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Optimal growth for linear processes with affine control

VINCENT CALVEZ* PIERRE GABRIEL™

March 23, 2012

Abstract

We analyse an optimal control with the following features: the dynamical system is
linear, and the dependence upon the control parameter is affine. More precisely we consider
Za(t) = (G4 a(t)F)za(t), where G and F are 3 x 3 matrices with some prescribed structure.
In the case of constant control a(t) = «, we show the existence of an optimal Perron
eigenvalue with respect to varying o under some assumptions. Next we investigate the
Floquet eigenvalue problem associated to time-periodic controls a(t). Finally we prove the
existence of an eigenvalue (in the generalized sense) for the optimal control problem. The
proof is based on the results by [Arisawa 1998, Ann. Institut Henri Poincaré] concerning
the ergodic problem for Hamilton-Jacobi equations. We discuss the relations between the
three eigenvalues. Surprisingly enough, the three eigenvalues appear to be numerically the
same.

Keywords. Optimal control; Infinite horizon; Hamilton-Jacobi equation; Ergodic problem:;
Non coercive hamiltonian

1 Introduction

We aim at optimally controlling the following 3-dimensional system in the long-time horizon,

{ ta(t) = (G +a(t)F) za(t),
7a(0) =2 € (R4)*\ {0},

where G, F' € M3(R) are matrices with nonnegative off-diagonal entries, and o : Ry — R is a
nonnegative control parameter. There is no running reward. Let T' > 0 be the final time. The
final reward is the linear function (m,zo(T)), where m € (Ry)*\ {0} is in the kernel of FT:
mTF =0.

We investigate the asymptotic behaviour of the optimal reward when T' — +o00 in the three
different regimes: « is constant (constant control), « is periodic (periodic control), and « is any
measurable function from (0,7T) to [a, A], where a, A are given bounds (optimal control).

Because of the linear structure of system (1.1), we expect an exponential growth of the final
reward. This motivates the introduction of the following renormalized reward:

(1.1)

ro(T,2) = %log<m7ma(T)>.
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When « is a constant (resp. periodic) control, it is well-known that r, (T, ) converges to the
Perron (resp. Floquet) eigenvalue Ap(a) (resp. Ap(«)) of system (1.1) as T — +oo. Hence,
the best control is obtained by optimizing the Perron (resp. Floquet) eigenvalue. In the case of
optimal control, we define the best possible reward as follows,

VAT, z) = sup {{m, 2a(T)) : Fa(t) = (G + a(t)F)2a(t) , 2a(0) =2},

where the supremum is taken over all measurable control functions « : (0,7) — [a, A]. We can
resolve this optimal control problem using the dynamic programming principle. This yields a
Hamilton-Jacobi equation for the value function

v(s,x) =sup {(m, z(T)) : ©o(t) = (G+ a(t)F)za(t) , xo(s) =z},

defined for intermediate times 0 < s < 7. Namely it is solution to the following Hamilton-
Jacobi-Bellman equation in the sense of viscosity solutions [5],

2v(s7 z) + H(z, Dyv(s,z)) =0,
s
where the Hamiltonian is given by H(z,p) = maxqclq, 4] {((G + aF)z,p)} (see Section 3 for
details).
Under some assumptions we prove the following ergodic result: there exists a constant Ag
such that,

1
vz e (Ry)*\ {0} lim s log V(T z) = Ay (1.2)

This constant Ap; is the analog of the Perron and Floquet eigenvalues in the case of optimal
control. We have obviously,
sup Ap(a) <sup Ap(a) < Agyg.
« (o7

Interestingly, numerical simulations show that these three eigenvalues may coincide (see Section 4
for a discussion).

Motivations and running example

From a theoretical viewpoint, the convergence result (1.2) is known as the ergodic problem
for Hamilton-Jacobi equations. It appears in homogenization problems [22]. In this case the
constant A is called the effective hamiltonian [7, 16]. It can be interpreted as a nonlinear Perron
eigenproblem associated with an eigenvector @ which solves the following stationary Hamilton-
Jacobi equation in the viscosity sense,

—-A+H(y,Dyu) =0, yeY (1.3)

where H : Y x R®" — R, denotes the hamiltonian. It also appears in weak KAM theory for
lagrangian dynamical systems [17, 18]. A natural way to attack this issue is to consider the
following stationary Hamilton-Jacobi equation with small parameter € > 0,

—eue + H(x,Dyu.) =0.

The asymptotic behaviour of u., as € — 0, has been investigated in several works [22, 12, 17,
25,9, 8, 21, 6, 1, 13]. In many cases the set Y is assumed to be compact, and the Hamiltonian
H(y,p) is assumed to be coercive: H(-,p) — 400 as |p| = +o00. Under these assumptions it can



be proven that the function eu,. converges to a constant A (uniquely determined) [22, 12, 17].
Moreover the function u. converges uniformly, up to extraction, to some lipschitz function w,
solution of (1.3). However the function % is generally not unique. The question of convergence

of u. towards u (modulo a large constant) has been investigated in [25, 9, 8].

In the context of optimal control, the coercivity of the hamiltonian H (y, p) = maxae4{(b(y, @), p)}
is guaranteed under the hypothesis of uniform controllability [12, 5]: there exists a constant p > 0
such that
Vy €Y B(0,u) C convex hull{b(y,a) | a € A}.

This hypothesis ensures that any two points ¥,y € Y can be connected with some control
a(t) within a time T' = O(|y — ¥’|). This yields equicontinuity of the family (u.)c~o, and thus
compactness.

The criterion of uniform controllability is not verified in our case, hence the hamiltonian is
not coercive (see Remark 3.1 below). Different approaches have been developped to circumvent
the lack of coercivity. Several works rely on some partial coercivity [21, 6, 1]. In [4] the authors
introduce a non-resonance condition which yields ergodicity. This condition is restricted to
hamiltonian with separated variables H(y,p) = H(p) + V(y). In [13] the author extends this
result to the case of a non-convex hamiltonian H(p), in two dimensions of space. In the context of
optimal control, Arisawa [2, 3] has shown the equivalence between ergodicity and the existence
of a stable subset Z C Y which attracts the trajectories. It is required in addition that the
restriction of the system to Z is controllable. The present work follows the latter approach.

From a modeling viewpoint, this work is motivated by the optimization of some experimental
protocol for polymer amplification, called Protein Misfolding Cyclic Amplification (PMCA) [26].
In the system (1.1) the matrix G represents the growth of polymers in size, whereas F' is the
fragmentation of polymers into smaller pieces. The vector m encodes the size of the polymers.
We restrict to dimension 3 for the sake of simplicity, i.e. three possible sizes for the polymers
(small, intermediate, large). The orthogonality relation m” F = 0 accounts for the conservation
of the total size of polymers by fragmentation.

We now give a class of matrices which will serve as an example all along the paper. It is
a simplification of the discrete growth-fragmentation process introduced in [23] to model Prion
proliferation. We make the following choice:

—T1 0 O 0 2,62 63
G = T1 —T2 0 and F = 0 —ﬁQ 53 . (14)
0 T2 0 0 0 *ﬂ3

Here 7, > 0 denotes the rate of increase from small to intermediate polymers, and 75 > 0 from
intermediate to large polymers. The 5; > 0 denote the fragmentation rates which distribute
larger polymers into smaller compartments, keeping the total size constant. The size vector is
m = (12 3)T. Finally, the rate a(t) accounts for sonication, i.e. externally driven intensity of
fragmentation.

The continuous version of the baby model (1.1)-(1.4) consists in the following size-structured
PDE with variable coefficients [20, 11, 15]

Orf(t,€) + 0(T(§) f(£,€)) = ) (2 /:O B(O)K(E Q) f(t, C) d¢ — B(«E)f(té)) - (L)

Here, f(t,€) represents the density of protein polymers of size £ > 0 at time ¢. The transport
term accounts for the growth of polymers in size, whereas the r.h.s is the fragmentation operator.
The final reward is the total mass of polymers, namely [ &u(T, ) d¢ (see [19] for more details).
The Perron eigenvalue problem for (1.5) has been investigated in [15, 10].



Main assumptions

(H1) We assume that the matrices G and F are both reducible. We assume that the matrix
G + aF is irreducible for all > 0.

From the Perron-Frobenius Theorem there exists a simple dominant eigenvalue Ap(a) and a
positive left- (resp. right-) eigenvector e, (resp. ¢, ) such that:

{ (G+aF)eq = Ap(a)ea, €a >0, (1.6)

¢L(G + aF) = Ap(a)pl, ¢o0>0.

We choose the following normalizations:

(myeq) =1, (fa,eq)=1.

We denote by (A1(a), A2(a), As()) the eigenvalues of the matrix G + oF', where A1(a) € R is
the dominant eigenvalue Ap(«). We shall use repeatedly the spectral gap property of G + aF.
We denote po = min;—23(A1 — R(N\;)), where (\;);=2,3 are the two other (possibly complex)
eigenvalues of G + aF. By continuity and compactness, p, is uniformly strictly positive on
compact intervals of (0, +00).

(H2) We assume that the Perron eigenvalue Ap(a) is bounded admits a global maximum as
a € (0,400). This maximum is attained at o = a*. We assume that the bounds a, A are
such that a < o* < A.

We will show in the next Section that this assumption is satisfied for the example (1.4) provided
that 7o > 271. This condition can be justified heuristically [10]. In fact, when growth of interme-
diate polymers is fast, it is interesting to have a significant fraction of intermediate polymers in
the population in order to optimally increase the total size of the population. On the contrary,
when a — +o0 then the eigenvector e, converges towards (1 0 0)7 because fragmentation is very
large.

The matrix G possesses a nonnegative eigenvector ey = lim,_,¢ €., associated to a dominant
eigenvalue Ap(0). On the other hand, from Hypothesis (H2) and (1.6) we deduce that e,
converges to a nonnegative eigenvector e, as o — +00, with e, € ker F'.

(H3) We assume that both the eigenvectors ey and e, have at least one zero coordinate.

This Hypothesis is compatible with the reducibility of both G and F. However since G + aF is
irreducible for o > 0, we have eg # e. In fact e, > 0 is the unique nonnegative eigenvector up
to a multiplicative constant. Furthermore, e, is not an eigenvector for G. In particular we have
Geoo # 0. In the case of the running example (1.4), we have eg = (00 1/3)” and e, = (10 0)7.

