng( ) 550 62 /B(O,l) Ep+e,C Ey,

and letting then § — 0 yields the desired inequality.
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