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Adaptive inexact Newton methods for discretizations of nonlinear
diffusion PDEs. II. Applications*

Alexandre Ern* Martin Vohralik?

March 21, 2012

Abstract

We consider nonlinear algebraic systems resulting from numerical discretizations of nonlinear partial
differential equations of diffusion type. In order to solve them, some iterative nonlinear solver, and,
on each step of this solver, some iterative linear solver are used. In Part I of this work, we have
developed a general abstract framework hinging on equilibrated flux reconstructions to derive stopping
criteria for both iterative solvers and to control the size and distribution of the overall approximation
error. In this Part II, we apply this framework to various discretization schemes like finite elements,
nonconforming finite elements, discontinuous Galerkin, finite volumes, and lowest-order mixed finite
elements; to different linearizations like fixed point and Newton; and to arbitrary iterative linear solvers.
This leads to new guaranteed and robust a posteriori error estimates for nonlinear diffusion problems
in the presence of linearization and algebraic errors. Moreover, for many discretization schemes, we
improve on, or derive new, flux equilibration techniques.

Key words: nonlinear diffusion PDE, nonlinear algebraic system, adaptive linearization, adaptive algebraic
solution, a posteriori error estimate, finite elements, nonconforming finite elements, discontinuous Galerkin,
finite volumes, mixed finite elements

1 Introduction

In Part I of this work, we considered the following nonlinear diffusion problem: find a scalar-valued function
u, termed the potential, such that

—V-o(x,u(x), Vu(x)) = f in Q, (1.1a)
u=0 on 012, (1.1b)

where Q C RY, d > 2, is a polygonal (polyhedral) domain, o : @ x R x R? — R? and f : Q — R is the
source term. Given a potential u, the vector-valued function —o (-, u, Vu) :  — R? is termed the fluz. To
simplify, we omit the dependence on the space variable x and simply write o (u, Vu). Assuming that there
is a real number p € (1,00) such that f € L(Q) with ¢ := ﬁ, the model problem (1.1) is formulated as

follows: find u € V := WP (Q) such that
(0(u, V), ¥0) = (fyv)  VweV, (12)

where, for w € LY(Q), v € LP(Q), (w,v) stands for [, w(x)v(x)dx. In what follows, we assume that there
exists a unique weak solution of (1.2).
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Problem (1.2) covers two important examples. Firstly, the quasi-linear diffusion problem where o (v, &) =
A(v)€ with the assumption that the (tensor-valued) function A is bounded and takes symmetric values
with minimal eigenvalue uniformly bounded away from zero. In this case, o depends linearly on &, and the
functional setting corresponds to the choice p = 2. Secondly, the Leray-Lions problem where o depends
nonlinearly on &, but is independent of v, in the form o(£) = A(£)€ with suitable assumptions on the
(tensor-valued) function A, see Part I. A typical example is the p-Laplacian where A (&) = [£[P72I and I is
the identity tensor.

A posteriori estimates of discretization errors for problems of type (1.2) have been derived in various spe-
cific situations. Verfiirth [36] developed a general framework for reliable and efficient a posteriori estimates
in the finite element setting. Pousin and Rappaz [33] considered such ideas for general Petrov—Galerkin
approximations. Repin [35] derived guaranteed a posteriori error estimates for arbitrary conforming dis-
cretizations; approximate solution of a global problem is, however, often necessary. Quite tight guaranteed
upper bounds have been obtained by Carstensen and Klose [10] for the p-Laplacian. Other discretization
schemes were also studied. Creusé et al. [13] derived a posteriori error estimates for mixed finite elements
in the p-Laplacian case, whereas Houston et al. [26] considered the discontinuous Galerkin method in the
quasi-linear diffusion setting. Kim [28] derived guaranteed estimates in the quasi-linear diffusion setting for
locally conservative methods.

Recently, there has been an interest in setting up unified frameworks for a posteriori analysis. We
mention, in particular, the work of Carstensen [9], Kim [28], and Ainsworth [1]. The last two references fall
into the flux equilibration approach, which can be traced back to Prager and Synge [34], cf. also Luce and
Wohlmuth [30], Braess and Schoberl [5], and the references therein. In [21], a unified analysis framework is
developed whose application to a given discretization consists in the definition of flux reconstructions and
the verification of a couple of assumptions on these fluxes.

The discretization of problem (1.2) leads to a system of nonlinear algebraic equations. In practice,
this system is solved iteratively using a nonlinear solver which, at each step, employs an iterative linear
solver. It is therefore important to distinguish and estimate separately the three error components, namely
discretization, linearization, and algebraic errors. We have achieved this goal in Part I of this work, where we
have proposed a posteriori error estimates for these components and balanced them through stopping criteria
for the iterative nonlinear and linear solvers, leading to an adaptive inexact Newton method. Moreover, the
obtained error estimates are guaranteed and robust with respect to the size of the nonlinearity owing to the
chosen error measure, see (2.1) below. These developments are presented in a unified abstract framework.
They extend the ideas of Chaillou and Suri [11, 12] and [18] concerning linearization errors, and those of [27]
concerning algebraic errors. To our knowledge, this is the first time that the three error components are
analyzed simultaneously. Alternative approaches include that of Han [24] for linearization errors and that
of Becker et al. [4] and Arioli et al. [3] for algebraic errors, see also the references therein.

The aim of this Part II is to apply the framework of Part I to a wide class of discretization schemes,
namely nonconforming finite elements, conforming finite elements, discontinuous Galerkin, finite volumes,
and lowest-order mixed finite elements. In Section 2, we first synthesize the unified framework of Part I. The
presentation somewhat differs from Part I so as to emphasize the key algorithmic aspects of the adaptive
inexact Newton method and to identify the ingredients needed for its implementation together with the two
key assumptions to be verified by the flux reconstructions. This verification is undertaken in Section 3—
Section 7 for the various discretization schemes. For each scheme, we exemplify two iterative nonlinear
solvers, namely fixed point and Newton, while the iterative linear solver can be arbitrary. It turns out that
in many cases, we improve on, or develop new, flux equilibration techniques that are of independent interest.
A brief discussion is included in the section dedicated to each discretization scheme. Finally, we draw some
conclusions in Section 8.

2 The adaptive inexact Newton method

This section presents the basic setting and synthesizes the main results derived in Part 1.



2.1 Basic notation

Let 73, be a simplicial mesh of ). For simplicity, we suppose that 7; does not contain hanging nodes, so that,
for two distinct elements of 7y, their intersection is either an empty set or a common [-dimensional face,
0 <1<d—1. The (d—1)-dimensional faces of the mesh are collected in the set &, such that &, = EPtUET,
with £ collecting interfaces and £** boundary faces. The faces of a generic element K € 7Tj, are collected
in the set Ex. For any K € Ty, (resp., any e € &), hi (resp., he) denotes its diameter. For any K € Tp,, Tk
collects the elements K’ € 7;, which share at least a vertex with K. Similarly, € collects the faces which
share at least a vertex with K, and we set innt = Cr N Eint For any e € &, n. stands for the unit normal
vector to e (the orientation is irrelevant, but fixed, for all e € &Mt and points outward Q for all e € EFXY)
and, for any K € T, ng stands for the outward unit normal vector to K.