(H4)-(H5) We assume two technical conditions, related to the dynamics of the trajectories of
(1.1) projected on the simplex S = {y > 0 : (m,y) = 1}. We refer to Section 3.2 for the
statement of these conditions.

These two technical conditions are satisfied for the running example (1.4). It is not clear whether
these two conditions are necessary or not for the validity of our result. We refer to Section 4 for
a discussion.

In Section 2, we give conditions on the running example to ensure the existence of an optimal
constant control which maximizes the Perron eigenvalue. Then we consider periodic controls



Figure 1: Dominant eigenvalue of the matrix G + oF as a function of the control parameter «.
The function achieves a maximum for a = a* € (0, +00).

and we investigate the variations of the Floquet eigenvalue around this best constant control. In
Section 3, we turn to the full optimal control problem for which the control «(t) is any measurable
function taking values in [a, A]. We prove the main result of this paper which is the convergence
of the best reward when T"— oo (1.2). The technique consists in solving an ergodic problem for
the Hamilton-Jacobi-Bellman equation. Finally we give numerical evidences that the ergodicity
constant Ay s coincides with the best Perron eigenvalue in the case of the running example (1.4).
Finally we discuss some possible ways to remove each of the assumptions (H1-5).

2 Optimizing Perron and Floquet eigenvalues

We begin with a constant control a > 0. Since the eigenvalue Ap(«a) is simple, we have the
following asymptotic behaviour:

lim z,(t)e P = (¢, z)eq . (2.1)

t—+oo

Plugging this convergence property into our optimization problem, we obtain the expansion

ro(T,x) = Ap(a) + %1og<¢a,x> +o0 (;) .

Thus in the class of constant controls, our optimization problem reduces to maximizing the
Perron eigenvalue. The following Proposition gives an answer to this problem in the case of the
running example (1.4) (see also Figure 1).



Proposition 2.1. There exists a mazimal eigenvalue Ap(a*) for some o* € (0, +00) if and only
if 7o > 271. Furthermore we have the following alternative:

o cither 7o < 2711 and Ap(«) increases from 0 to 1,
o or > 271 and Ap(«a) first increases from 0 to Ap(a*) and then decreases to Ty.

Proof. The characteristic polynomial of G + oF' is
P(X)= X3+(T1 + 72+ (B2 + 83)) X2+(T17'2 +am (s — B2) + a2ﬁ2,6’3) X_OéTlTQ/Bg_O[27152ﬁ3 .

The Perron eigenvalue Ap(«) is the largest zero of this polynomial, so P(Ap(a)) = 0 and, dividing
by a? we get that that lim,_, 400 Ap(a) = 71. We easily check that P'(\) > 0 for A > 71, and we
evaluate

P(r1) =277 (11 + ) + am B3(211 — 72).

We have the following alternative: either 7o < 277 and P(7y) > 0 for all & > 0, or 72 > 27y and
P(r1) < 0 for large a. In the former case, we have Ap(a) < 71 for all @ > 0. In the latter case,
we have Ap(a) > 7 for large a. On the other hand we have Ap(0) = 0. Therefore, the condition
T9 > 271 is necessary and sufficient for Ap to reach a global maximum.

Differentiating the relation P(Ap(«)) = 0, we get that any critical point « such that M () = 0
satisfies

(B2 + B3)Ap()? + 71(83 — B2) Ap(@) + 208283\ p () = T172 283 + 2071 233 . (2.2)

Differentiating twice the relation P(Ap(«)) = 0, we get that any such critical point « satisfies

2032B3(11 — Ap(w))
@) 4 2(11 + 72 + B2 + B3))Ap(a) + 712 4+ ami (B3 — Ba2) + a2 f2f3

Xp(e) = 357

We claim that the denominator is always positive, despite the possible negative terme a7 (83 —
B2). In fact we can factorize by afa: afs (Ap(a) —11) > 0 if Ap(a) > 71. In the other case
Ap(a) < 711, we use the relation (2.2) to get

2a(B2 + Ba)Ap(a) + ati(Bs — B2) + a?BafBs > )\Pc(va) (11728283 + 2011 B2 83) — &*BafBs
2
> %@5253 (211 — Ap(a)) > 0.

In conclusion, A% («) has the same sign as 71 — Ap(a) so Ap(@) can be a local minimum only
if Ap(a) < 71 and a local maximum only if Ap(«) > 7. The alternative announced in the
proposition follows. O

Next we consider a periodic control a(t) with period § > 0. There exists a Floquet eigenvalue
Ar (@) and periodic eigenvectors e, (t), ¢4 (t) such that
d
%ea(t) + Ar(a@)eq(t) = (G + a(t)F)eq(t),

2 00(t) + Ar(@)9a(t) = 6a(0)(G + alH)F) .

These eigenfunctions are unique after normalization,

%/0 (m,eq(t)) dt =1, %/0 (a(t)ealt)) dt =1.



Again we obtain the following expansion for the payoff,

ro(T,z) = Ap(a) + %(10g<¢a(0),3§> + log(m, ea(T)>) +o0 (;) .

A natural problem is to find periodic controls a(t) such that the Floquet eigenvalue is better
than the optimal Perron eigenvalue Ap(a*). The following Proposition gives a partial answer
to this question. We consider small periodic perturbations of the best constant control: «(t) =
a* 4+ ey(t), where ~ is a given 6-periodic function. For the sake of clarity we introduce the
following notation for the time average over a period,

[%
(No=j | sya

We assume that the matrix G + o*F' is diagonalizable (in R). This is the case for the running
example (see Appendix A). We denote by (e, €5, e3) and (o7, ¢35, ¢5) the bases of right- and left-
eigenvectors associated to the eigenvalues A}, A5, A5 for the the best constant control a*. Notice
that according to previous notations we have e = e, and A\j = Ap(a™®).

Proposition 2.2. The directional derivative of the dominant eigenvalue vanishes at € = 0:

d\p(a* + ev)

- =0. (2.3)

e=0

Hence, o is also a critical point in the class of periodic controls. The second directional derivative
of the dominant eigenvalue writes at € = 0:

A (@ +€)

3 * * * *
e =2 Z(vﬂe—(%%i J(6iFe) (2.4)

X—Ar

e=0 i=2
where v;(t) is the unique 0-periodic function which is solution to the relaxation ODE

ilt)
/\* /\* +’YZ( )_’Y(t)'
The idea of computing directional derivatives has been used in a similar context in [24] for
optimizing the Perron eigenvalue in a continuous model for cell division.
Taking v = 1 in Equation (2.4), we get the second derivative of the Perron eigenvalue at a*,

Y 23: ¢>*Fe ¢>*Fe1>

dOéz I (25)

’L

which is nonpositive since a* is a maximum point. However we cannot conclude directly in the
general case that the quantity (2.4) is nonpositive since we do not know the relative signs of the
coefficients (¢7Fe;)(¢f Fey) in (2.5).

We study in [14] a variant of (1.1), where the control is not affine. We prove that there exist
directions « for which o* is a minimum point. Alternatively speaking, periodic controls can
beat the best constant control. For this, we perturb the constant control with high-frequency
modes, and we compute the limit of d;:‘f when the frequency tends to infinity. Unfortunately,
this procedure gives no additional information in the case of an affine control.




Proof of Proposition 2.2. First we derive a formula for the first derivative of the Perron eigen-
value: By definition we have

(G+ aF)e, = Ap(a)e,
Deriving with respect to o we get

d\p deq deg,
o (a)eq + )\p(a)w =Feq,+ (G+ aF)% .

Testing against the left- eigenvector ¢, we obtain

d\p
w(a) = (baFea .

Second, we write the Floquet eigenvalue problem corresponding to the periodic control o =
o + e

%ea(t) +Ar(a" +ev)eq(t) = (G+ (o + ey(t))Fea(t) .

Deriving this ODE with respect to €, we get

0 Oeq d\p(a* + ev)

L%y 4 9eq 9¢a
ot Oe de

ea(t) +Ar(a* +ey)—==(t) = v(t)Fea(t) + (G + (a* +ev(t)) F) B

e (t).

(2.6)
Testing this equation against ¢ and evaluating at e = 0, we obtain

9 (., Oeq d\p(a* + ev)
ot <¢1 Oe | o (t)> * de

After integration over one period, we get

=7(t)p1Fer .
e=0

= (;/0 (1) dt) $1Fe; = <7>9%(0‘*) =0,

which is the first order condition (2.3).
Next, we test (2.6) against another left- eigenvector ¢7 and we evaluate at € = 0. We obtain

the following equation satisfied by v;(t) = (A} — Af)(i);‘aa&(t)(qﬁfFe’{)’l:
€

dAp(a* + €7)
de

e=0

0+ (0 =), (2.7

We differentiate (2.6) with respect to e. This yields

0 9%, PN (a* + €e) dA\p(a* + ey) Oeq . e,
5% 52 (1) 7 ea(t) + 27d6 E(t) + Arp(a* + €y) 52 (t)
Deq . D%eq
= 5 OF %0+ (@ + (0" + ety S ),

Testing this equation against ¢ and evaluating at e = 0, we find

a9 [, 0%, P Ap (o + €y)
ot ((;51 o€ | _, (t)> * de?

= nmeiF 2o (). (2.8)

e=0 e=0




We decompose the unknown %(t) along the basis (e}, e}, e3)
8ea i: (b* F el)

/\*Z'
=1

In particular, we have
3

* aea (b*F ) *
GIF (1) Z A (O1FeD).
— Al -
since ¢] Fe] = 0 by optimality. To conclude7 we integrate (2.8) over one period,

d*Ap(a* + e7)

3
*Fe *Fer
d€2 _ Z ’Y'Vz ¢ 1)( 1 1) .

