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PATTERNS IN RATIONAL BASE NUMBER SYSTEMS
JOHANNES F. MORGENBESSER, WOLFGANG STEINER, AND JORG M. THUSWALDNER

ABSTRACT. Number systems with a rational number a/b > 1 as base have gained interest
in recent years. In particular, relations to Mahler’s %—problem as well as the Josephus
problem have been established. In the present paper we show that the patterns of digits in
the representations of positive integers in such a number system are uniformly distributed.
We study the sum-of-digits function of number systems with rational base a/b and use
representations w.r.t. this base to construct normal numbers in base a in the spirit of
Champernowne.

The main challenge in our proofs comes from the fact that the language of the rep-
resentations of integers in these number systems is not context-free. The intricacy of
this language makes it impossible to prove our results along classical lines. In particu-
lar, we use self-affine tiles that are defined in certain subrings of the adele ring Ag and
Fourier analysis in Ag. With help of these tools we are able to reformulate our results as
estimation problems for character sums.

1. INTRODUCTION

Starting with the well-known papers by Gelfond [Gel68] and Delange [Del75], distribution
properties of sets defined in terms of digital restrictions and sum-of-digits functions have
been studied systematically by many authors. Recently, Mauduit and Rivat [MR10] solved
a problem on the distribution of the g-ary sum-of-digits function of primes in residue classes
(this problem was already stated in Gelfond’s paper |Gel68]). In their proofs, they used
sophisticated exponential sum methods. Due to their paper, the area gained new impact
and many new results have been proved in the past few years; see e.g. [DMR09, DMR11],
MR09, Mor10].

The present paper is devoted to digit patterns and the sum-of-digits function for number
systems with a rational number as base. We begin with the definition of the representation
of positive integers that was given by Akiyama, Frougny, and Sakarovitch [AFS08]. For
given coprime integers a,b with a > b > 1, let a/b be the base and D = {0,1,...,a — 1}
the set of digits. Then every positive integer n has a unique finite representation of the
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1) n= %Mi_lam (3) amen,

o

with egny—1(n) # 0. We call the pair (a/b,{0,1,...,a — 1}) a rational base number sys-
tem. The representation in () is the representation of n in base a/b. For example, the

representations of 1,2,...,10 in base 3/2 are
(2) =1, (21) =2, (210) = 3, (212) = 4, (2101) = 5,
(2120) = 6, (2122) =7, (21011) = 8, (21200) = 9, (21202) = 10.

Note that — when b > 1 holds — these representations are different from the -expansions
with § = a/b that were defined by Rényi [Rén57].

One of the motivations to study these number systems is their relation to Mahler’s %—
problem that was pointed out in [AFS08, Section 6]. Mahler asked whether there exists
z € R\ {0} such that the fractional part of z(3/2)" falls into [0,1/2) for all n > 0; see
[Mah68]. Among other things, Akiyama, Frougny, and Sakarovitch could prove with the
help of the base 3/2 number system that there exist infinitely many z € R\ {0} such that
12(3/2)™]] < 1/3 holds for all n > 0, where ||z|| denotes the distance of x to its nearest
integer; see [AFS08, Corollary 4]. These number systems also have connections to the
Josephus problem; see [AFS08, Section 4.4] and [ST, Example 2.1].

In [AFS08|, the authors put some emphasis on the investigation of the language L of
words on the alphabet D defined by the representations of the positive integers in base a/b.
It turns out that L is not regular and even not context-free (in the case b > 1); see [AFS08|
Corollaries 7 and 9]. This makes it hard to get distribution results for the patterns of their
digit strings as well as their sum-of-digits function. The present paper contains first results
in this direction. Using Fourier analysis in the adele ring Ag of Q as well as character
sum estimates, we are able to prove that each digit string of a given length ¢ occurs in the
representations of the integers 1,2,..., N in base a/b with equal frequency a=*. We also
provide an error term. As a corollary, we state a result in the spirit of Delange [Del75] on the
summatory function of the sum-of-digits function. Moreover, we give a new construction
of normal numbers defined in terms of representations in base a/b.

To be able to state our main result, we define the function S, (/V), which counts the
number of occurrences of the pattern w in the base a/b representations of the first N
positive integers. In particular, let w = (wy_1,...,wy,wy), with w; € D, be a finite
sequence of digits. The length of w is denoted by |w| = ¢. We set

N)—|w]

L(N)
SuN) = 3 Spu()

with
Skw(N) =#{1 <n < N: l(n) = k+ |w|, (Extuw-1(n), . .., exr1(n), ex(n)) = w}.
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Main theorem. Let a,b € N with (a,b) =1 anda > b> 1. Then
N
Sw(N) = Wloga/b]\f + O(Nloglog N).

The arithmetic function sq/5(n) = > g<j <) €x(n) is well-defined and is called the sum-

of-digits function in base a/b. From our main theorem we obtain the following corollary
on the summatory function of s, .