We work with approximations that are possibly nonconforming, that is, not included in the space V.
For this reason, we introduce the broken Sobolev space V(Ty) := {v € LP(Q2), v|x € WIP(K) VK € Tp}.
For any function v € V(7,), Vv denotes its broken gradient, that is, the distributional gradient evaluated
elementwise. Moreover, [v] denotes the difference (evaluated along n.) of the traces of v from the two
adjacent mesh elements if e € £ and the actual trace of v if e € E5XF.

2.2 Approximate solution, approximate gradient, and error measure

Let a numerical scheme be used to discretize (1.2), and consider the k-th step, k > 1, of a nonlinear solver
and the ¢-th step7 1 > 1, of a linear solver. We denote uh * the corresponding discrete potentlal we merely
suppose that u * € V(Tp). Separately from uﬁ , we also consider a discrete gradient gh € [LP()]%. This
allows us to handle a wide class of discretization schemes in a unified setting. For conforming schemes, g,]?i
is obtained by applying the usual gradient to u;“ for various nonconforming schemes the broken gradient
can be used 1nstead but some schemes employ a more elaborate constructlon of g, , taking into account,

e.g., the jumps of uh . In all cases, whenever uh € V, there holds gh = Vuh
We measure the error as

Tulup® gy’) = Jur(uy’ gp") + Tunc (™), (2.1)
where

ju’F(qu’i, gfl’i) = sup (U(u, Vu) — U(UZ’i,gfL’i), Vgp) , (2.2a)
PEV;[[Vepllp=1

ju,NC (uI:L,z) :

{ > D ahe éll[[uu;i’iﬂlli,e}q- (2.2b)

KeTh e€fk

The quantity J,, F(ui ‘ g,kL ) measures the error in the fluxes (using a dual norm), see Chaillou and Suri [11,
12] and [18] for conforming discretizations. The quantity 7, Nc(u, ") measures the nonconformity of the
discrete potential (recall that a function v € V(73) is in V if and only if [v] = 0 for all e € &, see, e.g., [17,
Lemma 1.23]); a specific value for the weights . and the exponent s > 1 is only needed in Section 5.4. Owing
to the well-posedness of (1.2), the characterization of conformlty through jumps, and the above cons1stency
of the discrete gradient in V', there holds Ju(uh 7gh ) =0 if and only if u = uz " and Vu =

2.3 The algorithm

In Part I, we have derived an adaptive inexact Newton method to solve problems of the form
A(U) =F, (2.3)

where A : RY — R is a discrete nonlinear operator and F € R a given vector, stemming from the
discretization of problem (1.2) by a given numerical scheme. This algorithm is driven by stopping criteria
based on a posteriori estimators distinguishing the three main error components, namely discretization,
linearization, and algebraic errors. On a nonhnear solver step k, k > 1, and linear solver step i, ¢ > 1,
these estimators are respectively denoted by ndlsc, nhn, and 77a . A notion of algebraic remainder estimator



nfe’fn also appears. The evaluation of the estimators is discussed in Section 2.4. Let Vrem, Yalg, and yiin be
positive user-given weights, typically of order 0.1. The algorithm reads:

Algorithm 2.1 (Adaptive inexact Newton method). 1. Choose an initial vector U° € RN . Set k := 1.

2. From U*~', define a matriz A¥ € RNN and a vector F* € RN. Consider the following system of
linear algebraic equations:
AFUR = FF. (2.4)
3. (a) Define UFC := U*~! and set i := 1.

(b) Perform a step of a chosen iterative linear solver for the solution of the linear system (2.4),
starting from the vector U**~1. This yields an approzimation U to U* which satisfies

AUM = FF — RM, (2.5)

where RF' € RN is the algebraic residual vector on step i.

(c) Perform v > 0 additional steps of the iterative linear solver yielding an approzimation U+ to
U* which satisfies
Akprkity — pk _ phitv (2.6)
where R+ ¢ RN is the algebraic residual vector on step i+v. The parameter v is progressively
increased until

ki ki o ki ki
nrein S VYrem ma'X{ndi;m nlinz’ nal;}' (27)

(d) Check the convergence criterion for the linear solver in the form
ki ki ki
nalé < Yalg max{ndi;cv 7711111}' (2.8)
If satisfied, set U* := U"*. If not, set i :=1i+ v and go back to step 3b.
4. Check the convergence criterion for the nonlinear solver in the form
ki ki
Min < Minginc- (2.9)
If satisfied, finish. If not, set k:= k+ 1 and go back to step 2.

ki
lin>

ki
rem

In addition to the estimators ngi’éc, n 77:1’;, and ' of Algorithm 2.1, we also introduced in Part I the

data oscillation estimator n%! and the quadrature estimator nkl’fad. The evaluation of all the estimators is
summarized in Section 2.4. In Part I, c¢f. Theorem 3.6, we derived the following guaranteed upper bound

distinguishing the different error components:
ki ki ki ki ki i ki )i
Tu(uy', 817" ) < Ngise + Mhin + Natg + Moo T Tquad + Moo (2.10)

see also Theorem 3.4 in Part I for a sharper bound without the distinction of error components. Moreover,
under the criteria (2.7), (2.8), and (2.9) in Algorithm 2.1, global efficiency and robustness was derived in
the form, see Theorem 5.4 of Part I,

ki ki k,i )i ki ki ki ,i
Natee T Min + Nalg T M S Tuluyy' gy") + Nauad T e (2.11)

where A < B stands for the inequality A < C'B with a generic constant C' independent of the mesh sizes
hx and h., the domain €, the nonlinear flux function o, and the Lebesgue exponent p, but depending on
the shape regularity of the mesh family {7,}, and on the polynomial degrees of the discretization and the
various reconstructions.

Remark 2.2 (Local stopping criteria and local efficiency). Local, elementwise, stopping criteria are to
be considered in (2.7), (2.8), and (2.9) in conjunction with adaptive mesh refinement. They yield local
efficiency in a slightly different error measure, see Theorem 5.3 in Part 1.



2.4 FEvaluation of the estimators

The evaluation of our estimators hinges on a few mgredlents Flrst we use three (vector-valued, piecewise

polynomlal) flux reconstructions dZ Z, IZ Z, and ah , where d is meant to approximate the discrete flux

_U(uh 7gh )7 )
(piecewise polynomial) function f, to approximate the datum f, a (piecewise polynomial) function pi’z to

k; .
th represents the linearization error, and ah the algebraic error. Moreover, we use a

represent the algebraic remainder, and a (vector-valued, piecewise polynomial) function Ei’i to approximate
o'(uZ’Z, gfb’l). With these ingredients, the estimators can be evaluated as follows: for all K € Tp,

—k ki
Mitse i = 2P (8" + Q5 o5 + NG 1) (2.12a)
1
q
k, 57 1—s kyiqps
NG, K = { > azhl || [uy, l]]lli,e} : (2.12b)
ecli
K, ki ki ki
7711er thqu,K? 77a1;,K = ||ahl| .55 n,em K- hQ”Ph | K> (2.12¢)
P ki .f , ; —k,
nosc,K = CP,PhK”f - fh”q,Kv nquzadJ( = Ha(uh 7gh )* U;ZZ”q,K, (212(1)
(r—1)

where hg is the diameter of 2 and Cp ), =7 7 577 for p>2and Cpyp = pv 277 otherwise. The global
1/q
versions of the estimators are 77.’ = {ZKeTh ( ) }