-

e=0

We conclude thanks to the following identity derived from (2.7): < > 0 = (rvide- O

3 Optimal control and the ergodic problem

Let a, A be some given bounds on the control parameter o, with a < o* < A. Let T > 0 be a
(large) time. The optimal control problem associated to (1.1) reads as follows

V(T,z) = sgp{(m,xa(T» D26 (t) = (G+ a(t)F)aa(t) , ©4(0) =2},

where the supremum is taken over all measurable control functions « : (0,7) — [a, A]. The
principle of dynamic programming enables to solve this optimal control problem by introduc-
ing the value function v(s,2) = sup {{(m, z4(T)) : Z4(t) = (G + a(t)F)xa(t) , zo(s) =x}. We
have v(T, z) = (m,x), v(0,2) = V(T,x), and v satisfies the following Hamilton-Jacobi-Bellman
equation in the viscosity sense,

%v(s, x) + fI(az, D,v(s,z)) =0,

where the Hamiltonian is given by ﬁ(x,p) = maXye[q,4] {((G +af)x,p)}. This equation is
backward in time: the initial data is prescribed at the final time s =T

Intuitively we expect an exponential growth of the reward (m,z,(T)) as T — 4oco. This
motivates the following reduction to a compact space/linear growth.

3.1 Reduction to a compact space/linear growth

We perform a logarithmic change of variable: w(s,x) = logw(s,z) — log (m,z). The reward
function satisfies:

(m, #a(t))
(m, za(t))
where y = -t denotes the projection on the simplex S = {y >0 : (m,y) =1}. We can write

2 \og (m, za(t)) = — (1, (G + a(t) F)ya(t)) = (m, Gyalt)) |

dt

a close equation for the projected trajectory y.(t) due to the linearity of the system:
_ () ma(t)  (m,Ea(t))
(m, (b)) (m,za(t)) (M, za(t))
) = (m, (G + a(t)F)ya(t)) ya(t)
) = (m, Gya(t)) ya(t) ,




(recall mT F = 0). We introduce the following notation for the vector field on the simplex:
by,o) = (G +aF)y — (m,Gy)y.

It is worth mentioning that the only stationary point of the vector field b(y, &) on the simplex S
is the dominant eigenvector e,: b(eq, @) = 0. Furthermore, for any y € S the trajectory starting
from y with constant control «(t) = « converges to e, as t — +00, and leaves the simplex S as
t — —oo0. Moreover the vector field b(y, a) can be easily computed on each eigenvector y = eg
due to the affine structure of the problem:

bleg,a) = (G + aF)eg — (m,Geg) eg
= (a— B)Feg +b(es, 5)
= (a - ﬁ)Feﬁ .

The logarithmic value function w satisfies the following optimization problem for z € S:

T
w(s,x) = sgp {log (m, xo(T)) — log (m, z)} = sgp {/ (m, Gya(t)) dt : ya(t) = b(ya(t),a(t)) , ya(s) = x}

Finally for notational convenience, we perform the time reversal ¢ = T — s, and introduce
u(t,y) = w(T — t,y) for y € S. The optimal problem is now reduced to a compact space (the
simplex §), with a running reward:

ult,y) = sgp{ / Lya(s))ds  da(s) = b(ya(s). a(s)) . ya(0) = y} .

where the reward function is linear: L(y) = (m, Gy). The function —u is a viscosity solution of
the following Hamilton-Jacobi equation:

%(—U(t,y)) + .I:I(y7 Dyu(t,y)) =0,

(3.1)
u(0,y) =0,
where the Hamiltonian is given by
H(y,p) = max {(b(y,a),p) + (m,Gy)} . (3.2)

a€la,A]

Remark 3.1. An important observation is that this hamiltonian does not satisfy the classical
coercivity assumption H(-,p) — +0o as |p| = +o00. Indeed for all y € S there exists a cone C(y)
such that H(y,p) — —oc if p € C(y) and |p| = +oc. In addition we have C(y) = 0 if and only
if y =ep for some B > 0. In the latter case we have

Heg,p) = max {{(a = B)Fep,p)} + Lieg) = (A= B) (Feg,p) . + (8 —a) {Feg,p)_ + Ar(B).

It is not coercive either.

Due to the lack of coercivity the ergodic problem is difficult to handle with. We follow the
procedure described in [2, 3] to exhibit an ergodic set in the simplex. This set has to fulfill two
important features: controllability, and attractivity. We construct below such an ergodic set,
and we prove the two required properties.

10



3.2 Notations and statement of the result
Following [3] we introduce the auxiliary problem with infinite horizon:
“+o0
wln) =sw{ [ L) dr 5 (0 = b (Ora) O v} (33)
a 0

The limit of the quantity euc(y) as ¢ — 0 measures the convergence of the reward L(y(t)) as
t — 400 in average (convergence a la Césaro). The function —u is a viscosity solution of the
following stationary Hamilton-Jacobi equation:

—euc(y) + H(y, Dyuc(y)) = 0. (3.4)

The next Theorem claims that the function eu.(y) converges to a constant. We interpret this
constant as the (generalized) eigenvalue associated to the optimal control problem.

We introduce some notations necessary for the statement of the two technical hypotheses
(H4-5):

e S: the simplex {y >0 : (m,y) =1},
e O: the (direct) orthogonal rotation with angle 7/2 on the tangent space T'S,
o &) ={ey | @ € Ry} C S: the set of Perron eigenvectors,

(H4) We assume a first technical condition:

deq
<de7 @Fea> has a constant sign for o > 0. (3.5)
a

This hypothesis enables to determine the direction of the vector field b(y, ) accross ®q at y = eg:

dea o dea
<@ L a_ﬁ,b<ea,a>> ——(@-p) <da

Due to Hypothesis (H4), only the sign of o — 8 determines the sign of the above quantity.
We assume without loss of generality that the quantity (3.5) is negative for all & > 0. This
has been checked numerically in the case of the running example (1.4) (see Appendix B).

,@Feﬁ> . (3.6)
a=p

(H5) We assume a second technical condition: there exists dp > 0 such that for any constant
control 8 € (A —dg, A+ dp), the trajectory starting from eg with constant control 8, which
connects eg and eg, does not cross the curve ®, for ¢ > 0. Similarly, for any constant
control 8 € (a—dp,a+ do), the trajectory starting from e, with constant control 3, which
connects e, and eg, does not cross the curve ®q.

A proper construction of some remarkable sets in the proof of the following Theorem relies on
these two technical assumptions, e.g. Zp, T3 (Figures 2 and 5).

Theorem 3.2 (Ergodicity). Assume that hypotheses (H1-2-3-4-5) are satisfied. There exists
a constant \gyj such that the following uniform convergence holds true:

lim euc(y) = Agy, uniformly fory € S.

e—0
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The constant Ay is interpreted as the eigenvalue associated to the Hamiltonian H (y,p). We
are not able to prove the existence of an eigenvector here. Indeed we lack an equicontinuity
estimate on the family (u.).. We only obtain equicontinuity of the family (eu.).. However we
postulate such an eigenvector does exist, based on numerical evidence (see Section 4).

Corollary 3.3. Assume that hypotheses (H1-2-3-4-5) are satisfied. Then the solution of the
Hamilton-Jacobi-Bellman equation satisfies the following ergodic property:

im “T0Y)
T— 400 T

= Agg, uniformly foryeS.

Back to the original problem, Corollary 3.3 translates into (1.2), where convergence is uniform
3
on compact subsets of (R;)”\ {0}.

3.3 Proof of Theorem 3.2

We mainly follow [3] with some refinements specific to our context. We proceed in several steps,
with illustrative figures to facilitate the argumentation.

The program is the following: we identify the so-called ergodic set Zy C S [2, 3], and we show
some of its interesting properties. We begin with the controllability problem. Controllability
enables to prove convergence to the constant Ar; when y belongs to the ergodic set Z,. Next
we demonstrate the attractiveness of the ergodic set Zy. This enables to extend the convergence
to every y € S.

There is a technical subtlety concerning the time required for controllability /attractiveness.
This time could degenerate as we get close to the boundary of the ergodic set. We circumvent
this issue by proving that close-to-optimal trajectories do not stay in the vicinity of the boundary
for long time.

Step 1- Identification of some remarkable sets: the set of eigenvectors, and the
ergodic set. The first remarkable subset of the simplex S is the set of eigenvectors &y =
{ea | @ € Ry }. Tt is alternatively defined as the zero level set of the cubic function

o(y) = (b(y, @), OFy) = (Gy — (m, Gy) y,OFy) .

Hence we have,
Qo ={ea|aeRi}={yeS : o(y)=0}.

Indeed, y € S is an eigenvector if and only if there exists « such that (G+«aF)y — (m,Gy)y =0,
i.e. Gy —(m,Gy)y € span (Fy), or equivalently Gy — (m,Gy)y L ©Fy. From Hypothesis (H3)
we deduce that ®g is a curve connecting two boundary points of the simplex S. In Figure 2 we
have plotted the set of eigenvectors in the case of the running example.
The set of eigenvector splits the simplex S into two subsets, denoted by ¢, and ®_, respec-
tively:
P, ={yeS 0y =20t , P_={yeS : o(y) <0}.

Notice that the sign of ¢ depends on the orientation of the rotation ©. Obviously the following
discussion does not depend on this convention.

We seek the ergodic set which is stable, attractant and controllable. The natural candidate is
defined through its boundary as follows. The boundary consists of two curves which are joining
on the set ®g.

12



0.5/ 0.5/
0.45 : 0.45
0.4 1 0.4
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(a) (b)

Figure 2: The set of eigenvectors @ (a) and the boundary of the ergodic set Zy (b). The dashed
line represent the boundary of the simplex.

Definition 3.4. The ergodic set 2y is the compact set enclosed by the two following curves:

Ll 1@ =000) , [ A =609, 4)
“ | 0 =ea O 0 =

(3.7)

The set Zy is well defined. In fact we have limgs_, o 7;4(3) =€, and lims_1 oo Y4 (s) = e4.

In Figure 2 we have plotted an example of the ergodic set Z; for the running example. We
list in the following Proposition some useful properties of the set Zy which are derived from the
very definition.

Lemma 3.5. (i) The curves ’y;‘mﬁ‘ lie on the opposite sides of ®y. We assume without loss
of generality that the curve ' belongs to the subset ® ., whereas the curve v% belongs to
the subset ®_.

(ii) The set 2y is stable: the vector fields {b(y,a) , a € [a, A]} are all pointing inwards on the
boundary of 2.