Corollary 1. Let a,b € N with (a,b) =1 and a > b > 1. Then

Z Sa/p(n) =

The next definition generalizes the famous Champernowne constant ¢, the decimal ex-
pansion of which is given by ¢ = 0.123456789101112---. Let 3,/ be the unique
real number in (0, 1) that has a (standard) representation in base a which is obtained by
concatenating the digits of 1,2, 3, ... in their representation in base a/b, that is

3a/b =0. 80(1) 65(2)_1(2) .. -81(2)80(2) 55(3)_1(3) s 51(3)50(3) 8((4)_1(4) .. '81(4)80(4) s

or, more precisely,

(Nlog log N).

dafb = ZZ k+z” 1@

n=1 k=1 @
For example, the real number 33/, is given in base 3 by

332 =0.221210212210121202122 21011 - - - .

In the case that @ = 10 and b = 1, 34,3 is exactly the constant ¢. Champernowne [Cha33]
proved that ¢ is normal in base 10, i.e., every digit string w of length |w| occurs with equal
frequency 107"l in the base 10 representation of ¢. We have the following result.

Corollary 2. Let a,b € N with (a,b) =1 and a > b > 1. Then 3,/ is normal in base a.

Remark 1.1. We mention here that all our results and proofs remain valid (with obvious
changes) if the basis a/b is negative and the set of digits is D = {0, 1,...,|a| —1}. In order
to keep the exposition as simple as possible we confine ourselves to positive integers a and
b throughout this paper.

2. PLAN OF THE PROOF

To analyze S, (N), it is important to understand the structure of the digits of n < N
with respect to the given base. In the case of the standard g-ary representation in N (i.e.,
a = q, b = 1), this is relatively simple. Indeed, we have n/¢"*! = > 0<j<i(m) €M) ¢k
and this sum can be split into -

(2) S e @l ezl =2 and Y gi(n)¢ e {ﬁk(n)’gk(n) +1).

k<j<f(n) 0<j<k q q
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Therefore, the digit ex(n) in base ¢ is equal to d € {0, ...,¢—1} if and only if the fractional
part of n/¢*** lies in the half-open interval [d/q, (d + 1)/q). This makes it easy to employ
analytic methods in order to study the frequency of certain digit patterns. The first
problem consists in finding related formulas for rational base number systems. However,
the most crucial difference to the standard base ¢ representations is the already discussed
fact that the language L of words on the alphabet D defined by the representations of the
positive integers in base a/b cannot be described in a simple way. Thus, there seem to be
no elementary combinatorial considerations proving our results.

To overcome the difficulties occurring in the case of rational base number systems we
have to embed the rational numbers into a subring K,/, of the adele ring Ag, where the
(embedding of the) set Z[a/b] = Z[1/b] forms a lattice; see Section [Blfor a precise definition.
This makes it possible to find a compact, self-affine fundamental domain F of Z[1/b] in K,
which is related to the underlying rational number system. Using its self-affine structure,
the set F can be written as a union of subsets F; (d € D), which play a similar role as the
intervals [d/q, (d + 1)/q) do for g-ary representations in (2)); see Figure [l for a picture of
these sets. With help of these sets we are able to establish formulas similar to the one in
(@) in the context of rational base number systems. This enables us to use Fourier analysis
in K, in order to reformulate the problem of counting the digit patterns as a problem on
estimating character sums. Since K,/ is a subring of the adele ring Ag, the characters of
this adele ring are used to define the appropriate Fourier transformation and its inverse;
see e.g. Tate’s thesis [Tat67] or Weil [Wei73]. Finally, using ideas reminiscent of Drmota
et al. [DMR09], we estimate the character sums emerging from this Fourier transformation
process.

The paper is organized as follows. In Section Bl we give some definitions and set up
the environment for the required Fourier analysis. This includes analyzing the Pontryagin
dual of the fundamental domain F as well as the calculation of Fourier coefficients for
Urysohn functions related to F. In Section ] we perform the estimates of the character
sums emerging from the Fourier transformation process in order to prove the main results.
Finally, in Section [5] we briefly discuss some open questions and possible directions of future
research related to the topic of the present paper.

3. FOURIER ANALYSIS ON FUNDAMENTAL DOMAINS

Throughout this paper, we set
a=afb.

In this section, we study self-affine tiles associated with representations in rational bases.
These tiles are special cases of the rational self-affine tiles defined in [ST]. We need several
notations and definitions.

For each (finite) rational prime p denote the p-adic completion of Q by @Q,, that is,
the field Q, is the completion of Q@ w.r.t. the topology induced by the p-adic exponent
vp. As usual, we write Z, for the ring of integers of QQ,. The fractional part of x € Q,

will be denoted by A, (), i.e., \(3252, djp’) = Z;:lk d;p’ for all sequences (d;);>, with
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d; €{0,...,p—1}, k <0. For the (unique) infinite prime p = oo set Q, = R, which is the
completion of Q with respect to the Archimedean absolute value | - | in Q.
Consider the set of primes

Sa={p: p|b, pprime} U {oc}.
With help of S, we define the subring
Ka = H Qp
PESa

of the adele ring Ag of Q. We equip K, with the measure p, that is defined by the
product measure of the Lebesgue measure jio, on R and the Haar measured] 11, on Q, for
p € Sy \ {o0}. Let

d: Q—-K,, 2z (z,...,2),
be the diagonal embedding of QQ in K,. The set QQ acts multiplicatively on K, by

€ (2p)pes. = (E2p)pesa-

Following [ST], we define F = F(a, D) as the unique non-empty compact subset of K,
satisfying

F=Jo (F+ o).