2.5 Construction of the ingredients

The construction of our ingredients (that is, dZ Z, lk ‘ ah s I, ph ,and o o'h ) proceeds in three steps. In the
first step, we construct the sum (dk ot lk "), the function f;,, and the preliminary algebraic remainder rk .
The remainder 7“: s a piecewise polynomial constructed from the residual vector Rk " in (2.5), whereas
the function f3 has to verify (fn, 1)k = (f, 1)k for all K € T,. We require the followmg quasi-equilibration
property:
Assumption 2.3 (Quasi-equilibration for (d;“lZ + l’sz)) The function (d;“lZ + l]sz) is in HI(div, Q) and
satisfies .
ek .
Ve(dyt + 1) = fr—rt (2.13)

Our second step consists in considering the v additional steps of the iterative linear solver (2.6). We

then construct the fluxes (dZ’H” IZ’HV) and remainder 7",’ "t as in Assumption 2.3. We finally define the
flux a™' and the algebraic remainder R0 as
h Ph
afj = (dPT ) (d Y, (2.14a)
ph’ = TZ S (2.14b)

Finally, our th1rd step consists in spemfymg the reconstruction d , and hence by subtraction the
reconstruction lh’ , and the approximation & o ». We let

Q=

) —kz ki
n,ﬁgK :{ Z Wil fn + V-, 13 k0 + Z hell[e) ' 1] } . (2.15)
K'eTg ee@mt

1
Set the shorthand notation n’?’fzk = {ZK'E‘IK (nlf’}(/)q} *. The goal is to achieve:

Assumption 2.4 (Local approximation for dﬁz and ah " and convergence for li’i). For all K € Ty, dZ’i

—k'L

and ;" satisfy the following local approximation property:

ki ki
| illax S nﬁ T o Tx T Mose,5x (2.16)

ki :
Moreover, |14, — 0 as the nonlinear solver converges.



Remark 2.5 (Tighter approximation property). In most cases, we actually prove HEZ’i +d Noie S 77;1 S
nosc Ty appears for conforming finite elements in the lowest-order setting m =1 and | = 0, see Section 4.4,

while 77Nc 5, appears for interior penalty discontinuous Galerkin when using full prescription for the flux
reconstructzon see Section 5.4.

In Section 3-Section 7, we show how to apply Algorithm 2.1 and the a posteriori error estimate (2.10)
to various discretizations methods, to the fixed point and Newton linearizations, and to arbitrary iterative
linear solvers. This consists in identifying the functlonal forms of (2.3), (2.4), and (2.5), the approximate
solution uﬁ " and the approximate gradient gh , in constructing all the above ingredients, and in verifying

Assumptions 2.3 and 2.4.

2.6 Flux reconstructions

[

We reconstruct the fluxes dZ’i, IZ Z, and ak in the Raviart-Thomas-Nédélec spaces. We consider three

approaches: (i) full prescription of the degrees of freedom, similarly to Destuynder and Métivet [14, 15];
(ii) solving local mixed finite element problems with prescribed boundary conditions, similarly to Luce
and Wohlmuth [30] and to [20]; and (iii) solving local mixed finite element problems without prescribed
boundary conditions, similarly to Braess and Schoberl [5]. The first approach is explicit, whereas the two
other approaches are implicit, necessitating the solution of local linear systems, typically on a patch of
elements.

For an integer I > 0, P,(7;,) denotes the broken polynomial space spanned by those functions v, such
that, for all K € Ty, vp|x € Py(K). For ¢ € LY(Q), ;¢ € Py(Ty) is defined such that, for all v;, € P;(Tp),
(¢ — I, vp) = 0; II; denotes the operator acting componentwise as II; on vector-valued functions. For
K € T, and | > 0, let RTN(K) := [P/(K)]? + xP;(K) be the Raviart-Thomas-Nédélec finite element
space of order [. Functions v;, € RTN;(K) are such that, cf. Brezzi and Fortin [6], V-v;, € P;(K) and
vin, € Py(e) for all e € Ex. We then set RTN; '(73) := {v;, € [LY(Q)]% vp|x € RTN|(K) VK € Tp,}
and RTN;(7;) := RTN; ' (7) N HY(div,Q). Functions in RTN;(T;,) have, in particular, a continuous
normal component across interfaces. We use a similar notation for these spaces on various patches of
elements. Finally, let I?TN stand for the broken Raviart—-Thomas—Nédélec interpolation operator; for a
smooth enough function v, IFNv € RTN;1(771) is such that, for all K € Tj, letting (w,v),. stand for

Jow(s)v(s)ds,
(IFNy — )| gne,qn)e =0 Ve € Ek, Vg, € Pi(e), (2.17a)
Iy —v,r,)rk =0 Vry € [Py (K)]% (2.17h)

3 Nonconforming finite elements

We treat here the discretization of problem (1.2) by nonconforming finite elements. We first present a simple
elementwise flux reconstruction by full prescription. Then, we outline a slightly tighter reconstruction using
a dual mesh, already considered in Section 6 of Part I, which is equivalent to solving local mixed finite
element problems with prescription. Finally, we outline an equivalent viewpoint based on local mixed
problems without prescription.

3.1 Discretization

Set fj, :=Ilyf. The nonconforming Crouzeix—Raviart finite element space V}, is spanned by piecewise affine
polynomials on 7, such that the interface jumps and boundary face values have zero mean value over the
corresponding face. The discretization of problem (1.2) reads: find w, € V}, such that

(o (un, Vun), Vo) = (fr,vn)  Vou € V. (3.1)

The basis functions in V}, are associated with the interfaces and are denoted {tc}ccgine. Testing (3.1) against
these functions yields the nonlinear algebraic system (2.3).



3.2 Linearization

Let uf) € V,, fixing the initial vector U? in Algorithm 2.1. The linearization of (3.1), for k£ > 1, reads: find
uZ € V}, such that
(" (uk, Vup), Vibe) = (fn,the) Ve € &, (3.2)

which is the functional form of the algebraic system (2.4). Two common ways to define the flux function
o#=1 are the fixed point linearization where

“H0,8) = Auy Vg, (3:3)
and the Newton linearization where

ak_l(v,ﬁ) = A(ufjl, Vu;“fl)ﬁ + (v — uZ l)avé(uffl, Vuf;l)VuZ*l

4
+ (O A(uy ™, V™1 -Vul =) (6 — Vur ). (3:4)

3.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (2.4), we obtain the alge-
braic residual vector R¥* in (2.5) with components associated with interfaces, RF = {ng’l}eeglint. For

convenience, we set R¥ := 0 for all e € £**. The functional form of (2.5) is: find uzl € V}, such that

(F My’ Vup'), Vabe) = (fn,¥e) — RET Ve € £, (3.5)

3.4 Flux reconstruction by full prescription

Let K € Tp,. We define f;,(x)|x := f’LlK (x —xg ), with xg the barycenter of K. For all e € £k, let ag . be
the vertex of K opposite to the face e. Let 7. stand for the patch of elements sharing the face e. We first
prescribe (df"* 4 17") elementwise in RTNy ! (77,) (as shown in Lemma 3.4 below, (d}* + 1}°%) turns out to
be in RTNg(73)).