Proof. (i) We denote by 79 the trajectory connecting e to e4 with constant control A. Similarly
we denote by 75° the trajectory connecting e, to e, with constant control a. From Hypothesis
(H4) these two trajectories initially start on the two opposite sides of the line of eigenvectors ®y.
Notice that v5° may start tangentially to ®¢ (it is actually the case for the running example).
However a continuity argument for 42 with 8 — 400 yields the statement. Hypothesis (H5)
guarantees that they do not cross ®g, so that they stay on opposite sides of &, forever. We
assume without loss of generality that 79 lies in ®_ and 72° lies in @ .

Second from the bounds on the control a < a(t) < A, together with Hypothesis (H4) (3.6),
the trajectory 74 starts on the same side as 79 (i.e. ®_ with the above convention). Moreover
it cannot cross the line of eigenvectors ®( at eg for 8 € (0, A). From the uniqueness theorem for
ODE, it cannot cross the trajectory 44 either. As a conclusion, the trajectory 74 is sandwiched
between the portion of ® between ey and e4, and 4. Therefore it belongs to ®_.

The same holds true for v C .
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(i) We denote by n(z) the unit vector normal and exterior to the boundary of Z,. We have
more precisely:

_ Ob(z,a) A _ Ob(z,A) "
na(z) - |@b(z,a)\ on v, ’ TLA(Z) - |@b(Z,A)| on 7y4 -

We have on the one side v2: Va € [a, A] (b(z,a),nq(2)) < (b(2,a),n4(2)) = 0. Indeed we have

(b(z,) — b(z,a),nq(2)) = (a — a) (Fz,nq(2))
= (

= (a0 (0P )
(

OFz,Gz — (m,Gz) z) <0.

We have on the other side ~4:

(b(z,a) = b(z, A),na(2)) = (a— A) (Fz,na(2)) =
O

Step 2- Exact controllability inside the ergodic set. The purpose of this step is to prove
the following Lemma 3.6, which asserts exact controllability in the ergodic set, except a narrow
band. First we introduce some notations:

e Z_; denotes the ergodic set, from which we have substracted a narrow band close to the
boundary 72 U~4 (Figure 3). It is defined similarly as Zy by the delimitation of the two
following curves,

%téé { ¥(s)

e Z,,5 denotes the ergodic set, to which we have added a narrow band close to the boundary
yA U~% (Figure 5). It is defined similarly as Zy by the delimitation of the two following
curves,

b(Y(s),a+8)  aus { A(s) = b(x(s), A — 6)

s Ya—
A= 7(0) a+é

M{ 4(s) = b(v(s),a — 26) ”5{ 4(s) = b((s), A + 20)

a— ) ’7
20 7(0) = eatas At20 ~v(0) = eq—2s

Lemma 3.6. The system y(t) = b(y(t),a) is exactly controllable in the subset Z_s5. For any
z, 2" in Z_s there exists a time T = T(z,2') and «a(t) : [0,T] — [a, A] such that y(0) = z and
y(T) = z'. Moreover it is possible to construct the control a(t) following a bang-bang procedure:
a(t) : [0,T] — {a, A}. Last, the minimal time T needed to connect z and z' is uniformly bounded
for z,2' € Z_5.
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Figure 3: (a) The ergodic set Z; and the set Z_5 (dashed line). (b) Illustration for the proof
of the exact controllability in the set Z_s: the two curves Y (plain line) and Y’ (dashed line)
necessarily intersect in 2.

Proof. We aim at sending z onto z’. We define the trajectories y, and y, starting from y as
follows,

Ya(t) = b(ya(t), a) ya(t) = b(ya(t), A)
Ya y YA .
{ { ya(0) =z

When we concatenate the two trajectories Y = y, Uy 4, we obtain a curve which connects a and
A. Reversing time, we define two other trajectories starting from 2/,

J. Yo (t) = —b(y,(t), a) ) Ya(t) = —b(ya(1), 4)
| ova(0) =2 T yL0) =2

Concatening the two trajectories we obtain a curve Y’ = y/ Uy’ which leaves the simplex S.
Moreover it leaves the ergodic set Zy by the two opposite sides v4 and A, Indeed v/ cannot
intersect v, and Y’y cannot intersect 4% by the uniqueness theorem for ODE. It necessarily
intersects the curve Y since the latter connects a and A.

Let 2" € YNY'. We assume without loss of generality that 2" = y, (") and also 2" = y/, (T").
Observe that we do not necessarily have z” € Z_s. However we do have 2" € Zj since the set
2y is stable. Finally we construct the control « as follows: (i) from time ¢ = 0 to ¢t = T" we set
a(t)=a, (i) fromt =T tot = T+ T’ we set a(t) = A. This control sends z onto z’ within time
T+T.

The time 7" is clearly uniformly bounded. To prove that the time T is also uniformly bounded
for z,2' € Z_s, it is sufficient to avoid small neighbourhoods of the stationary points e, and e4.
The image of Z_; by the backward trajectories y/, and ¢4 inside Z; is a compact set which does
not contain e, nor e4. Therefore the time T is uniformly bounded. O

Step 3- Proof of the convergence towards Ay in the set Z_5. We are now ready to
prove an important lemma, which is a weaker version of Theorem 3.2.
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Lemma 3.7. Under the same assumptions as above, there exists a constant Agj such that the
following uniform convergence holds true:

lin(l) euc(z) = Ay, uniformly for z € Z_s.
€E—>

Proof. First we observe that the function eu.(y) is uniformly bounded on the simplex S:

oo

/‘&*%@ﬁ»ﬂgﬂww/ ce=et dt = | L. (3.8)
0 0

Taking the supremum over all possible controlled trajectories, we end up with ||euc|oo < || L]]co-

Second, we show that the family (eue), is equicontinuous. Let z,2" € Z_s5. From Lemma 3.6
there exists a time T'(z, 2’) and a controlled trajectory z,(t) sending z onto 2z’ within time T'(z, 2’).
By the dynamic programming principle, we have

T(z,2") ,
eue(2') — eue(z) < eue(z') — 6/ e~ L(2o(1)) dt — ee=TE# )y (7))
0
< eue(z') (1 _ e—eT(z,z’)> + ”L”oo (1 N e—eT(z,z/)> '
Exchanging the roles of z and 2/, we obtain the following uniform bound:

leue(2') — eue(2)] < 2||L||oceT(2,2") . (3.9)

This simple estimate proves that (up to extraction), eu(z) converges uniformly towards some
constant. We learn from [3] that it converges in fact to a unique constant, not depending on the
choice of the extraction (see the conclusion of the proof in Step 7). O

Remark 3.8. Any refinement in the estimate of the minimal control time T(z,z") would bring
additional information about the convergence of u.. For instance, if we were able to prove that
T = O(|z — Z'|), then we would be able to conclude that ue is uniformly Lipschitz (3.9). Hence
the Ascoli-Arzela theorem would yield convergence of u. — e *Agy towards some eigenvector u
up to extraction [12].

Step 4- Flow of trajectories and local charts. In order to prove attractiveness of the
ergodic set, we shall use two couples of charts to cover parts of the simplex S. The first couple
consists in trajectories starting from the boundary of the simplex dS, and driven by constant
controls a — § or A + 6. The second couple consists in trajectories starting from the line of
eigenvectors ®(, and driven by constant controls a — § or A + ¢ too.

We shall perform all the computation for one given set of charts (starting from the boundary
OS with constant control A+ 0). The other cases are similar. We introduce the following family
of curves,

2 s) = S
Aé{%rw7) b(L(0,5), A + 6) (310)

I'(0,0) =Yy € 9S '

where the scalar 6 is a parametrization of the boundary 0S. More precisely we adopt a piecewise
linear parametrization with the direct orientation. This set of charts covers the whole simplex
S, see Figure 4a.

It is worth recalling that all these trajectories converge towards the eigenvector e4 s which

lies on ®4. We denote nais(y) = % the unitary vector normal to the curve I' 445(6, )

passing through y = T445(0,8) € S. We denote I'y15 =" and na4s = n throughout this step.
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Figure 4: (a) Grid of trajectories starting from the boundary of the simplex S, with constant
control a(t) = A+ 4. (b) Similar figure with constant control «(t) = a — 4.

The key observation is that any trajectory 9, (t) = b(ya(t), a(t)) is in fact moving monotically
along the family of curves {I'(d, )}y on the sets ®_ and ®,. We are able to quantify this
phenomenon. Let «(t) be any measurable control which takes values in [a, A]. We have

(a(t), n(ya (1)) = ((a(t) = (A+0))Fya(t) + b(ya(t), A+ 0),n(ya(t)))

- glﬁyﬁ (i)) j4&f35§| (OFya(t), b(ya(t), A+ 0))

(A1 0) — a(®)
= olya (D), A1 8 P V=)

We rewrite y, (t) using the local chart y,(t) = I'(6(t), s(t)). We have accordingly,

o 1) = 000 S5D0(1) 5(1)) + 5(0) ~-T(0(1), 5(1))

By construction, we have -2 5:1(0,s) = b(I'(0,s), A+ 0). Consequently,

(a0 (3 (8) = B0) { T (B0, 0. 0(T(O(0, (0)) ) +0.

We compute the evolution of the quantity (2 57> n(I')) along the curve I'(6, -). We aim at showing
that this quantity has constant sign. This is intuitively clear, since trajectories cannot cross. We
make it quantitative in the following calculation. For the sake of clarity, we write temporarily

b(T, A+ 6) = b(T).

52 (o0 = G 1) + (G 07 >< ) (10 g5 o7, )

<Db(1“)gg (F)> + <ge ©Dy(T > < ><n(F),6Db(F)I£[E?IZ)

L — b(r) .
= <60’ [Db(F) (C] +®Db(F)] |®b(F)|> <89 (F)>< (I,0DH(T)O (F)>
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Notice that the matrix [Db(I')T© + ©Db(T')] is everywhere skew-symmetric, so is the matrix ©:
[Db(I)7O +ODH(I)]" = —ODb(T) — Db(I)7e.
Therefore it is equal to © up to a scalar factor:
[Dy(T)"© +0DbH(I)] = w(0,)0.