This set can be written explicitly as

F = {g@(eka_k) L ep € D}.

In order to keep track of the occurrences of a given digit d € D in a representation in base
a/b, we will have to deal with the subsets

Fi=a ' (F+®(d) (deD)

of F. See Figure [ for a representation of these sets for the case o = 3/2.

FIGURE 1. The sets F; constituting F € R x Qy for « = 3/2. Here, an
element » %, dja™7 of Qq, with d; € {0, 1}, is represented by » 2, d;277.

IWe choose Wp in a way that u,(Z,) = 1. In particular, this implies up(peZp) =pt.
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We also need to consider approximations of F;. To this matter, define the “boxes”

D,=a™"- ([0, 1] x Hzp) (r > 0).

plb

With help of these boxes, we define the approximations
Far = U (@(da‘l) + Z d(epa™) + D,) (r>1)
k=2

of Fy4. (Note that the sum over k is empty for r = 1.)

Recall that a collection C of compact subsets of K, is a tiling of K, if each element of C
is the closure of its interior and if u,-almost every point of K, is contained in exactly one
element of C. It will be of importance later that F, F;, and their approximations induce
periodic tilings of K,. This is made precise in the following lemma.

Lemma 3.1. The following collections are tilings of K.

o {O(x)+ D, : xe€a"Za]} (r>0),
o {CI)(x)—i-fdr: r € Zla],de D} (r>1),
o {O(z)+F: x e Zlal},
o {O(z)+ Fy: v € Zla],d € D}.

Proof. To show that {®(z)+Dy : = € Z[a]} is a tiling of K, consider a point (z,)pes, € Ka,

and let
Z Ap(2p) + \‘Zoo - Z Ap(zp)J-
pE€Sa\{oo} pESa\{oo}

Since \,(z,) € Z[a] holds for each p € S, \ {00}, we have y € Z[a]. By the definition of y,
we conclude that (2,)pes. € @(y) + Do, and (z,)pes, € ®(z) + Dy for all z € Z[a] \ {y}
except When 2o — 37 co \rooy M(2p) € Z. AS D7 g\ 100y An(2p) € Q, the set of points
(2p)pes. € Ka With zeo — 3\ 100y Ap(2p) € Z has p,-measure zero (note that zo, can be
an arbitrary real number). Hence, {®(x) + Dy : = € Z[a]} is a tiling of K,. Multiplying
by a~" yields that {®(x)+ D, : = € a™"Z[a]} is a tiling of K, for each > 0. Since the set
{erat+ - +ea7": €,...,& € D} forms a complete residue system of Z[a]/a " "Z[a],
it follows that {®(z) + Fu, : © € Z[a], d € D} is a tiling of K, for each r > 1.

By [ST), Theorem 2], the collection {®(x) + F : = € Z[a]} forms a tiling of K,. Now,
multiplying by a™! yields that {®(z) + F;: x € Z[a], d € D} is a tiling of K,,. O

A patch of the tiling {®(z) + F : = € Z[a]} for a = 3/2 is depicted in Figure 2
For a set M C K,, we denote the characteristic function of M by 1,,;. Since

/ 1p, dpte = a~" Hlup(pvp(b)rzp) —a Hp—vp(b)r —a b =a",

plb plb
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FIGURE 2. The tiles ®(z) + F € Rx Q, for a =3/2, z € {32, 2, ..., L}

the function
furlz) = a’ / Logialy7, (@ 4+ ¥) dita(y)
D,

is an Urysohn function which approximates the characteristic function of F; mod ®(Z[«]).
It can be split up into a sum of the a"~! functions

9or(z) =a” / Lo(etzio))+D,(Z +Y) dita(y)
Dy

with z € {da™ ' +epa ™+ -+, : &,...,6, € D}.

We want to expand f;, into a Fourier series. Since {®(z)+ Dy : x € Z[a]} forms a tiling
of K, by LemmaB.1] and since f,;, and g, are periodic functions mod ®(Z[a]), we will do
Fourier analysis on the compact fundamental domain Dy of K, /®(Z[a]). To this matter,
we set e(y) = exp(2miy) and define the character

X((zp)pesa) = e( Z Ap(2p) — Zoo)-

pESa\{oo}

(For the definition of characters of the adele ring Ag, we refer to Weil [Wei73, Section IV.2,
p. 66].) We will also use the notation x(£) = x(®(&)). We have the following property.