Definition 3.1 (Construction of (d;“lZ + 1121)) Set, for all K € Tp,

. . k
Ay + 179k = (oo™ (up, V') + ) [ — > [Te]” 1 e S (x —ax). (3.6)

ecli

The construction of dlfb’i mimics that of (dlsz + IZ’i

Specifically, let

) with o (u}’, Vuy'*) in place of o* 1 (u}’, Vu) ™).
REVi= (fn, ) — (o(up’, Vup®), Vibe) Ve € &, (3.7)
and RF := 0 for all e € &', We prescribe dZ’Z (and hence, also lh’i by subtraction):

Definition 3.2 (Construction of dzl) Set, for all K € Ty,

) k i
allx = (Moo (ul Vul) + 6) | — Y 1T 0 S (x —are). (3.8)
e€fK
Definition 3.3 (Error measure, data oscillation, quadrature, and algebraic remainder) Use uzl and
gfl” = Vufl’z in the error measure (2.1) and set fn = Ilf, EZ’ = Hoa(uh ,Vuzl), and rh |k =

Yocce, | Tl TIREY for all K € T
We now verify the assumptions of Section 2.5:

Lemma 3.4 (Quasi-equilibration). Assumption 2.3 holds.



Proof. The proof exploits the link between nonconforming finite elements and mixed finite elements, cf.
Marini [31] or Destuynder and Métivet [14]. For all K € T;, and all e € k, we introduce the geometric
weight we i 1= |K|/|Te|. Note that 0 < we k¥ < 1 and we x = 1 only on boundary faces. For any interface
e € €M such that e = K NOK', K,K' € Tj, observing that we x + we,x = 1, we define the weighted
average of a piecewise polynomial function vy, at e as {vi }o := we k7 (Vi |K)|e +wWe,k (Vh|K7)|e- On boundary
faces e € £, we set {vi, }o := vple. We first show that, for all for all K € 7, and all e € &k,

@+ 10 ene = {-Too*(u !, Vup') 4 £, Jon,. (3.9)

This is obvious for e € £X'. Let now e € £, Set wy, := —Ilyo _l(uh ,Vuz Z) + f5,. It is readily seen that
(oF L (upt Vul?), Vipe) = Je|[Tloa* ! (uf? ,Vuﬁz)]] 1. and (fr, ¥e) = |e|[fn] ne (recall that [] denotes the
jump across e in the direction of n.). Hence, owing to (3.5), [wi]-n. = |e| 1 R¥?. The result (3.9) then
follows from

Wil ne = {wh o ne +we xk [Wi] ng (3.10)

and (3.6). Now, (3.9) shows that (d;“lZ + l]sz) has continuous normal component across interfaces, so that
(dZ’z + IZ’Z) € RTNy(Tr). Finally, the property (2.13) follows by taking the divergence of (3.6) and
considering the definition of 7“:’1. O

Lemma 3.5 (Local approximation and convergence). Assumption 2.4 holds.

Proof. The requirement on 1 " is obvious from Definitions 3.1 and 3.2. Turning to d , we let vy, =

EZZ dZZ € RTN '(75) and use, for all K € Ty, the estimate ||vy| g x < D ecey Pellvalrme||d e}% shown
n [18, Section A.4]. Let e € Ek. If e € £, using RE? := 0 in (3.8), [x — xx| < hK, a g-robust inverse

inequahty (see [18, Section A.1 and A.4]), the fact that f;, is constant on K, and V-& 0', = 0 yields

hellvilrnelld o = hell fulxd ™' (x — xr) |2, S h?q||fh|KH3,e

S Wil nllf i = Wl fu + V5,

qu'

If e € EIM) reasoning as in the proof of Lemma 3.4 yields dh n, = {{—Eﬁ’i + £} ne (so that dﬁ’i €
RTN(75)). Using this relation, (3.10) to evaluate v |k n., and the continuity of the normal component
of dZ’Z yields vp|xgne = {f }one + w@K[[EZ’Z]]-nK. We conclude by proceeding as in the first part of the
proof. O

3.5 Flux reconstruction by local mixed problems with prescription

A slightly tighter flux reconstruction was considered in Section 6 of Part I. For all K € T, and all e € &k,
let K. be the sub-simplex of K formed by the face e and the barycenter xx. Let D, regroup the two
(or one for boundary faces) sub-simplices which share e. Then, the tighter flux reconstruction consists in
replacing in the last terms of (3.6) and (3.8) the vertex ax . by the barycenter xx and |7.|~* by |D.|~*. The
advantage is that, using local stopping criteria, elementwise efficiency (without neighbors) can be proven
on each element of the dual mesh Dy, = {D.}ccg,. Moreover, for all D, € D;, with outward normal np_,
letting Sp, collect the sub-simplices in De,

@+, =arg o et Vi) + vl
Vh 0 (ODe), V-vp=fn—1),

where RTNY (Sp, ) fixes to — (Hoak_l(ulfb’i, Vu]sz)) ‘np, the normal component on those faces of 0D, that
are inside Q, see [20], [21, Section 4.5], or [25, Section 7.3], and 7| p, = R¥#|D.|~'. This construction
stems from the face-centered finite volume method, where the equivalent of (3.5), yielding the same solution
uy’, 18,

— (oo™ (uf", Vuy ynp,, Vop, = (fu,1)p. — RET Ve e &M (3.11)

.. . . k
A similar construction can be devised for dh’z.



3.6 Flux reconstruction by local mixed problems without prescription

We finally present a construction inspired by the approach of Braess and Schoberl [5] for conforming finite
elements, see Section 4.4. For all e € &, let RTNON’O(Te) denote the subspace of RTNg(7;) with zero
normal flux through 97. for e € £ and through that part of the boundary of 7 which lies inside © for

e € &X', Let P§(7.) be spanned by piecewise constants on 7. with zero mean on 7. when e € £'*; when
e € £ the mean value condition is not imposed. Define (d¥*¢ +1%%) € RTN,"(T.) and ¢, € P;(T.) by

the solution of the following mixed finite element problem on 7Te:

(A5 15 Vi) 7, = (g6, Vovi) 7 = —($eIToa®  (u), V'), vi) 7.,
(V'(d]em. + llem)v ¢}l)7-e = (fhwe - o'kil(u;?iv Vui’i)'vfbm ¢h)7—e - (Rlem.a ¢h)7_e |7—e|71a

for all (vi, ¢n) € RTNG(T,) x P&(T2). Then, set dﬁ’i + li’i =D ce, (d¥# +1%%). In the above problems,
we can take ¢y, € Po(7.) since (3.5) yields, for all e € £, the Neumann compatibility condition

(i) Te — (8 Ly, V'), Vibe ) 7. — RE* = 0. (3.12)

It can be shown that the constructions of (d;“lZ + IZZ) from Definition 3.1 and the present one coincide. A
similar construction can be devised for d]fb’z.

4 Conforming finite elements

We treat here the discretization of problem (1.2) by conforming finite elements. We focus on flux recon-
struction through local mixed problems without prescription, following Braess and Schoberl [5], cf. also
Destuynder and Métivet [15]. A slightly tighter construction without prescription is possible in the piece-
wise affine case. Similarly to Section 3.5, this construction exploits the links between the piecewise affine
finite element method and the vertex-centered finite volume method and allows for a fully local statement
(without neighbors) of the local efficiency result on a vertex-centered dual mesh, cf. Luce and Wohlmuth [30]
and [18].

4.1 Discretization

Let V}, := P, (Tn) NV, m > 1, be the usual finite element space of continuous, piecewise m-th order
polynomial functions. The corresponding discretization of problem (1.2) reads: find uy, € Vj, such that

(a(uh, Vuh), V’Uh) = (fh; ’Uh) Yo, € Vj,. (41)

Let ¢ € Vi, j € C:={1,...,dim(V})}, denote the basis functions of V},. Employing these functions in (4.1)
gives rise to the nonlinear algebraic system (2.3).