To conclude, the scalar product (2L 5> 1(I')) cannot vanish. In addition, we have the semi-explicit

formula: 8£7n(r) . Sw(as’)ds’ 2 yon(¥a) )
5 o do

where the scalar w is given by

w

@ — (n(I"),®DH(I)O~ 'n(T))

= (n(I), @n(I)) — (n(I"), ©DH(I)O~'n(I))

= (n(T), [DK(T)" + ©DH(T)O ] #(T)) — (n(T), ODHT)O'n(T))
= (n(I"), Db(I)"n(I)) .

To conclude, we have proven the following Lemma.

Lemma 3.9 (A monotonicity formula). Let (6445, S4+s) be some parametrization of the simplex,
given by (3.10). The evolution of 0445 along the trajectories of Yo (t) = b(ya(t), a(t)) is given by
the following formula:

-1

. s(t)
%H®=«A+®—Mmﬂ%®hm<jé maﬂw><;nmﬁunﬁ ,

where the scalar w is defined by
w(8,s) = (Dyb(T'(0,s), A+ d)n(L(6,s)),n(I(0,s))) .
In particular w is uniformly bounded: ||w|loo < ||Dyb||oc-
We build the same chart (6,5, $4—s) With the constant control «(t) = a — 4,
R )

We have similarly

-1

. s(t)
%xwzw—a—mmw%wmm<jé M&ﬂ®><;%maww>

We recall that we adopt a piecewise linear parametrization with the direct orientation for the
boundary dS. Since the fields b(y, ) are all pointing inward the simplex S, this guarantees that
we have in both cases (A + 0 and a — 9),

d
w0 <d9Y9’ (Yo)>§0~
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@ W)

Figure 5: Tunneling effect: the trajectories are trapped in the areas delimited by the green
curves. They are forced to enter the approximated ergodic set Z,s due to the monotonicity
formulas (3.13)-(3.14). (a) The set 7_ C ®_; (b) The set T4 C &

Similarly we build the second couple of charts, defined through the following families of
curves, parametrized by the starting point eg € ®¢, see Figure 5,

FA+5{§SF(5,S):b(r(ﬁ,s>,A+5) o {gF(ﬁ,sbb(F(ﬁ,s),a—ﬁ)

['(B,0) = ez € Py ['(B,0) =es € B (3.12)

We obtain as in Lemma 3.9,

-1

. s(t)
Bars(t) = ((A-+5) — a(t)p(ya(t) exp (— / w(ﬂ,s'>ds')<;§3eﬁ,nA+s<eﬁ>> RNERE)

-1

. s(t)
Bas(®) = ((a — 8) — alt))p(ya(t)) exp (—/0 w(@s’)ds’) <ddﬂeﬂ,na5(eﬁ)> L (314)

In this case, we have b(eg, A+ 6) = ((A+ J) — B)Fep. Therefore,

d . deg @Feg
v = - A48 —p){ E8, . 3.15
B (ggernasslen) = sien (A +0) = 5) (T Grc) (3.15)
Assumption (H4) (3.5) allows to guarantee that this quantity has a constant sign for 8 < A+ 4.
Notice that when the charts are defined with the control @ — 4, the formula (3.15) is replaced
with the following:

d . delg @Feg
Y, — a— = —5) — =L .
Ié] <d665’n 5(65)> sign ((a — 0) m<dﬁ |@Feg|>
Again this has constant sign for § > a —J. Unfortunately the second set of charts does not cover
the whole simplex S (Figure 5). It is the reason why we introduce the transient set of charts
parametrized by Yy € 0S. We are particularly interested in the two tunnels 7_, 7 defined by
the following curves:

19



0.15

0.105
0.1
0.095
0.1
0.09
0.085

0.08

0.075
0.05

0.07|
0.065

0.06

(a) (b)
Figure 6: Attractiveness and stability of the ergodic set Zy. Several trajectories with arbitrary

control «(t) (here, periodic) have been plotted. They all enter the ergodic set and stay there.
The right figure is a zoom of the left one.

e the subset 7_ is defined by its boundary made of 3 pieces (Figure 5a): the trajectory
starting from the corner eqg = (0 0 1/3) with constant control A 4 §; the portion of ®( from
eg to eq_g; and the trajectory starting from e, s with constant control A + §. We have
T_Co_,

e the subset 7, is defined similarly (Figure 5b): it is enclosed by the trajectory starting from
the corner e,, = (1 0 0) with constant control a — ¢§; the portion of ®g from ey to ea4s;
and the trajectory starting from e41s with constant control @ —J. We have 7. C ..

By comparison arguments we get easily that the second set of charts covers the tunnel 7_ (resp.
T+) with the constant control A + § (resp. a — ¢). The main feature of these two tunnels is the
following: due to Hypothesis (H4) (3.5) and Lemma 3.9, any trajectory that enters one of these
tunnels can exit only by entering Z,s5. Moreover it follows monotonically the parametrization of
the second chart (3.13)-(3.14). This enables to prove that the trajectory eventually reaches the
end of the tunnel: the ergodic set.

Step 5- Attractiveness of the ergodic set. We state the main result of this step: attrac-
tiveness of the approximated ergodic set Z4gs.

Lemma 3.10. The set Z,95 is attractive: any trajectory yo(t) enters the set Z.os after finite
time, at most Tp(0). The maximal time To(0) does not depend on e.

As this property holds true for any § > 0 we can conclude that the set Zj is approximately
attractive, but we get no estimate about the maximal time Ty (d) as 6 — 0. In fact we will prove
in the next step that close-to-optimal trajectories enter the ergodic set Zy (and even the smaller
set Z_s) in finite time: this is a stronger property. The attractiveness property is illustrated in
Figure 6: trajectories necessarily enter the set Z 5.

Proof. Let y,(t) be any trajectory of the system y,(t) = b(ya(t), a(t)), where the control «(t)
takes values in [a, A]. We assume without loss of generality that y,(0) € ®, \ Z,25. We define
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to as the first exit time:
to =f {t | ya(t) ¢S4\ Z125} -

We face the following alternative: either y,(0) ¢ 73 then we shall use the first set of charts
parametrized by Yy € 98 (3.11), or y,(0) € T, then we shall use the second set of charts
parametrized by eg € ®¢ (3.12). We begin with the latter case.

The only way to exit the tunnel 7} is to enter the set Z,5 C Z,95. The quantity B,_s(t) is
monotonic. More precisely we have

—1

Vt € [0,t0) Pa-s(t) < —(5(,0(ya(t))exp(—s(t)HDyb”OO)’<‘fie§ |gizg|>

Recall that the time s(¢) is given by the parametrization of the trajectory yq (t) = Ta—s(Ba—s(t), s(t)).
Hence s(t) is uniformly bounded on @, \ Z,55. This is the reason why we use the set Z, o5 rather
than the set Z,s for which we could have s(t) — +o00 because e,_5 € 0Z,;5. Therefore the r.h.s

—1
of (3.18) can vanish only when y, gets close to the set ®y. Indeed the factor ‘<%, ‘g%ﬁ‘ﬂ

is clearly bounded from below since ‘<dd%, ‘81};22' >‘ is bounded from above.

We have a precise description of the dynamics close to ®q:

%w(ya(t)) = (Ja(t), Vo (ya(t)))

(
= (b(ya (1), a(t)), Vio(ya(t)))

= (bles, a(t)), Vio(es)) + o(lyalt) — esl) (3.16)
= (a(t) = B) (Fep, Vo(eg)) + o(lya(t) — esl) -

Hypothesis (H4) guarantees that the quantity (Feg, Vi(eg)) is negative for all finite 5:

o
<
Q
—~

~+
~

VB < too  (Fes, Viplen)) = <F€ﬁ» 02 a3 > <9F€ﬁ’ a8 > <0

where xg is a positive scalar (coming from the discrepancy between the two vectors pointing
in the normal direction to ®o: V(eg) and —@%). Unfortunately (b(ex, a(t)), Vi(es)) may
vanish (it is actually the case for the running example: the field b(e, @) is independent of « and
it is tangent to ®(). Therefore we have to isolate the large parameters 5 > 1 (trajectory starting
close t0 ex,). To circumvent this issue we investigate the behaviour of y, () in the neighbourhood
of ex, say a ball B(es,n'). We have the following linearization around e,

b(y, @) = b(eno, @) + 0(|y — eco|) = Gewo +0(n'), (3.17)

since Feso = 0 (see Hypothesis (H2) and subsequent discussion). Moreover we have Geo, # 0
(see Hypothesis (H3) and subsequent discussion). The linearization is uniform with respect
to a € [a, A]. Therefore the trajectory is pushed away from ey in finite time, uniformly with
respect to the initial data y,(0) € B(ewo,n’).

We choose 7 > 0 such that the higher-order terms in the linearization (3.17) are negligible in
front of Geo,. We choose the largest possible B such that the portion {eg : § > B} C Blex,n’).
There exists v > 0 depending on B such that the following inequality holds,

VB <B —(Fes, Vp(eg)) >v>0.
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Accordingly we choose a small § > 0 such that the error term in the linearization (3.16) is
uniformly smaller than Jv for |y, () — eg| < ¢’ and 8 < B. Thus we have

vt € [0,%0) (Ya(t)) > 20v — dv = év.

d
dt”
This defines a narrow band of size ¢’ around the portion {eg : A+ 26 < 8 < B} C ®( in which
the quantity ¢(yq(t)) is increasing, uniformly in time. Therefore the trajectory stays away from
®g. Consequently the quantity 8,—s(t) is decreasing, uniformly in time, and S,_s(t) gets smaller
than A + 26 in finite time. This means that y,(t) enters Z,; 95 in finite time when y,(0) € 7.
We now consider the case y,(0) ¢ 7;. We choose the parametrization (3.11) given by the
charts associated to the constant control a — ¢, and the initial point Yy lying on S. From (3.13)
we deduce that 6,_5(t) is nonincreasing up to to:
-1

VEE 0,10) fus(t) > Sp(ya(t)) exp (—s(1) | Dybloc) \<dYe,na_a<Ye>> (3.18)

de

The function 0,_s(t) is naturally bounded for ¢ € [0,%y). In fact, the point Yy cannot make

a complete turn around the boundary 0S. For instance, when Yy = eg, we have necessarily

Ya(t) € ®_, since the trajectory 72_5 lies in ®_. We denote by 6 a bound from above for
Oa—s(t).