Lemma 3.2. Let £ € Q. Then x(§) = 1 if and only if £ € Z[a].
Proof. The definition of the character x implies that x(£) = 1 if and only if

(3) > A€ - €€

plb
Assume now that { ¢ Z[a]. Then there exists a prime ¢ 1 b such that £ & Z, (to be precise,
the canonical embedding of ¢ in Q, is not an element of Z,). Since \,(&) € Z, for all p | b,
we see that >, Ap(§) — & & Z,. Hence, (@) cannot hold true. It remains to show that
¢ € Zla] implies [B). Let ¢ be prime. If ¢ 1 b then A\, (§) € Z, for all p | b and ¢ € Z,.
Thus, -, Ap(§) — & € Zg. If ¢ | b, then Ay(§) € Zg for p # ¢ and A\y(§) — € € Z,. Hence,
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A — & € Zg in this case too. Thus —£€ 7., = 7, which proves the
plb P p\b q 7
lemma. ([

Using [HR63, Theorem 23.25], we see that the Pontryagin dual b\o of Dy is isomorphic to
the annihilator of ®(Z[a]) in the Pontryagin dual K,. Therefore, using [ST, Lemma 4.7],
we conclude that Dy = {x(£-) : £ € Z[a]*} holds with

Zlo]* ={€ € Q: x(&x) =1 for all x € Z[a]}.

Lemma implies that Z[a|* = Z[a]; compare with [Tat67, proof of Lemma 4.1.5] and
[ST), Lemma 4.6]. Summing up, we proved the following lemma.

Lemma 3.3. The Pontryagin dual of Dy is given by
Do ={x(§) : £ €Z[a]}.

By Lemma B.3] the Fourier expansions of the functions g, , and fy, are of the form
(4) gxr Z C:cer Z and fdr Z Cdr§X
£€Z]q] £€Z]a]

We will show that these Fourier expansions converge pointwise to the respective function.
To this matter we need the following estimates of the Fourier coefficients of g, ,.

Lemma 3.4. Forr >0 and x € {da'+eya™+---+e,a7": d,ey,...,&, € D} we have

a”" if§:0
Cre = § @"b7 X (—x€) LG OE ipe e 2\ {0},
0 otherwise.

Proof. As ®(x)+ Dy is a fundamental domain of K, /®(Z[«]), Lemma B.3] implies that the
Fourier coefficient ¢, ¢ of ¢,,(z) is given by

Come = " / o B @ X 7))
=a’ /1>( . ua((é(a: + Zla)) + D,,) N (z + Dr)> X(—¢ - z) dpa(2z)

= x(=6-0) [ (@) + D) 1 (24 D)) x(=¢ - 2) ).
Since D, C Dy and Dy + D, € Dy U (P(1) +

ua<((ID(Z[a]) +D,)N (z+ Dr)) = la <D,,

for z € Dy. Using the identities x(—¢ - (z
[—1,1] x Hp‘b Z,, we obtain that

0), we have

D
N (z+ DT)) + ,ua<((1>(1) +D,)N(z+ Dr))
®(1))) = x(=¢ - z) and Do U (=®(1) 4 Do) =

Cope=a’ X(—SUO/[ L o (DT N(z+ DT)) X(—=€ - 2z)dua(z).
*Lppp Zp
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Setting

1
I, = / too ([0, 7" N [200, 200 + @7 7)) €(€200) d2os  and

1

I, = /Z (P OLy 0 (2 + 9" OLy)) e (= \p(€2)) diy(2) (0 € Sa\ {o0}),

P

Fubini’s theorem implies that c; ¢ = a"X(—2§) [ g, {p- We have
o a?r if € =0
I, = a " = |zeo]) e(€20) d2oe = e oo 7
/_ oﬂ-( [7o01) e(8200) { (1—c( 2)5(2;2 ( ) otherwise.

It remains to calculate the integrals I, for p | b. Note that

@:mwﬂﬂwy/‘ e( = M(E2)) diaplzy).

PP (b) Zyp

If v, (&) > —ru,(b), then we get

/Tv (b)Z )\p(gzp)) dlup(zp) = / d:up = p_rvp(b).

prvp(b)Zp
If v, (&) < —ruy(b), then £ = —v,(§) — rv,(b) is a positive integer and we obtain
/ e( - )‘p(fzp» dpp(2) = p»® / e( - )‘p(zp» dpp(2p)
pror®z, p~Zp

Thus we have for p | b that

L[ (€ > —re, ),
P 0 otherwise.
Putting everything together proves the desired result.

We now state the convergence result for the Fourier series in ().

Lemma 3.5. For each z € K, we have
g:cr Z C:(:TEX Z and fdr Z CdrgX
£€Z|a] £€Z|a]

i.e., the Fourier series of g, , and fq, converge pointwise.