4.2 Linearization

Let uf € V,, fixing the initial vector U in Algorithm 2.1. The linearization of (4.1), for k£ > 1, reads: find
ué“l € V}, such that

(Uk_l(uzvvu;i)aij) = (fv w]) vjec, (4'2)
which is the functional form of the algebraic system (2.4). Two common ways to define the flux function
o1 are the fixed point linearization (3.3) and the Newton linearization (3.4).

4.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (2.4), we obtain the algebraic
residual vector R®? in (2.5), with components associated with the set C, R*? = {Rf’l}jec. The functional
form of (2.5) is: find uﬁ’i € Vj, such that

(" (', Vuy), V) = (f,0;) — RYT Vi ec. (4.3)



4.4 Flux reconstruction by local mixed problems without prescription

We construct (d;iZ + lﬁ’i) € RTN(7;,) with I :=m — 1 or [ := m. The construction uses the partition of
unity together with local mixed finite element problems posed on patches around mesh vertices, as outlined
in Section 3.6. Let V) denote the set of mesh vertices with subsets V”’t for interior vertices and V;’;Xt for
boundary ones. Let ¢, € P1(7,) N C%(Q) stand for the classical hat ba51s function associated with vertex
a € Vy,. To distribute the algebraic residual onto vertices, we set, for all a € Vin®, RE = Zjec BjR;?’i
where the coefficients 8; are such that 1, = Z]ec Bj1;, while, for a € VX, we set RE?:= 0. Furthermore,
for all a € Vy, let T, be the patch of elements of 7, that share a, and let RTN%\I’O('E,) be the subspace of
RTN;(7a) with zero normal flux through 97, for a € V,il“t and through that part of 97, which lies inside
for a € Vg**. Let P} (7a) be spanned by piecewise I-th order polynomials on 7, with zero mean on 7, when
ac V“‘t, When ac V,el"t the mean value condition is not imposed.

Definition 4.1 (Construction of (d* +1;%)). For all vertices a € Vy,, define (d* +15%) € RTN}"(T,)
and ga € Py (Ta) by
(A5 + 15", Vi) 7 — (g2, Vvi) 7 = = (TN (aIlio™ ™ (uy ', V™)), va) 7, (4.42)
: ;4 a;7 h)Ta = a— O uhlv uh’Z : as Ph)Ta — aJ, n)TalTal .
(V-(dg" +15), dn) 72 = (ftba — 0wy, Vi) Vba, o0) 7 — (R, o) 7o Tal ™ (4.4b)

for all (vi, ¢n) € RINY'(Ta) x Py (Ta). Then, set dy' + 17" = 3"y, (db? +157).

In the above problems, we can take ¢ € Pl(T) since multiplying (4.3) by the coefficients 3;, summing
over all j € C, and using the definition of R¥, yields, for all a € V”’t the Neumann compatibility condition

("), Vup), Vipa) 7o = (f,90a) 72 — REL. (4.5)

Moreover, it can be shown that the construction of Definition 4.1 is equivalent to the one proposed by Braess
and Schoberl [5]. We proceed similarly for dZ’Z. Set

REV:= (f,¢a)7e — (0(uy", V'), Viba)7,  Va e Ve, (4.6)
and for any a € V&X', set RE4 := 0.

Definition 4.2 (Construction of dk’i) Define d& € RTNN (Ta) and Ga € P} (Ta) by solving the mized
k—1

finite element problems (4.4) with a(uh ,Vuzl) in place of o (uh ,Vuﬁz) and RE? in place of RE.

ki _ ki
Then, set d;* :==3_ oy, da".

Definition 4.3 (Error measure, data oscillation, quadrature, and algebraic remainder) Use uzl

gfl’i = Vuﬁ’i in the error measure (2.1) and set fp = IIf, EZ” Hm’(uh ,Vuzl), and 7“ g o=

> acy, | Tal L RET for all K € Ty, where Vi collects the vertices of the element K .

and

We now verify the assumptions of Section 2.5:
Lemma 4.4 (Quasi-equilibration). Assumption 2.3 holds.

Proof. Let K € Ty, and let vy, € Py(K) (and zero elsewhere) be fixed. For any a € Vg, by (4.5), we can
take vy, as test function ¢y, in (4.4b). Since } .y, VYa|lx =1 and ) o, Via|k = 0 (¥a form a partition
of unity on K), we infer

(Vo(dp + 157, vn) i = > (VA 18 o)k = (Fon)— Y (REY o)k | Tal

acVk acVik

whence the assertion of the lemma follows from the definition of TZZ O

Lemma 4.5 (Local approximation and convergence). Assumption 2.4 holds.
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Proof. The requirement on IZ’i is obvious from Definitions 4.1 and 4.2. Turning to di’i, let K € Tp.
Since IZRTN(EM) = Eﬁi, by the partition of unity and linearity of the projection operator I?TN, it fol-
lows that (d)' +&,")|x = (d)" + IN@G)) |k = Yacy, (A5 + TN (445, ")) | . We thus only work
with (d5? + IF™N (.5, "))| s for one vertex a € Vg, or, more precisely, with (d%? + IRT™N(y,a0"))| 72,
in order to prove (2.16). Note that (o o(uy' Vub), Vi) = (@), Viba)7a and, for all ¢), € Py(Ta),
(o (uh VUZZ) Vo, dn)1. = (Eﬁj’i-vwa,m)g, so that we can replace a(u’fb’i,VulfL’i) by Efb’i everywhere
in Definition 4.2. We next proceed as in [18, Section A.4], cf. also [25, Proof of Lemmas 7.5 and 7.8].
Firstly, let M (7,) denote the postprocessing space of Arbogast and Chen [2]. This is a space of piecewise
(discontinuous) polynomials mj, on T, such that

<[[mh]]7vh>e =0 Ve gaa Y, € Pl(e)a (47)

where &, collects the faces to which a belongs. Moreover, the functions my, in M (T,) satisfy the condition
(mp, 1), = 0 if the vertex a lies in the interior of Q. [39, Lemma 5.4] and the generalizations of [18,
Section A.4] to the L()-setting yield

(ST (waﬁz Z)Hq,Ta < sup (dy'+ (waﬁi "), Vma)7,
mpEM(Ta), [Vmp ”P,Ta=1
Let my, € M(Ta) with |[Vmp||p 72 = 1 be fixed and consider the right-hand side of the above inequality.
The Green theorem, the fact that d%¢ +IRTN (waEZ’Z) has zero normal flux through (a part of) 07, together

with (4.7) on 9T, N 0N when a € VEX*, the fact that dX* € RTN%\I’O(7;L)7 (4.7), and the properties (2.17) of
the projection operator I}D“TN yield

~ 3 (V@ TN ) i) + S (TN () 0] ma)e

K'eTa ec&int, eNna#l
ki —k,i
= - Z d + ¢a0h ) Hl(mh))K’ + Z <[[1Pa0h 'ne]]7 1I; (mh)>e
K'eTa ec&int, eNnazl

that we denote as I 4+ II. Employing the second lines of the problems of Definition 4.2 (recall that we can
take ¢p, € P(Ta)), the first term I above can be developed as

= Y (V-(ad)," + ftha— &)V — RYTal ™), T (mn)) ko

K'€Ta
== > Wa(VE" + f) = RETal ™, Th(mn)) k-
K'€Ta
1 1
—k,i 1 -
s{ > hy |mh||,,K} { S bl + VT llgxr + I|RE Tal 1||q,z«>q}
K'€Ta K'€Ta