Recall that the time s(t) is uniformly bounded on ®; \ Z,25. As previously the factor

|<%Yé7na,5(Yg)>f—1 is clearly bounded from below since |<%Yé,na,5(Y9)>| is bounded from
above.

The descriptions of the dynamics close to ®¢ (3.16) and ey, (3.17) are still valid. From (3.16)
we deduce that the following estimate holds true for |y, (t) — eg| < ¢’ and 8 < a — 20,

%w(ya(t)) < =200 4 6v = —dv.

This defines a narrow band of size ¢’ around the portion {eg : 0 < § < a — 26} C Pg in which
the quantity ¢(ys(t)) is uniformly decreasing. Once it enters this narrow band, the trajectory
necessarily crosses ®¢ in finite time. It leaves @, and it enters the tunnel 7_.

On the other hand, we build an analogous narrow band around the portion {eg : A+ 2§ <
B < 400} C ®p. It is the union of the tunnel 71 and the ball B(es,n’).

If y,(0) starts within B(ex,n’), the trajectory will leave the ball after a finite time of order
7' = 2|Ges|n’. We cannot rule out the fact that it comes back inside the ball several times.
Alternatively, we can evaluate the time the trajectory y, spends inside the balls B(es,n’) and
B(eoo,2n’) each time it travels through B(ew,n’). Clearly the trajectory spends a time at most
7' = 2|Geso|n’ inside the first ball, and a time at least 7/ in the annulus B(eco, 27') \ Bleso, ).
Outside the narrow bands, the quantity 6,_s is monotonic with the following estimate:

eafé(t) > Cn/

for some constant ¢,y > 0. As a conclusion, if we denote by N the number of times the trajectory
Yo travels through B(eoo,n’), we have

Ba_s(to) — a_s(0) > N (7.0+7'cy)+  (to— 2N7)ey

B(ess,2n") outside the narrow bands

Therefore, the number N is bounded. Moreover we have N7/ < f/. Consequently, the time ¢
n

is also bounded, and we have

[ 0
to < 2N7' + =3

Cyp/ Cpy
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We have finally proven that the trajectory y,(t) leaves the set @ \ Z, 95 after finite time. A
precise follow-up of the time spent in this zone shows that it is uniformly bounded with respect
to the initial data y,(0). We now face the following alternative: either the trajectory enters
the set Z,95 at time o, or it enters the set ®_ \ Z,95. In the former case there is nothing
more to say. In the latter case, the trajectory crosses the line ®3. It does so on the portion
{eg | 0 < B < a—24} (otherwise the vector field b(eg, a(tp)) points in the wrong direction, from
®_ to @, and the trajectory lies in the tunnel 7). We conclude that the trajectory enters the
tunnel 7_ at t = .

From ¢ = tp and y4 (o) € T— we repeat the same procedure as for y,(0) € T, except that we
change the control determining the charts: we switch from I';_s to I'4145. Again, the quantity
Bats(t) is monotonic, and we have

—1

dﬂ @F@ﬁ
dﬂ ’ |9F65|

Ve te Bars(t) 2 8 o(ya(®))] exp (—s(®)]Dyblc) ]<

This quantity is positive, and we can prove as above that the quantity ¢(y,(t)) is uniformly
decreasing around the portion {eg : 0 < f < a — 2§}. We deduce as previously that the
trajectory necessarily enters the set Z,95 in finite time Tp(y). The time is uniformly bounded
with respect to the trajectory v, independently of e. O

Step 6- Close-to-optimal trajectories do not stay close to the boundary of the
ergodic set. Let T3(0) be the maximal time of entry in the set Z, 05 for the trajectory
Ua(t) = b(ya(t),a(t)). Let us mention that the set Z .95 is stable (The proof is similar to
the stability of Zy, see Lemma 3.5).

The final step in the proof of Theorem 3.2 consists in carefully following trajectories running
in the layer Ay = Z,95 \ Z_5. It is a narrow band surrounding the boundary of the ergodic
set 0Zy. Heuristically, if the trajectory stays in this band forever, then it follows closely the
two trajectories defining 92y (3.7). Thus it spends most of the time in the neighbourhood of e,
and ey, where the reward values are respectively A(a) and A(A4). From Hypothesis (H2), and
particularly A(a*) > max (A(a), A(A)), we deduce that such a trajectory is far from optimality.

In the next lines we develop this argumentation with quantitative bounds. We will pay much
attention to proving that the maximal exit time 77 (e,d) outside Ay is such that €Ty (e, d) < 1,
uniformly.

The width of the narrow band Ay = Z,95 \ Z_;5 is of order §. We introduce an intermediate
scale 7, with 6 < n < 1. We denote B, = B(es;2n) and Bs = B(ea;2n) the balls of radius 7
with respective centers a, A. The scales § and 7 are to be determined later. Roughly speaking,
the scale ) is determined such that 7 < A(a*) — max (A(a), A(4)), and § is adjusted accordingly.

Our claim is the following: if § is chosen small enough, then close-to-optimal trajectories
cannot stay in Ay forever. Let us mention that the set Z_s is not stable. However we require only
that the trajectory enters once in Z_s where we can use the uniform controllability Lemma 3.6.

Lemma 3.11. Let y,(t) be a close-to-optimal trajectory in the following sense:

+oo
/0 ¢ L(ya (1)) dt > uc(y) — O(1).

This trajectory must leave the narrow band As before some maximal time Ty (e, ). In addition
we have €T (e,0) = O(n) as e — 0, uniformly fory € S.

Proof. We begin with some considerations about optimality of trajectories. A first important
remark is that for all y € S we have liminf. ¢ euc(y) > A(a*), uniformly in S. Indeed we may
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choose the constant value control «(t) = «o* in the optimization problem (3.3). We know that
exponential convergence occurs towards the eigenvector eqx:

Yo ()

where o+ is the spectral gap and C' denotes some absolute constant. This yields the estimate

—foxt
e ey

— eqr

+o0 +too oo
6/0 e ¢ L(ya*(t))dt:e/o e ¢ L(ea*)dt+e/0 e (L(ya~(t)) — L(eq~)) dt

dt

+oo
> \@") = [DLe [ € lgar(t) - o
0

+oo

> AMa™) = C||DL||soly e temHart gt

> Aa") = C||DL|

€+ Hax ’
By letting € — 0 we deduce the estimate
lim i(l)rlf euc(y) > AM(a*), uniformly fory € S. (3.19)
€—

Now we examine the reward of trajectories during their passage in As. Let y, be such that

Vt € (TO(y)’ Ty (y>) ya(t) € A57

(note that we may a priori have Ti(y) = +00). We distinguish between the different parts of
As. Either y,(t) belongs to As N (B, U By4) or it belongs to the complementary set. We begin
with the latter case. We assume that

Vit € (t1,t2) Yalt) € As\ (Ba U Ba).

We first prove that, outside the balls B, and Ba, y.(t) is close to either the curve 7, or the curve
va. We deal with the upper part As N ®_, where the curve v, lies, without loss of generality.
We use Lemma 3.9 for this purpose. We recall (3.13) adapted to the constant value control A
(instead of A + 4):

—1

Ba(0) > (4= ao) ot )| exp (I [ (57 512

Outside the balls B, and By, the time s(t) is uniformly bounded, and |¢| is bounded from below.
We have

des OFes \ |
ool exp (50D [( 52, ST > ey,

for some positive constant c,. Thus,

Cn/ 2(A —a(t))dt < B(tz) — B(t1) < 36.

t1
We deduce that

%|7A(t+7) ~ YO = 2(b(ya(t + 1), 4) = b(ya(t), a(t)), va(t + ) = ya(t))

=2(b(yalt+7),a(t)) = b(ya(t), a(t)),7a(t + 7) — ya(t))
+2(A = a(t)) (Fyalt + 7). 7a(t +7) = ya(t))
< 2/ Dyb)|[ya(t +7) = ya(t)]* + C(A = a(t),
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where C' denotes some absolute constant. Therefore,
¢
At +7) = galO) < Iyt 47) — gt + € [ HPHCD (A~ a(e) at
t1

We choose a suitable time shift 7 such that v4(t1 +7) — yo(t1) = O(6). This yields the estimate

5
Vit € (t1,t2)  |ya(t +7) — ya(t)|? < C52e2IPI0—t) 4 CC— . (3.20)
m

Because it is a converging trajectory, we know that v4 spends at most a time 7}, in the zone
outside the ball B(ea,n). We choose ¢ so small that the following inequality holds,

522 PublITy 4 Ci <n?.
En

From the tracking estimate (3.20) we deduce that during the time ¢ € (¢1,¢; + T;,) we have the
following estimate,

1)
sup  |ya(t) — yalt+7)2 < C822P0IT L 0 — < g2
te(ts,t1+Ty) Cn

Therefore we have yo(t1 +715,) € Ba = B(ea,2n). And so we have t; < t; +T;, (but this estimate
is inessential).
Concerning the trajectory v4, exponential convergence towards the eigenvector e 4 holds true:

V>0 |ya(t+7)—eal < Clya(r) —eale "4t (3.21)

where p4 > 0 is the spectral gap, and C' denotes some absolute constant. In fact we replace p4
by g = min(p,, pa) in (3.21) for the sake of convenience. Plugging this estimate into the optimal
reward, we get

to

/ et Lya(t)) i’ = ¢ / T L(qa(t + 7)) di + ¢ / e [L(ya(t') — Lya(t' +7))] dt’

t1 t1 t1
to , to ,
< e/ e " Liea)dt’ + e/ e " [L(ya(t' +7)) — L(ea)] dt’
tl tl

+ I DLfl oo (e — %)
< )\(A) (e—etl _ efetz) + CHDL”OOL (67(e+g)t1 _ 67(e+ﬁ)t2>
€+ [

+n||DL|| (e_etl — e_etz) )
We conclude that there exists some absolute constant C such that

to , .
e/ e " Lya(t))dt' <X(e”" —e "?) +€eC (e_(e-w)tl - e_(6+ﬁ)t2) +nC (e~ —e™"2) |

t1
B (3.22)
where we have introduced the notation: A = max(A(a), A(A)).
We now turn to the second (easier) case:

Vit € (t2,t3) Yalt) € As N (ByUBy).
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We assume that y,(t) lies inside the ball B4, without loss of generality. We directly have:

; / e Llya () b = / Lo Llea)dt + ¢ / e [L(ya(t))) — L(ea)] dt’

to ta 12

< M(A) (72 — e3) 4 || DL|oo (72 — e~ .