Proof. We just show the assertion for g, ,, the one for f;, then follows immediately as

far(z) = > 9o.r(2).

ze{da—l4+eaa=2++era~":e9,....er€ED}
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Since g, is periodic, we can regard it as a function on Dy. In particular, g, € L*(Dy).
Thus Plancherel’s theorem (see e.g. [HR70, Theorem 31.18]) implies that g, , is equal to
its Fourier series ji,-almost everywhere. Since g, , is continuous, the lemma is established
if we show that its Fourier series converges to a continuous function. Lemma [3.4] implies
that

(5) Z Core X(€ Z Crre X(§

¢€7[o) ceb—7

Moreover, by the same lemma, for each € > 0 there exists N € N such that

(6) D eamel <e.

ceb—"7
I€|>N

Since the partial sums ., ¢<n Care X(§ - Z) are obviously continuous functions, the
convergence of the series in () to a continuous function follows because (@) implies that
it converges uniformly in z. O

Later we will need the following estimate for the Fourier coefficients of f,.

Lemma 3.6. Forr >0 and d € D we have

a~! if € =0,
/ o . U -—2 . Z\aZ
Cd,r,ﬁ - O(mln(]-?a 6 )) Zf& € br
0 otherwise.

Proof. As ¢, . = ZQWETGD Cda—14esa—24-tera—r e, Lemma 3.4 yields the stated formulas
for £ =0and ¢ € Z. Since |1 — e(z)| < min(2, 27|z|) for all z € R, the stated formula

also holds in the case £ € Z\QZ. It remains to show that ¢, . = 0 for § € 92\ {0}. By
Lemma [3.4l we have

/ e Gl dg - r
(7) Care ='b |:§+7r2)|><(—g> Z X<—(%+"'+%)f)~

£2,...,er€D

Let 5 > 1 be maximal such that o/ | 0"¢. If j > r, then Cyre = 0 because e(a™¢) = 1.
Thus we may assume that j < r. Since —al/a?™! € Z]a] and —¢/a/ ™ & Z|a], Lemma 3.2
implies that y(—a&/a/™') = 1 and y(—&/a?*1) # 1. This means that y(—¢/a’*1) is a
non-trivial a-th root of unity, thus

a—1
> Xl(—gpng/alth) =) X(=¢/a’th) =0,
€j+1€D /=0

Factoring the sum in (7)) accordingly, we obtain that cf“’s = ( in case j < r as well. U
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4. PROOF OF THE MAIN RESULTS

Using the Fourier expansions of g, and f;, we will now reformulate our main theorem
as an estimation problem for character sums. We start with an easy result on the length
of the representation in base a.

Lemma 4.1. Let n > 0 be an integer whose representation in base « is of the form

Proof. We have

1 1 -1
gae(")_l <n< 3 (a—1)a* = Z_ b(o/(") —1).
k=0
Taking the logarithm (with respect to base «) implies the desired result. O

Set ex(n) = 0 for k > ¢(n), and
Sl;w(N) = #{1 <n<N: (5k+‘w|_1(n), . ,Ek(n)) = w}.
By Lemma Bl we have #{n € N : {(n) < k + |w|} < oF. Hence, we get
Skaw(N) = Sp (V) + O(a¥).

We trivially have Sy ,(N) < N for all k > 0. Set L = ¢(N) ~ log, N, and let M < L/2 be
a positive integer that we choose at the end of the proof. Then we have

0<k<L M<k<L—M
®) = Y S, +O(NM).
M<k<L—M
Since
bn o ) o
= > s e+ Y g mai
k<j<t(n) 0Tk
we have

cp( bn ) € {®(x) + Fropmy : @ € Z[al},

okl

which is the appropriate analog of (2) in our setting. By Lemma Bl {®(z) + Fy : = €
Z[a], d € D} forms a tiling of K,,. Therefore, a point z € K,, can be in F; mod ®(Z[a]) and
Fu mod ®(Z[a]) for distinct d,d’ € D only if it is on the boundary of F,; mod ®(Z[a]). If
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®(bn/a**1) lies in the interior of F; mod ®(Z[a]), then we can infer that e;(n) = d. Thus,
using the approximations F;, instead of Fy, we obtain

b
SN Z H lozja) +fwr<q)<aTZ+1>)

1<n<N 0<j<|w|

bn

+ O(#{l <n<N: @(W) € (Fu; A Fu, ) UOF,, mod ®(Z[a]) for some j}),
!
where AAB denotes the symmetric difference of the sets A and B. Note that

Lozia)+7s, (2) = far(z) if (z+ D) N (R(Z[e]) + 0F4,) =0,

and (z + D,) N (®(Z[a]) + 0Fa,) # 0 implies that z € ®(x) + D, for some x € o "Z[a]
with (®(z) + D,) N (®(Z[a]) + 0Fa,) # 0. Therefore, we set

By, = {x € a "Zla] : (@(:E) + D,,) N ((]—"d A Fyp) UOF U 0}},,,) + @},
i.e., ®(Bg,) + D, forms a tube containing the boundaries of F, and Fg,.. Define

Py, = #{1<n<N q>( k+1> U Uy @ modéD(Z[a])}.

deD ZEEBd

Then we have
O = 3 (o) ro( 3 A
1<n<N 0<j<|w| 0<j<|w]

Since Bg, contributes to our error term, we will need the following estimate on the
number of its elements.