1
q
— —k, — I i 141
5h£|mh|p,7;<{ S hqf|f+VU;/||qu} + |REY|Ta 1+ah7;>,

K'eTa

where we have also used the Holder inequality, the stability of the II;-projection, and the fact that ||tal|co, 72 =
1. Finally, for any interior vertex a, we get from (4.6), the Green theorem, the Holder inequality, and the
1

pe S he P || Yallp. i, € € Exr, see [18, Section A.4], that the term RE? can

p-robust inverse inequality [[1)a]
be developed as

> HVE e~ D (o nd v

K'€Ta ec&int, eNna#£d

1 1
_k ! —k A ! — i
({ th /||f + Vo ‘ q, K'} + { ZhCH a-h ne]]”g,e} >h7‘:|7—a|1’
K'e€Ta e€&int, ena#(
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Using the p- h7-a | Vmp from [18, Sectlon A 4]

and the triangle inequality for separating the data oscillation terms nosc K> We conclude that I < nﬁ ‘IK +

nosc 5, Proceeding similarly for the jump term I (with the above treatment of ¥, and II;) yields the
desired result. (|

5 Interior penalty discontinuous Galerkin (IPDG) for quasi-linear
diffusion

We treat here the discretization of the quasi-linear diffusion problem (so that p = ¢ = 2 and o(v, &) = A(v)€)
by the IPDG method. We focus on flux reconstruction by full prescription, which is the easiest in practice,
extending the work of Kim [28] and [19] on discretization errors. Reconstruction by local mixed problems
with prescription can be achieved by proceeding as in [20]; reconstruction without prescription can also be
considered by proceeding as in Section 6.4.

5.1 Discretization

Let Vj, :=P,,(T), m > 1. The IPDG discretization of problem (1.2) reads: find uj € Vj, such that, for all
vy € Vi,

(o(un, Vuy), Vug) — Z{ {o(un, Vup)} ne, [va])e

e€ly,

(5.1)
O({A(urn) Vo }ne, [[uh]]>e} + Z <dehe_1[[“h]]v [vrl)e = (f,vn),
eegh
with 6 € {~1,0,1} and @, := [JAl|z®)Xe Where x. is a large enough positive parameter. The average

operator {-} yields the mean value of the traces from adjacent mesh elements on interfaces and the actual
trace on boundary faces. Testing (5.1) against the basis functions in V}, gives rise to the nonlinear algebraic
system (2.3); these basis functions are denoted ¥ ;, for all K € T, and all j € Cx :={1,...,dim(P,,(K))}.

5.2 Linearization

Let uf) € V,, fixing the initial vector U in Algorithm 2.1. The linearization of (5.1), for k£ > 1, reads: find
u¥ € Vj, such that, for all K € 7;, and all j € Ck,

(o i 1(uhavuh va] Z{ o 1 uhvvuh)} N, TZJK]]]

e€ép (5 2)
+OAT ) Vi e, [ue} + D (@ehe i), [wsl)e = (f ¥ca),
ec&y
which is the functional form of (2.4). The fixed point linearization corresponds to a*~1(v, &) := A(uy )¢
and A" '(v) := A(uf 1), and the Newton linearization to
ot (v,8) = Aluy g+ (v —w DO A )V (5.3)
A ) = A F 9, A(uy ) (0 —up ). (5.3b)

5.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (2.4), we obtain the system (2.5)

with algebraic residual vector R¥* = {Rl;(’fj}KeTh,jecK. The functional form of (2.5) is: find uﬁz € Vj, such
that, for all K € 7;, and all j € Ck,

(Ukil(uh ,Vulsz ), Vg ;) — Z{ o Y uh V’U,ZZ Ve, [V ])e

eclp

HOHA T ) Vst ne, [uy e )+ D (aehs Tuy '] [ sDe = (. ¥r5) — RE-

ec&y
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5.4 Flux reconstruction by full prescription

We construct dZ’i and li’i in the space RTIN(7p,) with [ :=m —1 or [ :=m. For all e € &, we set w, := %
if e € M and w, := 1 if e € EXL.

Definition 5.1 (Construction of (d’sz + IZZ)) The function (d’sz + IZZ) is defined in RTN,(Ty) such that,
for all K € Ty, and all e € E,

<(dk’i 1k7i)'neth>e = (—{o" (uh 7VUZ1 )}me + ach lﬂuh ]] an)e

(d]” +1h rn)K = — (kT l(uh ,Vuh’z) ry)k +0 Z we (AF 1( g ne, [[uflz]])e,

e€lk
for all g, € Py(e) and all vy, € [P (K)]4.

Definition 5.2 (Construction of dk ). The function dk’i is in RTN(Tp,) and is defined using the prescrip-
tion of Definition 5.1 with U(uh ,Vuﬁ’) in place of a*~ (uh ,VUZZ) and A(u 1”) in place of AF~ 1( Uy’ )

Definition 5.3 (Error measure, data oscillation, quadrature, and algebraic remainder). Use u]sz and gZ’i =
Vuﬁz in the error measure (2.1) and set fn == I f, &' = IFN(a(u', Vul?)), and v € P, (Th) with
(rh VKK = R];(?j for all K € Ty, and all j € Ck.

We now verify the assumptions of Section 2.5:
Lemma 5.4 (Quasi-equilibration). Assumption 2.3 holds.
Proof. Direct verification by proceeding as in [19, 28], see also [17, Section 5.5]. O

Lemma 5.5 (Local approximation and convergence). Assumption 2.4 holds using weights o, := &2 and

exponent s := p in the nonconformity estimator.

Proof. The requirement on 1 "* is obvious from Definitions 5.1 and 5.2. Turning to d , we observe that,
for all K € T, and all e € £k, there holds

(A" + 77" ne,qn)e = (1 — we)([TF ] ne + @ch, [ul '], an)e, (5.4a)
(dp’ +7" vk =0 welA(up)ryne, [up ])e, (5.4b)
ecli

for all g5, € Pi(e) and all vy, € [P—1 (K )]d. The assertion then follows from standard approximation properties
in Raviart-Thomas—Nédélec spaces, see, e.g., [17, Section 5.5]. O

6 Discontinuous Galerkin with gradient reconstruction

We treat here the discretization of problem (1.2) by the discontinuous Galerkin method. A key ingredient,
especially for the Leray—Lions setting, is the definition of a suitable discrete gradient. Regarding flux
reconstruction, we introduce a new approach based on local mixed problems without prescription on patches
of elements.

6.1 Discretization

Let I > 0 be an integer. For all e € &,, we define the map £, : L' (e) — [P;(73)]¢ such that, for all ¢ € L'(e),
£c(¢) is the unique function in [P;(7)]? such that, for all v, € [P(Tn)]%, (£e(0),vi) = ({vr}ne, @)e. The
vector-valued, piecewise polynomial function ¢.(¢) is supported in 7. (the patch of elements sharing the
face e) and is colinear to n,. Then, for a function v € V(7,), we define its discrete gradient Vv € [LP(Q2)]?
(see [17, Section 4.2] and the references therein) as

Vivi=Vo—La(]),  La([o]) = > Le([o]). (6.1)

e€&y
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We observe that Ly ([v]) is a (piecewise polynomial) correction to the broken gradient Vv based on the
liftings of the jumps. The discrete gradient is an important tool in the design of discontinuous Galerkin
methods for nonlinear problems, see Buffa and Ortner [7] and [8] for the p-Laplacian and [16] for the
incompressible Navier—Stokes equations.