We conclude that there exists some absolute constant C' such that we also have

t3
e/ e U Liya () dt' < X\ (€7€t2 - 675t3) +eC (ef(“ﬁ)tz — ef(ﬁﬁ)ts) +nC (‘376’52 - ei€t3) )

ta
(3.23)
All in all we add successively estimations (3.22) and (3.23). Using telescopic cancellations,
we end up with

T
e/ 1 e_et/L(ya(t')) dt' < X\ (e‘eTO — e_eTl) +eC (e_(e+ﬁ)T° — e_(€+ﬁ)T1) +nC (e_eTO — e_eTl) .

To
(3.24)
This proves that, for € and n small enough, we necessarily have T;(y) < +oo. Otherwise the
trajectory would not be optimal thanks to the estimate (3.19), and also the trivial bound:

To
e/ e L{ya(t')) dt’ < €To(8)||L|oo -
0

This prove that close-to-optimal trajectories necessarily enter the set Z_s before some max-
imal time T7 (e, ).

In fact we can estimate better the maximal time T (e, d), and prove that €T} (e,0) = O(n) as
e — 0. Let y, be a close-to-optimal trajectory, starting from y € S. Following (3.24) we have

Ty ,
dm@—Omh&A e L{ya(t')) dt’ + =Ty (ya(T1))

To ’ Ty ’
< [T L)t e [ et Lale)dt + e B0 e, (a(T1)
0 To

< €To(0)||L]oe + A (1 - e—eTﬂy)) +0(e) + O(n) + e~ Weu (yo(T1)) .
We deduce
e~ ) (cue(ya(T1)) — X) = euc(y) — A+ O(eTp(9)) + O(e) + O(n) .

Therefore we have

_upalTi) =3 ).
cuely) — A+ O(Ty(8)) + 0(0) + O)

€Ty (y) < log ( (3.25)

We strongly use the fact that y,(Th) € Z_5. There exists a time T5(J) (not depending on €)
such that we can send y onto y,(71) within time 75(4). For this, simply send y onto a point
y € Z_s (for example with constant control a(t) = «*), then connect 3’ to y,(71) thanks to
Lemma 3.6. Notice that the time T5(§) may degenerate as n (and thus §) goes to 0. Using the
dynamic programming principle we get,

Ts
eue(y) > 6/ e L{ya (t") dt’ + ee= 2Dy (yo (T1)) .
0
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Plugging this estimate in (3.25), we conclude
cueya(T1) - 3 )
ete(Ya(T1)) — A+ O(eT2(0)) + O(eTp(0)) + O(e) + O(n)
(712D — 1) euc(ya(T1)) + O(eTn(68)) + O(eTp(8)) + O(e) + O(n))
cue(ya(T1)) — A '

Finally, we obtain the estimate
€T (y) =0(n) ase—0, uniformly foryeS.

This concludes the proof of Lemma 3.11. O

7- Conclusion. We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. First, the function eu,(y) is uniformly bounded on the simplex S: ||eu||c0 <
IL|loo (3.8). Second, we show equicontinuity of the family of functions (eu).. Let y,y' € S.
We assume without loss of generality that y and 3’ lie outside the ergodic set Zy. From Steps
5 and 6 we deduce that the trajectories y,(t) and y/,(t) enter the approximated ergodic set Z_s
within times T3 (y) and Tj(y’) respectively, such that €T3 = O(n). From Step 2 we can con-
nect z = yo(T1(y)) and 2’ = y/ (T1(y')) within time T5(d) which is independent of e. From the
dynamic programming principle, we have

Ty (y') ,
eue(y') — euc(y) < e/ e 'Lyl (t)) dt + ceTily )ug(z’)
0

T1(y)
—e / e~ L(ya (1)) dt — ee™ Tt Wy (2) 4+ O(e)

0
< eue(2) — eue(2) + 2¢T1 ()| Lllo + 2¢T1(y)[| Ll oo + O(e)

< O(eT3(9)) + O(eT1) + Ofe) -

The last estimate was obtained at Step 3 (controllability argument). We end up with
euc(y') — euc(y) < O(eT2(0)) + O(n) + O(e) -
Exchanging the roles of y and 3" we obtain the uniform bound,
V(y,y') €S xS leue(y') — euc(y)| < O(n) ase—0.

Since the parameter 7 can be chosen arbitrarily small, we get that the family (eu.)e converges
uniformly towards some constant (up to extraction). In fact the limit is unique [5, 3]. we re-do
the proof of this statement for the sake of completeness.

Assume there exist two constant values I; < Iy and to subsequences (u., ), (te,) such that
lime, 50 €1, = 11 and lim,, ,0 €2ue, = l2 uniformly in S. We recall that —u, is the viscosity
solution of the stationary Hamilton-Jacobi equation (3.4). Since the convergence is uniform, we
can find v, €; and ez small enough such that —eju,, > —l1 — v, and —equ,, < —lo+v < =l —v.
Therefore, —u,, is a viscosity subsolution of

—ly —v+ H(y,Dyue,) <0, (3.26)
and —u,, is a viscosity supersolution of the same equation,

—li —v+ H(y, Dyu.,) > 0. (3.27)
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We deduce from standard comparison theorems [5, 12] that Vy € S —ue, (y) < —ue, (y). However
we can add to u., a large positive constant such that u., > uc,, and (3.26)—(3.27) are still verified.
This is a contradiction.

We conclude that there is a unique possible limit for the sequence (eu)e. This completes the
proof of Theorem 3.2. O

3.4 Proof of Corollary 3.3

The proof of Corollary 3.3 following Theorem 3.2 is contained in [3, Theorem 5]. We repeat the
argument for the sake of completeness. We fix § > 0, and we choose T' = g. We split the rewards
as follows:

euc(y) = sup {6/0 L(ya(t)) dt + 6/0 (e_et - 1) L(ya(t)) dt + ee_ETue(ya(T))} ) (3.28)

(e

We have for the second contribution,

T
6/0 (= — 1) L{ga(t)) dt| < | Llloo (= — 14 5) .

Therefore, dividing (3.28) by 6 we get as € — 0 (or equivalently T — +00),

T o0 _
lim inf % sup {/0 L(ya(t)) dt} + M)\HJ = 0(9),

T— 400 a 1)

T =0 _
lim sup 1 sup {/0 L(ya(t)) dt} + u)\HJ = 0(9),

T—+o0 o 1

where we have used the uniform convergence eu, — Mgy in §. Since § > 0 can be chosen
arbitrarily small, Corollary 3.3 is proven.

4 Numerical simulations and perspectives

All the numerical simulations shown in Section 3 have been performed for the running example
(1.4) with parameters listed in Table 1. We have solved numerically the Hamilton-Jacobi-Bellman
equation (3.1) using a classical upwind scheme for the discretization of the Hamiltonian (3.2).
We observe that the quantity “(?y) converges to a constant value Ay which is close to the
Perron eigenvalue Ap(a*). The discrepancy in the limit falls within the range of error due to
the numerical scheme. Furthermore, we observe that the function w(7T,y) — Ay ;T presumably
converges to an eigenvector u (Figure 8).

We notice that the numerical scheme selects either a or A at each step because of the very
definition of the hamiltonian (3.2). It is quite instructive to plot the line where the control
switches from a to A, namely where (Fy, D,u) = 0. We call it the separation line (Figure 8b).
Apparently the optimal eigenvector e, belongs to this line. We observe numerically that the
optimal trajectories are glued to this separation line (Figure 9a). We observe fast oscillations
between the extremal values a and A at the scale of the time step (see Figure 9b). The values
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Figure 7: Convergence of @ towards a constant value Ay ;. We have plotted a specific value
at an arbitrary point yo € S. We observe that the limiting value Ag; is close to the maximal
Perron eigenvalue Ap = 0.7273 (dashed line, see also Figure 1). The discrepancy between the
limiting value and Ap (dashed line) falls below the numerical error due to the scheme, which is
of order one.

Growth in the first compartment 1 =0.5
Growth in the second compartment Ty =5
fragmentation in the second compartment Bo=1
fragmentation in the third compartment b3 =2
minimal rate of sonication a=1
maximal rate of sonication A=6
optimal rate of sonication (constant control) | «* = 3.35
space step in the simplex Ay =102
time step At =103
final time of computation T =10

Table 1: Set of parameters for illustrations and numerical simulations.
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Figure 8: (a) The function u(T, y) presumably converges to an eigenvector @ as T — 400, modulo
a constant of order A ;T. (b) Level sets of the function @ and the separation line where the
optimal control switches from a to A. (¢) and (d) Derivatives of the function @ with respect to

the first and the second variable.
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Figure 9: (a) An optimal trajectory starting from the upper corner of the simplex. It presumably
converges towards the optimal eigenvector e,~. The optimal trajectory appears to be glued to
the separation line. (b) The corresponding optimal control «(t) is plotted in blue. It oscillates
rapidly between the two extremal values a = 1, A = 6. It converges weakly to a* = 3.35 as the
time step At goes to zero (here, At = 1072), as can be observed when averaging the function
a(t) (in red: local average of a(t) with a span of 100At).

a and A are chosen in such a way that local averaging over several time steps yields a constant
control a*. We conjecture that the control «(t) obtained through a bang-bang procedure (thus
taking extremal values a and A) converges weakly to the constant control a* in infinite horizon.

We now list perspectives for future attention, by discussing the assumptions made in the
present work. The first question concerns the higher-dimensional case. Here the two dimensional
structure of the simplex plays a crucial role. For instance, it is not even clear how to define
properly the ergodic set in higher dimension of space. A natural extension would be to study
the case where the control «(t) has N — 1 degree of freedom, where N is the dimension of the
simplex (the original problem (1.1) being of dimension N + 1). Next we discuss ways to remove
the hypotheses (H1-2-3-4-5), separately.