Lemma 4.2. There exists a positive constant o0 < a such that
#Bar=0(")  (deD, r=1).
Proof. First set . = Jep Far and
B.={zeaZa]: (®(x)+D,)N(FAF)UIFUIF,)#0}  (r>0).

Since F = aF; —d, we have B;, = aB,_; —d for all d € D, r > 1, and, hence, #B,, =
#B!_,. Therefore, it suffices to consider #B..

By Lemma B}, {®(x) + F : = € Z[a]} forms a tiling of K,, in particular F has non-
empty interior. As F, approximates F and the diameter of D, decreases as r — 0o, there
exists some k and some x € a¥Z[a] such that ®(z) + Dy, lies in the interior of F N F.
This implies that

(10) (®(z + Zla]) + D) N ((FAF,) UOF UOF,) =0,

hence Bj, mod Z[«a] contains at most a*—1 elements. Mod ®(Z[a]), we have of-(F A Fj,) C
FAF,, o*-0F COF, and oF - 0F,, C 0F}, thus ([0) implies that

(®(x + Zla]) + Dp) N a® - (FA Fy) UOF UOF,) = 0.
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Therefore we have, for each y € a=*Z[a],
(®(y + o *x + Z[a]) + Do) N ((F & Foy,) UOF UOFy,) =0,

hence BY, mod Z[a] contains at most (a* — 1)? elements. Inductively, we obtain that
B!, mod Z[a] contains at most (a¥ — 1)" elements, thus #(B. mod Z[a]) = O(¢") with
p = (a* — 1)k As F is compact, this yields that #B’. = O(¢"). O

Note that the optimal value for ¢ in Lemma is the spectral radius of the contact
matrix; see [ST) Section 4].
We proceed with an estimate of the cardinalities Fj, occurring in the error term in ().

Lemma 4.3. For N > 0", we have
Frr < No'a™" + N(ag) a " + o (bo)",
where ¢ < a is the same constant as in Lemma[{.3

Proof. Setting
bn

ak+l

Fopy = {1 <n<N: q>( ) € ®(z) + D, mod @(Z[a])},

we can write

(1]-) Fk,r S Z Z F:c,k,r-

deD Z‘EBd,T.
By Lemma [£.2] the number of summands in (1] is O(¢"). In what follows we show that
(12) Forr < Na™" + Na"a™ % + o*b",

which then implies the desired result.
W.Lo.g., we can assume that o"~1 | N (if this does not hold, consider [N/b"~] "~ < 2N
instead). Since z € ®(x) + D, implies

z+ D, C(B(x)+D,)U(P(x+a™")+D,),

we have

Lo(242zja))+D, (2) < aT/ (Lo@+zia))+D, (2 +Y) + Lo@ra—rizia)+, (2 +¥)) dita(y)

T

= guor(2) + g:c—l-a”,r(z)'
Thus we get

bn
Fopr = Z 1o @+z[a))+D, <®<W>)

1<n<N

<y gm<q>(aiﬁl))+gm+ar-,r(®(aiﬁ1>).

1<n<N
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Setting ¢ . ¢ = Cure + Coya—rre We have 92:(2) + Gota-rr(2) = Z&ZM Crre x(&-z). Using
|1 — e(z)| < min(2, 27|x|), Lemma B4 yields

(13) o= O(min(a™,a"b"¢7?)) if € &,
" 0 otherwise.
We can write

Fopr < Z Z CL,gX(f : @(%))

1<TL<N Eel

brl
- Y YY)

0<n<N/br=1 1<m<br—1 E€Z

-2 ZE/X(%) 2 e(—afw)v

1<m<br—1 €% 0<n<N/br—1

where we have used that A, ( kﬂ) = 0 for each p € S, \ {o0}. Thus we get

Forr < Y D | > e(‘ %”)

(14) 1<m<br—1 £€Z 0<n<N/br—1 .
v . (N £\
< b gze; ‘Cm,T,ﬁ/bT mll’l(F, —ak+1 )
If £ =0, then
"l AN NN crar Ny
(15) b }Cx,r,ﬁ/br mm(br—_l, o ) < ba ﬁ = Na
If 0 < |¢] < o, then
s Lot .
o < max | | Lo

The estimates in (I3]) yield that

Z ‘c;,,é/br = and Z ‘cwg/br < Zofb_ O(1),

0<[¢|<ar |§|>a” £>ar

where we have used thatf] Z&u &< fuJ =d¢ = —. Thus we get
. . (N e | .
(16) b Z }Cx,r,f/br min <F, ak+1 ) < Oék b .

0<é|<ak

2We will use this inequality several times in this work without explicitly saying so.
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Moreover, if [£| > o we have (using [I3))

. ) (N € ry— -
(17) b Z }CZ‘,T’,g/bT mln(br—_l, ak+1 ) < N Z b~ ? < Na"a k.
|€[>a* &> ak
Equations (IH), ([I6]), and (I7) together with (I4]) finally yield (I2I). O

We are now in a position to prove our main theorem.