Let Vj, :=P,,(7), m > 1. We consider here the following gradient reconstruction discontinuous Galerkin
method: find uy € V}, such that

(o (un, Vhur), Vior) + Z (se([un]), [vnl)e = (f,vn) Yoy € Vi, (6.2)
e€ly,

with the stabilization operator s, : LP(e) — Li(e) for all e € &, such that, for all v € LP(e), sc(v) =
achl™P|v|P~2v with a positive parameter a.. Testing (6.2) against the basis functions in V}, gives rise to the
nonlinear algebraic system (2.3).

Remark 6.1 (Stencil reduction and link with IPDG). The discretization stencil resulting from (6.2) includes
neighbors and neighbors of neighbors in the sense of faces. This stencil can be reduced to the more classical
IPDG stencil only including face neighbors by adding to the left-hand side of (6.2) the form

— (o (un, Vaup) — o (un, Vup), Vo, — Vo) (6.3)

yielding, for all vy, € Vj,

(o (un, Viun), Vo) = (o (un, Vun), Ln([va])) + Y (se([unl), [vnl)e = (f,vn)-

ecép

Since the form (6.3) is negative, this modification requires the penalty term to be strong enough to control
it. For the quasi-linear diffusion problem, this is classically achieved by taking ce = [|Al| L ®)Xe and x.
large enough [17, Section 4.3]. Moreover, this modification leads to an IPDG formulation of the type (5.1)
with @ = 1 and, for all vy, € Vj,

(o (un, Vup), Vop,) — Z{ "™ (o (un, Vur)) Fne, [vn])e

e€&y

+ (LN (A(un) Vo) e, Tunle ) + D (@chy Tunl, [on])e = (f,on).

ecly
6.2 Linearization
Let uf € V,, fixing the initial vector U in Algorithm 2.1. The linearization of (6.2), for k > 1, reads: find
uf € Vj, such that, for all K € 75 and all j € Cx := {1,...,dim(P,,(K))},

(" (uly, Vi), Vi) + D (st ([uil), gD = (F,9m), (6.4)

eclp

which is the functional form of the algebraic system (2.4). In the fixed-point linearization, o*~1(v, &) is
defined by (3.3) with Vju) " in place of Vu) whlle sk=1(v) = &ehl_p| u;~'][P~2v. In the Newton lin-
earization, o*~1(v, £) is defined by (3.4) with V;luh in place of Vuy ~*, while s571(v) := achl=P|[uf~']|P—2
((p— v —(p—2)[up"

6.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (2.4), we obtain the system (2.5)
with algebraic residual vector R¥* = {R];(,fj}KEﬂ“jeCK' The functional form of (2.5) is: find uﬁ’z € Vj, such
that, for all K € 7;, and all j € Ck,

(O up, Viuy), Vg ) + > (s D [Wrcsle = (f90x5) — Ri. (6.5)

e€ly,
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6.4 Flux reconstruction by local mixed problems without prescription

We proceed as in Section 4.4 hinging on the hat basis functions ¢, € P1(7,) N C°(£2) associated with
the vertices a € V. This in particular allows us to eliminate the nonlinear jump terms in the local
flux expressions, compare with (5.4). Since m > 1, there holds ¥, € V},, so that there are coefficients
Br ; such that Ya = > pcr ZjECK BKk,jVK,;, recalling that T is the patch of elements of 7j, sharing a.
We can then distribute the components of the algebraic residual vector onto vertices by setting RE? :=
D KT, 2jecx BK,jR_l;(’?j for a_ll a € Vint and R¥ =0 for all a € V.

We construct dZ’Z and IZ’Z in the space RTIN;(73) with [ := m — 1 or [ := m. We use the notation
from Section 4.4.
Definition 6.2 (Construction of ' + 12’)) We define (AP +15") € RTN(Ts) using Definition 4.1
with O'k_l(u;i’l, V;luﬁ’z) in place of O'k_l(u;i’l, VUZ’Z).

In the local mixed problems considered in Definition 4.1, we can take ¢y, € P;(7a) since multiplying (6.5)

by the coefficients Sk ;, summing over all K € T, and all j € Ck, using the definition of REand the fact
that [1a] = 0, yields, for all a € V}l“t, the Neumann compatibility condition

(0" (", Vauy"), V)7, = (F.00a)7 = Ry (6.6)
We proceed similarly for the construction of di’i, setting, for all a € Vint, REV = (f,va)T — (a(uﬁ’i, V;lui’i),
Viba)7 and, for all a € VEX*, RE := (. This yields:
Definition 6.3 (Construction of dﬁ’i). We define dZ’i € RTN,(T) using Definition 4.2 with a(uﬁ’i, th;?i)
in place of U(uﬁ’z, Vu’fb’z).
Definition 6.4 (Error measure, data oscillation, quadrature, and algebraic remainder). Use ’U,ZZ and
gfl” = V;luﬁ’z in the error measure (2.1) and set f, = I, f, EZ” = Hl(a(uﬁ’z,vhuﬁ’z)), and rfL’z|K =
> acy, | Tal P RET for all K € Ty, recalling that Vi collects the vertices of the element K.

Owing to the results of Section 4.4, which exactly apply here as well, the assumptions of Section 2.5 are
satisfied:

Lemma 6.5 (Quasi-equilibration). Assumption 2.3 holds.

Lemma 6.6 (Local approximation and convergence). Assumption 2.4 holds.

7 Cell-centered finite volumes and lowest-order mixed finite ele-
ments

We consider here the discretization of problem (1.2) by a general cell-centered finite volume method, cf.
Eymard et al. [22]. We also treat in the last subsection the discretization by lowest-order mixed finite
elements using the links between the two methods, cf. [37, 40]. Very few results are available concerning
the a posteriori error analysis of such schemes for problem (1.2). We mention the Ph.D. thesis of Ahn
Ha Le [29] which extends the analysis of [18] to cell-centered finite volume discretizations of quasi-linear
diffusion problems with fixed point linearization.

7.1 Discretization

Let Vj, := Py(73). Fix an element K € 7;, and a face e € Ex. We denote by ox e : Po(7n) — R the finite
volume flux function, which maps a piecewise constant function v, € V}, to the normal flux through the
face e, ok . (U,). We do not need the specific form of the flux functions ok e, except that conservativity be
satisfied in the form o ((0p) = —0k (0) for any function vy, € V;, and any interface e € 5}1” such that
e =0KNOK'. A general cell-centered finite volume method for the problem (1.2) reads: find @, € V}, such
that

> okelun) = (f,)x VK €T (7.1)

ecfk

This gives rise to the nonlinear algebraic system (2.3).
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7.2 Linearization

Let 4 € V,, fixing the initial vector U? in Algorithm 2.1. The linearization of (7.1), for k > 1, reads: find
ﬂZ € V}, such that