(H1)-(H3) In the case where G or F is irreducible, the limiting eigenvectors do not lie on the
boundary of the simplex. Therefore the line of Perron eigenvectors {eg : 0 < 8 < oo} does
not divide the simplex into two parts. However the line &5 = {y € S : ¢(y) = 0} does so.
It is the zero level set of a cubic function. We have plotted in Figure 10 several examples,
for the cases where G or F', or both, are irreducible.

(H2) When the Perron eigenvalue Ap(c) is nondecreasing with respect to o and bounded (cf.
Proposition 2.1 for the running example), we have max,¢(q,4] Ap(a) = Ap(A). Our strategy
of proof does not contain this particular example (see Step 6). Nevertheless, under an
additional assumption (see below) we exhibit a particular solution to (3.1) with a different
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Figure 10: Discussion of Hypotheses (H1)-(H3). We have plotted the zero level set of the cubic
function ®g = {y € S : ¢(y) = 0} together with the extremal eigenvectors ey and e, in four
cases: (a) G and F are both reducible (i.e. the running example (1.4)), (b) G is irreducible and
F is reducible, (¢) G is reducible and F is irreducible, (d) G and F are both irreducible. We
have modified F such that we still have m? F = 0.
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0.05

Figure 11: Discussion of Hypothesis (H2). Here, 11 = 75 = 0.5, a = 1 and A = 6. The function
A(@) is increasing (a). The optimal control is «(t) = A. Consequently A\* = Ap(A). The
eigenvector is also known: u(y) = log (¢4, y). This claim is confirmed by numerical simulations:
the level sets of u(T,y) are straight lines (b). The slope of the lines is in accordance with ¢4
(the thick line is directed by m A ¢4 € T'S). The gradient of the function exp(u(T,y) — u(T, yo))
is almost constant: observe the small amplitude in (c) and (d).
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Figure 12: Construction of the subset S’: the segment [y, e crosses the line &y on eg with

B A

initial condition, namely
u(t,y) = Ap(A)t +log (da,y) - (4.1)

Interestingly this coincides with the expansion of 7, (T, z) in the case of constant control
a = A (2.1). Moreover the function u(y) = log (¢a,y) is a good candidate for being the
Hamilton-Jacobi eigenvector. It is a viscosity solution of the ergodic stationary equation,

—Ap(A) + H(y, Dyu(y)) =0.

In Figure 11 we show numerical simulations which confirm that this particular solution
describes well the asymptotic behaviour of solutions to (3.1).

To assert that u(t,y) given by (4.1) is a particular solution of (3.1) we check that the
optimality condition is verified for @ = A,

(G +aF)y,¢a)

max_(b(y, @), Dyu) = max { —<m,Gy>}

acla,A] a€la,A] (y, da)
i NG
= s, o)+ (o G0
— Ap(4).

The optimality condition is satisfied if (F'y,¢4) > 0 for all y € S. This condition is
guaranteed under the two following conditions: (i) @ — Ap(a) is nondecreasing, and (ii)
for all y € S the segment [y, eo] crosses the line of eigenvectors @, where e, is a corner of
the simplex (Figure 12). The second condition is satisfied for the running example since in
this case eg = (0 0 1/3)T and e, = (1 0 0)T are corners of the simplex S and the tangent
to ®¢ at the point e, given by the vector Ges, — (m, Geoo) 0o = T1(—2 1 0)7, coincides
with the edge of the simplex which does not contain ey. We introduce the intersection
point eg € ®g. We decompose y = cgeg + Coc€oo, With cg > 0 (and ¢ € R). We have on
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Figure 13: Discussion of Hypothesis (H2). Here, 71 = 0.5, 72 = 5, a = 0.5 and A = 2. The
function A(«) is increasing up to a* = 3.35, then decreasing (a). The eigenvector is known on
a subpart &’ C S, where &’ is defined in the text: Yy € S’ u(y) = log(¢4,y). This claim is
confirmed by numerical simulations: the level sets of u(T,y) are straight lines on S’ (b). The
slope of the lines is in accordance with ¢4 (the thick line is directed by m A ¢4 € T'S). The
gradient of the function exp(u(T,y) — u(T, yo)) is plotted in (c) and (d).
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the one hand,
Ap(A)(dasep) = ¢a(G + AF)eg = Ap(B) (9a,e5) + (A — B) (pa, Feg) .
On the other hand we get since Fey, = 0,

<Fy7 ¢A> =cCB <F65, ¢A> + o <F€ooa ¢A>

cs AP(AAZ : ;P(ﬁ) <¢Ave,8> >0.

The same result holds true in the case where Ap(«) is increasing up to A, and satisfies
Ap(B) > Ap(A) for all 5> A.

Last but not least, in the case where Ap(«) is increasing up to A, and there exists A’ > A
such that Ap(A’) = Ap(A) the situation is quite different. We choose the smallest possible
A" > A. The function defined by (4.1) is a particular solution only on the subset of the
simplex &’ defined by the following rule: y € &’ if the segment [y, es] crosses the line ®
on eg with § < A’ (Figures 12 and 13).

(H4) When the quantity (3.5) does not have a constant sign, we cannot rule out the situation
where the trajectories cross the line of eigenvectors ®3 anywhere. This causes problems
on the proper definition of the ergodic set Z; (see also discussion of how to remove (H5)

below). This also causes problems on the monotonicity formulas (3.13)-(3.14). However we

believe this is just a technical assumption. When the quantity <Ci%, ‘8%::2» changes sign

then we may switch the parametrization from A+ § to a — d, or vice-versa, to preserve the
monotonicity of S(t).

(H5) This Hypothesis is essential to build properly the ergodic set Zy in our way. In fact it
guarantees that the trajectories which define the boundary 0Z; lie on the two opposite
sides of ®y. This rules out a possible spiraling phenomenon. It could be possible to define
the ergodic set Z;y in another way but this would lead to increasing complexity of the
preceding steps.

We propose the following construction: starting from e,, the trajectory % crosses ®y on
ep, with 81 > A due to Assumption (H4). If 51 > A we need to switch the control after
crossing @ to preserve the monotonicity formula (Lemma 3.9). The trajectory starting
from eg, with constant control a, v;* reaches ®y on eg, with 82 < a due to Assumption
(H4). If B3 = a we are done: the two portions of trajectories 74 and 2! enclose a stable
set Zy which is a good candidate to being the ergodic set.

If B> < a however we switch again: the trajectory starting from eg, with constant control
A, 7512 reaches ®y on eg, with 83 > (1 (because trajectories cannot cross). We define
iteratively two monotonic sequences fB2; and 2,11 (resp. decreasing and increasing) such
that B2; < a and fBy(;11) > A. The two limits 8 < 82; < a < A < By3i41) < B define the
boundary of a stable and controllable set Zy through the following periodic cycle: starting
from ep the trajectory with constant control A reaches ez in finite time, and the trajectory
starting from ez with constant control a reaches eg in finite time.

We cannot rule out the existence of several such periodic cycles (with control @ on ®* and
control A on ®7). In this case the set Z, constructed above is certainly not attractive,
because Z; does not contain any other cycle than its boundary.
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Appendix
A Diagonalisation of G + aF

In the case of the running example, we give a condition for which the matrix G + oF is diago-
nalisable (in R).

Proposition A.1. Consider the matrices G and F defined in (1.4), with the condition 7o > 27y.
Then the matriz G + oF is diagonalisable in R for any a > 0. Furthermore, the three real
etgenvalues satisfy

AT > 0> A > As.

Proof. We compute the value of the characteristic polynomial of G + oF at x =0
P(0) = —arimafs — a’118285 < 0
as for two well chosen negative values

P(—aps) = amnfs(afs — 21)

and
P(—73) = afa(18 + T172) + aBs(13 — 2117) — &2 (11 + 72) BaB3.
We notice that
27’1

P(—af3) >0 < a>—
Bs

and
Ty To — 271

T2
Pl—-m) >0 & a<—+ -
(=72) Bz T2 Bo

Because ™ > 27, we have
To To To — 271 Ty 27

B3 - T2 P2 g B3 g B3
so if P(—af3) < 0, then P(—72) > 0. Finally P is a third order polynomial which satisfies the
following properties: (i) it tends to —oo at —oo; (ii) it takes positive values for negative x; (iii)
it is negative at = 0; (iv) it tends to +o00 at +o0o. Thus P has 3 real roots and it proves the
proposition. O

B Criterion for Assumption (H4)

Proposition B.1. Denoting (e1, ea,e3) a basis of eigenvectors for G + oF, so that e; = e, and
(¢1, b2, ¢3) a basis of dual eigenvectors, we have the formula

<Cfl€0(j’ ®F6a> e —);\22)(;\13— A3) (P2Fer)(@sFer) (e2 — e, B(es —e1)).
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Figure 14: Numerical check of the Assumption (H4) for the running example, by using the

formula in Proposition B.1. Plot of the quantity — <dde§ ,OF ea> as a function of « in log-scale.

Proof. Decompose % and Fe, along the basis (e, e2,€e3) :

deg,
E = aje; + agses + ases, Fe, = bie1 + baes + bses.
For all @ we have (m,e,) = 1 because e, € S, so <m d’J> = 0. Because m” F = 0, we also have

d
(m, Fe,) = 0. It leads to the relations *

a1 + as +ag = by + by + b3 = 0.

As a consequence we have

<c(lie;7 @Fea> = (ag(ea — 1) + as(es —e1),b20(ea — e1) + b30(e3 — 1))
= agbs ((e2 —e1),O(e3 —e1)) + azba ((e3 —e1),0O(ea —e1)) .

Now we look for a relation between a; and b; and we start from

(G+ aF)e, = Ma)e,

which gives after differentiation with respect to «

de de
F)—% 4 Fe. =)\, —% / .
(G +« ) + Fe, = Ao + A (a)ea

Testing against ¢; with ¢ € {2,3}, we obtain
dea dea
Aigi—— + ¢iFer = Mgi—.
da da
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Finally we find

deg,
by = ¢;Fer = (A — Ai)fﬁia = (A1 = A\)ay

and the result of the proposition follows. O
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