Proof of the main theorem. By (8) we have

(18) Su(N) = Y Sp,(N)+O(NM).
M<k<L—M
Setting
wkr H I.fwjr< < k—l—]—l—l))
0<5<|w

and inserting (@) in (I8), we derive

(19)  SuN) = > N tepm+O(NM+ > DT Fg |,

M<k<L—M 1<n<N M<k<L—M 0<j<|w]|

where the constants M and r will be chosen at the end of the proof. Using Lemma (o
is defined in Lemma [£2)), we get

Z Z Fitjr < Z (No"a™" + N(ao)"a™ + a” (bo)")
M<k<L—M 0<j<|uw| M<k<L—M
<K LNg"a™" + N(ag)"a™ + o™ (bo)".

Since L < log,, N and a > b, we have o= (bp)" < N(ag)"a=*. Thus we may write (I9)
as

(20) Sw(N) = Z Z twpr(n) + NO(Lo"a™ + (ag)"a ™ + M).

M<ELL—M 1<n<N

Using the Fourier expansion of f;,, we have

b
tw k(1) = Y. Tt X ( Z éj' (WZLH))

0<j<|w\

where

o /
----- §lwl-1) — H Cujr; /b7

0<j<|w]

Lemma now implies
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and

(21> Z ‘Ciuj-,r,fj/br = Z wJ 7,&;/b" Z ‘ij &5 /b7

el 0<|¢;|<a” €51>a” |€1>a”

<a" —i—Za ?<<ar

for each 0 < j < |w|. Thus we obtain

(22) Z ‘T(ﬁo ~~~~~ §\w\71)‘: H Z‘Cle,r,gj/br

(€0yees€w|—1)EZIVI 0<j<|w| &; €2

Let E(k,r, N) be defined by

E(k,r, N) = Z Lo, Z ( Z = 1ak+]+1>

(€0 s€jw|—1)€ZII\{0} 1<n<N 0<j<|w|

< a\w|r'

Then we have

N
Z tmk,r(n) = W + E(k‘,T’, N)

1<n<N
Next we bound the error term E(k,r, N). For the considerations that follow we replace N
by a number that is divisible by b"~!. Let N’ and N” be integers such that N = N’ + N”,
b1 | N and 0 < N” < i"~'. Equation (22)) implies

E(k,r,N) = E(k,r, N') + O(al®I"t"),

and we get

N ! wI\T T
(23) > tupa(n) = T Bk N + O(al™Irpr).

1<n<N

The expression E(k,r, N') satisfies

8 §in
E(kv T, N/) = Z T(§0 ~~~~~ §\w\—1) Z X ( br—lak-l-j-l-l
0<j<[wl

(€00 s€jw|—1)E€ZII\{0} 1<n<N’

br 1 +
S VRED SENNED S R (h pi

0<n<N'/br=1 1<m<br =1 (£o,...,€) )1 ) €ZIWI\ {0} 0<j<|wl

3 &m &
:Z X( br—lgktitl Z T, bl —1) Z ¢ _Z W” )
0<ji<|w (o

1<m<yr=t Nogj<lol (g, Eui—1)EZWN{0}  0Sn<N'/br=1 \ 0<j<ful

and we obtain

Yy
ak+itl

0<j<|w|

T : N/
(24)  E(k,r, N <V > [Tt )] mln(ﬁ,
(€0se-s€jw|—1)EZIVI\{0}

If ¢ € aZ \ {0} for some 0 < j < |w]|, then Lemma [3.6] yields that
T(ﬁo ..... Elwl-1) — 0.



PATTERNS IN RATIONAL BASE NUMBER SYSTEMS

Thus we only have to consider vectors (§o,. .., &w/—1) # 0 such that & & aZ \ {0} for all
0 < j < |w|. Depending on the maximal entry of the vector (£, ..., &jw-1), we use different

estimations in order to bound E(k,r, N'). We have two different cases:

e Assume first that |;| < o®/|w| for all 0 < j < |w|. Then we have } D 0<i<luwl %} <

1. Since &; ¢ aZ for the maximal j < |w| with & # 0, we also have

3 &Y
> S 2.

0<5<|wl 0<j<|wl|

1
okl

1 1
> a*

- aktl glwl-1

This implies
—1

§j !
Z ak+j+1 << o

0<j<wl

e Assume now that |¢;| > o /|w]| for some 0 < j < |w|. Then

Z } C;Uj 1&5/b"

&[>k /|w] §1>ak/|w]
Together with (2II), this implies

Z }T(EO""’g\w\fﬂ} < g(wl=Dr g2r o=k _ (wltDr o~k
(€0, 8w —1)EZIV I\ {0}:

|€;]>a®/|w| for some j

We get, using (22]) and the fact that N’ < N,

b27"
< Y e <drat

-1

Y
ak+i+l

0<j<|w]

! r 1 N
E(k,r,N') < b Z }T(So,m,ﬁ\w\ﬂ)} mm((y——l’

(§0,...,5‘w‘,1)€Z‘w‘\{0}:
€51 <ak /|w]| for all j

T ) N,
+ b Z }T(507~~'7§‘w‘71)} mln(br——l’
(€0, € —1)EZIMIN\{0}:

|€;]>ak /|w| for some j

< Oék a\w|r b+ Na(|w\+l)r Oé_k.