Y ok = (£, 1)x VKeT, (7.2)

ecfk

which is the functional form of the algebraic system (2.4). Here, a’;( . Vi — R is the finite volume flux
function on the k-th linearization step. We again suppose conservativity, i.e., a];(, . (Up) = —a];(,7 e(vh) for

any v, € V, and e = 0K N 0K’ € 5};“. It is not possible to specify the fixed point linearization directly
from (7.1), as it depends on the actual form of ok . For the Newton linearization, of{el is such that

do _
The @) = o @) + 3 Gt @l = 7 ). (7.3
K'€Th h1K

As an example, we detail the linearized flux function o Ke ~! for a two-point finite volume scheme. Let
d = 2 and assume that 7y, is strictly Delaunay, so that the circumcircle of each triangle does not contain any
other triangle vertex, and each circumcenter of a boundary triangle is inside 2. Consider the quasi-linear
diffusion setting with a scalar-valued function a(x,v) (in place of the tensor-valued function A(x,v)). Let
x% stand for the circumcenter of the triangle K € 7j and x. for the center of the edge e € £'. We use
the shorthand notation ax(-) in place of a(x%,-) and vk in place of op|x for any function ¥, € V4. Then,
a two-point finite volume scheme for the quasi-linear diffusion problem takes the form (7.1) with

ke
oxe(n) = ?{aK(ﬂK) +ag (aK,)}(aK —ag))  Ve=0dKNOK' e &M, (7.4a)
O'K,e(ah) = keaK(ﬂK)ﬂK Ve =0K NN e 56Xt, (74b)
where k. = IX%‘*;L’I in (7.4a) and k. := % in (7.4b). The Newton linearization leads to, for all
K/’ €

K €Ty, and all e = 0K N 0K’ € &t
Fef i PR
ohd ) = T {axc(@h) + ar (@) } (o — o) (7.5)

ke I A e _ 1 ke
+ S { ale @) r = a5 + ale (@) (o0 —ale ) k= g,
and, for all e = 0K N 0N € E*,

Uf( M) = keaK(alfgl)T)K + kzea'K(a’;( V(UK — u’;( l)u];( L (7.6)

Moreover, the fixed point linearization is derived from (7.5)—(7.6) by omitting the terms with the derivative

of a.

7.3 Algebraic solution

On the i-th step, ¢ > 1, of an iterative linear solver for the algebraic system (2.4), we obtain the algebraic
residual vector R in (2.5) with R®" = {R:"} ker,. The functional form of (2.5) is: find TLZ’Z € Vj, such
that

> ok =(f, )k —RY" VK eT,. (7.7)

eclk

7.4 Flux reconstruction by full prescription

Following Eymard et al. [23] and [38], we construct dZ’i and l]fb’i in the space RTNg (7).
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Definition 7.1 (Construction of (di’i + 121)) The function (di’i + IZZ) is defined in RTN(Tp) such that,
for all K € Ty, and all e € E,

(dy" + 1) nx, e = o (@), (7.8)

Definition 7.2 (Construction of d’sz) The function dlfb’i is defined in RTNo(Tp) using Definition 7.1 with

UK,e(avai) in place of Uf(jel (a;iz)

The piecewise constant discrete potential ﬂﬁz € Vj has not enough regularity to be meaningful as

an argument in the error measure (2.1), in particular regarding the size of its jumps. For this reason,
following [38, 39], we introduce an elementwise postprocessing of afﬁ, leading to a new discrete potential ui’l

sitting in the richer polynomial space P5(7,). The first step is to determine Vufl’i from dﬁ’i. For simplicity,
we assume that the &-dependency of o can be inverted, i.e., there is a function B : Q x R x R¢ — R%? such
that, for all (x,v,&,7) € 2 x R x R% x R?,

T=Axv,§)§ < {=B(x,v,7)T. (7.9)

For the quasi-linear diffusion problem, there holds B(x,v) = A(x,v)~!, while for the Leray—Lions problem
in the p-Laplace setting, B(7) = |7]9"2I. Then, we set

Vur | = B(xx, 0|, Ay (xx )P VK € T, (7.10)

where xx denotes the barycenter or the circumcenter of K. Once Vuﬁ’i is known, the second step is to

determine a suitable integration constant in each element K € 7T;. Possible choices are (depending on

the finite volume scheme at hand) (’U,ZZ, Di/|K| = EZZ|K or ui’i(xK) = ﬂ’sz|K This now fully defines

upt € Po(T).

Definition 7.3 (Error measure, data oscillation, quadrature, and algebraic remainder). Use u]sz and gZ’i =

Vu’fb’i in the error measure (2.1) and set fp =1y f, EZ’i = dZ’i, and rZ’i|K = |K|_1RII€(J for all K € T,
Finally, the assumptions of Section 2.5 are readily verified:

Lemma 7.4 (Quasi-equilibration). Assumption 2.3 holds.

Lemma 7.5 (Local approximation and convergence). Assumption 2.4 holds.

7.5 Lowest-order mixed finite elements

We assume that the &-dependency of o can be inverted, see (7.9), and, omitting the x-dependency, we set
~y(v,T) := B(v,7)7 for all (v,7) € R x R%. Let Vj, := Py(75,) and Vi, := RTN(T,). The lowest-order
Raviart-Thomas mixed finite element method to discretize problem (1.2) reads: find (op,ap) € Vi x Vj,
such that, for all (vp,vn) € Vi X Vi,

(’7(11}“ a'h); Vh) - ('U/}u V'Vh) =0, (7.11&)

(V-O‘;l, vp) = (f, Vp)- (7.11b)

This gives rise to the nonlinear algebraic system (2.3). The discrete problem (7.11) has been considered by
Milner [32] in the quasi-linear diffusion setting and, e.g., by Creusé et al. [13] for the p-Laplacian.

Let (02, ﬂ%) €V, x Vp,, fixing the initial vector UY in Algorithm 2.1. The linearization of (7.11), for

k> 1, reads: find (of,uf) € Vj, x Vj, such that, for all (vy,,vs) € Vi, x Vi,
(Y* ! (ak, o), vi) — @y, V-vi) =0, (7.12a)
(V-op,on) = (f,vn), (7.12b)

which is the functional form of the algebraic system (2.4). Two common ways to define the function

~*~1(v, ) are the fixed point linearization where v*~1(v, 7) := B(a; ', o7 !)7, and the Newton lineariza-
tion where

A, ) = Bap o+ (v—af )a,B(ay af o !

7.13
@B, ob ok (r — o), 719
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Problem (7.12) gives rise to a linear system which is of a saddle-point form, written for a couple of vectors
associated with the discrete functions aﬁ and O'Z. As such, it is not suitable to the present framework.
However, following [37, 40], the resulting algebraic systems can be equivalently rewritten in the form (7.2).
In particular, any appearance of the flux unknown U}’j is eliminated, and the only unknowns are the discrete

potentials ﬂfb Then, the approach of Section 7.3-Section 7.4 can be readily used.

8 Conclusions

In this work, we have designed an inexact Newton method with adaptive stopping criteria for the iterative
nonlinear and linear solvers. These criteria are based on guaranteed and robust a posteriori error estimates.
A complete adaptive strategy combined with adaptive mesh refinement has also been proposed. We have
presented numerical experiments illustrating the computational gains achieved by our approach. Our error
estimates are derived in an abstract unified framework using equilibrated flux reconstructions. These re-
constructions must comply with two assumptions which we have verified for a wide class of discretization
schemes and linearizations. In some cases, local mixed finite element problems are to be solved. In practice,
the corresponding local matrices can be assembled only once in a preprocessing stage. Additional compu-
tational savings are possible by evaluating the error estimators only periodically and not at each iteration
of both solvers. Flux reconstructions on more complex meshes (possessing hanging nodes and elements of
general shapes) are the subject of ongoing work.
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