)

o
ak+i+l

0<j<|w]

Inserting this in (23)) and summing over k implies

NI a(\w|+1)r a|w\rbr La\wh“br
DY tka,r(n):—thO(MjL L )

alvl aM aM N
M<k<L—M 1<n<N

Now (20) yields

N Lo "4 (a4 (allo) o Lalvinyr
Sw(N):WlogazxmrNO(MJr a§+(a9> (a aM) (a™0)" aN )
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Let r = [18loe N a1 q M = |C'loglog N|, with C' large enough such that
g 108 g g

log(a/0)
(aQ)T + (a|w\+1)r + (a\w|b)r
aﬂl

= 0O(1).
Then we have S,,(N) = = log, N + O(N loglog N), which proves the main theorem. [

Our two corollaries follow quite immediately from the main theorem.

Proof of Corollary[d. Let the representation of n in base a/b be given as in (Il). The
summatory function of s, satisfies

N N £(n)-1
D sap(n) =Y ) en(n) => dSy(N
n=1 n=1 k=0 deD

Thus, the main theorem implies that

Z Sa/b(n 1oga/b N (

which proves the desu"ed result. O

a—1
d) +(9 NloglogN)
d=0

Proof of Corollary (2. Let (z,)n,>1 be the sequence of digits of 3,/, in base a, that is,

da/b = an
n>1
If w= (w,_1,...,w), with w; € D, is a sequence of digits (of length |w| = 1), set

Yw(®) =#{1<n <z (zngr_1,...,2n) = W}
We have to show that for each finite sequence of digits w one has
w 1
lim 2 (z) = —

z—y00 I alwl”

Let N, be the largest integer satisfying

Then we have v,,(z) > S, (N,)

and v, (7) < Sy (Ny) + (|lw] —1)(N, —1)+ (N, +1). Hence,
we obtain v, (x) = S, (N;) + O(N,),

and the main theorem implies
Ny
Yu(x) = Jul log, , Nz + O(N;loglog N,).
Since x = N, log, , No +O(N,), we have proved that 3,/ is a normal number in base a. [

5. PERSPECTIVES

In this section, we want to discuss briefly some open questions and possible directions
of future research related to the topic of the present paper.
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Distribution of sqs in residue classes. A well-known theorem of Gelfond [Gel68] states
that the sum-of-digits function s, in base ¢ is equidistributed in residue classes. To be
more precise, Gelfond showed that if ¢, m, and r are positive integers with ¢ > 2 and
(m,q—1) =1, then

#{1<n<N:n=/{ modr, sq(n)EEQmodm}:%—l—O(NA)

for all (1,05 € Z, where A < 1 is a positive constant only depending on ¢ and m. It would
be interesting to obtain similar results for s,;,. An easier version of this problem consists
in studying the analogous problem for subsets of Z[a/b] rather than N.

Rational number systems, primes and polynomials. Mauduit and Rivat [MR09, MRI0]
recently showed that the sum-of-digits function of primes as well as squares is equidis-
tributed in residue classes. It seems to be difficult to obtain nontrivial bounds for {p <
N : p prime, s4/(p) = € mod m} and {n < N : s,(n?) = £ mod m}. As in the previous
problem, attacking the same questions in Z[a/b] rather than in N could be more doable.

Asymptotic distribution results for s,;,. Bassily and Katai [BK95] showed that the stan-
dard base-¢ sum-of-digits function on polynomial sequences is asymptotic normally dis-
tributed. Can one get results on the asymptotic behavior of s,/, on different subsequences
using our Fourier analytic approach? Compare also with [Mad10], where asymptotic nor-
mality was proven for the sum-of-digits function in the Gaussian integers and in more
general number systems.

Number systems in finite fields and canonical number systems. Beck et al. [BBST09] intro-
duced a rather general notion of number systems defined for polynomial rings over finite
fields. Here non-monic polynomials form the analogs of rational bases. Since Mahler’s prob-
lem is better understood for non-monic polynomials over finite fields (see e.g. Allouche et
al. [ADKKOI]), one can probably gain more complete results and better error terms in this
setting. Moreover, the relations between these number systems and the associated Mahler
problem are not yet explored here. Exploring this relation could well lead to new insights.
It is also not known how difficult the underlying language of representations is.

Another possible generalization would be canonical number systems; see Pethé [Pet91]
for a definition. Here one could combine the results of Dumont et al. [DGT99] on represen-
tations of integers in canonical number systems with our results and explore generalizations
of Mahler’s problem for algebraic numbers.
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